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Abstract

Using new spaces of tracial non-commutative smooth functions, we formulate a free probabilistic
analog of the Wasserstein manifold on R? (the formal Riemannian manifold of smooth proba-
bility densities on Rd), and we use it to study smooth non-commutative transport of measure.
The points of the free Wasserstein manifold # (R*?) are smooth tracial non-commutative func-
tions V' with quadratic growth at co, which correspond to minus the log-density in the classical
setting. The space of non-commutative diffeomorphisms .@(R*d) acts on W(]R*d) by transport,
and the basic relationship between tangent vectors for Z(R*?) and tangent vectors for # (R*%)
is described using the Laplacian Ly associated to V' and its pseudo-inverse ¥y (when defined).

Following similar arguments to those of Guionnet and Shlyakhtenko (2014), Dabrowski et al.
(2021) and Jekel (2022), we prove the existence of smooth transport along any path ¢ — V; when
V4 is sufficiently close to (1/2) >, tr(z?), as well as smooth triangular transport. The two main
ingredients are (1) the construction of ¥y through the heat semigroup and (2) the theory of free
Gibbs laws, that is, non-commutative laws maximizing the free entropy minus the expectation
with respect to V. We conclude with a mostly heuristic discussion of the smooth structure on
# (R*%) and hence of the free heat equation, optimal transport equations, incompressible Euler
equation, and inviscid Burgers’ equation.
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1. Introduction

1.1. Motivation. Voiculescu’s free probability theory treats tracial von Neumann algebras
as a non-commutative analog of probability spaces, and studies an analog of probabilistic
independence, called free independence, which relates to free products of these von Neu-
mann algebras. Free probability also describes the large N behavior of certain probability
distributions on N x N matrices, and more generally d-tuples of N x N matrices. Free
probability uses both complex-analytic and combinatorial tools, and relates to the large
N representation theory of unitary, orthogonal, and symmetric groups. For background,
see e.g. [88, 99, 5].

Voiculescu’s theory of free entropy [89, 90, 91, 93] is the beginning of free information
theory. As in classical information theory, there are versions of entropy and Fisher’s infor-
mation, which satisfy inequalities similar to the classical entropy and Fisher information.
Voiculescu actually initiated two approaches to free entropy theory. The first approach
uses matricial microstates, or d-tuples of matrices that approximate the behavior of the
d-tuple of operators we want to study; the microstates free entropy describes the lim sup
exponential growth rate of the volume of the microstate spaces [90]. Thus, free entropy
is the rate function for a (still partially conjectural) large deviation principle in random
matrix theory; see [7]. The second “infinitesimal approach” defines free entropy via the free
Fisher information and perturbation by freely independent semicircular families (the free
version of Gaussian random variables); see [91].

Our main motivation is to find a free version of the Wasserstein manifold. The classical
Wasserstein manifold #2(R?) is a formal infinite-dimensional Riemannian manifold whose
points are smooth probability densities p, which has many natural properties [54, 59, 85].
By taking the infimum of the lengths of smooth curves in the manifold, the Riemannian
metric gives rise to the (L?) Wasserstein distance of two probability measures p and v,
which describes the L?(u1) distance between an optimal transport map f from u to v and
the identity function [85]. The gradient structure of 22(R?) describes the differentiation
with respect to p of certain functionals on the space of probability measures [69], and
the evolution of a measure under Brownian diffusion turns out to be the gradient flow
of the entropy functional [49, 70]. Furthermore, the tangent manifold of Z(R%) has
a symplectic structure [54], which relates to the geodesic equations on this space. With
suitable modifications, one can connect these results to hydrodynamic equations, including
the compressible Euler equation, Schrodinger equation, Schrédinger bridge problem, and
mean field games [24, 59]. The field of transport information geometry is active, and the
Hessian operators on the Wasserstein manifold are useful in studying fluid dynamics and
formulating functional inequalities [60, 61, 85].

(6]



Non-commutative smooth functions and Wasserstein manifold 7

Although a Wasserstein manifold has never been systematically described for mul-
tivariable free probability, some of the key ideas of information geometry have been
present as motivation throughout the development of free information theory. This includes
the relationship between entropy and Fisher information [89, 91|, Talagrand inequalities
[11, 44, 42], and the relationship between entropy and transport of measure [90, §3].
Seeking a free analog of optimal transport, the third author and Alice Guionnet solved a
free Monge—Ampére equation to obtain free monotone transport [40]. The third author
and Yoann Dabrowski and Alice Guionnet used constructed transport along a path of
potentials using the relationship between infinitesimal transport and perturbations of the
potential, which is the approach we will follow here in §6 and 8.1. Moreover, the first
author used ideas from transport theory (as in [54, 70, 69]) to construct free (non-optimal)
transport as a large N limit of transport of measure on the space of N x N matrices
[46, 47]. Non-commutative transport ideas have been generalized beyond the setting of
tracial von Neumann algebras [80, 64, 65].

For a single variable, free entropy has been studied as a functional on the Wasserstein
manifold of R, and the relationship between optimal transport for probability measures
on R and optimal transport for random matrix models is better understood [10, 44, 62, 58].
The setting of several non-commuting variables is significantly more challenging, as is
apparent for instance from the open problems about free entropy (see [95]). We also
point out several other non-commutative variants of the Wasserstein manifold in quantum
information theory. Carlen and Mass [21] studied the Wasserstein distance related to Gross’s
Fermionic Fokker Planck equation, which pertains to states on the (finite-dimensional)
Clifford algebra. These states are represented by positive operators of trace 1, which are
a substitute for densities in quantum information theory. Several recent papers have also
described Wasserstein manifolds whose points are matrix-valued densities on R or another
classical manifold M [68, 23, 19], positive elements of L>°(M; M, (C)) that integrate to 1.
But rather than studying matrix-valued densities on R?, this paper concerns (scalar-
valued) densities on the space of d-tuples of self-adjoint N x N matrices and their free
probabilistic large N limit. As we will see, there is not a direct analog of density in
our setting, only of log-density.

We define the free Wasserstein manifold as a space of certain “smooth (minus) log-
densities”, which are smooth scalar-valued functions of several non-commuting self-adjoint
operators (see §3). We define the tangent space at a log-density V' in terms of perturbations
of V, and we describe the relationship between tangent vectors and infinitesimal transport
maps through a Laplacian operator Ly associated to V" and its pseudo-inverse. Following the
same strategy as [30] (but in a different technical framework), we give a rigorous treatment

in the case of log-densities V' that are sufficiently close to the quadratic V(z1,...,24) =
(1/2) Z?:l tr(a:?), which leads to a free transport result similar to [40, 30] as well as a new

C* version of the triangular transport results of [46, 47]. We conclude by stating versions
of the heat equation, Wasserstein geodesic equation, incompressible Euler equation, and
inviscid Burgers’ equation in our tracial non-commutative framework.

The results in this paper, even though they are technically new, have a large overlap
with previous work such as [40, 30, 46], and this is because our goals are largely expository.
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The free Wasserstein manifold has been treated in prior work only as motivation or as
interpretation a posteriori of analytically rigorous results. We want to bring it to center
stage as a unifying framework that simultaneously provides a heuristic and a proof strategy
for rigorous results, playing a similar role to that of the classical Wasserstein manifold
in [70]. With the benefit of hindsight, we strive to organize and present the proofs in the
most natural way possible.

The end goals of defining the Wasserstein manifold and constructing transport for
potentials close to (1/2) > ; tr(z3) seem modest compared to wealth of knowledge that
exists about the classical Wasserstein manifold. However, as in [40, 30, 46, 47], even results
that are basic in the classical setting require a lot of technical preparation in the free
setting. When developing the classical Wasserstein manifold, people already had a clear
understanding of smooth functions, measure and probability theory, and partial differential
equations. By contrast, there is not even a well-established definition of smooth functions
for several non-commuting real variables. Thus, in §3 and §4, we define new spaces of
tracial non-commutative smooth functions of several self-adjoint operators in a tracial
von Neumann algebra. Like [30], the functions are based on trace polynomials, but the
approach to defining the norms is completely different.

Another technical difficulty that arises in the free setting is that there is no direct
analog of density in the free setting. We only know how to pass from a log-density V to
a non-commutative law py through free entropy/random matrix theory or through the
heat semigroup associated to V' (and the related stochastic differential equations), and in
fact we will combine both of these approaches in this paper (see §7 and §6 respectively). In
particular, in §7, we define free Gibbs laws for V' as the maximizers of free entropy minus
the expectation of V', giving for the first time a proof of their existence and properties
directly from the definition of free entropy, as motivated by [95, §3.7] and [43].

We hope that the framework of tracial non-commutative functions in the first part
of this paper will be a starting point for future work on the free Wasserstein manifold,
non-commutative SDE and PDE theory, and non-commutative optimal transport, and
thus that the detailed discussion of the properties of these smooth functions will save time
for later work. In particular, in §9, we formulate several differential equations of interest for
free transport information geometry and operator algebras, including the geodesic equation
and gradient flow on the Wasserstein manifold and the compressible Euler equation. Our
framework allows for a closer resemblance of these equations with their classical analogs
than previously understood, because it includes a natural description of scalar-valued
smooth functions of several operators. Of course, the rigorous study of these equations will
be another undertaking, and we do not expect all the results from the classical setting to
carry over in the same level of generality. Nonetheless, it is a crucial first step to clarify
the connection between the classical and free versions of an equation and what it would
mean for a smooth function to solve the equation.

In the remainder of the introduction, §1.2 gives an executive summary of key construc-
tions and results, §1.3 describes the random matrix heuristics for our technical framework
as well as the challenges that arise in the non-commutative setting, and §1.4 describes the
organization of the paper. We will give brief explanations of terminology we use in the
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introduction when possible, but the reader may also refer as needed to §2 for background
on operator algebras and on the classical Wasserstein manifold.

1.2. Summary of constructions and results. We will set up the free Wasserstein
manifold as follows:

e We define a space tr(C2° (R*?)) of scalar-valued smooth functions of several self-adjoint
operators in a tracial von Neumann algebra. Another space Cg°(R*?)9, provides the
analog of smooth functions RY — R? (also called vector fields on R?).

e The free Wasserstein manifold % (R*?) is defined as the space of V' € tr(C° (R*?)) such
that V is bounded above and below by a quadratic function, that is, a+bVy < V < a’+b'Vj
for some constants with b, > 0, where V5(x) = (1/2) Z?Zl tr(x?).

e The tangent space to # (R*?) consists of tr(Ce(R*?)) functions with some bounds on
the first and second derivatives.

e For V € tr(C°(R*?)), we define the associated free Gibbs laws as non-commutative
laws that maximize a certain entropy functional. A free Gibbs law v must satisfy the
integration-by-parts relation v(Vi{,h) = 0 for any vector field h, where V3, is the free
analog of the divergence operator associated to V. If there is a unique law satisfying
this equation, we denote it by puy .

e The Riemannian metric at V for two tangent vectors Wj; and W, is given by
vy (VL' Wi, VL' Wa)), where Ly = —V53,V is a Laplacian operator associated to V,
whenever the above expression makes sense.

e We show rigorously that the definition makes sense for V sufficiently close to the
quadratic V.

We have the following definitions and results relating to non-commutative transport
of measure:

e We define an analog of diffeomorphisms of R?, as well as a construction of certain
diffeomorphisms as flows along vector fields. A Lie bracket on vector fields is defined
analogously to the classical case.

e For a diffeomorphism f and a potential V| there is a push-forward defined by f,V =
Vof™ —log Ay (0f 1), where log Ay is an analog of the log-determinant. The push-
forward defines an action of the diffeomorphism group on the Wasserstein manifold.

e With certain assumptions on V, if there is a unique free Gibbs law i/, then £,y is the
unique free Gibbs law for £,V (see Proposition 7.14).

e Given a one-parameter group of diffeomorphisms f; generated by a vector field h, the
tangent vector (d/dt)|,=o(f:)+V is given by Vi h.

e Conversely, for a tangent vector W, a possible vector field h for producing transport is
given by V(—Ly)~1W, provided that the latter makes sense.

e When V is sufficiently close to the quadratic, we can make this relationship between
tangent vectors and infinitesimal tranport rigorous. Thus, for any continuously differ-
entiable path ¢ — V} of potentials close to the quadratic, we can naturally produce a
family of transport maps f; with (f;).Vp = V; (see Theorem 8.3).
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e We can also arrange that the transport maps f; are lower-triangular functions in the sense
that for j = 1,...,d, the jth coordinate of f;(x1,...,%4) depends only on x3,...,X%;
(see Theorem 8.22).

The last result on triangular transport is a partial analog of classical triangular transport
of measure studied in [13]. It has the following consequence for operator algebras, which
is given in further detail in Corollary 8.24.

THEOREM. Let V € tr(Ce(R*Y))g, be sufficiently close to Vo(x) = (1/2) > tr(z?) (more
precisely, assume that the first and second derivatives are sufficiently close and third
derivative is uniformly bounded). Let py be the associated free Gibbs law, and let (A, T) be
the tracial W*-algebra associated to py, with the canonical generators X = (X1,..., X4).
Let (B,o) be the tracial W*-algebra generated by a standard free semicircular family

S = (51,...,84). Then there exists an isomorphism of tracial von Neumann algebras
¢: (A, 7) = (B,o) such that for each j =1,...,d, we have

S(C*(X1,...,X;) =C*(S1,...,5;).

This is in some sense an improvement of the triangular transport results from [46, 47];
it asserts an isomorphism of C*-algebras not only of W*-algebras, but it also has stronger
smoothness hypotheses on V. Of course, the existence of transport that was not necessarily
triangular was already known from [40, 30].

In the final section, we present several differential equations related to the free Wasser-
stein manifold for future study, including the following:

e We differentiate the functional V + uy (f) for V € #/(R*%).

e We explain how the non-commutative heat equation V, = Ly, V; represents the gradient
flow of free entropy, similar to the classical case [69].

e We state the free version of the geodesic equations on # (R*%), which are V; = Ly, ¢; and
b = —(1/2)(Vy, Vi )r. We show that smooth solutions satisfy V; = (id +tV o). Vp.
We also show that the path t — py, is a minimal curve in the L?-coupling distance on
the space of non-commutative laws.

e We state a non-commutative incompressible Euler equation with respect to a potential V'
in a similarly spirit to [98]. Similar to the classical case [6], this represents the geodesic
equation on the group of non-commutative diffeomorphisms that preserve V. Similarly,
the geodesic equation on the entire non-commutative diffeomorphism group is the non-
commutative inviscid Burgers’ equation.

1.3. Random matrix heuristics. Our formulation of the free Wasserstein manifold is
closely linked with random matrix theory and free Gibbs laws. One branch of random
matrix theory studies probability measures (™) on My (C)%, (the space of d-tuples of
self-adjoint N x N matrices) of the form

dM;N) (X) = constant e NN (F(X) X
Here X = (X1,...,X4) € Mx(C)2; try denotes the normalized trace (1/N) Tr on My (C),

sa’
and dX is Lebesgue measure on My (C)Z,, which we view as a real inner product space

of dimension dN? with the inner product (X,Y) = 2?21 try(X,Y;); and f is a non-
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commutative polynomial in d variables such that trx(f(X)) is real for X € My(C)<..
More generally, we can consider

dug,N)(X) = constant e N VX) dX,

where V' is a trace polynomial, that is, a formal linear combination of terms of the form
tr(f1)...tr(fx) for some k € N and non-commutative polynomials fi, ..., fi. Such models
were first studied for a single matrix in [16] and then for multiple matrices in [30]. Here
V is evaluated on some X € My (C)s, by replacing each term tr(f;) by trny(f;(X)). This
more general class of trace polynomials is quite natural because every polynomial function
My (C)4, — R (that is, polynomial with respect to the real and imaginary parts of the
matrix entries) that is invariant under conjugation by unitary matrices must be given by
a trace polynomial, which follows from the work of Procesi [75]. For prior work relating
trace polynomials with random matrix theory, see [76, 79, 22, 33, 52, 53, 30].

The measure pgv) is an element of the classical Wasserstein manifold 2(My(C)<))
since it has a smooth density. However, the density does not have a large N limit since there
is an N2 in the exponent. However, —1/N? times the log of density is precisely V', which is
dimension-independent by assumption. This leads us to the following heuristic for studying
the free Wasserstein manifold: Reparametrize P(Mxy (C)Z,) in terms of V = —(1/N?)log p
instead of in terms of the density p. Compute the Riemannian metric (and whatever other
objects of differential equations we wish to study) in terms of V' rather than p. Then study
the behavior of this object as N — oco. The reparametrization in terms of the log-density
for the classical Wasserstein manifold 22(R?) is explained in §2.2.

Following this recipe, to define the Riemannian metric for the tangent space at V,
consider two different trace polynomials W; and Wj. Then the curves ¢ — V + tW;
represent tangent vectors in 2(My(C)4,). Since V + tW; is considered up to an additive
constant, assume that [ W; du = 0. It follows from the computations in §2.2 that the inner
product of the two tangent vectors with respect to the Riemannian metric on 22 (My (C)Z,)
is given by

[ vl ws) aul, (1.3.1)
where 1
Ly f = 35 AF = (VV. V).

If f is a scalar-valued trace polynomial, then V f is dimension-independent and (1/N?)A f
on My (C)Z, is given by a trace polynomial which converges coefficientwise as N — oo
to some trace polynomial Lf; see [22, §2|, [33, §3|, [47, §14.1], or Lemma 4.35 below.
Hence, the normalization of Lﬁ/ above is dimension-independent for our random matrix
setting. The Riemannian metric for the free Wasserstein manifold should heuristically be
the large N limit of (1.3.1).

Several ingredients are desirable to make this heuristic precise:

(1) We want to understand the large N behavior of ung).

(2) We want a notion of “trace C* functions” that generalizes trace polynomials, such
that Ly is well-defined on any trace C*° function. Of course, we will replace the trace
polynomials in the definition with these smooth functions.
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(3) We want to study the pseudo-inverse of Ly on the space of trace smooth functions
(and we hope that the kernel and cokernel are 1-dimensional).

Let us discuss each of these questions in more detail.

(1) In the case where V is a perturbation of the quadratic, prior work has shown
that [ f du%,N) converges almost surely to some deterministic limit when f is a scalar-
valued trace polynomial [38, 39, 45]. This limit is described in terms of a tuple X of
self-adjoint operators from a von Neumann algebra A equipped with a (faithful, normal)
tracial linear functional 7 : A — C. We have [ fdug/N) — f(X) for all scalar-valued
trace polynomials f, where the evaluation of f on X is given in the same way as the
evaluation on a tuple of matrices, with 7 instead of try. In fact, the evaluation f(X)
for a trace polynomial is completely determined by the evaluations 7(p(X)) for non-
commutative polynomials p. Thus, the (bulk) large N behavior of u;N) is described by
the non-commutative law of X, that is, the linear functional C(zq,...,z4) — C given by
p = 7(p(X)).

For more general V', a sufficient condition for such convergence to happen is if there is
a unique non-commutative law vy that maximizes x(v) — v(V'), where x is Voiculescu’s
microstates free entropy. We discuss this approach in §7.

(2) The second ingredient is to develop a notion of “trace smooth functions” which gener-
alizes trace polynomials and which is closed under natural operations such as differentiation
and composition. In fact, to consider the derivatives of trace polynomials, we must consider
more general objects than trace polynomials maps My (C)% — C. Indeed, the gradient of
such a function will be a map My (C)2, — My (C)4, which is a d-tuple of operator-valued
trace polynomials My (C)%, — My(C). The operator-valued trace polynomials are linear
combinations of terms such as fotr(f1)...tr(fx) where fo,..., fi are non-commutative
polynomials. Of course, since fj can be 1, any scalar-valued trace polynomial can be viewed
as an operator-valued trace polynomial, and thus we can pass to the more general consid-
eration of operator-valued trace polynomials. If f is an operator-valued trace polynomial,
and if X,Y7y,..., Y} are in My (C)2, then the iterated directional derivative

d d

@ LY XAt Yi bt .Y
i T FX+t1Y+ -+ Yg)

tr=0

t1=0
defines an operator-valued trace polynomial in X,Yy,..., Yy that is multilinear in
Yy, ..., Y,

We define Ci,(R*¢, .#%) as the completion of the space of operator-valued trace
polynomials in X,Yy,..., Y that are multilinear in Yy,..., Y, with respect to a
certain family of seminorms || fl|¢c,, g+, #+),r for R > 0. Here for each radius R, the
seminorm || f||c,, g+ _g*),r is defined as follows: Fix a tracial von Neumann algebra
(A,7) and o, aq,...,04 € [1,00] with 1/ac = 1/ + - + 1 /. Take the supremum of
If(X)[Y1,..., Yq]l|[Leqa,r) over X in an operator norm ball of radius R and Y} in the
unit ball of L% (A, 7). Then take the supremum over (A,7) and o, aq, ..., ak.

Then CE(R*?) is defined as the space of functions whose derivatives of order k¥’ < k
are in Cy(R*,.#*"). On C2°(R*%), differentiation and composition are well-defined, and
there is a Laplacian operator Ly that describes the large N behavior of L§/N).
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REMARK 1.1. Our space CE(R*?) is closely related to the definition in [30] of trace C*
functions on the operator norm ball of radius R. However, the definition in [30] was more
complicated because it involved separating out different types of terms in the derivative
and using Haagerup tensor norms. The norms used in this paper have some of the same
desirable properties, such as good behavior under conditional expectations and the ability
to control the Lipschitz norms of a function with respect to ||-||2. The definition in [30]
also had some unavoidable complexity due to working in setting of operator-valued free
probability which replaced the scalars C with some von Neumann algebra B.

(3) We study the pseudo-inverse of Ly rigorously in the case where V is sufficiently
close to a quadratic. The strategy is the same as previous works such as [10, 39, 40, 30]. In
fact, the results about the expectation with respect to vy discussed in (1) and the results
about the pseudo-inverse Uy both follow from the study of the heat semigroup et“v.
Indeed, we hope to obtain the expectation map Ey : Cy,(R*?) — C associated to vy as

Ey f = lim etv f
t— o0
and the pseudo-inverse of Ly as

wf= [T B

The most explicit known method of constructing the heat semigroup in the free setting
is using free stochastic differential equations, as in the papers cited above. Let (A, 7) be a
tracial W*-algebra and X € A% . Let X (X, t) be a stochastic process solving the equation

dX(X,t) = dS(t) — AV, V(X(X,t))dt, X(X,0)=X.

where (S(%))ie[0,00) is a free Brownian motion in d variables, freely independent of X. Then
we define (e!1v f)(X) = Eof(X (X, 2t)) for X € AL

We prove in §6 that for smooth V', the resulting stochastic process and the heat
semigroup are smooth functions of X and depend continuously on V. This argument is
closely parallel to [30, §3], only with different spaces of functions and with more details given
for the inductive arguments. More importantly, the results are proved more generally in
the conditional setting where the functions depend on an auxiliary d’-tuple of variables X'.
This is what enables us to prove the triangular transport theorem in §8.4.

Unfortunately, we do not expect that Ly will be invertible for arbitrary V' € %/ (R*?).
As we discuss in §5.4, the work of [10, 14, 16] and others on the d = 1 case shows that in
general the Laplacian might have a kernel of dimension larger than 1 when acting the L2
space associated to the free Gibbs law.

We conclude the discussion by pointing out an (at first) counterintuitive feature of our
definition of # (R*?): There could in principle be many different functions V satisfying
Assumptions 5.14 and 5.16 which produce the same non-commutative law py . This is
unavoidable because if py is realized by a d-tuple of bounded operators with norm < R,
then we could perturb V outside the ball of radius R and end up with the same law uy .

Besides perturbing V outside the “support” of uy, there is another way in which such
degeneracy can arise, which is easier to describe from the point of view of the tangent
space. The Riemannian metric (-, )y could have a very large kernel in Ty, % (R*?). Indeed,
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suppose (A, 7) is the tracial von Neumann algebra associated to the GNS representation
of uy and X is the canonical generating tuple (see Proposition 2.18). Then for tangent
vectors V and W, we have

<V7 W>V = <(V\IJVV)A7T(X)7 (V\IJVW)AJ(X»T‘

Thus, V will be in the kernel of (-, -)y if and only if V¥V evaluates to zero on X. There
are many functions in Ci,(R*?) which evaluate to zero on X; for instance, for any trace
polynomial f, there will be a non-commutative polynomial g with f47(X) = g7 (X).

The fact that py does not uniquely determine V might seem like a defect in the
definition. In the classical case, the space of probability measures on R? is the completion
of smooth positive densities with respect to a certain topology. But to obtain some space
of non-commutative laws from the free Wasserstein manifold defined here, one has to first
quotient out by the equivalence relation that V'~ W if uy = pw, that is, we must use a
separation-completion rather than a completion.

A heuristic explanation for why this degeneration occurs is because the random ma-
trix models often have exponential concentration of measure as N — oo (see, e.g., [41]).
Although the measures u&N) are supported on all of My (C)Z , their mass concentrates
on much smaller sets, namely the matricial microstate spaces of Voiculescu. Due to the
concentration of measure, one must be very careful about the normalization of var-

ious quantities associated to V and ug/N). For instance, we earlier gave the formula

f(V(L%,N))*IWhV(L;N))’1W2> du%}v) for the Riemannian metric which turns out to
be dimension-independent, but the metric could also be written as

N2 /(—L<VN))*1W1 W dp™).

Thus, it turns out that f(—Lﬁ/N))AWl - Wodu™) goes to zero as N — oo (we can also
see this because both (7L§/N))*1W1 and W5 are close their mean, which is zero, with high
probability). Thus, the Riemannian metric cannot be defined by this formula in the large
N limit.

The choice to work with globally defined functions in Cy,(R*?)? rather than only their
projections in L?(uy )¢ enables us to more easily apply the ideas of classical analysis. This
is conceptually similar to how one might study functions on some small and complicated
compact subset K of R? by first analyzing those which extend to smooth functions in
a neighborhood of K. Prior work on free transport such as [40] and [30] has also used
functions that are globally defined (at least on some operator-norm ball) rather than only
on the specific d-tuple of operators realizing the law py . Since degeneration is unavoidable
in any case, we might as well frame the Wasserstein manifold in terms of the globally
defined functions that are more analytically tractable rather than attempting to sort out
the difficult technical question of exactly how much degeneration occurs.

Besides, as seen in [45, 46, 47| as well as §8.2-8.3 of this paper, for V sufficiently
close to Y tr(«3), various functions V) on My (C)Z, associated to i) will, as N — oo,
be asymptotically close to corresponding non-commutative functions f in Cy, (R*¢) ev-
erywhere (uniformly on each operator-norm ball) rather than only the microstate spaces
associated to py. These results are better than we might expect; due to concentration
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of measure, there is no way to deduce them simply from studying the “bulk behavior”,
or knowing the L? (,u&,N))—norms of non-commutative functions on My (C)4, as N — oo.
Another way to describe this phenomenon is that the Ci(R*?)

information about the large N behavior of the random matrix models than could be

d .
¢ functions carry more
detected from the non-commutative law uy alone. However, it is unclear to what extent
this generalizes when V' is not close to (1/2) >, tr(z3) or not uniformly convex.

Another difficulty in framing the free Wasserstein manifold is that the non-commutative
laws p11 associated to our smooth potentials V' € # (R*?) might not be dense in the space
of all non-commutative laws. Certainly, we can only approximate non-commutative laws
that can be approximated by the non-commutative laws of matrix tuples (or laws whose
associated von Neumann algebras are Connes-embeddable); and we now know that not all
tracial W*-algebras are Connes-embeddable due to the recent work on related problems
in quantum information theory [48]. But even after we restrict our attention to Connes-
embeddable von Neumann algebras, it is unlikely that an arbitrary potential V € # (R*)
can be approximated by other potentials W such that Ly, has a one-dimensional kernel,
in light of the counterexamples in the single-matrix setting (see 5.4).

1.4. Outline. In §2, we explain background material and terminology. In §2.1, we sum-
marize definitions and results about C* and von Neumann algebras that will be used
throughout the paper. In §2.2, as a heuristic reference point, we describe the classical
Wasserstein manifold and give a parametrization of it in terms of the log-density rather
than the density.

In §3, we define spaces of tracial non-commutative C* functions, and describe their
basic properties, such as the chain rule for composition. In §4, we relate non-commutative
functions with smooth functional calculus for self-adjoint operators, and we describe
differential operators on non-commutative smooth functions that mimic the gradient and
Laplacian of trace polynomial functions on My (C)2,.

In §5, we define the free Wasserstein manifold # (R*?), diffeomorphism group 2(R*?),
and action Z2(R*?) ~ # (R*¢) by transport.

In §6, we analyze the heat semigroup, expectation, and pseudo-inverse associated to the
Laplacian Ly when V is sufficiently close to the quadratic V4. In particular, we construct
an operator Uy such that —Uy Ly f = f —Ey (f), where Ey is the expectation functional
(which will turn out to agree with puy).

In §7, we discuss a version of Voiculescu’s free entropy x defined on (a slight gener-
alization of) non-commutative laws. We show that for certain V' (with quadratic growth
at oo but not necessarily convex), there always exist non-commutative laws v maximizing
Xx(v)—v(V). Any free Gibbs law must satisfy the equation (V3 h) = 0 (Proposition 7.15).
Finally, when OV and 92V are bounded, this equation implies that v can be realized by a
d-tuple of bounded operators (Theorem 7.18).

In §8.1, the results from §6 and §7 are combined in the framework of the free Wasserstein
manifold to yield a rigorous construction of transport of measure for V sufficiently close
to > j tr(cc?). More precisely, for any continuously differentiable path ¢t — V; with V}
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sufficiently close to Y ; tr(a:?), there is a path t — f; of diffeomorphisms with (f;).Vp = V4,
and our choice of ¢ — f; is “infinitesimally optimal” (Theorem 8.3).

In the remainder of §8, we adapt the technique to prove triangular transport (see
Theorem 8.22) by studying conditional expectations and transport. An important tool
for the enterprise, which is interesting in its own right, is a precise connection between
non-commutative functions and functions on N x N matrices in the large N limit. In
particular, similarly to [46, 47], we show that a certain conditional expectation operator
from §6 describes the large N limit of conditional expectations for the matrix models.

Finally, §9 suggests directions for future research. In particular, we state and heuristi-
cally derive non-commutative versions of the heat equation, Wasserstein geodesic equation,
incompressible Euler equation, and inviscid Burgers’ equation.

2. Preliminaries

2.1. Operator algebras and free probability. We recall some standard definitions and
results about C* and von Neumann algebras, non-commutative laws, and free independence.
For background material on C* and von Neumann algebras, see e.g. [50, 51].

DEFINITION 2.1 (x-algebra). A wunital x-algebra (over C) is a unital algebra A over C
equipped with a skew-linear involution *: A — A satisfying (ab)* = b*a*. We call a* the
adjoint of a, and we say a is self-adjoint if a* = a. We denote by Ag, the set of self-adjoint
elements (which is a vector space over R).

