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Abstract. We prove the existence of GSpin-valued Galois representations corresponding to
cohomological cuspidal automorphic representations of general symplectic groups over totally real
number fields under the local hypothesis that there is a Steinberg component. This confirms the
Buzzard–Gee conjecture on the global Langlands correspondence in new cases. As an application
we complete the argument by Gross and Savin to construct a rank 7 motive whose Galois group is of
type G2 in the cohomology of Siegel modular varieties of genus 3. Under some additional local
hypotheses we also show automorphic multiplicity 1 as well as meromorphic continuation of the
spin L-functions.
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Introduction

Let G  be a connected reductive group over a number field F .  The conjectural global
Langlands correspondence for G  predicts a correspondence between certain automorphic
representations of G . A F  / and certain `-adic Galois representations valued in the L-group
of G . Let us recall from [13, §3.2] a rather precise conjecture on the existence of Galois
representations for a connected reductive group G  over a number field F .  Let  be a
cuspidal L-algebraic automorphic representation of G . A F  /. (We omit their conjecture
in the C -normalization [13, Conj. 5.40], but see Theorem 9.1 below.) Denote by G . Q ` /
the Langlands dual group of G  over Q ` ,  and by L G . Q ` /  the L-group of G  formed by the
semidirect product of G . Q ` /  with Gal.F =F /. According to their conjecture, for each
prime `  and each field isomorphism WC '  Q ` ,  there should exist a continuous represent-
ation

;W Gal.F =F / !  L G . Q ` / ;

which is a section of the projection L G . Q ` /  !  Gal.F =F / such that the following holds: at
each place v of F  where v  is unramified, the restriction ;;vW Gal.F v =Fv / !  L G . Q ` /
corresponds to v  via the unramified Langlands correspondence. Moreover, ; should satisfy
other desiderata (see Conjecture 3.2.2 of loc. cit.). For instance, at places v of F  above `,
the localizations ;;v are potentially semistable and have Hodge–Tate cocharacters
determined by the infinite components of . Note that if G  is a split group over F ,  we may
as well take ; to have values in G .Q` / .  To simplify notation, we often fix  and write  and ;v

for ; and ;;v , understanding that these representations do depend on the choice of  in general.
Our main result confirms the conjecture for general symplectic groups over totally

real fields in a number of cases (up to Frobenius semisimplification, meaning that we take
the semisimple part in (ii) of Theorem A  below). We find these groups interesting for two
reasons. Firstly, they naturally occur in the moduli spaces of polarized abelian varieties
and their automorphic/Galois representations have been useful for arithmetic applications
(such as the study of L-functions, modularity and the Sato–Tate conjecture). Secondly,
new phenomena (as the semisimple rank grows) make the above conjecture sufficiently
nontrivial, stemming from the nature of the dual group of a general symplectic group: e.g.
faithful representations have large dimensions and locally conjugate representations may
not be globally conjugate.

Let F  be a totally real number field. Let n  2. Let GSp2n denote the split general
symplectic group over F ,  equipped with similitude character simWGSp2n !  Gm  over F .
The dual group GSp2n is the general spin group GSpin2nC1, which we view over Q `  (or
over C  via ), admitting the spin representation

spinW GSpin2nC1 !  GL2n  :

Consider the following hypotheses on :

(St) There is a finite F -place vSt such that vSt is the Steinberg representation of
GSp2 n .FvS t  / twisted by a character.
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(L-coh) 1 jsimj n.nC1/=4 is -cohomological for an irreducible algebraic representa-tion
D  ˝y WF , ! C  y  of the group .ResF = Q  GSp2n/ ˝ Q  C  ' yWF , ! C  GSp2 n;C
(Definition 1.12 below).

A  trace formula argument shows that there are plenty of (in particular infinitely many)
satisfying (St) and (L-coh) (see [18]). Let Sbad denote the finite set of rational primes p such
that either p D  2, p ramifies in F ,  or v  ramifies at a place v of F  above p.

Theorem A  (Theorem 10.3). Suppose that  satisfies hypotheses (St) and (L-coh). Let `
be a prime number and WC  !  Q `  a field isomorphism. Then there exists a representation

 D  ;W Gal.F =F / !  GSpin2 nC1 .Q` /;

unique up to GSpin2nC1.Q`/-conjugation, attached to  and  such that the following
hold:

(i) The composition

Gal.F =F /      !  GSpin2 nC1 .Q` / !  SO2 n C 1 .Q` /   GL2 n C 1 .Q` /

is the Galois representation attached to a cuspidal automorphic Sp2 n .AF  /-subre-
presentation [  contained in . Further, the composition

Gal.F =F /      !  GSpin2 nC1 .Q` /=Spin2 nC1 .Q` / '  GL1 .Q` /

corresponds to the central character of  via class field theory and .

(ii) For every finite place v which is not above Sbad [  ¹`º,  the semisimple part of
.Frobv / is conjugate to v  .Frobv / in GSpin2 nC1 .Q` /, where v  is the unrami-fied
Langlands parameter of v .

(iii) For every v j ̀ ,  the representation ;v is de Rham .in the sense that r ı  ;v is de
Rham for all representations r of GSpin2 nC1;Q `  

/. Moreover:

(a) The Hodge–Tate cocharacter of ;v is explicitly determined by . More pre-
cisely, for all yWF !  C  such that y  induces v, we have

HT .;v ; y/ D  Hodge.y /   n.nC1/ sim

. for HT and Hodge see Definitions 1.10 and 1.14 below/.
(b) If v  has nonzero invariants under a hyperspecial .resp. Iwahori/ subgroup of

GSp2 n .Fv / then either ;v or a quadratic character twist is crystalline .resp.
semistable/.

(c) If `  … Sbad then ;v is crystalline.

(iv) For every v j 1 ,  ;v is odd .see Definition 1.8 and Remark 10.4 below/.

(v) The Zariski closure of the image of  maps onto one of the following three sub-
groups of SO2 nC1 : (a) SO2nC1 , (b) the image of a principal SL2  in SO2 nC1 , or (c)
(only possible when n D  3/ G2 embedded in SO7.
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(vi) If 0W Gal.F =F / !  GSpin2 nC1 .Q` / is any other continuous morphism such that, for
almost all F -places v where 0 and  are unramified, the semisimple parts 0.Frobv/ss

and .Frobv /ss are conjugate, then  and 0 are conjugate.

Our theorem is new when n  3. When n D  2, a better and fairly complete result
without condition (St) has been known by [31,41,67,92,97,101,109]. (Often  is assumed
globally generic in the references but this is no longer necessary thanks to [31].)

The above theorem in particular associates a weakly compatible system of -adic
representations with . See also Proposition 13.1 below for precise statements about the
weakly compatible system consisting of spin ı  . It is worth noting that the uniqueness
in (vi) would be false for general GSpin2nC1.Q` /-valued Galois representations in view of
Larsen’s example in §5 below.1 Our proof of (vi) relies heavily on the fact that  contains
a regular unipotent element in the image, coming from condition (St).

When n D  3 and F  D  Q, we employ the strategy of Gross and Savin [36] to construct
a rank 7 motive over Q  with Galois group of exceptional type G2 in the cohomology
of Siegel modular varieties of genus 3. The point is that  as in the above theorem
factors through G2 .Q ` /  , !  GSpin7 .Q` / if  comes from an automorphic representation
on (an inner form of) G2 .A/ via theta correspondence. In particular, we get yet another
proof affirmatively answering a question of Serre in the case of G2 (cf. [25, 42, 77, 113]
for other approaches to Serre’s question, none of which uses Siegel modular varieties).
Along the way, we also obtain some new instances of the Buzzard–Gee conjecture for a
group of type G2. Our result also provides a solid foundation for investigating the sug-
gestion of Gross–Savin that a certain Hilbert modular subvariety of the Siegel modular
variety should give rise to the cohomology class for the complement of the rank 7 motive
of type G2 in the rank 8 motive cut out by , as predicted by the Tate conjecture. See The-
orem 11.1, Corollary 11.3, and Remark 11.5 below for details. We mention that Magaard
and Savin obtained similar results (using a different method) in a new version of [72].

As another consequence of our theorems, we deduce multiplicity 1 theorems for auto-
morphic representations for inner forms of GSp2n;F under similar hypotheses from the
multiplicity formula by Bin Xu [112]. As his formula suggests, multiplicity 1 is not always
expected when all hypotheses are dropped.

Theorem B  (Theorem 12.1). Let  be a cuspidal automorphic representation of
GSp2 n .AF  / satisfying (St) and (L-coh). The automorphic multiplicity of  is equal to 1.

By part (vi) of Theorem A  asserting uniqueness, we have (a version of) strong mul-
tiplicity 1 for the L-packet of . In Proposition 6.3 we prove a weak Jacquet–Langlands
transfer for  in Theorem B. This allows us to propagate multiplicity 1 from  as above to the
corresponding automorphic representations on a certain inner form. See Theorem 12.2
below for details. Note that (weak and strong) multiplicity 1 theorem for globally generic

1In contrast, for cuspidal automorphic representations of the group Sp 2 n .AF  /, the correspond-
ing analogue of statement (vi) does hold (cf. Proposition B.1). So the possible failure of (vi) is a
new phenomenon for the cuspidal spectrum of the similitude group GSp2 n .AF  /.
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cuspidal automorphic representations of GSp4 .AF  / has been known by Jiang and Soudry
[40, 94].

Our results yield a potential version of the spin functoriality, thus also a mero-
morphic continuation of the spin L-function, for cuspidal automorphic representations of
GSp2 n .AF  / satisfying (St), (L-coh), and the following strengthening of (spin-reg):

(spin-REG) The representation v  is spin-regular at every infinite place v of F .

The last condition means that the Langlands parameter of v  maps to a regular para-
meter for GL2n  by the spin representation (Definitions 1.6 and 1.7 below). Thanks to the
potential automorphy theorem of Barnet-Lamb, Gee, Geraghty, and Taylor [7, Thm. A] it
suffices to check the conditions for their theorem to apply to spin ı   (for varying `  and ).
This is little more than Theorem A; the details are explained in §13 below.

Theorem C  (Corollary 13.4). Under hypotheses (St), (L-coh), and (spin-REG) on ,
there exists a finite totally real extension F 0 =F .which can be chosen to be disjoint from
any prescribed finite extension of F  in F /  such that spin ı  jGal.F = F  0/ is automorphic. More
precisely, there exists a cuspidal automorphic representation …  of GL2n  . A F  0 / such that

 for each finite place w of F 0 not above Sbad, the representation  1spin ı  jW 0      is
unramified and its Frobenius semisimplification is the Langlands parameter for …w ,

 at each infinite place w of F 0 above a place v of F ,  we have … w  jW C  '  spin ı  v  jW C  . In

particular, the partial spin L-function L S . s ;  ; spin/ admits a meromorphic continu-ation
and is holomorphic and nonzero in a right half-plane.

We can be precise about the right half-plane in terms of : For instance it is given
by Re.s/  1 if  has unitary central character. Due to the limitation of our method, we
cannot control the poles. Before our work, the analytic properties of the spin L-functions
have been studied mainly via Rankin–Selberg integrals; some partial results have been
obtained for GSp2n for 2  n  5 by Andrianov, Novodvorsky, Piatetski-Shapiro, Vo,
Bump–Ginzburg, and more recently by Pollack–Shah and Pollack [12, 78, 80, 81, 102].
See [80, 1.3] for remarks on spin L-functions with further references.

Finally, we comment on the hypotheses of our theorems. Statements (ii) and (iii.c) are
not optimal in that we exclude a little more than the finite places v where v  is unramified.
This is due to the fact that the Langlands–Rapoport conjecture has been proved by [46] at a
p-adic place only when p >  2 and the defining data (including the level) are unramified at
all p-adic places.2 Condition (L-coh) is essential to our method but it is perhaps possible to
prove Theorem A  under a slightly weaker condition that  appears in the coherent
cohomology of our Shimura varieties.

The rather strong condition (spin-REG) in Theorem C  is necessary due to the current
limitation of potential automorphy theorems. Condition (St) in Theorem A  is believed

2When F  D  Q, our argument uses Siegel modular varieties, so we may allow p D  2 by appeal-
ing to Kottwitz’s work on PEL-type Shimura varieties instead of [46].
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to be superfluous. Significant work and ideas would be needed to get around it. On the
other hand, (St) is harmless to assume for local applications, which we intend to pursue in
future work.

Idea of proof. Our proof of Theorem A  relies crucially on Arthur’s book [5]. His results
used to be conditional on the stabilization of the twisted trace formula, whose proof has
been completed by Moeglin and Waldspurger; see [73, 74] for the last one. Thus Arthur’s
results are essentially unconditional.3 Since Theorems B  and C  depend in turn on The-
orem A, all our results count on Arthur’s book.

Let us sketch our proof with a little more detail. We prove Theorem A  by combin-
ing two approaches: (M1) Shimura varieties for inner forms of GSp2n, and (M2) lifting
to GSpin2 nC1 .Q` / the SO2nC1 .Q` /-valued Galois representations as constructed by the
works of Arthur and Harris–Taylor.

First method. Consider the inner form G  over F  of G  WD GSp2 n;F such that the local
group G v  is

8
< nonsplit if v D  vSt and ŒF D  Q •  i s even;

anisotropic modulo center if v j 1 ;  v ¤  v0;
: sp l i t otherwise:

We consider Shimura varieties arising from the group ResF = Q  G  (and the choice of X  as in
§7 below). Note that (the Q-points of) ResF = Q  G  has factor of similitudes in F ,  as
opposed to Q, and that our Shimura varieties are not of PEL  type (when F  ¤  Q) but of
abelian type. This should already be familiar for n D  1 (though we assume n  2 for our main
theorem to be interesting), where we obtain the usual Shimura curves (cf. [15]). In case F
D  Q  our Shimura varieties are the classical Siegel modular varieties.

The idea is to consider (the semisimplification of) the compactly supported étale
cohomology

Hc .ShK ; L/  D lim Hi .ShK ; L/ ; i  0;
K G . A 1 /

where L  is the `-adic local system attached to some irreducible complex representa-tion
of G  via . Then Hi .ShK ;  L /  has an action of G . A 1 /   Gal.F =F /; and one hopes to prove
that through this action the module Hi .ShK ;  L /  realizes the Langlands correspondence. In
particular, one tries to attach to a cuspidal automorphic representa-
tion  of GSp2 n .AF  / the following virtual Galois representation (see also (7.3)): 0

!  H  WD 
X

.  1/iŒHomG.AF / .0;1 ; Hi .ShK ; L/ss / • ;
i 0

3Strictly speaking, Arthur postponed some technical details in harmonic analysis to future art-
icles ([A25, A26, A27] in the bibliography of [5]), which have not appeared yet. The weighted
fundamental lemma has been proved by Chaudouard–Laumon but the proof has appeared for split
groups thus far.



1

spin

Q

e

e

f

e e

Galois representations for general symplectic groups 81

where the first mapping is a weak transfer of  from G  to G . (We need to twist  by j
j n.nC1/=4 to have H  ¤  0 but this twist will be ignored in the introduction.) The subscript
./ss denotes the semisimplification as a G . A F  /-module.

The construction of H  has two issues. Firstly there are the usual issues coming from
endoscopy. Our assumption (St) circumvents this difficulty (and helps us at other places).
Secondly, even without endoscopy, one does not expect H  to realize the representa-
tion  itself; rather it realizes (up to dual, sign, twist, and multiplicity) the composition

Gal.F =F /      !  GSpin2 nC1 .Q` / !  GL2 n  .Q` /:

In particular, if one wants to use H  to construct , one has to show that rW Gal.F =F / !  GL

`  
.H /  '  GL2n  .Q ` /  has (up to conjugation) image in the group GSpin2 nC1 .Q` /  GL2n

.Q` /.  With point counting methods it can be shown that this is true for the Frobenius
elements, but since these elements are only defined up to GL2n  .Q`/-conjugation, we are
unable to deduce directly that the entire representation r has image in GSpin2 nC1 .Q` /.
More information seems to be required.

Second method. Consider a continuous representation W Gal.F =F / !  SO2 n C1 .Q` /,
and the exact sequence

1 !  Q `  !  GSpin2 nC1 .Q` / !  SO2 n C 1 .Q` /  !  1:

Using the theorem of Tate that H2 .F ; Q=Z/  vanishes, it is not hard to show that  has
a continuous lift zW Gal.F =F / !  GSpin2 nC1 .Q` /. In particular, one could try to attach to
a (nonunique) automorphic Sp2 n .A F  /-subrepresentation [   , and then to [  the Galois
representation [  WGal.F =F / !  SO2 n C1 .Q` /, constructed by the combination of results of
Arthur and others (Theorem 2.4). One now hopes to construct WGal.F =F / !
GSpin2 nC1 .Q` / as a twist [  ˝   for some continuous character W Gal.F =F / !  Q `  .
However, it is a priori unclear where  should come from. (The central character of
only determines the square of .)

Construction. We find the character  by comparing [  with the representation H .
Consider the diagram

Gal.F =F /
[

2  1

GSpin2 nC1 .Q` /     
spin

GL2n  .Q ` /

[ SO2 n C 1 .Q` /
spin

PGL2n  .Q ` /

where 1 D  spin ı  [  for some choice of lift [  of [  , and we construct 2 from the representation
H.  We show in three steps that 1 and 2 are conjugate up to twisting by the sought-after
character .
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Step 1: Show connectedness of image. More precisely, we show that the image of [  (thus
also the image of spin ı  [  ) has connected Zariski closure. Because  is a twist of the
Steinberg representation at a finite place, we can ensure that [  jGal.F =E /  has a regular
unipotent element N in its image. It then follows from results of Saxl–Seitz that the
reductive subgroups of SO2 n C 1 .Q` / containing N are connected (see Proposition 3.5).

Step 2: Construct 2. We compare the point counting formula for .ResF = Q  G; H/ with the
Arthur–Selberg trace formula for G=F . Since the datum .ResF = Q  G; H/ is not of PEL  type
(unless F  D  Q), the classical work of Kottwitz [55,57] does not apply. Instead we use the
counting point formula as derived in [47] from Kisin’s recent proof of the Langlands–
Rapoport conjecture for Shimura data of abelian type, so in particular for .ResF = Q  G; H/.
Consequently, we have HjGa l . F  = F  / D  a  spin ı  v  at the unramified places v, where v      is the
unramified L-parameter of v  and a 2  Z > 0  is essentially the automorphic multiplicity of .
(In fact, we show that a D  1 together with Theorem B  but only after the
construction of  is done. See §12 below.)

Step 3: Produce . To do this we prove

Lemma. Let r1; r2W Gal.F =F / !  GLm .Q` /  two continuous representations, which are
unramified almost everywhere, r1 has Zariski connected image modulo center, and for
almost all F -places

r1.Frobv /ss is conjugate to     r2.Frobv /ss in PGLm .Q` /:

Then r1 '  r2 ˝   for a continuous character W Gal.F =F / !  Q `  .

By counting points on Shimura varieties we control 2 at the unramified places. By a
different argument 1 is, up to scalars, also controlled at the unramified places. Hence the
lemma applies, and allows us to find a character  such that 2 '  1 ˝  .

To prove Theorem A  we define

 WD [  ˝  W Gal.F =F / !  GSpin2 nC1 .Q` /;

and check that  satisfies the desired properties stated in the theorem.

Notation

We fix the following notation and conventions:

 “Almost all” always means “all but finitely many”.

n  2 is an integer.

 F  is a totally real number field, embedded into C .

OF  is the ring of integers of F .

 OF  Œ1=S• i s the localization of OF  with finite primes in S  inverted, where S  is a finite
set of places of F .  (Finite places are used interchangeably with finite primes.)



y
†
Q

p
p

1
v

n

 

Galois representations for general symplectic groups 83

 A F  is the ring of adèles of F ,  i.e. A F  WD . F  ˝ Q  R/   . F  ˝ Z  Z/.
 If †  is a finite set of F -places, then A F   A F  is the ring of adèles with trivial com-

ponents at the places in † ,  and F †  WD v 2 †  Fv ;  F 1  WD F  ˝ Q  R .

 If p is a prime number, then Fp  WD F  ˝ Q  Qp .

`  is a fixed prime number (different from p).

 Q `  is a fixed algebraic closure of Q ` ,  and WC  !  Q `  is an isomorphism.
 For each prime number p we fix the positive root p 2  R > 0   C .  From  we then

obtain a choice for p 2  Q ` .  Thus, if q is a prime power, then q x is well-defined in C  as
well as in Q `  for all half-integers x  2  2 Z  (e.g. q n.nC1/=4 in Corollary 8.7).

 If  is a representation on a complex vector space then we set  WD  ˝ C ;  Q ` .  Sim-ilarly if
is a local L-parameter of a reductive group G  so that  maps into L G . C /  then  is the
parameter with values in L G . Q ` /  obtained from  via .

 € WD Gal.F =F / is the absolute Galois group of F .

 €v WD Gal.F v =Fv / is (one of) the local Galois group(s) of F  at the place v.

V 1  WD HomQ .F ; R/ is the set of infinite places of F .

 cv 2  € is the complex conjugation (well-defined as a conjugacy class) induced by any
embedding F  , !  C  extending v 2  V 1 .

 If G  is a locally profinite group equipped with a Haar measure, then we write H . G /  for the
Hecke algebra of locally constant, complex valued functions with compact support. We
write H Q `  

.G / for the same algebra, but now consisting of Q`-valued functions.

 We normalize parabolic induction by the half-power of the modulus character as in [9,
§1.8], so as to preserve unitarity. The Satake transform and parameters are normalized
similarly, e.g. as in [13, §2.2].

 We normalize class field theory so that geometric Frobenius elements correspond to
local uniformizers. Our normalization of the local Langlands correspondence for GLn  is
the same as in [39].

 If H = Q `  is a reductive group, a group-valued representation € !  H . Q ` /  means, by
definition, a continuous group morphism for the Krull topology on € and the `-adic
topology on H .Q ` / .  Similarly every character is assumed to be continuous throughout
the paper.

The (general) symplectic group

Write A n  for the n  n-matrix with zeros everywhere, except on its anti-diagonal, where we
put 1’s. Write J n  WD  A      

A n         2  GL2 n .Z/. We define GSp2n as the algebraic group over Z
such that for all rings R ,

GSp2n .R/ D  ¹g 2  GL2 n .R/ j tg  J n   g D  x   J n  for some x  2  Rº:
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The factor of similitude x  2  R  induces a morphism simW GSp2n !  Gm . Write TGSp

GSp2n for the diagonal maximal torus. Then X .TGSp / D i D 0  Ze i  where

ei W diag.a1; : : : ; an; can 
1; : : : ; ca1 

1/ !  ai . i  >  0/;

e0W diag.a1; : : : ; an; can 
1; : : : ; ca1 

1/ !  c:

We let BGSp  GSp2n be the upper triangular Borel subgroup. We have the following
corresponding simple roots and coroots:

˛ 1  D  e1      e2; : : : ; ˛ n  1 D  en 1      en; ˛ n  D  2en      e0 2  X .TGSp /;

˛ 1  D  e      e; : : : ; ˛ n  1 D  en 1      e; ˛ _  D  e 2  X.TGSp /:

We define Sp2n D  ker.sim/. Write BSp D  BGSp \  Sp2n and TSp D  TGSp \  Sp2n.

The (general) orthogonal group

Let m 2  Z 1  and let GOm be the algebraic group over Q  such that for all Q-algebras R ,

GOm.R/ D  ¹g 2  GLm .R/ j tg  Am  g D  x   Am for some x  2  Rº;

where Am is the anti-diagonal unit m  m-matrix. We have the factor of similitude simW
GO2nC1 !  Gm  and put Om D  ker.sim/ and SOm D  Om \  SLm . Let TGO  GOm, TSO  SOm

be the diagonal tori. We write stdWGOm !  GLm for the standard represent-ation. If m D
2n C  1 is odd, the root datum of SO2 nC1 is dual to Sp2n. In particular, we identify X.TS O /
D  X .TS p /.

The (general) spin group

Consider the symmetric form

hx; y i D  x1 y2 n C1 C  x2 y2n C   C  x2 n C1 y1 D  t x  A2 n C 1   y

on Q2 n C 1 .  The associated quadratic form is Q.x /  D  x1 x2 n C1 C  x2 x2n C   C  x2 nC1 x1 . Let
C  be the Clifford algebra associated to .Q2 n C 1 ; Q/. It is equipped with an embedding
Q2 n C 1  C  which is universal for maps f  WQ2nC1 ! A  into associative rings A  satisfying
f .x /2  D  Q.x /  for all x  2  Q2 n C 1 .  Let b1; : : : ; b2nC1 be the standard basis of Q2 n C 1 .  The
products B I  D i 2 I  bi for I   ¹1; 2; : : : ; 2n C  1º form a basis of C . The algebra C  has a
Z=2Z-grading, C  D  C ˚  C  , induced from the grading on the tensor algebra. On the
Clifford algebra C  we have a unique anti-involution  that is determined by .v1 vr / D  .  1/r vr

v1 for all v1; : : : ; vr 2  V . We define, for all Q-algebras R ,

GSpin2 nC1 .R/ D  ¹g 2  . C C  ˝  R /  j g  R n   g D  Rn º:

The spinor norm on C  induces a character N  W GSpin2nC1 !  Gm . The action of the group
GSpin2nC1 stabilizes Q2 n C 1   C  and we obtain a surjection q0WGSpin2nC1 !  GO2nC1 . We
write q for the surjection GSpin2nC1  SO2 nC1 obtained from q0.
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We write TGSpin  GSpin2nC1 for the torus .q0/ 1.TGSpin/. We then have

X .TGSpin / D  Z e  ˚  Z e  ˚   ˚  Z e  . D  X.TGSp //;
X.TGSpin / D  Ze0  ˚  Ze1  ˚   ˚  Ze n  . D  X .TGSp //:

The group GSpin2 nC1 .C/ is dual to GSp2n .C/. The character sim W GSp2n !  Gm  induces
a central embedding Gm  !  GSpin2nC1 , still denoted by sim.

The spin representation

Let k be an algebraically closed field of characteristic zero. Write W WD ˚ i D 1 k   bi and
W for the exterior algebra of W . Then W is an n-dimensional isotropic sub-

space of .Q2 n C1 ; Q/. We have End.      W / '  C C ,  and hence  W is a 2n-dimensional
representation of GSpin2nC1;k , called the spin representation (cf. [29, (20.18)]). The com-
position of spin with GL2n ;k  ! P G L 2 n ; k  induces a morphism spinWSO2nC1;k ! P G L 2 n ; k .

Lemma 0.1. When n mod 4 is 0 or 3 .resp. 1 or 2/, there exists a symmetric .resp.
symplectic/ form on the 2n-dimensional vector space underlying the spin representation
such that the form is preserved under GSpin2nC1 .k/ up to scalars. The resulting map
GSpin2nC1 !  GO2n .resp. GSpin2nC1 !  GSp2n / over k followed by the similitude char-
acter of GO2n .resp. GSp2n / coincides with the spinor norm N  .

Proof. We may identify the 2n-dimensional space with 
V  W . Write  for the main invol-ution

on C C  as well as on  W . Given s; t 2  W , write ̌ .s; t / 2  k for the projection of
s ^  t 2  W onto      n  W D  k. It is elementary to check that ˇ . ;  / is symmet-
ric if n mod 4 is 0 or 3 and symplectic otherwise (cf. [29, Exercise 20.38]). Now let x  2
GSpin2nC1.k/, also viewed as an element of C C .  Note that x x  2  k is the spinor norm of
x . Then ˇ .x s ;  x t / D  .xs/ ^  .x t / D  .x x /s ^  t D  x xˇ .s ;  t/, completing the
proof.

1. Conventions and recollections

Let G= Q `  be a reductive group, T  G  a maximal torus and W its Weyl group in G .
Recall that by highest weight theory the trace characters of irreducible representations
form a basis of the algebra O.T =W /. We call a set S  of representations of G= Q `  a
fundamental set if the trace characters of all exterior powers of the representations in S
generate the algebra O.T =W / of global sections of the variety T =W . Here are some
examples of such S , where we define the standard representation std of GSpinm (m even or
odd) to be the composition GSpinm  GSOm , !  GLm . For the group G2, write std and ad
for the irreducible 7-dimensional and 14-dimensional (adjoint) representations,
respectively.

G GLn GSp2n
S          std        std; sim

GSO2nC1
std; sim

GO2n
std; sim

GSpin2nC1
spin; std; N

GSpin2n G2
spin ; spin ; std; N       std, ad
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Justification of table. The justification for the groups G  D  GO2n and GSO2 nC1 follows
from Appendix B. Notice that the remaining groups are all connected. The fundamental
representations of a simply connected semisimple group G  are those irreducible repres-
entations whose highest weights (for some Borel) are dual to the basis of coroots of G ; the
trace characters of fundamental representations generate O.T =W / as an algebra.
Exercises V.28–30 and 33 of [48, p. 344] show that for the Lie algebras sln ,  so2 nC1 ,
so2n and g2 the representations ¹        std .1  i   n/º, ¹        std .1  i   n   1/; spinº, ¹        std

.1 i n  2/; spinC; spin º and ¹std; adº (respectively) are the fundamental rep-
resentations of these Lie algebras. The statement for the corresponding semisimple simply
connected groups follow from this. It is then routine to derive the sets S  listed above for the
groups GLn , GSpin2nC1 , GSpin2n and G2. This leaves us with the group GSp2n. In this
case the representations std of sp2n are reducible, but it follows from the maps ' k

and Theorem 17.5 in [29, p. 260] that they generate the fundamental representations of
sp2n .

Lemma 1.1. Let g1; g2 2  G . Q ` /  be two semisimple elements. Then g1  g2 in G . Q ` /  if
and only if .g1/  .g2/ in GL.V / for all .; V / 2  S .

Proof. “ ) ”  is obvious. We prove “ ( ” .  Since T =W is an algebraic variety, two Q`-
points x1; x2 of it are the same if and only if f .x1 /  D  f .x2 /  for any algebraic func-
tions f  2  O.T =W /. Since .g1/  .g2/ for all  2  S , we also have Tr .g1/ D
Tr .g2/ for all n  1. Since the functions f  D  Tr  in O.T =W / generate this
algebra, the images of g1 and g2 in T =W are the same.

Remark 1.2. Gauger [30] and Steinberg [95, Thm. 3] proved Lemma 1.1 also for non-
semisimple elements g1; g2 2  G . Q ` /  and (under various assumptions) algebraically
closed fields of characteristic p  0.

Let r1; r2W € !  G . Q ` /  be two semisimple representations that are unramified at
almost all places. (As remarked before, all representations are continuous by convention.)

Lemma 1.3. The following statements are equivalent:

(1) for a Dirichlet density 1 set of finite F -places v where r1; r2 are unramified we have
r1.Frobv /ss  r2.Frobv /ss in G .Q ` / ;

(2) there exists a dense subset †   € such that for all  2  †  we have r1./ss  r2./ss in
G .Q ` / ;

(3) for all  2  € we have r1./ss  r2./ss in G .Q ` / ;

(4) for all linear representations WG !  GL N  the representations  ı  r1 and  ı  r2 are
isomorphic;

(5) for a fundamental set of irreducible linear representations W G  !  GL N  the repres-
entations  ı  r1 and  ı  r2 are isomorphic.

