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Quadrotor Flight Envelope Protection while Following
High-Speed Trajectories: a Reference Governor Approach
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Aerodynamic effects can become dangerous when a drone follows a path at high speed even
in the absence of wind. This paper studies a method to ensure that a quadrotor drone follows a
2D high-speed trajectory in the presence of safety constraints. A reference governor control is
implemented to make the drone follow its trajectory, while respecting a set of constraints that
includes polynomial constraints when aerodynamic effects are modelled. The method is based
on a recent state space augmentation technique that converts polynomial constraints into linear
constraints. For the first time, this state augmentation technique is applied to flight envelope
protection for tracking high-speed trajectories using a reference governor to alter the reference
trajectory to protect the flight envelope. Simulation results for the proposed algorithms are
reported when a drone follows a circular trajectory with increasing speed.

Nomenclature
er, e, e3 = inertial frame
X, 9,2 = 3D position of the drone with respect to the inertial frame, m
Vs Vy, Vg = linear velocities expressed in the inertial frame, m/s
m = drone mass, kg
g = gravitational acceleration, m /s>
c = mass normalized collective thrust, m/ 52
0,0, ¥ = Euler angles (pitch,roll,yaw), rad

P.q,r = angular velocities expressed in the body frame, rad/s
Jxx,Jyy,Jzz = inertia coefficients of the diagonal inertia matrix J, kg.m2
T, T2, T3 = torque produced by the propellers in the body frame, Nm
Mg = control effectiveness matrix

T; = individual thrust produced by the i-th propeller, i € {1,4}, N
Xion = column vector [vy;0;q], [m/s;rad;rad/s]

Xiat = column vector [vy; ¢; p], [m/s;rad;rad/s]

Downloaded by 72.203.133.170 on January 19, 2023 | http://arc.aiaa.org | DOI: 10.2514/6.2023-1442

I. Introduction

Quadrotor unmanned aerial vehicles (or UAVs) are some of the most popular UAV platforms as their underactuated
and unstable dynamics allow them to perform aggressive flight maneuvers. Controlling quadrotor drones has traditionally
been done by neglecting aerodynamic effects which only become relevant outside of hover conditions [1]. Consideration
of aerodynamic effects has recently become a popular research area, as these can no longer be overlooked when a drone
is operating at high speed and/or in high wind conditions. During high speed flight, quadrotor drones are subjected to
aerodynamic effects such as rotor drag, blade flapping, and thrust variation due to induced velocity changes [2].

Most of the previous research on the aerodynamics of quadrotor UAVs has been based on helicopter aerodynamics
[3, 4]. In [5], first order aecrodynamic effects were investigated, while in [6] the effects of drag and thrust power were
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investigated near hover conditions. A drag-augmented control scheme for quadrotor drones was developed in [7].
Techniques which take drag into account near hover conditions are presented in [8—10]. Blade flapping during the
ascent and descent stages of flight are considered in the control design in [11]. Increasing flight speeds and the resulting
aerodynamic effects from blade flapping and thrust variation were addressed in [12]. In [13], an analysis of blade
flapping and thrust variation is taken into consideration when developing models and control methods for quadrotor
UAVs. Rotor drag effects in quadrotor drones were studied in [7, 9, 14] and the same effects were studied in vehicles
capable of vertical take-off and landing (or VTOLs) in [15]. The authors in [1] developed a control method for improving
trajectory tracking while considering rotor drag, an improvement over previous methods which treated aerodynamic
effects as disturbances which led to increasing trajectory following error as speed increased. By contrast, this work will
consider the aerodynamics in the control of a quadrotor while ensuring that the safe flight envelope (or SFE) is protected.

The capabilities of an aircraft in terms of speed, load, and altitude are referred to as its flight envelope. Ensuring
that an aircraft remains within its flight envelope is essential to prevent loss of control (or LoC). Since quadrotor drones
are unstable, preventing LoC is crucial to ensure their safety [16]. A SFE must be predicted accurately for an aircraft to
prevent LoC. Envelope protection currently entails preventing specific constraint violations [17]. Existing literature on
defining SFEs for commercial fixed-wing aircraft is available [18—20] but there is little research on the SFE for quadrotor
drones. In [21], the authors predict the SFE for a quadrotor moving at high speeds using Monte Carlo simulations.