DEFINITION 2.2 (C*-algebra). Let B(H) denote the *-algebra of bounded operators on
a Hilbert space H (where the #-operation is the adjoint in the usual sense). A (unital)
C*-algebra is a unital *-subalgebra of B(H ) that is closed with respect to the operator norm.

DEFINITION 2.3 (W*-algebra). The o-weak operator topology (o-WOT) on B(H) is the
topology generated by all maps B(H) — C of the form

oo
T = (&, TE),
j=1
where (§;);en is a sequence of vectors with ZijjHQ < 0. (Equivalently, the o-WOT is
weak-x topology on B(H) obtained from viewing it as the dual of the space of trace-class
operators.) A von Neumann algebra or W*-algebra is a unital #-subalgebra of B(H) that
is closed in the o-WOT.

DEFINITION 2.4 (States and traces). If A is a unital x-algebra, then a linear functional
¢ : A — C is said to be positive if ¢(a*a) > 0 for all a € A, unital if $(1) = 1, tracial if
¢(ab) = ¢(ba) for a,b € A, faithful if $(a*a) = 0 implies a = 0. If A is a W*-algebra, then
¢ is said to be normal if it is continuous with respect to the o-WOT. A state is unital
positive functional, and a trace is a unital positive tracial functional.

DEFINITION 2.5 (Tracial C* and W*-algebras). A tracial C*-algebra is a pair (A, 7) where
A is a C*-algebra and 7 is a faithful trace. A tracial W*-algebra is a pair (A, 7) where A is
a W*-algebra and 7 is a faithful normal trace.
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DEFINITION 2.6 (*-homomorphisms). A x-homomorphism from one x-algebra to another
is a linear map which respects multiplication and the x-operation. A x-homomorphism of
unital x-algebras is called unital if it preserves 1. A x-homomorphism of W*-algebras is
said to be normal if it is o-WOT continuous. An isomorphism of tracial C*-algebras is a *-
isomorphism that preserves the trace; we make the same definition for tracial W*-algebras
but with the added requirement that the map and its inverse are normal.

LEMMA 2.7 (Properties of x-homomorphisms). Any x-homomorphism of C*-algebras is
contractive and any injective x-homomorphism is isometric.

For any tracial C*-algebra, there is a non-commutative analog of the L spaces for
« € [0, 00] (we use « rather than p to reserve the letter p for polynomials), and they satisfy
the non-commutative Holder’s inequality.

DEFINITION 2.8 (Non-commutative L® norms). Let (A, 7) be a tracial C*-algebra. For
a € [0,00] and X € A4, we write

1X[a = {(Z;—l_l T((X;Xj)a/2))l/a7 o < oo,

max; || X || oo, a = oo.
Here (X7 X;)*/? is defined by functional calculus.

LEMMA 2.9 (Non-commutative Holder’s inequality). Leta, ay,...,a, € [0,00] with1/a =
> i—1 1/ay. Let (A, ) be a tracial C*-algebra and let ay, ..., a, € A. Then

lay ... anlla < Ha1||a1 e ”an”an-

Also, limg— o0 [ Xla = [|X]|oc for X € AL

Modulo renormalization of the trace, the inequality for matrices follows from the
treatment of trace-class operators in [82]; see especially Thms. 1.15 and 2.8, as well as the
references cited on p. 31. The von Neumann algebraic setting was studied by Dixmier [32],
and a convenient proof can be found in [27, Thms. 2.4-2.6]; for an overview and further
history see [74, §2].

DEFINITION 2.10 (Conditional expectation). Let A be a C*-algebra and B a unital C*-
subalgebra. A conditional expectation E : A — B is a linear map such that

(1) FE is positive, that is, it maps any operator of the form a*a € A to an operator of the
form b*b € B;

(2) E is a B-B-bimodule map, that is, E[bjabs] = by E[a]bs for a € A and by, bs € B;

(3) Elp =id.

The following result about tracial W*-algebras is well-known.

LEMMA 2.11 (Conditional expectations for tracial W*-algebras). Let (A, T) be a tracial
W*-algebra and let B be a W*-subalgebra. Then there erists a unique trace-preserving
conditional expectation E : A — B, and this E is o-WOT continuous. For each a € A, the
conditional expectation Ela] is characterized by the condition that T(E[alb) = 7(ab) for all
b € B. Moreover, |E[X]|la < || X]|o for any X € A% and a € [1, ).
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Next, we describe the space of non-commutative laws. A non-commutative law is the
analog of a linear functional Clz1,...,z4] — R given by f — [ fdu for some compactly
supported measure on R%. Instead of C[x1, . . ., 74, we use the non-commutative polynomial
algebra in d variables.

DEFINITION 2.12 (Non-commutative polynomial algebra). We denote by C{xy,...,x4)
the universal unital algebra generated by variables z1,...,24. As a vector space, C(x1,
..., xq) has a basis consisting of all products x;, ...x;, for £ > 0and iy,...,4 € {1,...,d}.
We equip C(z1,...,x4) with the unique *-operation such that z; = ;.

DEFINITION 2.13 (Non-commutative law). A linear functional A : C(zy,...,z4) — C is
said to be exponentially bounded if there exists R > 0 such that [A(z;, ...7;,)| < R for
all £ € Ny and 41,...,4 € {1,...,d}, and in this case we say R is an exponential bound
for A\. A non-commutative low is a unital, positive, tracial, exponentially bounded linear
functional A : C(z1,...,z4) — C. We denote the space of non-commutative laws by ¥4,
and we equip it with the weak-x topology (that is, the topology of pointwise convergence
on C(x1,...,24)). We denote by X4 r the subset of ¥4 comprised of non-commutative
laws with exponential bound R.

OBSERVATION 2.14. The space ¥4 r is compact and metrizable.

OBSERVATION 2.15. Let A be a *-algebra and X = (X1,...,X4) € AL . Then there is a
unique *-homomorphism px : C(z1,...,xq) = A such that px(z;) = X, forj=1,....d.

DEFINITION 2.16 (Non-commutative law of a d-tuple). Let (A, 7) be a tracial C*-algebra.
Let X = (X1,...,Xq) € A%. Then we define \x : C(zy,...,24) = C by Ax = 7 0 px.

OBSERVATION 2.17. If (A, 7) and X are as above, then A\x is a non-commutative law with
exponential bound || X||oo. Conversely, if R is an exponential bound for Ax, then

X0 = max lim [Z T(an)} Y _ R,

J

Hence, ||X||oo s the smallest exponential bound for Ax and in particular it is uniquely
determined by Ax.

In the case of a single operator X, we can apply the spectral theorem to show that
there is a unique probability measure px on R satisfying

/R Fdux =7(f(X)) for f € Co(R).

Since X is bounded, pux is compactly supported and thus makes sense to evaluate on
polynomials. If p is a polynomial, then Ax[p] = fR pdux. Thus, A\x is simply the linear
functional on polynomials corresponding to the spectral distribution.

We use the notation Ax in particular when A = Mpy(C). We denote by try the
normalized trace (1/N)Tr on Mpy(C); recall that this is the unique (unital) trace on
Mp(C). Thus, for any X € My(C)%,, a non-commutative law Ax is unambiguously
specified by the previous definition. In the d = 1 case, the non-commutative law is given
by the empirical spectral distribution. Note that when X is a random d-tuple of matrices,
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we will use the notation Ax by default to refer to the empirical non-commutative law, that
is, the (random) non-commutative law of X with respect to try.

The next proposition shows that any non-commutative law can be realized by a
self-adjoint d-tuple in some tracial C* or W*-algebra. This is a version of the Gelfand-

Naimark—Segal construction (or GNS construction). A proof can be found in [5, Proposi-
tion 5.2.14(d)].

PROPOSITION 2.18 (GNS construction for non-commutative laws). Let A € X4 r. Then
we may define a semi-inner product on C{x1,...,xq) by

(0, 0)x = A(p*q).

Let Hy be the separation-completion of C(x1,...,xq) with respect to this inner product,
that is, the completion of C{x1,...,zq)/{p : M(p*p) = 0}, and let [p] denote the equivalence
class of a polynomial p in H).

There is a unique unital x-homomorphism © : C(xy,...,xq) — B(H)) satisfying
p(p)lg] = [pq] forp, ¢ € Clz1,...,zq). Moreover, ||w(z;)|| < R.

Let X; = m(x;), let X = (X4,..., Xq) and let C*(X) and W*(X) denote respectively
the C* and W*-algebras generated by the image of w. Define 7 : W*(X) — C by 7(T) =
(], T[1])r- Then 7 is a faithful normal trace on W*(X) and in particular a faithful trace
on C*(X).

DEFINITION 2.19. In the situation of the previous proposition, we call C*(X) and W*(X),
the C* and W*-algebras associated to .

The operator algebras associated to A are canonical in the sense that any other construc-
tion would yield an isomorphic W* or C*-algebra. The following lemma can be deduced
from the well-known properties of the GNS representation associated to a faithful trace 7
on a C* or W*-algebra A (which gives the so-called standard form of a tracial W*-algebra).

LEMMA 2.20. Let (A, 7) and (B, o) be tracial C*-algebras. Let X € A% and Y € BL such
that Ax = Ay . Let C*(X) and C*(Y) be the C*-subalgebras of A and B generated by X
and Y respectively. Then there is a unique tracial C*-isomorphism p : C*(X) — C*(Y)
such that p(X;) = Y;. The same result holds with tracial W*-algebras rather than tracial

C*-algebras.

Next, we review Voiculescu’s definition of free independence [86, 87], which provides
a probabilistic viewpoint on classical notion of free products of tracial W*-algebras. For
background material, see, e.g., [99, 66, 63].

DEFINITION 2.21 (Free independence). Let A be a x-algebra and 7 : A — C a trace. Then
unital *-subalgebras (A;);cr are said to be freely independent if T(a; ...ap) = 0 whenever
a1 € Aiy, ..., ap € A;, satisty 7(a;) = 0 and 41 # ia # - - - # i. Similarly, if I is an index
set and X; is a d;-tuple of operators in A for each ¢ € I, we say that (X;);cs are freely
independent if the *-algebras A; generated by X; are freely independent.

LEMMA 2.22 (Free independence determines joint moments). Let (A, 7) be a x-algebra
with a trace. Suppose that X; = (X 4,,...,Xi4,) 15 a d;-tuple of self-adjoint operators
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for each i in some index set I, such that (X;);cr are freely independent. Then for any
non-commutative polynomial p in (X;)icr, the trace 7(p((X;)icr)) is uniquely determined
from the traces T(q¢(X;)) for ¢ € C{x1,...,2zq4,) and i € I. In fact, there is a universal
formula for T(p((X;)icr)) using sums and products of the traces T(q(X;)) that does not
depend on the particular A and 7. In particular, (if I is finite) the non-commutative law of
(Xi)ier is uniquely determined by (Ax,)icr-

For proof, see [99, Proposition 2.5.5].

LEMMA 2.23 (Free conditional expectations). Suppose that X € A% and Y € A% are
freely independent in (A, 7). Let Ey-x) : A — W*(X) be the unique trace-preserving
conditional expectation. If p(X,Y) is a non-commutative polynomial of X and Y, then
Ew-x)[p(X,Y)] is a non-commutative polynomial of X. Furthermore, the coefficients are
given by a universal formula in terms of sums and products of traces of non-commutative
polynomials in X and traces of non-commutative polynomials in Y.

See [63, §2.5, Theorem 19] or [31, proof of Lemma 2.1]; this can also be proved from
the argument used much earlier in [8, proof of Proposition 3.2].

LEMMA 2.24 (Free products). Let (A1,71),..., (An, Tn) be tracial W*-algebras. Then there
exists a tracial W*-algebra

(A7) = (Ap * -k A, Ty %+ % Ty)

with canonical trace-preserving inclusions v : (A;,7;) = (A, T) such that A is the W*-al-
gebra generated by the images t1( A1), ..., tn(Ay) and these images are freely independent.
The free product is commutative and associative up to a canonical isomorphism.

For proof, refer to [99, Propositions 1.5.5 and 2.5.3] or [66, Lectures 6 and 7].

DEFINITION 2.25 (Standard semicircular family). A d-tuple S = (S1,...,Sq) from (A, 7)
is said to be a standard semicircular family if Sy,..., Sy are freely independent and the
spectral measure of each S; with respect to 7 is (1/27)v/4 — 12 1|5 (t) dt.

LEMMA 2.26 (Free Brownian motion). There exists a tracial W*-algebra (B,0) and self-
adjoint d-tuples (S(t))ic(o,00) Jrom B such that

1) §(0) =0;
t1) — S(to))/(t1 — to)'/? is a standard semicircular family for each ty < ti;

1) —S(to), -, S(tm) — S(tm—1) are freely independent whenever to<t1 <---<tp;

(B, o) is generated as a W*-algebra by (S(t))ie(0,00) -

Moreover, (B, o) and (S(t))ic[0,00) are unique up to a W*-isomorphism that preserves the
generators. We call S(t) a d-variable free Brownian motion.

For proof, refer to [83, §5] or [99, §2.6].

2.2. The classical Wasserstein manifold and log-density coordinates. To motivate
our construction of the free Wasserstein manifold, we briefly review the classical Wasserstein
manifold and discuss an alternate coordinate system based on minus the log-density rather
than the density itself, as was done to some extent in [54] and [70]. In the following, M will
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be a Riemannian manifold of dimension d. We denote by (v, w) the inner product of two
tangent vectors v and w at some point z € M with respect to the Riemannian metric, by
dps the geodesic distance on M, and by dx the canonical volume form associated to the
Riemannian metric. In this discussion, we will mostly assume that M is compact because
it makes the analysis simpler; and for instance, the rigorous formulation of 2(R%) as a
Fréchet manifold is easiest when M is compact (see, e.g., [54]). However, readers who are
less familiar with Riemannian geometry may focus on the case M = R? to understand
the computations. Our non-commutative Wasserstein manifold is the analog of the case
M =R4,

DEFINITION 2.27 (Wasserstein manifold). We define the manifold of probability densities
or Wasserstein manifold of M by

PM) = {p € C®(M:R): p > 0,/Mpdx . 1}.

For each density p, the tangent space is defined by
T,2(M) = {0’ € C*(M;R) : / odr = 0}.
M

The Riemannian metric for 2(R?) is defined in terms of the elliptic differential operator

A, C®(M) = C>*(M) given by
Npf =V (pVf) = pAf +(Vp. V),

where VT denotes the divergence operator from vector fields on M to smooth functions.
When M is compact, A, defines an unbounded self-adjoint operator on L?(dz) with
A, <0. The kernel is the space of constant functions and its orthogonal complement
in L?(p) is the space of functions ¢ with [ o dz = 0. Thanks to the theory of elliptic PDE,
there is a pseudo-inverse operator A;l : C®(M) — C*°(M) satisfying A;lf = g if and
only if [, gde =0and A,g = f — [,, fdax.

DEFINITION 2.28 (Riemannian metric on #(R%)). Let M be compact. For each p € Z(M),
we define a Riemannian metric (-, )7, (1) on the tangent space by

(01,02)1, 2(01) = /M Ul(x)(—A;:l@)(fU) de,

or equivalently (using integration by parts),
(o1,02)1, 2(01) = /M<V(A;101),V(A;102)>p(x) dx.

Next, we define alternative coordinates in terms of minus the log-density, and we
compute the Riemannian metric in these new coordinates.

DEFINITION 2.29 (Log-density manifold). Let

W (M) := {v € C™(M,R): /M e Vdr = 1}
and

Ty W (M) = {W cC®(M,R): [ WeVdr= o}.

M
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LEMMA 2.30 (Change of coordinates between density and log-density). Let M be compact.
There is a bijection € : W (M) — P(M) given by V + e~V. The corresponding map
dey : Ty W (M) — T,2(M) is W — —We~V. Moreover, the Riemannian metric on
P (M) corresponds to the Riemannian metric on # (M) given by

Wi, Wa)ryw (ary = —/ Wi (Ly ' Wa)e™" de:/ (V(Ly'Wh), V(L' Wh))e ™V da,
M M

where
Lvf:=Af —(Vf,VV)

and L‘_,1 is the pseudo-inverse of Ly given by
Ly(Ly'f) = L (L f) = f - /M feVdz,  LyM(1)=0.

Proof. £ defines a bijection since the inverse is given by p — —logp. A tangent vector
W e Ty # (M) represents the equivalence class of the path ¢t — V + W in #(M). The
corresponding path in Z(M) is t — e~ (V+W)  Differentiating at t = 0 yields —We=",
hence this is the corresponding element of T, 22 (M).
Note that
Apvf=eVAf e V(VV,Vf) = eV Ly,

and that e~V f integrates to zero with respect to dx if and only if f integrates to zero with
respect to e~V dx. Hence,
AN eV ) =L f,

SO

(d&v(Wh),dEy (Wa))r . o(ar) = —/ e VWA [e7V Wy da
M

— —/ WIL;I(WQ)C_V df,U
M

Using integration by parts, this is equivalent to [,, (VLY (Wh), VL, (Wa))e™V da. w

We point out that Ly, defines a self-adjoint unbounded operator on L?(e~" dx) satisfying
Ly <0. In fact, Ly = —V§,V, where

Tf = VIt 4+ (f,VV)

when f is a vector field on M. When M is compact, the kernel of Ly is precisely the space
of constant functions. The operator Ly seems more intrinsic than A, since it is defined
directly in terms of the measure e~ dx rather than dx.

Smooth transport of measure, or in other words, the transport action of the diffeo-
morphism group of M on &(M), is of central importance for our work. Let 2(M) denote
the group of diffeomorphisms of the compact Riemannian manifold M, where the group
operation is composition. We can consider 2(M) as an infinite-dimensional Lie group.
The corresponding Lie algebra is the algebra of smooth vector fields on M, which we
denote by Vect(M ), and the exponential map sends a vector field f to the diffeomorphism
obtained from the flow along f at time 1. The Lie bracket for the Lie algebra of vector
fields is known as the Poisson bracket; application of the Poisson bracket to vector fields
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corresponds (up to varying sign conventions) to taking the commutator of the differential
operators associated to those vector fields.

OBSERVATION 2.31 (Transport action). There is a group action 2(M) ~ P (M) given by
(£,p) = £.p:= (pof~1)|det df 1|,

or in other words, the push-forward of the measure pdx by the function f is (f.p) dx. The
corresponding action (M) ~ W (M) is given by

(£,V) = £,V :=Vof! —log|det df .

LEMMA 2.32 (Differential of transport action). Fixz p € P(M), and consider the map
S D(M) — P (M) given by p — f.p. Then the differential satisfies

dSq : Vect(M) — T,2(M) : h+ —V'(ph) = —(Vp,h) — pV'h.

Fiz V e # (M), and consider the map T : (M) — # (M) given by f — £.V. Then the
differential satisfies

dJg : Vect(M) — Ty # (M) : h+— —Vih = V'h — (Vh, VV).

Proof. Let f, be a path of diffeomorphisms with f; = id and f, = h. Then using the
product rule, we get

d _ _
| (pof Yldet df;*[) = =(Vp,h) — Tr(dh) = —V(ph)
t=0
and
d
7 (Voft —log|detdf, !|) = —(VV,h) + Tr(dh) = —Vih. m
t=0

If M is compact, then the action of (M) on (M) is transitive [34]. Moreover, if we
fix some p, then the map f — f.p is a submersion Z(M) — (M), which can be used to
define local coordinates on & (M) [54, §3]. In hindsight, one heuristic for these results is
that the map —V3, : Vect(M) — C°°(M) modulo constants has a right-inverse given by
VL(/l since —V}‘,VL(,lf = f— [ fe=V dx. Thus, VL(,1 transforms a change in V' into an
infinitesimal transport map. We shall use this idea to construct families of transport maps
along paths in the free Wasserstein manifold.

The stabilizer in Z(M) of some V' € # (M) is the group Z(M, V) of diffeomorphisms
that preserve the measure e~V dx. If h € Vect(M), then exp(th) preserves V for all ¢ if
and only if Vi h = 0. Hence, Lie algebra for the stabilizer consists of divergence-free vector
fields with respect to V, which is the orthogonal complement in L?(e~" dx) of the space
of gradients. For each V', we can define an inner product on vector fields by integrating the
Riemannian metric of M with respect to the measure e~V dx, and this can be extended to
a right-invariant Riemannian metric on the diffeomorphism group. Geodesic equations on
2(M) and 2(M,V) yield respectively the inviscid Burgers’ equation and incompressible
Euler’s equation [6]; we formulate the non-commutative versions in §9.4.

Next, we turn our attention to the differentials and the gradient flow of functionals on
P(M) or #(M).
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DEFINITION 2.33 (Wasserstein differential and gradient). For a . % : (M) — R, we
denote the differential (when defined) by
0pF(p) : T, (M) — R.
Moreover, grad, .7 (p) is the unique element of T, (M) satisfying
<gra‘dp y(ﬂ)vap.@(M) = 5pf(ﬂ) [o].
For functionals .% on # (M), we make the analogous definitions of §y.# and grady, F.

Often, the functionals are given by integration of some function of p over M, and then
the gradients are computed using integration by parts. We illustrate this technique on one
of the most important functionals, the entropy functional

h(p) := /—plogpdm.
LEMMA 2.34 (Wasserstein gradient of entropy). We have
grad,[h(p)] = Ap and grady [h(e™V)] = Ly V.
Proof. Consider the perturbation p + to for some o € T,,%(M). Note that

a
dt

/ —(p+to)log(p +to) dx

t=0
= 7/0(1+logp)d:c: /Ap(ngla)(1+logp) dx

= /Ap(l +log p)(—A,) o da.

Then note that A,(1 +logp) = VT (pVlogp) = VIVp = Ap.
Similarly, consider W € Ty % (M). Let h = VLW and let V; = exp(th),V, so that
Vo = —=Vih=W. Then
4
dt

/e‘V‘Vt dx = /W(l +V)eVdr = /LV(L;IW)(l +V)e Vdx
t=0

= /Lv(l + V)L We ™Y de = (Ly (L+ V), W)y (an)-

Hence, grady [h(e=")] = Ly (1 4+ V) = Ly V. Alternatively, we can deduce this from the
computation for #(M) and the relation that —e=V Ly V = Ale™V]. =

Hence, as observed by Otto [69], the upward gradient flow on (M) for the entropy
functional is described by the heat equation p = Ap. The corresponding equation on # (M)
sV =LyV.

Next, we discuss Hamiltonian flows on # (M) and in particular the geodesic equation.
Hamiltonian flows on a the tangent manifold 7'M are related to the natural symplectic form
TM coming from the Riemannian metric on M. While we could write the Hamiltonian
flows either in terms of the density p or the log-density V', we will focus on the log-density
case since it is less standard and more relevant to our work. It will be convenient for use
to reparametrize the tangent space Ty # (M) using ¢ = L;1W as our coordinate. More
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precisely, write
T, W (M) = C™(M,R)/R1,

where R1 is the vector space of constant functions. The map Ly sends T{,# (M) onto
Ty# (M) and the Riemannian metric on 17, % (M) is the Dirichlet inner product with
respect to e~V dz, that is,

(b1, 6200w (ary = / (Vo VeV du.
Let T"# (M) be the corresponding tangent bundle
T'W (M) =W (M) x C*(M,R)/R1.
We denote by grad|, .# (V) = L;,' grady, .Z (V) the gradient of .# (V) expressed in these
new coordinates.

DEFINITION 2.35 (Hamiltonian flow). Let 2 : T"# (M) — R : (V,¢) — (V,¢). We
call V' the position variable and ¢ the momentum variable. Then the Hamiltonian flow
associated to 7 is the pair of equations

V, = Ly, grad; AV, ),
¢y = — grady, AV, ¢),
where t — (V, ¢¢) is a path in "%/ (M) and * denotes the time derivative. The Ly, term

is included to transform TY,# (M) to Ty # (M) and thus to interpret the tangent vector
as the rate of change of V.

LEMMA 2.36. Let # : # (M) — R. The Hamiltonian flow associated to
H(V,¢) = 5(0, ®) 1y, w(ary + F (V)

18 .

Vi = Lv, ¢,

b = —1(Vp, V) — gradl, F (V).
Proof. Tt is clear that grad), /#(V,¢) = ¢. To compute grady [(¢, ¢)r; » (ar), consider
Y € T{, W (M), and the corresponding vector Ly € Ty # (M). Let t — V; be some path
such that Vo = Ly1. Note that

d d
P t:0<¢, Oy, (M) = T

/ (Vo, Ve Ve do = / (V6, V) (~Lyw)e du
M M

t=0
= [ (V(V6.V0). VeV do = (V6.V0), )y wan
With this computation in hand, we obtain
grady #(V,¢) = 5(V$,V¢) + grady F (V)
which yields the asserted equations for the Hamiltonian flow. m

We remark that the Wasserstein Hamiltonian flow with F(V) = 0 is the geodesic
equation on # (M), which is closely related to optimal transport theory; we will discuss
the non-commutative version in §9.3. The Hamiltonian flows for non-zero F often arise as
Nash equilibria in mean field games (see [25, 56]).
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3. Non-commutative smooth functions: definition and properties

3.1. Trace polynomials. While there is a not a universally agreed upon analog of
C* functions of several self-adjoint operators, it has at least become clear that in the
random matrix setting these functions should include trace polynomials. Trace polynomials
were first studied from an algebraic viewpoint since the give all the unitarily invariant
polynomials over n x n matrices for every n [77, 75, 57, 78]. Their applications to Brownian
motion on matrix groups and to probability theory are evident from [76, 79, 22, 33, 52,
53, 30].

Trace polynomials are functions of several self-adjoint operators obtained by mix-
ing non-commutative polynomials with applications of the trace from the ambient von
Neumann algebra. Let C(zq,...,x4) be the *-algebra of non-commutative polynomials
(Definition 2.12). Any non-commutative polynomial p can be evaluated on self-adjoint d-
tuples in a tracial C*-algebra. If (A, 7) is a tracial C*-algebraand X = (X1,..., Xy) € A%,
then we write p(X) = px (p), where px is the unique *-homomorphism C(x1,...,24) = A
mapping x; to X;. Then X +— p(X) defines a function pAT o AL — A. Moreover, there
is a function (tr(p))*™ : A4 — C given by X — 7(p(X)). In fact, (tr(p))*7(X) depends
only on the non-commutative law Ax and defines a continuous function on the space of
laws Y4 (by definition of non-commutative laws). We obtain the algebra of scalar-valued
trace polynomials TrPg by taking sums and products of functions of the form tr(p), for
instance,

tr(zize) tr(zs) — 3tr(wa) + 5tr(zs)? tr(zirers).

In fact, by the Stone—Weierstrass theorem, this algebra is dense in C(34 ) (see [47,
Proposition 13.6.3]).

These scalar-valued trace polynomials sit inside a larger algebra TrP,; obtained by
multiplying scalar-valued trace polynomials and non-commutative polynomials, which
would contain for instance

tr(zyme)zs + o1 — 3tr(wa)l + 5tr(ws) wizows.
The space of trace polynomials is defined algebraically as follows.

DEFINITION 3.1. We define tr(C(z1,...,z4)) to be the vector space

C(z1,...,xq)/ Span{pg —qp : p,q € C(z1, ..., za)}.
Then TrP?(R*?) is defined to be the symmetric tensor algebra over tr(C(z1, . . . , #4)) modulo
the relation tr(1) = 1. We also define the *-algebras TrP(z1,. .., z4) = TrP%(z1,...,24) ®
(C<.’171, ey md>.

For p € C{x1,...,24), we denote the corresponding element of tr(C(x1,...,z4)) by
tr(p). Elements in the algebra TrP(zy,...,24) will be written as linear combinations of
expressions such as tr(py) ... tr(p,)po. Note that C(z1, ..., z4) has a natural Z<¢ ,-grading
by the degrees in each variable. The quotient tr(C(z1,...,x4)) is defined by the relations
pq — gp = 0, and it suffices to take p and ¢ monomials, so that pg — gp is in a single graded
component. Therefore, tr(C(z1, ..., x4)) inherits the Z< ,-grading. From this, we obtain a
grading on the tensor algebra TrP%(z1, ..., z4) and then on TrP(x1, ..., x4), which is the
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tensor product of TrP%(z1, ..., x4) and C(z1,. .., x4). We also identify TrP%(x1, ..., zq)
with the subalgebra TrP° (1, ..., 24) @ 1 of TYP (a1, ..., xq).

Just as commutative polynomials in d variables can be interpreted as functions R¢ — R,
a trace polynomial f defines a function A%, — A for every tracial C*-algebra (A, 7).
This is done through evaluation maps which naturally extend the evaluation maps on

C(x1,...,2q)-

DEFINITION 3.2. Let (A, 7) be a tracial C*-algebra, and let Xi,..., Xy € A be self-
adjoint. Then we define the evaluation map evﬁ’:_“ x, + TrP(z1,...,24) — A as the

unique *-homomorphism satisfying
A,
e"xlT,...,Xd(P(ffl, o xa)) = p(X1, ..., Xa),

evX’h___,Xd(tr(p(xl, cooyxq))) =7(P(X1, ..., X))

To see that this is well-defined, note that evﬁ’;“_, x, Passes to a well-defined linear map

from tr(C(z1,...,24)) into A since 7 is invariant under cyclic symmetry. Using the uni-
versal property of the symmetric tensor algebra, we obtain a map TrP%(X1,..., X,) — A.
Finally, we tensor this map with the well-known evaluation map C(xy,...,z4) — A to
obtain a map TrP(xq,...,24) — A.

DEFINITION 3.3. With (A, 7) a tracial C*-algebra and f € TrP(xy,...,24), we define
fAT AL — Aby
FAT(X, . Xa) = evixy,xy L (f)-
Thus, a trace polynomial f defines a function A% — A. We next explain how to
differentiate the function f*'7, and this will motivate the construction of non-commutative
C* functions. Given f : A% — A for some tracial C*-algebra, we define

Oif + AL x Ay — A
by

d
=2 X X X 1Y X, Xa) (3.1.1)
t=0

whenever the limit defining the derivative exists in norm. (Of course, this definition makes

9 f(X1,.... Xa)[Y]

sense for maps between Banach spaces in general, and one could also consider differentiation
in the weak topology.) Similarly, for j; € {1,...,d}, we can view 9}, f(X)[Y1] as a function
of d + 1 variables, and then take a second directional derivative with respect to the joth
variable in another direction Y5. In general, we denote the iterated directional derivatives
of order k by

05y, .. 0 f(Xq,..., Xa)[Y1,..., Y]

for j1,...,jk € {1,...,d} and Xq,..., Xz and Y7,...,Y} in As,.

We claim that if f € TrP(zy,...,24), then the directional derivative d;(f*7)(X)[Y]
is given by ¢*47(X,Y) for some trace polynomial g that is independent of (A, 7). In fact,
we will describe abstract differentiation operators on the algebra TrP(zq,...,24) such
that the abstract derivatives of f evaluate to the directional derivatives of 47 for every
(A, 7). Since a trace polynomial is smooth in the sense of Fréchet differentiation, the
kth directional derivatives of a function f(Xy,...,Xy) in directions (Y7,...,Y%) will be
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multilinear in (Y7, ..., Y%). Hence, the kth directional derivatives ought to be given by trace
polynomials in (x1,...,24,y1,. .., Yk) that are multilinear in (y1, ..., yx), which motivates
the following definition.