Proof. (3 ) ) (1 )  is tautological, (1 ) ) (2 )  follows from the Chebotarev density theorem,
and (2 ) ) (3 )  follows from the continuity of the map G . Q ` /  !  .T =W /.Q` /  taking the
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semisimple part. The implication (3 ) ) (4 )  follows from the Brauer–Nesbitt theorem,
(4 ) ) (5 )  is obvious, and (5 ) ) (3 )  is Lemma 1.1.

Definition 1.4. If one of the conditions in Lemma 1.3 holds, then r1 and r2 are said to be
locally conjugate, and we write r1  r2.

Definition 1.5. Let T be a maximal torus in a reductive group G  over an algebraically
closed field. A  weight  2  X .T  / is regular if h˛ _ ; i  ¤  0 for all coroots ˛ _  of T in G .

Definition 1.6. Let WWR !  GSpin2 nC1 .C / be a Langlands parameter. Denote by T the
diagonal maximal torus in GL2n  and by T its dual torus. We have W C  D  C   WR . The
composition

C   W R  !  GSpin2 nC1 .C/ !  GL2n  .C /

is conjugate to the cocharacter z !  1.z/2.z/ given by some 1; 2 2  X .T  / ˝ Z  C  D  X .T  /
˝ Z  C  such that 1   2 2  X .T  /. Then  is spin-regular if 1 is regular (equivalently if 2 is
regular; note that 1 and 2 are swapped if spin ı   is conjugated by the image of an element j
2  W R  such that j 2  D   1 and j wj  1 D  w for w 2  WC ).

Definition 1.7. An automorphic representation  of GSp2 n .AF  / is spin-regular at v 1  if
the Langlands parameter of the component v 1  is spin-regular.

Let H  be a connected reductive group over Q `  for the following two definitions
(which could be extended to disconnected reductive groups). Let hder denote the Lie
algebra of its derived subgroup. Write c for the nontrivial element of Gal.C=R/.

Definition 1.8 (cf. [35]). A  representation W Gal.C=R/ !  H . Q ` /  is odd if the trace of c
on hder through the adjoint action of .c/ is equal to  rank.hder/.

We remark that the mapping GL1  SO2 nC1 !  GO2nC1 is an isomorphism, in par-
ticular the latter is connected.

Lemma 1.9. Let [W Gal.C=R/ !  GO2 n C1 .Q` / be a representation. Write

]W€ !  GL2 n C 1 .Q` /

for the composition of [  with the standard embedding. If Tr ] .c / 2  ¹ ˙ 1 º  then [  is odd.

Proof. We may choose a model for the Lie algebra of SO2 nC1 to consist of X  2  GL2 n C 1

such that X  C  A 2 n C 1 XA 2 n C 1  D  0. Such an X  D  .x i ; j  / is characterized by the condition
x i ; j  C  x n C 1  j ; n C 1  i  D  0 for every 1  i ; j   2n C  1. Write t WD  .c/. By conjugation and
multiplying with  1 2  GL2 n C 1  if necessary, we can assume that t is in the diagonal
maximal torus in SO2 nC1 (not only in GO2nC1, using the fact that the latter is the product of
SO2 nC1 with center) of the form diag.1a;  1b; 1;  1b; 1a/, where 0  a; b  n and a C  b
D  n. Since Tr ] .cv / 2  ¹ ˙ 1 º  we have a D  b if n is even and b   a D  1 if n is odd. Now
an explicit computation shows that the trace of the adjoint action of t on Lie.SO2 nC1 /
has trace 2.a  b/2 C 2 .a   b/  n, which is equal to  n D  rank.SO2nC1/ in all cases.
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Let K  be a finite extension of Q ` .  Fix its algebraic closure K  and write K  for its
completion.

Definition 1.10 (cf. [13, §2.4]). Let W Gal.K =K / !  H . Q ` /  be a representation. We say
that  is crystalline/semistable/de Rham/Hodge–Tate if for some (thus every) faith-ful
algebraic representation W H  !  GL N  over Q ` ,  the composition  ı   is crystal-
line/semistable/de Rham/Hodge–Tate. Now suppose that  is Hodge–Tate. For each field
embedding iW Q `  !  K ,  a cocharacter HT .; i / y W Gm  !  H  over K  is called a Hodge– Tate
cocharacter for  and i if for some (thus every) faithful algebraic representation WH !
GL.V / on a finite dimensional Q`-vector space V , the cocharacter  ı   induces
the Hodge–Tate decomposition of semilinear Gal.K =K /-modules on K-vector spaces:

V ˝ Q ` ; i  K  D  
M

V k :
k 2 Z

Namely Vk is the weight k space for the Gm-action through  ı  HT .; i /, while Vk

is also the K -linear span of the K-subspace in V ˝ Q  ;i  K  on which Gal .K =K / acts
through the .  k/-th power of the cyclotomic character. (So our convention is that the
Hodge–Tate number of the cyclotomic character is  1.) Finally, we call a cocharacter
HT .; i/W Gm  !  H  over Q `  a Hodge–Tate cocharacter if it is conjugate to HT .; i / y

in H . K / .

For any of the above conditions on , if it holds for one  then it holds for all  (use [24, Prop.
I.3.1]). Whenever  is Hodge–Tate, a Hodge–Tate cocharacter exists by [88, §1.4] and is
shown to be unique (independent of ) by a standard Tannakian argument. Often we only
care about the isomorphism class of , in which case only the H .Q` /-conjugacy class of a
Hodge–Tate cocharacter matters.

Lemma 1.11. Let f  W H 1  !  H 2  be a morphism of connected reductive groups over Q ` .  If
W Gal.K=K/ !  H 1 .Q ` /  is a Hodge–Tate representation then f  ı   is also Hodge–Tate

with H T . f  ı  ; i / D  f  ı  HT.; i / for all iW Q  ̀ !  K .

Proof. This is obvious by considering  ı  f  ı   for any faithful algebraic representation
WH2 !  GL N  .

We return to the global setup. A  representation W€ !  H . Q ` /  is said to be totally odd if
jGal.F = F  / is odd for every v 2  V 1 .  It is crystalline/semistable/de Rham/Hodge–Tate if
jGal.F v = F v /  is crystalline/semistable/de Rham/Hodge–Tate for every place v above ` .

Definition 1.12. Let H  be a real reductive group. Let K H  be a maximal compact sub-
group of H .R / .  Put K H  WD .KH /0 Z .H /.R/.  Let  be an irreducible algebraic representa-
tion of H  ˝ R  C .  An irreducible unitary representation  of H . R /  is said to be cohomolo-
gical for  (or -cohomological) if there exists i   0 such that H i . L i e H . C / ; KH  ;  ˝ C  / ¤  0.
(The definition is independent of the choice of K H  . The group K H  is consistent with K 1

in §7 below.)
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Example 1.13. Let H ;   be as in Definition 1.12. Assume that H . R /  has discrete series
representations. Let …  be the set of (irreducible) discrete series representations which
have the same infinitesimal and central characters as _ .  Then …  is a discrete series L-
packet, whose L-parameter is going to be denoted by W W R  !  L H .  Then there are a Borel
subgroup B   H  and a maximal torus T  B  such that .z/ D  .z=z/C,
where  is the B-dominant highest weight of , and  is the half-sum of B-positive roots. Every
member of …  is -cohomological. More precisely, H i . L i e H .C / ; KH  ;  ˝  / ¤  0 exactly
when i D  1 dimR H .R/=K 0  , in which case the cohomology is of dimension
ŒKH Z . H / . R /  W K H  • (cf. Remark 7.2 below).

Definition 1.14. Consider a complex L-parameter WWC !  H .  For a suitable maximal
torus T  H ,  one can describe  as z !  1.z/2.z/ for 1; 2 2  X .T  / C  with 1

2 2  X .T  /. Write • H  for the Weyl group of T in H .  We define Hodge./ to be 1 viewed as an
element of X .T  /C = • y  . (When 1 happens to be integral, i.e. in X .T  /, then we may also
view Hodge./ as a conjugacy class of cocharacters Gm  !  H  over C .) Given H ;  as in the
preceding example, define

Hodge./ WD Hodge.jWC /:

So if B ; T are as before, then Hodge./ D   C   2  1 X.T /  X .T  / C  up to the • y  -action.

Let f  WH1 !  H 2  be a morphism of connected reductive groups over R  whose image
is normal in H 2  such that f  has abelian kernel and cokernel. (Later we will consider the
dual of the mapping GL1  Sp2n !  GSp2n). Denote by f  WH2 !  H 1  the dual morphism.
We choose maximal tori Ti  H i  for i  D  1; 2 such that f .T2 /  T1. If 2WWR !  H 2  is an L-
parameter then obviously

f  .Hodge .2jWC // D  Hodge .f ı  2 jWC /: (1.1)

Lemma 1.15. With the above notation, let 2 be a member of the L-packet for 2. Then the
pullback of 2 via f  decomposes as a finite direct sum of irreducible representations of
H1 .R/,  and all of them lie in the L-packet for f  ı  2.

Proof. This is property (iv) of the Langlands correspondence for real groups on page 125
of [62].

2. Arthur parameters for symplectic groups

Assume [  is a cuspidal automorphic representation of Sp2 n .AF  / such that

 [  is cohomological for an irreducible algebraic representation [  D  ˝ v 2 V 1  v  of
Sp2 n ;F ˝ C ,

 there is an auxiliary finite place vSt such that the local representation v       is the Stein-
berg representation of Sp2 n .FvS t  /.
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In this section we apply the construction of Galois representations [5, 89] to [  to obtain a
morphism [  W € !  GO2 n C1 .Q` / and then lift [      to a representation [  W € !
GSpin2 nC1 .Q` /.

Let us briefly recall the notion of (formal) Arthur parameters as introduced in [5]. We
will concentrate on the discrete and generic case as this is all we need (after Corollary 2.2
below); refer to loc. cit. for the general case. Here genericity means that no nontrivial
representation of SU2 .R/ appears in the global parameter.

For any N 2  Z 1  let  be the involution on (all the) general linear groups GL N ; F  ,
defined by .x / D  t J N  x  1 J N  where J N  is the N  N -matrix with 1’s on its anti-
diagonal, and all other entries 0. A  generic discrete Arthur parameter for the group Sp2 n;F
is a finite unordered collection of pairs ¹.mi ; i /ºi D1 , where
 mi ; r  1 are positive integers such that 2n C  1 D i D 1  mi ,
 for each i , i  is a unitary cuspidal automorphic representation of GLmi  . A F  / such that i

'  i ,
 the i  are mutually nonisomorphic,

 each i  is of orthogonal type, and the product of the central characters of the i  is trivial.
We write formally       D  i D 1 i  for the Arthur parameter ¹.mi ; i /ºi D1 . The parameter is

said to be simple if r D  1. The representation …      is defined to be the isobaric sum

i D1 i ; it is a self-dual automorphic representation of GL 2 n C 1 . A F  /.
Exploiting the fact that Sp2n is a twisted endoscopic group for GL2 nC1 , Arthur
attaches [5, Thm. 2.2.1] to [  a discrete Arthur parameter      . Let ]  denote the cor-

responding isobaric automorphic representation of GL 2 n C 1 . A F  / as in [5, §1.3]. (If      is
generic, which will be verified soon, then      has the form as in the preceding paragraph.)

For each F -place v, the representation v  belongs to the local Arthur packet … .  v /
defined by        localized at v. This packet … .  v / satisfies the character relation [5,
Thm. 2.2.1]

Tr .A  ı  ] . f v //  D Tr . f  Sp2 n  / (2.1)
2 … .  v /

for all pairs of functions f v  2  H .GL2 n C 1 .Fv // ,  f  S p 2 n ; F      2  H .Sp2 n .Fv // such that
f v  

2 n ; F      is a Langlands–Shelstad–Kottwitz transfer of f v .  Here A  is an intertwining
operator from v  to its -twist such that A2 is the identity map. (The precise normaliza-tion is
not recalled as it does not matter to us.)

Lemma 2.1. The component vSt is the Steinberg representation of GL2 n C 1 .Fv S t  /.

Proof. This follows from [72, Prop. 8.2].

Corollary 2.2. The Arthur parameter of [  is simple .i.e. D  1 is cuspidal / and
generic.

Proof. Lemma 2.1 implies in particular that     vSt is a generic parameter which is irredu-
cible as a representation of the local Langlands group W F v         SU2 .R/. Hence the global
parameter is simple and generic.



2

v
y

v
]

v

v v
[

v v

Sp

y y

[
y F y

[
v

Galois representations for general symplectic groups 91

Denote by ]  the cuspidal automorphic representation 1 D  …  . Let AW…‰  !  …‰  the
canonical intertwining operator such that A  is the identity and A  preserves the
Whittaker model (see [5, §2.1] and [58, §5.3] for this normalization). Write  for the
L-morphism L Sp 2 n ; F       !  L GL 2 n C 1 ; F v      extending the standard representation Sp2n D
SO2 n C 1 .C / !  GL2 n C 1 .C /  such that jW F v  

is the identity map onto W F v  .

Lemma 2.3. Let v be a finite F -place where [  is unramified.4 Then v  is unrami-fied
as well. Let ]  W W F v   SU2 .R/ !  GL2 n C 1 .C /  be the Langlands parameter of ] . Let [  W
W F v   SU2 .R/ !  SO2 n C 1 .C / be the Langlands parameter of v . Then  ı  [  D  ]  .

Proof. The morphism W H u n r .GL2 n C1 .Fv // !  H unr .Sp2 n .Fv // is surjective because the
restriction of finite-dimensional characters of GL2 n C 1  to SO2 nC1 generate the space
spanned by finite-dimensional characters of SO2nC1 . The lemma now follows from (2.1)
and the twisted fundamental lemma (telling us that one can take f v  

2n  D  . f v /  in (2.1)).

The existence of the Galois representation ]  attached to ]  follows from [39, Thm.
VII.1.9], which builds on earlier work by Clozel and Kottwitz. (The local hypothesis in
that theorem is satisfied by Lemma 2.1. However, this lemma is unnecessary for the
existence of ]  if we appeal to the main result of [89].) The theorem of [39] is stated over
imaginary CM fields but can be easily adapted to the case over totally real fields (cf. [20,
Prop. 4.3.1 and its proof]). (Also see [7, Thm. 2.1.1] for the general statement
incorporating later developments such as the local-global compatibility at v j `, which we
do not need.) We adopt the convention in terms of L-algebraic representations as in [13,
Conj. 5.16] unlike the references just mentioned, in which C -algebraic representations
are used (cf. [13, §5.3, §8.1]).

To state the Hodge-theoretic property at `  precisely, we introduce some notation based
on §1. At each y  2  V 1  we have a real L-parameter [  WWFy !  L Sp2 n  arising from [ . The

parameter is L-algebraic as well as C -algebraic. Via the embedding yW F  , !  C  we
may identify the algebraic closure F y  with C  so that W F y  

D  WC . As explained in Defin-
ition 1.14, we have Hodge.y / WD Hodge.[ jW  /, a conjugacy class of cocharacters Gm  !
SO2 n C1 .C /.

Theorem 2.4. There exists an irreducible Galois representation

[  D  [;W€ !  SO2 n C1 .Q` /;

unique up to SO2nC1.Q`/-conjugation, attached to [  .and / such that the following
hold:

4We should mention that in the group Sp2 n .Fv / (in contrast to GSp2n .Fv /), not all hyper-
special subgroups are conjugate. When we say that  is unramified, we mean that there exists a
hyperspecial subgroup for which the representation has an invariant vector.
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(i) Let v be a finite place of F  not dividing ` .  If v  is unramified then

. [  jW F v  
/ss '  [  ;

where [  is the unramified L-parameter of v , and ./ss is the semisimplification. For
general [ , the parameter [  is isomorphic to the Frobenius semisimplifica-tion of the
parameter associated to [  j€ F v  

.5

(ii) Let v be a finite F -place such that v − `  where v  is unramified. Then [ ; v  is
unramified at v, and for all eigenvalues ˛  of std.[ .Frobv //ss and all embeddings Q
, !  C  we have j˛ j  D  1.

(iii) For every v j ` ,  the representation [ ; v  is potentially semistable. For each y  W F
, !  C  such that y  induces v, we have

HT .[ ;v ; y / D  Hodge.y /:

(iv) For every v j `, the Frobenius semisimplification of the Weil–Deligne representation
attached to the de Rham representation [ ; v  is isomorphic to the Weil–Deligne
representation attached to v  under the local Langlands correspondence.

(v) If v  is unramified at v j ` ,  then [ ; v  is crystalline. If v  has a nonzero Iwahori fixed
vector at v j `, then [ ; v  is semistable.

(vi) The representation [  is totally odd.
(vii) If v  is essentially square-integrable at v − 1  then std ı  [  is irreducible.

Remark 2.5. We need the ramified case of (i) only when v  is the Steinberg representa-
tion.

Proof. The representation ]  is regular algebraic [19, Def. 3.12], and so 1  is cohomo-
logical for an irreducible algebraic representation. By [89, Thm. 1.2] (in view of [89,

Rem. 7.6]) there exists a Galois representation ]  W€ !  GL2 n C 1 .Q` /  that satisfies prop-
erties (i)–(iii), (v) with ]  in place of [ ; property (iv) is established by Caraiani [14,

Thm. 1.1]. (The reader may also refer to [7, Thm. 2.1.1].) Strictly speaking, the normal-
ization there is different, so one has to twist the Galois representation there by the n 1 -th
power of the cyclotomic character. In particular, ]  is self-dual.

By Lemma 2.1, vSt is the Steinberg representation and by Taylor–Yoshida [99] the
representation ]  W € !  GL2 n C 1 .Q` /  is irreducible. The determinant of this represent-

ation is trivial, since in the Arthur parameter ¹.mi ; i /ºi D1 , the product of the central
characters of the i  is trivial. Together with the self-duality of ]  , we see that ]  factors
through a representation [  W € !  SO2 n C 1 .Q` / via the standard embedding SO2 nC1 , !
GL2 n C 1  (after conjugation by an element of GL2 n C 1 .Q` /).  We know the uniqueness of
[      from Proposition B.1 (and Chebotarev density). Properties (i)–(v)

5This is equivalent to saying that .std ı  [  / is isomorphic to the Frobenius semisimplification of
the Langlands parameter associated with .std ı  [  /j€F v  

in view of Proposition B.1.
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for [  follow from those for ]  . Part (vi) is deduced from Lemma 1.9 and the main
theorem of [98]. Lastly, (vii) is [99, Cor. B].

For the rest of this section, let  be a cuspidal -cohomological automorphic repres-
entation of GSp2 n .AF  / for an irreducible algebraic representation  of GSp2n;F ˝ C .

Lemma 2.6 (Labesse–Schwermer, Clozel). There exists a cuspidal automorphic
Sp2 n .AF  /-subrepresentation [  contained in .

Proof. This follows from the main theorem of Labesse–Schwermer [61].

Lemma 2.7. Suppose that  is a twist of the Steinberg representation at a finite place.
Then v  is essentially tempered at all places v.

Proof. Let [  be as in the previous lemma. We know that [  is the Steinberg represent-ation
at a finite place and [-cohomological, where [  is the restriction of  to Sp2 n ;F ˝ C  (which is
still irreducible). Let ]  be the self-dual cuspidal automorphic representation of
GL 2 n C 1 . A F  / as above. Note also that ]  is C -algebraic (and regular); this is checked using
the explicit description of the archimedean L-parameters. Hence

 v
 is tempered at all v j 1  by Clozel’s purity lemma [19, Lem. 4.9],

 v  is tempered at all v − 1  by [89, Cor. 1.3] and (quadratic) automorphic base change.

(Since ]  is self-dual, if a local component is tempered up to a character twist then
it is already tempered.) Hence v  is a tempered representation of Sp2 n .Fv / (cf. [5,
Thm. 1.5.1]). This implies that 1  itself is essentially tempered. (Indeed, after twisting by
a character, one can assume that 1  restricts to a unitary tempered representation on
Sp2 n .Fv /  Z . F v / ,  which is of finite index in GSp2n .Fv /. Then temperedness is tested by
whether the matrix coefficient (twisted by a character so as to be unitary on Z . F v / )
belongs to L2 C " .GSp2 n .Fv /=Z.Fv //.  This is straightforward to deduce from the same
property of the matrix coefficient for the restriction to Sp2 n .Fv /  Z .F v / .)

Corollary 2.8. 1  belongs to the discrete series L-packet … .

Proof. By [11, Thm. III.5.1], …  coincides with the set of essentially tempered -cohom-
ological representations. Since 1  is essentially tempered and -cohomological, the
corollary follows.

3. Zariski connectedness of image

Let [  be the Galois representation from Section 2. The goal of this section is to prove that [
has connected image in the sense defined below. The proof relies on the existence of the
regular unipotent element in the image thanks to assumption (St).

Definition 3.1. Let G0 be a connected reductive group over Q ` .  A  representation r W €
!  G0 .Q ` /  is said to have connected image if the image of r has connected Zariski
closure in G0. (The definition applies to any topological group in place of €.) We say that
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rW € !  G0 .Q ` /  is G0-irreducible if its image is not contained in any proper parabolic
subgroup of G0, and we say that r is strongly G0-irreducible if rj€0 is G0-irreducible for
every open finite index subgroup €0 of €. In case G0 D  GLn , we often leave out the
reference to the group G0.

When G0 D  GLn , a representation rW € !  GL n .Q ` /  is strongly irreducible if it is
irreducible and has connected image in PGLn (Lemma 4.8). Typical examples of irredu-
cible representations that are not strongly irreducible are Artin representations and the 2-
dimensional `-adic representation arising from a CM elliptic curve over Q.

The lemma below is extracted from arguments of [87, p. 675]. (One can always
enlarge L  to satisfy the first two conditions in the lemma.)

Lemma 3.2. Let L=L 0 =Q `  be two finite extensions in Q ` .  Write €L0  WD Gal.Q` =L0 /
and €L  WD Gal.Q` =L/. Let W €L0 !  SO2 n C 1 .Q` /  be a semistable representation. Let H
SO2 n C 1 ; Q `  

be the Zariski closure of the image of . Assume that

 H  is defined over L ,

 the image of  is contained in SO2 n C 1 .L/,

 the Weil–Deligne representation .the functor WD is defined as in [8, p. 12])

WD..Bst ˝ Q `  .std ı  //€L  / (3.1)

has a nilpotent operator Nreg that is regular in Lie.SO2 nC1 .Q` //.

Then the group H . Q ` /  contains a regular unipotent element of SO2 n C1 .Q` /.

Proof. The underlying space of the .; N /-module .Bst ˝ Q `  .std ı  //€L  is naturally a vector
space over the maximal subfield L 0   L  that is unramified over Q ` .  We consider the functor

‰W RepL.H/ !  RepL .Ga /; r !  WD..Bst ˝ Q `  .r ı  //€L  /jGa ;

where, if V is an L-vector space equipped with the structure of a Weil–Deligne repres-
entation for €L0 , we write V jGa  for the unique representation W Ga  !  GL.V / of the
additive group such that Lie./.1/ is equal to the nilpotent operator of the Weil–Deligne
representation V .

Let ! H  and ! G a      be the standard fiber functors of the categories Re pL .H /  and
RepL .Ga /. The functor ‰ is an exact faithful L-linear ˝-functor. The composition
! G a  ı  ‰ is therefore a fiber functor of RepL .G / [24, §II.3]. By [24, Thm. 3.2] we have the
equivalence of categories

Fiber functors of Re pL .H /   !  Category of H -torsors over L ,       !  H o m ˝ . ; !H  /:

We obtain a morphism A u t ˝ . ! G a  / 
`  

!  A u t ˝ . ! H  / 
`  
, i.e. an algebraic morphism ‰ W

Q `  !  H .Q ` / ,  well-defined up to conjugation. Write N D  ‰ .1/ 2  H .Q ` / .  For every
linear representation r of H  in a finite-dimensional L-vector space the element
Lie.‰/.1/ is conjugate to the nilpotent operator of the Weil–Deligne representation
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attached to .Bst ˝ Q      .r ı  //€L  . Taking r D  std, we see that Lie.‰/.1/ and Nreg are
GL2nC1.Q` /-conjugate by (3.1). Thus N D  ‰.1/ 2  H . Q ` /  is a regular unipotent ele-
ment of SO2 n C1 .Q` /.

Proposition 3.3. Let H  be a semisimple subgroup of SO2 n C1; Q      containing a regular
unipotent element N 2  SO2 n C1; Q  . Then either H  is the full group SO2 n C1 ; Q  , H  is the
principal PGL2 ; Q `  

in SO2 n C 1 ; Q `  
, or n D  3 and H  is the simple exceptional group G2

over Q `  .i.e. H  is the automorphism group of the octonion algebra O  ˝  Q` /.

Proof. Let H 0   H  denote the identity component. Since there are no nontrivial mor-
phisms from Ga  to the finite group 0 .H /, we must have N 2  H 0 . Therefore H 0  is either
PGL2 ;Q , G2, or SO2 n C1; Q      as in the theorem, by [100, Thm. 1.4] classifying connected
semisimple subgroups of SO2 n C1; Q      containing regular unipotent elements. From [85] it
follows that in each of the three cases the subgroup H   SO2 n C1; Q      is a maximal closed
subgroup [85, Thm. B, (i.a), (iv.a) and (iv.e)]. In particular, H  D  H .

The following lemma will be used in the proof of Proposition 3.5 below.

Lemma 3.4 (Liebeck–Testerman [68, Lem. 2.1]). Let G  a semisimple connected algeb-
raic group over an algebraically closed field. If X  is a connected G-irreducible subgroup of
G , then X  is semisimple, and the centralizer of X  in G  is finite.

Proposition 3.5. Assume n  3. The Zariski closure of the subgroup [  .€ /
SO2 n C 1 .Q` /  is either PGL2, G2, or SO2nC1 . .The embedding of PGL2 is induced by the
symmetric 2n-th power representation of GL2. The group G2 occurs only when n D  3 and
embeds in SO7 via an irreducible self-dual 7-dimensional representation./

Proof. Write H   SO2 nC1 for the Zariski closure of [  .€/. We claim that H  contains a
regular unipotent element of GL2 n C 1  (thus also of SO2nC1).

To prove this, we distinguish cases. Let us first assume vSt − `. Let NvSt be the unipo-
tent operator of the Weil–Deligne representation attached to [ ; v       so that it corresponds to
the image of 1; 1 1 under [

S t  
by Theorem 2.4. Then NvSt is regular unipotent in

GL2 n C 1  since v       and thus vSt is Steinberg by Lemma 2.1. The attached Weil–Deligne
representation has the property that a positive power of NvSt lies in the image of [ ; v  . This
completes the proof if vSt − ` .  If vSt j ` ,  we take a finite extension E = F  such that  WD [ ; v
j€ E  is semistable at places above vSt. By Theorem 2.4 (iv), the last assump-tion of Lemma
3.2 is satisfied. (To satisfy the first two, take L  large enough.) Applying
Lemma 3.2, we see that [ ; v  . € E  /, thus also H ,  contains a regular unipotent element of
GL2 nC1 .

6In fact, it is not completely clear whether [85, Thm. B] classifies maximal closed subgroups or
maximal connected closed subgroups; see [59, footnote 9 in the proof of Prop. 5.2]. Nevertheless,
we can still show that H  D  H 0  in the case at hand as in that proof, using the fact that PGL
and G  have no outer automorphism, which implies that the conjugation action by elements of H
on H 0  gives inner automorphisms of H 0 .
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We have shown that H   SO2 nC1 contains a regular unipotent element. On the other
hand, H  is an irreducible subgroup of SO2 n C1; Q      by Theorem 2.4. By Lemma 3.4, H 0  is a
semisimple group and hence so is H .  By Proposition 3.3, H  is one of the groups
SO2 nC1 , G2, or PGL2 over Q ` .  Thus H  D  H 0  and the proposition follows.

4. Weak acceptability and connected image

A  classical theorem for Galois representations states that if r1;r2W€ !  GLm .Q` /  are two
semisimple representations which are locally conjugate, then they are conjugate. (Recall
that every representation is assumed to be continuous by the convention of this paper.)
This is a consequence of the Brauer–Nesbitt theorem combined with the Chebotarev
density theorem. In this section we investigate analogous statements when GLm .Q` /  is
replaced by a more general (not necessarily connected) reductive group. We show that in
many cases the implication still holds if one assumes that one of the two representations
has Zariski connected image.

Definition 4.1. A  (possibly disconnected) reductive group G  over Q `  is said to be weakly
acceptable if for every profinite group • and any two locally conjugate semisimple con-
tinuous representations r1; r2W • !  G . Q ` /  there exists an open subgroup •0  • such that r1

and r2 restricted to •0 are conjugate.

Lemma 4.2. Let r1; r2W • !  GLm .Q` /  be two representations such that for some finite
subgroup  of Q  and each  2  • we have Tr r1./ D   Tr r2./ for some  D   2  . Then Tr r1./
D  Tr r2./ for all  in some open subgroup •0 of •.

Proof. Choose some open ideal I   Z `  such that .1   /m … I  for all  2  t .Q` /  with  ¤  1. Let
U  • be the set of  such that for i  D  1; 2 and all  2  U we have Tr ri ./  m mod I .  Then U is
open by continuity of the representations ri . Let  2  U . The traces Tr r1./ and Tr r2./ agree
up to an element  2  t .Q` /. Reducing modulo I  we get m  m. This is only possible if  D  1.
For the unit element e 2  • we have Tr ri .e/ D  m (i D  1; 2), and consequently U is an open
neighborhood of e 2  •. We may now take for •0 an open subgroup of • contained in U .

Lemma 4.3. Assume Œ  H   G • i s a central extension of reductive groups over Q ` ,  where we
assume additionally that  is finite. Then the group G  is weakly acceptable if and only if H
is weakly acceptable.

Proof. “ ( ”  Assume that H  is weakly acceptable. Let • be a profinite group and r1;
r2W • !  G . Q ` /  locally conjugate. Choose U  H . Q ` /  an open subgroup with U \   D
¹1º. Write U  G . Q ` /  for the image of U in G .Q ` / .  The map H   G  induces a bijection
U  !  U . Consider •0 WD r  1.U / \  r  1.U /  •. Using the iso-
morphism U  !  U we obtain lifted representations rz ; rz W •0 !  H .Q ` / .  By the local

G-conjugacy of r1; r2, there exists for each  2  •0 some element h D  h 2  H . Q ` /  and
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a z D  z 2  .Q ` /  such that

rz ./ss D  zhrz ./ssh 1 2  H .Q ` / : (4.1)

We claim that in an open subgroup •00 of •0 the elements rz ./ and rz ./ are in fact H -
conjugate for every  2  •00 (as opposed to conjugate up to   H ).