By contrast, the present work is devoted to methods that are based on reference governors. Reference governors are
add-on schemes which modify the reference signal that is fed into the nominal controller to satisfy constraints [22].
Should the constraints be satisfied by the original reference signal, the reference governor is inactive. Since LoC is to be
avoided and additional safety constraints must be satisfied during quadrotor flight, a reference governor approach is
employed in this work to ensure constraint satisfaction. Conventional reference governors are based on the maximum
output admissible set (or MOAS) which is the set of all initial states and constant reference commands for which the
ensuing response satisfies the constraints. The computation of the MOAS gives a forward invariant set which provides a
safe set that must contain the state at all times. Reference governor approaches have been used in different applications
such as automotive applications [23] (including rollover avoidance [24, 25]), as well as constrained control of UAVs [26].
With the MOAS providing a safe set in which the state of the system may exist, invariant inner approximations of this
set, represented by a finite number of inequalities, can be computed easily when both the system dynamics and output
constraints are linear. A design for a reference governor for linear systems with polynomial constraints and constant
reference commands was developed in [27]. This approach augmented the system state to include the output signal from
the reference governor and the constant reference command. The Kronecker product was then used to embed the linear
system into another higher dimensional linear system which encompassed the state of the original linear system plus its
higher order powers. Originally polynomial constraints would become linear in terms of the new extended state. The
approach was shown to successfully satisfy linear state constraints and polynomial actuator constraints in [28].

In this paper, this state augmenting reference governor approach is employed to control a quadrotor drone at high
speeds and therefore, subject to aerodynamic effects. This new application was beyond the scope of previous research
on this control problem. The reference governor ensures constraint satisfaction, to protect the SFE. The drone model
including aerodynamic effects is first presented followed by an explanation of the tracking control method. Propeller
thrust limitations are then reformulated as polynomial quadratic constraints which must be satisfied. The modifications
to the traditional reference governor scheme to handle polynomial constraints are then reviewed. Lastly, simulations in
which a quadrotor drone follows a circular trajectory at increasing speeds are presented. It is shown that the control
methodology developed in this paper is capable of controlling a drone as it follows a circular trajectory at increasing
speeds in the presence of aerodynamic effects and that the drone can safely stop when it becomes dangerous to track it.

II. Problem formulation

A. Modeling

As was proposed in [7], this paper considers the quadrotor model of [1] assuming no wind, rigid propellers, and no
dependence of the rotor drag on thrust. Thrust is modelled as in [2]. As the vehicle moves in a direction, the advancing
blade produces a larger relative air velocity than the retreating blade. This causes aerodynamic forces depending on
air-velocity to be greater on the advancing blade than the retreating blade. The force imbalance leads to nonzero net
forces and torques on the vehicle [7, 9, 29]. The translation equations of motion involving aerodynamic effects are

v = —ge3 +cRez — RDRTv — RCQ
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where v = [vy vy v,]7 is the velocity, R is the rotation matrix representing the quadrotor’s orientation, and Q = [p g r]”
is the angular velocity. The rotational equations of motion are given by

JQ=-QxJQ-16+7-ARTv - BQ

where 7 indicates gyroscopic torques from the propellers and 7 = [1; 7, 73]. The matrix D incorporates the effects
of the force imbalance as a result of the difference of air-velocities between the advancing and retreating blades. The
constant matrices A and B encapsulate the effects of rotor drag and blade flapping on the rotation of the vehicle. This
work considers the aforementioned model but simplifies it by assuming:

* the propellers are rigid (i.e., C = 0),

¢ the collective thrust remains equal to the commanded collective thrust,

* the yaw angle ¢ and its derivatives remain equal to 0,

¢ the drone flies at a constant altitude z,

* the pitch and roll angles are small all the time, and

* the inertia matrix is diagonal and J = Jyy.
Under these approximations, the rotation matrix is approximated by the matrix R that is defined by