DEFINITION 3.4. Let TrP(xy,...,z4;y1,...,y¢) be the subspace of TrP(xy,...,xq,
Y1,...,Ye) consisting of those trace polynomials that are linear in each y;, that is, it is the
sum of the graded components with grading in Z<, x {1}¢. An element f € TrP(z1,...,z4;
Y1,.--,ye) will often be denoted f(x1,... ,:E_d)[yl, ...,ye] rather than f(z1,...,zq,

yla"'7y2)~

Of course, if f € TYP(21,...,Za;Y1,---,Yk), then f|4 . defines a map AL* — A that
is multilinear in the last k variables. To define the abstract derivative operators, we start
with the case of first-order derivatives.

LEMMA 3.5. There is a unique linear operator

Oz, » TrP(z1,...,2q4) = TrP(x1, ..., 245 y)

satisfying
O, (z5) [yl = v,
awj (z:)ly] =0  fori#j,
O, [tr(p(2))][y] = tr(0x, [p(2)][y])  forp e Clzy,... za),
]

= 0., J(@)ylg(e) + F(2)s, g(2)]y).

Proof. First, for a monomial p(z) = ;1) ... %), define

Ouyp(¥) = 3 Ti(1) -+ Ti(i-)YTi(i41) -+ (k)
i()=J
Since the monomials are a basis for C{x1,...,x4), this extends to a linear operator from
C(z1,...,2q) into C{xy,...,zq,y). Then observe that if ¢ is cyclically equivalent to p, then
0Oz, q is cyclically equivalent to 0,,p. Thus, 0., also defines a map from tr(C(zy,...,zq))
into tr(C(xy,...,zq,y)). Recall that a basis for TrP(x1, ..., z4) is given by elements of the

form tr(p1) ... tr(pn)po, where pq,...,p, are monomials up to cyclic symmetry and pq is
a monomial. Thus, there is a unique linear operator TrP(z1,...,zq4) — TrP(z1,...,24,y)
satisfying

Ou [tx(p1) - tr(pa)pol = D_tr(Depi)  J] tric)po + [ [ tr(p)s;p0

ire[n]\{i} i=1
whenever py, . . ., p, are monomials. We leave it as an exercise to check that this operator 0,
satisfies all the desired properties and is uniquely determined by those properties, and
moreover that it maps into TrP(z1,...,24;y). =

REMARK 3.6. The action of 0,; can be described in words as “find each occurrence of z;
and replace it by y and then add the resulting trace polynomials”. For instance, with d = 2,
J=1

O, [tr(2122) tr(wo)22][y] = tr(yxs) tr(zy)a? + tr(zias) tr(ze)yzy + tr(zias) tr(ze)z1y.
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To define higher order derivatives, note that TrP(z1,..., 24,41, .., yk) is isomorphic
to TrP(z1,...,24+%), and hence for j = 1,...,d, we can define

8zj ZTI“P(331>---755d7?Jla-~-ayk) — T\rP<x1>---7xd7y1a"'7yk;yk+1)7

where yj+1 stands for the extra variable y that is introduced when differentiating. In fact,
this operator maps

TrP(z1, .. 2a;y1, -5 uk) = TrP(zy, o a5 91, -0 Y1)

LEMMA 3.7. Let f € TrP(x1,...,xa;y1,---,Ye), and let (A,T) be a tracial C*-algebra.
Then

8j ...8j1 (f‘A’T)(Xl, o ,Xd)[Yl, .. .,Y;H_g]
= (s, - Ou;, [l ar (X1, o, X2)[Y1 -, Yigd]

for X1,..., Xaq,Y1,..., Yo € Aga. Here the left-hand side denotes the iterated direc-
tional derivative of 7 as a function on A2, while the right-hand side denotes abstract
differentiation operators which we introduced algebraically.

Proof. By induction, it suffices to prove the case where & = 1. Then, since a function in
Tr(z1,...,Td;Y1,---,Ye) can be viewed as a function of d + ¢ variables, we can assume
without loss of generality that ¢ = 0 by changing d if necessary. Hence, it suffices to show
that for f € TrP(z1,...,zq4),

0i(fla) (X1, ..., Xp)[Y1] = (O, [ a,r (X1, ..o, Xi)[Y1].

The two sides of the equation agree when f(x1,...,x) = x; for some 4, hence they agree
for non-commutative monomials by the Leibniz rule and for non-commutative polynomials
by linearity. Then because both 0,; and the directional derivative operations commute
with the application of the trace, the relation also holds for f € tr(C(x1,...,zq)). Finally,
by the Leibniz rule, it extends to all of TrP(z1,...,z4). =

3.2. The spaces CE(R*? .z (R*% ... R*d)). Now we are ready to define a certain
non-commutative analog of C* functions. These are, roughly speaking, functions whose
derivatives up to order k can be approximated by trace polynomials. But we must first
decide what norm to use for the approximation, and there are many possible choices.
Thus, we will first give some motivation for our definitions. What is most important is for
the resulting function spaces to have good closure properties; for instance, closure under
addition, multiplication, and more generally composition.

The first derivative of a trace polynomial f in (z1,...,24) is a trace polynomial in
(w1,...,2q,y1) that is linear in y;. Thus, 0, f(X1,..., X4) defines a linear map A — A
for each tracial C*-algebra A and Xy, ..., X; in Ag,. Obviously, it is natural to consider
the norm of 9,, f(Xi,...,X4) as a linear map with respect to the operator norm of A.
However, A also has a 2-norm with respect to the trace (Definition 2.8). The 2-norm
is important in the study of von Neumann algebras since it allows us to apply Hilbert
space theory. And the 2-norm on M,,(C) is a rescaling of the standard Euclidean norm on
M, (C) = C™ . Thus, we want to take into consideration

100, F(X1, -, Xa) 22 = sup {100, F(Xr, ., X)[V][l2 £ [V]l2 < 1)
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Higher order derivatives will be multilinear forms A¥, — A. For instance, one term
might be the multilinear form f(x1,22)[y1, Y2, y3] = T1y22321y1y3. If X1, X5 € As,, then
(X1, X3) will not be bounded as a map from (Asa, ||]2)®> — (A, ||-]|2). However, by
the non-commutative Holder’s inequality (Lemma 2.9), if «, a1, a2, a3 € [1,00] satisfy
1/ao=1/a1 +1/ag + 1/ag, then we have

X1 Y2 X3 X1 Y1 V3 ]|oc < X0 (3 1X2 0120 1Y o [1¥2llecs Y5 s

where ||Y]|o = 7((Y*Y)*/2)V/e for a < 0o and ||Y]| is the operator norm.

These considerations will lead to the definition of the space CE (R*?), which we think
of as an analog of the classical space C*(R?). Before explaining the formal definition, let
us first discuss the notation and type of object we aim to describe. The symbol R*® does
not have a literal meaning but it expresses the idea of a functions of d free real (that
is, self-adjoint) variables. The derivatives of these functions will live in certain spaces of
functions of self-adjoint variables which output ¢-multilinear forms. Thus, for instance for
f € CE(R*9), the total derivative 0% f will be defined for each (A, 7) a function of d-
tuples X, Y71, ..., Y, which is real-multilinear in the last £ arguments (i.e. an ¢-multilinear
function of Yy,..., Y, that depends on X). Here, for the sake of compact notation, we
want to denote a tuple (X1,...,X4) € A% by a single letter X, akin to the common
notation for vectors in R%. Thus the derivative 9 f will collect all the partial derivatives
of f of order k (discussed in the previous section) into a single gadget.

Although in many applications the variables X and Yq,...,Y, will be vectors with
the same number of components, we will need each of them to have a different number
of components on some occasions. The space CF (R*?, 7 (R*¥ ... R*¥))4 will describe
functions which assign, to each (A, 7) and each X in A%, a multilinear form A% x - - - x A%
— AT,

The entries of the output vector are not restricted to be self-adjoint; thus, this is
the non-commutative analog of functions from R? to the space of R-multilinear maps
R x ... x R% — C%. Moreover, just as every R-multilinear map R% x - .. x R% — c¥
extends to a unique C-multilinear map C% x --- x C% — C?, any R-multilinear map
Ad oo x A% — A extends uniquely to a C-multilinear map A% x --- x A% — A.
We will define norms of multilinear forms using the “complexified” versions since they are
slightly better behaved (although this only makes a difference up to a constant factor).
Now let us give the precise definitions.

DEFINITION 3.8. If A : A% x --- x A% — A4 is a C-multilinear form and «, aq,. .., ay
€ [0, 00}, then we define

Aoz o

=sup {||IA[Y1,...,Y]lla: Y1 € AL .Y, € A% |[Villay < 1, [ Vellay < 1.

We also define

-1 1

1Al ze 6 = sUp {|Mllasar o s @7 = a7 4o+ ag

Note that in the case ¢ = 0, the multilinear form reduces to an element of A7 and
[AlLzo0 60 = [|A]]oo-
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OBSERVATION 3.9. Every Y € A% can be written uniquely as Re(Y) + iIm(Y), where
Re(Y),Im(Y) € AL, and [|[Re(Y)| o Tm(Y)||o < [|Y||a- Therefore,

sa’

1
gt [ Alasanae < sup{[|A[Y, - Yol o :
Y € .Adl

sa’”

"7}/5 € Asdga ”}/1”(11 S 177”}/[”0[ S 1}
<[l

Q0.0

DEFINITION 3.10. Let (A, 7) be a tracial C*-algebra and f : A% x A% .. A% — AT
a function that is real-multilinear in the last £ arguments. Then we define

1f 1t . = sup {1 F (X)L e - X € AL, [ X]lo < R}

In the case ¢ = 0, we write it simply as ||f||s, r-

The seminorm of a function f in CF(R*%, .4 (R*% ... R*%))? with radius R will be
defined below essentially as the supremum of || f47||_ye ¢, r over tracial C*-algebras (A, 7),
but there is a small technical issue that the classes of tracial C*-algebras and of tracial
WH-algebras are not sets. However, this issue is easily resolved as follows (for a moment,
we assume a greater background knowledge about operator algebras): There does exist a
set W of isomorphism class representatives for tracial W*-algebras that are separable in
o-WOT. This is because a separable tracial W*-algebra with a choice of a countable set of
self-adjoint generators is equivalent to a non-commutative law in countably many variables,
that is, unital, positive, tracial, exponentially bounded linear maps C(z; : j € N) — C.
These linear functionals evidently form a set. Isomorphism between the W*-algebras
defines an equivalence relation on the space of laws, hence we can define W as the set of
equivalence classes. Of course, if we take the supremum over separable tracial W*-algebras,
the supremum is the same as if we used all tracial W*-algebras since

[FACSISTREERR 9]

can be evaluated only using the o-WOT-separable subalgebra W*(X;Y1,...,Yy) and its
trace. Moreover, it is the same as the supremum over all tracial C*-algebras, since any tracial
C*-algebra can be completed to a tracial W*-algebra through the Gelfand-Naimark—Segal
construction.

DEFINITION 3.11. We denote by TrP(R*¢, .7 (R*% ... ,R*d‘))d' the vector space of d’-
tuples g of trace polynomials in the indeterminates or formal variables

X:(Q?h...,.T,d), ylz(yl,la"'ayl,dl)’ ey Yé:(yé,lw-wyé,dz)

that are multilinear in y1, ...,y (as above).
We observe that for every g € TrP(R*¢, 7 (R*% . .. ,R*d@)dl, we have

sup |Igll.ze ie,r < 00

(A, 7)eEW
To verify this, it suffices to check the case d = 1. By linearity, we reduce to the case
where g = po tr(py1) . ..tr(p,) where py,...,p, are non-commutative monomials in x =
(x1,...,24) and y1, ..., Yy, such that each y; occurs exactly once in the entire expression.

When evaluating this function on X and Y; € A%, ... Y, € A% for some (A,7) € W,

sa a
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one estimates the result by applying the non-commutative Holder’s inequality to 7(p;) for
each i, using ||Y}]|o, and ||X]|s for each occurrence of X; (and [|X|| in turn is bounded
by R).

DEFINITION 3.12. We define Cy, (R*®, . (R% ..., R%))4 asthe set of tuples (fA’T)(A’T)GW
such that fA7 @ AL x A% x ... x A% — A that are real-multilinear in the last

¢ variables and such that for every R > 0 and € > 0, there exists a d’-tuple g €
TrP(R*?, . (R*% ... R*¥)4") such that

A, A,
sup [[f57 — g™ || gt er < €
(A, 7)eW
We also define
_ A, T
”fHCn.(R*’i,(//((R*dl,.4.,]R*de))d',R = sup ||f ”//ﬂ,tr,R-
(A,7)eEW
Because writing down R*# ... R*% is rather cumbersome, we will also use the shorthand
HfHC“.(R*d,//ﬂ)d/,R
when the dimensions dy, ..., dy are understood from context. Finally, we write

Cor(R*, " (R*)) = Cy (R, . (R*?, ..., R*)).
‘
Evidently, there is a canonical linear map

TP(R*, (R, R)? — Cu (R, A (R, R*))T

In fact, this map is injective. For any trace polynomial f, it makes sense to evaluate
fMN @)ty on arbitrary matrix d-tuples (not necessarily self-adjoint), although this ex-
tended evaluation map does not respect the x-operation. Let & be an orthonormal basis
for My (C)Z, as a real inner product space, hence also an orthonormal basis for My (C)?
as a complex inner product space. For any trace polynomial f and b € &, the function
g(X) = (b, fMN©trn (X)), is a complex analytic function in the coefficients z, = (b, X).
Hence, by analytic continuation, it is uniquely determined by the values of g when z;, € R,
that is, by g restricted to self-adjoint d-tuples. Since this is true for each basis element
b, we see that if fM~¥(©)t'v = 0 for self-adjoint X, then it is zero for arbitrary d-tuple
of N x N matrices. If a trace polynomial f satisfies fM~(©-'~ — ( for all N, then
f must equal zero by [75, Corollary 4.4]. Hence if f47 = g7 for all (A,7) € #, then
f = g as trace polynomials, which is what we wanted to prove. While this is not essen-
tial to any of our main results, it is notationally and conceptually convenient to treat
TrP(R*, ./ (R*¥, ..., R*%))?" as a dense subspace of C (R*4, .4 (R*¥ ... R*d))d
The following observations are straightforward exercises:

o Co(R* 7 (R* ... R*4)) is a Fréchet space with respect to the family of seminorms
I fllc:, (r=¢,.at),r for R >0 (or for any countable set of values of R which tends to co).

o If f € Cp(R*, ./ (R*% ... R*4))4" then it makes sense to evaluate £ on any tuple
(X,Yq,...,Yy) € AL x A% x ... x A% for any tracial C*-algebra (A, 7). Indeed, we
restrict to the C*-algebra generated by X and Y, ..., Yy, then complete it to a tracial
W-algebra.
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e Givensuchan (A, 7)and X, Y7, ..., Yy, the evaluation fA7(X)[Y1,..., Y] is always a
d’-tuple from the C*-algebra generated by X, Y7, ..., Y, because f can be approximated
in ||-||_ze g Dy trace polynomials. Moreover, the value of f(X)[Y1,..., Y 4] only depends
on T

C*(X,Y1,...,Yy)" ,
e There is a unique *-operation on Cy, (R*?, .7 (R*¥, ... R*4))4 that is continuous and
extends the x-operation on trace polynomials. This is given by

(I XY, Y] = (AT XYL YD)

This *-operation is isometric with respect to each of the seminorms [|-||¢, (g-a_z)a r
for R > 0.

DEFINITION 3.13. For k € Ny U {oco}, we define CF(R*?,.#%) as the set of tuples
f= (fA’T)(A,T)Ew such that for & < k, there exists a function

£, € C(R*, 4/ (R* .. R R R*))&
k:/
such that for every (A,7) € W, for X, Y; € AL ... )Y, € A% and Yoi1,..., Yoiu
€ A, we have
d

coi— AT X Y 4+ e Y)Y, Y
t,r=0 dtl

t1=0

= £ (X)[Y1, .., Yol

In other words, for each (A, 7) € W, each iterated directional derivative of fAT exists, and
it agrees some function in Cy(R*%, .#*t¥ ) that is independent of the choice of (A, 7).
For each k' < k, the function f/ is uniquely determined, and we will denote this function
by OF'f.

The following observations are immediate:
o If f = (fA7) 4 ryew € CER, 4/ (R, ... \R*¥))? and if k' < k, then O'f is an

clement of CE~F (R*d, gt ++)'.
e Every element of TrP(R*%, .7 (R*® ... R*%))d" defines an element of

CER™, . (R¥ . Ry

o CF(R* ./ (R*, ... ,R*d“))d/ is a Fréchet space with the topology given by the semi-

norms

||8k fllctr(R*<i’//ll+k’)d’7R

for R > 0 and k' < k.

o If k <k, then
CE®R™, (R, .. R*) C CF (R (R ... Ry

and the inclusion map is continuous.

e If d; < ds, then there is a continuous inclusion

CE®R™ ™ (R, R )T - CE (R (R, R*))T
given by sending f to the function (X1,...,Xg4,) — £(X1,..., Xa,).
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It is often convenient to work with bounded functions so as not to worry about growth
conditions at oo. Thus, we define the following BCE spaces.

DEFINITION 3.14. For f € CE(R*, .4 (R*%, ... R*¥))4 we define
”f”BCn(R*d,(//ﬂ)d' = S%P||f||c”(m*d,//ﬂ)d’ﬁ-

For k € Ny U {00}, we define BOE (R*4, )" as the set of f € CE(R*?, .#*)? such that
10™ €1l 5oy (et gy < 00
for k' € Ng with &' < k.

We equip BCE (R*4, .4 (R*% | ... R*¥))4 with the topology given by these seminorms.
If k < oo, there are only finitely many of these seminorms, so we have a Banach space.
Note that this topology on BCE (R*4, z#* )d/ is stronger than the subspace topology from
CE(R*, #*)" . Moreover, BCE(R*?, .#*)¥ is a Banach space for k € Ny and a Fréchet
space for k = occ.

REMARK 3.15. At this point, it may not be clear whether there are any nontrivial functions
BCE(R*, %)Y . However, it turns out that these functions are quite abundant. It follows
from Proposition 4.13 below that if ¢ : R — Ris a function whose Fourier transform satisfies
Jz Is"¢(s)| ds < oo for all n, then an element of BC{Y (R) is defined by applying ¢ to self-
adjoint operators through functional calculus. Furthermore, it follows from Theorem 3.21
below that BCZ® functions are closed under composition (hence also under multiplication).
Moreover, if f € BOX(R*4, 4 (R*% ... R*¥)), then so is tr(f).

3.3. Continuity and differentiability properties. Functions in belonging to C, (R*?,
M(R¥ 7R*df))d/ have the following continuity property, which is a type of uniform
continuity for X in the ||-||so-ball of radius R.

LEMMA 3.16. Let £ = (f47) s rew € Cor(R*, ./ (R*¥ . R*¥))Y . Then for every
R > 0 and € > 0, there exists a § > 0 such that for every (A,7) € W, if X and
X' € AL with |X[lew < R and [|X'|oc < R and | X — X'[|c < & for each i, then

[E£47(X) = £47 (X)Lt o < €.

Proof. First, consider the case where f € TrP(R*?, .2 (R*%, ... R*¥))? Let X and X’
be self-adjoint d-tuples from (A, 7) with || X||cc < R and ||X’|| < R and || X — X'||oc < 0.
Let o, ..., a0 € [1,00] with 1/ = 1/ay + -+ 1/ag, and let Y, € A%, ... Y, € A%
with [[Y]la; < 1. It follows from Lemma 3.7 that
d
dt
Since ||(1 — )X + tX'||cc < R for ¢ € [0, 1], we get

fAT((1 = )X +tX)[Y1,..., Y] = (D) (1 — )X +tX)[Y1,..., Y, X' — X].

1OAHM (L =X +1X)[Y1,- ., Yo, X = X]a
< 0flle,, @ea ey g 1llar - ¥ ella X" = Xlog

< N0z, fll ey, (meaare+1)0.
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Hence,
[A7 (XY, Yol = A7 ()Y, Yol < 108 vty

The desired uniform continuity of f € TrP(R*?, .7 (R*¥ ... R*¥))4 follows.

In general, if f € Cy, (R*?, ///ZJrl)dl, then there is a sequence of trace polynomials f(™)
that converge to f in Cy, (R*?, J//”l)d/. For a given R > 0, this implies that £ — f with
respect to H'||Ctr(R*d,’/ﬂl+l)d/7R. The uniform continuity property asserted in the lemma
holds for f by the principle that uniform continuity is preserved under uniform limits. m

Next, we discuss how the non-commutative derivatives defined in this paper related
to the more standard notions of Fréchet differentiation for functions between Banach
spaces. While this discussion is of interest in its own right, it is also helpful for our
proof of the chain rule in the next section, since it allows us to deduce properties of
Cir(R*  (R*41 ... R*4¢)) from the better known properties of Fréchet derivatives.

Let X and Y be Banach spaces over R, and let f : X — ). We say that f is Fréchet-
differentiable at x¢ € X if there is a bounded linear map T : X — ) such that

@) o) =T o)
220 [l — ol
This T is unique and is denoted Df(xg). We say that f is Fréchet-C' if f is Fréchet-
differentiable at every point and x — D f(z) is a continuous function X — Z(X,)),
where Z(X,)) is the Banach space of bounded linear transformations X — ). By
induction, we say that f is Fréchet-C* if it is Fréchet-differentiable at every point and D f
is Fréchet-C*—1. We say that f is Fréchet-C™ if it is Fréchet-C* for every k € Nj.

If f is Fréchet-C*, then the kth-order Fréchet derivatives D* f are multilinear maps
X% — Y defined as follows. For k = 2, D(Df)(x) is an element of Z(X, Z(X,))). But a
linear map from X to Z(X,)) is equivalent to a bilinear map X x X — ). The operator
norm on .Z (X, Z(X,Y)) agrees with the norm on bilinear forms given by

[A]l = sup {[[Alz1, zo] ||« [z ], lz2]l < 1}

In a similar way, let .#*(X,)) be the space of k-linear forms X* — ). Then the k-fold
application of D to a Fréchet-C* function f produces a function D¥ f from & to .Z%(X,)).
The spaces CF (R*®, . (R*% ... R*¥))4" can be described alternatively as follows.

0.

LEMMA 3.17. Let £ = (A7) 4 1yew be a tuple of functions AL, x A% x -+ x AL — A
that is multilinear in the last ¢ variables. Then f € CE(R?, .4 (R*¥ ... R*“) if and
only if the following hold:

(1) For each (A,7), fA7 is a Fréchet-C* function AL — A% (Asa, AT), where AL and
A% are viewed as Banach spaces with respect to ||| oo -
(2) For k' <k, there exists

£ € Coo(R*, ./ (R* . R* x R* x ... x R*4))&
M
such that for all (A,7) € W,
DN (£A7) = £
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Proof. Suppose that f € CE(R*?,.#*)%. By Definition 3.13, this means that all the
iterated directional derivatives up of order k¥’ < k exist and are given by functions fi, in
Cir(R* ,///“‘kl)dl. Now observe that for each (A, 7), the function f, defines a continuous
map from A% to the space of multilinear forms

!’
Als X AL XCAG X x AL, — A

endowed with ||*|cc;c0,...,00- This follows from Lemma 3.16 because for a multilinear form
A ASF 5 A7 we have [|A]lsoico....00 < |All.ze 4r- Once we have this continuity, it
is a standard argument to show that f47 is Fréchet-C¥; this is a generalization of the
well-known fact from multivariable calculus that if a function has continuous iterated
directional derivatives up to order k, then it is C*.

The converse is immediate. Indeed, the combination of statements (1) and (2) is stronger
than Definition 3.13 since Fréchet-differentiability implies the existence of directional

derivatives. m

REMARK 3.18 (Equality of mixed partials). The equality of mixed partials generalizes
to the setting of Fréchet differentiation: If f is a Fréchet-C* function, then D*f is a
symmetric multilinear form, that is, it is invariant under permutation of the arguments.
For f € CE(R*4, .4 (R** ..., R*¥*))? and o in the symmetric group Perm(¢), we denote
by £, € CE(R*, .#(R*~m ... R*~'®)) the function given by

(FE)AT(X)[Y1,.., Yo = AT (X) [ Yoor(1ys- o, Yomi(p))-

This defines a right action of Perm(£) on CE(R*?,.#*)% , and this action is isometric for
each seminorm ||[|¢, ¢, z¢) R-

Equality of mixed partials means that if f € CE(R*?, . (R*¥, ... R*¥))?  then
(0%f), = OFf for every permutation o that only affects the last & elements (that is, the
indices corresponding to the multilinear arguments introduced by differentiation).

REMARK 3.19 (Lipschitz bounds). Similar reasoning as in the proof of Lemma 3.16 shows
the following Lipschitz-type bound: Let f € CL(R*;.#(R*%,... , R*%*))¢  Then for
(A7) eWand R > 0and ay,...apa,8 € [1,00] with 1/a = 1/ag + -+ 1/ap + 1/,
we have

[£A47 (XY, ..., Y] — A7 (X)[Y1, ..., Y|
< 10l e, aerrye mIX = XNal Yillay - [ Yella-

In particular, taking £ = 0, we see that for every f € Ctlr(R*d)d,, every a € [1,00], and
every (A,7) € W, the function f*7 is Lipschitz with respect to |||, on the ||-||o ball
of A% with radius R, with Lipschitz constant bounded by 19F | ¢y, (Re1 . (41 Y2 | -
3.4. Composition. In thissection, we will discuss composition of functions in C’tkr’e (R*d)d/
and the chain rule. The first lemma describes composition in our spaces of non-commutative
continuous functions.

LEMMA 3.20. Let f € C’tr(R*d/,L//l(R*dl, . ,R*d“/))d” for some n,d" € Ny and let d”,
di,....d, € N. Let g € Cor(R*N% for some d € Ny. For each m = 1,...,n, let h,, €
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Cor(R*, ot (R¥dmr | R*dmotm ))dm for some £y, € No and dip 1y .. dm,, . Let Ly, =
by + -+ L. Then there exists a (unique) function

f(g) # [hy,.... h,) € Cu(R*, 7 (R* . R R¥ma  R¥nen))d”

given by

(F(g) # My, h )AT(X)[Y 0,0, Y]
= FAT (@A (X)) [T (X)[Y1, ..., YL, ], hAT(X) YL, a1 YL

Moreover, if we fir R > 0 and if

' = ||ch“.(R*d)d’,R’

then

||f(g) # [hh s 7hn} ‘lctr(R*d17_//{Ln)d/’7R/
S Hf||C“(R*d/7,//{")d”,R’ ”hl”Cn(R*dl,/flfl),R e Hh’n”C"(Rdl ,.///fn),R‘
Moreover, the composition map

n

R*d H tr R*d R*dm'l, o ’R*dmygm ))dm

1’
— Cop (R, (R R R*Ema | R*dntn))d
is jointly continuous.

Proof. Let F =f(g)[hy,...,h,]. Fix R and let R’ be as above. We begin by proving the
inequality that for each (A, 7),

A,
B4 e < N7 B s g I e (B4
Let a,aq,...,ap, € [1,00] be such that
1 1 1
T
« (o551 ar

n

Let 51,..., 8, be given by
1 1
/Bm B j; aLm,fl"l‘j .

Let X € A%, with || X|| < R. For each m < n and j < £, let Yy, 1; € A% such that
IYillo; <1foreachi=1,...,L,. Note that

le™” (X)llso < ligller,r < R

Hence,

FAT XY, Y
T A, T
<A L e [0 ()Y, Yl - 0T ()Y L1 Y s,
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Moreover, for each m, by the definition of 3, and of ||h;\"||_zem 1.z, We have

b ™ (X[ YL, 15 Y, 5.,
< ||hé,TH‘//(€1,tr,RHYLm—l“’1||aLm71+1 s ||YLm HaLm < ”hé"rn/fﬂn,tr,R'

Therefore, (3.4.1) holds.
Now let us prove that F € Cy, (R*, . (R*r . R¥ve  R¥dma  R¥dn.in ))d”.
We proceed in several steps.

(1) Suppose that f, g, and the h,,’s are all trace polynomials. Then clearly F is a trace
polynomial.

(2) Next, suppose that f and the h,,’s are trace polynomials, while g is in C’tr(R*d)gl;. Let
g™ e TrP(R*)% such that g¥) — g in Cy, (R*)% as N — oo. If we fix R > 0, then

R := Sl]ifp ||g(N)||C“.(R*d)d’7R < 0.

Applying Lemma 3.16 with the radius R*, we see that

lim sup [[FA7((8N)A7) = £47(8) [ e m = 0.
N—roo (A,T)eEW
Let F(N) be defined analogously to F except using g(™) instead of g. By the same
argument as (3.4.1),

IENAT —FAT| gt o m

< [IEA7 (M)A = £47 (@) m eIl s v - IBall e e

Hence,
lim  sup [[(FY)AT —FAT| 4rnpr =0,
N—=00 (4, r)ew
so that F € Ci (R*, . (R*dr . Rxdia  R¥dma  R¥dnin ))d” because this
space is complete with respect to the family of seminorms.

(3) Suppose f is a trace polynomial, while h,, € Cy(R*?, .7 (R*dm1 .. . Rmim))dn
and g € C’tr(R*d)g;. We approximate h,, by trace polynomials hY) as N = oo
Then using (3.4.1), we conclude that the function F(V) obtained from composing
f with g and hs,]lv ) converges to F with respect to the seminorms used to define
Cor(R*, (R R¥en o R ma ,R*dﬂv‘fn))d”, hence F is in this space.

(4) Finally, we consider the general case. In the last step we approximate f by trace
polynomials f™) as N — oco. The argument is similar to the previous step, so we leave
the details as an exercise.