Choose a faithful representation 'W H !  GL N  , and write '  as a direct sum of irredu-
cible representations '  D  ˚ i D 1  ' i .  By Schur’s lemma we have ' i . /   t where t are the t -th
roots of unity for some t 2  Z1 .  In particular, we have the identity

Tr ' i . rz  .// D   Tr ' i . rz  .// 2  Q ` ;

where  WD ' i . z /  with z as in (4.1). Consequently, there exists by Lemma 4.2 some open
subgroup •i  • such that on •i we have Tr ' i rz  ./ D  Tr ' i rz  ./. Consider an open subgroup
•0  •i such that Tr ' i rz  ./ ¤  0 for all  2  •0 . Now let  2  •00 WD i D 1  •0

and let .z; h/ be as in (4.1). By applying Tr ' i  to (4.1) we find

0 ¤  Tr ' i rz  ./ D  Tr ' i rz  ./ D  ' i .z / Tr rz ./ 2  Q ` ;

so ' i . z /  D  1 for all i  D  1; : : : ; m, and hence z D  1. This proves the claim.
The group H  is weakly acceptable. Hence the representations rz j•000 and rz j•000 are

conjugate by some h 2  H . Q ` /  on some open subgroup •000  •00. Since H . Q ` /   U  !  U
G . Q ` /  the representations r1j•000 and r2j•000 are conjugate by the image of h in G .Q ` / .

“ ) ”  Let r1; r2W • !  H . Q ` /  be two locally conjugate semisimple continuous rep-
resentations. Their projections r1; r2 are locally conjugate in G .Q ` / .  Hence there exists
an open •0  • such that r2j•0 D  g.r1j•0 /g 1. Lift g to gz 2  H . Q ` /  and replace r2 by gzr2gz 1.
Since  is central we obtain the character ./ WD r1./r2./ 1 of •0. This character has finite
order. Hence r1 and r2 agree on the open subgroup ker./  •0.

Lemma 4.4. Let G= Q `  be a reductive group with center Z G  for which there exists a
semisimple subgroup G1  G  such that Z G   G1 !  G  is surjective.

(1) The group G  is weakly acceptable if and only if its adjoint group Gad is weakly accept-
able.

(2) If G  is connected and Gad is a product of copies of the groups PGLn ; SO2 nC1 and
PSp2n, then G  is weakly acceptable.

(3) If G  is GPin2n or GO2n, then G  is weakly acceptable.

Remark 4.5. Note that for connected groups G , we may take G1 D  Gder and the condi-
tion of the lemma is always satisfied. For discconnected G  the condition is not empty: One
may consider the semidirect product G  of GL2 with ¹ ˙ 1 º  where  1 acts by g !  g 1;t . In
this case there is no semisimple subgroup G1  G  such that Z G   G1 !  G  is surject-ive
(rk.ZG   G1/ D  0 C  1 <  2 D  rk.G/). For applications in this paper, we only need
connected G , so the reader may choose to restrict to this case. However, we state a more
general version for potential applications elsewhere.
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Proof. (1) The statement follows by applying the previous lemma to the natural surjec-
tions Z G   G1 !  G  and G1 !  G1;ad. Both maps have finite kernels as Z G 1  is finite and
contains Z G  \  G1. Therefore G  is weakly acceptable if and only if G1 is weakly accept-
able if and only if G1;ad is weakly acceptable. Finally, G1  G  induces an isomorphism
G1;ad  !  Gad.

(2) If G  is connected we can take G1 D  Gder and use acceptability of the groups GLn ,
SO2 nC1 and Sp2n; the latter two cases follow from Proposition B.1.

(3) Since O2n is acceptable by Proposition B.1, the group PO2n is weakly acceptable
by Lemma 4.3. For G  D  GPin2n (resp. GO2n) we take G1 WD Pin2n (resp. O2n), and we
have the surjection Z G   G1  G . From the surjection G1  PO2n we find that G1 is weakly
acceptable, and then G  is also weakly acceptable by (i).

Proposition 4.6. Let G  be a reductive group with center Z  and cocenter D ,  and   Z  the
kernel of the natural morphism Z  !  D .  Assume that G  is weakly acceptable. Let • be

a profinite group and r1;r2W• !  G . Q ` /  be two locally conjugate continuous semisimple
representations where we assume that r1 has Zariski connected image7 modulo Z .

(1) We have r2 D    gr1g 1 where g 2  G . Q ` /  and W• !  .Q ` /  is some character.

(2) If the image of r1 in G . Q ` /  is Zariski connected modulo a subgroup Z 0   Z  with
Z 0  \   D  ¹1º, then  D  1 in .1/.

(3) Assume the existence of 0 2  • with the following property: the images of r1.0/ and
gr1.0/g 1 in G=.Q` /  are not G0.Q`/-conjugate for any g 2  Ga d .Q` /nGa d .Q` /. Then
r1 and r2 are G  .Q`/-conjugate.

Example 4.7. Consider the case G  D  PGLm. By (1) any two locally conjugate projective
Galois representations r1; r2 are conjugate on an open subgroup of • (of index at most m). If
furthermore one of the two representations has connected image, then r1 and r2 are
PGLm.Q`/-conjugate by (2). Similarly, two locally conjugate GSpin2nC1-valued Galois
representations are conjugate on an open subgroup of index 2, since  is a group of order 2
when G  D  GSpin2nC1 .

Proof of Proposition 4.6. (1) Since G  is weakly acceptable, there exists some g 2  G . Q ` /
and an open subgroup •0  • such that r2 D  gr1g 1 on •0. Let 'W G = Z  !  GL N  be a
faithful representation and choose x  2  GL N  .Q ` /  such that ' r1 ./  D  x ' r2 ./x  1 2  GL N

.Q ` /  for all  2  •. For  2  •0 we obtain

' r1 ./  D  x ' r2 ./x  1 D  x ' .g r1 ./g  1/x  1 2  GL N  .Q` /:

Taking the Zariski closure we have ' . i /  D  x ' .g i g  1/x  1 2  GL N  for all i  in the Zariski
closure I  of the image of r1.•0/. Since I = Z  is connected, ' r1 ./  D  x ' .g r1 ./g  1/x  1 2
GL N  .Q ` /  for all  2  •. Earlier we found ' r1 ./  D  x ' r2 ./x  1 2  GL N  .Q ` /  for

7Recall that a morphism of finite type affine algebraic groups over a field is closed, in particular
there is no difference in taking the Zariski closure before or after reducing modulo Z .
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all  2  •. Thus ' r2 ./  D  ' .g r1 ./g  1/ 2  GL N  .Q ` /  for all  2  •. We deduce that r2./ D
./  gr1./g 1 2  G . Q ` /  for some character W • !  Z . Q ` / .  By mapping down to the
cocenter D  of G  and using local conjugacy, we see that  has image in .

(2) Repeat the same proof, but now take '  a faithful representation of G=Z 0  (as
opposed to G=Z ).  Then we find a character  as above whose image is in  and Z0 ,  and
therefore is trivial.

(3) By (1) we have r2 D  gr1g 1 for some g 2  Gad .Q` /. By local conjugacy at 0, we find
that r2.0/ D  .0/gr1.0/g 1 and r1.0/ are Gad.Q`/-conjugate. By the assump-tion, this
implies g 2  Ga d .Q` /. Hence r2 and r1 are Gad.Q`/-conjugate.

Lemma 4.8. Let • be a profinite group. Let rW • !  GL.V / be a representation on a
finite-dimensional Q`-vector space V and let W• !  Q `  be a nontrivial character.

(1) If r '  r ˝   then r is not strongly irreducible.

(2) If r is irreducible and has connected image in PGL.V /, then r is strongly irreducible.

Proof. (1) We may assume r is irreducible. Since det.r / D  det.r ˝  / D  det.r/dim V , the
character  has finite order. Take •0 WD ker , which is an open normal subgroup of •. It is
enough to show that

dim Hom•0 .r; r / D  dim Hom•.r; Ind•0 r/ >  1:

We have the tautological •-equivariant embedding r , !  Ind•
0 r , v !  .  !  r ./v/.

Define f v  ./ WD ./fv ./.  Then v !  f v      gives another embedding r , !  Ind•0 r that is not
a scalar multiple of v !  f v .

(2) This follows from the fact that the Zariski closure of the image of r in PGL.V /
does not change upon restriction to an open normal subgroup •0  • due to connec-

tedness. Since (strong) irreducibility only depends on the Zariski closure of image in
PGL.V /, the lemma follows.

The preceding lemma leads to the following proposition, which will be employed
when studying the spinor norm of GSpin2nC1-valued Galois representations and when
proving an automorphic multiplicity 1 result. Consider r W • !  GL.V / and W• !  Q `  as
in the setup of Lemma 4.8. Let r '  ˚ i D 1  mi ri be a decomposition into mutually non-
isomorphic irreducible •-representations with multiplicities mi 2  Z > 0 .

Proposition 4.9. Assume that

 ¹dim ri ºi D1 are mutually distinct,

 im.r / has connected Zariski closure in PGL.V /.

Then each of the following is true:

(1) If r '  r _  ˝   and if 0  r ˝  r is a one-dimensional •-submodule then 0 D  . (2) If r

'  r ˝   then  D  1.

Proof. (1) The first condition says ˚ i  mi ri '  ˚ i  mi r _ ˝  . Since dim ri are distinct, ri

'  ri     ̋   for all i . Again by the dimension assumption, 0  ri ˝  ri for some i . (If
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0  ri ˝  r for i  ¤  j  then there is a nonzero •-equivariant map from ri     to r ˝  0 1,
which must be an isomorphism by irreducibility; however, this violates the dimension
assumption.) Moreover, if r has connected image in PGL then so does ri (because im.ri / is
the image of im.r / by the projection map). Hence we are reduced to the case when r is
irreducible.

Now suppose r is irreducible. Then 0  r ˝  r implies r '  r _  ˝  0 1. We are assum-ing r
'  r _  ˝  , so we have r '  r ˝  .0 1/. If 0 ¤   then Lemma 4.8 (1) says rj•0 is reducible
for some open normal subgroup •0  •, contradicting part (2) of the same lemma.
Therefore 0 D  .

(2) Arguing similarly to the proof of (1), we reduce to the case of irreducible r and
deduce that  D  1 by using Lemma 4.8.

5. GSpin-valued Galois representations

In this section we study the notion of local conjugacy for the group GSpin2 nC1 .Q` /. In
general it is not expected that local conjugacy implies (global) conjugacy of Galois
representations: In [65, proof of Prop. 3.10] Larsen constructs a certain finite group •
(called € there), which is a double cover of the (nonsimple) Mathieu group M10 in the
alternating group A10. More precisely, he realizes M10  SO9 .Q` / by looking at the
standard representation of A10  GL10 .Q` /. Then • is the inverse image of M10 in
Spin9 .Q` /. Let us just assume that • can be realized as a Galois group sW €  •. The group •
comes with a map 1W• !  Spin9 .Q` /, and  is the composition •  M10  M10=A6 '  Z = 2 Z
Spin9 .Q` /. He defines 2 .x/ WD .x /1 .x/. We may define r1 WD 1 ı  s and r2 WD 2 ı  s. Then
the argument of Larsen shows that 1 ./ and 2./ are
Spin9 .Q` / conjugate for every  2  €, while 1 and 2 are not Spin9.Q`/-conjugate. The
maps i  cannot be GSpin9.Q`/-conjugate: If we had 2 D  g1g 1 for some g in
GSpin9 .Q` / then we could find a z 2  Q  such that h D  gz 2  Spin9 .Q` / and h1h 1 D  g1g
1 D  2, which contradicts Larsen’s conclusion. Thus, assuming that the inverse Galois
problem for • has an affirmative answer over F ,  the pair of Galois representations
.r1; r2/ is locally conjugate but nonconjugate.

In [65] Larsen explains that counterexamples may be constructed for all Spinm .Q` /
with m  8 (for m D  8, see [66, Prop. 2.5]).8 Proposition 4.6 shows that any two locally

conjugate GSpin2nC1 .Q` /-valued Galois representations are conjugate up to a quadratic
character twist (see also Example 4.7).

Lemma 5.1. Let W€ !  GSpin2 nC1 .Q` / be a semisimple representation that contains a
regular unipotent element in the Zariski closure of its image. If W€ !  Q `  is a character such
that spin./ '  spin./ ˝   then  D  1.

8In a private communication, Chenevier informed us that also the group Spin7 .Q` / is not
acceptable.
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Proof. This follows from Proposition 4.9 (2) applied to r D  spin./. For this we need to
check the assumptions there; the only nontrivial part is the dimension hypothesis, which
we verify as follows. Write im./ for the Zariski closure of im./ in GSpin2nC1. The
image of im./ in SO2 nC1 is either PGL2, SO2 nC1 , or G2 (the last case only when n D  3) by
Proposition 3.3. Hence we have either

(i) SL2   im./  GL2,

(ii) PGL2  im./  PGL2  Gm ,

(iii) Spin2nC1  im./  GSpin2nC1, or

(iv) G2  im./  G2  Gm  (the last case is possible only when n D  3).

In each case we explain the dimension hypothesis of Proposition 4.9 in detail when im./ is
equal to GL2, PGL2  Gm , GSpin2nC1, or G2  Gm , respectively, as the argument is
essentially the same in general. Case (iii) is obvious. Cases (i) and (ii) follow from the fact
that GL2 or PGL2  Gm-representations are determined by the dimension if the central
character has weight 1 (namely the central Gm  acts through the identity map). In case
(iv), the underlying spin representation has dimension 8, and it decomposes as the direct
sum of a one-dimensional representation with an irreducible 7-dimensional representation
of G2, whereas the Gm  factor acts by weight 1. So the assumption still holds.

Proposition 5.2. Let r1;r2W€ !  GSpin2 nC1 .Q` / be two semisimple representations that
are unramified at almost all places and locally conjugate. Assume the image of r1 con-
tains a regular unipotent element in the Zariski closure of its image. Then r1 and r2 are
conjugate.

Proof. As in the proof of Lemma 5.1, the image of r1 in SO2 nC1 has connected Zar-iski
closure. Recall from Lemma 4.4 that GSpin2nC1 is weakly acceptable. By Proposi-tion
4.6 (1) we may assume that r2 D  r1, with  a character taking values in the center of
Spin2 nC1 .Q` /. By Lemma 5.1 we have  D  1.

6. The trace formula with fixed central character

In this section we recall the general setup for the trace formula with fixed central char-
acter.9 For later use, we prove some instances of the Langlands functoriality for general
reductive groups under the assumptions analogous to (St) at a finite place and cohomo-
logical at infinite places. (One might try to prove such a result by directly applying the L2-
Lefschetz formula of [3] and [33] but the formula only tells us 0 D  0 when F  ¤  Q. This is
why we need a version with fixed central character.)

Let G  be a connected reductive group over a number field F  with center Z .  Write A Z

for the maximal Q-split torus in ResF = Q  Z  and set A Z ; 1  WD A Z .R/ 0 .  Write G . A F  /1

9More details are to be available in [47] and Dalal’s thesis. Compare with [82, §1], [4, §2, §3],
or [5, §3.1].
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for the subgroup of G . A F  / as in [1, p. 11] so that G . A F  / D  G . A F  /1  A Z ; 1 .  Con-sider
a closed subgroup X   Z . A F  / which contains A Z ; 1  such that Z . F / X  is closed in Z . A F  /
(then Z . F / X  is always cocompact in Z . A F  /) and a continuous character W.X \
Z . F / / n X  !  C .  Such a pair .X; / is called a central character datum.

In what follows we need to choose Haar measures consistently for various groups,
but we will suppress these choices as this is quite standard. For instance, the same Haar
measures on G . A F  / and X  have to be chosen for each term in the identity of Lemma 6.1
below.

Let v be a place of F ,  and X v  a closed subgroup of Z . F v / .  Let v  W X v  !  C  be a
smooth character. Write H .G . F v / ;   1/ for the space of smooth compactly suppor-ted
functions on G .F v /  which transform under X v  via  1; if v is archimedean, we also
require functions in H .G .F v / ; v  

1/ to be Kv -finite for a maximal compact subgroup K v  of
G.Fv /.  (We fix such a K v  in this section, and use the same K v  to compute relative Lie
algebra cohomology. In the main case of interest, the choice of K v  is made in §7.) Given a
semisimple element v  2  G .F v /  and an admissible representation v  of G .F v /  with cent-ral
character v  on Xv ,  the orbital integral and trace character for f v  2  H .G . F v / ;  v  

1/ are
defined as follows (below, I v  denotes the connected centralizer of v  in G):

O . f v /  WD                            f v . x  1
v x/ dx;

I . F v / n G . F v /

Tr.fv jv / D  Tr v . f v /  WD Tr fv .g/v .g/ dg :
G . F v / = X v

Note that the trace is well-defined since the operator G . F  /=X      fv .g/v .g/ dg is of finite
rank if v is finite and is of trace class if v is infinite.

For our purpose, we henceforth assume the following:

 X  D  X 1 X 1  for an open compact subgroup X 1   Z . A F  / and X 1  D  Z . F 1 / ,

D v  v  with v  D  1 at every finite place v.

One defines the adelic Hecke algebra H . G . A F  /;  1/ as well as orbital integrals and
trace characters by taking a product over the local case considered above. Write €ell ;

X .G /
for the set of X-orbits of elliptic conjugacy classes in G.F /.  Let L d i s c ; .G .F /nG .A F  //
denote the space of functions on G . F / n G . A F  / transforming under X  by  and square-
integrable on G . F / n G . A F  /1 =X \  G . A F  /1. Write A . G /  for the set of isomorphism
classes of cuspidal automorphic representations of G . A F  / whose central characters
restricted to X  are . (In particular, such representations are G . A F  /-submodules of
L d i s c ; .G .F /nG .AF  //.)

For f  2  H . G . A F  /; / we define invariant distributions Tell; and Tdisc; by
Tel l ; .f / WD                    ./ 1vol

 
I . F / n I . A F  /=XO.f  /;

2€ e l l ; X .G /

Tdisc;.f / WD Tr f  jLd i s c ; .G .F /nG .AF  // :

Similarly Tcusp; is defined by taking trace on the space of square-integrable cusp forms.
We omit the G  from the notation when clear from the context. In general we do not expect
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that Tel l ; .f / D  Tdisc;.f / (unless G = Z  is anisotropic over F ); the equality should hold only
after adding more terms on both sides. However, we do have Tel l ; .f / D  Tdisc;.f / if f
satisfies some local hypotheses; this is often referred to as the simple trace formula.

We also need to consider the central character datum .X0 ; 0/ with X 0  WD A Z ; 1
and 0 WD j Z

; 1  . The quotient X  \  Z . F / n X = X 0      is compact as it is closed in
Z . F / n Z . A F  / =A Z ; 1 ,  which is compact. We have a natural surjection H . G . A F  /;
1/ !  H . G . A F  /;  1/ given by

Z
f 0  !      g !  f  .g/ WD f0.zg/.z/ dz :

z 2 X \ Z . F  / n X = X 0

Translating the function f 0  by z, define a function f 0  .g/ D  f0 .zg/. Then
Z

vo l .X \ Z .F /nX=X 0 /  z 2 X \ Z . F  /n X = X 0  

T?;0  
. f 0  /.z/ dz D T ? ; . f  0 /; ? 2 ¹ell; discº:

From now on we assume that F  is totally real and that G . F 1 /  admits discrete series
representations (for Lefschetz functions to be nontrivial).
Let  be an irreducible algebraic representation of .ResF = Q  G / ˝ Q  C  '  G  ˝ F  F 1 ,  also

thought of as a continuous representation of G . F 1 /  on a complex vector space.
Denote by W Z . F 1 /  !  C  the restriction of _  to Z . F 1 / .  Write f  D  f       

 2
H . G . F 1 / ;  1/ for a Lefschetz function (also known as Euler–Poincaré function) asso-
ciated with  such that Tr 1 . f /  computes the Euler–Poincaré characteristic for the
relative Lie algebra cohomology of 1  ˝   for every irreducible admissible representa-tion
1  of G . F 1 /  with central character . See Appendix A  for details. Analogously we have
the notion of Lefschetz functions at finite places as recalled in Appendix A.

The following simple trace formula is standard for X  D  A G ; 1  and some other choices
of X  (such as X  D  Z . G . A F  //), but we want the result to be more flexible. Our proof
reduces to the case that X  D  A G ; 1 .

Lemma 6.1. Consider the central character datum . Z . F 1 / ;  /. Assume that f v S t      in
H . G . F v S t  // is a .truncated / Lefschetz function and f 1  2  H . G . F 1 / ;  1/ is a cuspidal
function. Then

Tel l ; .f / D  Tdisc;.f / D  Tcusp;.f /:

Proof. Consider f 0  D  
Q

v  f0 ; v  2  H . G . A F  /; 0 
1/, where f0 ; v  WD f v  at all finite places v, and

f 0 ; 1  is a cuspidal function such that f  0 ; 1  (as defined above) and f 1  have the same trace
against every tempered representation of G . F 1 / .  The existence of such an f 0 ; 1  is
guaranteed by the trace Paley–Wiener theorem. By assumption fv S t  D  f0;v S t  is strongly
cuspidal (Lemma A.7). Hence the simple trace formula [3, Cor. 7.3, 7.4] implies that

Tell;0  
. f0 /  D  Tdisc;0  

. f0 /  D  Tcusp;0  
.f0 /:

We deduce the lemma by averaging over Z . F 1 / = Z . F 1 /  \  G . F 1 / 1  against , noting
that the average g !  Z . F      / = Z . F      / \ G . F      /1 f0 ; 1 .zg/.z / dz of f 0 ; 1  recovers f 1  up
to a nonzero constant.
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Now we go back to the general central character data and discuss the stabilization for
the trace formula with fixed central character under simplifying hypotheses. Assume that
G  is quasi-split over F .  Write †e l l ;

X .G / for the set of X-orbits on the set of F -elliptic
stable conjugacy classes in G .F /.  Define

STe l l ; . f  / WD .G /
X

Q./ 1 SO;.f /; f  2  H . G . A F  /;  1/;
2† e l l ; X . G /

where Q./ is the number of €-fixed points in the group of connected components in the
centralizer of  in G , and SO; . f  / denotes the stable orbital integral of f  at . If G  has
simply connected derived subgroup (such as Sp2n or GSp2n), we always have Q./ D  1.

Returning to a general reductive group G , let G  denote its quasi-split inner form
over F  (with a fixed inner twist G  '  G  over F ). Since Z  is canonically identified with
the center of G , we may view .X ;  / as a central character datum for G . Let f   2
H . G . A F  /;  1/ denote a Langlands–Shelstad transfer of f  to G.10 Such a transfer
exists in this fixed-central-character setup: One can lift f  via the surjection
H . G . A F  / / ! H . G . A F  /;  1/ given by  ! . g  !  X  .gz/.z/ dz/, apply the transfer from
H . G . A F  // to H . G  . A F  // (the transfer to quasi-split inner forms is due to Wald-
spurger), and then take the image under the similar surjection down to H . G . A F  /;  1/.

Let vSt be a finite place of F .

Lemma 6.2. Assume that f v S t  is a Lefschetz function. Then Tel l ; .f / D  STe l l ; . f  /.

Proof. Since f v S t  is stabilizing (Lemma A.7), this follows from [60, Thm. 4.3.4] (spe-
cialized to L  D  G , H  D  G ,  D  1; note that the “.G; H /-essentiel” condition there is

vacuous).

Let S0  S 1  [ ¹v S t º  be a finite subset, and S  a finite set of places containing S0 [ S 1 .  We
assume that G  is unramified away from S  and fix a reductive model for G  over OF

Œ1=S• . (See [90, Prop. 8.1] for the existence of such a model.)
Let G  '  G  over F  be an inner twist which is trivialized at each place v … S0 (i.e.

up to an inner automorphism the inner twist descends to an isomorphism over Fv ). In
particular, G  is unramified outside S , and fix a reductive model for G  over OF  Œ1=S• as
well. By abuse of notation we still write G  and G  for reductive models. The notion of
unramified representations is taken relative to the hyperspecial subgroups given by these
integral models. The inner twist determines an isomorphism G      '  G F v  for v … S0 , well-
defined up to inner automorphisms of G F  . When v … S  we further have an isomorphism G

'  G O . We fix these isomorphisms and use them to transport representations
between G  and G .

10The transfer for  1-equivariant functions is defined in terms of the usual transfer factors. Its
existence is implied by the existence of the usual Langlands–Shelstad transfer (for compactly
supported functions). For details, see [111, §3.3] for instance.
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We prove weak transfers of a certain class of automorphic representations between
G  and G .

Proposition 6.3. Assume that the adjoint group of G  is nontrivial and simple over Fv S t  .
Consider  and \ as follows:

  is a cuspidal automorphic representation of G . A F  / such that –

is unramified at every place outside S ,

– vSt is an unramified character twist of the Steinberg representation, –

1  is -cohomological.

 \ is a cuspidal automorphic representation of G . A F  / such that – \

is unramified at every place outside S ,

– vSt is an unramified character twist of the Steinberg representation, –

1  is -cohomological.

(1) Suppose that  has regular highest weight. Then for each  .resp. \/ as above, there
exists \ .resp. / as above such that v  '  v  at every finite place v … S  [  ¹vStº.

(2) For each  as above, suppose that

is not one-dimensional,

 for every  2  A . G /  such that S  '  S ,  if 1  is -cohomological and vSt is an unramified
twist of the Steinberg representation then 1  is a discrete series representation.

Then there exists \ as above such that v  '  v  at every finite place v … S  [  ¹vSt º.
Moreover, the converse is true with G  in place of G  and the roles of  and \

switched.

Remark 6.4. The adjoint group of G  is assumed to be simple over Fv S t  in order to apply
Proposition A.2. Without the assumption we may have a mix of trivial and Steinberg
representations (up to unramified twists) for vSt corresponding to simple factors of G  at
vSt.

Remark 6.5. Corollary 2.8 tells us that the condition in (2) for the transfer from G  to G  is
satisfied by G  D  GSp2n. Later we will see in Corollary 8.4 that the same is also true for
a certain inner form of GSp2n.

Proof of Proposition 6.3. We will only explain how to go from  to \ as the oppos-ite
direction is proved by exactly the same argument. Let f  D          f v  be such that f v  2

H u n r .G.Fv // for finite places v … S , f v S t  is a Lefschetz function at vSt, and f 1  is a Lef-
schetz function for . Then we can choose the transfer f   D f   such that f   D  f v  for
all v … S 1  [  ¹vStº, f   is a Lefschetz function, and f   is a Lefschetz function for . We know
from Lemmas A.4 and A.11 that f v S t  (resp. f 1 )  and f   (resp. f   ) are asso-ciated up to a
nonzero constant. Hence cf  and f   are associated for some c 2  C .  The
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preceding two lemmas imply that

Tcusp;.f / D  STe l l ; . f  / D  c  Tcusp;.f /:

By linear independence of characters, we have
X

m./ Tr.fS  jS / D  c 
X

m.\ / Tr.fS j\  /:
2 A . G / \ 2 A  . G /

S  ' S
\;S

 ' S

Let us prove (1). Choose f v  D  f   at finite places v in S  but outside ¹vSt º [  S0 [  S 1  such that
Tr . f  jv / >  0. (This is vacuous if there is no such v.) At infinite places, as soon as Tr . f  jv /
¤  0 at v j 1 ,  the regularity condition on  implies that v  is a discrete series representation
and that Tr . f  jv / D  .  1/q.G / by Vogan–Zuckerman’s classification of unitary
cohomological representations. At v D  vSt, whenever Tr . f   jvSt / ¤  0 (which is true for  D
), the unitary representation vSt is an unramified twist of either the trivial or the Steinberg
representation by Proposition A.1. If GvS t  is anisotropic modulo center then the Steinberg
representation is the trivial representation. In case GvS t  is isotropic modulo center, if vSt

were one-dimensional then the global representation  would be one-dimensional by a well
known strong approximation argument (e.g. [43, Lem. 6.2] for details), implying that 1

cannot be tempered.
All in all, for all  as above such that Tr . f  jS / ¤  0, we see that vSt is an unramified

twist of the Steinberg representation and that Tr . f S  jS / has the same sign. Moreover,  D
contributes nontrivially to the left sum by our assumption. Therefore the right hand side is
nonzero, i.e. there exists \ 2  A . G /  such that \;S '  \;S and m.\ / Tr.fS j\  / ¤  0. The
nonvanishing of trace confirms the conditions on \ at vSt and 1  by the same argument as
above.

Now we prove (2). Make the same choice of f v  D  f v      at finite places v in S . Since
one-dimensional representations of G.Fv 0  / are excluded by assumption, the condition
Tr . f v  jvSt / ¤  0 implies that vSt is an unramified twist of the Steinberg representation. By
the assumption 1  is then a discrete series representation. Hence the nonzero con-
tributions from  on the left hand side all have the same sign. Thereby we deduce the
existence of \ as in (1).

As before, G  is a quasi-split group over a totally real field F .  Let E = F  be a finite
cyclic extension of totally real fields such that ŒE W F •  i s a prime. Write  for a generator of
the group Gal.E =F /. Set G  WD ResE = F  . G  /, which is equipped with a natural action of
defined over F .  Let S  be a finite set of places of F  such that the group G  and the extension
E = F  are unramified outside S , so that G  is also unramified outside S . Fix a reductive
model of G  over OF  Œ1=S• as before. By base change followed by ResE = F  , this gives
rise to a reductive model of G  over OF  Œ1=S• . The models determine hyper-special
subgroups of G  and G  away from S , thus also unramified Hecke algebras and unramified
representations of G  and G .

For each place v of F  put E v  WD E  ˝ F  Fv .  Canonically, E v  '              E w  with w
running over places of E  above v. Let B C E = F  W Irrunr .G .Fv // !  Irrunr .G .Ev // denote
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the base change map for unramified representations. Writing B C W H u n r .G .Ev // !
H u n r .G .Fv // for the base change morphism of unramified Hecke algebras, we see from
Satake theory that

Tr . B C E = F  .fv / j v / D  Tr . f v jB C E = F  .v //: (6.1)

Write  D  ̋ v j 1  v  as a representation of G . F 1 /  '  
Q

v j 1  G .Fv /.  For each infinite place v of
F ,  define E ; v  WD ˝w j v  v  as a representation of G . E v /  '       w jv G.Ew /, where w runs
over places of E  dividing v (here the two isomorphisms are canonical). Set  WD
˝ v j 1  E ; v .

Proposition 6.6. Let  be a cuspidal automorphic representation of G . A F  / such that

is unramified at all finite places outside a finite set S ,

 vSt is an unramified character twist of the Steinberg representation,

1  is -cohomological.

Suppose that either  has regular highest weight or that the condition for  in Proposi-tion
6.3 (2) is satisfied. .This is always true for G  D  GSp2n, cf. Remark 6.5:/ Then there exists
a cuspidal automorphic representation E  of G . A E  / such that

 E  is unramified at all finite places outside S ,

 E ; v S t  is an unramified character twist of the Steinberg representation,

E ; 1  is E  -cohomological,

and moreover E ; v  '  B C E = F  .v / at every finite place v … S .

Proof. We will be brief as our proposition and its proof are very similar to those in
Labesse’s book [60, §4.6], and also as the proof just mimics the argument for Proposi-
tion 6.3 in the twisted case. In particular, we leave the reader to find further details about
the twisted trace formula for base change in loc. cit. Strictly speaking, one has to incor-
porate the central character datum .X ;  / above in Labesse’s argument, but this is done
exactly as in the untwisted case.