1 0 6
R=|0 1 -¢ (1)
-0 ¢ 1

and the following equations of motion for the quadrotor were derived by keeping only the linear and quadratic terms:

X =vy )

y=vy 3)

Vx =80 —dyvx “4)

vy =—gp—dyvy 5)

d=p (6)

6=gq @)

Jxxp =11 —avx —apvy —ai(6vy — ¢vy) — biip — biag 8
Jyyq =1 —anvy —anvy — bap —an(fvy — ¢vy) — bng )

The aerodynamic effects are captured in the terms which depend on d, and d, and matrices A € R3*3 and B € R¥3.
Here, A = [a;;], and d and d,, are the components of D which are mass-normalized rotor-drag coefficients reflecting
the force imbalance on the vehicle. Considering the assumptions regarding constant altitude z and from the assumptions
regarding yaw that ¢ = r = 0 all the time, the following equalities hold:

v,=0 = —g+c+dfvy—dyov,

2 (10)
Y =0 = 13-a3vy—anvy—ayx(@v.-¢vy)

Eq. (10) gives the mass-normalized collective thrust ¢ and the torque 73 applied around the z-axis in the body frame.

B. Trajectory tracking
First a simple change of coordinates is used to decouple the x and y dynamics. The new coordinates

uy = 1 —anvx —bpg—ai@vy —¢vy)
1D
Uy = Ty—anvy—byp-as(@vy —¢vy)
and applying the change of variables to the equations of motion result in two decoupled systems:
X = Vy
AR (12)
0 = q
Jyyg = ur—anvx —bng
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and

y = Vy

e = 8o (13)
¢ =p

Jxxp = ur—apvy-—bnp

In the sequel, the decoupled systems in Eq. (12) and Eq. (13) are called the longitudinal and lateral motions, respectively.

1. Longitudinal tracking

For reasons that will become clear later when a reference governor is applied, the trajectory tracking problem in the
longitudinal plane is reformulated as a velocity tracking problem where the velocity v, can track a given time-varying
reference. Our analysis will use the output of the following position control loop:

vl = ke (x = xe) + X (14)

X

where x. (¢) is the desired reference trajectory for x(¢) to track, and k, > 0 is a tuning gain.
The torque controller is then computed. Using Eq. (12), one obtains the third derivative

W= (- anva = bng) - di(8g - di(g0 = dxv). (15)
yy
We next specify u, such that the v, dynamics enjoy suitable asymptotic tracking properties, through the specification of
roots of a polynomial differential operator. This will entail tracking a reference signal vio,. We pick 7, such that the
coordinate u, in Eq. (11) is

J
uy = anvx+bng+ f d(gq —dye(80 — dyvy)) — k3v'® —kyvy — kyvy + klvlonl (16)
J J
= lay + %(di — ksd? + kady — kl)) v+ f (—dig +kydyg — kzg) 0+ (by + Jyy (dy — k3)) q

J
+ 22k vion. (17)

g

This leads to

V)(c3) = —kSViz) - kZV)(cl) —kivx+kivion (18)

where k1, ky, and k3 are chosen such that the following polynomial 3+ k3s2 + ks + k; is Hurwitz, i.e., all roots of
0(s) = s> + k3s? + kos + ki have negative real parts, so each solution of Eq. (18) asymptotically converges to the
particular solution vj,, of the linear differential equation Q(D)v, = kvion When vig, is constant. We rewrite Eq. (16)
more concisely as

Jyy
uy = —KjonXion + ?klvlon (19)
with Xjon = [vy, 8, ¢]”. The pre-stabilized Xj,, subsystem from Eq. (12) with the choice from Eq. (19) is then rewritten

as
Xlon = AjonXion + BlonVion (20)