Finally, to prove continuity, it suffices to show that given f, g, hy, ..., h, and given R; and
€ > 0, there exist Ry, 1, d2, and 71, ..., 1, such that if

1£" = £ll, ®eta amy, Ry < 02,

g’ — gllc., mea1),r, < 01,

|Ctr(]R*d1 M), Ry < Tms
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then

HFI — FHCU(R*dl,/ﬂLn)dB,Iﬁ < €.
Let Ry = [|gl|¢,, (+a1)a2 g, + 1. Then by choosing 3 small enough, we can guarantee that
||gl||CtT(R*d1)d27Rl < Ry. Then we use the uniform continuity of f as in (2) to control the
error when we swap out g for g’. Proceeding as in (3) and (4), we can control the errors

when swapping out f for £ and h,, for h/, by choosing §; and 7y, ...,n, small enough.
We leave the details as an exercise. m

THEOREM 3.21. Let k € Ng U {oo} and n € Ny. Let f € CE(R*® ./ (R*%, ... R*dn))d”
for some d' € Ny and d",dy,...,d, € N. Let g € CE(R*% for some d € Ny. For
eachm =1,...,n, let h,, € CE(R* # (R*dm1 . R*¥mim))dm for some {,, € Ny and
A1y dmy,, . Let Ly, =0+ -+ £,,. Then

f(g)# [hy,..., h,) € CER* g (R*r . Rua  REma R )47

and for k' < k, we have

0" [f(g) # [h1, ..., ]

k
:Z Z (ajf(g)#[ﬁlBllhh’a‘Bn|hn7a|Bi|g778|B;‘g])0’

3=0 (B1,...,By,B},...,B})
partition of [L,+k'],
minBi<~~-<minB;

where o is the permutation given by

(0(1),...,0(Ln +K)) = (I1,....In,Bi,...,Bp,B,...,B)),

j
where

m = {B1|+ -+ |Bm| + L1+ 1,..., Lnt1 + |B1| + -+« + | B | + Lin },
and where each of the sets I;, B;, and B} is interpreted in the definition of o as a list of
elements in order from least to greatest. Here the blocks By, ..., B,, By, ... ,B;- are regarded

as an ordered tuple rather than a set, so that the same partition (set of blocks) can occur
several times. Moreover, the composition map

Cé; R*d X H C R*d R*dm’l, o ’R*d”’v[’n ))dm

m=1

k (moxd *d *d sl *dp d’
— Co(R* /(R R¥ b Rt R Ontn )
is jointly continuous.

REMARK 3.22. It is immediate from the theorem that the BCE spaces are also closed
under composition.

Proof. Fix (A, 7) € W. Then by iteratively applying the chain rule for Fréchet-C* functions
(which is standard), we obtain the formula asserted above with 47, g7 and h*4™ rather

than f, g, and h,,. Because of Lemma 3.20, the resulting expression is an element of
Ctr(R*dl,%LnJrk')dg'
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To explain the formula, note that when we apply 9 iteratively k' times, the operator 0
at each stage could “hit” three different things:

(1) It could differentiate §7f(g) by the chain rule which will change it to 87*1f(g) and
produce another term g, which we append as the (j + 1)th argument for §/*1f(g)
(thus, setting t; 41 = 0).

(2) Tt could differentiate an already existing term 0% g that is one of the multilinear
arguments (which was originally produced by step (1)).

(3) Tt could differentiate one of the multilinear arguments 9°h,,

We arrive at the formula by keeping track of all these possibilities. Here B,, represents the
set of time indices when h,, is differentiated and B represents the set of indices in which the
ith derivative of g is appended and differentiated. Since the copies are appended in order,
we have min Bj < --- < min B’. The first L,, input vectors into oF' [f(g) # [hy,...,h,]]
are supposed to represent the multilinear arguments in the positions that already existed
at stage 0; or in other words, Y, ,+1,..., Y, should be plugged into the first ¢, places
of h,, for each m, which is the index set I,,. The permutation o is defined to put these
vectors into the correct locations, and the same for the tangent vectors corresponding to
differentiation of the terms of the form h; or d'g.

Continuity of the composition operation follows from the formula for derivatives and
the continuity claim in Lemma 3.20. m

COROLLARY 3.23. CE(R*?) is a x-algebra.

Proof. We already explained the x-operation on CF (R*?). If f and g are self-adjoint, then
the product fg is the same as h(f, g) where h(z1,72) = x122 € TrP(R*?). Since h is C¢°,
it follows from Theorem 3.21 that if f and g are CF and self-adjoint, then fg is CE. The
restriction of self-adjointness for f and g can be removed by decomposing a general element
into its real and imaginary (that is, self-adjoint and anti-self-adjoint) parts. m

COROLLARY 3.24. There is a continuous map
tr: OF (R*, ./ (R*¥ ... R*)) — CF(R*, ./ (R*™ ... R*¥))

defined by
(tr())A (X) [V, Vo) = r(fA7(X)[Y1,..., Yo)).

Moreover, 9% [tr(f)] = tr[0¥ f] for k' < k.

Proof. The trace tr can be viewed as an element g of C°(R*?, .7 (R*!)) that is given by
gAT[Y] = 7(Y). Recall that |7(X)| < [ X|lo for all & € [1,00] and so ||g||c,,r=0,21)R
= 1 for all R. Also, *g = 0 for k > 1. For f € CER*?, #")s,, we define tr(f) :=
glf]. Then the relation 8" [tr(f)] = tr[d* f] follows from the chain rule. A general f €
CE(R* .z (R*d1 ... R*4¢)) can be broken into its self-adjoint and anti-self-adjoint parts,
and thus the map tr can be extended to all of CE(R*, .7 (R*¥ ... R*%)). u

As a consequence, if f,g € CFE(R*")?, we can define a new function (f,g), €
tr(CH(R*)) by

A, T T
(£,8)0 7 (X) = (£47(X), g7 (X))
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In particular, we will denote by (x,x)t, the function whose evaluation on (A, 7) and X
is [|X[]3-

3.5. An inverse function theorem. The following result is a version of the inverse
function theorem. Although it would be possible to prove inverse function theorems on an
operator norm ball, it is sufficient for our purposes to use the “cheap” global version that
comes from a contraction mapping principle.

PROPOSITION 3.25 (Global inverse function theorem). Let k > 1. Let f € CE(R*))4 for
some k > 1. Suppose that for some 0 < K < K', we have

10F — K'1d|| e rea gy < K.

Then there erists (a unique) g € CE(R*)2 such that fog =gof =id.
Denote this function by £~1. For a given K' < K, we have continuity of the map

fs £ {f € CER™), + [|0f — K'1d| gy, (rea it (mayye < K} — Cl(R*)E

sa’

d

¢, on the domain.

where we use the subspace topology from CE (R*d)

Proof. By substituting (1/K’)f for f and g(K'(-)) for g, we may assume without loss of
generality that K’ = 1. Define gy = id and inductively

gni1 = id + (id — f) o g,

Note that ||(id — £)*7(X) — (id — £)A7(Y)||oo < K||X — Yoo for X, Y € A2 for any
(A, 7) € W. It follows that

[(id = £) oh — (id — ) o h'l|¢,, (r-a)a, g < Kb = W[|c,, m-0)a,r
for h,h’ € Cy,(R*))% and R > 0. In particular, for R > 0,

lgn+1 — gnlle, @2 r < K"g1 — 8ollc, -0)2 . r = K" [id — fllc,, m+a)e R

So, g,, converges asn — oo tosome g € Cy, (R*?)Z | which must satisfy g = id+ (id —f)og,

or in other words f o g = id. Since id — f is K-Lipschitz on A% for any (A, 7) and K < 1,
it follows that f*7 is injective. Thus, in the relation fA7 o gA7 o fA7 = fA7 we may
cancel 47 on the left-hand side and thus obtain g o f = id. Since the rate of convergence
in [|l¢,,(r=2)e,r only depends on K and [id — f||¢,, (r+a)e g, it follows that g depends
continuously on f in CE(R*%)Z .

Note that by the chain rule and induction, g,, € CE (R*%)2, and for 1 < k' < k we have

k)/
M g1 = (87 (id — £) 0 g,)[0'Pg,,, ..., 0P g,].
Jj=1 (Bl """ Bj)
partition of [k’]
min B; <---<min B;
We claim that ak/g” converges as n — oo. We first describe the candidate limit functions
g(*) as fixed points of the equation where we substitute g(*) for 0*'g,, and *'g,1. Of
course g(® will simply be g. Separating out the j = 1 term on the right-hand side, this
equation becomes
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g®) = (Id — of o g) # g Z Z (&f o g)[g!PD, ... glBil).

j =2 (B17 BJ)
partition of [k']
min By <---<min Bj

Since [|Id — Of || g, (m+4,.1y¢ < K < 1, it follows that the right-hand side is K -contractive
as a function of g*). Thus, we may construct the functions g*") by induction on k’;
assuming the previous terms have been defined, g(k,) is obtained by iteration of the
right-hand side, starting with the function Id for ¥ = 1 and 0 for &’ > 1. The rate of
convergence of the iterates with respect to ||-||¢,, r=4),z is controlled completely by the
constant K, the norms of the derivatives of f on the ball of radius R’ := ||g|c,, r=4)4,r;
and the norms of the previous terms g() on the ball of radius R. In particular, we can
show that g*) e Cy,(R*,.#*% (R*?))? depends continuously on f € CE(R*?)Z using
induction on k’. Indeed, once we know the claim for j < k’, then the iterates for g(k/)
depend continuously on f, and the preceding remarks show that for each R, the rate of
convergence will be uniform on some open set in CE (R*?)4 containing f.

To finish the proof, it only remains to show that g is in CE(R*))2 and %'g = g*)
for ¥’ < k. To this end, it suffices to show that 0* gn — gk ) as n — co. We proceed by
induction on &’ > 1 (with ¥’ = 0 already proved). Subtracting the relations for 9% g,
and g(k'), we get

0 gy —g*) = (1d—dfog,) # (0" g, —g*)) + (f o g, — If o g) # g

+Z Z [(aj(id_f)Ogn)[a‘Bllgnw--aallegn]
j=2 (B1,...,Bj)
partition of [k’]
min B <---<min Bj

—(@fog)gl®, ... gBi].
Let €, g be the norm of (0f og,, —0g) # g(k/) plus the norms of the terms in the summation.
By the induction hypothesis and by continuity of composition €, p — 0 as n — oo, and
we also have

10% gns1 — 8%y (gea v @eayye.r < KN 80 — 8% Nl 6y, et v @eotyyi i + R

A straightforward induction on n shows that
% K
0% gn — g( )“Ctr(R*d,%k'(R*d))d,R

< K”||0k g0 — g(k )||Ctr(R*d,ﬂk’(R*d))d,R + Z K™ €n—m,g-

m=0
Clearly, the first term on the right-hand side goes to zero as n — oo. For the sec-
ond term, note that the bi-infinite sequence (1,,<n€n—m R)mn is bounded and we have
lim, o0 Lin<n€n—m,r = 0. Because Z;)::o K™ < 00, the dominated convergence theorem
implies that

lim g Kmep_mp = hm g K™l <n€n—m = 0.
n—oo
m=0 m 0

Thus, 9% g, — g*) as desired. =
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4. Non-commutative smooth functions: connections

4.1. Scalar-valued functions, non-commutative laws, and operator algebras. The
trace map in Corollary 3.24 leads to the following definition.

DEFINITION 4.1. We denote the image of tr in CE(R*¢, 7 (R*%, ... R*¥)) by
tr(CE(R*, ./ (R*¥ ... R*))).
OBSERVATION4.2. Let f € CE(R* ./ (R*41 ... R*4¢)). Then the following are equivalent:

(1) fetr(CLR, A (R, ... R*))),
2) fAT(X)[Y1,..., Y] €C forall (A7) and X,Y1,..., Y, € A,
(3) f=tx(f).

Thus, tr(CE (R*, .#*) may be viewed as the subspace of CE (R*4, .z (R*% ... R*d))
consisting of scalar-valued functions. Similarly, f € tr(CE(R*, .2 (R*, ... R*4))) is
self-adjoint if and only if f*'7 is real-valued for every (A, 7) € W.

Non-commutative laws can be characterized as certain linear functionals on Ci, (R*?).
To state this result, we use the following definitions.

DEFINITION 4.3. We say that f € CE(R*?) is positive if fA7(X) > 0 in A for every
(A,7) € W and X € A% . We say that a map ® : CE(R*1) — Oy, (R*%2) is positive if it
maps positive elements to positive elements.

DEFINITION 4.4. Let A be an algebra. We say that map ® : CE (R*4) — A is multiplicative
over tr(Cy, (R*)) if ®(fg) = ®(f)®(g) whenever f € tr(CE(R*?)).

LEMMA 4.5. The following three sets are in bijection with each other:

(1) the space ¥4 of non-commutative laws \,

(2) the set of continuous positive algebra homomorphisms p : tr(Cy (R*4)) — C,

(3) the set of continuous unital positive maps ® : Cy(R*?) — C that are multiplicative
over tr(Cy, (R*)) and satisfy ® = ® o tr.

The bijections are given by

A=potr ‘(C<$1,---713d>’ A= (I)|C<I17---,$d>’ ¢ =potr, p= ¢|tr(Ctr(R*d))'

Proof. First, we show the bijection between (2) and (3). Note that tr is a continuous unital
positive map Ci, (R*?) — tr(Cy,(R*?)) that is multiplicative over tr(Cy, (R*?)). Hence, if p
satisfies (2), then ® = p o tr satisfies (3). Conversely, if ® satisfies (3), then ®|(c,, (r*ay)
satisfies (2), and the maps p + p o tr and ® > @[, (¢, (r=¢)) are mutually inverse.

Next, we show the bijection between (1) and (2). If p satisfies (2), then let A(p) =
p(tr(p)) for p € C{zq,...,z4). Since p is an algebra homomorphism it is unital and hence
A(1) = 1. Also, A(pq) = A(gp) since tr(pq) = tr(gp) in Cy,(R*%). Thirdly, tr(p*p) is positive
in tr(C,(R*?)), hence A(p*p) > 0. Finally, since p is continuous, there exist R > 0 and
0 > 0 such that

[ fllcy @eay,r <6 = |p(tr(f))] < 1.
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Taking p(x) = @i, ... x4, we have |[pl|c,, @),z = R’ and hence

IA(p)| = |p(tr(p))| < R‘/6.

Since this holds for all ¢, we know A is exponentially bounded and hence is a non-
commutative law.

Conversely, suppose that A is a non-commutative law in 34 r. Let X be a d-tuple of
self-adjoint operators in (A, 7) which realize the law . Then define p : tr(Cy, (R*?)) — C
by p(f) = f(X). Clearly, f is a positive homomorphism, and also p is continuous since
(N < 1 flley @), m-

Now, let us show that the maps A — p and p — X\ described above are mutually
inverse. If we start with A\ and define p(f) = f(X) using A, 7, and X as above, then
p(tr(p)) = 7(p(X)) = A(p). On the other hand, suppose we start with p and let A =
P Otr[Clay,... .zq)- Let X be a tuple realizing the law A. Then clearly p(tr(p)) = 7(p(X)).
Since p is a homomorphism, it follows that p(f) = f(X) holds for all scalar-valued trace
polynomials. But the trace polynomials are dense in C, (R*?) and hence this equality holds
forall f. m

This lemma allows us to describe the push-forward of non-commutative laws by func-
tions f € Cy(R*)% . Indeed, if f € Cir(R*?)% | then there is a continuous positive homo-
morphism tr(Cy (R*?)) — tr(Cy, (R*%)) given by g — gof. Continuity follows because f is
bounded in ||-||o, on each ||-||oo-ball. If p is a positive homomorphism tr(C, (R*?)s,) — C,
then f,p := pof is a continuous positive homomorphism tr(Ci(R*?)) — C. Since the
continuous homomorphisms are in bijection with non-commutative laws, there is a corre-
sponding push-forward operation f, : ¥; — X4 . Furthermore, the push-forward map f, is
characterized by the property that for all (A4, 7) € W and X € A% | we have Aex) = B dx.

Push-forwards of non-commutative laws lead naturally to inclusions and isomorphisms
of tracial C*- and W*-algebras. The next observation is immediate from Lemma 2.20.

OBSERVATION 4.6. Let f € Cy(R*)2. Let u € %4, and let (A1, 1) be the W* GNS
representation of u, and let X € (Ay)%, be the canonical generators having the non-
commutative law p. Similarly, let (A2, 72) be the GNS representation for f.u with its
canonical generators Y € (Ag)sd;. Then there is a unique inclusion map ¢ : (A2, 72) —
(A1, 71) of tracial W*-algebras such that 1(Y) = £41:71(X). Moreover, 1(C*(Y)) C C*(X).

OBSERVATION 4.7. Consider the same situation as above, and suppose there exists a function
g € Coe(R*)2 such that g*>™(Y) = X. Then t is an isomorphism of tracial W* -algebras,
which also restricts to an isomorphism C*(Y) — C*(X).

OBSERVATION 4.8. Suppose that £ € Ci,(R*)% and Cy(R*¥ ), satisfy f o g = id and
gof =id. Let p € ¥4. Then by the previous observations there is an isomorphism of
the tracial W*-algebras associated to p and f.u respectively, which also restricts to an

isomorphism of the C*-algebras associated to the two laws.

REMARK 4.9. If f and g as above satisfy f o g = id and g o f = id, then we must have
d = d'. This is because f defines a homeomorphism My (C)%, — My (C)Z for every N,
so it follows from the invariance of domain theorem in topology (and in fact, we would
only need the homeomorphism for a single value of N to make this conclusion). However,
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if we only assume that g7 (f47(X)) = X for a particular d-tuple of operators X in a
particular (A, 7), then it is a difficult question whether d must equal d’, and the answer
will likely depend on the properties of the tuple X.

4.2. One-variable functional calculus

LEMMA 4.10. If¢ € C(R), then the function f = (f47)anew given by fA7(X) = ¢(X)
for every (A, 7) € W and X € As, is an element of Cy, (R*1).

Proof. Let (q/)(N )) Nen be a sequence of polynomials which converge to ¢ uniformly on
compact subsets of R. By the spectral mapping theorem, for any (A,7) and any self-
adjoint operator X in A with || X|| < R, we have
l6™M(X) = ¢(X)lloo < sup (6N (2) = (2)].
te[—R,R]
Hence, the sequence of polynomials ¢(¥)(z) € C[z] C Ci,(R) converges in C,(R) to some
function f, which clearly must satisfy f47(X) = ¢(X) for self-adjoint X in (A, 7). m

DEFINITION 4.11. Given ¢ € C(R), we denote the corresponding element of Ci,(R) by
¢(x), where x is the same formal variable used for defining the trace polynomials in Cy,(R).
Similarly, for j < d, we may define an element ¢(z;) in C, (R*?) as the element sending a
self-adjoint tuple (X1,...,Xg) in (A, 7) to ¢(X;).

Under what conditions ¢(z) € CE (R*?)? Peller, Aleksandrov, and Nazarov have studied
the free difference quotients of functions on the real line for the sake of understanding the
perturbations of self-adjoint operators [73, 2, 1, 4, 3], and concluded that Besov spaces are
natural spaces of functions on R that lead to operator C* functions; for a self-contained
development of operator C* functions, see [67]. However, we do not need the full strength
of these results, and we will be content to directly apply one of the key basic ideas,
Fourier decomposition, to our current context. We also point out that the recent papers
[26] and [72] have applied the same functional calculus/Fourier decomposition techniques
to study the finer properties of random matrix models. We begin by describing the non-
commutative derivatives of the complex exponential ¢* € Ci,(R) for each t € R. In
the formula for derivatives, we recall that the theory of Riemann integration is valid for
continuous functions on polytopes taking values in a Fréchet space, with all the same
proofs that are learned in undergraduate calculus.

LEMMA 4.12. For eacht € R, the function e™*® is in BC:X(R) and satisfies
||3k[€m]||Botr(R,//zk) <tk (4.2.1)
The derivatives are given explicitly as follows. Let Ay denote the simplex
Ag:={(s0,...,8K) 18 >0, 50+ -+ s = 1},
and let py be the standard uniform probability measure on Ag. Then

) it)F ) . )
ey, .. ] = (k:? Z /A 62tsoagya(l)emlm = 'ya(k)emkw dpi(50; - - -5 Sk)-
" oePerm(k) k

(4.2.2)
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Here y1,...,yx denote the formal variables occurring as multilinear arguments of the

derivative, and the integral is interpreted as a Riemann integral with values in the Fréchet
space Cy, (R, A*).

Proof. First, we prove the formula for the derivative. Consider the projection map 7y :
RF+1 5 RF onto the first k coordinates. Note that 7, gives an affine bijection from Ay, onto
the simplex {s; > 0,0+ -+ sx_1 < 1}, and therefore this map is measure-preserving up
to a constant factor. The Lebesgue measure on R” assigns total mass 1/k! to the simplex
7 (Ag) and hence (4.2.2) is equivalent to

0" [em][yl, e Yk

= (it)k Z / eitso‘”ya(l)eitslw .. .ya(k)eit(1_5°+"'+s’“*1)“ dsg...dsp_1.
oc€Perm(k) T (Ak)
(4.2.3)

We prove this formula by induction. First, consider k£ = 1. For n € N, the function "
is in Cy (R) with [|2"[|¢,, (r),r = R". Moreover, by the product rule,

n—1
Ola"ly) = D T mya,
m=0

so clearly [|0[z"]||c,,&,.z1),r < nR"'. It follows that the series
o0
1
D i)
!
converges in Cf, (R). This series must agree with e**
any self-adjoint operator X. We thus have

eIyl =)
n=0

— ; . b, (s m
—th;O (€+m+1)!(zm) y(itz)™.

since they agree when evaluating on

t n n—1 t ZerJrl
(it (it) by
n

n—1l1-m m
T yr'" = g —
| |
T m=0 £,m>0 (€+m+1)

Observe that by repeated integration by parts

/1 1841(1S)md5/1 1 $€+1 1 (175)m71d8f

_/1 L tmgy 1
)y trm)® T Urmrr

so that

it R R
Jle ][y]—zte’;()(/o Esem(l—s) ds)(ztx)ey(ztx)

1 1 1 L ,
= it/ —(itsz)' — (it(1 — s)x)™ ds = it/ ety eit1=9)7 g
0 Z 14 m! 0
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Note that (itsz)’y(itz(1 — s))™ is an element of C,(R,.#") that depends continuously
on s and its norm on the R-ball is bounded by (|¢|R)**™. This implies uniform convergence
of the series and hence the Cy, (R, .#*)-valued summation and integration are defined and
exchangeable. This proves (4.2.2) and hence (4.2.3) in the case k = 1.

For the induction step, assume (4.2.2) holds for k. Then by applying the product rule
inside the integral, we evaluate 9T [e®®][yy,. .., Yk, Yrr1] aS

(it)k ztsoac ztsz 1T ztse
k! > N Yo(1)--- Yo(e) O] [yrt]

o€Perm(k) k f 0

X yg(“l)eits“lw e ya(k)ei“” dp(so, -, Sk).

Using the k = 1 case,

1 . . SZ . .
8[ ztszHykle} _ ’LtSz/ 6lts£umyk+16wt£(17u)x du = Zt/ eztvzykJrlezt(sgfv):v dv.
0 0

We substitute this into the above equation. Then we observe that for any function ¢
on Ay41, we have

se
k’!/ / A(80y -+ Sk, 80 — ) dvdpg(so, - .., Sk)
A Jo

= (k-i—].)'/ ¢(80,...7Sk+1)dpk+1(80,...78k+1),
Ak

where we use the parametrization of Ay by m,(Ayg). Also, recall that p is permutation

invariant. Thus, 8’“‘1[6“””] [Y1,- - Yk, Yr+1] becomes
(it)k-’_l / ztsow ztsg 1T T
aEPerm(k) £=0 k+1
X eitS”lxyg(eH) . eits’“zyg(k)eits’““x dpr+1(80y - -+ Sk+1)-

It is a straightforward combinatorial manipulation to reduce this to (4.2.2) for k + 1;
the idea is that by choosing a permutation o € Perm(k) and then inserting k + 1 at
every possible position before, between, or after the existing elements, we achieve every
permutation of k + 1 elements.

Now note that for any operator X, e’*X is unitary. This implies that [|e**| gc,, @) = 1.
By substituting this into (4.2.2), we get (4.2.1). =

The role of the Fourier transform is to decompose a function on R into a linear
combination of complex exponentials. For ¢ € L'(R), the Fourier transform is given by

os) = [ o) de
R
If $ € LY(R), then we have the Fourier inversion formula

o) = [ 3 ds

The Fourier transform extends to a well-defined operator on the space of tempered distri-
butions and in particular is well-defined for any continuous function of polynomial growth
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at co. We also have
@' (s) = 2mis¢(s)
for all tempered distributions. In particular, this implies that if sk;ﬁ(s) is in L'(R), then

(d/dt)*¢ is in BC(R). In fact, we will show a similar property for the non-commutative
derivatives of ¢(z) in Cy;(R).

PROPOSITION 4.13. Let k € N.

(1) Suppose that € BC(R) and [, (1 + |s|k)\$(s)\ ds is finite. Then ¢ € BCE(R) with

10°6(0) 1. < [ I(27is)'(s) s
R

for each £ < k.
(2) If p € C**2(R), then ¢(x) € CE(R).

Proof. (1) In light of (4.2.1), for every R > 0 and ¢ < k we have
10°(e*™* )y (ry.r < |27s]".

Moreover, the map s > 9%[e2™*?] from R to Ci.(R,.#*) is continuous by continuity of
composition in Lemma 3.20. Moreover, ¢ is continuous. Thus, the improper Riemann

integral
s

/ 8'[e® | p(s) ds = lim &1 5| p(s) ds
R

S—o0 _s
is well-defined in Ci (R,.#*) for each £ < k. Or equivalently, the improper Riemann
integral [, 62””5(?5(5) ds is well-defined in CF(R). By evaluating this on any self-adjoint
operator X and using the spectral decomposition of X, we see that ¢(z) = [, eQmsquS(s) ds
in Ci;(R). Therefore, ¢ € CE(R). Also,

O [6(x)] = / O (62757 (s) ds,

so that [|0°[6(x)]l|c,. .20,k < Jg |(27is)*é(s)| ds for all R, which implies ¢ € BCE(R).
(2) Since the definition of CF(R) requires approximation of ¢(x) and its derivatives
on each operator norm ball, it suffices to show that ¢(z) agrees with a CE(R) function
on each operator norm ball. Fix R, and let ¢ € C**2(R) such that Yli—r,r] = ¢l-R.R]-
Clearly, 1 (x) agrees with ¢(z) on the operator norm ball of radius R. Note that SZQZ)\(S)
is bounded for ¢ < k + 2. In particular, (1 + \s\k)@(s)\ is bounded by a constant times
1/(1 + s?), and hence it is integrable. Thus, (1) shows that 1) € CE(R) as required. m

The following is a technical variant of the previous proposition which we will use later
in the proof of Theorem 7.18. The point is that we can control d¢(x) with only information
about ¢’ and not ¢.

LEMMA 4.14. Suppose that ¢ € C*(R) with polynomial growth at co. If sa(s) s in
C(R) N LY(R), then ¢(z) € CL(R) with 0¢(x) € BCy (R, A4 (R*Y)).

roof. Note that for any R > 0, (1 —e™ Schs is in C(R) N L*(R). Thus, we may define
Proof. N hat f R>0,(1 R

¢R(t) _ /]Re%rits(l B 67RS2)Q’Z§(S) ds.
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Thus, q/SI\%(s) = (1— e B*)¢(s) and qg;(s) = 2mis(1 — e B5")(s). Because 2misg(s) is in
LY(R)NC(R), we have 2mis(1 — e’RSQ)qAS(s) — 27ris$(s) in L*(R) as R — oo. In particular,
it follows that ¢, — ¢’ uniformly, hence ¢r — ¢r(0) — ¢ — #(0) uniformly on compact
sets, and so ¢r(z) — ¢r(0) + ¢(0) = ¢(z) in Cir(R). Now because 2mispr(s) — 2misd(s)

S

in L'(R), we see in particular that 27mis¢g(s) is Cauchy in L'(R) as R — oo, and hence
d¢r(r) is Cauchy in BCy, (R, .# (R*!)) as R — oo, and thus converges to some limit. The
limit must give the Fréchet derivative of ¢(x) and hence ¢ € CL.(R) and 9¢ € BCy,(R). =

4.3. The gradient, divergence, and Laplacian. A function f € tr(CL (R*?)) defines
for each (A, 7) € Wamap A2, — C. Since A2 is contained in the Hilbert space L?(A, )4

sa’

it makes sense at least formally to speak of the gradient of f. In fact, taking A = My (C)
with its canonical trace try, we obtain a ' function fM~(©)try . Ay (C)4, — C, which
certainly has a gradient with respect to the inner product coming from try. The rigorous
construction of the gradient in fact makes sense for f € tr(CL (R*?, .4 (R*%1, ... R*de))).
We start with an auxiliary technical lemma.

LEMMA 4.15. There is a Fréchet-space isomorphism
B tr(Cu (R, /(R R R*Y))) — Oy (R, 4/ (R R*de))d
such that ®(g) is the unique element satisfying
g X)X, Y Y] = (Y, (g) T (X) Y, Y (4.3.1)
Furthermore, we have

2l e ae).r < l9llor, @ a1k < dIR(9)loy, mee,.a0).R (4.3.2)

Finally, for k € No U {oc}, ® maps tr(CE(R*4, 2 (R*4 ... R*d R*d)) isomorphically
(as Fréchet spaces) onto CE(R*®, .4/ (R*¥ ... R*%)? and it satisfies

O (®(g)) = ®((8" 9)s)  fork' <k, (4.3.3)

where o is the permutation of {1,...,0+ 1+ k'} that moves £ + 1 to the last position and
leaves the other indices in the same order.

Proof. Consider a trace polynomial g in Cy, (R*?, . (R*¥ ... R*)) that is expressed as
a product of monomials

T(gl(x7y17 cee 7yf)) . 'T(gk(xaylv cee ayl))T(hl(XaYD s 7y2)yih2(xvyla v 7y2))7
such that the overall expression is multilinear in yi,...,ys,y, where y = (y1,...,Yq)-
Then set

(I)(g) = (0,...,0,}12]7,1,0,.. 70)
i—1 d—i
Straightforward computation checks that ®(g) satisfies (4.3.1). The map ® extends to all
trace polynomials by linearity.
Next, we must pass to the completion Cy, (R*?, . (R*%1, ... R*d R*?)). To this end,
we first show (4.3.2) in the special case where g is a trace polynomial. Let (A, 7) € W, let
X € Ad with [|X|l < R, let a,aq,...,ap € [1,00] with 1/a = 1/a; +---+1/ay, and let
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Y, € A% with [|Y,|lo, <1.Let 1/a+1/8 =1, and let Y € A% with |[Y| s < 1. Then
Y, AT (X)X, o, Yool = 1047 (X)X, Yo, Y1 < gl oy
Since Y was arbitrary with ||[Y||g < 1, we have

12() " (Y1, Yellla < llglloy et ey -

Then taking the supremum over X,Y,..., Y, and o, a1, ..., oy satisfying the conditions
given above, and over (A, 7) € W, we obtain

12Dl e et arya,r < l9llc@a,.a0+1),R-
Conversely, to estimate g in terms of ®(g), let (A, 7) and X be as above and consider «,
Qiy...,ap Bwith 1/a=1/ag + -+ 1/ag+1/B. For j = 1,...,¢,let Y,; € A% with
Yjlla; <landlet Y € A? with || Y| < 1. Let 8’ satisfy 1/aq + -+ 1/ay +1/8" = 1.
Then B’ < B and hence ||[Y |5 < d||Y||s < d. Since g7 (X)[Y1, ..., Y., Y] is a scalar, its
norm in L*(A, 7) is equal to its absolute value, hence

g (X) Y1, Y = (Y, @(g) T (X)[ Y1, Yel) | < d|@9) oy rea,me), g

Hence, (4.3.2) holds when f is a trace polynomial. It follows that the map ® extends to
the unique map

tr(Coe(R*, o (R*4 .. R*¥ R*)) = O (R*, o/ (R* .. R*e)))d

and that this map (still denoted by ®) is injective. To see that ® is surjective, let h €
Cor(R* ot (R*41 . [ R*4e)) Tet g € tr(Cp(R*, ./ (R*%1 ... R*d R*?))) be given by
g T (X) Y1, .., Yo, Y] = (Y, b4 (X)[Y1, ..., Y]
Then ®(g) = h. So ® is a linear isomorphism. Continuity of ® and ®~! is clear from
(4.3.2).
Finally, one checks (4.3.3) directly from the characterization (4.3.1) of ®.