We begin by setting up some notation. Take K  to be a sufficiently small open com-
pact subgroup of G . A E  / such that N E

= F  W Z . A E  / !  Z . A F  / maps Z . E /  \  K  into
Z . F /  \  K .  Let X  WD Z . E /  \  K ,  redefine X  to be N E = F  .X /  and restrict  to this sub-
group, Q WD  ı  N E

= F  . Let  denote the representation ˝ E , ! C   of G 2 n . E  ˝ Q  C /  D
E , ! C  G  . F  ˝ Q  C /  (both indexed by F -algebra embeddings E  , !  C ).

We choose the test functions

f  D  
Y

f w  2  H . G . A E  /;Q 1/     and     f  D  
Y

f v  2  H . G . A F  /;  1/ w v

as follows. If v D  vSt then f v  D  
Q

w j v  f w  and f v  are set to be Lefschetz functions as in
Appendix A. So f v  and f v  are associated up to a nonzero constant by Lemma A.9. If v is a
finite place of F  contained in S  then choose f v  to be the characteristic function on a
sufficiently small open compact subgroup K v  of G .F v /  such that v  

v ¤  0. By
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[60, Prop. 3.3.2], f v  is a base change transfer of some function

f v  D  
Y

f w  2  H .G .Ev /; Q  1/:
w jv

Given a finite place v … S  and each place w of E  above it, let f w  be an arbitrary function
in H unr .G .Ew ; Q  1//. The image of f v  in H u n r .G .Fv // under the base change map is
denoted by f v .  At infinite places let f 1  D w j 1  f w  be the twisted Lefschetz function
determined by  and f 1  D v j 1  f v  the usual Lefschetz function for . Again f 1  and
f 1  are associated up to a nonzero constant by Lemma A.12. By construction, f  and cf
are associated for some c 2  C .

We write T G  and T G  for the cuspidal and elliptic expansions in the base-change
twisted trace formula, which are defined analogously to their untwisted counterparts. (For

instance, T G  is defined as in T L  in [60, p. 98] with L  D  G  but making the obvious
adjustment to account for the central character as earlier in this section.) Just like the trace
formula for G  and f  , the twisted trace formula for G  and f  as well as its stabilization
simplifies greatly exactly as in Lemmas 6.1 and 6.2 in light of Lemmas A.9 and A.12. So

Tcusp;Q .f / D  Tell;Q . f  / D  c  STe l l ; . f  / D  c  Tcusp;.f /:

By linear independence of characters and the character identity (6.1), we have
X

mQ .Q/ Tr.fS jQS / D  c
X

m./ Tr.fS jS /;
Q2AQ . G . A E / /

Q ' Q ;  QS ' B C E = F  . S  /
2 A . G . A F  // S

' S

where Tr denotes the -twisted trace (for a suitable intertwining operator for the -twist),
and mQ .Q/ denotes the relative multiplicity of Q as defined in [60, p. 106]. The right hand side
is nonzero as in the proof of Proposition 6.3. Therefore there exists E  WD Q in A . G . A E  //
contributing nontrivially to the left hand side. By construction of f  such a E  has all the
desired properties.

7. Cohomology of certain Shimura varieties of abelian type

In this section we construct a Shimura datum and then state the outcome of the Langlands-
Kottwitz method on the formula computing the trace of the Frobenius and Hecke operators in
the case of good reduction.

We first construct our Shimura datum .ResF = Q  G; X /. The group G=F is a certain
inner form of the quasi-split group G  WD GSp2 n;F . We recall the classification of such
inner forms, and then define our G  in terms of this classification. The inner twists of
GSp2n;F are parametrized by the cohomology H1 .F ; PSp2n/. Kottwitz [53, Thm. 1.2]
defines for each F -place v a morphism of pointed sets

˛vW H1.Fv ; PSp2n/ !  0 .Z .Spin2 n C1 .C //€ v  / D  '  Z= 2Z;
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where . / D  denotes the Pontryagin dual. If v is finite, then ˛ v  is an isomorphism. If v is
infinite, then [53, (1.2.2)] tells us that

ker.˛v / D  imŒH1.Fv; Sp2n/ !  H1.Fv ; PSp2n/• ;

im.˛v / D  kerŒ0.Z.Spin2nC1.C//€v / D  !  0 .Z.Spin2 n C1 .C //D / • :

Thus ˛ v  is surjective, with trivial kernel as H1.R; Sp2n / vanishes by [79, Chap. 2]. How-
ever, ˛ v  is not a bijection (when n  2). In fact, ˛ v  

1.1/ classifies unitary groups associated to
Hermitian forms over the Hamiltonian quaternion algebra over F v  with signature .a; b/
with a C  b D  n modulo the identification as inner twists between signatures .a; b/ and .b;
a/. (See [96, 3.1.1] for an explicit computation of H1 .Fv ; PSp2n/.) So ˛  1.1/ has
cardinality bn=2c C  1. There is a unique nontrivial inner twist of GSp (up to iso-
morphism), to be denoted by GSpcmpt     , such that GSp2n;F     is compact modulo center. It
comes from a definite Hermitian form.

By [53, Prop. 2.6] we have an exact sequence

ker1.F ; PSp2n/  H1.F ; PSp2n / !  
M

H1 .Fv ; PSp2 n /  !  Z= 2Z;  v

where ˛  sends .cv / 2  H1 .F ; G .A F  ˝ F  Q// to 
P

v  ˛v .cv /.  By [52, Lem. 4.3.1] we have
ker .F ; PSp2n / D  1. We conclude that

° ˇ ±
H1.F ; PSp2n / D  .xv / 2 H1.Fv ; PSp2n / ˇ ˛ . x v /  D  0 2  Z = 2 Z  : (7.1)

v                                                     v

In particular, there exists an inner twist G  of GSp2n;F such that:
 For the infinite places y  2  V 1 n ¹ v 1 º  the group G F y  is isomorphic to GSp2n;F . For y  D

v 1  we have G F y  D  GSp2 n;F . (Recall that v 1  is the infinite F -place correspond-ing to
the embedding of F  into C  that we fixed in the Notation section.)

 If ŒF W Q •  i s odd, we take G A F      
'  GSp2 n ; A F  

.

 If ŒF W Q •  i s even we fix a finite F -place vSt, and take G  1 ; v S t  '  GSp 1 ; v S t  . The
form GF v S t  

then has to be the unique nontrivial inner form of GSp2n;Fv St  
.

More concretely, G  can be defined itself as a similitude group but we do not need it in
this paper.

Let S  be the Deligne torus ResC = R  Gm . Over the real numbers the group .ResF = Q  G / R

decomposes into the product y 2 V G  ˝ F  Fy .  Let I n  be the n  n identity matrix and A n

be the n  n-matrix with all entries 0 except those on the anti-diagonal, where we put 1.
Let h0WS !  .ResF = Q  G / R  be the morphism given by

S . R /  !  G . F  ˝ Q  R/; a C  bi !  
  a I n

n  

b A
n  v       

; 1; : : : ; 1
 
2  

Y  
. G  ˝ F  Fy / .R /

y 2 V
(7.2)

for all R-algebras R  (the nontrivial component corresponds to the noncompact place
v 1  2  V 1 ) .  We let X  be the .ResF = Q  G/.R/-conjugacy class of h0. This set X  can
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more familiarly be described as Siegel double half-space Hn, i.e. the n.n C  1/=2-di-
mensional space consisting of complex symmetric n  n-matrices with definite (positive or
negative) imaginary part. Let us explain how the bijection X  '  Hn is obtained. The
group GSp2 n .R/ acts transitively on Hn via fractional linear transformations:     C  D  Z  WD
. A Z  C  B / . C Z  C  D / , C  D 2  GSp2 n .R/, Z  2  Hn [91] (in these formulas
the matrices A; B ; C ; D ;  Z  are all of size n  n). The place v 1  induces a surjec-tion
.ResF = Q  G /.R/   GSp2 n .R/ and via this surjection we let .ResF = Q  G /.R/  act on Hn.
The stabilizer K 1  WD stab.ResF = Q  G / . R / . i I n /  of the point i I n  2  Hn has the form K 1  WD
K v 1  v 2 V      n ¹v      º G .Fv /,  where K v 1  is the stabilizer of i I n  in GS p 2 n . F v 1  /.
Similarly, the stabilizer of h0 2  X  is equal to K 1 .  Thus there is an isomorphism X  '  Hn
under which h0 corresponds to i I n .  It is a routine verification that Deligne’s axioms for
Shimura data [23, (2.1.1.1)–(2.1.1.3)] are satisfied for .ResF = Q  G; Hn/. Since moreover
the Dynkin diagram of the group Gad is of type C , it follows from [23, Prop. 2.3.10] that
.ResF = Q  G; Hn/ is of abelian type.

We write  D  . y /y 2 V 2  X .T  / V 1  for the cocharacter of ResF = Q  G  such that y
D  1 if y  ¤  v 1  and v 1  .x / D      xI n      0      . Then  is conjugate to the holomorphic
part of h0 ˝  C .  An element  2  Gal.Q=Q/ sends  D  .y / to ./ D  . ı y / .  Thus the conjugacy

class of  is fixed by  if and only if  2  Gal.Q=F /. Therefore the reflex field
of .ResF = Q  G; Hn/ is F  (embedded in C  via v 1 ) .  For K   G . A F  / a sufficiently small
compact open subgroup, write S hK =F  for the corresponding Shimura variety. In case F
D  Q  the datum .ResF = Q  G; Hn/ is the classical Siegel datum (of PEL  type) and S hK  are
the usual noncompact Siegel modular varieties. If ŒF W Q •  >  1 so that G  is anisotropic
modulo center, then it follows from the Baily–Borel compactification [6, Thm. 1] that
S hK  is projective. Whenever ŒF W Q •  >  1 the datum .ResF = Q  G; Hn/ is not of PEL  type. If
moreover n D  1 then the S hK  have dimension 1 and they are usually referred to as
Shimura curves, which have been extensively studied in the literature.

Let  D  ˝ y j 1  y  be an irreducible algebraic representation of .ResF = Q  G / Q  C  D
y j 1  G . F y /  with each F y  canonically identified with C .  The central character ! y  of y

has the form z !  z y  for some integer wy 2  Z .

Lemma 7.1. If there exists a -cohomological discrete automorphic representation  of
G . A F  / then wy has the same value for every infinite place y  of F .

Proof. Under the assumption, the central character !W F n A  !  C  is an (L-)algeb-raic
Hecke character. Hence !  D  ! 0 j   jw for a finite Hecke character ! 0  and an integer w by
Weil [108]. It follows that w D  wy for every infinite place y .

In light of the lemma we henceforth make the hypothesis as follows, which implies
that  restricted to the center Z . F /  D  F  of .ResF = Q  G /.Q/ D  GSp2n .F / is the w-th
power of the norm character NF =

Q :

(cent) wy is independent of the infinite place y  of F  (and denoted by w).

Following [16, §2.1, especially §2.1.4] we construct an `-adic sheaf on S hK  for each
sufficiently small open compact subgroup K  of G . A F  / from the `-adic representation
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 D   ˝ C ;  Q ` .  For simplicity we write L  for the `-adic sheaf (omitting K ) .  It is worth
pointing out that the construction relies on the fact that  is trivial on Z . F /  \  K  for small

enough K .  (For a fixed open compact subgroup K0 ,  we see that Z . F /  \  K 0   OF  is
mapped to ¹ ˙ 1 º  under NF =

Q . So  is trivial on Z . F /  \  K  for every K  contained in some
subgroup of K 0  of index at most 2.) Similarly, we write L  for the (complex) local system on
S hK . C /  attached to .

Without loss of generality we assume throughout that K  decomposes into a product
K  D v − 1  K v  where K v   G .F v /  is a compact open subgroup. We call .G ; K /  unrami-fied
at a finite F -place v if the group K v  is hyperspecial in G.Fv /.  If so, fix a smooth
reductive model G  of G F v  over OF v  such that G .O F v  / D  K v .  We say that .G; K /  is
unramified at a rational prime p if it is unramified at all F -places v above p. For the
moment, we do not assume these conditions on .G; K /.

We fix an algebraic closure Q   C  of F  with respect to v 1  W F  , !  C .  Our primary
interest lies in the `-adic étale cohomology with compact support

n . n C 1/

Hc .ShK ; L/  WD .  1/iŒHi .ShK ; Q ; L/ • (7.3)
i D 0

as a virtual H Q  . G . A F  /==K /  €-module. Let us make the word “virtual”, and the nota-
tion Œ• more precise. As in the book of Harris–Taylor, if • is a topological group that

is locally profinite [39, p. 23], we let Groth.•/ be the abelian group of formal, possibly
infinite, sums …2Irr.•/ n…… ,  where Irr.•/ is the set of isomorphism classes of admis-
sible representations of • in Q`-vector spaces. Given an admissible •-representation … ,  it
defines an element Œ…• 2  Groth.•/ [39, bottom of p. 23]). In particular, we may
take • D  €, G . A F  / and €  G . A F  /, or, by proceeding similarly, take • equal to a Hecke
algebra times a group, such as H Q  . G . A F  /==K /  €. Taking a direct limit over
sufficiently small open compact subgroups K  of G . A F  /, we similarly obtain a G . A F  /
€-module with admissible G . A F  /-action and a virtual G . A F  /  €-module

Hc .Sh; L/ WD lim Hé t .ShK ;Q ; L/; K
n . n C 1/

Hc .Sh; L/ WD .  1/iŒHi .Sh; L/ • :
i D 0

Let us introduce some more cohomology spaces to be used mainly for the F  D  Q
case in the next section. For K  as above and for each i 2  Z0 ,  we write Hi .ShK ;  L / ,

H.2/ .ShK ; L/, and IH i .ShK ; L/  for the cuspidal, L 2 ,  and `-adic intersection cohomo-
logy of ShK ,  respectively. (The first two spaces are as in [26, §6], considering S hK  as a
complex manifold with respect to F  , !  C  corresponding to v 1 .  The last one is the
cohomology of the intermediate extension of L  to the Bailey–Borel compactification
[75, §2.2].) By taking direct limits over K ,  we obtain admissible G.A1 /-representations
Hi .Sh; L / ,  H.2/ .Sh; L / ,  and IHi .Sh; L / .  The last one is equipped with commuting
actions of G . A F  / and €.

We are going to apply the Langlands–Kottwitz method to relate the action of
Frobenius elements of € at primes of good reduction to the Hecke action on the com-
pact support cohomology. In the PEL  case of type A  or C, Kottwitz worked it out in
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[55, 57] including the stabilization. As we are dealing with Shimura varieties of abelian
type, we import the result from [47]. In fact the stabilization step is very simple under
hypothesis (St).

Suppose that .G; K /  is unramified at a prime p. Let p be a finite F -place above p
with residue field k.p/. We fix an isomorphism  W C  '  Qp  such that  v 1  W F  , !  Qp

induces the place p of F .  Let us introduce some more notation:

 r WD Œk.p/ W Fp •  2  Z 1 .
 For j  2  Z 1  denote by Q p j  the unramified extension of Qp  of degree j ,  and Z p j  its

integer ring.

 Write Fp  WD F  ˝ Q  Qp ,  Fp ; j  WD F  ˝ Q  Qp j  , and O F p
; j  WD OF  ˝ Z  Z p j  .

 Let  be the automorphism of Fp ; j  induced by the (arithmetic) Frobenius automor-
phism on Qp j  and the trivial automorphism on F .

 Let H . G . A F  // (resp. H .G .Fp // ,  H . G . Fp ; j  //) be the convolution algebra of com-
pactly supported smooth complex valued functions on G . A F  / (resp. G .Fp / ,  resp.
G . Fp ; j  /), where the convolution integral is defined by the Haar measure giving the
group K  (resp. Kp ,  resp. G . O Fp

; j  /) measure 1.
 We write H u n r .G.Fp // (resp. H u n r .G .Fp ; j  //) for the spherical Hecke algebra, i.e.

the algebra of K p  (resp. G . O Fp
; j  /)-bi-invariant functions in H . G . Fp / /  (resp.

H . G . Fp ; j  //).
 Define  2  H u n r .G .Fp ; r j  // to be the characteristic function of the double coset

G . O F p; r j  /  .p  1/  G . O Fp
; r j  / in G . Fp ; r j  /.

 N 1  WD j… G . F 1 / j   j 0 . G . F 1 / = Z . F 1 / / j  D  2n 1  2 D  2n.

 e p . 1  ˝  / WD i D 0 .  1/i dim Hi .Lie G . F 1 / ;  K 1 I  1  ˝  / for an irreducible
admissible representation 1  of G . F 1 / .

 .X; / is the central character datum given as X  WD . Z . A F  / \  K /   Z . F 1 /  and  WD
(extended from Z . F 1 /  to X  trivially on Z . A F  / \  K ) .

Remark 7.2. We point out that K 1  is a subgroup of index j 0 . G . F 1 / = Z . F 1 / / j  in
some K 0     which is a product of Z . F 1 /  and a maximal compact subgroup of G . F 1 / ,  and
that e p . 1  ˝  / is defined in terms of K 1 ,  not K 1 .  When 1  belongs to the discrete series
L-packet …  , the representation 1  decomposes into a direct sum of irreducible .Lie
G . F 1 / ;  K1 /-modules, the number of which is equal to j 0 . G . F 1 / = Z . F 1 / / j  [56,
paragraph below Lemma 3.2].11 So e p . 1  ˝  / D  .  1/ n . n C 1 / = 2 j0 .G .F 1 /=Z .F 1 // j  D  .
1/ n.nC1/=2 2 for 1  2  …G .

Let f  1 ; p  2  H . G . A 1 p / == K p / .  We would like to present a stabilized trace formula
computing the action of f  1 ; p  and Frobp on Hc .ShK ; L/ .

11The discussion there is correct in our setting, but it can be false for non-discrete-series
representations (which are allowed in that paper). For instance when  and 1  are the trivial
representation in the notation of [56], it is obvious that 1  cannot decompose further even if
j 0 . G . F 1 / = Z . F 1 / / j  >  1.
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Let Eel l .G / denote the set of representatives for isomorphism classes of .G; K/-un-
ramified elliptic endoscopic triples of G . For each .H ;  s; 0/ 2  Eell .G / we make a fixed
choice of an L-morphism W L H  !  L G  extending 0 (which exists since the derived group
of GSp2n is simply connected). We recall the definition of .G; H /  2  Q  and h H  D
h H ; 1 ; p h H  h H  2  H . H . A F  // only for the principal endoscopic triple .H; s; / D  .G ; 1; id/,
which is all we need. (For other endoscopic triples, the reader is referred
to (7.3) and [55, second display on p. 180 and second display on p. 186]; this is adap-ted
to a little more general setup than ours in [47].) We have .G; G / D  1 and hG  D  h G ; 1 ; p h G

hG  2  H . G . A F  /;  1/ given as follows:

 h G ; 1 ; p  2  H . G . A 1 ; p / /  is an endoscopic transfer of the function f  1 ; p  to the inner
form G  (h G ; 1 ; p  can be made invariant under Z . A 1 ; p /  \  K p  by averaging over it),

 hG  2  H u n r .G .Fp // is the base change transfer of  2  H u n r .G .Fp ; r j  // down to
H u n r .G .Fp // D  H un r .G.Fp //,

 hG  2  H . G . F 1 / ;  1// WD j…G  j 1
1 2 … G  f 1  , i.e. the average of the pseudo-

coefficients for the discrete series L-packet …   . As shown by [56, Lem. 3.2], h 1  is
N 1

1  times the Euler–Poincaré function for  (defined in §6 but using K 1  of this
section):

Tr 1 . h G  
/ D  N  1 e p . 1  ˝  /; 1  2  I rr .G .F 1 // : (7.4)

The main result of [47] is the following (which works for every Shimura variety of abelian
type when p ¤  2), where the starting point is Kisin’s proof of the Langlands–Rapoport
conjecture for all Shimura varieties of abelian type [46]. When F  D  Q  it was already
shown by [55, 57].

Theorem 7.3. Let f  1  2  H . G . A F  /==K /. Suppose that p and p are as above such that

.G ; K /  is unramified at p,

 f  1  D  f  1 ; p f p  with f  1 ; p  2  H . G . A 1 p / == K p /  and f p  D  1 K p  .

Then there exists a positive integer j 0  .depending on , f  1 ,  p, p/ such that for all j   j 0  we
have

 1 Tr . f  1 F r o b j  ; Hc .ShK ; L//  D
X

.G; H /STe l l ; .h
H  /: (7.5)

H 2 E e l l . G /

8. Galois representations in cohomology

Let  be a cuspidal -cohomological automorphic representation of GSp2 n .AF  / satisfy-ing
condition (St), and fix the place vSt in that condition. Define an inner form G  of GSp2n as in
§7; when ŒF W Q •  i s even, we take vSt in that definition to be the fixed place vSt. Let \ be a
transfer of  to G . A F  / via Proposition 6.3 (which applies thanks to Remark 6.5) so that at
the unramified places \ ; 1  and 1  are isomorphic, vSt is an unramified twist of the Steinberg
representation, and 1  is -cohomological. The aim of this section is to
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compute a certain \;1 -isotypical component of the cohomology of the Shimura variety
Sh attached to .G; X /.

Let A.\ / be the set of (isomorphism classes of) cuspidal automorphic representa-
tions  of G . A F  / such that vSt '  \S

t ˝  ı  for an unramified character ı  of the group G.Fv S t

/, 1 ; v S t  '  \ ; 1 ; v
S
t  and 1  is -cohomological. Let K   G . A  / be a sufficiently small

decomposed compact open subgroup such that \ ; 1  has a nonzero K-invariant vec-
tor. Let Sbad be the set of prime numbers p for which either p D  2, the group ResF = Q  G
is ramified or K p  D v j p  K v  is not hyperspecial.

Let Hc .Sh; L/ s s  denote the semisimplification of Hc .Sh; L /  as a G . A F  /  €-module.
Likewise Hc .ShK ; Q ;  L/ s s  means the semisimplification as an H . G . A F  /==K /  €-module.
For each  2  A.\ / (or any irreducible admissible representation of G . A 1 / ) ,  we define
the 1-isotypic part of an admissible G.A1 /-module R  on a C -
vector space as

RŒ1 • WD Ho m G . A 1 / . 1 ; R / ; (8.1)

which is finite-dimensional. If the underlying space of R  is over Q ` ,  we define RŒ1 •
using 1  in (8.1). If R  has an action of € commuting with G . A 1 / ,  then RŒ1 • i nherits the
€-action. As a primary example, Hi .Sh; L/ssŒ1 • i s a finite-dimensional repres-entation
of €, which is isomorphic to H o m H . G . A 1 / == K / . . 1 / K ;  Hi .ShK ; Q ;  L/ss / for each K  such
that . 1 / K  ¤  0 since the isomorphism class of . 1 / K  and that of  determ-
ine each other. In particular, the representation is finite-dimensional and unramified at
almost all places.

Consider two representations ;0 2  A.\ / equivalent and write   0 if 1  '  0 ; 1 .  Define a
virtual Galois representation

n . n C 1/
shim D  shim.\/ WD .  1/n.nC1/=2 .  1/iŒHi .Sh; L/ssŒ1 • • (8.2)

2A. \ /=      i D 0

in the Grothendieck group of the category of continuous representations of € on finite-
dimensional Q`-vector spaces which are unramified at almost all places. We compute in
this section shim at almost all F -places not dividing a prime in Sbad.

Define a rational number

a.\/ WD .  1/n.nC1/=2N  1       
X      

m./  e p . 1  ˝  /; (8.3)
2 A . \ /

where m./ is the multiplicity of  in the discrete automorphic spectrum of G .
Recall the integer w 2  Z  determined by  as in condition (cent) of the last section. In

the following, the subscript ss always means the semisimplification as a G . A F  /-module, or
as a G . A F  /  €-module if there is a €-action. As in [26, §6], we have natural G . A F  /-
equivariant maps of C-vector spaces

Hi .Sh; L/  !  H.2/ .Sh; L/ !  Hi.Sh; L/; (8.4)

where Hi .Sh; L /  and Hi .Sh; L /  denote the topological cohomologies, which are iso-
morphic to the `-adic cohomologies Hi .Sh; L/  and Hi .Sh; L/ via .
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Lemma 8.1. For each  2  A.\ / the following hold:

(1) For every i  2  Z0 ,  the maps of (8.4) induce isomorphisms

Hi .Sh; L/Œ1 •  !  Hi
2/ .Sh; L/Œ1 •  !  Hi .Sh; L/Œ1 • :

Moreover, dim Hc .Sh; L/ssŒ1 • D  dim Hc .Sh; L/Œ1 • . .Namely all subquotients of
Hc .Sh; L/ isomorphic to appear as subspaces./

(2) For every finite place x  ¤  vSt of F ,  if  is unramified at x  then x jsimjw=2 is tempered
and unitary.

Proof. (1) If F  ¤  Q  the isomorphisms are clear by compactness of ShK .  In that case,
Hi .Sh; L /  is semisimple as a G.A1 /-module since the same is true for the L2-auto-
morphic spectrum (which is entirely cuspidal since G  is anisotropic modulo center
over F ), via Matsushima’s formula.

Suppose that F  D  Q  from now on. By Poincaré duality, it suffices to check that
(8.4) induces an isomorphism H.2/ .Sh; L/Œ1 •  !  Hi .Sh; L/Œ1 • . To set things up, let S
Sbad be a finite set of F -places including all infinite places. Then K S  is a product of
hyperspecial subgroups, and . S / K S  ¤  0. The category of H . G . A S  /==K S /-modules is
semisimple and irreducible objects are one-dimensional. For an H . G . A S  /==KS /-mod-
ule R ,  define the S -part of R  to be the maximal subspace R S      such that R S      is iso-
morphic to a self-direct sum of S . Then it suffices to prove that (8.4) induces

H. 2 / .ShK ; L/ S   !  H i .S hK ; L / S  ; i   0: (8.5)

Indeed, the desired isomorphism of (1) will follow from the preceding formula by tak-
ing the functor Hom G . F S n V        / . S n V 1  ; /. The latter assertion of (1) is also implied by

(8.5) as we now explain. Again by Poincaré duality, we can reduce to showing it for the
ordinary cohomology rather than the compact support cohomology. Then it suffices to

verify that Hi .ShK ; L / S  is a semisimple G . F S n
V

1  /-module. This follows from (8.5)
since H. 2 / .ShK ; L/ is a semisimple G . A F  /-module by comparison with the L  -discrete
automorphic spectrum via Borel–Casselman’s theorem.

It remains to obtain (8.5). We apply Franke’s spectral sequence in the notation of [104,
Cor., p. 151] (cf. [28, Thm. 19]). The spectral sequence, which is G.A1 /-equivariant,
stays valid when restricted to the S -part. We claim that the S -part is zero in any para-
bolic induction of an automorphic representation on a proper Levi subgroup of GSp2n .A/. It
suffices to check the analogous claim with [  (as in Lemma 2.6) and Sp2n in place of  and
GSp2n. The latter claim follows from Arthur’s main result [5, Thm. 1.5.2], Corol-lary 2.2,
and the strong multiplicity 1 theorem for general linear groups. As a consequence of the
claim, the direct summand of E

p
; q  over .w; P / in [104, p. 151] has vanishing S -

part unless P  D  G  and w D  1. For w D  1, we see from [104, first line on p. 151] that
there is a nonzero contribution to E p ; q  for a unique p (independent of q). Therefore the S -
part of the spectral sequence degenerates at E 1  and yields an isomorphism, in the
notation there (writing i  for p C  q),

H i .m1 ; KR I A2 .G; /  ˝ C  E G / S   !  H i .m1 ; K R I A.G ; /  ˝ C  E G / S  ; i   0:



1
\

\

2 v v \
j

2

1 1

1

1 St F
1 ; K

Tr . f
´

/ D (8.7)

F

p

p
Q

Q Q

A. Kret, S. W. Shin 116

This map is the natural one induced by A2 .G; /  A.G; /,  and translates into (8.5) in our
notation via Borel’s theorem [104, p. 143] on the right hand side. The proof of (1) is
complete.

(2) Let !W F n A F  !  C  denote the common central character of , \, and . (The
central characters are the same as they are equal at almost all places.) Since F  is totally
real, !  D  ! 0 j   ja for a finite character ! 0  and a suitable a 2  C .  Since \     is -cohomological,
we must have a D   w. Then x jsimjw=2 has unitary central character and is essentially
tempered by Lemma 2.7. We are done since x  '  x .

Proposition 8.2. For almost all finite F -places v not dividing a prime number in Sbad

and all sufficiently large integers j ,  we have

Tr shim .Frobj / D  q j n.nC1/=4 Tr.ia . \/ .spin_.
v  

///.Frobv /:

Moreover, the virtual representation shim is a true representation.

Proof. We imitate arguments from [56]. We consider a function f  on G . A F  / of the form
f  D  f 1  ˝  f v S t  ˝  f  1 ; v S t  , where the components are chosen in the following way:

 We let f 1  be N 1
1  times an Euler–Poincaré function for  (and K 1 )  on G . F 1 /  so that

T r 1 . f 1 /  D  N  1 e p . 1  ˝  / D  N  1 
X

.  1/i d i m H i .g ; K 1 I 1  ˝  /: (8.6)
i D 0

 We pick a Hecke operator f  1 ; v S t  D  
Q

v … V      [ ¹ v  º 2  H . G . A 1 ; v S t  /==K vS t  / such that for all
automorphic representations  of G . A F  / with ¤  0 and Tr 1 . f 1 /  ¤  0 we
have

1 ; v S t 1 ; v S t
1     if 1 ; v S t  '  \ ; 1 ; v

S
t  ; 0

otherwise.

This is possible since there are only finitely many such  (one of which is \).

 We let f v S t  be a Lefschetz function from equation (A.4) of Appendix A.

There exists a finite set †  of primes containing places over 2 such that f  1  decomposes
as f †  ˝  f  1 †  where

 f †  2  H . G . F † / == K † / ,

 f  1 ; †  D  1 K †  2  H . G . A 1 † / / ,

 K †  is a product of hyperspecial subgroups,

 if v1; v2 are F -places above the same rational prime, then v1 2  †  if and only if v2 2  † .

In the rest of the proof we consider only finite places v such that v … † ,  v − ` .  Fix
such a place and call it p as in §7. We also fix an isomorphism  W C  '  Qp  such that

 v 1  W F  , !  Qp  induces p. Write p WD pjQ . Then K p  D v j p  K v  is a hyperspecial
subgroup of G .Fp / ,  and f p  D v j p  f v  D v j p  1K v  . Thus .G; K /  is unramified at p in
the sense of §7 so that the Langlands–Kottwitz method applies.
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The stabilized Langlands–Kottwitz formula (Theorem 7.3) simplifies as

 1 Tr . f  1 Frobp ; Hc .ShK ; L//  D  STel l ;.h
G  

/; (8.8)

essentially for the same reason as in the proof of Lemma 6.2. Indeed, f v S t  is a stabilizing
function (Lemma A.7), thus unless H  D  G , the stable orbital integrals of h H  vanish as

they equal -orbital integrals of f v S t  with  ¤  1, which are zero (Definition A.6), up to a
nonzero constant via the Langlands–Shelstad transfer. Note that hv       can be chosen to be a
Lefschetz function thanks to Lemma A.4.