Next, consider the case where vjq, is time-varying and satisfies k1vion () = r»(¢) where in terms of Eq. (14),

ra(t) = kv + kv 4 kgy @y (D Q1)
= —kikpx+ (=kokp + k3kpd, — kpd)zc)vx + (—k3kpg +kpgdy)0 — kpgq + kikpx.
+(ky + kokp)ke + (ka + kpka)ke + (kp + k3)xl + x5, (22)

where the successive time derivatives vil)’d, vf)’d and v)(f)’d of vﬁ were computed as follows using Eqgs. (12) and (14):

v ok (k= k) e = —kp (Vs — o) + Ee (23)
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V)<c2)’d = —kp(i- ¥e) +x£3) = _kp(g0 —dyvy — i) +x§-3) 24)

v =y (6 = x4 x = k(g9 - di (80— divy) = x) 2V (25)

Also, Eq. (18) with kyvien = (1) and Eq. (21) give v\ = —k3v® —kov'V — kv + kv + kov (D9 4 kv (P 4y (P4
and so also

v v = s v — k(0 -0 — k(s =D (26)
which, using Eqgs. (2) and (14), can be rewritten as

2 = (k6 —xP) 2y = ks = (k- i) +2) = ko (6@ = (—kp (X — o) +ie)) (2T)
=k (X —Jc+kp(x—xc))

which means that x(#) — x.(#) exponentially converges to 0 as t — +oco when k,, k1, k, and k3 are chosen such that all
roots of the characteristic polynomial s* + (k3 + kp)s3 + (ky + k3 kp)s2 + (k1 + kakp)s + kik, for the x — x. dynamics
have negative real parts.

Therefore, u, was designed such that when vy, is constant, then v, asymptotically tracks the constant vjo,, but when
k1vion = r2(t), then x asymptotically tracks x..

2. Lateral tracking
One can derive the same type of velocity controller in the lateral plane by essentially replacing g by —g in the
calculations and use the lateral variables and Eqgs. (11) and (13) instead of the longitudinal ones. Doing so, one gets:

J J
uy ap+ _L;(di — kd, + kady — kl)) vy + _L;‘ (—di(—g) +kady(-g) — kz(—g)) ¢ (28)

J.x.x
+ (b1 +Jxx(dy —k3)) p + ;klvla:
_ Jxx
= —KjaXia — ?klvlal (29)

where Xia = [vy, ¢, p]T. Again, y follows y. when k{viy(t) = r1(t) where
ri(t) = _klkpy + (_k2kp + k3kpdy - kpdi)vy + (_k3kp(_g) + kp(_g)dy)¢ - kp(_g)p + klkp.YC
(k1 + kakp)ye + (ka + kpks)ie + (kp + k3)y) + 3D (30)
and where vi = —k,(y = yc) + yc. The pre-stabilized lateral system is then finally denoted by:

Xlat = AjatXiat + BlaViat 3D

C. Reformulation of the propellers thrust limitations as polynomial quadratic constraints
The collective thrust and torques are given by:

mc Ti
T L)

= 32
o eff T 32)
T3 T4

where T; is the individual thrust of the rotor i, and where the control effectiveness matrix M.g is invertible and is one of
a quadrotor operating in the cross configuration:

L1

[0 - 0
Mgt = 33
Tl - 0 &9
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where [ > 0 is the length of each rotor from the center and p = C% > 0 is the thrust to torque ratio of the rotor blades [2].
Each T; is bounded within the range [0, T;;4x], Which by virtue of Egs. (10)-(11), (19), and (29), means that the
following constraints need to be satisfied:

mc mg —mdx0vy + mdydv,
JXX
RS 1 | KiawXiat — Zkiviac + v + biag + a3 (6vy — ¢vy) 4
Meﬁ‘ = Meff Jyy € [0, Tnax] (34)
™ —KionXion + == K1 Vion + a22vy + ba1p + azs (v — gvy)
T3 az1vyx +azvy +as3(0ve — dvy)

Note that these constraints have both linear and quadratic terms in its variables Xjon, Vion, Xlat and viy. This motivates
our application of ideas from [27] for augmenting the state vector to convert nonlinear constraints into linear ones. We
turn to this significant novel application next.