It follows that ® maps tr(CE(R*, .2 (R*¥ ... R*d R*?))) isomorphically onto
CER*, . (R*%1 ... [ R*de))d. u

DEFINITION 4.16. For f € tr(C(R*¢, .# (R*%, ..., R*%)), we define V f := ®(9f), where
® is the map in the previous lemma. Equivalently, V f is characterized by the relation that
for every (A, 7), for X € A, and Y1 € A%, ... Y, € A%, and Y € A%, we have

sa’ sa

ONHA(X)[Y1, ..., Y, Y] = (Y, VfAT(X)[Y1,..., Y-
The previous lemma implies in particular that for each R > 0,

IV flle, @, z0),r < 10fllcy, @, atiy,r < AV fllc, ®ea )R- (4.3.4)

Also, for k € N U {oo}, we have f € tr(CEF (R, .2 (R*%, ..., R*¥))) if and only if
Vfisin CE(R*, .z (R*¥ ... R*¥))9 Intuition for the gradient comes from the following
special cases.

REMARK 4.17. Suppose that f(x) = 7(¢(x)) for some C! function ¢ : R — C. We claim
that f € tr(CL(R*%)) and Vf(z) = ¢'(x). To prove this, first consider the case where
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¢(t) = t". Then

|
—

OFAT(X)Y] = S r(XIYX™170) = £ (nX" 1Y) = 7(/(X)Y),

j

so that Vf47(X) = ¢'(X). By linearity, the same holds whenever ¢ is a polynomial.

Finally, if ¢ is C?, then there exist polynomials ¢y such that ¢n — ¢ and ¢y — ¢’

uniformly on compact subsets of R. Hence, V[tr(¢n (2))] = ¢y (x) = ¢'(x) in Cy, (R), which

implies that O[tr(¢n (z))] converges in Ci; (R, .# (R)). The limit clearly gives d[tr(¢(z))],
hence V[tr(¢(x))] = ¢'(x) as desired.

I
=

REMARK 4.18. Suppose that f(z) = 7(p(x)) for some non-commutative polynomial p.
Then Vf as defined in Definition 4.16 is the same as the cyclic gradient of the non-
commutative polynomial p introduced by Voiculescu [91, 94, 96]. For further explanation,
see [22], [33, §3], [47, §14.1].

Consider the matrix algebra (M (C), try ). Recall that My (C)Z, with the inner product
coming from try is a real inner-product space of dimension dN?, and hence can be mapped
by a linear isometry onto RV ° Hence, the classical gradient, divergence, Jacobian, and
Hessian all make sense for My (C)%. If f € tr(CL(R*?)), then fMN(©trn . pAfy(C)4 — C
has its gradient given by (V f)M~(©:tr~ Moreover, if f € CL(R*?)4, then the Jacobian
matrix of £MN(C):tN(X) corresponds to the linear transformation (9f)M~(©)trv (X)) .
My (C)2, — My (C)2.

It is natural to ask whether the divergence also has an analog defined on Ci, (R*?)%.
Recall that if f : R? — C?, then div(f) = Z?:I 0, f;. The divergence is the trace of the
Jacobian matrix Df (that is, the Fréchet derivative). Moreover, it can be expressed in
probabilistic terms as follows. Let Z be a standard Gaussian (random) vector in R%. Then

div(£)(x) = Tr(Df(x)) = E[(Z, Df(x)Z))].

Now the analog of the standard Gaussian vector in free probability is a standard semicircular
family S = (S1,...,Sq), where the S;’s are freely independent of each other and each S,
has the spectral measure (1/27)v4 —t21;_5 () dt. Let (B, o) be the tracial W*-algebra
generated by the standard semicircular family S. Then we want to define, for f € CL (R*?)4,

div(£)A7(X) = (S, OFA BT (X)[S]), o

where (A * B, 7 % o) denotes the W*-algebraic free product of (A, 7) and (B,0). As in
the case of the gradient, we will phrase the definition in greater generality to work with
multilinear forms. As in the study of the gradient, we begin with an auxiliary technical
lemma.

LEMMA 4.19. Let £ € Ny and d,d',dy,...,d; € N. Let (B,0) be the tracial W*-algebra
generated by a standard semicircular family S.

(1) There exists a unique continuous map

T: Cou (R (R* . R R* RN 5 O (R (R RS
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satisfying
T(HY(X)Y1,..., Y] = E4[fYB(X)[Y1,..., Y, S, 9], (4.3.5)

where B4 : Ax B — A is the unique trace-preserving conditional expectation.
(2) We have

1T ey rea, ey v < W fllop@ea, aev2ya g

3) Fork € NgU {oo}, T maps CE(R*®, . (R*%, ... R*¥ R* R*%)) into
tr
CER* a (R*%1 ... [ R*4)), and we have

O (0() =T f)x)  fork <k,

where m is the permutation of {1,...,¢ + k' + 2} that moves the elements £ + 1 and
{+ 2 to the end and keeps the others in the same order.

Proof. First, we show that if
f e Cu(R*, /(R R* R RN - O (R, /(R R*e))

is a trace polynomial, then there is a trace polynomial Y(f) satisfying (4.3.5) (which is
clearly uniquely determined by this relation). We may consider each coordinate 1,...,d’
individually and thus assume without loss of generality that d’ = 1. By linearity, it suffices
to consider the case where f = tr(p;) ... tr(p,)q where p1, ..., pn, ¢ are non-commutative
monomials (and f satisfies the appropriate multilinearity conditions). We then consider
the following cases. To make the discussion clearer, we shall assume the polynomial is
evaluated on some (A, 7), X, Y,..., Y, and S asin (4.3.5) when referring to the different
arguments of the function, but of course the statements are equally valid for all instances
of (A4, 7), X, and so forth.

(a) Suppose that one of the monomials p; is linear in S, or more precisely, it contains
one occurrence of .S; for one value of i. Then it will evaluate to zero by free independence.
Thus, we may take Y(f) = 0.

(b) Similarly, if one of the monomials p; contains an occurrence of S; and S; for i # j,
then it has the form

gl(X,Yl, e ,Yg)Sigg(X,Yl, e ,Y@)Sjgg,(X,Yl, - ,Yg)

where the g;’s are non-commutative monomials. By free independence, the trace will be
zero, and hence we may again take Y(f) = 0.

(c) Suppose that one of the monomials p; contains two occurrences of .S; for some 1.
Then it has the form

gl(X7Y17 e DYZ)SiQQ(XaYla e an)Sig3(X7Y17 cee 7Y€)

where the g;’s are non-commutative monomials. By free independence the trace is
tr(gsg1) tr(gz) evaluated on X,Y7q,..., Y, Thus, T(f) is obtained from f by replacing
tr(p;) with tr(gsg1) tr(ga).

(d) Suppose that g contains an occurrence of .S; and an occurrence of S; for ¢ # j. Then
using free independence (similar to case (2)), we see that E4[¢(X,Y1,...,Y,,S,S)] =0,
so we can take T(f) = 0.
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(e) Suppose that ¢ contains two occurrences of S; for some i. Then ¢(X,Y1,..., Yy, S, S)
can be written as
91(X7 Yl, oo ,Yg)Sigg(X, Yl, e ,Yg)Sig;;(X, Yl, oo 7Yg).
Since the remaining terms in f are scalar-valued, they can be factored out of the conditional
expectation E 4. The conditional expectation onto A of ¢(X,Y1,...,Y,,S,S) will be
gl(XaYla s 7Y€)T[92(X7Y17 v 7Y€)]93(X7Y17 e 7YZ)'
Hence, Y(f) will be obtained from f by replacing ¢ by g1gs tr(gz).

Next, let us prove (2) for the trace polynomial case. In all the above computations
with free independence, we only had to use the first and second moments of S with respect
to the trace o. Thus, we would have gotten the same result if we took Si,...,S54 to be
freely independent operators, each of which has as its spectral distribution the Bernoulli
measure (1/2)(0_1 + d1). In particular, for these operators ||S||s = 1. Thus, (2) follows
directly from our definitions of the norms.

Then using (2), we can extend the claim about existence of Y( f) satisfying (4.3.5) from
the case of trace polynomial f to general f € Ci(R*® .#(R*%,. .. R*de R*d R*d))d"
The extended map T clearly still satisfies (2), which in turn implies it is continuous.

Finally, to prove (3), the equality 8 (T(f)) = T((0* f),) can be checked directly
from (4.3.5) since the substitution of S into two places commutes with the operation of

Fréchet differentiation. But the relation 8% (T(f)) = T((0* f),) implies that Y maps
CER*, a7 (R*d ... R¥de R*d R*d)) into CE(R*, .4 (R*% ... R*d)). m

REMARK 4.20. In the proof, we saw that the “cross terms” that mix S; and S; for ¢ # j
will cancel. Thus, we can in fact rewrite T as

d
YN (XY, Y] =Y BalfAPT (XY, Y0, 85, 55]),
j=1
where S; = (0,...,0,5;,0,...,0) where S; occurs in the jth position.
DEFINITION 4.21. We define the divergence
v CL(R*)? = tr(Cy (R*))

by VI =T o000 ® ! where ® is as in Lemma 4.15 and T is as in Lemma 4.19. In other
words,

VI AT(X) = (S, 08157 (X)[S]) v,

where (B, o) is the tracial W*-algebra generated by a standard semicircular family S =

(S1,...,54).
We can define a similar operation more generally on multilinear forms.
DEFINITION 4.22. Let £ € Ny and d,dy, ...,d; € N. We define
ot - CL(R*, . (R*M ... R*¥ R*T)) = O (R*, . (R*D ... R*))
by 0f =T 0 d.
This leads to the definition of the free Laplacian.
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DEFINITION 4.23. Define

L:CER*, (R, RN - Cu (R, 4 (R R
by L := 0'0.
OBSERVATION 4.24. If f € tr(CZL(R*?)), we have Lf = VIV {.

REMARK 4.25. In the next section, we shall state an analog of the classical fact that the
divergence is the trace of the Jacobian and the Laplacian is the trace of the Hessian after
we discuss the trace on C, (R*?, .7 (R*?))<.

REMARK 4.26. There is a generalization of all the above differential operators to functions
that depend not only on X but also on an auxiliary variable X’. More precisely, let £ € Ny,
let d,d’,d” € N, and let di,...,d; € N. Then we may consider d”’-tuples of functions of
(A,7)and X € AL, X' € A% and Y; € A%, Let

By : CLRA ) (R R*)) = Cp (R g (R* D R* R*))

be the operation of differentiation with respect to the first d variables, which are represented
by the formal variable x = (z1,...,24). Lemma 4.15 generalizes to define an isomorphism

O ¢ tr(Co (R g (R, R R))) — Co (R g (Re L R

and hence Definition 4.16 generalizes to define V. Moreover, Lemma 4.19 generalizes to
define a map

C«w(R*(d+d/)7 %(R*dl e ’R*dg , R*d, R*d))d” N Ctr(R*(d+d/)7 (%(R*dl o ’R*dg))d//

by
YA (X XY, .. Yo = Ea[f4P 77 (X, X)) [Yy,..., Y, S, S]]

Hence, we can define 9] and Ly analogously to OT and L. Finally, if L, denotes the
Laplacian with respect to the last d’ variables rather than the first d variables, and if L
denotes the Laplacian with respect to the entire collection of variables (x,x’), we have

Ly+ Ly = L.
This follows from Remark 4.20.

4.4. The *-algebra C;, (R*?, .7 (R*%))4, its trace, and its log-determinant. In this
section, we endow Cy,(R*¢, . (R*%))? with the structure of a tracial x-algebra, which we
view as a tracial non-commutative analog of C(R¢, M4(C)) with the pointwise adjoint and
trace operations.

Recall that if F € Oy (R*?, #(R*¥))? then for each (A,7) € W and X € A%,

FA7(X) defines a (complex) linear transformation A% — A4. Moreover, for F,G €
Cor(R*, . (R*%))4 we have

(F# G)M"(X)[Y] = FA7(X)[GA(X)[Y]].

By Lemma 3.20, F # G € O (R*!, . (R*%))?, and more generally, by Theorem 3.21, if
F and G are in CE(R*?, #(R*%))?, then so is F # G. In other words, CE (R*?, .4 (R*4))4
is an algebra under #-multiplication.
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Moreover, the identity element of Cy,(R*?,.# (R*?)) is the function Id given by

ldx)[y] =y.
(We use the lowercase id to denote the identity function in C,(R*?)%.)
In fact, for k € Ny, Cy,(R*?, . (R*%))? behaves like a Banach algebra in the following
way. This will be useful for proving smoothness of functions defined by #-power series,
such as the logarithm used in the proof of Proposition 4.32.

LEMMA 4.27. Let k € Ng. For F € CE(R*, .4 (R*%))¢, define

Wl

IFllcx med, )i, r = Z ﬁ||8jF||cn(1R*d,/z1+f)d,R-
=0

Then

IF # Gllox @-a,.a1,r < IFllor @-a a2 rIIGllcr @ea a1y -
Proof. Let k' < k. We apply the formula from Theorem 3.21 to compute % [F # G]
by taking n = 1 and f = F and g = id and h; = G. Note that |B}| = 1 and hence

|B1] = k' — j. Since the blocks B} must have their minimal elements ordered, they are
uniquely determined by the choice of the block B;y. Thus,
HFE#GI = D> HFIBIFPPIG M, .. 1d],,
BiC{2,....k'+1}
where o is the permutation sending 1 to 1 and mapping 2, ..., 1+|B;| onto By and sending
the rest of 2 + \Bl| ,1 + k" in order onto the remaining points in [k’ + 1]. For each

j <K', there are (J) ch01ccs of By with |B;| = 7, which results in the estimate

||8’“ [F # G‘]||CU(R*d7/ﬂk/+l)d7R

k/
K ‘s ,
<3 (5)10¥ Bl s s 1 Gl et s
j=1
Hence,

IF # GHck (R*4,.41)4,R

= Z Hak F#G]”C"(R*d //lk/Jrl)dR

< Z Z ||3k ¥ o @t -y, )| Gllo, @ ariiye R
=07=1
k 1 k 1
< (X Z.,||61F||ctr<R*d7,”1+i)d,R) (3 107Gl s,y
i=0 j=1"7"

= [|Fllcr @, a)e vl Gller mea, g1yap- ®
Next, we claim that CE (R*4, # (R*?))? is a x-algebra with respect to some involution *

that is compatible with the #-multiplication structure. Recall that we have already defined
an involution * by pointwise application of *, that is, (F*)47(X)[Y] = FA7(X)[Y]*
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for X, Y € AZ. However, this involution is analogous to applying entrywise complex
conjugation to a matrix rather than taking the adjoint. To prevent ambiguity, we will use
the symbol * for the new adjoint operation.

LEMMA 4.28. There exists a unique involution % on Cy (R*, .4 (R*%))? such that for all
(A, 7) €W and X € AL and Y1,Y2 € A%, we have

(FHAT(X)[Y1], Ya), = (Y1, FA(X)[Y2))- (4.4.1)

Furthermore, X defines a continuous map CE(R*®, .4 (R*?)) — CE(R*, .4 (R*?))4 for
every k with

HakF*”Ctr(R*d"//lk+1)d7R = ||3kFHC”(R*d7/flk+l)7R for R >0, (442)
and hence for k € N and R > 0,

IE* e eyt = IF et ey (4.4.3)

We also have
(F#G)* = G*#F* (4.4.4)
EXAMPLE 4.29. Let p; ; and ¢; ; for i, = 1,...,d be non-commutative polynomials (or

more generally operator-valued trace polynomials). Define F € Cy, (R*?, . (R*%))? by

(FA T )i = sz,j )Yj4i,5(X),

where (+); denotes the ith component of the d-tuple. Then

(FHA7(X z—zpﬂ Yq5.4(X);

this follows from the lemma and a direct computation with traciality that the expression
here satisfies (4.4.1) for F. For another example, let G € Oy, (R*?, . (R*?))¢ be given by

(GA " me (Yjai,3(X)).-

Then
(GHAT(X)[Y))i = ¢;.:(X)*7(Vipsa (X))

Proof of Lemma 4.28. Let ® : tr(Cy,(R*, .4 *t2(R*?))) — Oy (R*, /¥ (R*?))? be as
in Lemma 4.15 for each k € N. Let ¢ be the element of Perm(k + 2) that switches the last
2 indices. Then we define Q : Cy, (R*4, %1 (R*9))4 — Oy, (R*, /8T (R*?))4 by

Q(F) := (" H(F)7).

o

In the case k = 1, Q defines a map from Ci (R*?, .7 (R*?)) to itself, and we define
*:= Q(F). By Lemma 4.15, € is a continuous involution. By direct computation from
(4.3.1), for any k, for any (A,7) € Wand X,Y,Yq,..., Yry1 € A% we have

<Q(F)A’T(X)[Y17 s 7Y1€+1]a Y>T = <Yk+17 FA’T(X)[YL o Y, Y]>7'7
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and hence in particular (4.4.1) holds. Moreover, for any k, if 1/a=1/a; + -+ 1/ag4+1
and 1/a+1/8 =1, then

I2E) 7 (X)llasaran = sup {IQE)T(X) Y1, Yigalllra : [Yllna, < 13

= sup {(Y, Q) AT(X) Y1, Yiaa)r : [V ]ls < 1, [Ysllna, < 1}
= sup {(FA7(X)[Y 1., Yo, Y], Vi) ¢ [Y5 < 1, ¥l < 1)
:||FA7T(X)||(171/ak+1)*1;a1 ..... ar,B-
It follows that
12F) ey, et arm+1)a,r = [Fll oy @ mrtye,r

for all R. Then we observe that 9[Q(F)] = Q[(dF),], and hence by induction 87 [Q(F)] is
Q of a permutation of @F whenever F is a CJ_ function. It follows that *, which is the
k =1 case of Q, satisfies (4.4.2) and (4.4.3). Finally, to show (4.4.4), note that by (4.4.1),
for any (A, 7) and X, Y1,Ys € A% we have

(Y1, [(F # G)' I (X)[Yal)r = (Y1, [GF # FYAT(X)[Yo)r

By linearity, the same relation holds if Y is taken from A¢ rather than A% . This implies
that [(F# G)*]A7 (X)[Y2] = Y1, [G* # F*A7(X)[Y2], and since (A, 7), X, and Yo were
arbitrary (4.4.4) holds. m

Next, we construct a trace functional on C, (R*?, .2 (R*?))9.
LEMMA 4.30. There exists a unique linear functional
Try : Cor(R*, A (R*))? — tr(Ci (R*))

satisfying
[Try (F)47(X) = (S, FAF7(X)[S]) uo (4.4.5)

for (A, 7) € W, where (B, o) is the tracial W*-algebra generated by a standard free semi-
circular family S = (S1,...,54). We have

Try (F*) = Try (F)* (4.4.6)
and
Try(F# G) = Try(G #F). (4.4.7)
Furthermore, Try maps CE(R*4, 4 (R*®))? into tr(CE(R*?)) for each k € Nog U {oo}, and
for k' < k we have
0% Trs (F)lloy, rea arinry 1 < A0 Flly, ea_arisrya g (4.4.8)

Proof. We define Try(F) = T o & !(F) where ® is as in Lemma 4.15 and Y is as in
Lemma 4.19. Then (4.4.5) is verified from the definitions of ® and Y. The relation (4.4.6)
follows because

<S,F.A*B,T*U(X)[S]>T*U = <(F*)A*B,T*D’(X)[S]’S>T*U _ <57 (F*)A*B,T*U(X)[SDT*U.

The claim about CE functions and (4.4.8) follow from (4.3.2) and (4.3.3) together with
Lemma 4.19(2, 3).
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It remains to prove (4.4.7). By density and by continuity of the composition operations,
it suffices to consider elements F, G of Cy,(R*?, . (R*?))¢ given by trace polynomials.
Then there are trace polynomials F; jp, fori,j € [dland k=1,...,Kand ¢ =1,...,4
such that for all (A, T)

‘AT T A, T A, T A, T
F ZZ kal YkaQ(X) Fzyk3(X)T(Fi,j,k,4(X)}/}))
k=1 j=1

and similarly we may write

A, 7— A, A, 1 A, T A, T
G Z S (@A OV G o)+ G (0T (G (0T)).
k'=1j5=1
By free independence,

(r# o) (F57 4(X)S;) =0

so that K 4

AxB,mx0 A, AT A,
F; (X)[S] = F; (X)[Y]:ZZFi,j,k,l(X)S kaz(X)
k=1j=1
Again using free independence, we have

(% 0)(GAT L (X)VFT, (X)S;FAT, (X)) = 0.

i,m,k’,4 m,j,k,1 m,j,k,2
Hence,

(GA*B,T*U (X) [F.A*B,T*a (X) [S]])z

d d
A, T A, T A, T A, T
ZZszk’ Fmg,k,l(X)S Fm]kQ( )Gimk’ (X)7
k,k' j=1m=1

and thus

(S, GA*B T (X) [FA*B’T*"(X) [SI) 7o

=> Z 7% 0)[SiG o 1 (X)Fn o1 (X)S; Fiy T o ()G 1 5(X)].
k,k" i,7,m=1

If i # j, then the trace of the expression in the sum is zero by free independence. Moreover,
the i = j can be evaluated using free independence as follows:

A, A, T A, T
Z Z T*U zmk:’ (X)F 7]k:l( )S ijk2( )Gi,m7k’,2(X)]
k' jm=1

=Y Z G LX)V En T (XTI S (X)GT L (X)),

k,k! jm=1
This expression is invariant if we switch F and G, by applying traciality of 7 and inter-
changing the indices j and m. Thus, (4.4.7) holds. =

We will next discuss the log-determinant described by Try on Cy(R*?, .# (R*9))d.
It is easiest to define this trace in terms of the Fuglede-Kadison determinant on tracial
Wr-algebras. To this end, let us interpret the trace Try in terms of traces on a C*-algebra.
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Observe that for each (A,7) € W and each X € A% with || X[ < R, the function
F(X) defines a bounded linear transformation 7" (F) : L2(A, 7)% — L?(A,7)? with

|7 " () < [F |y, (red, o (Ra)) 2, R
We define a C*-seminorm on Cy, (R*?, .# (R*%))4 by
¥l = sup {[lmx” (F)] : (A, 7) € W, X € AS

sa’

[Xlloo < R}

The separation-completion of Cy, (R*?, .# (R*?))¢ with respect to this seminorm is thus
a C*-algebra. We will (temporarily) denote this C*-algebra by Cr and the quotient map
Ci(R*, . (R*?))4 — Cr by mg. Letting (B, ) be the tracial W*-algebra generated by a
free semicircular family S, we have

Try (F)A7(X)| = (S, 157 (F)S) o < d||mg™™> 7 (F).

Thus, F — (1/d) Try (F)*™ passes toa well-defined tracial state tré’T onthe C*-algebraCg.
In particular, after constructing the GNS representation of Cr associated to tré’T, we can
obtain a tracial W*-algebra as the WOT-closure of the image of this representation.

For an algebra A, let GL(A) denote the group of invertible elements. For F €
GL(Cy(R*, . (R*))?) and (A,7) € W and X € A% with || X||oc < R, consider the

Fuglede-Kadison log-determinant
log AR (F) := dtrg” log mr(F*F)'/2,
It follows from the work of Fuglede and Kadison [36, Theorem 1, property 1°| that
log AL (F # G) = log AL (F) +log AR (G).

Our goal is to show that if F is in GL(CE(R*?, .4 (R*?))?), then the log-determinant
defines a function in tr(Cj, (R*?)). We will use the path-connectedness of the general linear

group.
LEMMA 4.31. Let k € No U {oc}. Then GL(CE(R*?, .#)?) is path-connected.

Proof. Let tr € O (R*4 4 (R*%))? denote the function tr(x)[y] = (tr(y1),. .., tr(ya))-
Note that tr # tr = tr and tr* = tr.
There is a *-homomorphism ¢ : M4(C) — C°(R*?, .# (R*?))¢ given by

d(M)(x) = (Zd: m1,iTj,- -, zd: md,j%‘)-

Since ¢(M) commutes with the self-adjoint idempotent tr, the x-algebra N generated by
d(My(C)) and tr is isomorphic to My(C) & M4(C), where for matrices M;, My € M, (C),
the element M; & Mo in My4(C) @ My(C) corresponds to M (Id — tr) + Matr. Thus, GL(N)
is path-connected.

It remains to show that every F in CF (R*? .#(R*?))¢ is path-connected to some
element of GL(N). For t € [0,1], let F(tid) be the composition of F with tid. By
Theorem 3.21, ¢t + F(tid) is a continuous function [0,1] — CE(R*?, .7 (R*?))<. Since
F — F(tid) is a »-homomorphism, F(¢tid) € GL(CE(R*¢, .# (R*?))?) for all t. Hence, F is
path-connected to F(0) = Fo (0id) in GL(CE(R*?, .# (R*?))?9). In the case where F is a
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trace polynomial, it is easy to check that F(0) € A since all the monomials involving x
will disappear when we compose with the zero function. Since A is closed, it follows that
F(0) € N for all F € GL(CE(R*, . (R*%))?). u
PROPOSITION 4.32. Let k € Ny U {oo}. Then there exists a unique map

log Ay : GL(CE(R* #/ (R*®))?) — tr(CE (R*))
such that for each (A, 7) € W and X € A%,

(log A4 (F)A7(X) = log A (F).

Moreover, log Ay is a continuous group homomorphism with respect to multiplication in
the domain and addition in the codomain.

we have

Proof. The claim for k = oo will follow if we can prove it for £ < 0o, so assume k < oo.
Let F € GL(CE(R*?, .# (R*?))4, and fix R > 0. Since there is a continuous path from F
to Id, we can write

F=F,...F,

with |[FYF; — Id[| ok (rea .z (r=ay)a < 1. Then by additivity of the Fuglede-Kadison deter-
minant, for each (A,7) € W and X € A% with || X/ < R, we have

log AA i Z log AA T

Since ||[FF; — Id[| ok (=4 .z (r=a))a, g < 1 and because of Lemma 4.27 we have convergence

of the power series
|
log, (F7F;) —(id — F}F;)#™
Og# m,zl m 1 )

with respect to [|||cx (rea, sz (ra))e,g- Since the representation WQ’T is bounded by in norm

by |||, (m=4,.# (r*¢))a, g and respects analytic functional calculus, we have

1

log Ax™(Fj) = —5 >, — (Try[(ld = FJF,)#")*7(X).

N =
—

Because of convergence of the series

—= Z Z — Try[(Id — FIF;)#™] (4.4.9)
g 1 m= 1

in [||| ok (me¢, .z (m=4))2, R, it follows that log AQ’T (F) is a Fréchet-C* function of X on the ball
over radius R, and that this function, as well as its derivatives up to order k, be approximated
on the ball of radius R of every (A, 7) € W by functions in CE (R*¢, .7 (R*%))?, where the
approximation of the &’ derivative occurs with respect to |||, (g+a,_z+),g- Since this holds

for every R, we conclude that log AQ "(F) defines a function log Ay (F ) in tr(CE (R*?)).
The fact that log Ay (F#G) = log Ay (F) +log Ay (G) follows immediately from addi-
tivity of the Fuglede-Kadison determinant. Next, to prove continuity of log A, it suffices
to check continuity at the point Id. Fix R > 0. Then in a neighborhood of 1d, the power
series expansion log, converges uniformly with respect to [|*[|cx (=t g (r=4))4, g, and hence
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in this neighborhood log A 4 (F*F) and its derivatives up to order k depend continuously
on F with respect to ||| ¢k (gea, 4 (r+ay)a, g in the domain and Z:/:Onak/(')HCtT(R*dy//ﬂc’),R
in the target space. m

The following gives an explicit formula for dlog A4 (F) which is helpful for assessing
the boundedness properties of the derivative.

LEMMA 4.33. Let F € GL(CL(R*, .4 (R*%))?) and let G be the #-inverse of F. For
(A, 7) € W and X, Y € AL, we have

sa’

dllog Ay (F)[™ (X)[Y] = (S, [G # OF + G* # oF* |57 (X)[S, Y])

where (B, o) is the tracial W*-algebra generated by a family of freely independent operators
S each of which has mean zero and variance 1. In particular, if G € BCy (R*¢, .4 (R*9))
and OF € BCy,(R*?, .#?), then 0log Ay (F)] € BCy, (R*?, .4 (R*)).

Proof. Let us compute the directional derivatives. Fix (A, 7) € W. Let X,Y € A%, and
let
AxB,mx0
(t) = TX +tY (F).

Note that for Z € A<

sa’

4 [®(t)Z] = OF B0 (X + tY)[Z, Y].
dt|,_,

Note that OFA4*5:7%7 (X 4-tY)[—, Y] defines a bounded operator on L?(A, 7)? which depends
continuously on ¢, and hence ®(¢) is differentiable in the operator norm. In particular, for
t in a neighborhood of zero, ®(¢) is contained in some interval of the form [e, 2R — €]. We
can compute (d/dt)|i=olog ®(t)*®(¢) using the power series for log centered at R. If we
also apply the fact that (S, (—)S) .o is tracial on the algebra generated by ®(0) and ®'(0)
(for the same reason that Try is a trace), we obtain

d

% t0<S,;log <I>(t)*<1>(t)S> = <s’ (q)(o)*q,(o))—l% to[q)(t)*q)(t)]s>
= (S, 2(0)(2(0)") " [@'(0)"®(0) + ©(0)"'(0)]S)
= (S,[(®(0)") 7' ®'(0)" + ®(0)~' ¥’ (0)]S)

where the last equality follows by traciality. This reduces to the asserted formula. The

T*O T*0

T*O

T*0’

boundedness statement then follows by inspection from the formula and the definitions of
the norms. m

4.5. Large N limits of differential operators on My(C)%. We have defined non-
commutative analogs of the gradient, divergence, and Laplacian as well as the trace on
matrix-valued functions. Note that if f € CL.(R*?)¢, then Of is the analog of the Jacobian,
and we have

VTf = Try (0f).

For f € tr(CZ(R*%)), the analog of the Hessian matrix would be OV f, and it is straight-
forward to check that

Lf = Tru(0Vf).
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Let us now explain how the differential operators on non-commutative smooth functions
describe in some sense the large N limit of differential operators on My (C)2 . We have
already seen that if f € tr(C'(R*%)), then (Vf)M~(©)tr~ g the classical gradient of

fMN(C)teN a5 o function on the dN2-dimensional inner product space My (C)%, where

sa’
the inner product is the one defined by try. If f € CL(R*?)9, then the classical divergence
of fMN(©):'~ does not equal (VIF)MN(©-~ precisely, but they agree asymptotically as

N — oo in the following sense.