To extract spectral information, we will compare (8.8) with the stabilized trace for-
mula of §6. We choose the following test functions f p  and f 1  on G .Fp /  and G . F 1 / :
 f p  WD hG  via the identification G . Fp /  D  G .Fp / ,

 f 1  is N  1 times an Euler–Poincaré function associated to .
Then hG  and hG  are transfers of f p  and f 1  from G  to G , respectively. This is trivial at p
and follows from Lemma A.11 at 1 .  By construction, h G ; 1 ; p  is a transfer of f  1 ; p .
Therefore Lemmas 6.1 and 6.2 tell us that

Tcusp;.f 1 ;
p f p f 1 /  D  STe l l ; . f  G

 
/: (8.9)

By (8.8) and (8.9), we have

 1 Tr . f  1 F r o b j  ; Hc .ShK ; L//

D m . / Tr 1
;p . f  1 ; p / Tr p . fp / T r 1 . f 1 / : (8.10)

2Ac u s p ; .G /

The summand on the right hand side vanishes unless Tr 1 . f 1 /  ¤  0, p  is unrami-fied,
and Tr 1 ; p . f  1 ; p /  ¤  0. The latter two imply nonvanishing of Tr 1 . f  1 / ,  thus Tr 1 ; v

S
t  . f

1 ; v S t  / ¤  0 and Tr vSt . f v S t  / ¤  0. By the choice of f  1 ; v S t  (see (8.7)) and fv S t  , it follows that
contributes nontrivially in (8.10) only if  2  A.\ /. In this case, we have p  '  \ in particular.
Recall f p  D  hG  . Applying (8.6) and (8.7), we identify the right hand side of (8.10) with

N  1       
X      

m./ ep.1  ˝  / Tr p .hp 
 
/ D  .  1/n.nC1/=2a.\ / Tr \ .hG  

/: (8.11)
2 A . \ /

By the choice of f  1  the left hand side of (8.10) is equal to the trace of Frobj on
.  1/n.nC1/=2 shim. To sum up,

Tr.Frobj ; shim/ D  a.\ /Tr \ .hG  
/: (8.12)

To analyze the right hand side, consider the cocharacter  D  . y / y 2 V 1  from §7. The
irreducible representation of ResF = Q  G  ' y 2 V        GSpin2 nC1 .C / of highest weight  is
spin on the v1-component and trivial on the other components (since y  D  1 if y  ¤  v 1 ) .
This extends uniquely to a representation r of the L-group of .ResF = Q  G / F p  as in [51,
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Lem. 2.1.2] since the conjugacy class of  is defined over F  (thus also Fp). The Satake
parameter of p  '       v j p  v  (with respect to G .Fp /  '       v j p  G .Fv /) belongs to the Frobp-

coset of .ResF = Q  G / Qp  , identified with ResF = Q  G  via  , in the L-group. Then the v1-
component of the Satake parameter of p  comes from the Satake parameter of p since F
, !  C  

      
Qp  induces p. With this observation, we apply [51, (2.2.1)] (his ' ,  G , n, F ,  G

correspond to our \ , .ResF = Q  G / Qp  , rj ,  Qp r j  , hG  ) to obtain

Tr \ .hG  
/ D  q j n.nC1/=4 Tr.spin_ .     //.Frobj /: (8.13)

p

(See [56, p. 656 and the second last paragraph on p. 662] for a similar computation.) This
finishes the proof of the first assertion.

It remains to show that shim is not just a virtual representation but a true rep-
resentation. To this end we will show that shim is concentrated in the middle degree n.n
C  1/=2. Let i   0. There are natural maps from Hi .Sh; L/  to each of IHi .Sh; L/
and H.2/ .Sh; L/. Compatibility with Hecke correspondences implies that both maps are
G . A F  /-equivariant; the first map is moreover equivariant for the action of € (which com-
mutes with the G . A F  /-action). By Zucker’s conjecture, which is proved in [69, 70, 84],
the L  -cohomology H.2/ .Sh; L/ is naturally isomorphic to the intersection cohomology
IHi .Sh; L/ via  so that we have a G.A1 /-equivariant commutative diagram12

Hc .Sh; L/ IHi .Sh; L/

H.2/ .Sh; L/

The diagram together with Lemma 8.1 yields a €-equivariant isomorphism

Hc .Sh; L/Œ1 • '  I Hi .Sh; L/Œ1 • ;

the semisimplification of which is isomorphic to Hc .Sh; L/ssŒ1 • .
In view of condition (cent), the intersection complex defined by  is pure

of weight  w. Hence the action of Frobp     on IHi .Sh; L/Œ1 •, thus also on

12The G.A1/-equivariance is clear for the horizontal map, which is induced by the map from the
extension-by-zero of L  to the Baily–Borel compactification to the intermediate extension thereof. For
the vertical map it can be checked as follows (we thank Sophie Morel for the explanation). From the
proof of Zucker’s conjecture we know that IHi .Sh; L/ and Hi     

 .Sh; L/  are represented by two
complexes of sheaves on the Baily–Borel compactification which are quasi-isomorphic and
become canonically isomorphic to L  when restricted to the original Shimura variety. The Hecke
correspondences extend to the two complexes (so as to define Hecke actions on the intersection
and L2-cohomologies) and coincide if restricted to the original Shimura variety. Now the point is
that the Hecke correspondences extend uniquely for the intersection complex as follows from [75,
Lem. 5.1.3], so the same is true for the L2-complex via Zucker’s conjecture. Therefore the Hecke
actions on the two cohomologies are identified via the isomorphism of Zucker’s conjecture.
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Hc .Sh; L/ssŒ1 •, i s pure of weight  w C  i for every p as above (cf. the proof of [76,
Rem. 7.2.5]). In particular, there is no cancellation between different i  in (8.2). On the
other hand, Lemma 8.1 (2) (with x  D  p) implies that pjsimjw=2 D  \ jsimjw=2 is tempered
and unitary. Then the first part of the proposition implies that shim.Frobp/ss has eigenvalues
whose absolute values equal the  w C  n.nC1/ -th power of .#OF  =p/1=2. We conclude that
IHi .Sh; L/ssŒ1 • D  0 unless i  D  n.n C 1/=2. The proof of the proposition is complete.

Remark 8.3. The last paragraph in the above proof simplifies significantly if F  ¤  Q, in
which case S hK  is proper and thus the compact support cohomology coincides with the
intersection cohomology. See the first paragraph in the proof of Lemma 8.1 for another
simplification. When F  D  Q, as an alternative to studying various cohomology spaces,
one can also argue by reducing to the F  ¤  Q  case as follows. Consider many real quad-
ratic extensions E =Q,  find a base-change automorphic representation E  of GSp2 n .AE  / by
Proposition 6.6, and apply the so-called patching lemma [93] to patch spin.C

E
 / to obtain

a Galois representation 2 W €Q  !  GL2n  .Q` /.  The argument in the next section can be
adapted with 2 in place of 2 to construct  W €Q  !  GSpin2 nC1 .Q` /.

Corollary 8.4. If  2  A.\ / then 1  belongs to the discrete series L-packet … G . F 1 / .

Proof. Since 1  is -cohomological and unitary, 1  appears in the Vogan–Zuckerman
classification of [103]. The preceding proof shows that H.2/ .ShK ; L/Œ1 • i s nonzero only
for i  D  n.n C  1/=2. Hence Hi .Lie G . F 1 / ;  K 0 I K  ˝  / does not vanish exactly for i  D
n.n C  1/=2. This implies that must be a discrete series representation through
[103, Thm. 5.5] (namely l   k in the notation there). Thus 1  2  … G . F 1 / .

Corollary 8.5. If  2  A.\ / then 1 0       2  A.\ / for all 0      2  … G . F 1 /  and m./ D  m. 1 0  /.
Moreover, a.\/ is a positive integer.

Remark 8.6. A  similar argument appears in [56, Lem. 4.2].

Proof of Corollary 8.5. We work with the trace formula with fixed central character, with
respect to the datum .X; /, where X  D  Z . A F  / and  is the central character of . (We

diverge from the convention of §7 only in this proof.) Let G .F v S t  /1 be as in the paragraph
above (A.4), and  W G .Fv S t  /=G.FvS t  /1 !  C  the unique character such that vSt is the -twist of
the Steinberg representation; in particular, the restriction of  to Z . F v S t  / equals . Consider
test functions f  D  f  1 ; v S t  f v S t ; f 1  and f  0 D  f  1 ; v S t  fv S t ; f 0     , where
 f  1 ; v S t  2  H . G . A 1 ; v S t  / ; .1 ; v

S
t  / 1/,

 fv S t ;  2  H . G . F v S t  ; vS t 
// is the function fL e f ;  at vSt as in Corollary A.8,  f 1

; f0       are pseudo-coefficients for 1 ; 0  , respectively.
By [56, Lem. 3.1], f 1  and f0        have the same stable orbital integrals. Moreover, fv S t ;  is

stabilizing by Corollary A.8. The simple trace formula and its stabilization (Lemmas 6.1
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and 6.2) imply that, by arguing as in the proof of Proposition 6.3,

X
m . /

T
r . f v S t ; j v S t  / T r . f 1  j 1 /  

D

 
X

m . /
T

r . f v S t ; j v S t  / T r . f
1  
j 1 / ;      (8.14) 

where both sums run over the set of  2  A . G /  such that
1 ; v S t  '  1 ; v S t  ,

 vSt '  vSt , by Corollary A.8 (since vSt cannot be one-dimensional, as in the proof of
Proposition 6.3),

 1  2  … G . F 1 / .  (Since T r . f 1  j 1 /  ¤  0, the infinitesimal character of 1  is the same as that
of 1 .  By [83, Thm. 1.8], 1  is -cohomological. Thus  2  A.\ /, to which Corollary 8.4
applies.)

By the last condition, T r . f 1  j 1 /  equals 1 if 1  '  1  and 0 otherwise; the obvious
analogue also holds with 1  in place of 1 .  Therefore,

m./ D  m. 10
 /:

It remains to prove the second assertion. With A.\ /= as in (8.2), we apply Corol-lary
8.4 to rewrite a.\/ defined in (8.3) as

a.\/ D  .  1/n.nC1/=2N  1
X X

m.10
 /  ep.0     ̋  /:

2A. \ /=  1 2 … G . F 1 /

The inner sum is equal to

.  1/n.nC1/=2  2  j… G . F 1 / j   m./

by what we just proved as well as Remark 7.2. Since N 1  D  2n and j… G . F 1 / j  D  2n 1,
we conclude that a.\/ D 2A. \/=  m./ 2  Z > 0 .  (Note a.\/  m.\/ >  0.)

For a 2  Z 1  and m 2  Z 1  let iaWGLm !  GLa m denote the block diagonal embedding.

Corollary 8.7. Let shim be as above. For almost all finite F -places v where \ is unrami-
fied, shim.Frobv /ss  q n.nC1/=4

 
 ia . \/ .spin_.\  //.Frobv / in GLa .\/2n  .

Proof. Write 1 D  shim.Frobv /ss and 2 D  q n.nC1/=4  ia . \/ .spin_.\  //.Frobv /. By Proposition
8.2 we get Tr . j  / D  Tr . j  / for j  sufficiently large. Consequently, 1 and 2 are GLa . \/2n  .Q`/-
conjugate.

9. Construction of the GSpin-valued representation

Let  be a cuspidal -cohomological automorphic representation of GSp2 n .AF  / satisfy-ing
(St). Denote by !  its central character. We showed in Corollary 8.7 that there exists
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an a.\/2n-dimensional Galois representation shimW€ !  GLa . \/2n  .Q` / .  In this section
we show that the representation shim factors through the composition

_
GSpin2 nC1 .Q` / !  GL2n  .Q ` /  !  GLa .\/2n  .Q` /;

to a representation  W€ !  GSpin2 nC1 .Q` /.
Denote by Sbad the finite set of rational primes p such that either p D  2 or p is ramified

in F  or v  is ramified at a place v of F  above p. (As we commented in the introduction, it
should not be necessary to include p D  2 in view of [44].) In the theorem below the super-
script C  designates the C -normalization in the sense of [13]. Statement (ii0) of the theorem
will be upgraded in the next section to include all v which are not above Sbad [  ¹`º.

Theorem 9.1. Let  be a cuspidal -cohomological automorphic representation of
GSp2 n .AF  / satisfying conditions (St) and (L-coh). Let `  be a prime number and WC  !
Q `  a field isomorphism. Then there exists a representation

 D  ;W€ !  GSpin2 nC1 .Q` /;

unique up to conjugation by GSpin2 nC1 .Q` /, satisfying (iii.b), (iv) and (v) of Theorem A
with  in place of , as well as the following .which are slightly modified from (i), (ii), (iii.a) of
Theorem A  due to a different normalization/:

(i0) For each automorphic Sp2 n .AF  /-subrepresentation [  of , its associated Galois
representation [      is isomorphic to      composed with the projection
GSpin2 nC1 .Q` / !  SO2 n C1 .Q` /.  The composition

ŒN ı   •W€ !  GSpin2 nC1 .Q` / !  GL1 .Q` /

corresponds to ! j   jn.nC1/=2 by global class field theory.
(ii0) There exists a finite set S  of prime numbers with S   Sbad such that for all

finite F -places v which are not above S  [  ¹`º,  C       
 is unramified and the ele-

ment C  .Frobv /ss is conjugate to the Satake parameter of v jsimjn.nC1/=4 in
GSpin2 nC1 .Q` /.

(iii.a0) H T .C  
v ; y/ D  Hodge.y /   n.nC1/ sim. .See Definitions 1.10 and 1.14./13

Proof. We have the automorphic representation  of GSp2 n .AF  /. Consider

 [    a cuspidal automorphic Sp2 n .AF  /-subrepresentation from Lemma 2.6;  \ a

transfer of  to the group G . A F  / from Proposition 6.3;

 [  W€ !  SO2 n C 1 .Q` /  the Galois representation from Theorem 2.4;

13Even though HT .;v ; y/ and Hodge.y / are only conjugacy classes of (possibly half-integral)

cocharacters, the equality makes sense since n.nC1/ sim is a central (possibly half-integral)
cocharacter.
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 [      a lift of [      to the group GSpin2 nC1 .Q` / (to prove the existence of this lift, consider
for s 2  Z 1  the group GSpin2 nC1 .Q` / of g 2  GSpin2 nC1 .Q` / such that N  .g/s D  1;
using the exact sequence 2s  GSpin2nC1  SO2 nC1 and the van-ishing of H .€; Q=Z/
we see that such a lift indeed exists for s sufficiently large and
divisible);

i spin_

 1W€ !  GSpin2 nC1 .Q` / !  GLa . \/2n  .Q ` /  the composition of [  with the
a.\/-th power of the spin representation;

 2 D  shimW€ !  GLa . \/2n  .Q ` /  a semisimple representative of the virtual representa-tion
introduced in (8.2) (see also Proposition 8.2)

(see also Figure 1 in the introduction). Then

for all finite F -places v away from S ,

1.Frobv /ss  2.Frobv /ss in PGLa .\/2n .Q ` /

by Proposition 8.2;

 the representation 1W€ !  PGLa .\/2n  .Q ` /  has connected image (because 1 factors over
SO2 n C1 .Q` /, has a regular unipotent in its image, and hence has connected image by
Proposition 3.5).

By Proposition 4.6 (1) and Example 4.7 there exists a g 2  GLa .\/2n  .Q ` /  and a character
W€ !  Q `  such that

2 D  g1g 1W€ !  GLa .\/2n  .Q` /:

Without loss of generality, we replace 2 with g 1
2g to assume that 2 D  1. By

construction, the representation 1 has image inside GSpin2 nC1 .Q` /  GLa . \/2n  .Q` / ,
and consequently the representation shim has image in GSpin2 nC1 .Q` / as well. Thus
shim induces a representation

 W€ !  GSpin2 nC1 .Q` /

such that 2 D  ia .\/ spin_ ı  C  . We now compute C  at Frobenius conjugacy classes. The
uniqueness of  will then follow from Proposition 5.2 and the fact that since q is conjugate
to [  , it has a regular unipotent element of GSpin2nC1 in its image.

We have the semisimple elements C  .Frobv /ss and v  .Frobv / in GSpin2 nC1 .Q` /. At
this point we know that
 spin_ . .Frobv /ss/ and q n.nC1/=4  spin_ .v  .Frobv // are conjugate in GL2n  .Q ` /  by

Proposition 8.2,

 q . .Frobv /ss/  q .v  .Frobv // in GL2 n C 1 .Q` /.  We

claim that additionally

N  . C  .Frobv /ss/ D  N  .q  n.nC1/=4
v  .Frobv //: (9.1)
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Once the claim is verified, Lemma 1.1 implies that C  .Frobv /ss     is conjugate to q
n.nC1/=4  v  .Frobv / in GSpin2 nC1 .Q` / since ¹spin; std; N  º is a fundamental set of
representations of GSpin2nC1 (table above Lemma 1.1). This proves statement (ii0).

Let us prove the claim. Possibly after conjugation by an element of GL2n  .Q` /,  the
image of spin ı   lies in GO2n (resp. GSp2n ) if n.n C  1/=2 is even (resp. odd), for some
symmetric (resp. symplectic) pairing on the underlying 2n-dimensional space. Again by
the same lemma, we may assume that spin.v .Frobv // also belongs to GO2n (resp. GSp2n

). Hereafter we let the central characters !  or ! v  also denote the corresponding Galois
characters via class field theory. For almost all v we have the following isomor-phisms
(cf. Lemma 0.1):

spin..C j€v /ss/_ '  j  j n.nC1/=4  spin.v /
_

'  j  j n.nC1/=4  spin.v / ˝  !  1

'  j  j n.nC1/=2 spin..C j€v /ss/ ˝  !  1; (9.2)

The above isomorphisms imply that

spin. / '  spin. /
_  ˝  j  jn . n C

1/= 2 !: (9.3)

We have
spin.C / '  spin.C /_  ˝  N  .spin.C //:

Recall the equality N  . v  / D  ! v  (from functoriality of the Satake isomorphism with
respect to the central embedding Gm  , !  GSp2n) and the isomorphism spin.v /  !
spin.v /_  ˝  sim.v / 1 induced from the pairing h; i  that defines GO2n     (resp. GSp2n ).
From Lemma 5.1 we deduce

N  .spin. // D  j  jn . n C
1/= 2 !:

This proves the second part of (i0). Evaluating at unramified places, we obtain (9.1), fin-
ishing the proof of the claim.

We show statement (i0). It only remains to check the first part. By Theorem 2.4 and
the preceding proof of (ii0), for almost all unramified places v we have

v  .Frobv /  
v  

.Frobv /  [  .Frobv /ss;

where we have also used the fact that the Satake parameter of the restricted representa-
tion v   v  is equal to the composition of the Satake parameter of v  with the natural surjection
GSpin2 nC1 .C / !  SO2 n C 1 .C / (cf. [112, Lem. 5.2]). Hence C  .Frobv /ss  [  .Frobv /ss for
almost all F -places v. Consequently, std ı  std ı [  D ]  . By Pro-
position B.1 the representation C  is SO2nC1.Q`/-conjugate to the representation [  .
This proves the first part of (i0).

We prove statement (v). The composition of  with GSpin2 n C1 .Q` / SO2 n C1 .Q` / is [  .
Hence (v) follows from Proposition 3.5.
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The Galois representation in the cohomology Hi .SK ;  L/ s s  is potentially semistable
by [45, Thm. 3.2]. The representation C  appears in this cohomology and is therefore
potentially semistable as well (this uses the fact that semisimplification preserves potential
semistability). This proves the first assertion of statement (iii).
To verify (iii.a0), let H T .C  ; i /W Gm;Q` 

!  GSpin2 nC1;Q `  
be the Hodge–Tate cochar-acter of

(Definition 1.10). Similarly, we let HT . [  ; i /W Gm;Q` 
!  GO2 n C 1; Q `  

be the
Hodge–Tate cocharacter of [  . We need to check that HT .;v ; y/ D  Hodge.y /
n.nC1/ sim. In fact, it is enough to check the equalities

qHT.;v ; y/ D  qHodge.y /; (9.4)

N  ı  HT .;v ; y// D  N  ı  .Hodge.y //; (9.5)

namely after applying the natural surjection q0 W GSpin2nC1 GO2nC1 D SO2 n C 1  GL1 given
by .q; N /, since q0 induces an injection on the set of conjugacy classes of cochar-acters.
(The map X.TGSpin / !  X.TGO / induced by q0 is injective since TGSpin !  TGO is an
isogeny, so the map is still injective after taking quotients by the common Weyl
group.) Let yW F  !  C  be an embedding such that y  induces the place v. It is easy to

see that qHT.;v ; y/ D  HT .[;v ; y/ and qHodge.y / D  Hodge.y / from (1.1) and Lemmas 1.15
and 1.11. Thus (9.4) follows from Theorem 2.4 (iii). The proof of (9.5) is

similar: we have the following equalities in X .G m /  D  Z :

N  ı  HT .;v ; y// D  H T .N ı  ;v ; y//

D  Hodge .!y
 /   n . n C 1/  D  N  ı   Hodge.y /   n.nC1/ sim ;

where the Hodge cocharacter of !  at y  is denoted by Hodge .!y
 /. Indeed, the first,

second, and third equalities follow from Lemma 1.11, part (i0) of the current theorem
(just proved above), and the fact that N  ı  y  D  !        

 . The last fact comes from the
description of the central character of an L-packet; see [62, §3, condition (ii)]. The third
equality also uses the easy observation that N  ı  sim D  2 under the canonical identification
X.G m /  D  Z .

We prove statement (iii.b). So we assume that v j `  and that K `  is either hyperspecial
or contains an Iwahori subgroup of GSp2 n .F ˝  Q` /.  We use the following proposition:

Proposition 9.2 (Conrad). Consider a representation W€v !  GO2 nC1 .Q` / satisfying a
basic p-adic Hodge theory property P  2  ¹de Rham, crystalline, semistableº. There is a lift
0W€v !  GSpin2 nC1 .Q` / that satisfies P  if  admits a lift 00W€v !  GSpin2 nC1 .Q` / which is
Hodge–Tate.

Proof (see also Wintenberger [110]). Combine Proposition 6.5 and Corollary 6.7 of Con-
rad’s article [22]. (Conrad has general statements for central extensions of algebraic
groups of the form ŒZ  H 0  H • ;  we specialized his case to our setting.)

Write ! 0  WD ! j   jn.nC1/=2 . Let rec./ denote the `-adic Galois representation cor-
responding to a Hecke character of A F      via global class field theory. The product
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rec.! 0 /[  W € !  GO2 n C1 .Q` / D  GL1 .Q` /   SO2 n C 1 .Q` / is the Galois representa-tion
corresponding to the automorphic representation ! 0  ˝  [  of A   Sp2 n .AF  / (cf. Theorem
2.4). By comparing Frobenius elements at the unramified places, and using Chebotarev
and Brauer–Nesbitt, the representations std ı  q0 ı  C  and std ı  rec.! 0 /[  are isomorphic.
Hence q0 ı  C  and rec.! 0 /[  are GO2nC1.Q`/-conjugate by Proposi-tion B.1. We make two
observations:

 We saw that  is potentially semistable. In particular, rec.!/ [  has a lift which is a
Hodge–Tate representation (namely  is such a lift).

 Under the assumption of (iii.b), [  is known to be crystalline (resp. semistable14) by
Theorem 2.4 (iv, v). We have K `  \  Z . A F  / D  Z . O F  / if K `  contains an Iwahori
subgroup and thus the character rec.!/ is crystalline at all v j `. Therefore rec.!/ [ is
crystalline (resp. semistable) as well.

By Proposition 9.2 and Theorem 2.4 (v), the local representation rec.!/ [  j€v has a lift
rv WD rec.! 0 /[  W€v !  GSpin2 nC1 .Q` / which is crystalline/semistable. Since rv and  j€v

are both lifts of rec.! 0 /[  j€v , the representations rv and C  j€v differ by a quadratic
character v . Hence statement (iii.b) follows.

We prove statement (vi). Let 0W € !  GSpin2 nC1 .Q` / be semisimple and such that
for almost all F -places v where 0 and C  are unramified, 0.Frobv/ss is conjugate to
.Frobv /ss. We know that  has a regular unipotent element in its image (it suffices to
check this after composing with GSpin2 nC1 .Q` /  SO2 n C1 .Q` /,  in which case it
follows from Proposition 3.5). Hence Proposition 5.2 implies that the two representations
are conjugate.

Statement (iv) reduces to checking that [  W € !  GO2 n C1 .Q` / is totally odd since the
covering map GSpin2nC1 !  GO2 nC1 induces an isomorphism on the level of Lie
algebras and the adjoint action of GSpin2nC1 factors through that of GO2nC1 . We already
know from Theorem 2.4 (vi) that [  is totally odd, so the proof is complete.

10. Compatibility at unramified places

Let  be an automorphic representation of GSp2 n .AF  / satisfying the same conditions as in
Section 9. In this section we identify the representation ;v from Theorem 9.1 at all places v
not above Sbad [  ¹`º.

Proposition 10.1. Let v be a finite F -place such that p WD vjQ does not lie in Sbad
[  ¹`º.  Then       is unramified at v. Moreover,  .Frobv /ss     is conjugate to 

v j s i mj n.nC1/ =4

.Frobv /.

14If v  has a nonzero vector fixed under the standard Iwahori subgroup I  of GSp2n .Fv /, then
the restriction  has a nonzero fixed vector under an Iwahori subgroup of Sp2 n .Fv /, which may
not be conjugate to I  \  Sp2n .Fv /, but the Galois representation [  is still semistable at v.
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Proof. Let \ be a transfer of  to the inner form G . A F  / of GSp2 n .AF  / (Proposi-tion
6.3). Let B .\ / be the set of cuspidal automorphic representations  of G . A F  / such that

 vSt and vSt are isomorphic up to a twist by an unramified character,
1 ; v

S
t ; v  and \ ; 1 ; v S t ; v  are isomorphic,

 v  is unramified,

 1  is -cohomological.

To compare with the definition of A.\ /, notice that the condition at v is different. We
define an equivalence relation  on the set B .\ / by declaring that 1  2 if and only if 2 2  A.1 /
(hence, 1  2 if and only if 1;v '  2;v ). Define a (true) representation of € (see (8.2) for shim./,
cf. Proposition 8.2 and Corollary 8.7) by

shim WD
X

shim./ D
X

ia ./  ı  2./: (10.1)
2 B . \ /= 2 B . \ /=

Recall the definition of a./ from (8.3). Define b.\/ WD 
P

2 B . \/ =  a./.
Since 2.\/ and 2./ have the same Frobenius trace at almost all places for  2

B.\ /, we deduce that 2.\/ '  2./. Hence

shim '  ib .\/ ı  2.\/:

We adapt the argument of Proposition 8.2 to the slightly different setting here. Consider
the function f  on G . A F  / of the form f  D  f 1  ˝  f v S t  ˝  1K v  ˝  f  1 ; v

S
t ; v ,  where f 1  and fv S t

are as in the proof of that proposition, and f  1 ; v S t ; v  is such that, for all automorphic
representations  of G . A F  / with 1 ; K  ¤  0 and Tr 1 . f 1 /  ¤  0, we have (observe the slight
difference between (8.7) and (10.2) at the place v):

´
1 ; v  ;v \ ; 1 ; v  ;v

Tr 1 ; v S t ;
v . f  1 ; v S t ;

v /  D
0     otherwise.

(10.2)

Arguing as in the paragraph between (8.11) and (8.12), but with B.\ /, b.\/, and shim in
place of A.\ /, a.\/, and shim, we obtain

Tr.Frobj ; shim/ D
X

a./ Tr v .f  /
2 B . \ /=

D a./q j
n.nC1/=4 Tr.spin_.v  //.Frobv /; 2 B . \ /=

where the last equality comes from (8.13). Thus the proof boils down to Lemma 10.2
below. Indeed, the lemma and the last equality imply that Tr 2 .\ /.Frobj / is
equal to q n.nC1/=4 Tr.spin_ . \  //.Frobj /. As in the proof of Theorem 9.1, since
2.\/ D  spin_ ı  C       by construction, the semisimple parts of C  .Frobv / and qv

 n.nC1/=4

\  .Frobv / are conjugate. (Note that qv
 n.nC1/=4  \  .Frobv / D  

v j s i mj n.nC1/ =4 .Frobv /.)
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Lemma 10.2. With the above notation, if  2  B.\ / then v  '  v .

Proof. Let  and  denote transfers of  and \ from G  to GSp2n via Proposi-tion
6.3 (2); the assumption there is satisfied by Corollary 8.4 (in fact, we can just take

to be ). In particular, x  '  x  and x  '  x  at all finite places x  where x  and x  are
unramified. In particular, this is true for x  D  v, so it suffices to show that v  '  v  .

By [112, Thm. 1.8] we see that  and  belong to global L-packets …1  D  ˝ x  …1 ; x  and
…2  D  ˝ x  …2 ; x  (as constructed in that paper), respectively, such that …1  D  …2  ˝  !  for a
quadratic Hecke character !W F n A  !  ¹ ˙ 1 º  (which is lifted to a character of
GSp2 n .AF  / via the similitude character). Since each local L-packet has at most one
unramified representation by [112, Prop. 4.4 (3)] we see that for almost all finite places x ,
we have  '   ˝  ! x .  Hence x  '  x  ˝  ! x .  (Recall that x  '  \ by the initial assump-tion at almost
all x.) This implies through Theorem 9.1 (ii0) that spin.C / '  spin.C / ˝ !

(viewing !  as a Galois character via class field theory). Since  has a regular unipotent
element in its image, it follows that !  D  1 (by Lemma 5.1). Hence the unramified rep-
resentations v  and v  belong to the same local L-packet, implying that v  '  v  as
desired.

We are now ready to collect everything and prove the main result.

Theorem 10.3. Theorem A  is true.

Proof. Let us caution the reader that the normalization for  changes. Namely given  as in
Theorem A  (so that jsimj n.nC1/=4 is -cohomological), the preceding discussions in
Sections 9 and 10 apply to C  WD jsimj n.nC1/=4 . We thus define  WD C

C  .
Theorem 9.1 proves (iii.b), (iv) and (v) of Theorem A. By Proposition 10.1 we

also have (ii). Statements (i) and (iii.a) follow from Theorem 9.1 (i0, iii.a0), with evident
changes due to the different normalization. It remains to verify (iii.c) and (vi) of The-
orem A. Item (vi) follows from Proposition 5.2 since  contains a regular unipotent
element in its image (see the proof of Proposition 3.5). Item (iii.c) is about the crystalline-
ness of . By definition, it is enough to prove that spin.C

C  / is crystalline, and hence it is
enough to prove that the compact support cohomology of the Shimura variety S hK  with
coefficients in L  is crystalline. In case F  ¤  Q  the variety S hK  is projective, and the
crystallineness follows from the thesis of Tom Lovering [71]. If F  D  Q, then the Shimura
variety S K  is the classical Siegel space and in this case the representation was shown to be
crystalline by Faltings–Chai [27, VI.6]. Alternatively we may reduce to this case using base
change (Proposition 6.6) to a real quadratic extension F = Q  in which `  is completely split.