I11. Reference governor design in the presence of polynomial constraints

A. Preliminaries

We next briefly summarize notation used in [27]. The Kronecker product of matrices A and B is denoted by A ® B.
Given a vector X € R"~ for a positive integer p, its powers X?® € RP"x are defined recursively using the Kronecker
product of two column vectors. Since X”® possesses repeated entries, we find it more convenient to use a vector X”
that removes the repeated components of X?®, i.e., X is a vector whose entries consist of all monomials X {‘ . X,‘,’;
for which the indices satisfy i1 +...+1i,, = p. The preceding relations were used to convert polynomial constraints into
linear constraints in [27], which also entails augmenting the state space. We next illustrate how this can be done for the
tracking problem we considered above, using a novel application of reference governors.

B. Problem position
Based on the previous section, we have these equations of motion when one applies the controllers (19) and (29):

):(lon = AjonXion + BlonVion (35)
Xt = ApaXia + Blavia
We can also add the reference dynamics when one designs the reference governor that is defined by
Vion = —BVion and Viae = =SVt (36)

where > 0 is a constant. The interpretation of the alternative add-on dynamics in Eq. (36) is as follows. The dynamics
of vion and vy, are as specified in the previous section when no constraint violations occur. Then, they switch to the
dynamics in Eq. (36) when there is a constraint violation, and then they switch back to the dynamics from the previous
section when the violations cease to occur. The drone will track the desired trajectory (x., y.) when kjvien (¢) = ra(2)
and kv (1) = r1(¢). Hence, the main idea of the reference governor method is to change the reference signal to the
system from that of the nominal control whenever constraints are about to be violated according to Eq. (36) and remain
inactive otherwise.
By Eq. (12) and Eq. (13), the position is computed from the velocities by using

X

[1 0 o] Xion .

j [1 0 o] X

Here we follow the recently proposed method in [27] in order to consider polynomial constraints. The polynomial
constraints (34) are quadratic, so the state is augmented with [ Xion, Vion, Xiat» vlat]z. This gives a system of the form:

X, = ®X, (38)

where X, = [[Xion, Xiats Vion, Viatls [ Xion» Xiat> Vions Viat] 2]- Using this augmented state, the polynomial constraints (34)
are now expressed as linear constraints.
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C. Reference governor design
We use the reference governor design method that recently proposed in [27] after calculating the exact discretization
of system Eq. (38) for a given sampling period. We recall here the main idea of the algorithm proposed in [27]. The
reference governor design is based on the off-line calculation of two maximal output admissible sets (or MOAS).
* First, the MOAS Oz, is computed for Eq. (35) subject to linear constraints. The linear constraints are simple
min/max constraints on the pitch and roll angles, and collective thrust and torques. The calculation of this compact
set makes it possible to determine bounds on each component of the augmented state X,,.
* Second, another MOAS, called Oz, is computed for the pre-stabilized and augmented system in Eq. (38)
subject to the original polynomial constraints in Eq. (34) (which are linear constraints of the augmented state)
plus additional linear constraints which are defined by the bounds of the augmented state X,,.
* Finally, the reference governor solves a constrained nonlinear minimization problem at the initialization step
(which can be done off-line for a grid of initial states) and then runs a bisection algorithm on-line at the subsequent
time steps.

IV. Numerical results

We report numerical results when d = 0.544, d,, = 0.236, and the matrices A and B are all equal to zero. The
sampling period is 10ms when one designs the reference governor for the discretization of the original continuous
time model. Following Section III and the algorithm of [27], we choose 8 = 0.98 and first compute the MOAS O 7,
in the presence of the linear constraints. This set is finitely determined in t* = 84 iterations and is defined by 252
non-redundant linear inequalities. Then, O,z is determined when we extend the state and add the nonlinear constraint.
Here, O, 7 is determined in t* = 142 iterations and is defined by 390 non-redundant linear inequalities.

In these simulations, the proposed reference governor is implemented and allows the thrust constraints 7; € [0, Tiax]
to be satisfied for i = 1,2, 3,4, as well as the constraints 6 € [Onin, Omax] and ¢ € [Pmin, Pmax ] 0on the pitch and roll
angles with ¢max = Omax = —Pmin = —Omin = 25deg. The maximum thrust of each propeller is T,ax = 4.5N. The gains
of the nominal controllers are k,, = 2, k1 = 467, ko = 196, and k3 = 24. The reference trajectory is a circular one
centered at (0, 0) with x.(#) = Rcos(wt) and y.(t) = Rsin(wt) with R = 1.8m.