LEMMA 4.34. Let f € CL(R*). Let div(fM~(©)tn) denote the classical divergence of
fMN(©tN g5 g function on the inner product space My (C)Z,. Then, for every R > 0,

:O,

N—o00 tr,R

lim H]\}'Q div(fMN((C),trN) _ (va)MN((C),trN

where ||-||te,r 95 as in Definition 3.10 for A = My (C). Or more explicitly,

N—oc0

lim sup{H‘]\}2 div(fMN(C),trN)(X) — (VITF)Mn (©)try (X)H

oo

X € My(C)l, [X]loe < R}

The previous lemma also applies to the Laplacian of functions f € tr(Cy,(R*?)) since the
Laplacian is the divergence of the gradient. Similar statements hold more generally for the
Laplacian of functions f € Cy, (R*¢, .# (R*®, ... , R*¥)). Note that £~ (C)t"~ is a map from
Mp(C)4, to the vector space of multilinear forms My (C)& x --- x My (C)% — My(C).
The classical Laplacian of vector-valued functions on a real inner product space is defined
as the sum of the second directional derivatives over an orthonormal basis (which is
the same as choosing a vector basis for the target space and computing the Laplacian
coordinatewise). As per Remark 4.26, we will state the next lemma more generally in the

case of the Laplacian with respect to a subset of the variables.

LEMMA 4.35. Let f € C2(R*(4+d) g (R*41, .. R*¥)). Let Ay denote the Laplacian with
respect to x of a function of variables (x,x') € My (C)% x My (C)% . Then for every R > 0,
we have

=0,

lim H fMN (C), trN} [fo]MN((C),trN
MLt R

N—o0

where ||-||_g¢ tr,r 5 as in Definition 3.10.

Because the Laplacian and the divergence are both defined in terms of the map Y in
Lemma 4.19 (and its generalization in Remark 4.26), Lemmas 4.34 and 4.35 will follow from
relating Y to the trace map in the finite-dimensional setting, as we will do in Lemma 4.37.

We begin with some notation. Let d,d’,¢ € Ny and d”,d1,...,d; € N.

Let %(MN( Yh . .., My(C)d; MN (C)?") denote the space of real-multilinear forms
Mpy(C)d x - x MN(C)d" — My (C)4
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Let € be an orthonormal basis of My (C)4,. Then we define

TN (My(C)L, ..., My (C), My (C)2,, My (C)y; My (C)")
— M (My(C)4,... My (C)2; My(C)")
by
(YMA)Y,.., Y=Y AlYy,..., Y, EE]. (4.5.1)
Ecé

LEMMA 4.36. Let YY) be as above and let
T Cu(®HD g (R, R R R 5 O (R g (R*D L R*))d”
be given by

(TEH)AT(X, XN [Y1,..., Y] = EA[fYE7(X, X)[Y1,...,Y,,S, 9],

where (B, o) is the tracial W*-algebra generated by a standard semicircular d-tuple S.

Then for f € Cyp(R*@+d) g7 (R*dr . R*de R*e R*4))d"  for every R > 0,
lim YW EMN©oten_(p)My(©trwy o p =0, (4.5.2)

N—o00

Proof. Note that we can also write

(YMA)Yy,..., Y =EA[Y,..., Y, Z, Z], (4.5.3)
where Z is a standard Gaussian random vector in My (C)%,, that is, a Gaussian random
vector with mean zero and covariance matrix I. In this case S(N) = (1/N*)Z is the
Gaussian unitary ensemble. It is well-known that

E|s™)3 <C

for some constant independent of N (and in fact much more is true); see Lemma 8.15
and the references cited in the discussion preceding that lemma. It follows that for A €
M(My(C)L,..., My (C)2%, My (C)L,, My (C)2,; My (C)*), we have

||T(N)A||//ﬂ,tr < C“AH//Z‘Z*z,tr'
In particular, for f € Ctr(R*(d'*'dI), MR R*e R ]R*d))d”, we have

ITEMNEEN e g < Ollfll oy g a2y -

It suffices to show (4.5.2) for a dense set of £ € Cyp (R*(@Hd) | gz (R*d1 | R*de R*d R*d))d",
for instance for those given by trace polynomials. Furthermore, it suffices to consider the
case d” = 1 since we can handle each coordinate of f individually.

To evaluate TV) for trace polynomials, we use the following magic formula:

% S AEBE;C =E[ASN BSYVO) = §;_;Atrn(B)C  for A, B,C € My(C).
Bee (4.5.4)

This can be proved, for instance, by direct computation using the orthonormal basis &
given by My (C)ea,

Eo = {NY2E; 3  U{(N/2)Y*(Ejs + B )by U{(N/2)2(iEj s — iBk ;) }j<h-
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For further detail, see [79, Lemma 4.1] or [33, Proposition 3.1]. Furthermore, using traciality
and the properties of orthonormal bases, we get

1
¥ > try(AE;) ten (BE;C) = E [try (AS;) try (BS;C)]
Ec&y
1

1
57;:]' tI’N(ACB) = ﬁ

This also implies that

L 5., BAC, (4.5.6)

1
5] > trn(AE;)BE;C = Etry(AS;) try (BS,C) = e

Ecé&y
with follows by computing the inner product of this matrix with any D € My (C) using
(4.5.5) with C'D instead of C.
By linearity, it suffices to evaluate Y) on the following types of polynomials in
Ctr(R*(d+d’)’ %(R*dl, o ’R*d@7 R*a{7 R*d))

(a) Suppose that
f(X7 X/)[YL e Y0, S, S] = fl(X7 X/y}’h e 7}’2)3if2(x7x/7}’17 cee 7yf)8jf3(xa X/y}’h e 7YZ)7
for some trace polynomials f1, fo, f3. Then we use (4.5.4) to compute
T My (©trn (X XY, ..., Y]
= Gy fY O XX YY) e [ O N (XX YY)
N @Y X X YL YY)
= (T )My Oty (X XN [Y,..., Y]
Hence, (4.5.2) holds.
(b) Suppose that
f(X,X/)[YL e Ye, S, S]
= tr[fl(xvxlvyla v 7yZ)Si}f2(X7 X/ayl, v ayl)sjf3(xa Xlaylv e 7y£)~
Then using (4.5.6), we get
YD PN O (X XY, ., Y]

1 r
= 30 MNCHEN (X XY Y, Y ) AKX YY)

fy O (X X YL YY),
As N — oo, the ||-||_y¢ . g of this expression tends to zero. Moreover, Tf = 0, so (4.5.2)
holds.
(c) Finally, suppose that
Fxx)y1,---,ye,8,8]
= tr[fi(xx,y1, . ye)sil el fo(x, Xy, ye)ss] fa (6 X v )
Then using (4.5.5), we see that [| YY) fMN(©trv) oy 5 — 0as N — oo, and also T f = 0.

This completes the argument. m
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As consequences, we obtain Lemmas 4.34 and 4.35 as well as the following lemma about
the trace and log-determinant of linear transformations.

LEMMA 4.37. LetF € Ci (R*, "), Then FM~(©)rn (X)) defines a linear transformation
My (C)? — My (C)%, which has a well-defined trace Tr(FM~(©)tr~ (X)), Then for each
R >0,

1
lim  sup |5 Te[FMN O (X)) — [Ty (1) Mr (©trw (x)‘ =0.
N ey (o, | Y
IX||oe <R

Similarly, for each F € GL(Cy(R*, /1)) and for every R > 0, we have

1
i s | o e P 0 ()] o A (P €05 ()| =
NqOOXeMN(C)Sda N
[X[loo<R

Proof. The first claim is immediate since the trace was defined in terms of T in Lem-
ma 4.30. The claim about the log-determinant follows by expressing the log-determinant
as the trace of some function as in the proof of Proposition 4.32; see (4.4.9). m

We also have the following refinement which allows for uniform convergence on ||-||2-balls
if OF is bounded.

LEMMA 4.38. Let F € CL(R*, .#1)? with OF € BCy, (R*4, .#?)?. Then for each R > 0,

1
lim  sup QTT[FMN(C)’“N(X)]—[Tr#(F)]MN(C)’“N(X)‘:O.
N=oo xeMy (@4
IX[l2<R

Similarly, suppose that F € GL(CL(R*, .#1))? with #-inverse given by G, and that
G € BO,(R*, 4 (R*?))? and OF € BCy,(R*, .4 (R*?, R*))L. Then

1
vz log |det [~ O (X)]| — [log Ay (F)] M (-t (X)’ =0.

lim sup
N=00 xe My ()L
IX[2<R

Proof. Fix R > 0 and R’ > 0. Let ¢g/(t) = max(—R’, min(¢, R)). For (A,7) € W and
X € Ag,, we have

1
lor (X) = X1 < 7(1r\(—rr,r (X)) < ﬁllXH%

using properties of functional calculus and Chebyshev’s inequality. So, letting gg;T(X) =
(or/(X1), ..., ¢r/(Xa)), we have
1
A,
lgr" (X) = X1 < ﬁHXH%
Now F(gr') € Cir(R*, 1) Moreover, if S € A% and if | X||2 < R, then by Remark 3.19,

(8. FA7 (g7 (X))[S])r — (8, FA7(X)[S])-| < 10F || 5oy, 2o4,.02) IS I|2 187 (X) = X1

In particular, since Tr[FM~(©):t~(X)] is computed using Gaussian random vectors by
(4.5.3), and since the Gaussian unitary ensemble StV) satisfies E||S(V) |2, < C for some
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constant C, this implies that for each IV,

1
Sup |+ Tr[FM~ (©)trn (X)) —
XeMn (C)E,

IXll2:<R

N2

2 TF o) O (x|

R2
< Cﬁ||3FHBCN-(R*d,J/ﬂ)-

A similar bound holds for the error from replacing F with Fogpg/ in Try. As || gé}T(X) Iloo
< R’, we have

1
lim sup — Tr[(Fo gr )MV (ON (X)) — [Try(F o g)] M~ (©)try (X)' =0.
N=00 xe My (0)2, N
[X[l2<R
Thus,

limsup  sup
N—oo XeMy(C)Z,
IX[2<R

ya THF O ()] = [Ty (PO ()|

2R?
< 5 19F | sey, et a2

Since R’ was arbitrary, we have finished proving the first claim. The proof of the second
claim is similar, using Lemma 4.33.

5. The free Wasserstein manifold and diffeomorphism group

This section will give the definition of the free Wasserstein manifold # (R*?) consisting
of non-commutative log-densities V', the non-commutative diffeomorphism group 2(R*?),
and the transport action 2(R*?) ~ # (R*9). It will explain as many results as can be
proved by computation, and then sketch other ideas that will be carried out rigorously in
the rest of the paper when V is sufficiently close to the quadratic function (1/2)(x,X)¢,.

5.1. Definition of the manifolds

DEFINITION 5.1. We define the free Wasserstein manifold # (R*?) to be the set of
V € tr(C2(R*?)) such that a(x,x)y +b < V < d'(x,%X)y + 0 for some a,a’ > 0
and b,0' € R, considered modulo additive constants. Here the inequality means that for
all (A,7) € Wand X € A% | we have a||X||3 +b < VAT(X) < /| X||2 + V.

DEFINITION 5.2. We define the tangent space Ty # (R*?) as the set of equivalence classes
of continuously differentiable paths ¢ +— V; from some interval (—¢, €) to tr(CeS(R*?)),
such that Vo = V modulo constants and such that a{x,x)¢ +0 <V < a/(x,X)¢ + b for
some a,a’ > 0 and b,b' € R. Here t — V; and ¢ — W; are considered to be equivalent if
Vo = Wo modulo constant functions. Here “continuously differentiable” is interpreted in
terms of the Fréchet topology on tr(Cy, (R*?))g,.

DEFINITION 5.3. For k € Ny U {oc}, we define Diff* (R*?) as the space of functions
f € CE(R*?) such that f has an inverse function f~! € CE(R*?). Similarly, we de-
fine BDiff¥ (R*?) as the space of functions f € Diff® (R*?) such that of,...,d"f and
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Of~1,...,0%f~1 are bounded. We also use the notation Diff,(R*?) = Diff;"(R*?) and
BDiff;, (R*?) = BDiff;° (R*?). The chain rule yields

OBSERVATION 5.4. Difff (R*4) and BDiff* (R*%) are groups under composition.

DEFINITION 5.5. Let 2(R*?) := Diff,(R*?) N BDiff. (R*?). We define Tz Z(R*%) as the
set of continuously differentiable paths t ~ f; from some interval (—¢,€) to 2(R*?) such
that fy = f, the derivatives Of; and Of; ! are uniformly bounded, and the maps t — f; and
t + £, ! are continuously differentiable (—¢,¢) — C°(R*?). Here t + f; and t + g; are
considered equivalent if £y = £0-

LEMMA 5.6. There is a group action 2(R*?) ~ # (R*4) given by
(£, V)= £,V :=Vof ! —logAu(0f1).
More generally, this formula defines an action DiffEr (R*®) ~ tr(CF (R*))g,.

Proof. First, note that if V € tr(CE(R*%))s, and f € Diffim (R*?), then we have
£.V € tr(CE(R*?))g,. Indeed, Theorem 3.21 shows that V o f~1 € tr(CE(R*?))sa, and
Proposition 4.32 shows that log Ay (9f 1) € tr(CE(R*?))ga.

To show that f,(g.V) = (f 0 g).V, observe that

Vo(fog) ™ —logAy(d(fog) ™) =(Vog Hof ' —logAu((0g ' of ) #0f 1)
=Vog ' —logAyu(dg ) oft —log Ay(0f ).

To complete the proof that 2(R*?) acts on # (R*?), it suffices to show that if f €
BDiff}, (R*?) and V € tr(Ci,(R*?))ga satisfies a(x,X)¢ +b < V < @’ (x,X)¢, + b/, then £,V
satisfies similar bounds. Now 0f ~! and its inverse Of of~! are both bounded. This implies
a uniform bound, independent of R, on the C*-norms ||f ~!||c+ g and [|[(Of ") # 71| c« r
used in the definition of log A. Hence, log Ay (0f ') is bounded. Thus, it remains to
show that V o f~! has quadratic upper and lower bounds. But note that f~! and f both
have bounded first derivative, and thus they are both uniformly Lipschitz with respect to
|-l by Remark 3.19, and hence for all (A,7) € W and X € A4

sa’
1

19l ey, (med,.at
< [EHATX)2 < £ O) 12 + 10F 7 By reaan 1 X2

Substituting this into the given bounds for V' completes the argument. =

1£7(0)]l2 +

[1X |2
)

The group action Z(R*?) ~ # (R*?) produces a map from Tjq(2(R*%)) to Ty # (R*?).
This transformation from “infinitesimal transport maps” to perturbations of V' is described
as follows. For the classical analog, see [54, Theorem 3.5].

LEMMA 5.7. Let (—e,€) — 2(R*Y) : t s £, be a tangent vector at id in 2(R*?), and let
Ve W (R*). Thent — Vi := (£,).V is a tangent vector at V in # (R*?). Moreover,

% = _Vy{/'f"Oa
where

Vih:= —Tryu(0h)+ 0V #h forhc CLR*)".
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Proof. Let g, = f 1. Note that V; = 9V (g,;)[g], which depends continuously on ¢ in
tr(Ce2 (R*?), .4 (R*?)) by Theorem 3.21. Next, we claim that

d )
p log Ay (0gy) = Tryu (08 # 0f: 0 g1).

Let g+ =gs© g;l. Then for small § € R, we have
085 = (3gt+6,t ogy) # Ogt,
hence
log Ay (9gt+5) — log Ay (0gt) = (log Ay0gr4s,¢) © 8-
Note that g5, — id in Cy,(R*¥)? as § — 0 and

@ P
s 6=Ogt+6,t =8tog -
For each R > 0 and k > 0, the series expansion
1= 1 .
log Ay (9gt46.1) = D) mz;l m Tr#[(Id - (8gt+§,t)* # agtJré,t)# ]

converges in [|-[|cx(r=d, gz (redy)a g for sufficiently small §. Therefore,

d 1 d
—|  logAx(0 == Tru( - *#0
|, 0g Ay (0gt+s,t) 3 Y#<d§ 6:O(gt+6,t) # gt+6,t)
1 d *
=5 Tl 55 6:0(3gt+6,t + (08t+6.4)") |-
Now 8gﬁgwt(X) maps A% — AL for any (A, 7). Therefore, if (B, o) is the tracial W*-

algebra generated by a semicircular d-tuple S, then 8gf_l: f ;77 (X)[S] is self-adjoint and

hence
(S, 08,5 T (X)[S)rwe = (970" T (X)[S], S)rre = (S, ((08e45.0)*) B (X)[S]) rsor-

Hence, Try ((0gi15.4)*) = Tryu(0gt+s.4), which implies that

d d . _
€ log Ay (0gtyst) = Try <d6 8gt+5,t> = Try(0(gt o g, 1))
=0 §=0

= Tr#(agt o g{l i 8(g;1))

Thus,

d . _ _ .

o log Ay (0g1) = Try (0ge o gy ' # 0(g; ")) 0 g8 = Tryu (0 # Of, 0 g1).

This is continuous in ¢ by Theorem 3.21 and Proposition 4.32. Hence, ¢ + log Ax(0g;) is

continuously differentiable as desired. The above computations also show that

Vo = dt [V ogt —log Ay (0gt)] = OV # go — Try(98o)
t=0

= 9V # £y + Try (8f) = —Vifo. m
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5.2. Paths from infinitesimal transport. Given a tangent vector ¢ — f; of the identity
in 2(R*?), the function fy € Ci(R*?)% can be viewed as a d-dimensional vector field. The
next lemma describes how to construct a path in 2(R*?) as the flow of a family of vector
fields.

LEMMA 5.8. Suppose that t — h; is a continuous map [0,T] — CL(R*)L such that
10| pe,, (r=a, g1y is bounded by a constant M. Then there exist continuous maps t — f;

and t — gz from [0, T to CL(R*)L satisfying

t t
ftzld—f—/ huofudu, gtzld—/ ht,uogudu,
0 0
fiogr=giofy =id

and

108 sy metanye < €My 1108l oy ®ea,arys < M

Furthermore, for k > 1, ift v hy is a continuous map into CE(R*4)L | then so are t — f,

and t — g. If in addition ||ak/ht||BC“_(R*d’/ﬂk’)d is bounded for each 1 < k' < k, then the
same holds for f; and g;.

Proof. We focus first on the function f; and its derivatives. We construct the solution f;
through Picard iteration. Let

t
ft,O = ld, ft,n—i—l =id + / hu o fu,n du.
0

Asin §4, we understand the right-hand side in terms of Riemann integration for functions
with values in a Fréchet space. The same arguments used in single variable calculus show
that for any continuous function + from [0, 7] into a Fréchet space ), the Riemann integral
fOTW is well-defined. Moreover, fot ~ is continuously differentiable with derivative equal
to 7. Now Ci(R*®)Z is a Fréchet space and the composition operation is continuous, so
by induction f; , is a well-defined and continuous function [0, 7] — C, (R*4)<..

Next, since Oh,, is bounded by M for all u, we know that for every (A4,7) € W, the
function h:A7 : A2 — A4 is M-Lipschitz with respect to ||-|| . It follows that

||hu o fu,n —h, o u,n71||Ctr(]R*d),R < M”fun - fu,nfl ‘|C¢r(R*d),R'
Therefore,
t
Ifomis — Fonllcn e .n < M / (T SN P )
0

By induction,

n4n

sup [|fi1 —id|lc,, r=4,R)-

£ g1 — ft,nHC"(R*dLR =
t€[0,T7]

For each R, the right-hand side goes to zero. Hence, f; ,, converges to some function f; in
Cir(R*?) as n — oo uniformly for all ¢, which satisfies the integral equation as desired.

For k > 1, suppose that ¢ — h; is a continuous map into CE(R*?)?, and we will show
that ¢ — f; is as well. Because the composition operation on CE functions is continuous,
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we find by the chain rule that for n € Ny,

¢
Ofy nt1 =1d +/ (0hy of, ) # Of, ,, du,
and for 2 < k' < k, 0

O i1 = Z Z /aﬂ w0 fun) # (015, 0PI, ) du.
Jj=1 Bi,...

partition of [k ]
min By <---<min Bj

We want to show that [“)k/ft’n converges as n — oo in order to conclude that f; is in
CLR*),

First, we construct the limiting functions. For 1 < k/ < k, we claim that there is a
continuous function ¢ — ft(k/) from [0, T'] to Cy, (R*, . (R*?, . .. | R*?)) (here the multilinear
form has k' arguments) that satisfies

t
£ = Id+/ (0h, o £,) # OV du (5.2.1)
0

and for 2 < k' < k,

(), = Z Z /aﬂ of,) # [£UBD . £UBiD] g, (5.2.2)
1%

Jj=1 Bi,..
partltlon of
min B <---<min B;

We proceed by strong induction. Let k&’ > 1 and suppose the claim holds for all 1 < £ < &'.
Note that the right-hand side only has one term which depends on fék,), namely the term
(Oh, of,) # f&’“ ) for j = 1. All the other terms fSBiD are already defined by inductive
hypothesis and bounded in ||-|| ¢, (r+a, z15:1)a, g- Since Oh,, is bounded by M, the right-hand

side is thus M-Lipschitz in £ with respect to ||| ¢, g=a, g')a g- Thus, a solution £
exists by Picard iteration by the same argument as we used for f;.

Let ft(o) = f;. Next, we show by strong induction on &’ that for each R > 0, we have
O fyy — ft(]C ) in [lcy, (#a,.a+y as m — oo uniformly for ¢ € [0, T]. Suppose k' > 1 and
the claim holds for £ < k¥’. Fix R > 0. Observe that

! t ’ ’
M o £ = / (O © fun) # (N i — £)) du
0

t
+ / (0hy o f, — Oh, —of, ,,) # ft(k )\ du
0

+Z Z /aﬂ w0 fun) # 0P8, OB, ]
Ba,...

partition of [k ]
min By <---<min Bj

-3 > (7hy o £,) # [£UPD . £UBiD] dy.

Jj=2 Bi,...,Bj
partition of [k']
min B; <---<min B;
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Forn > 1, let

€n,R = SUp H(ahu © fu - ahu - Ofu,n) # ft(k )”Ctr(R*d,//lkl),R
telo, T]

+ Z Z 100y 0 £,0) # [PV Ky, ... OIPSE, )

partltlon of [k/]
min B; <---<min B;

—(@hy o f,) #[£1PD, . 7félle)]||ctr(R*d,/ffk')d,R'
By the inductive hypothesis and continuity of composition, we have €, r — 0 as n — oo.
We have

’ k, /
||3k fio— ft( )ch(R*d,.//zk’),R < Sl(l)p Hf}‘k )HCtr(R*d,J/ﬂ“/)dﬂ =K
ue|0,

and

k/
L A P = / R N S AL
0
A straightforward induction on n shows that

KM™t"™ - €En—p RM£t£
S

k/
|18% £, — £ )||ctr(R*d,ﬂk'),R < 0

=1
Let €, r = 0 for n < 0. Then

€n— 4, RM tf Z €n— 4, R]\lftlZ
Z —0
=1

as n — oo by the dominated convergence theorem because (€,_¢ r)n ¢en is bounded and
én—e,r — 0asn — oo and Y °_ (Mt)™/m! converges. Therefore,

o't , — £ 0
|| t,n t ”Ctr(R*d,///k,),R — asn — oo

as desired.

Because 9% f; ,, — ft(k/) as n — oo for each k' < k, we conclude that f; € CE(R*?)?
and OF'f, = ft(k/) for k' < k. We already showed that ft(k,) depends continuously on ¢
in Cyo(R*, ./ (R*4, ... R*?))4 and therefore ¢ +— f; is a continuous map from [0, 7] into
Ctkr (R*d)d.

The bound ||f[|c,, re, g1ye < €M follows from (5.2.1) by the same argument as
Gronwall’s inequality in classical ordinary differential equations. Similarly, if OF'hy is
uniformly bounded for each k&’ < k, then one can obtain a Gronwall-type bound and
(5.2.2) to show that O*'f; is uniformly bounded for k" < k. We leave the details to the
reader.

It remains to show that the same claims hold for g; as for f;. By applying the foregoing
argument to a subinterval of [0,T], we obtain functions f; ; for s,t € [0,7] such that
t — f; s is continuous and

t
fi o =id + / h, of, , du.
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Also, f; s € CL(R*®)2 and [|0f; 4| e, (ra, a1y < eMIt=sl One can verify from the integral
equations that f;, ;, o £, ;; = f;, ;,, which is a standard idea in ordinary differential
equations. In particular, since f; = f; o, the inverse function is given by g; = f;+, which
satisfies the integral equation asserted in the proposition after switching the order of the
endpoints in the Riemann integral. m

REMARK 5.9. Of course, the lemma applies equally well to negative time intervals. It also
works for unbounded time intervals with the hypotheses and conclusions modified to state
uniform bounds on each compact time interval rather than for all time.

An important special case is when h is independent of ¢. Let h € C°(R*4)4 with 0h
bounded. Then there is a one-parameter group (f;);cr in Z(R*?) solving the equation

t
ft:id—i-/ hof, du.
0

In the spirit of Lie theory, we will denote f; by exp(th). This description of one-parameter
subgroups naturally gives rise to a Lie bracket on C°(R*?)% analogous to the classical Lie
bracket on vector fields associated to the classical diffeomorphism group of R? (also known
as the Poisson bracket). Suppose hy, hy € C2°(R*?)Z have bounded first derivatives. Then
using continuity of ¢ — exp(th) and the differential equation above, one can compute that

exp(thy) o exp(thy) o exp(—thy) o exp(—thy) = id + t*[hy, ho] + o(t?),

where

[hi,hy] := 0h; # hy — Ohy # hy,

and where “0(t?)” means o(t?) with respect to each of the seminorms in Cg2(R*®)2 . It is
an exercise to check that the Lie bracket is a continuous map C°(R*®)% x Coo(R*4)4, —
Cee(R*4) 4 and satisfies the Jacobi identity. In the special case of non-commutative poly-
nomials and power series, this Lie bracket was studied by [95, §6.1 and §6.5].

The classical idea that vector fields represent differential operators adapts to this
setting as well. For any h € C(R*))2 | let 6, : CF(R*Y) — C(R*?) be the map
Onf = 0f # h. It follows from the product rule (which is a special case of Theorem 3.21)
that On(fg) = (Ouf) - g+ f - (Ong), that is, O is a derivation on the algebra Cg°(R*?).

We also have
O, On, [ = 0(Of #ha) # hy = 0% # [hg, ] — Of # Ohy # hy,
hence
(On,Ony — OnyOn, ) f = —On, ho) f-
In other words, h + —dj, is a Lie algebra homomorphism from CZ°(R*?)4 to the Lie
algebra of derivations on C2°(R*9).

The next lemma describes how the flows (f;) of Lemma 5.8 will act upon some V €
tr(CL(R*?))s,. This is the basic computation that underlies our results about free transport.

LEMMA 5.10. Let t — V; be continuously differentiable map [0,T] — tr(CL(R*%))s, and

let V; be its time derivative. Let t — by, be a continuous map [0,T] — CL(R*)Z with
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0] gy, (r=a,g1)a bounded, and let f; be the solution from Lemma 5.8 to the equation

t
f; =id + / h, of, du. (5.2.3)
0
Then in tr(Ci.(R*?)) we have
d ., . . N
prlL DeVil = (Vi + Vi, hy) o fi. (5.2.4)

In particular, Vi = (£).Vo modulo constants for all t if and only if -Vih = V, modulo
constants for all t.

Proof. For s,t € [0,T], let f; s be the solution to the equation

t
fi s =id + / h, of, s du,

which is guaranteed to exist by Lemma 5.8. Then for ¢t € [0,7] and € € R such that
t+e€0,7T], we have f,y, = fi i, o f;. Moreover,
(£ Vi =V, of, —log JAWHG; 7%
and
(ftlle)*v;ﬁ =Vigeofiperofy —log Apofy o ofy —log Ayof;.
Therefore,
(Fi) Vige — (67 ) Ve = (Vige = Vi) ofpsc s+ [Viofrse s — Vi) —log ApOfi e t) ofp.  (5.2.5)
By continuity of composition (see Lemma 3.20), we have
hné M o ft+e,t = ‘/t o) ft,t = ‘/t in tr(Ctr(R*d)).
e—>
Meanwhile, regarding the last two terms on the right-hand side of (5.2.5), we have
Viofirer — Vi) —log Aplfiic = (f;;_lﬁt)*v; - Vi
The same reasoning as in Lemma 5.7 shows that
d
de
holds in tr(Cy, (R*?))s,. However, g+ is replaced by fs;, which results in the sign of h,
changing in the final formula. Moreover, since we have only assumed that hy is CL (R*®)%
rather than CZ(R*4, . (R*%)), we only have 9f;; € Cy,(R*?, . (R*?)). Altogether,

(ftlle,t)*Vt - V*{/t hy
e=0

N _ .
lim 7((ft+1€)*‘/t+€ - (ft 1)*‘/15) = (‘/t + <vmvht>tr - ’I‘r#(aht)) o ft7

e—0 €

which proves (5.2.4). The final claim of the proposition follows immediately. m

The case where h is independent of ¢ is worthy of special note, since it gives a description
of one-parameter subgroups of Z(R*?) that stabilize some V € # (R*?) (the analog of
measure-preserving transformations).

COROLLARY 5.11. Suppose that V € tr(CL(R*?))s,, and that h € Cy,(R*®)Z with 0h €

BCy(R*, . (R*4))?. Let f; = id + fot hof,du. Then (£),V =V for allt if and only if
Vih = 0.
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REMARK 5.12. Voiculescu [94, §6.12] studied the related notion of diffeomorphisms that
preserve a given non-commutative law p. If there is a law py canonically associated to V' (as
described below), then V' may not be uniquely determined by -, and thus preserving py
is a weaker condition than preserving V.

Note that the stabilizer Z(R*?, V) := {f € 2(R*?) : £,V = V} is a subgroup that
is closed under limits with respect to convergence of f and f~! in C}(R*?)?. Based on
Corollary 5.11, the tangent space of the subgroup Z(R*?, V) at the identity should naturally
be identified with (a subspace of) ker(V3,) C C2°(R*)4,. Thus, we expect that ker(V7,) is
closed under Lie brackets. To give a rigorous justification for this, we observe the following
identity.

LEMMA 5.13. For V € tr(C(R*?))sa and hy, hy € C°(R*4)2 |
Vi[hi, hy]) =9(Vihy) #hy — (Vi hs) #h.

Proof. Fix (A,7) € W. Let (B,0) be the tracial W*-algebra generated by a freely inde-

pendent standard semicircular d-tuple S. Then

Vi (0hy # ho)*7(X)

— (S, 0(0hy # ho) BT (X)[8]) g + (OV # Ohy #ho) A7 (X)
= — (8,0hy # 9hy) BT (X)[8]) e — (8,07h1 5T (X) [0 (X), S]) o

+ (O # Ohy # hy) 7 (X)
= — Try (0l # Oha) 7 (X) — (8, 0%hy 77 (X)[8, by 7 (X)) 1o

+(9V # 0T (X) [he) 47 (X)]
= — Try(9hy # 9ho)*7(X) + (Vi ha) A7 (X) b7 (X))

Therefore,

Vi (0hy # hy) = — Tr(0hy # 0hy) + 0(Vi-hy) # ha.