Remark 10.4. In the introduction we claimed that we prove [13, Conj. 5.16] up to
Frobenius semisimplification in the case at hand. Our Theorem A  covers everything
except the verification that the GSpin2nC1.Q`/-conjugacy class of .cv / coincides with
the one predicted by loc. cit. (Our theorem only shows that .cv / is odd.) Let ˛ v  2
GSpin2 nC1 .C / be as in [13, Conj. 5.16], and let  D  ; with W C  '  Q ` .  Let us sketch the
argument that .cv / is conjugate to .˛v / .  By Lemma 1.1, it is enough



c

c

2

2

A. Kret, S. W. Shin 128

to prove the conjugacy in GL1 (under spinor norm), SO2nC1 , and GL2n  (under spin).
The conjugacy in GL1 is checked using the second part of Theorem A (i). The con-
jugacy in SO2 nC1 follows from the uniqueness of odd conjugacy class in SO2 nC1 (or in
any adjoint group, cf. [35, §2], since both conjugacy classes are odd in SO2 nC1 (in view
of Lemma 1.9 for .cv /; by direct computation for .˛v /).  Then spin..cv // and spin..˛v //
are conjugate in PGL2n  ; moreover, they are (up to conjugation) images of the diagonal
matrix in GL2n  with each of 1 and  1 appearing exactly 2n 1 times. Since
.cv /; spin..˛v // 2  GL2n  .Q ` /  are elements of order 2 whose images in PGL2n     1  are
determined as such, we conclude that .cv /  spin..˛v // (with eigenvalues 1 and  1, with
multiplicities 2n 1 each). We are done by showing that .cv /  . ˛ v /  in GSpin2 nC1 .Q` /.

11. Galois representations for the exceptional group G 2

As an application of our main theorems we realize some instances of the global Langlands
correspondence for G2 in the cohomology of Siegel modular varieties of genus 3 via theta
correspondence, following the strategy of Gross–Savin [36]. In particular, the constructed
Galois representations will be motivic15 and hence come in compatible families. We work
over F  D  Q  (as opposed to a general totally real field) mainly because this is the case in
[36].

More precisely, we write G2 for the split simple group of type G2 defined over Z .
Denote by G2 the inner form of G2 over Q  which is split at all finite places and such that
G2 .R/ is compact. The dual group of G2 is G2 .C /  and fits in the diagram

PGL2 .C / G2 .C / SO7 .C / GL7 .C /

Spin7 .C/ SO8 .C / GL8 .C /

spin

such that G2 .C /  D  SO7 .C / \  Spin7 .C/. The subgroup PGL2 .C / is given by a choice of a
regular unipotent element of SO8 .C/. See [36, pp. 169–170] for details. Note that the spin
representation of Spin7 is orthogonal and thus factors through SO8. The 8-dimensional
representation G2 .C /  , !  GL8 .C / decomposes into one-dimensional and 7-dimensional
irreducible pieces. The former is the trivial representation. The latter factors through
SO7 .C/. Evidently all this is true with Q `  in place of C .

The (exceptional) theta lift from each of G2 and G c  to PGSp6 uses the fact that
.G2 ; PGSp6/ and .G c ; PGSp6/ are dual reductive pairs in groups of type E 7  [32, 36].

15In this paper, “motivic” means that it appears in the étale cohomology of a smooth quasi-
projective variety over a number field.
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In this section we concentrate on the case of G2 , only commenting on the case of G2 at the
end. Every irreducible admissible representation of G2 .R/  is finite-dimensional, and both
(C -)cohomological and L-cohomological since the half-sum of all positive roots of
G2 is integral. Note that an automorphic representation  of PGSp6.A/ is the same as an
automorphic representation of GSp6 .A/ with trivial central character, so we will use them
interchangeably. For such a  the subgroup .€ / of GSpin7 .Q` / is contained in Spin7 .Q` /
by Theorem A (i).

Theorem 11.1. Let  be an automorphic representation of G2 .A/. Assume that

admits a theta lift to a cuspidal automorphic representation  on PGSp6.A/,  vSt is

the Steinberg representation at a finite place vSt.

Then for each prime `  and WC ' Q ` ,  there exists a representation  D;W€ ! G 2 . Q ` /  such
that

(1) for every finite place v ¤  `  where  is unramified,  is unramified at v; moreover,
. jW Q v  

/ss '  v  as unramified L-parameters for G2,

(2) `  is de Rham with H T . `  / D  Hodge ._ /.16,

(3) if `  is unramified then `  is crystalline, (4)

ı   '  .

Before starting the proof, we recall the basic properties of the theta lift . We see from [36,
§4, Prop. 3.1, 3.19] that vSt is the Steinberg representation, and that v  is unramified whenever
v  is unramified at a finite place v and the unramified L-parameters are related via

v  '  v  : (11.1)

Furthermore, 1  is an L-algebraic discrete series representation whose parameter can be
explicitly described in terms of  [36, §3, Cor. 3.9].

Proof of Theorem 11.1. We apply Theorem A  to the text above  to obtain a representa-tion
W€ !  Spin7 .Q` /. Note that spin ı   is a semisimple representation by construc-tion. Since
the image of [  contains a regular unipotent element of SO7 .Q` /, it follows that .€ / contains
a regular unipotent of Spin7 .Q` / and also one of SO8 .Q` /. (The rep-resentation spinWSpin7

! G L 2 3  induces an inclusion Spin7 ,! S O 8 ,  under which a regular unipotent maps to a
regular unipotent.) By (11.1) and the Chebotarev density theorem, the image of  is locally
contained in G2 in the terminology of Gross–Savin, so [36, §2, Cor. 2.4] implies that .€ / is
contained in G2 .Q` /  (given as SO7 .Q` / \  Spin7 .Q` / for a suitable choice of the
embedding SO7 , !  SO8; here spinWSpin7 , !  SO8 is fixed). Hence we have  satisfying (4),
namely  '   ı  .

Assertions (1)–(3) of the theorem follow from Theorem A  and the fact that the set of
Weyl group orbits on the maximal torus (resp. on the cocharacter group of a maximal

16Note that 1  is -cohomological for  D  _
 .
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torus) for G2 maps injectively onto that for Spin7. (The latter can be checked expli-
citly.)

Example 11.2. There is a unique automorphic representation  of G2 .A/ unramified
outside 5 such that 5 is the Steinberg representation and 1  is the trivial representation [36,
§1, Prop. 7.12]. Proposition 5.8 in §5 of loc. cit. (via a computer calculation due to
Lansky and Pollack) tells us that  admits a nontrivial cuspidal theta lift to PGSp6.A/.
Proposition 5.5 in the same section gives another example of nontrivial theta lift but we
will not consider it here.

We confirm the prediction of Gross–Savin that a rank 7 motive whose motivic Galois
group is G2 is realized in the middle degree cohomology of a Siegel modular variety of
genus 3.

Corollary 11.3. Let  be as in Example 11.2. Write  for its theta lift. Then  has Zariski
dense image in G2 .Q` /.  Moreover, spin ı   is isomorphic to the direct sum of  ı   and the
trivial representation. In particular,  ı   and the trivial representation appear in the 1-
isotypic part in Hc .Sh; Q` /.3/, where Sh is the tower of Siegel modular varieties for GSp6
and .3/ denotes the Tate twist .i.e. the cube power of the cyclotomic character/.

Proof. If the image is not dense in G2 .Q ` /  then the proof of [36, §2, Prop. 2.3] shows
that the Zariski closure of .€ / is PGL2. However, we see from the explicit computation of
Hecke operators at 2 and 3 on  carried out by Lansky–Pollack [64, p. 45, Table V] that
the Satake parameters at 2 and 3 do not come from PGL2.17 We conclude that .€ / is dense
in G2 .Q` /.  The second assertion of the corollary is clear from Theorem 11.1 (4) and the
construction of .

Remark 11.4. Corollary 12.4 implies that the 1-isotypic part in Hc .Sh; Q` /.3/ is
8-dimensional, consisting of  ı   and the trivial representation without multiplicity.

Remark 11.5. The Tate conjecture predicts the existence of an algebraic cycle on Sh
which should give rise to the trivial representation in the corollary. Gross and Savin sug-
gest that it should come from a Hilbert modular subvariety of Sh for a totally real cubic
extension of Q. See [36, §6] for details.

Remark 11.6. Ginzburg–Rallis–Soudry [32, Thm. B] showed that every globally generic
automorphic representation  of G2 .A/ admits a theta lift to PGSp6.A/. (The result is
valid over every number field.) Using this, Khare–Larsen–Savin [42] established instances
of global Langlands correspondence for G2 .A/, the analogue of Theorem 11.1 with G2 in
place of G2 , under a suitable local hypothesis. (See Section 6 of their paper for the

17The authors check [64, §4.3] that the Satake parameters do not come from SL2  via the map
SL2 .C /  !  G2 .C / induced by a regular unipotent element. But the latter map factors through the
projection SL2  !  PGL2.
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hypothesis. They prescribe a special kind of supercuspidal representation instead of the
Steinberg representation.) In our notation, their  is constructed inside the SO7-valued

representation [  , where the point is to show that the image is contained and Zariski
dense in G2 [42, Cor. 9.5].18

12. Automorphic multiplicity

In this section we prove multiplicity 1 results for automorphic representations of
GSp2 n .AF  / and the inner form G . A F  / under consideration. For GSp2n we deduce this
from Bin Xu’s multiplicity formula using the following property (cf. Lemma 5.1)

8!W € !  Q `  W    ˝  !  )  !  D  1

of the associated Galois representations . The result is then transferred to G . A F  / via the
trace formula (§6). This is standard except when the highest weight of  is not regular: In that
case we need the input from Shimura varieties that the automorphic representations of
G . A F  / of interest are concentrated in the middle degree.

Theorem 12.1. Let n  2. Let  be a cuspidal automorphic representation of
GSp2 n .AF  / such that conditions (St) and (L-Coh) hold. Then the automorphic multi-
plicity m./ of  is equal to 1, i.e. Theorem B  is true.

Proof. By Xu [112, Prop. 1.7] we have the formula

m./ D  m.[/jY ./=˛ ./j;

where m.[ / D  1 in our case by [5, Thm. 1.5.2]. The group Y ./ is equal to the set of
characters !W GSp2 n .AF  / !  C  which are trivial on GSp2 n .F /AF  Sp2 n .AF  /
GSp2 n .AF  / and are such that  '  ˝ ! .  The definition of the subgroup ˛ . /  of Y ./ is not
important for us: We claim that Y ./ D  1. Let !  2  Y ./ and let W€ !  Q `  be the cor-responding
character via class field theory. We get  '   ˝   from Theorem A (ii, vi). By Lemma 5.1, it
follows that  D  1 and hence !  is trivial as well.

We now prove the analogue of Theorem 12.1 for an inner form of GSp2 n;F . Since
the analogue of results by Arthur and Xu has not been worked out yet for non-quasi-split
inner forms,19 we only obtain a partial result. Let G  be an inner form of GSp2 n;F in the
construction of Shimura varieties (cf. §7).

18Thereby they give an affirmative answer to Serre’s question on the motivic Galois group of
type G2, since it is well known that  [  appears in the cohomology of a unitary PEL-type Shimura
variety after a quadratic base change, along the way to proving a result on the inverse Galois prob-
lem. Sometimes this contribution of [42] has been overlooked in the literature.

19Certain inner forms of Sp2 n ;F and special orthogonal groups have been treated by Taïbi [96].
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Theorem 12.2. Let  be a cuspidal automorphic representation of G . A F  / satisfying
conditions (L-coh) and (St). Then the automorphic multiplicity of  is equal to 1.

Proof. Let f  G  WD j…G j  1 . 1 / q . G
1

/ f L e f ; 1  and f  G  WD j…G  j 1 . 1 / q . G 1 / f L e f ; 1 ,  where
f L e f ; 1  and f L e f ; 1  denote the Lefschetz functions on G . F 1 /  and G . F 1 /  as in (A.6),
respectively. At the place vSt, we consider the truncated Lefschetz functions fLef ;vS t  

and
fLef ;v S t  

as introduced in (A.4), and put f v S t  
WD .  1/q .GvSt  

/ fLef;vS t  
and fv S t

 WD .  1/q .GvSt

/ fLef;vS t  
. Let f  1 ; v S t  2  H . G . A F       S

t // be arbitrary. Let  (resp. ) be a dis-crete automorphic
representation of G  (resp. G). Note that f  G  and f  G       are associated
at v 2  ¹v S t ; 1º  by Lemmas A.4 and A.11 (with the choice of Haar measures and transfer

factors explained there). Hence f  1 ; v S t  f  G f  G  and f  1 ; v S t  f  G  f  G  are associated. Impli-
citly we are choosing the local transfer factor at each place v to be identically equal to the
sign e .Gv / (whenever nonzero)20 so that the global transfer factor always equals 1
(whenever nonzero).

Comparing the trace formulas for G  and G  and arguing as in the proof of Proposi-
tion 6.3, we obtain

X
m . / T r . f  1 ; v S t  f v S t  

f 1  / D  
X

m . / T r . f  1 ; v S t  f v S t

 
f 1

 
/; 

where  (resp. ) runs over discrete automorphic representations of G . A F  / (resp. G . A F
/), and m. / denotes the automorphic multiplicity as usual. By Lemma A.13 the
functions f  G  (resp. f  G  ) have nonzero trace against vSt (resp.  ) only if vSt (resp. vS t 

) is an
unramified twist of the Steinberg representation. Therefore

j…G j  1 m./. 1/ q
. G

1 /  e p . 1  ˝  / D  j…G  
j 1 m./. 1/ q

. G 1 /  ep. ˝  /;
(12.1)

where … G  and … G  are discrete L-packets. In (12.1), each sum ranges over the set of -
cohomological discrete automorphic representations which are Steinberg (up to unrami-fied
twist) at vSt and isomorphic to v S t ; 1  away from vSt and 1 .
For the quasi-split group G , Corollary 2.8 shows that any  in (12.1) is tempered at infinity,

thus  is a discrete series representation (and belongs to … G  ). However, Corol-
lary 2.8 does not imply the analogue for . For 1 ,  Corollary 8.4 implies that 1  must be a
discrete series representation. Hence e p . 1  ˝  / D  .  1/ q . G

1
/  and ep. ˝  / D  .  1/q .G  /

above, allowing us to simplify (12.1) to

j…G j  1 
X

m . /  D  j…G  
j 1 

X
m . / ; (12.2)

where each sum runs over discrete automorphic representations which are Steinberg (up to
unramified twist at vSt), belong to the specified discrete L-packet at infinity, and are
isomorphic to v S t ; 1  away from vSt and 1 .

20In the special case of inner forms, the definition of transfer factors in [63] simplifies to yield a
nonzero constant, independent of conjugacy classes, whenever two conjugacy classes are matching.
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At this point it is useful to show the following lemma by the trace formula argument.

Lemma 12.3. Suppose that F  ¤  Q. We have

m./ D  m. 10
 /     and     m./ D  m.;1 ;0 /;

where 0 , ;0 are arbitrary members of …  or …   .

Proof. The assertion that m./ D  m. 1 0  / was already shown in Corollary 8.5. (We have
2  A./ in the notation there.) The same argument for G  proves m./ D  m.;1 ;0 /, with
the only change occurring at 1 .  Namely, instead of appealing to Corollary 2.8, we
know that the analogue of (8.14) for G  receives contributions only from those
representations whose components at 1  belong to … G  , by Corollary 2.8.
(We already made this observation in the discussion above (12.2).)

We continue the proof of Theorem 12.2. The representation  as in the statement of
the theorem appears in the left sum of (12.2). So both sides are positive in that equation.
In particular, there exists  contributing to the right hand side such that m./ >  0. Any
other  in the sum is isomorphic to  at all finite places away from vSt. We also know that
and      differ by an unramified character and that 1  and 1  belong to the same L-packet.
Now we claim that      '   . To see this, we apply [112, Thm. 1.8] to deduce that  and
belong to the same global L-packet as in that paper, by the same argument as in the
proof of Lemma 10.2. Since the local L-packet for GSp2 n .FvS t  / of (any character twist
of) the Steinberg representation is a singleton by [112, Prop. 4.4, Thm. 4.6], the claim
follows.21

We have shown that the right hand side of (12.2) may be summed over  which is
isomorphic to  away from infinity and belongs to … G  at infinity. Each  has
automorphic multiplicity 1 by Theorem 12.1 and Lemma 12.3. (Without the lemma, some
m./ could be zero.) So (12.2) comes down to

X
m . /  D  j…  j:

Recall that the sum runs over  such that 1 ; v S t  '  1 ; v S t  , 1  2  …G ,  and vSt '  vSt ˝   for an
unramified character . By Lemma 12.3, the contribution from  with 1  '  1  is already
j…G jm./, and the other  (if any) contributes nonnegatively. We conclude that
m./ D  1. (Moreover, all  in the sum with m./ >  0 should be isomorphic to  at vSt; this
gets used in the next corollary.)

Corollary 12.4. The integer a.\/ in Corollary 8.5 .defined in (8.3)/ is equal to 1.

21Lemma 2.1 implies that the L-parameter W F  SU2 .R/ !  SO2 n C1 .C / for the Steinberg
representation of Sp2 n .Fv  / restricts to the principal representation of SU2 .R/ in SO2 nC1 .C /.  A
lift of this to a GSpin2nC1.C/-valued parameter is attached to the Steinberg representation of
GSp2 n .Fv / in Xu’s construction. This is enough to imply that the group Q in [112, Prop. 4.4] is
trivial.
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Proof. Consider  WD \j  jn.nC1/=4 , which satisfies (St) and (L-coh). Applying to  the last
paragraph in the proof of the preceding theorem, we see that for every  2  A.\ /, we have an
isomorphism vSt '  \S

t . Since 1  2  … G  for every  2  A.\ / by Corollary 8.4, it follows from
Theorem 12.2, Lemma 12.3, and Remark 7.2 that

a.\/ D  .  1/n.nC1/=2N  1       
X      

m./  e p . 1  ˝  /
2 A . \ /

D  j…G j  1 m./ D  1:

1 ' 1 ; 1 2 …

13. Meromorphic continuation of the spin L-function

Let  be a cuspidal automorphic representation of GSp2 n .AF  / unramified away from a
finite set of places S . The partial spin L-function for  away from S  is by definition

LS .s; ; spin/ WD 
v…S  

det.1      qv 
s spin.v .Frobv ///

:

Various analytic properties of this function would be accessible if the Langlands func-
toriality conjecture for the L-morphism spin were known. However, we are far from it
when n  3. In particular, no results have been known about the meromorphic (or ana-lytic)
continuation of LS .s; ; spin/ when n  6 (see introduction for some results when 2  n  5).

The aim of this final section is to establish Theorem C  on meromorphic continuation
for L-algebraic  under hypotheses (St), (L-coh), and (spin-REG) by applying a potential
automorphy theorem of [7, Theorem A]. Let Sbad be as in Theorem A. A  character W€ !
GL1.M ; / is considered totally of sign  2  ¹ ˙ 1 º  if .cv / D   for all infinite places v of F .
More commonly a character totally of sign C 1  or  1 is said to be totally odd or even,
respectively. For each Q-embedding wW F  , !  C  define the cocharacter Hodge.w / W
GL1 .C / !  GSpin2 nC1 .C/ by restricting the L-parameter w  W W F w  !  L Sp2 n  to W C  D
GL1 .C / (via w). Condition (L-coh) ensures that Hodge.w / is an algebraic cocharacter.

Proposition 13.1. Suppose that  satisfies (St), (L-coh), and (spin-REG). There exist a
number field M and a representation

R;W€ !  GL2n  .M ;/

for each finite place  of M such that the following hold .write `  for the rational prime
below /:

(1) At each place v of F  not above Sbad [  ¹`º,  we have

char.R;.Frobv // D  char.spin.v .Frobv /// 2  MŒX• :

(2) R;j€v  is de Rham for every v j `. Moreover, it is crystalline if v  is unramified and v …
Sbad.
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(3) For each v j ` and each wWF , !  C  such that w induces v, we have HT .R;j€v  ; w/ D  .spin
ı  Hodge.w //. In particular, HT .R;j€v  ; w/ is a regular cocharacter for each w.

(4) R ;  is irreducible.
(5) R ;  maps into GSp2n .M ;/ .resp. GO2n .M ;// for a suitable nondegener-ate

alternating .resp. symmetric/ pairing on the underlying 2n-dimensional space
over M ; if n.n C  1/=2 is odd .resp. even/. The multiplier character W € !
GL1.M ; / .so that R ;

 '  R ;
 ˝  / is totally of sign .  1/n.nC1/=2 .

Remark 13.2. Parts (1)–(3) of the proposition imply that the family ¹R ; º  is a weakly
compatible system of -adic Galois representations [7, §5.1].

Remark 13.3. Although we do not need it, we can choose M such that R ;  is valued in
GL2n  .M;/ for every . Concretely, we may take M to be the field of definition for the 1-
isotypic part in the compact support Betti cohomology with Q-coefficients (with respect
to the local system arising from ). When the coefficients are extended to M;, the 1-
isotypic part becomes a -adic representation of € via étale cohomology, which is
isomorphic to a single copy of R ;  if the coefficients are further extended to M ; by Corollary
12.4.

Proof of Proposition 13.1. The first three assertions are immediate from Theorem 9.1.
For (4), observe that the image of  in SO2 nC1 is either PGL2, G2 (n D  3) or SO2nC1 , due
to the Steinberg hypothesis (and local global compatibility at vSt).

We first exclude the case G2 (n D  3). In this case spin7jG2 decomposes as a direct sum
of the trivial representation and an odd-dimensional self-dual representation. In particular,
up to twist the weight 0 occurs in  with multiplicity at least 2. This, however, contra-
dicts the regularity in item (3). We now exclude the case PGL2 in a similar way. Write

WSL2 !  Spin2 nC1 for the principal SL2 , and decompose r WD spin ı D i D 1  ri into
irreducible representations ri of SL2  (cf. [34, Prop. 6.1]). The dimensions of the represent-
ations ri all have the same parity: dim.ri /  dim.r / mod 2 for all i ; j .  If the dimension of ri

is odd, the weight 0 appears in ri , and in the even case, the weight 1 appears in each ri . As n
>  2, r is reducible, so (up to twist) either the weight 0 or the weight 1 appears with
multiplicity t  2 in .

Thus, if the Galois representation has image in these smaller groups, it cannot be
regular, which contradicts (3). In particular, statement (4) follows.

The first part of (5) is clear from Lemma 0.1; let us check the second part. Consider
the diagram

€  GSpin2nC1 .M ; /
N

GL1.M ; /

spin      
GSp2n .M ;/ or GO2n .M ;/

sim
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The outer triangle commutes by the definition of . The right triangle also commutes by
Lemma 0.1. Hence  D  N  ı  . By (L-coh), $  j j n . n C 1 / = 4  is the inverse of the central character
of some irreducible algebraic representation v  at each infinite place v. Hence $  j j n . n C 1 / = 4  W
R  !  C  is the w-th power map, where w 2  Z  is as in (cent) of §7 (in particular, w is
independent of v). Hence $ j j n . n C 1 / = 4  D  $ j   jn.nC1/=2 corresponds via class field theory and
to an even Galois character of € (regardless of the parity of w). On
the other hand,  corresponds to $  via class field theory and  in the L-normalization (cf.
Theorem A). We conclude that ; v .cv / D  .  1/n.nC1/=2 for each v j 1 .

Now that we proved the lemma, Theorem A  of [7] implies

Corollary 13.4. Theorem C  is true.

Proof. The conditions of the theorem in [7] are satisfied by the above lemma with the fol-
lowing additional observation: the characters  form a weakly compatible system since they
are associated to the central character of  (which is an algebraic Hecke charac-ter).

Remark 13.5. For the lack of precise local Langlands correspondence for general sym-
plectic groups (but note that Bin Xu established a slightly weaker version in [112]), we
cannot extend the partial spin L-function for  to a complete L-function by filling in the
bad places. However, the method of proof for the corollary yields a finite alternating
product of completed L-functions made up of …  as in Theorem C, by an argument based on
Brauer’s induction theorem as in the proof of [38, Thm. 4.2]; this alternating product
should be equal to the completed spin L-function as this is indeed true away from S .

Appendix A. Lefschetz functions

We collect some results on Lefschetz functions that are used in the text. In this appendix, F
is a characteristic-zero nonarchimedean local field of residue characteristic p >  0,
except in Lemma A.13 at the end, where F  is global. We collect the required results
from the literature and prove some lemmas to deal with small technical difficulties (non-
compact center, twisted group).

To help the readers we clarify some terminology. There are three names for the func-
tion whose trace computes the Euler–Poincaré characteristic or the Lefschetz number of
the group cohomology (resp. Lie algebra cohomology) for a given reductive p-adic (resp.
real) group: they are called Euler–Poincaré functions, Kottwitz functions, or Lefschetz
functions. In the real case one can consider twisted coefficients by local systems. There
are small differences between the three functions. Euler–Poincaré and Lefschetz func-
tions are considered on either p-adic or real groups, and can be described in terms of
pseudo-coefficients for certain discrete series representations. The functions may not be
unique but their orbital integrals are well-defined. A  Kottwitz function mainly refers to a
particular function on a p-adic group and gives pseudo-coefficients for the Steinberg
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representations. It is not just characterized by their traces but can be given by an explicit
formula (cf. [54, §2]). A  generalization of Kottwitz functions on a p-adic group is given in
[86] but we will not need it in this paper.

We recall a result of Casselman and Kottwitz. Let G  be a connected reductive group
and write q .G / for the F -rank of the derived subgroup of G .

Proposition A.1. Suppose that the center of G  is anisotropic over F .  Then there exists a
locally constant compactly supported function f L e f  D  f L e f  on G .F /  such that:

(i) Assume that the adjoint group of G  is simple. For all irreducible admissible unit-
ary representations  of G .F /  the trace Tr .fL e f /  vanishes unless  is either the

trivial representation or the Steinberg representation, in which case the trace is 1 or
.  1/q.G / respectively. .If q .G / D  0 then the trivial and Steinberg representations
coincide./

(ii) Let  2  G .F /  be a semisimple element, and I  the neutral component of its central-izer;
we give I .F / nG .F /  the Euler–Poincaré measure [17, p. 30] .cf. [54, §1]). Then the
orbital integral

Z
O.fLef / D fL e f .g  1g/ dg

I. F  / n G . F  /

is nonzero if and only if I . F /  has a compact center, in which case O.fLef / D  1.

Proof. Kottwitz [54, §2] constructed Lefschetz functions f L e f  on G.F /.  These are func-
tions such that

1

Tr .fL ef / D .  1/i dim Hcts .G.F /; / (A.1)
i D 0

for all irreducible representations  of G.F /.  The cohomology in (A.1) is the continuous
cohomology, i.e. the derived functors of  !  G . F  / on the category of smooth represent-

ations of finite length. By the computation of the cohomology spaces Hcts .G.F /; / in [11,
Thm. XI.3.9], for unitary , the spaces Hcts .G.F /; / vanish unless i  D  0 and  is the trivial
representation, or i  D  q .G / and  is the Steinberg representation, in which case
dim Hq .G / .G.F /; / D  1.

We now consider the group GL2 n C 1  equipped with the involution  defined by g !  J t g
1 J  with J  the .2n C  1/  .2n C  1/ matrix with all entries 0 except those on the

antidiagonal, where we put 1. Define GL2 n C 1  WD GL2 n C 1  Ë  hi. In [10] Borel, Labesse,
and Schwermer introduced twisted Lefschetz functions. Below we will cite mostly from

the more recent article of Chenevier–Clozel [17, §3]. The results we need are proven in a
general twisted setup but specialize to our case as follows.

Proposition A.2. There exists a function f  G L
2 n C 1

;
 with compact support in the subset

GL2 n C 1 .F /  of GL2 n C 1 .F /  such that:

(i) For all unitary admissible representations  of GL2 n C 1 .F /  the trace Tr . f  G
L 2n C 1

; /
vanishes, unless  is either the trivial representation or the Steinberg representation, in
which case the trace is 1 or 2. 1/n respectively.
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(ii) Let  2  G .F /  2  GL2 n C 1 .F /  be a semisimple element, and I  the neutral com-ponent of
the centralizer of ; we give I .F /nG .F /  the Euler–Poincaré measure. Then the twisted
orbital integral

Z
O . f  G L 2n C 1

; /  D f  G L
2 n C 1

; .g  1.g// dg; I
. F  / n G . F  /

is nonzero if and only if I . F /  has a compact center. Moreover, in case I . F /  has
compact center, the integral O . f  G L

2 n C 1
; /  is equal to 1.

Proof. We deduce this from [17, Proposition 3.8 and Corollary 3.10]. In fact, [17] states
that Tr S t . f  G L

2 n C 1
. F

 // D  .  1/q.G /P .1/="./. In our case one computes q .G / D  2n, "./
D  .  1/n and P .1/ D  2, hence the statement of our proposition.

It is well known (cf. [5, §1.2] or [106, §1.8]) that Sp2 n ;F  is a -twisted endoscopic
group of GL2 n C 1 ; F  . Let f  S p 2 n . F  / be the Lefschetz function on Sp2 n .F / from Proposi-
tion A.1. We introduce the notion of associated functions. Let G0 be a reductive group
over F .  Suppose that G0 is an endoscopic group for G0 (i.e. G0 is part of an endo-
scopic datum for G0). We say that the functions f 0  2  H .G0 .F //  and f 0  2  H . H 0 . F / /  are
associated if they have matching orbital integrals in the sense of [58, (5.5.1)]. The
same definition carries over to the archimedean and adelic setup.

Lemma A.3. Define C  D  jF =F 2 j 1. Then the functions . f v S t  2
n  ; C   f  G L 2n C 1

; /  are
associated.

Proof. We show that for each  2  Sp2 n .F / strongly regular, semisimple and elliptic, we
have

SO.fL e f 2
n  / D •.; ı /SO ı .CfL e f  

2 n C 1
; / (A.2)

ı

where ı  ranges over a set of representatives of the twisted conjugacy classes in
GL2 n C 1 .F /  which are associated to . Note that the stable orbital integral SO.fL e f 2

n  / is
equal to the number of conjugacy classes in the stable conjugacy class of . Our first

claim is (1) •.; ı/ D  1 for all elliptic ı  associated to . Assuming that this claim is true, the
right hand side of (A.2) is the stable twisted orbital integral S O ı . C f  G

L
2 n C 1

; /,  which
equals, up to multiplication by C , the number of twisted conjugacy classes in the stable
twisted conjugacy class of ı .  Our second claim is (2) SO.fL e f 2

n  / D  SO ı .Cf L e f  
2 n C 1

; / .
Clearly the lemma follows from (1) and (2).