A. Starting close to the reference trajectory and following it at moderate speed

First, an angular speed of w = Irad/s is chosen and the initial condition [x(0), y(0)] = [x.(0), y-(0)] + [0.5,0.5]m
near the desired reference trajectory is also chosen. The other state variables are initially at 0. Figure 2 indicates that
the constrained variables are not in danger of being violated so that the reference governor is never activated and the
reference trajectory is quickly followed as can be seen in Fig. 1. Figure 3 illustrates the tracking accuracy of the
nominal controller. Here and in the sequel, we scale out the k; factor in the figures from the conditions on v, and vy,
when the reference governor is not active. Again, these results are only indicative of the performance of the nominal
controller as the constraints are not in danger of being violated and thus, the reference governor remains inactive.

B. Starting far from the reference trajectory and following it at moderate speed

Secondly, we choose w = 1rad/s and an initial condition of [x(0), y(0)] = [x.(0), y-(0)] + [2,2]m relatively far
from the desired reference trajectory, as seen in Fig. 4. The other state variables are initially at 0. During the transient
when the quadrotor UAV is far from the trajectory, the desire to move to the desired trajectory almost drives the vehicle
to violate propeller thrust and pitch angle limits. It can be seen in Fig. 5 that during this time, the pitch angle and thrust
approach their limits. The reference governor is activated during the transient to prevent the propeller thrusts and pitch
angle from violating their limits and then the reference trajectory is correctly tracked. The deviation of the reference
governor signal from that of the nominal governor is apparent during this time in Fig. 6.

C. Starting close to the reference trajectory and following it at high speed

Third, we choose w = 2rad/s, which is quite large, and an initial condition [x(0), y(0)] = [x.(0), y.(0)]+[0.5,0.5]m
close to the desired trajectory. The other state variables are initially at 0. Figure 8 indicates the reference governor is
frequently activated to prevent the propeller thrusts, pitch and roll angles from violating their limits and the reference
trajectory is no longer tracked accurately. Comparison of the reference signals in Fig. 9 indicates that the changing
reference signal of the nominal controller consistently drives the constraints to be violated. The reference governor
is successful in ensuring that these constraints are satisfied at the cost of the accuracy of the trajectory following.
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Fig.2 Constrained variables starting from [x(0), y(0)] = [2.3,0.5]m

Interestingly, it can be seen in Fig. 7 that the drone finally seems to follow smaller and almost circular trajectories at the

high speed w = 2rad/s.
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Fig. 4 Trajectory tracking starting from [x(0), y(0)] = [3.8,2]m



Downloaded by 72.203.133.170 on January 19, 2023 | http://arc.aiaa.org | DOI: 10.2514/6.2023-1442

w
=)
T
1

[
=3
T

—d
—

=)
T
1

max | |
—_—r

=
2
5

|

Pitch angle (deg)
B3 e
1

8

20 B

10k — 4
—_—

I -

-10 F I~

— %min

Roll angle (deg)
o

g &

Thrusts
o

0 T T ; T T
1] 5 10 15 20 25 30
time (s)

Fig. 5 Constrained variables starting from [x(0), y(0)] = [3.8,2]m

V. Conclusions

We demonstrated the value of state augmentation and reference governor approaches from [27]. For the first time,

we used these methods for flight envelope protection while following high-speed trajectories. The method proposed is
based on the computation a safe forward invariant set in which the state (and reference) of the quadrotor must remain
while tracking a circular trajectory. The safe forward invariant set is also referred to as the maximum output admissible
set (or MOAS) in the reference governor literature. In the future, we plan to extend our results to cases where we must
follow more complex trajectories and/or have modeling uncertainties and/or have wind disturbances. Also, we plan to
work on the real-time implementation of the proposed control algorithms on a physical drone.
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