When we subtract V§, (0ha#h, ) from V{,(0hy #h,), we find that the terms Try (0h; #0h,)
and Try (0hg # Ohy) cancel. =

5.3. The Laplacian and the Riemannian metric. Recall that the Riemannian metric
on the classical Wasserstein manifold is given by

JL R VL) di

for two tangent vectors V; and Vs at the point V such that Ik VJ duy = 0. To define the
Riemannian metric in free case, we must describe how to associate a non-commutative
law g1y to some V € #/(R*?) as well as how to invert L;l on the space of functions with
expectation zero. As this section is primarily concerned with formal computation, we will
state the necessary ingredients as hypotheses.

There are several ways to approach the problem of associating a non-commutative
law py to a potential V. We will assume here that py is characterized by Vi h having
expectation zero for all h € tr(C°(R*?)), a relation known as the Dyson-Schwinger
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equation. The analogous property in the classical setting is that
Jwvb) — divit)) du=o.

which holds for the Gibbs measure du(z) = e~V dz/ [ e~V for the potential V, as can be
seen by integration by parts. In §7, we will argue that for many choices of V', there exist
non-commutative laws satisfying the Dyson—Schwinger equation.

ASSUMPTION 5.14. Suppose that V € #(R*?) and there is a unique non-commutative
law py € ¥4 that satisfies the Dyson—Schwinger equation
av[Vih] =0 (5.3.1)
for h € C°(R*)), where fiy is the positive homomorphism tr(C°(R*?)) — C corre-
sponding to uy .
The second hypothesis is invertibility of the Laplacian associated to V', which we will
. . . 2
discuss in §6 for potentials V' close to (1/2) 3 tr(z7).
DEFINITION 5.15. For V € #/(R*%), we define Ly : tr(C° (R*?)) — tr(Ceo(R*Y)) by
Lyf:=-VyVf=Trx(0Vf) -0V # V.
ASSUMPTION 5.16. Suppose Assumption 5.14 holds and there is a continuous linear
transformation Uy : tr(C0(R*)) — ker(jiy) C tr(CP(R*?)) such that —Ly Uy f =
—UyLyf=f—pv(f)
DEFINITION 5.17. Suppose that V € # (R*9) satisfies Assumptions 5.14 and 5.16. Then
we define a formal Riemannian metric (-, )y on Ty # (R*¢) by
<V7 W>TVW(]R*d) = ﬂ((v‘llvva V\I/VW>M")7
where by abuse of notation V represents an equivalence class of paths t — V; in the tangent
space with V, = V.

The operator ¥y has another use besides defining the Riemannian metric. We saw in
Lemma 5.7 that a vector field h, viewed as a tangent vector to id in 2(R*?), produces a
tangent vector V = —Vih to V in #/(R*?). The operator Wy allows us to reverse this
transformation, since for any V, the vector field —VW+ V satisfies

V= -V (-VIy,V).

Furthermore, if we go from a vector field h by V3, to a perturbation V= —Vi/-h and then
back by —V Wy, to a vector field VU, Vi, h, then we see that any vector field is equivalent
modulo ker(V3,) to a gradient. The operator

Py = VU, V3 CO (R — 020 (R*)4

thus represents the “projection of vector fields onto gradients”, and 1 — Py is the free
version of the Leray projection in fluid dynamics. The operators Ly, V, V§,, ¥y, and Py
satisfy the following relations.

PROPOSITION 5.18. Suppose that V € # (R*9) satisfies Assumptions 5.14 and 5.16. Con-
sider the operators

C 4 tr(CR(R™)) 5 O (R,
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where 1 maps a scalar to the corresponding constant function, and

Ry Y (o (RH) 2 C.

(1) ker(V) =ker(Ly) = ¢(C).

(2) Im(V}) = Im(Ly) = ker(fiy ).

(3) —LV\I/\/LV = LV and —\I/\/LV\I/V = \va.
(4)

(5)

5) Every £ € O (R*))? can be uniquely written as £ = Vg + h where g € tr(C(R*?))
and Vi;h = 0. Here Vg = Py f.

Proof. (1) Clearly, «(C) C ker(V) C ker(Ly). Conversely, if f € ker(Ly), then f =
Vv Lyf+pvf=pvfeC).

(2) Clearly, Im(Ly) C Im(V3,). Moreover, (5.3.1) says precisely that Im(V3,) C
ker(fiy). Finally, if f € ker(fiv), then f = —Ly Wy f + v f = Vi, VU f +0.

(3) Note that —LyVy Ly f = Ly(f — iv(f)) = Lvf and Uy LyVyf = Uy f —
iy (Py f) = Uy f since Im(Vy ) C ker(fiy).

(4) Note that V\IJVV*{/V\I/VV*{, = 7V\vaLV\I/Vv*V = V\If\/v*{/

(5) To show existence, fix f and let g = ¥y V{f and h =f — Vg = (1 — Py )f. Then
Vih = Vif - Vi VU,V f = (1+ Ly)Vif = iy Vi f = 0. For uniqueness, note that
Py f must equal Vg, and hence h must equal (1 — Py )f. =

In the classical setting, Py is the L2-orthogonal projection of the space of vector fields
onto the subspace of gradients. Thus, Py h is a vector field which will produce the same
perturbation of V' through the transport action as h does, and which has L? norm less
than or equal to that of h. That is, Py is an infinitesimal version of optimal transport.
For the same idea to apply in the free setting, we would like to show that ker(V7},) and
Im(V) are orthogonal with respect to fiy .

Although this is merely an integration-by-parts computation in the classical case, the
same approach does not directly work in the free setting because (despite our choice of
notation) V3 is not actually the adjoint of V. Rather, it is the large N limit of 1/N?
times the adjoint of V on L2 (ug,N)), where ,uﬁ/N) is the measure on My (C)4, with density
proportional to e~V V. The adjointness relation as written does not make sense in the
large N limit because of the factor of 1/N2.

There is another natural heuristic for why ker(V3,) and Im(V) are orthogonal. If
h € ker(V},) with appropriate boundedness assumptions, then h should generate a one-
parameter group of measure-preserving transformations f; for V' by Corollary 5.11. If
we differentiate the equation fiy[g o f;] = fiy[g] at t = 0, we get ay[(Vg, h)y] = 0.
However, to make a rigorous argument, it is easier to directly use the Lie bracket identity
of Lemma 5.13 (related to the group of measure-preserving transformations) together with
the Dyson—Schwinger equation.

PROPOSITION 5.19. Suppose that V' satisfies Assumption 5.14, and in (3)—(5) suppose also
that V' satisfies Assumption 5.16.
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v [(VVih, ho),] = fiv[(hi, VViho)e,] for hy, hy € Cyp (R*4)4.

v [(VLvgi,Vg2)t] = fiv[(Vg1, VLy ga)u:] for g1, g2 € tr(CL(R*Y)).
v (VU g, Vo)l = v [(Var, V8vga)u] for g1, g2 € tr(Ce2(R*?)).
I

Proof. (1) By complex-linearity, it suffices to consider the case when h; and hy are
self-adjoint. By Lemma 5.13, we have

Vi [hi,hy] = (VVi hi, ho)y — (VViho, hy),.
When we apply fiy, the left-hand side evaluates to zero, hence
Av(VVyhy ho)g] = iv[(VVihe, hy )] = fv[(hy, VViha) ],
since hy and VV7 hy are self-adjoint (which follows since Vi, hs is real-valued).
(2) Substitute h; = Vg, into (1) and apply Vi,V = —Ly.
(3) Substitute ¥y g; for g; in (2) and note that VLy Uy g; = V[iv|g;] — g;] = —Vy;,.
(4) Note that
fv[(Vg, h)u] = —av [(VVL,VEyg h)u] = —fiv[(V¥vg, VVih),] = 0.
(5) Since Py'h; € Im(V) and (1 — Py )hy € ker(V7,), they are orthogonal with respect
to fiy o (-, -)tr. Therefore,
fv [(Pvhy, ho)| = fiv [(Pyhy, Pyhg)].
By symmetrical reasoning, this equals iy [(hy, Pyhs)i,]. =
In contrast to the situation with V, the adjoint of the operator 0 can be understood di-
rectly from the Dyson—Schwinger equation. The following lemma is related to computations
in [81, Proposition 21].
LEMMA 5.20. Let V' satisfy Asssumptions 5.14 and 5.16. Define
8y : O (R, A (R*))? = O (R™)?
by
HWF=F#VV -0'F.
Then for £ € CA(R*))? and F € CE(R*, . (R*%))?, we have
fiv (£, 00 F)e = fiv Try[(9F)*F).
REMARK 5.21. We can define a semi-inner product on C°(R*%)? by (f,g) + jiv (f, 8)tr,
and a semi-inner product on Cg° (R*4, . (R*?))4 by (F, G) — fiy Try(F#G). The lemma
then says that 0§, is formally the adjoint of 0 with respect to these inner products.
Proof of Lemma 5.20. We apply (5.3.1) with h = (F* # f)*. Observe that
OV #h = (VV, ), = (h*, V), = (F* % £,VV)y, = (£,F # VV),,.
Next, we compute Try(0h). Let ® and T be the maps in Lemmas 4.15 and 4.19 respectively.
Then for (A,7) € W and X,Y € AL, we have
¢~ (W) (X)[Y] = (Y, b (X)), = (W7 (X)),
= (FOHATX)[EA(X)], Y), = (£47(X), FAT(X)[Y])
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Now
Try(0h) = T(®~1(9h)) = T(92 " (h))),

where the last equality follows from (4.3.3) and the fact that Y(g,) = Y(g) when 7 is
the permutation that switches the last two indices. Let (B, o) be generated by a standard
semicircular d-tuple S. Using our previous expression for ®~!(h), we have

T(aq)—l(h))A,T (X) — % <f.A*B,7—*o (X + tS), FA*B,T*U (X + tS)[S]>T*O'
t=0
— <8fA*B’T*”(X)[S], FA*B,T*O’ (X>[S]>T*U + <fA*B,'r*o’(X)’ aFA*B,T*O' (X) [S, S]>‘r*o’
= (S, (0" # F) BT (X)[S]) o + (£47(X), EAOF T (X)[S, S])-

= Ty [(9)*FI47(X) + (£47(X), (8TF) ™7 (X)) .

Thus, we get
Try (0h) = Try [(OF)*F] + (£, 0TF),,.

So the Dyson—Schwinger equation yields
v (£, F # YV = fiv Try[(0F)*F] + iy (£, 0TF)

which is the desired equality. m

5.4. Strategy and discussion. A natural strategy to produce transport maps from one
point V; to another V; in # (R*?) is as follows. Suppose we are given a path ¢ — V; from
[0,1] into the free Wasserstein manifold. Suppose all the V;’s satisfy Assumptions 5.14
and 5.16. Assume without loss generality that V; has expectation zero under ty,. Let
h;, = —V\I/VtVt, so that —V{i, hy = V;. Let f; solve the equation f, = id + fot h, o f, du.
Then (f;).Vp should equal V; for all ¢. Of course, carrying this out rigorously requires
additional analytic assumptions.

The remainder of the paper will show that Assumptions 5.14 and 5.16 hold and the
transport strategy can be carried out rigorously for potentials V € C2°(R*?) of the form
Vix)=(1/2)3; tr(z3)+W (x) such that W is uniformly bounded and VW is uniformly
bounded by a constant strictly less than 1. More precisely, §6 will study the heat semigroup
associated to Ly, and from there the associated expectation Ey : tr(Ci,(R*?)) — C and
the pseudo-inverse Wy of the Laplacian Ly . These results will imply that V satisfies
Assumption 5.16, and that there is a unique law uy satisfying fiy(Ly f) = 0 for all
f € tr(C2(R*%)). However, this alone does not imply that uy satisfies (5.3.1).

Next, §7 will study the free Gibbs laws associated to a potential V', that is, non-
commutative law maximizing a certain free entropy functional. These results will imply
that if OW and 9*W are bounded (here there are no restrictions on the constant), then there
exists a non-commutative law v satisfying the Dyson-Schwinger equation 7[V{ h] = 0 for
all sufficiently smooth h. Hence, in the situation where VW is uniformly smaller than
1, we have existence and uniqueness of a law py satisfying (5.3.1), or in other words, V'
satisfies Assumption 5.14.

In order to execute the strategy for constructing transport, we need hy = —V7, \I/VtVt
to have uniformly bounded first derivative and to depend continuously on ¢ in order to
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apply Lemmas 5.8 and 5.10. Thus, in our construction of ¥y in §6, we have to estimate
the derivatives of Uy f and show that WUy f depends continuously on V' and f jointly. The
continuity property of course increases the amount of technical work, but it follows quite
naturally from the stochastic construction of the heat semigroup provided that we have
uniform bounds on 9V and OVV. On the other hand, to get h; to have bounded first
derivative with our methods requires us to assume that 93V; is bounded and that 9V, and
92V, are bounded.

In §8, we complete the argument for transport by showing that (f;).pv, = py,, and
this yields isomorphism of the C* and W*-algebras associated to uy, and py,. In §8.4,
assuming a smaller bound for 2V — Id, we construct transport functions h, and f, which
are triangular, in the sense that

fi(x1,...,2a) = (fra(x1), fro(xr, 22), ..., fral@, ..., 2a)).

This produces a triangular isomorphism of C* and W*-algebras.

It is natural to ask what the minimal assumptions are on Vjy and V) to obtain
isomorphisms of the associated C* and W*-algebras. First, although we assume that
V € tr(Co(R*Y)) throughout, the proof would work just as well if V is merely in
tr(C3 (R*?)) (with of course the required bounds on the derivatives). We did not wish to
get mired down with writing the precise smoothness assumptions needed for each result.
In any case, the smoothness assumptions needed in this proof may not be optimal. For
instance, von Neumann algebraic triangular transport was constructed in [46, 47| using
only assumptions on the first two derivatives of V. We have not yet verified that this would
be sufficient for C*-algebraic triangular transport.

More generally, do we expect such results to hold for functions V' which are not
perturbations of a quadratic, and especially those which are not even convex? Unfortunately,
the C*-isomorphism can fail even for d = 1 with V € tr(C2° (R*%)).

Random matrix theorists have carried out a detailed analysis of the case (among others)
where d = 1 and V(X) = tr(f(X)) for some smooth f : R — R; see [17, 10, 15, 14, 16]. Of
course, by §4.2, such a V will be in tr(C° (R*?)). As in [10, §7.1], consider f(t) = t*/4—ct?,
orV(z) = tr(z*) /4—ctr(z?). Let uN) be the associated measure on My (C)ga, and let X (V)
be a random matrix chosen according to this measure. It was shown that for large enough c,
the empirical spectral distribution of X(N) converges in probability to a measure p on R
whose support is the disjoint union of two closed intervals. If X is a self-adjoint operator in
(A, 7) with spectral distribution p, then C*(X) = C[0,1] @ C]0, 1]. In particular, it is not
isomorphic to the C*-algebra generated by a self-adjoint operator S with the semicircular
distribution.

As a side note, the function tr(z?)/4 — ctr(z?) is not a bounded perturbation of
(1/2) tr(2?), hence not among the class of functions studied in this paper. However, one
can easily modify the function #*/4 — ct? near oo so that it is a bounded perturbation of
some constant times t2. If this modification is close enough to oo, and the values of the
modified function remain sufficiently large in that region, then the support of the limiting
distribution can be forced to stay inside a bounded set where the function was not changed
(using similar techniques to [10, §7.1], [47, §18.2]), and hence the limiting distribution
will still be p because of [17, Theorem 1]. Similarly, one could consider a function such as
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ft) =t3/2+ ae="" for large constants a and b. By choosing the coefficients correctly,
one could presumably produce similar behavior to 4 /4 — ct? in that the limiting empirical
spectral distribution would have a support with two components.

Such examples are an obstruction to C* transport results for free Gibbs laws for
general V. These examples will in fact fail Assumptions 5.14 and 5.16. Indeed, by reweighting
the pieces of py, on each component of the support, one can obtain a continuum of measures
that satisfy the Dyson—Schwinger equation, although it turns out that often there is still
a unique maximizer of entropy. Moreover, if we consider a smooth function f on R that is
constant on each component of the support, then V(f(z)) = f/(z) will evaluate to zero
in L? of the free Gibbs law for V. Although this is not technically the same as V(f(x))
being zero in Ci,(R*?)?, this behavior still suggests an obstacle to inverting Ly modulo
constant functions. On the other hand, [14] and [16] were able to invert the Laplacian on L?
modulo a finite-dimensional kernel (still for a single matrix). It is an intriguing possibility
that something like this could work for the multi-matrix setting and lead to a transport
result that applies as long as h, is in a certain subspace of CP
the kernel of Ly, .

We also remark that since W*-isomorphism is weaker than C*-isomorphism, there
could be situations in which the former is possible even when the latter is not. In the case
of a single self-adjoint operator, topological obstructions, such as disconnected support,

(R*4)4 complementary to

disappear when we pass from the algebra of continuous functions to the L*> space. On
the other hand, Brown showed that finite free entropy for a non-commutative law is not
sufficient to guarantee W*-isomorphism with the law of a semicircular family [20]. However,
we do not know of any counterexamples to having W*-isomorphism between py and the
law of a free semicircular family for any smooth V' with quadratic growth at co. Voiculescu
conjectured such W*-isomorphism for a certain class of potentials in [97].

6. Pseudo-inverse of the Laplacian Ly

As we saw in §2.2 and §5, the Laplacian associated to V plays an important role in
converting between perturbations of V' and infinitesimal transport maps, both in the
classical case and in the non-commutative case. Recall that for V € tr(Ce(R*?)), the
associated Laplacian is defined by

d
Lyf=1Lf=) 0u,f#Va,V.

j=1

For each k € Ng U {co}, this operator is a continuous linear transformation C2(R*?) —
CE(R*).

We seek sufficient conditions for Ly to have a one-dimensional kernel and a well-behaved
pseudo-inverse Wy,. We will use this in §8.1 to verify that V satisfies Assumption 5.16.
As discussed in §5.4, we do not expect this to hold in all cases, so we will assume that
V is close in a certain sense to the quadratic (1/2)(x,x),. Following similar ideas to
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[10, 7, 29, 39, 40, 30] and especially [30], since we cannot work directly with the density in
the free setting, we will instead recover Ey and ¥y from the heat semigroup (et£v )t€[0,00)
which in turn will be constructed from a free stochastic process X' (X,t) solving the
equation

dX(X,t) =dS(t) — 3V, V(X (X, t)dt, X(X,0)=X,

where (S(t))¢c[o,00) 18 a free Brownian motion in d variables, freely independent of X. We
remark that the technical development of free SDE theory owes a great deal to the work of
Biane [8], Biane and Speicher [9, 10], and Dabrowski [29, 28], although due to the simple
nature of the SDE considered here, we opt for a self-contained treatment which does not
require any background in free stochastic analysis.

In fact, the SDE construction only depends on V' through its gradient VV and nothing
about the construction of the SDE and heat semigroup requires us to use a gradient.
Hence, we will prove the results with VV replaced by a function J € C°(R*4)% which
is sufficiently close to the identity function. As motivation, note that in the case where
J = VV, the condition ||0J — Id|| g¢,, (r¢,.z (r+a)) < 1 would mean that the Hessian of V'
is within 1 of Id. In the classical world, this implies that V' is uniformly convex.

DEFINITION 6.1. For constants ¢ € (0,1) and a € R, we define
Sl = {3 e CFR) 1 |3 —id|| pe,, w-ays < a, |03 = 1d||pey, (rea,arye <1 —c}.
We also define
Lyf:=Lf—-0f#J.
Thus, in particular, the earlier operator Ly would equal Ly in this notation. This
will not cause any confusion because V and VV are different types of objects: V is a scalar-

valued function while VV is a d-tuple of operator-valued functions. A precise statement
of our results is as follows.

DEFINITION 6.2. Let J € _#¢ . Let (A, 7) be a tracial W*-algebra, let (B, ) be the tracial
W*-algebra generated by a d-tuple of self-adjoint free Brownian motions (S1(),. .., Sa(t))
for t € [0,00), and let (A * B, T x o) be the tracial free product of (A, 7) and (B, ). For
X = (X1,...,Xaq) € AL, let X(X,t) = X47 (X, t) be the solution to the integral equation

XX, ) =X+S()+ /OtJ(X(X,u))du
(which we will show is well-defined in Lemma 6.10). Note that X is a function from
AL % [0,00) into (A * B)d . For f € Ci,(R*?), we define
(e [)AT(X) = Bal /457 (X (X, 2t))],
where E 4 : A% B — A is the unique trace-preserving conditional expectation.
THEOREM 6.3. LetJ € 72 for somea € R and c € (0,1). Let f € CE(R*?).

(1) We have e'Ls f € CE(R*9).

(2) Ast — oo, the function e'l3 f converges in CE(R*?) to a constant Ez f.

(3) The integral Uy f = fooo [etts — Ez)f dt makes sense as an improper Riemann integral
in CF (R*?).
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(4) We have
—LjV;+E;=—-VY3L;+E;=id

as operators CE(R*?) — CF (R*9).
This theorem is a summary of the results we will prove in this section. In particular:

(1) See Lemma 6.17.

(2) See Proposition 6.22 and (6.2.2).
(3) See Proposition 6.26.

(4) See Proposition 6.29.

Actually, as we are interested in studying conditional distributions and conditional trans-
port, we will prove a more general result, which allows J and f to depend on an auxiliary
variable x’. We will furthermore allow f to be in C’t’fr(R*(d“‘d/), MR ,R*df))d“ for
some ¢ € Ny and dy,...,ds, and d”’ € N. The more general definition of the heat semigroup
is as follows.

DEFINITION 6.4. Consider formal variables x = (z1,...,24) and x" = (2/,...,2},). Let
m(x,x’) = x and 7' (x,x’) = x. Moreover, let II(x,x')[y,y'] =y and Il'(x, x') [y, y'] = ¥,
where y is a d-tuple and y’ is a d’-tuple. Then define

;l’,bd/ = {J S C?(R*(d-ﬁ-d'))ga : HJ — ﬂ-”BCtr(R*(‘“rd’))d < a,
103 — HHBC“(R*(dﬂl'),//Z(R*d))d <1l-ch

DEFINITION 6.5. Let J € /j”bdl. Let (A, 7) be a tracial W*-algebra, let (B,0) be the
tracial W*-algebra generated by a d-tuple of freely independent self-adjoint free Brownian
motions (S1(t),...,84(t)) for t € [0,00), and let (A B, 7 x o) be the tracial free product
of (A,7) and (B,0). For X = (X1,...,X4) € AL and X' = (X},..., X)) € A% let
XAT(X, X' t) be the solution to the integral equation

t
X(X, X' 1) =X +S(t) + / J(X(X, X u), X') du
0

(which we will show is well-defined in Lemma 6.10). Note that X7 is a function from
AL 5 [0, 00) into (A * B),. For f € CE(R*@) gz (R* ... R*¥))?" we define

(e'F=3 FYAT (X, XY, ., Yo = Ea[fA57(X(X, X, 26), X[ Y0, .., Yo,
where F 4 : A* B — A is the unique trace-preserving conditional expectation.

We refer to Propositions 6.22 and 6.26 for the precise generalizations of Theorem 6.3
to the conditional setting.

6.1. The process X'(X, X’,t). The bulk of the technical work to prove Theorem 6.3 lies
in showing that X is a “C{® function of (X, X’) and S” in a certain sense. Once we prove
that, it is relatively easy to deduce that if f is a CF function of (X, X'), then so is et f,
as we will do in §6.2. The results of this section are closely parallel to [30, §3.2], except
with different spaces of functions.

Recall that X7 (X, X’ ¢) depends on X and X’ as well as the free Brownian mo-
tion S(t), and thus we want to define a similar space to CF (R*(¢+4)) which also allows
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dependence on a freely independent free Brownian motion. Since of course we will need
to study the space-derivatives of X7 (X, X', t) of arbitrary orders, this involves defining
analogs of Cip(R*(4) gz (R*® .. R*¥))4d" that also allow dependence on S(t). For
simplicity, we call the tuple of formal variables x rather than (x,x’) in the definition.

DEFINITION 6.6. Denote by s a collection of formal self-adjoint variables (s;(t))¢c(0,00),j€[d]

and let x denote a collection of formal self-adjoint variables x1,...,xs. We denote by
TrPs(R*4, 4 (R*41 ... R*4)) the space of trace polynomials in the formal variables
T1,..., %, {8(t) }eejo,00), and y1, ...,y (Where y; is a dj-tuple) that are real-multilinear
in Yi, -5 Ye-

DEFINITION 6.7. With x and s as above, suppose that f = (f47 )(A,r)ew is a tuple of
functions where

FAT L (AxB)E x (A% B)% x - x (AxB)% — (AxB)Y

is a function which is real-multilinear in the last ¢ variables.
We say that f € C’tr,g(R*d/, (R R*))A f for every R > 0 and € > 0, there
exists a g € TrPg(R*4, .7 (R*¥1, ... R*¥)) such that for every (A, T) we have

sup {|£47(X) = gl asB,r50 (S X)Lzt 1 = X € (A% B)S, with [ X[l < R} <e.

We equip C’tr’S(R*d', MR ,R*df))d” with the Fréchet topology given by the semi-
norms

1£lle, s aryr = sup_sup {|f7(X) | ge e : X € (AxB)g, with Xl < R}

(A,7)eW

for R > 0.

DEFINITION 6.8. Let k € NoU{oo}. Suppose that f = (f47) 4 - ew is a tuple of functions
where

AT (AxB)E x (A% B)" x - x (A B)% — (A B)Y

is a function which is real-multilinear in the last ¢ variables.

We say that f € C§7S(R*d'7///£)dl if for every k' € Ny with ¥/ < k, there exists
gr € Cips(R* ) such that for every (A,7) € W,

8k'f.A,T — /},T
as functions (A * B)2H+E 5 A« B. We equip C’tr SR/ (R* . R*4))?” with the
family of seminorms
Hak fHCt,,s(R*d’,.//sz/)d”,R

for ¥ <k and jy,...,j5 € [d] and R > 0.

ProPOSITION 6.9. Lemma 3.20 and Theorem 3.21 hold when we replace each space
CE®R (R, .. R*e) T by CE (R (R*D . R*de))d”

The proof of this proposition is exactly the same as for the original statements, and so
we leave the details to the reader. Now we are ready to define the solution to the integral
equation. We continue to use S to denote a d-tuple of free Brownian motions.
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LEMMA 6.10. For each (A, ), there exists a unique function X7 : (A B)%H x [0, 00) —
(A B)4 that is continuous in t and satisfies

1 t
XAT(X, X! ) = X 4+ S(t) — 7/ JABTro (AT (X X! ), X') du. (6.1.1)

2Jo

Moreover, X defines a continuous map [0,00) — Ciy s (R*@HIND which satisfies

HX(7 t)||ccr,$(R*(d+d/))d,R S e_t/Q(R + 2) + (1 - e_t/2)||.] - TrHBCtr(R*(‘H'd/))d' (612)
Proof. Define Picard iterates inductively by

XX, X 1) = X,

1 t
3 / JABTro (AT (X X! ), X') du.

0
We will show by induction that X;A7 is well-defined and ¢ — X, (-,) is a continuous
map [0, 00) = Ci; (R*(d+d )4 . The base case is immediate. For the induction step, recall
that composition is a continuous operation by Lemma 3.20/Proposition 6.9, and hence
J(X,(x,%',t),x") defines a continuous map [0, 00) — Ci,(R*(4+4))4 Thus, it makes sense
to integrate from 0 to ¢ using Riemann integration for functions taking values in a Fréchet
space, and of course the output will again be a continuous function [0, 00) — Ci, (R*(d+d))d.
(the argument is the same as in [47, §14.3]). Thus, &},;1 defines such a continuous function
as desired.

XXX ) = S(t) —

Next, we prove convergence of the Picard iterates as n — oo. Because 0xJ — II is
globally bounded by ¢, it follows that JA*5:7*7 is (1 + ¢)-Lipschitz in X (with respect
t0 ||*]loo). This implies that for n > 1,

T T 1 +C T T
||X;L4+1(X X/ ) erh (X’X/vt)”OO — HX:" (X7X,7u) - Xf_’l(X,XI,U)HOOdU,
so that
1+c

HX( u)— Xn—l('au)HCtr(R*(d+d’))ga,Rdu'
(6.1.3)

[Xnt1(st) = X5 Ol ey, mecaranya m <

Let

C(t,R) = sup [|X1(,u) — Xo(, u)‘lCtr(R*(der’))ga,R
u€|0,t]

Then a straightforward induction argument shows that
(14 c)ktn
2nn!
for t € [0, T]. This implies the convergence of X,, in Cy,(R*(@+4))4 uniformly for ¢ € [0, T)
as n — oo. Thus, the limit X is a solution to the integral equation satisfying the desired

H‘Xn-i-l("t) - XTL(') t)”Ctr (R*(d+d")yd R < C(Tv R)

continuity property.

Note that we have asserted the uniqueness claim in a weaker setting than that of
continuous functions [0, 00) — Cy(R*(@+4))4 Indeed, we claim that for a fixed (A, )
and initial condition X, the trajectory defined by the integral equation is unique. This
follows from the Picard-Lindeldf theory because JA*5:7%7 is Lipschitz in X.
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Finally, to prove (6.1.2), the idea is to “differentiate” e?/2X47(X,X’,t) with re-
spect to t. One can find a stochastic differential equation for et/2Xx(X,X’, t) using free
It6 calculus and then use standard SDE techniques to estimate it. However, let us
give this argument in an elementary language that does not require knowledge of free
SDE.

Fix ¢t and n, and let ¢t; = jt/n for j =0,...,n. Then

AAT(X, X 1) — XAAT(X, Xt )

1[4
=S(t;) —S(tj_1) — 5/ JAB T (AT (X X u), X) du.

tj71

Let K =J — 7. By continuity of X in ¢, we have
/tj XAT(X, X! u) du = (t/n)XAT(X, X/, t;) + o(1/n),
tjo1
where the error estimate holds uniformly for ||(X, X')|| < R and is independent of j. Thus,
(1+¢/2n)X47 (X, X/ 1) — X7 (X, X t5-1)
=S(t;) — S(tj_1) — % /tt KA B0 (xAT(X, X u), X') du + o(1/n).