Let us now check the two claims. We begin with claim (1). For this we use the for-
mulas in the article of Waldspurger [106, §10]. The factors •.; ı /  are complicated and
involve much notation, for which we do not have space to introduce it properly. Thus we
use the notation from [106] without recalling the definitions. By [106, Prop. 1.10],

•S p 2 n ; G .y ; ex / D  . x D P I  .1/PI      .  1// 
Y  

sgnFi  = F ˙ i  
.Ci /: (A.3)

i 2 I
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Since our conjugacy class is elliptic we have H  D  Sp2n, the group H   is trivial and the
sets I  , I   are empty. A  priori,  is any quadratic character of F ,  and each choice

defines a different isomorphism class of twisted endoscopic data. The choice affects the
L-morphism:

W LH D  SO2 n C 1 .C /  W F  !  L G . C /  D  GL2 n C 1 .C /   W F  ; .g; w/ !  ..w/g; w/:

Since the Steinberg L-parameter for GL2 n C 1 .C /,  W F   SU2 .R/ !  L GL 2 n C 1 .C / ,  is
trivial on W F  (and Sym2n on SU2 .R/), it factors through  only for  D  1 (and not for
nontrivial ). Consequently, the transfer factor in (A.3) is 1, and claim (1) is true.

We now check claim (2). In [106, §§1.3, 1.4], Waldspurger describes the (strongly)
regular, semisimple (stable) conjugacy classes of Sp2 n .F / in terms of F -algebras.
More precisely, a regular semisimple conjugacy class in Sp2 n .F / is given by data
.F i ;  F ˙ i ;  ci ; xi ; I /, where I  is a finite index set; for each i 2  I ,  F ˙ i  is a finite exten-sion
of F ;  for each i 2  I ,  F i  is a commutative F ˙ i  -algebra of dimension 2; we have

i 2 I  ŒFi W F •  D  2n; i  is the nontrivial automorphism of F i = F ˙ i ;  for each i  2  I ,  we
have an element ci 2  F i       such that i .ci / D   ci , and x i  2  F i       such that x i i .x i / D  1. To the
data .F i ; F ˙ i ; c i ; x i ; I / ,  Waldspurger attaches a conjugacy class [106, (1)] and this
conjugacy class is required to be regular.

The data .F i ; F ˙ i ; c i ; x i ; I /  should be taken up to the following equivalence relation:
the index set I  is up to isomorphism; the triples .F i ;  F ˙ i ;  xi / are up to isomorphism;
the element ci 2  F i      is given up to multiplication by the norm group NF i  = F        . F i  /. The
stable conjugacy class is obtained from .F i ;  F ˙ i ;  ci ; xi ; I /  by forgetting the elements ci

[106, §1.4], and keeping only .F i ; F ˙ i ; x i ; I / .
According to [106, §1.3] a strongly regular, semisimple twisted conjugacy class in

GL2 n C 1  is given by data . L i ; L ˙ i ; y i ; y D ; J /  where22 J  is a finite index set J ;  for each
i 2  J ,  L ˙ i  is a finite extension of F ;  for each i 2  J ,  L i  is a commutative L ˙ i -algebra of
dimension 2 over L ˙ i ;  for each i 2  J ,  y i  2  L i  ; 2n C 1 D i 2 J  ŒLi W F • ; and y D  2  F .  To
the data . L i ; L ˙ i ; y i ; y D ; J /  Waldspurger attaches a twisted conjugacy class [106, p. 45]
and this class is required to be strongly regular.

The data . L i ;  L ˙ i ;  yi ; J /  should be taken up to the following equivalence relation:
. L i ; L ˙ i ; J /  are under the same equivalence relation as before for the symplectic group;
the elements y i  are determined up to multiplication by NL

 
= L        . L/ ;  y D  is determined up

to squares F 2 . The stable conjugacy class of . L i ;  L ˙ i ;  J ;  yi ; yD /  is obtained by taking
yi  up to L ˙ i  and forgetting the element yD .

By [106, §1.9] the stable (twisted) conjugacy classes . L i ;  L ˙ i ;  xi ; J /  and
. F i ; F ˙ i ; y i ; I /  correspond if and only if . L i ; L ˙ i ; x i ; J /  D  .F i ; F ˙ i ; y i ; I / .

The conjugacy class  (resp. ı )  is elliptic if the algebra F i  (resp L i )  is a field.
Assume that this is the case (otherwise there is nothing to prove, because the equa-tion
SO.fL e f 2

n  / D  STO ı .Cf L e f  
2 n C 1

; /  reduces to 0 D  0). By the description above, to

22To avoid a collision of notation in our exposition, we write L ˙ i ,  L i ,  yi, J ,  y D  where Wald-
spurger writes F ˙ i ,  F i ,  xi , I ,  xD .
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refine the stable conjugacy class . F i ; F ˙ i ; x i ; I /  to a conjugacy class is to give elements ci
2  F i  =NF i  = F        F i      such that i .ci / D   ci . For each i  there are two choices for this, so we get
2 conjugacy classes inside the stable conjugacy class.

To refine the stable twisted conjugacy class . L ˙ i ;  L i ;  yi ; J /  to a twisted con-
jugacy class is to lift y i  under the mapping L = NL i  = L        . L /   L = L i .  There are # L      =NL  = L

. L  / D  2 choices for such a lift for each i  2  J .  We get 2 choices to
refine the collection .y i / i 2 J  . Finally, we also have to choose an element y D  2  F =F 2 . In
total we have jF =F 2 j2#J twisted conjugacy classes inside the stable twisted con-jugacy
class. Thus if we take C  D  jF =F 2 j 1 the lemma follows.

We also need Lefschetz functions on the group GSp2 n .F / and its nontrivial inner
form G . Unfortunately, Proposition A.1 does not apply since the center of GSp2 n .F / is
not compact. Following Labesse, we construct Kottwitz functions generally for an arbit-
rary reductive group G  over F .  Let A  denote the maximal split torus in the center of G .
Define W G .F /  !  X . A /  ˝ Z  R  as in [60, §3.9] and put G.F /1  WD ker . Consider the exact
sequence

1 !  A  !  G  !  G0 WD G=A !  1

and a Lefschetz function f L e f  2  H .G 0 / as in Proposition A.1. The pullback f L e f  ı  & is a
function on G.F /.  Multiplying with the characteristic function 1 G . F  /1 , we obtain

fL e f  D  f L e f  WD 1 G . F  /1  . f L e f  ı  &/ 2  H .G .F // : (A.4)

Let G  denote a quasi-split inner form of G . Suppose that the Haar measures on G 0 .F / and
.G /0 .F / are chosen compatibly in the sense of [54, p. 631]. Given a Haar measure on
A.F /  this determines Haar measures on G .F /  and G .F /.  Let us normalize the trans-fer
factor between G  and G  to be (whenever nonzero) the Kottwitz sign e.G/, which is equal
to .  1/q.G / q .G / by [50, pp. 296–297].

Lemma A.4. With the above choices, .  1/q .G / fLef  and .  1/q .G / fLef      are associated.

Remark A.5. Our lemma specifies the constant in [60, Prop. 3.9.2] when  D  1 and
H  D  G .

Proof of Lemma A.4. The proof is quickly reduced to the case when the center is aniso-
tropic, the point being that G.F /1  and G .F /1  are invariant under conjugation. From

Proposition A.1 we deduce that SO .fL e f /  is zero if  is nonelliptic, and equals the num-ber
of G.F /-conjugacy classes in the stable conjugacy class of  if  is elliptic. Since the same
is true for G  it is enough to show that the number of conjugacy classes in a stable
conjugacy class is the same for  and  when they are strongly regular and have
matching stable conjugacy classes. This follows from the p-adic case in [54, proof of
Thm. 1].

Definition A.6 ([60, Def. 3.8.1, 3.8.2]). Let  2  H .G .F // .  We say that  is cuspidal if the
orbital integrals of  vanish on all regular nonelliptic semisimple elements, and strongly
cuspidal if the orbital integrals of  vanish on all nonelliptic elements and the
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trace of  is zero on all constituents of induced representations from unitary represent-
ations on proper parabolic subgroups. The function  is said to be stabilizing if  is
cuspidal and the -orbital integrals of  vanish on all semisimple elements for all non-trivial
.

Lemma A.7. The function f L e f  is strongly cuspidal and stabilizing. If Tr .fL ef / ¤  0 for
an irreducible unitary representation  of G .F /  then  is an unramified character twist

of either the trivial or the Steinberg representation.

Proof. The first assertion is [60, Prop. 3.9.1]. By construction f L e f  is constant on
Z . F /  \  G .F /  , which is compact. Since Tr .fL e f /  is the sum of Tr  .fL e f /  over irre-
ducible constituents  of j G . F  /1 , we may choose  such that Tr  .fL e f /  ¤  0. The
nonvanishing implies that      has trivial central character on Z . F /  \  G .F /  . Let !  denote
the central character of . Then !  is trivial on the subgroup A .F /  \  G.F /1   A.F /,  and
hence induces a morphism

! j  . F  /W A.F /=.A.F / \  G.F /1 / !  C :

We have a short exact sequence

1 !  G.F /1  !  G .F /  !  G.F /= G.F /1  !  1

and G.F /= G.F /1  is a lattice of X . A / R  via . The image of A . F /  in X . A / R ,  namely
A.F /=A.F /  \  G.F /1 , is a sublattice of G.F /= G.F /1  since the map clearly factors
through  W G .F /  !  X . A / R .  Thus A.F /G .F / 1  is a subgroup of G .F /  with a finite
abelian quotient. We can think of

A.F /G .F / 1 =A.F /  D  G.F /1 =A.F / \  G.F /1

as a subgroup of G .F /=A.F /  D  G 0 .F / with a finite abelian quotient as well.
Since C  is divisible, we can extend ! j  . F  / to a character !W G.F /=G.F /1 !  C .

Twisting by !  1, we may assume that ! j  . F  / is trivial. Let us write f  for fL ef .  Now we
compute

Z Z
Tr . f  / D .ag/f .ag/ da dg

g 2 G . F  / =A . F  /     a 2 A . F  /

D  vol.A.F / \  G.F /1 / .g/f .g/ dg
Z G . F

 
/ 1 =A . F  / \ G . F  /1

D  vol.A.F / \  G.F /1 / .g /f  0.g/ dg;
G . F  / 1 =A . F  / \ G . F  /1

where  is viewed as a representation of G 0 .F / (since ! j  .F
 / D  1), in which

G.F /1 =A.F / \  G.F /1  is a finite index subgroup, and where f  0 is a Lefschetz function
for G 0 .F /. Notice that the integral after the second equality is well defined as f  and  are
invariant under A .F /  \  G.F /1 .
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Write X  for the finite set of characters of G .F /=A.F /G .F /1  D  G 0 .F /=G.F /1 . They
are unramified characters of G 0 .F /. Then

Tr . f  / D  vol.A.F / \  G.F /1 /jX j 1 
X  Z

.g/.g/f 0.g/ dg 2 X
G 0 . F  /

D  vol.A.F / \  G.F /1 /jX j 1 Tr. ˝  / . f  0/: 2 X

Thus if Tr . f  / ¤  0 then  ˝   is the trivial or Steinberg representation of G 0 .F /. We
conclude that  is the trivial or Steinberg representation of G .F /  up to an unramified
twist.

When the center of G  is not compact, it is also convenient to work with functions with
fixed central character. We adopt the notation and convention from §6. We record a result in
the following, where a representation is said to be essentially unitary if its character twist
is unitary.

Corollary A.8. Let WG.F / !  C  be a character, and write !  WD j .F
 /. Define a func-tion

fL e f ;  2  H . G . F / ;  !  1/ by fLef ;.g/ WD  1 .g/fLef 
A .g/, where g 2  G .F /=A.F /  denotes

the image of g under the quotient map. Then fL e f ;  has the following properties:

(1) fL e f ;  is stabilizing .in particular cuspidal/.

(2) Let  be an irreducible essentially unitary G.F /-representation whose central char-
acter on A .F /  coincides with ! .  Then Tr.fLef;; / D  0 unless  2  ¹ ; S t G . F  / ˝  º.

(3) fLef;.zg/ D   1 .g/fLef;.g/ for all z 2  Z G . F /  and g 2  G.F /.

Proof. Let us write G  WD G=A in this proof. The second point quickly follows from the
analogue for f L e f  on G .F /  D  G.F /=A.F /.  Let us show the first point. Let g 2  G .F /
be a semisimple element, and g 2  G .F /  its image. Write I  (resp. I )  for the connected
centralizer of g in G  (resp. g in G). Then the natural map I  !  I  induces I =A  '  I ,  as in
[49, proof of Lem. 3.1 (1)]. Putting quotient measures on I  and G  with respect to those on
A, I ,  and G , we have

Og .fL ef ;/ D  .g/Og .fLef;1 / D  .g/Og .fLef /: (A.5)

This implies that fL e f ;  is cuspidal since f L e f  is cuspidal.
It remains to verify that the -orbital integrals Og .fLef ;/ vanish for each

semisimple g and  ¤  1. The first observation is that I   I  induces a canonical iso-
morphism K . I = F /   !  K . I = F /  in the notation of [53, §4]. To see this, one can dually
check that the induced map E . I = F /  !  E . I = F /  (in the notation there) is an isomor-
phism. This follows from the following commutative diagram with exact rows, coming
from the long exact sequence associated with 0 !  A  !  I  !  I  !  0, since E . I = F /  and
E . I = F /  are the kernels of the first and second vertical maps, respectively (we have used
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Hilbert 90 for the split torus A):

0 H 1 .F ; I /

0 H 1 .F ; G /

H 1 .F ; I /

H 1 .F ; G /

H 2 .F ; A/

H 2 .F ; A/

The second observation is that the map G   G  induces a surjection from the set of
conjugacy classes in the stable conjugacy class of g onto the analogous set for g, where the
cardinality of fibers remains constant, as explained in [37, pp. 611–612].

From these two observations combined with (A.5), we deduce that Og .fL ef ;/ D  0 if
and only if O .fL ef / D  0 for each  ¤  1 (viewed in either K . I = F /  or K . I = F /  via the
isomorphism above). Since f L e f  is stabilizing, O .fLef / vanishes, therefore so does
O .fLef;/.

The last assertion of the corollary boils down to the statement that f  G=A .gz/ D
fL e f  

A .g/ for all g 2  G=A.F /  and z 2  Z G = A . F / .  This follows from Harish-Chandra’s
Plancherel theorem [105, Thm. VIII.1.1 (3)] (applied with f  D  f ) since the right
hand side of that theorem does not change when f L e f  

A  is translated by z; the point is that
the only irreducible tempered representation of .G=A/.F / with nonzero trace against f  G = A

is the Steinberg representation, which has trivial central character.

Assume from now on that G  is a nonsplit inner form of a quasi-split group G  over F .
Consider a finite cyclic extension E = F  with  generating the Galois group. Put G  WD
ResE = F  G  equipped with the evident -action. (The case G  D  GSp2n is used in the main
text.)

Lemma A.9. The function f L e f       is strongly cuspidal and stabilizing on the twisted
group G . There exist constants c 2  C  such that the functions cQfLef     and f L e f      are
associated .via base change/.

Proof. See [60, Prop. 3.9.2]. (Take  D  1, H  D  G  in loc. cit. for the first assertion.)

Now we turn our attention to Lefschetz functions (also called Euler–Poincaré func-
tions) on connected reductive groups G  over F  D  R .  We assume that G . R /  has dis-
crete series representations. Let  be an irreducible algebraic representation of G  R  C .

Denote by W Z . R /  !  C  the restriction of _  to the center Z . R / .  Write f  D  f      
 2

H . G . R / ;  1/ for an Euler–Poincaré function associated to , characterized by the iden-
tity

1

Tr . f/  D  e p K 1  
.  ˝  / WD .  1/i d im Hi.L ie G .R/; K 1 I  ˝  /

i D 0

for every irreducible admissible representation  of G . R /  with central character , where
K 1  is a finite index subgroup in the group generated by the center and a maximal compact
subgroup of G .R/.  (The main example for us is K H  in Definition 1.12.) The
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formula does not determine f  uniquely but the orbital integrals of f  are well-defined. The
function f  exists by Clozel and Delorme and can be constructed as the average of pseudo-
coefficients as follows. Let … G  denote the L-packet consisting of (the isomorph-ism
classes of) the irreducible discrete series representations  of G . R /  whose central
character and infinitesimal character are the same as _ .  Write f  2  H . G . R / ;  1/ for a
pseudo-coefficient of , and q .G / 2  Z  for the real dimension of G . R / = K 1 .  Then f  can be
defined by

f  G WD .  1/q.
G

/ f : (A.6)
2 …

Let G  denote a quasi-split inner form of G  over R .  Then the same  gives rise to the
functions f  G  . Note that Definition A.6 makes sense verbatim when F  is archimedean

and the function has central character.

Lemma A.10. Any pseudo-coefficient f      for a discrete series representation  is
cuspidal. In particular, f      

 and f  
 are cuspidal.

Proof. It suffices to check that f  is cuspidal, or equivalently that the trace of every
induced representation from a proper Levi subgroup vanishes against f  (cf. [2, p. 538]), but
this is true by the construction of pseudo-coefficients. (The cuspidality of f  also follows
from [56, proof of Lem. 3.1].)

Let A  denote the maximal split torus in the center of G  (hence also in G). Equip
G .R/=A.R/  and G .R/=A.R/  with Euler–Poincaré measures and A . R /  with the Lebesgue
measure so that the Haar measures on G . R /  and G . R /  are determined. Define q .G / (resp.
q.G/) to be the real dimension of the symmetric space associated to the derived
subgroup of G . R /  (resp. G .R/). Normalize the transfer factor between G . R /  and G . R /
to be e .G / D  .  1/q.G / q .G / . Write … G  (resp. … G  ) for the discrete series L-packet for
G . R /  (resp. G .R/)  associated to  (cf. Example 1.13).

Lemma A.11. The functions .  1/q .G / j…G j 1 f  G  and .  1/q .G / j…G  j 1 f  G  are asso-
ciated.

Proof. This follows from the computation of stable orbital integrals in [56, Lem. 3.1]; see
also [21, Prop. 3.3] when A  D  1.

A  similar construction works in the base change context (cf. [21]). We are only
concerned with a particular case that G  D  G     G  (d copies) and  is the automorphism
.g1; : : : ; gd / !  .g2; : : : ; gd ; g1/. Write  WD  ˝   ˝  . A  function f  2  H . G . R / ;  

1/ is said
to be a (twisted) Lefschetz function for  if

TrQ . f /  D  
X

.  1/i Tr.jHi.Lie G.R/d ; K d  I  ˝  // i D 0

for every irreducible admissible representation  of G . R /  with central character .
Definition A.6 carries over to this base change setup as in [60, Def. 3.8.1, 3.8.2].
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Lemma A.12. The function f Q is cuspidal.23 Moreover, f Q and cQf G  are associated for
some cQ 2  C .

Proof. The first assertion is [21, Prop. 3.3]. The second assertion follows from [21,
Prop. 3.3, Thm. 4.1]. (The reference assumes that A  D  1 but the arguments can be adapted to
the case of nontrivial A  as in the untwisted setup above).

We end this appendix with a global result. We change notation. Let F  be a totally real
number field and vSt a finite F -place. Let G  be an inner form of either the group GSp2n;F

or the group Sp2 n ;F  .

Lemma A.13. Assume that n >  1. Let  be a nonabelian discrete automorphic repres-
entation of G . A F  /, and assume that Tr vSt . f v  / ¤  0. Then vSt is an unramified twist of the
Steinberg representation.

Remark A.14. The lemma is false for n D  1.

Proof of Lemma A.13. We give the argument only in case G  is an inner form of GSp2 n;F ;
the argument for inner forms of Sp2 n ;F  is similar. By the assumption Tr vSt . f  G  / ¤  0, vSt is
either a twist of the Steinberg representation or a twist of the trivial representation (Lemma
A.7). We assume that we are in the second case; after twisting we may assume
that vSt is the trivial representation. Let G1  G  be the kernel of the factor of similitudes. By
strong approximation the subset G1 .F /G1 .Fv S t  /  G 1 . A F  / is dense if G1 ; F v        is not
anisotropic; let us assume this for now. Let f  2  . Since vSt is the trivial representation, f  is
invariant under G .Fv S t  /. Thus f  is G1 .F /G1 .Fv S t  /-invariant, and hence G 1 . A F  /-
invariant. This implies that  is abelian. It remains to check that G1 ; F v        is not anisotropic. In
the split case, we have G1 ; F v        

 '  Sp2 n ;F        . In the nonsplit case, the group G1 ; F v        
 is of the

following form. Let D=Fv S t  be the quaternion algebra, and consider the involution on D
defined by x  D  Tr.x /      x  where Tr is the reduced trace. Then G.1; Fv S t  / '  Spn .D / is the
group of g 2  GL n .D /  such that gAn

tg D  c .g/An for some c.g/ 2  F  , where A n  is the
matrix with 1’s on the anti-diagonal, and 0’s elsewhere [79, item (3), p. 92]. For n >  1
the group Spn .D / has a strict parabolic subgroup and thus G1;F v S t  

is not anisotropic.

Appendix B. Conjugacy in the standard representation

Let V be a finite-dimensional Q`-vector space and h; i  a nondegenerate, symmetric or
skew-symmetric bilinear form on V . Let H   GL.V / be the subgroup of elements that
preserve h; i (resp. preserve it up to scalar). Thus, H . Q ` /  is either an orthogonal group
or a symplectic group (resp. of similitude). Write simW H . Q ` /  !  Q `  for the factor of
similitude. Note sim is nontrivial only for the groups GO.V; h; i/ and GSp.V; h; i/.

23When H 1 .R; Gsc / D  1 (assuming A  D  1), Clozel and Labesse prove that f Q is also stabilizing
in [60, Thm. A.1.1]. However, we do not use it in the main text but instead appeal to the fact that
the (twisted) Lefschetz function at a finite place is stabilizing.
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The results of this appendix largely overlap with [107, Prop. A  (and Prop. 2.1)],
although Wang works in a slightly different setting.

Proposition B.1 (Larsen, cf. [65, proof of Prop. 2.3, 2.4]). Let € be a topological group.
Consider two .continuous/ representations 1; 2W € !  H . Q ` /  such that 1 is semi-simple.
Then 1; 2 are H.Q` /-conjugate if and only if sim ı  1 D  sim ı  2 and std ı  1, std ı  2 are
GLm.Q`/-conjugate.

Remark B.2. The conclusion of Proposition B.1 fails in general for the special ortho-
gonal group in even dimension. In odd dimension the group O2 n C 1 .Q` / equals ¹ ˙ 1 º
SO2 n C 1 .Q` /  and so the proposition is true for SO2 n C 1 .Q` /  as well.

Proof of Proposition B.1. We consider the group H  D  GO.V; h; i/ with h; i  symmet-ric
and nondegenerate the other groups are treated in a similar fashion. Fix a morphism W€ !
GO.V; h; i/ with std ı   semisimple. Write  D  sim ı  W€ !  Q  . Consider the set X . /  of
GO.V; h; i/-conjugacy classes of morphisms 0W€ !  GO.V; h; i/ such that std ı  0 '  std ı   and
D  sim ı  0. We view the space V as a €-representation via . We have the injection

X . /   Isom€ .V; V  ˝  /=Aut€ .V /; Œ0;Wstd ı  0  ! €  std ı  • !  h ; i;

whose image is the set of nondegenerate symmetric pairings taken modulo Aut€ .V /,
where the automorphisms 2 Aut€ .V / act on Isom€ .V; V  ˝  / via ! .  / ı   ı  .  /. Using the
pairing h; i on V we can further identify

Isom€ .V; V  ˝  /=Aut€ .V /  !  Aut€ .V /=Aut€ .V /-congruence;

where by congruence we mean the action  !  t for  2  Aut€ .V /; here the transpose is defined
using h; i. Since .V; / is semisimple we can consider the isotypical decompos-ition V D

i D 1  Vi
di , and so by Schur’s lemma End€ .V / D i D 1  Mdi .Q` / .  We obtain

an embedding
t

X . /  GLdi  .Q` /=GLd i  .Q`/-congruence;
j D 1

where two matrices X ;  Y 2  GLdi  .Q ` /  are GLdi  .Q`/-congruent if there exists a third
matrix g 2  GLdi  .Q ` /  such that Y D  gXg. The image of X . /  in the set on the right hand
side decomposes along the product and is in each GL dj  .Q`/-factor equal to the set of
congruence classes of invertible symmetric matrices. Since Q `  is algebraically closed (of
characteristic ¤  2), these classes have exactly one element.

Acknowledgements. The authors wish to thank Fabrizio Andreatta, Alexis Bouthier, Laurent Clozel,
Wushi Goldring, Christian Johansson, Kai-Wen Lan, Brandon Levin, David Loeffler, Judith Lud-
wig, Giovanni Di Matteo, Sophie Morel, Stefan Patrikis, Peter Scholze, Benoît Stroh, Richard
Taylor, Olivier Taïbi, Jack Thorne, Jacques Tilouine, David van Overeem and David Vogan for help-
ful discussions and answering our questions. A.K.  thanks S.W.S. and the Massachusetts Institute of
Technology for the invitation to speak in the number theory seminar, which led to this work. Fur-
thermore he thanks the Institute for Advanced Study, the Mathematical Sciences Research Institute,



8 10

Galois representations for general symplectic groups 147

the Max Planck Institute for Mathematics, Korea Institute for Advanced Study, and the University of
Amsterdam, where this work was carried out. Both authors are grateful to an anonymous referee for an
extensive list of comments and simplifications. In particular, he/she explained Proposition 4.6 to us
and suggested a significant simplification based on the fact that the SO2nC1-valued Galois
representation  [  has connected image (without extra regularity hypotheses on the component of  at
infinity). Following the suggestion we dispensed with the eigenvariety and patching arguments in an
earlier version (arXiv:1609.04223v1) of our paper. We thank another anonymous reviewer for
sending us corrections and suggesting improvements on the next version (arXiv:1609.04223v2),
especially in §5.

Funding. During his time at the IAS  (resp. MSRI) A.K. was supported by the NSF under Grant No.
DMS 1128155 (resp. No. 0932078000). S.W.S. was partially supported by NSF grant DMS-
1449558/1501882 and a Sloan Fellowship.

References

[1] Arthur, J.: The trace formula in invariant form. Ann. of Math. (2) 114, 1–74 (1981)
Zbl 0495.22006 MR 625344 Zbl 1440.11219

[2] Arthur, J.: The invariant trace formula. II. Global theory. J. Amer. Math. Soc. 1, 501–554
(1988) Zbl 0667.10019 MR 939691

[3] Arthur, J.: The L2-Lefschetz numbers of Hecke operators. Invent. Math. 97, 257–290 (1989)
Zbl 0692.22004 MR 1001841

[4] Arthur, J.: A  stable trace formula. I. General expansions. J. Inst. Math. Jussieu 1, 175–277
(2002) Zbl 1040.11038 MR 1954821

[5] Arthur, J.: The Endoscopic Classification of Representations. Amer. Math. Soc. Colloq. Publ.
61, Amer. Math. Soc., Providence, RI  (2013) Zbl 1297.22023 MR 3135650

[6] Baily, W. L., Jr., Borel, A.: On the compactification of arithmetically defined quotients of
bounded symmetric domains. Bull. Amer. Math. Soc. 70, 588–593 (1964) Zbl 0154.08601
MR 168802

[7] Barnet-Lamb, T., Gee, T., Geraghty, D., Taylor, R.: Potential automorphy and change of
weight. Ann. of Math. (2) 179, 501–609 (2014) Zbl 1310.11060 MR 3152941

[8] Berger, L.: On p-adic Galois representations. In: Elliptic Curves, Hilbert Modular Forms
and Galois Deformations, Adv. Courses Math. CRM Barcelona, Birkhäuser/Springer, Basel,
3–19 (2013) Zbl 1392.11030 MR 3184334

[9] Bernstein, I. N., Zelevinsky, A. V.: Induced representations of reductive p-adic groups. I.
Ann. Sci. École Norm. Sup. (4) 10, 441–472 (1977) Zbl 0412.22015 MR 579172

[10] Borel, A., Labesse, J.-P., Schwermer, J.: On the cuspidal cohomology of S -arithmetic sub-
groups of reductive groups over number fields. Compos. Math. 102, 1–40 (1996)
Zbl 0853.11044 MR 1394519

[11] Borel, A., Wallach, N.: Continuous Cohomology, Discrete Subgroups, and Representations of
Reductive Groups. 2nd ed., Math. Surveys Monogr. 67, Amer. Math. Soc., Providence, R I
(2000) Zbl 0980.22015 MR 1721403

[12] Bump, D., Ginzburg, D.: Spin L-functions on GSp and GSp     . Trans. Amer. Math. Soc.
352, 875–899 (2000) MR 1473433

[13] Buzzard, K., Gee, T.: The conjectural connections between automorphic representations and
Galois representations. In: Automorphic Forms and Galois Representations, Vol. 1, London
Math. Soc. Lecture Note Ser. 414, Cambridge Univ. Press, Cambridge, 135–187 (2014)
Zbl 1377.11067 MR 3444225

[14] Caraiani, A.: Monodromy and local-global compatibility for l D  p. Algebra Number Theory
8, 1597–1646 (2014) Zbl 1310.11061 MR 3272276

https://arxiv.org/abs/1609.04223v1
https://arxiv.org/abs/1609.04223v2
https://zbmath.org/?q=an:0495.22006
https://mathscinet.ams.org/mathscinet-getitem?mr=625344
https://zbmath.org/?q=an:1440.11219
https://zbmath.org/?q=an:0667.10019
https://mathscinet.ams.org/mathscinet-getitem?mr=939691
https://zbmath.org/?q=an:0692.22004
https://mathscinet.ams.org/mathscinet-getitem?mr=1001841
https://zbmath.org/?q=an:1040.11038
https://mathscinet.ams.org/mathscinet-getitem?mr=1954821
https://zbmath.org/?q=an:1297.22023
https://mathscinet.ams.org/mathscinet-getitem?mr=3135650
https://zbmath.org/?q=an:0154.08601
https://mathscinet.ams.org/mathscinet-getitem?mr=168802
https://zbmath.org/?q=an:1310.11060
https://mathscinet.ams.org/mathscinet-getitem?mr=3152941
https://zbmath.org/?q=an:1392.11030
https://mathscinet.ams.org/mathscinet-getitem?mr=3184334
https://zbmath.org/?q=an:0412.22015
https://mathscinet.ams.org/mathscinet-getitem?mr=579172
https://zbmath.org/?q=an:0853.11044
https://mathscinet.ams.org/mathscinet-getitem?mr=1394519
https://zbmath.org/?q=an:0980.22015
https://mathscinet.ams.org/mathscinet-getitem?mr=1721403
https://mathscinet.ams.org/mathscinet-getitem?mr=1473433
https://zbmath.org/?q=an:1377.11067
https://mathscinet.ams.org/mathscinet-getitem?mr=3444225
https://zbmath.org/?q=an:1310.11061
https://mathscinet.ams.org/mathscinet-getitem?mr=3272276


2

2

4 4

2

2

A. Kret, S. W. Shin 148

[15] Carayol, H.: Sur la mauvaise réduction des courbes de Shimura. Compos. Math. 59, 151–230
(1986) Zbl 0607.14021 MR 860139

[16] Carayol, H.: Sur les représentations l -adiques associées aux formes modulaires de Hilbert.
Ann. Sci. École Norm. Sup. (4) 19, 409–468 (1986) Zbl 0616.10025 MR 870690

[17] Chenevier, G., Clozel, L.: Corps de nombres peu ramifiés et formes automorphes autoduales.
J. Amer. Math. Soc. 22, 467–519 (2009) Zbl 1206.11066 MR 2476781

[18] Clozel, L.: On limit multiplicities of discrete series representations in spaces of automorphic
forms. Invent. Math. 83, 265–284 (1986) Zbl 0582.22012 MR 818353

[19] Clozel, L.: Motifs et formes automorphes: applications du principe de fonctorialité. In: Auto-
morphic Forms, Shimura Varieties, and L-functions, Vol. I  (Ann Arbor, MI, 1988), Perspect.
Math. 10, Academic Press, Boston, MA, 77–159 (1990) Zbl 0705.11029 MR 1044819

[20] Clozel, L., Harris, M., Taylor, R.: Automorphy for some l -adic lifts of automorphic mod l
Galois representations. Publ. Math. Inst. Hautes Études Sci. 108, 1–181 (2008)
Zbl 1169.11020 MR 2470687

[21] Clozel, L., Labesse, J.-P.: Orbital integrals and distributions. In: On certain L-functions, Clay
Math. Proc. 13, Amer. Math. Soc., Providence, RI, 107–115 (2011) Zbl 1248.11037
MR 2767513

[22] Conrad, B.: Lifting global representations with local properties. Preprint, http://math.
stanford.edu/~conrad/ (2013)

[23] Deligne, P.: Variétés de Shimura: interprétation modulaire, et techniques de construction de
modèles canoniques. In: Automorphic Forms, Representations and L-functions (Corvallis,
OR, 1977), Part 2, Proc. Sympos. Pure Math. 33, Amer. Math. Soc., Providence, RI, 247–
289 (1979) Zbl 0437.14012 MR 546620

[24] Deligne, P., Milne, J. S., Ogus, A., Shih, K.-y.: Hodge Cycles, Motives, and Shimura Var-
ieties. Lecture Notes in Math. 900, Springer, Berlin (1982) Zbl 0465.00010 MR 654325

[25] Dettweiler, M., Reiter, S.: Rigid local systems and motives of type G  . Compos. Math. 146,
929–963 (2010) Zbl 1194.14036 MR 2660679

[26] Faltings, G.: On the cohomology of locally symmetric Hermitian spaces. In: Paul Dubreil
and Marie-Paule Malliavin Algebra Seminar, 35th year (Paris, 1982), Lecture Notes in Math.
1029, Springer, Berlin, 55–98 (1983) Zbl 0539.22008 MR 732471

[27] Faltings, G., Chai, C.-L.: Degeneration of Abelian Varieties. Ergeb. Math. Grenzgeb. (3) 22,
Springer, Berlin (1990) Zbl 0744.14031 MR 1083353

[28] Franke, J.: Harmonic analysis in weighted L  -spaces. Ann. Sci. École Norm. Sup. (4) 31,
181–279 (1998) Zbl 0938.11026 MR 1603257

[29] Fulton, W., Harris, J.: Representation Theory. Grad. Texts in Math. 129, Springer, New York
(1991) Zbl 0744.22001 MR 1153249

[30] Gauger, M. A.: Conjugacy in a semisimple Lie algebra is determined by similarity under
fundamental representations. J. Algebra 48, 382–389 (1977) Zbl 0405.17005 MR 453827

[31] Gee, T., Taïbi, O.: Arthur’s multiplicity formula for GSp and restriction to Sp . J. École
Polytech. Math. 6, 469–535 (2019) Zbl 1468.11115 MR 3991897

[32] Ginzburg, D., Rallis, S., Soudry, D.: A  tower of theta correspondences for G  . Duke Math.
J. 88, 537–624 (1997) Zbl 0881.11051 MR 1455531

[33] Goresky, M., Kottwitz, R., MacPherson, R.: Discrete series characters and the Lefschetz
formula for Hecke operators. Duke Math. J. 89, 477–554 (1997) Zbl 0888.22011
MR 1470341

[34] Gross, B. H.: On minuscule representations and the principal S L  . Represent. Theory 4,
225–244 (2000) Zbl 0986.22011 MR 1795753

[35] Gross, B.: Odd Galois representations. Unpublished notes, http://www.math.harvard.edu/
~gross

https://zbmath.org/?q=an:0607.14021
https://mathscinet.ams.org/mathscinet-getitem?mr=860139
https://zbmath.org/?q=an:0616.10025
https://mathscinet.ams.org/mathscinet-getitem?mr=870690
https://zbmath.org/?q=an:1206.11066
https://mathscinet.ams.org/mathscinet-getitem?mr=2476781
https://zbmath.org/?q=an:0582.22012
https://mathscinet.ams.org/mathscinet-getitem?mr=818353
https://zbmath.org/?q=an:0705.11029
https://mathscinet.ams.org/mathscinet-getitem?mr=1044819
https://zbmath.org/?q=an:1169.11020
https://mathscinet.ams.org/mathscinet-getitem?mr=2470687
https://zbmath.org/?q=an:1248.11037
https://mathscinet.ams.org/mathscinet-getitem?mr=2767513
http://math.stanford.edu/~conrad/
http://math.stanford.edu/~conrad/
https://zbmath.org/?q=an:0437.14012
https://mathscinet.ams.org/mathscinet-getitem?mr=546620
https://zbmath.org/?q=an:0465.00010
https://mathscinet.ams.org/mathscinet-getitem?mr=654325
https://zbmath.org/?q=an:1194.14036
https://mathscinet.ams.org/mathscinet-getitem?mr=2660679
https://zbmath.org/?q=an:0539.22008
https://mathscinet.ams.org/mathscinet-getitem?mr=732471
https://zbmath.org/?q=an:0744.14031
https://mathscinet.ams.org/mathscinet-getitem?mr=1083353
https://zbmath.org/?q=an:0938.11026
https://mathscinet.ams.org/mathscinet-getitem?mr=1603257
https://zbmath.org/?q=an:0744.22001
https://mathscinet.ams.org/mathscinet-getitem?mr=1153249
https://zbmath.org/?q=an:0405.17005
https://mathscinet.ams.org/mathscinet-getitem?mr=453827
https://zbmath.org/?q=an:1468.11115
https://mathscinet.ams.org/mathscinet-getitem?mr=3991897
https://zbmath.org/?q=an:0881.11051
https://mathscinet.ams.org/mathscinet-getitem?mr=1455531
https://zbmath.org/?q=an:0888.22011
https://mathscinet.ams.org/mathscinet-getitem?mr=1470341
https://zbmath.org/?q=an:0986.22011
https://mathscinet.ams.org/mathscinet-getitem?mr=1795753
http://www.math.harvard.edu/~gross
http://www.math.harvard.edu/~gross


2

p

2

Galois representations for general symplectic groups 149

[36] Gross, B. H., Savin, G.: Motives with Galois group of type G  : an exceptional theta-
correspondence. Compos. Math. 114, 153–217 (1998) Zbl 0931.11015 MR 1661756

[37] Haines, T. J.: The base change fundamental lemma for central elements in parahoric Hecke
algebras. Duke Math. J. 149, 569–643 (2009) Zbl 1194.22019 MR 2553880

[38] Harris, M., Shepherd-Barron, N., Taylor, R.: A  family of Calabi–Yau varieties and potential
automorphy. Ann. of Math. (2) 171, 779–813 (2010) Zbl 1263.11061 MR 2630056

[39] Harris, M., Taylor, R.: The Geometry and Cohomology of Some Simple Shimura Varieties.
Ann. of Math. Stud. 151, Princeton Univ. Press, Princeton, NJ (2001) Zbl 1036.11027
MR 1876802

[40] Jiang, D., Soudry, D.: The multiplicity-one theorem for generic automorphic forms of
GSp.4/. Pacific J. Math. 229, 381–388 (2007) Zbl 1217.11054 MR 2276516

[41] Jorza, A.: p-adic families and Galois representations for GS .4/ and GL.2/. Math. Res. Lett.
19, 987–996 (2012) Zbl 1288.11055 MR 3039824

[42] Khare, C., Larsen, M., Savin, G.: Functoriality and the inverse Galois problem. II. Groups of
type B n  and G  . Ann. Fac. Sci. Toulouse Math. (6) 19, 37–70 (2010) Zbl 1194.11063
MR 2597780

[43] Kim, J.-L., Shin, S. W., Templier, N.: Asymptotic behavior of supercuspidal representations
and Sato–Tate equidistribution for families. Adv. Math. 362, art. 106955, 57 pp. (2020)
Zbl 07154869 MR 4046074

[44] Kim, W., Madapusi Pera, K.: 2-adic integral canonical models. Forum Math. Sigma 4, art.
e28, 34 pp. (2016) Zbl 1362.11059 MR 3569319

[45] Kisin, M.: Potential semi-stability of p-adic étale cohomology. Israel J. Math. 129, 157–173
(2002) Zbl 0999.14005 MR 1910940

[46] Kisin, M.: mod p points on Shimura varieties of abelian type. J. Amer. Math. Soc. 30, 819–
914 (2017) Zbl 1384.11075 MR 3630089

[47] Kisin, M., Shin, S.-W., Zhu, Y.: The stable trace formula for Shimura varieties of abelian
type. Preprint, https://math.berkeley.edu/~swshin/KSZ.pdf

[48] Knapp, A. W.: Lie Groups Beyond an Introduction. 2nd ed., Progr. Math. 140, Birkhäuser
Boston, Boston, MA (2002) Zbl 1075.22501 MR 1920389

[49] Kottwitz, R. E.: Rational conjugacy classes in reductive groups. Duke Math. J. 49, 785–806
(1982) Zbl 0506.20017 MR 683003

[50] Kottwitz, R. E.: Sign changes in harmonic analysis on reductive groups. Trans. Amer. Math.
Soc. 278, 289–297 (1983) Zbl 0538.22010 MR 697075

[51] Kottwitz, R. E.: Shimura varieties and twisted orbital integrals. Math. Ann. 269, 287–300
(1984) Zbl 0533.14009 MR 761308

[52] Kottwitz, R. E.: Stable trace formula: cuspidal tempered terms. Duke Math. J. 51, 611–650
(1984) Zbl 0576.22020 MR 757954

[53] Kottwitz, R. E.: Stable trace formula: elliptic singular terms. Math. Ann. 275, 365–399
(1986) Zbl 0577.10028 MR 858284

[54] Kottwitz, R. E.: Tamagawa numbers. Ann. of Math. (2) 127, 629–646 (1988)
Zbl 678.22012 MR 942522

[55] Kottwitz, R. E.: Shimura varieties and -adic representations. In: Automorphic Forms,
Shimura Varieties, and L-functions, Vol. I  (Ann Arbor, MI, 1988), Perspect. Math. 10, Aca-
demic Press, Boston, MA, 161–209 (1990) Zbl 0743.14019 MR 1044820

[56] Kottwitz, R. E.: On the -adic representations associated to some simple Shimura varieties.
Invent. Math. 108, 653–665 (1992) Zbl 0765.22011 MR 1163241

[57] Kottwitz, R. E.: Points on some Shimura varieties over finite fields. J. Amer. Math. Soc. 5,
373–444 (1992) Zbl 0796.14014 MR 1124982

[58] Kottwitz, R. E., Shelstad, D.: Foundations of twisted endoscopy. Astérisque 255, vi+190 pp.
(1999) Zbl 0958.22013

https://zbmath.org/?q=an:0931.11015
https://mathscinet.ams.org/mathscinet-getitem?mr=1661756
https://zbmath.org/?q=an:1194.22019
https://mathscinet.ams.org/mathscinet-getitem?mr=2553880
https://zbmath.org/?q=an:1263.11061
https://mathscinet.ams.org/mathscinet-getitem?mr=2630056
https://zbmath.org/?q=an:1036.11027
https://mathscinet.ams.org/mathscinet-getitem?mr=1876802
https://zbmath.org/?q=an:1217.11054
https://mathscinet.ams.org/mathscinet-getitem?mr=2276516
https://zbmath.org/?q=an:1288.11055
https://mathscinet.ams.org/mathscinet-getitem?mr=3039824
https://zbmath.org/?q=an:1194.11063
https://mathscinet.ams.org/mathscinet-getitem?mr=2597780
https://zbmath.org/?q=an:07154869
https://mathscinet.ams.org/mathscinet-getitem?mr=4046074
https://zbmath.org/?q=an:1362.11059
https://mathscinet.ams.org/mathscinet-getitem?mr=3569319
https://zbmath.org/?q=an:0999.14005
https://mathscinet.ams.org/mathscinet-getitem?mr=1910940
https://zbmath.org/?q=an:1384.11075
https://mathscinet.ams.org/mathscinet-getitem?mr=3630089
https://math.berkeley.edu/~swshin/KSZ.pdf
https://zbmath.org/?q=an:1075.22501
https://mathscinet.ams.org/mathscinet-getitem?mr=1920389
https://zbmath.org/?q=an:0506.20017
https://mathscinet.ams.org/mathscinet-getitem?mr=683003
https://zbmath.org/?q=an:0538.22010
https://mathscinet.ams.org/mathscinet-getitem?mr=697075
https://zbmath.org/?q=an:0533.14009
https://mathscinet.ams.org/mathscinet-getitem?mr=761308
https://zbmath.org/?q=an:0576.22020
https://mathscinet.ams.org/mathscinet-getitem?mr=757954
https://zbmath.org/?q=an:0577.10028
https://mathscinet.ams.org/mathscinet-getitem?mr=858284
https://zbmath.org/?q=an:678.22012
https://mathscinet.ams.org/mathscinet-getitem?mr=942522
https://zbmath.org/?q=an:0743.14019
https://mathscinet.ams.org/mathscinet-getitem?mr=1044820
https://zbmath.org/?q=an:0765.22011
https://mathscinet.ams.org/mathscinet-getitem?mr=1163241
https://zbmath.org/?q=an:0796.14014
https://mathscinet.ams.org/mathscinet-getitem?mr=1124982
https://zbmath.org/?q=an:0958.22013


4

6

6

A. Kret, S. W. Shin 150

[59] Kret, A., Shin, S.-W.: Galois representations for even general orthogonal groups.
arXiv:2010.08408

[60] Labesse, J.-P.: Cohomologie, stabilisation et changement de base. Astérisque 257, vi+161 pp.
(1999) Zbl 1024.11034 MR 1695940

[61] Labesse, J.-P., Schwermer, J.: Central morphisms and cuspidal automorphic representations.
J. Number Theory 205, 170–193 (2019) Zbl 07101907 MR 3996349

[62] Langlands, R. P.: On the classification of irreducible representations of real algebraic groups.
In: Representation Theory and Harmonic Analysis on Semisimple Lie Groups, Math. Sur-
veys Monogr. 31, Amer. Math. Soc., Providence, RI, 101–170 (1989) Zbl 0741.22009
MR 1011897

[63] Langlands, R. P., Shelstad, D.: On the definition of transfer factors. Math. Ann. 278, 219–271
(1987) Zbl 0644.22005 MR 909227

[64] Lansky, J., Pollack, D.: Hecke algebras and automorphic forms. Compos. Math. 130, 21–48
(2002) Zbl 1080.11036 MR 1883690

[65] Larsen, M.: On the conjugacy of element-conjugate homomorphisms. Israel J. Math. 88,
253–277 (1994) Zbl 0898.20025 MR 1303498

[66] Larsen, M.: On the conjugacy of element-conjugate homomorphisms. II. Quart. J. Math.
Oxford Ser. (2) 47, 73–85 (1996) Zbl 0898.20026 MR 1380951

[67] Laumon, G.: Fonctions zêtas des variétés de Siegel de dimension trois. Astérisque 302, 1–66
(2005) Zbl 1097.11021 MR 2234859

[68] Liebeck, M. W., Testerman, D. M.: Irreducible subgroups of algebraic groups. Quart. J. Math.
55, 47–55 (2004) Zbl 1065.20062 MR 2043006

[69] Looijenga, E.: L2-cohomology of locally symmetric varieties. Compos. Math. 67, 3–20
(1988) Zbl 0658.14010 MR 949269

[70] Looijenga, E., Rapoport, M.: Weights in the local cohomology of a Baily–Borel compacti-
fication. In: Complex Geometry and Lie Theory (Sundance, UT, 1989), Proc. Sympos. Pure
Math. 53, Amer. Math. Soc., Providence, RI, 223–260 (1991) Zbl 0753.14016
MR 1141203

[71] Lovering, T.: Filtered F-crystals on Shimura varieties of abelian type. arXiv:1702.06611
(2017)

[72] Magaard, K., Savin, G.: Computing finite Galois groups arising from automorphic forms.
J. Algebra 561, 256–272 (2020) Zbl 07239068 MR 4135547

[73] Moeglin, C., Waldspurger, J.-L.: Stabilisation de la formule des traces tordue. Vol. 1. Progr.
Math. 316, Birkhäuser/Springer, Cham (2016) Zbl 1361.11004 MR 3823813

[74] Moeglin, C., Waldspurger, J.-L.: Stabilisation de la formule des traces tordue. Vol. 2. Progr.
Math. 317, Birkhäuser/Springer, Cham (2016) Zbl 1381.11001 MR 3823814

[75] Morel, S.: Complexes pondérés sur les compactifications de Baily–Borel: le cas des variétés
de Siegel. J. Amer. Math. Soc. 21, 23–61 (2008) Zbl 1225.11073 MR 2350050

[76] Morel, S.: On the Cohomology of Certain Noncompact Shimura Varieties. Ann. of Math.
Stud. 173, Princeton Univ. Press, Princeton, NJ (2010) Zbl 1233.11069 MR 2567740

[77] Patrikis, S.: Deformations of Galois representations and exceptional monodromy. Invent.
Math. 205, 269–336 (2016) Zbl 1358.11064 MR 3529115

[78] Piatetski-Shapiro, I. I.: L-functions for GSp . Pacific J. Math., Special Issue, 259–275 (1997)
Zbl 1001.11020 MR 1610879

[79] Platonov, V., Rapinchuk, A.: Algebraic Groups and Number Theory. Pure Appl. Math. 139,
Academic Press, Boston, MA (1994) Zbl 0841.20046 MR 1278263

[80] Pollack, A.: The spin L-function on GSp for Siegel modular forms. Compos. Math. 153,
1391–1432 (2017) Zbl 1382.11038 MR 3705262

[81] Pollack, A., Shah, S.: The spin L-function on GSp via a non-unique model. Amer. J. Math.
140, 753–788 (2018) Zbl 1451.22003 MR 3805018

https://arxiv.org/abs/2010.08408
https://zbmath.org/?q=an:1024.11034
https://mathscinet.ams.org/mathscinet-getitem?mr=1695940
https://zbmath.org/?q=an:07101907
https://mathscinet.ams.org/mathscinet-getitem?mr=3996349
https://zbmath.org/?q=an:0741.22009
https://mathscinet.ams.org/mathscinet-getitem?mr=1011897
https://zbmath.org/?q=an:0644.22005
https://mathscinet.ams.org/mathscinet-getitem?mr=909227
https://zbmath.org/?q=an:1080.11036
https://mathscinet.ams.org/mathscinet-getitem?mr=1883690
https://zbmath.org/?q=an:0898.20025
https://mathscinet.ams.org/mathscinet-getitem?mr=1303498
https://zbmath.org/?q=an:0898.20026
https://mathscinet.ams.org/mathscinet-getitem?mr=1380951
https://zbmath.org/?q=an:1097.11021
https://mathscinet.ams.org/mathscinet-getitem?mr=2234859
https://zbmath.org/?q=an:1065.20062
https://mathscinet.ams.org/mathscinet-getitem?mr=2043006
https://zbmath.org/?q=an:0658.14010
https://mathscinet.ams.org/mathscinet-getitem?mr=949269
https://zbmath.org/?q=an:0753.14016
https://mathscinet.ams.org/mathscinet-getitem?mr=1141203
https://arxiv.org/abs/1702.06611
https://zbmath.org/?q=an:07239068
https://mathscinet.ams.org/mathscinet-getitem?mr=4135547
https://zbmath.org/?q=an:1361.11004
https://mathscinet.ams.org/mathscinet-getitem?mr=3823813
https://zbmath.org/?q=an:1381.11001
https://mathscinet.ams.org/mathscinet-getitem?mr=3823814
https://zbmath.org/?q=an:1225.11073
https://mathscinet.ams.org/mathscinet-getitem?mr=2350050
https://zbmath.org/?q=an:1233.11069
https://mathscinet.ams.org/mathscinet-getitem?mr=2567740
https://zbmath.org/?q=an:1358.11064
https://mathscinet.ams.org/mathscinet-getitem?mr=3529115
https://zbmath.org/?q=an:1001.11020
https://mathscinet.ams.org/mathscinet-getitem?mr=1610879
https://zbmath.org/?q=an:0841.20046
https://mathscinet.ams.org/mathscinet-getitem?mr=1278263
https://zbmath.org/?q=an:1382.11038
https://mathscinet.ams.org/mathscinet-getitem?mr=3705262
https://zbmath.org/?q=an:1451.22003
https://mathscinet.ams.org/mathscinet-getitem?mr=3805018


2

Galois representations for general symplectic groups 151

[82] Rogawski, J. D.: Representations of GL.n/ and division algebras over a p-adic field. Duke
Math. J. 50, 161–196 (1983) Zbl 0523.22015 MR 700135

[83] Salamanca-Riba, S. A.: On the unitary dual of real reductive Lie groups and the Ag ./
modules: the strongly regular case. Duke Math. J. 96, 521–546 (1999) Zbl 0941.22014
MR 1671213

[84] Saper, L., Stern, M.: L  -cohomology of arithmetic varieties. Ann. of Math. (2) 132, 1–69
(1990) Zbl 0722.14009 MR 1059935

[85] Saxl, J., Seitz, G. M.: Subgroups of algebraic groups containing regular unipotent elements.
J. London Math. Soc. (2) 55, 370–386 (1997) Zbl 0955.20033 MR 1438641

[86] Schneider, P., Stuhler, U.: Representation theory and sheaves on the Bruhat–Tits building.
Inst. Hautes Études Sci. Publ. Math. 85, 97–191 (1997) Zbl 0892.22012 MR 1471867

[87] Schneider, P., Teitelbaum, J.: Banach–Hecke algebras and p-adic Galois representations.
Doc. Math. Extra Vol., 631–684 (2006) Zbl 1140.11026 MR 2290601

[88] Serre, J.-P.: Groupes algébriques associés aux modules de Hodge–Tate. In: Journées de
Géométrie Algébrique de Rennes (Rennes, 1978), Vol. III, Astérisque 65, 155–188 (1979)
Zbl 0446.20028 MR 563476

[89] Shin, S. W.: Galois representations arising from some compact Shimura varieties. Ann. of
Math. (2) 173, 1645–1741 (2011) Zbl 1269.11053 MR 2800722

[90] Shin, S. W., Templier, N.: Sato–Tate theorem for families and low-lying zeros of automorphic
L-functions. Invent. Math. 203, 1–177 (2016) Zbl 1408.11042 MR 3437869

[91] Siegel, C. L.: Symplectic Geometry. Academic Press, New York (1964) Zbl 0138.31403
MR 0164063

[92] Sorensen, C. M.: Galois representations attached to Hilbert–Siegel modular forms. Doc.
Math. 15, 623–670 (2010) Zbl 1246.11114 MR 2735984

[93] Sorensen, C.: A  patching lemma. In: Shimura Varieties, London Math. Soc. Lecture Note
Ser. 457, Cambridge Univ. Press, 297–305 (2020) Zbl 1440.11219

[94] Soudry, D.: A  uniqueness theorem for representations of GSO.6/ and the strong multiplicity
one theorem for generic representations of GSp.4/. Israel J. Math. 58, 257–287 (1987)
Zbl 0642.22003 MR 917359

[95] Steinberg, R.: Conjugacy in semisimple algebraic groups. J. Algebra 55, 348–350 (1978)
Zbl 0401.20036 MR 523463

[96] Taïbi, O.: Arthur’s multiplicity formula for certain inner forms of special orthogonal and
symplectic groups. J. Eur. Math. Soc. 21, 839–871 (2019) Zbl 1430.11074 MR 3908767

[97] Taylor, R.: On the l -adic cohomology of Siegel threefolds. Invent. Math. 114, 289–310
(1993) Zbl 0810.11034 MR 1240640

[98] Taylor, R.: The image of complex conjugation in l -adic representations associated to auto-
morphic forms. Algebra Number Theory 6, 405–435 (2012) Zbl 1303.11065
MR 2966704

[99] Taylor, R., Yoshida, T.: Compatibility of local and global Langlands correspondences.
J. Amer. Math. Soc. 20, 467–493 (2007) Zbl 1210.11118 MR 2276777

[100] Testerman, D., Zalesski, A.: Irreducibility in algebraic groups and regular unipotent ele-
ments. Proc. Amer. Math. Soc. 141, 13–28 (2013) Zbl 1269.20040 MR 2988707

[101] Urban, E.: Sur les représentations p-adiques associées aux représentations cuspidales de
GSp4=Q . Astérisque 302, 151–176 (2005) Zbl 1100.11017 MR 2234861

[102] Vo, S. C.: The spin L-function on the symplectic group GSp.6/. Israel J. Math. 101, 1–71
(1997) Zbl 0911.22013 MR 1484868

[103] Vogan, D. A., Jr., Zuckerman, G. J.: Unitary representations with nonzero cohomology. Com-
pos. Math. 53, 51–90 (1984) Zbl 0692.22008 MR 762307

https://zbmath.org/?q=an:0523.22015
https://mathscinet.ams.org/mathscinet-getitem?mr=700135
https://zbmath.org/?q=an:0941.22014
https://mathscinet.ams.org/mathscinet-getitem?mr=1671213
https://zbmath.org/?q=an:0722.14009
https://mathscinet.ams.org/mathscinet-getitem?mr=1059935
https://zbmath.org/?q=an:0955.20033
https://mathscinet.ams.org/mathscinet-getitem?mr=1438641
https://zbmath.org/?q=an:0892.22012
https://mathscinet.ams.org/mathscinet-getitem?mr=1471867
https://zbmath.org/?q=an:1140.11026
https://mathscinet.ams.org/mathscinet-getitem?mr=2290601
https://zbmath.org/?q=an:0446.20028
https://mathscinet.ams.org/mathscinet-getitem?mr=563476
https://zbmath.org/?q=an:1269.11053
https://mathscinet.ams.org/mathscinet-getitem?mr=2800722
https://zbmath.org/?q=an:1408.11042
https://mathscinet.ams.org/mathscinet-getitem?mr=3437869
https://zbmath.org/?q=an:0138.31403
https://mathscinet.ams.org/mathscinet-getitem?mr=0164063
https://zbmath.org/?q=an:1246.11114
https://mathscinet.ams.org/mathscinet-getitem?mr=2735984
https://zbmath.org/?q=an:1440.11219
https://zbmath.org/?q=an:0642.22003
https://mathscinet.ams.org/mathscinet-getitem?mr=917359
https://zbmath.org/?q=an:0401.20036
https://mathscinet.ams.org/mathscinet-getitem?mr=523463
https://zbmath.org/?q=an:1430.11074
https://mathscinet.ams.org/mathscinet-getitem?mr=3908767
https://zbmath.org/?q=an:0810.11034
https://mathscinet.ams.org/mathscinet-getitem?mr=1240640
https://zbmath.org/?q=an:1303.11065
https://mathscinet.ams.org/mathscinet-getitem?mr=2966704
https://zbmath.org/?q=an:1210.11118
https://mathscinet.ams.org/mathscinet-getitem?mr=2276777
https://zbmath.org/?q=an:1269.20040
https://mathscinet.ams.org/mathscinet-getitem?mr=2988707
https://zbmath.org/?q=an:1100.11017
https://mathscinet.ams.org/mathscinet-getitem?mr=2234861
https://zbmath.org/?q=an:0911.22013
https://mathscinet.ams.org/mathscinet-getitem?mr=1484868
https://zbmath.org/?q=an:0692.22008
https://mathscinet.ams.org/mathscinet-getitem?mr=762307


A. Kret, S. W. Shin 152

[104] Waldspurger, J.-L.: Cohomologie des espaces de formes automorphes (d’après J. Franke).
In: Séminaire Bourbaki, Volume 1995/96, Astérisque 241, exp. 809, 3, 139–156 (1997)
Zbl 0883.11025 MR 1472537

[105] Waldspurger, J.-L.: La  formule de Plancherel pour les groupes p-adiques (d’après Harish-
Chandra). J. Inst. Math. Jussieu 2, 235–333 (2003) Zbl 1029.22016 MR 1989693

[106] Waldspurger, J.-L.: Les facteurs de transfert pour les groupes classiques: un formulaire.
Manuscripta Math. 133, 41–82 (2010) Zbl 1207.22011 MR 2672539

[107] Wang, S.: On local and global conjugacy. J. Algebra 439, 334–359 (2015) Zbl 1332.22021
MR 3373375

[108] Weil, A.: On a certain type of characters of the idèle-class group of an algebraic number-field.
In: Proc. Int. Symposium on Algebraic Number Theory (Tokyo & Nikko, 1955), Science
Council of Japan, Tokyo, 1–7 (1956) Zbl 0073.26303 MR 0083523

[109] Weissauer, R.: Four dimensional Galois representations. Astérisque 302, 67–150 (2005)
Zbl 1097.11027 MR 2234860

[110] Wintenberger, J.-P.: Relèvement selon une isogénie de systèmes l -adiques de représentations
galoisiennes associés aux motifs. Invent. Math. 120, 215–240 (1995) Zbl 0870.11031
MR 1329040

[111] Xu, B.: On a lifting problem of L-packets. Compos. Math. 152, 1800–1850 (2016)
Zbl 1375.22011 MR 3568940

[112] Xu, B.: L-packets of quasisplit GSp.2n/ and GO.2n/. Math. Ann. 370, 71–189 (2018)
Zbl 1384.22008 MR 3747484

[113] Yun, Z.: Motives with exceptional Galois groups and the inverse Galois problem. Invent.
Math. 196, 267–337 (2014) Zbl 1374.14013 MR 3193750

https://zbmath.org/?q=an:0883.11025
https://mathscinet.ams.org/mathscinet-getitem?mr=1472537
https://zbmath.org/?q=an:1029.22016
https://mathscinet.ams.org/mathscinet-getitem?mr=1989693
https://zbmath.org/?q=an:1207.22011
https://mathscinet.ams.org/mathscinet-getitem?mr=2672539
https://zbmath.org/?q=an:1332.22021
https://mathscinet.ams.org/mathscinet-getitem?mr=3373375
https://zbmath.org/?q=an:0073.26303
https://mathscinet.ams.org/mathscinet-getitem?mr=0083523
https://zbmath.org/?q=an:1097.11027
https://mathscinet.ams.org/mathscinet-getitem?mr=2234860
https://zbmath.org/?q=an:0870.11031
https://mathscinet.ams.org/mathscinet-getitem?mr=1329040
https://zbmath.org/?q=an:1375.22011
https://mathscinet.ams.org/mathscinet-getitem?mr=3568940
https://zbmath.org/?q=an:1384.22008
https://mathscinet.ams.org/mathscinet-getitem?mr=3747484
https://zbmath.org/?q=an:1374.14013
https://mathscinet.ams.org/mathscinet-getitem?mr=3193750