Note that 1+ t/n = e!/?" + o(1/n) and hence

e YAT(X X! ty) — XAT(X, X )

1Y

=S8(t;) = S(tj1) — 5 / eumti=)/2RABTx o (AT (X X! u), X') du + o(1/n).
tj—1

Now multiply by e*~1/2 and sum from j = 1 to n to obtain

ePXAT(X, X! 1) - X
n t
=Y e [S(t) = S(t-1)] + / e PKAET (X AT (X, X 1), X' ) du + o(1),
j=1 0

(6.1.4)

where the error estimate o(1) holds uniformly as n — oo for ||(X, X')|lcc < R (and in fact
independently of (A, 7)). Note that

> et 28 (ty) — S(t-1)]
=1

is a sum of freely independent semicircular d-tuples of mean zero and hence it is a free
semicircular d-tuple of mean zero, such that each coordinate has variance

n t
Zet-f‘l(tj—tj_l) S/ 2 dy =et —1<et.
j=1 0

Hence,

Hi eli-1/2[S(t;) — S(tj_l)]Hoo < 22,
=
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‘We also have

t
/ e 2KAB T (AT (X X! u), X! du
0

< (1= e )IK] ey easarye-

Thus, upon taking n — oo in (6.1.4), we obtain the desired estimate. m

Since ¢ — X(,t) is a continuous map [0, 00) — Ci,.s(R*@H4)N)2 e can define the
Riemann integral

/Ot I(X (), 7 du,

where J(X(-,u),7’) denotes the function in Ci, s(R*(@t4))2 given by composing X'(-,u)
and 7’ in the prescribed manner. Relying once again on the fact that the Riemann integrals
are defined for continuous functions from [0, ] to a Fréchet space, it follows that the identity

holds in Ci, s(R*@4))d - Similarly, t — X(-,t) — S(t) is a continuously differentiable
function [0,00) — Cr s (R*(4t4))4 Tt will be convenient in the rest of the section to view
our equations as integral /differential equations in Ci, s(R*(@+4))2 rather than equations
for functions on A% for every (A, 7) separately.

The next lemma will be used to construct the process 0X (-, t).

LEMMA 6.11. Suppose that t +— F(-,t) is a continuous function from [0,00) into
Cors(RFH g (R* R and let Gy € Cips(R*TD) g (R Rde))d,

Then there exists a unique continuous G : [0,00) — Cip s(R*@Hd) g7 (R*dr | R*de))d
satisfying
g(-,0) = Go, (6.1.5)
9G(,1) = 5O (1), 7) # G, 1) + F(. 1), (6.1.6)
Moreover,

Hg(v t)HC’tr,S(R*(d+d’)’//[2)d}R
t
< 6_ct/2 (Hg()||C$(R*(d+d/)7/fl£)d7R +/ ecu/2||F(-7u)|‘cs(R*(d+d/)7%z)d’R du) (6]_7)
0

Proof. Recall our assumption that J = 7 + K with
‘|8XK||BCS(R*(d+d’)7%1)d <l-ec
Hence,
||8XJ||BCS(]R*(4+¢'>,//{1)‘1 <2-c

It follows that for each t, the right-hand side of the differential equation depends in
a Lipschitz manner upon G(-, t) with respect to ||-||Cécr S(R@+A) _gt)d R for every R > 0,
with the Lipschitz constant being (2—c¢)/2. Hence, the standard Picard-Lindelsf argument
proves the existence and uniqueness of a solution.
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Because J = 7 + K, we also obtain
d 1 1
790+ 560,10 = —5 KX (1), ) # G( 1) + F (. 1).
Hence, upon multiplying by e*/? and using the given bound for 9K, we obtain
|3

%[etmg('v t)]

Ctr,S(R*(d+dl),.//fZ)dvR
1
< 5(1 - C)Hemg(‘,t)||ctr,s(n§*<d+d'>,//ﬂ)d,R + 6t/2||]:('at)||c,,,S(R*(d+d/>,//ﬂ)d,R'

By Gronwall’s inequality,
||€t/2g('a t) ”Cms (R*(d+d") _ge)d R

< p(1=0)t/2 (”gO||Ctr,s(R*(d+d,)v//ﬂ)dvR

¢
b [ U BEE e, s g )
This simplifies to the desired estimate (6.1.7). =

Next, we explain how to differentiate G(-,t) with respect to (x,x’) in the situation of
Lemma 6.11 when F is a C{; 5 function. This will allow us to show that X(-,?) is a C5Yg
function by induction.

LEMMA 6.12. Suppose that t — F(-,t) is a continuous function from [0,00) into
CL sR 4 g (R, R*)) and let Gy € CLR*H) g (R, ... R*¥))d. Then
the solution G in Lemma 6.11 is a continuous function [0,00) — Ctlr)S(R*(d"’d,),
MR R*)) and we have

LOG(,1) = 50T (X(,0), %) #0G(,1) — SOOI, ), )] # 60, 1), T + OF (1)
(6.1.8)

Proof. We claim that for each ¢, the right-hand side of (6.1.6) depends in a Lipschitz manner
upon G(-,t) in Ctlr,S(R*(der/),///(R*dl,...,R*df))d. More precisely, if we subtract the
right-hand side of (6.1.6) for two different functions G and G’, then |||, (r-@+a) _z0y0 R
+[10-lc,, sreta+ar, gr+1ya g of the difference is bounded by a constant times

1GC,8) = G' (D)l @earan aeya m + 190G () = 0G' ()l o mecaran areya r-

We already explained in the proof of Lemma 6.11 how to estimate G(-,t) — G'(-,t) with
respect to |||l ¢, s (r=(+a) _grya g- To estimate OG(-,t) — 0G(-,1), note that applying 0 to
the right-hand side of (6.1.6) results in the right-hand side of (6.1.8). We subtract the
right-hand side of (6.1.8) at G from the corresponding quantity in G’, and then estimate

H;GXJ(A’(-J),W’) #(9G'(-,t) = G(+,1))

Ctr,s(R*(d+d/)7//l(R*d1 _____ R*de ,R*d))

1
< 5”826'](‘)(('7t)7WI)”CH‘S(R*J,//{(R*d)d)||ag/('7t)_g('7t))||Ctr15(]R*(d+d’),,//[(R*d17...,]R*dz,]R*d))7
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and in turn,
10[05 I (X (X, X", ), Xl o, recarar a2y, m < 10105l ey, (retavan a2y s

where R’ = max(R + 2, [|[J — 7| ¢, (re(a+a))a), by (6.1.2). The second term

1
_58[8”](‘)(('7 t)? W/)] # [g/('v t) - g(7 t)7 H]
can be estimated similarly. This shows the desired Lipschitz property, and hence the Picard-
Lindel6f method shows that (6.1.6) has a solution in Ctlrys(]R*(d“‘d/), M(R¥d L R¥de))d

This must agree with the solution in Cy, s (R*(@+4) |z (R*d1 .. R*))4 from Lemma 6.11.
Then by applying 0 to both sides, we obtain (6.1.8). =

LEMMA 6.13. The function X from Lemma 6.10 is a continuous map from [0,00) into
CSES(R*(der'))ga. Moreover, there exist constants Cy 3 r such that

9% (-, Ol s@earar grya g < Crar (6.1.9)
for k> 1 and polynomials pr 5 r : R = R such that pi 3 r has degree k and
050" X (-, ey, sretaray grsrya g < e 2pr3R(t) (6.1.10)

fork > 0.
Proof. Let 7(X,X’) = X and 7/(X, X’) = X'. We claim that for each k > 1,¢ — 9*X (-, )

is a continuous function
[0’ OO) N BCtr,S(R*(d+d,), %(R*(d+d/), o 7R*(cler’)))d
k

and it satisfies

k k—k' .
d k o 1 ]+k/ 1 k' i ,
goxto=-3 > (PR s Y et
=0 (Bi,....Bj) o€Perm([k])

partition of [j]
min(B1)<---<min(B;)

#1015 x(t),. .., 0B ()1, ... 1", (6.1.11)
Pg
We will deduce this from Lemma 6.12 by induction.

We make a few preliminary comments on the form of the above equation before we show
the terms are well-defined. We obtained (6.1.11) by formally repeatedly differentiating the
equation for X (-, ¢) using the chain rule. More precisely, we differentiated the composition
of J with (X(-,t),7’), and evaluated the derivative of the inner function as (90X (-,t),II'),
and then expressed the result in terms of these two pieces. We moved the occurrences
of II' to the right for each term. In order not to worry about which order to plug in the
tangent vectors, we symmetrized over Perm(k), which is valid because the kth derivative
is a symmetric k-linear map.

On the right-hand side of (6.1.11), the term with &' = 0, j = 1, and By = [k] is exactly

OJ(X (1), 7)) # 0 X (-, 1),
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and all the other terms only involve lower-order derivatives of X'(-,t). We will denote the
sum of all these other terms by F*)(-,#).
Now we prove by induction on k that X'(-,¢) defines a continuous map
[07 OO) N Ctr S(R*(d+d/)7 %(R*(d—i_d/), o 7R*(d+d/)))d
k
(and hence F*) is also well-defined) and that X satisfies the formula (6.1.11) and the
estimate (6.1.9).
For the base case k = 1, let G : [0, 00) = Ci,(R*@+4) | _#(R*?)) be the solution to
g('a 0) =T,
G(-,t) = =20 (X (1), 7") # [G(, )] 4+ O I (X (-, t), ') # 1T
The solution exists by applying Lemma 6.11 with F given by
Oxr (X (1), ") # I = 0w K(X (-, 1), ) # IT',

which is bounded by a constant CLJ by assumption. Thus, by (6.1.7), we have

2
||g('7t)”BCtr,s(R*(‘H'd/))d S e*ct/? <1 + EcLJ(eCt/Q o ]_))7

which is bounded by a constant Cj .

To complete the base case, we need to show G = 9X. Let X, be the Picard iterate

as in the proof of Lemma 6.10. Using continuity of the composition operation on Cf, s

functions, we see that X, is in Ctlrys(R*(d“‘d/))ga, and we have

t
aXn+1('7t) =1- %/ 8x'](‘){n('7u)»7rl) # aXn(vu) + ax"](‘)(n('vu)vﬂ—/) # I du.
0

By the same token as (6.1.3), we have

1+c¢ [t
”Xn(»u) - X('vu)||ctr(Rx(d+d/))d R du.
2 0 sa

[Xnt1(5t) = X D)l ey, mecaranya g <

In a similar way, we have

t
1—c
10X 11 8) = FC )l recavannya g g/o ( 510X ()= F( u)lly, gmearan arya

+10x03| ¢, (reta+r g2ya gl X (- 0) = X (s u)ll ey, @ecaranya r(Cra + 1)) du;

the first error term comes from swapping out the 90X, in OxJ( X, (-, u), 7") # 0X, (-, u)
for F, and the second error term comes from swapping out X for X, inside 0xJ. Altogether
the function

On,R(t) = [|Xns1 (1) = X (D)l ey, mecaranya g + 0Xn41 (1) — F () oy, (metaranya g

satisfies

t
bni1,r(t) < K/o On r(u) du
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for some constant K that depends only on W, and this implies that ¢,, g — 0 uniformly
on compact sets as n — oco. Thus, dX,, converges to F in C’tr(R*(d“‘d/), //l)d asn — oo. It
follows that X is in CL(R*@+d))d and X = F.

For the induction step, suppose the claim holds for £ — 1, so that

%a’HX(., t) = féaxJ(X(', ), ') # T x(, 1) + FR (X, X 1),

Then by Lemma 6.12, we deduce that 91X is in BC’tlr,S(R*(der,), A*~1)? (and depends
continuously on t) and that O* X’ satisfies the differential equation computed by applying 0
termwise to both sides. This computation of derivatives results in (6.1.11). Next, by
our induction hypothesis the spatial derivatives of X(-,¢) of order < k satisfy (6.1.9).
This implies that F*) is bounded in BC’mS(R*(d*d'),/flk)d by some constant Cj j p
independent of ¢, because the derivatives of X of order < k are bounded on each ball of
radius R, and so are the derivatives of J(X, 7). Now we apply (6.1.7) with G = %X,
noting that Gy = 0 for £ > 2, and thus conclude that

t
~ 2
10X (-, )l g,y o (ecarar arrya,p < € cm/ e™/2Cy 5 pdu < -Crar = Crar
' 0

To show (6.1.10), we again proceed by induction on k. We can deduce a different
equation for 0, 0" X (-, t) from (6.1.11), which has the same type of terms as (6.1.11) except
that each term has one multilinear argument of the form 97X replaced by 9,07 X. As
before, one of the terms is

—%8XJ(X(~,1S),7T’) # 0, 0% X (-, 1),

while all the other terms involve lower-order derivatives of X'. We separate this first term
out, and denote the sum of the remaining terms by H*) (-, ).

For the base case k = 0, we have H(®) = 0 and 0,X(-,0) = idg. Thus, using (6.1.7)
with F = H©) | we get

10xX (Ol ey, s (metatan) g1ya < e 2.

Thus, the claim holds with po w, r(t) = 1.

For the induction step, let £ > 2, and suppose the claim holds for k£ — 1. Observe that
H™ is bounded in [|-{|¢,,  @eta+ar grya g BY €2 5 p(t) for some polynomial pj, 5 p
of degree k — 1. This is verified by using the induction hypothesis for (6.1.10) on each
occurrence of 9,0’ X in H*) (there being one occurrence per summand) and applying
(6.1.9) to all the other terms. Then we apply (6.1.7) to 00" X, noting that it vanishes
when t = 0, and thus obtain

t

1850 X (-, )|, g (metatarr ansrya g < 6_“/2/ e2em 2yl 5 plu) du=: e ?py 5 p(1).
0

This completes the inductive step and hence verifies (6.1.10). m

REMARK 6.14. From the proof, it is apparent that C; j g is independent of R. Moreover, for
k > 1, the constant Cy, g only depends on [|§% (J — )l ey ®ea,a+ya re for k' < k, where
R =max(R+2,[|J — 7l gc,, (r=+a) _41)). In particular, if J — 7 € BCE(R*@+d) g1y,
then DX € BCi, s(R*Hd) _z1).
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tLx g

6.2. The semigroup e Next, we explain results about the heat semigroup parallel to

[30, §3.3]. To deduce smoothness for the heat semigroup from smoothness of the stochastic
process X', we use the following result about conditional expectations.

LEMMA 6.15. Let k € Ny U {oo}. Let d,d’,d” € N and £ € Ny and dy,...,d; € N. Let
S be a d-variable free Brownian motion, and let (B,0) be the associated W*-algebra. Let
FeCk sR, . (R*,... R*))" Recall that

FAT  (Ax B)gy x (A B)& x - x (A% B)* — (AxB)",
and let
FAT(X)[Y1,..., Y] = E4 [FA7(X)[Y1,..., Y]

for all X € AL C (A% B)L and Y1,...,Y, with Y; € AY C (A B)%. Then F =
(FAT) (anew is in CER*D, 29" and for all k' < k and R > 0,

’ !
10" Fllg,, oar arviryar g SNO" Flley, s@ear aesrya g

Proof. Fix (A, 7). Recall that E4 : AxB — A is a linear map which is bounded map with
respect to |||, the chain rule for Fréchet differentiation implies that FA7 is Fréchet-C*
and that for k' < k,

P FAT(X) Y1, ..., Yoow] = EA[0" FATX) Y1, ... Y]]

Since E 4 is a contraction with respect to the non-commutative L® norm for every v € [1, 0],
we have

10" Bl ggeset e < 10° Fllggesst r.
for every R > 0. Note that this estimate is independent of (A, 7).
For each k/, R > 0, and € > 0, there exists g € TrPg(R* | .z (R*¥, ... R*))d" with
0% FAT — g A e g <e forall (A7) € W.

Now g is really a trace polynomial in the variables x, y1,...,ye+x and S(t1),...,S(tm)
for some finitely many times 0 < t; < --- < t,,,. We can rewrite this trace polynomial in
terms of X, the Y,’s, and the freely independent increments S(t;) —S(¢t;-1),7 =1,...,m,
where t( := 0; in other words, there exists g € TrP(R*(@ tmd) gz (R*d . R*¥)4") such
that

g (X) Y1y, Yoqu] =

@A*B’T*U (X, (t1 —to)_l/Q(S(h) —S(to)), Cey (tm —tm_1)_1/2(8(tm) —S(tm_1))) [Y1, . ,Yz+k/].

Now (t; — to)_1/2(8(t1) —8(t0))y .-y (tm — tm_l)_l/z(S(tm) — S(tm—1) is a standard
free semicircular dm-tuple. Lemma 2.23 implies that there is a trace polynomial h €
TeP(R* |/ (R*1, ... R*¥))?" such that

EAlg®™ (X)[Y1,. s Yo = h A" (X)[Y1,. .o, Youu]
for every (A,7) € W, every X € .Af;, and all Yq,..., Yy, with Y; € A% Then

|0F FAT — hA7T||%£+k’7tr7R <e forall (4,7)eW,

and so O F € Cy,(R*® | #/+*)@" This holds for all k' < k, so F € CE(R*¥, . #)"" . u
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REMARK 6.16. In fact, in the above argument, one can compute h explicitly from g by
studying the action on trace polynomials of the heat semigroup associated to the flat free
Laplacian L as in [22, §2], [33, §3], [47, §14.2]. This reasoning could be applied here to
those dm inputs of the function g where the free semicircular family is located.

LEMMA 6.17. Let k € Ny U {oo}. Then for f € CE(R*@Hd) g (R*d . R*e))d" e
have etl=3f C’tkr(]R*(‘”d/), MR ,R*d"'))d”. Moreover, fit R > 0, and let
R' = max(R + 2, ||VxW]).
Then for k' <k,
k/
Hak [eth‘Jf]|‘ctr(R*(d+d’)7%Z+k’)d”7R S Ck}’,J)R leaijctr(R*(sz’))d”7R/7 (6.2.1)
j=1
where Cys 3. g is a constant depending only on k', W and R. Furthermore, suppose that
Okf € CE(R*@HD) g7 (R*dr . R*4e))4"  then for k' <k,
kl
||3x3k [eth’Jf]||Cu(R*(d+d/>,//ﬂJrk’H)d”,R < e_Ctpk’,J,R(t) Z||ax8]f|‘ct,.(ﬂ{*(d+d’))d”,R”
Jj=1
(6.2.2)
where py 3.1 s a polynomial of degree k' depending only on k', W and R.

REMARK 6.18. These are not the same constants and polynomials from Lemma 6.13, but
they are derived from them.

Proof. Since Cf(R*(@+d) g (R*dr | Rrde))d" C Ok o(RAHD) g (Redr . Rde))?,
we may view f as an element of the latter space. By Lemma 6.13, X € Cf7 5 (R*(d"‘dl))d and
so by Proposition 6.9, f(X(-,t),7) is a function in CF(R*(+d) gz (R, . R*de))d”
Hence by Lemma 6.15, we e!lx3f € CE(R*(d+d) | g7 (R*dr R*de))d”,

To prove (6.2.1), observe that by similar reasoning to (6.1.11),

ak’ [f(X(v Qt)v ﬂ/)]

K K-k itk 1
k* 97
- Z Z < j > Z ﬁ Z 8x’ 8if(.)((~,2t),7r/)
k*=0 j=0 (B1,...,Bj5) o€Perm([k’])

partition of [k’ —k*]
min(B1)<--<min(Bj)

#[1d,....1d, 0P (X, X 2t), ..., 0P (X, X/ 2), IV, ... TT] . (6.2.3)
¢ k*
It follows from (6.1.2) that

1€ 26) e, s (recaranya, < B,

and the same estimate holds for (X(-,2t),n’) since R’ > R. Thus, using (6.1.9), we can
bound 9% [f(X(-,t),7')] by the right-hand side of (6.1.9), and then apply Lemma 6.15
to finish the proof of (6.2.1). The proof of (6.2.2) is similar, using (6.1.10) instead of
(6.1.9). m
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LEMMA 6.19. Fors,t >0 andf € Ctr(R*(d+d/),%(R*d1,. .. ,]R*df))d”, we have
eSLx,J [eth,J f] — e(s+t)Lx,J f

Proof. Fix (A, 1), let (B1,01) be a freely independent tracial W*-algebra generated by a
free Brownian motion &1, and let (Bs,02) be another freely independent copy of (B, o)
generated by another free Brownian motion Ss. For each algebra (A, 7), and j = 1,2, let
X; be the solution to (6.1.1) with S; instead of S. Then

[ [e = £]]47(X, X)
= Balle! "= (] (70T (X, X 25), X))
= E 4 0 Epp, [fA BB mrousos (pdeBrmo A7 (x X! 96) X/ 2t), X))

Let
Salu) = {Sl (u), u € [0,2s],
S1(28) + Sa(u — 2s5), u € [28,00),

and let Sy(u) = Si(u+2s). Let (B3, 03) and (B4, 04) be the associated tracial W*-algebras.
Then B3 and B, are subalgebras of By x B, and By x By = Bz x B4. Since X and X’ are
tuples from As,, we have

X BT (AT(X XY 28), X, 2t) = AT(X, X, 2(s + 1)),

because the flowing for time 2s along (6.1.1) with S and then for time 2¢ with Sy is
the same as flowing for time 2s + 2¢ with S3. Now E 4 o F4.p, is equal to the unique
trace-preserving conditional expectation A * By x B3 — A. Thus, this agrees with first
taking the conditional expectation from A * By * By onto A * B3 and then onto A. Now
X3A’T(X, X’ 2(s+t)) is in A x B3 already and hence the above expression reduces to

E4 [fA*Bg,T*O’g (XéA’T (){7 X/’ 25 + Qt), X/)] _ [6(s+t)Lx,J f]A,T(X’ X/). -
LEMMA 6.20. Let f € CE(R*@Hd) 704" Then t s e!t=3f is a continuous function
[0,00) = CE(R*H) g (R, .. R*d))d".

Proof. By Lemma 6.13, X is a continuous map [0,00) — C¢Fg (R*(d+d))d By continuity
of composition in Theorem 3.21/Proposition 6.9, t — F (X, ") defines a continuous map
[0,00) — Cfr’s(R*(d*d/), A (R* . R*4))4” Using Lemma 6.15, continuity is preserved
when we apply the conditional expectation to obtain the heat semigroup. =

6.3. Kernel projection and pseudo-inverse of the Laplacian. Our next goal is to
construct a “kernel projection” Ex y and pseudo-inverse Wy y for the Laplacian Ly y. The
operator Ex j is obtained as the limit of etls as t — 0.

LEMMA 6.21. Let f € CE(R*(H+d) g (R* ... R*¥))?" R >0, and let

R' = max(R+2,||J — Tl ey (reaya, 7)-
Then for k' <k,
k/
Hak f_ aketh’JfHCtr(]R(d*d/)w//fHk)d”vR < Ck’J’RR/ Z||8x8jf|\cn(R*<d+d/)Vﬂm)d/,_R,,
j=0
(6.3.1)
where Cy 3. r 15 a constant depending only on k and J and R.
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Proof. Using Lemma 6.15, we have
||akf - aketh’JfHCn(R<d+d'>7J/ﬂ+k)d”,R < ||3kf - ak[f o (&,7")] HCH,S(R(Hd’),Jfl“’C)d”,R'

Recall that 0% [f(X (-, 2t)] is given by (6.2.3). Let us first control the terms where 879 f
has some multilinear argument of the form 0™X with m > 2. Of course, this can only
happen if j > 1, which means f is differentiated with respect to x at least once. Using
(6.1.9), we can bound the term
OOIE(X (-, 1), X ) #[1d, ..., 1d, 0P x (- 2t),. .. 0B x (-, 20), I, ... 11,
¢ K

by a constant times the sum of the norms of 0x9’f for j < k’ — 1. This produces a bound
of the same form as the right-hand side of (6.3.1) since j > 1 and since 2 < R'.

The remaining terms of (6.2.3) are those where |B;| = 1 for all i. This implies that
j+ k* =k, and hence these terms add up to

K /
Z(k,>lj” > ok oif(X(-,2t), )

j=0 J " o€Perm([k'])
#[1d,...,1d,0X(-,20),...,0X(-,2t), I, ... . I'],. (6.3.2)
4 j k'—j
4 J —J

When t = 0, this reduces to

k/

KN 1 .

> ( )ku oo okoif#d,.. 1A, LIV, T, = 0. (6.3.3)
J ’ o€Perm([k’]) E' v Vv

j=0 7 k'—j

Thus, to complete the proof, it suffices to estimate the difference between (6.3.2) and
(6.3.3) by the right-hand side of (6.3.1). Now (6.3.3) is obtained from (6.3.2) by swapping
out each X for II and swapping out X for 7 inside O*f.

By (6.1.9), 0X (-, 2t) is bounded by a constant. Hence, when swapping out each 0 for I,
the error is bounded by the right-hand side of (6.3.1) as desired. Finally, we must replace
M E(X(-,2t), ') by 9*F. Given (A, 7), if [|(X,X')|lec < R, then |XA7 (X, X', 2t)|o is
also bounded by R’. Thus, the error can be controlled in |||, (=, ge+ry2 g bY

”axak,f”(?n.(R*(d*'d'),//l""""")d”7R’ [X(,2t) — 7r||Ct,(]R*(d+"'>)d,R'
Then using Lemma 6.10, we have
12(-,2t) — 7T||Ct,.,s(R*(d+d'>)d,R <2R'.
Thus, we can bound the error by the right-hand side of (6.3.1) as desired. m
PROPOSITION 6.22. There exists a unique continuous operator
By : Cor(R* D) g (R¥ R 5 O (R (RS R )
such that
(Exgf) o’ = lim e™=If i Cr(R¥D) gy (R¥ . Rde))d”, (6.3.4)
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For k € No U {oo}, the operator By 3 maps CE(R*@+d) 404" into CF (R, .4")"" . It
satisfies
Koo
10% Bxe afll oy g sy 1 < Crr.m D N0 Ell g, e gty (6.3.5)
j=1
for k' <k, where R' = max(R + 2, [|[J — 7[| gc, (re(a+ar)a). Finally, the limit (6.3.4) holds
in CE(R*@+d) g (R*dr | R*4))" wheneverf € CEFL(R*(Hd) g (R*dr . R*de))d
(or more generally the closure of CEFL(R*(AHd) g (R*dr . R*de))d" jp CF (R*(dHd),
(R Ry,
REMARK 6.23. We have not proved that CEFL(R*(dH+d) gz (R*d1 | R*d))?" is dense in
CERHD) g (R, R¥))d",
Proof of Proposition 6.22. First, suppose that f € C’,?ro(R*(d*d'),///(R*dl,...,R*d@))d”.
Let
R =max(R+2,|J - 7l e, mewrar)a),
R" = max(R' +2,[|J - W"BCtr(R*(der’))d)'

Then for t > s,

k
Z”ay [eth,J f] — o [esLx,Jf]||C“(R*(d+d,),//{zj)d,,ﬂ
j=1

k
< Ck,J,RR/ ZHaxaj [63Lx~J f] ||Ctr(R*(d+d’)7//[Z+j)d// R
=1
! k
< e Cpra()R Y [0k lle, gearar gy pon (6.3.6)
Jj=1

where the first inequality for some constant Cy, y g follows from Lemma 6.19 and (6.3.1),
and the second inequality for some polynomial py j follows from (6.2.2). (As before, the
constants and polynomials here are not the same ones as in the previous lemmas.) Because
of the e~ term, the difference goes to zero as s,t — oo, and thus e*“=Jf is Cauchy with
respect to each of the seminorms in Cg2(R*(@+d) |z (R*dr . R*))4" S0 the limit

Tf := lim etl=9f
t—o0

exists in C2(R*(H4) gz (R*4 . R*4))4" | Let
[Ey 3£]47 (X)) = [T£]47 (0, X).

Note that Ey 3f € C2(R* |/ (R*%, ... R*d))?" Because of (6.2.2), we have 8, Tf = 0,
and therefore

Tf =T£(0,7") = Ex sf().

So we have proved existence of the limit for f € C2°(R*(4+d) g/ (R*d ... R*de))d”
Next, TrP(R*(@+4) gz (R*4 ... R*de))d" C Co(R*H) g7 (R*dr | R*¥))4" is dense
in Cyp (R4 g7 (R*dr | R*d))4" By (6.2.1), the operators e'=3 for ¢t € [0,00) are
equicontinuous on Cy, (R*(Hd) gz (R*dr . R*))d" Thus, since the limit as t — oo
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exists on a dense subset, it exists everywhere. Thus, Ey x is a well-defined continuous
operator on Cy, (R*@H) g (R*d1 . R*de))d”,

Similarly, (6.2.1) shows that the operators e'l=J for t € [0, 00) are equicontinuous on
CE(R*+d) g (R*dr | R*4))d" By (6.3.6), if f € CEFL(R*(+d) g (R*dr . Rrde))d”
then the limit of €% f exists in CEFL(R*(+d) gz (R*d1 . R*¥))4" ast — oo, and hence
the same holds in the closure by equicontinuity. =

PROPOSITION 6.24. Let J € Z&. for some ¢ € (0,1) and a € R. Then e't=3 and
Ey.y : Cor(R*@H)) o5 O (R are multiplicative over tr(Cy, (R*(@+4))) | they are positive,
and they satisfy et*=9 otr = tr o etl=3 and Eyotr = tr o Ej.

REMARK 6.25. In particular, in the case d’ = 0, we see that Ej defines a non-commutative
law by Lemma 4.5. This turns out to be one method to obtain the law uy associated to a
potential V when VV & ._7;{0, as we will explain in §8.1.

Proof of Proposition 6.24. To prove multiplicativity for the heat semigroup, let ¢ €
tr(Ci(R*)) and f € Cy (R*?). Then
eth,J [st].A,T(X, X/)
= BalpMBm o (xAT(X, X/, 2t), X)) fAB T (AT (X, X, 2t), X))
_ QI)A*B,T*U(X.A,T(X’ X/, Qt), X/)EA [f.A*B,T*O‘(X.A,T(X7 )(/7 Qt), X/)]
= e [T (X, X)et e (A7 (X, X)),
which follows because ¢4*5:7*7 (XA7(X, X', 2t), X') is scalar-valued and thus can be pulled
out of the conditional expectation onto A. The multiplicativity property for Ey y follows
by taking ¢t — oco.
The positivity property is immediate because et’*7 f is obtained by evaluating f on

some operator and then applying a conditional expectation.
The trace-preserving property follows by similar reasoning. Indeed,

[tr(e" P2 )IAT(X,X) = r[BafA570 (X(X, X, 2t), X))
= AT (X (X, X 2t), X))
= Ea[[tr()IE7 (X(X, X, 20), X))
= [P [ ()] (X, X).
The trace-preserving property for Ey j follows by taking ¢ — co. m

PROPOSITION 6.26. Let R' = max(2 + R, [|J — I g¢,, (reta+arya). Let k = 0.

(1) Forf e CLR*@d) g (R*d ... R*))" the integral

e’} T
Uy 5f = / etbxa (f — Exsfon’)dt := lim etbxa (f — Ex sfon’)dt
0 T—o00 0
exists as an improper Riemann integral in Ctr(]R*(‘Hd/), ///(R*dl, . 7R*d’f))d”.

(2) Uy 3 maps
Oécr+1(R*(d+d’)’ %(R*dl, o ,R*d‘{))d” - Ctkr(]R*(der,), ./%(R*dl, o 7R*dg))d”
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and satisfies
k k

Z”aj\ljx»]||Ccr(R*(d+d/)7.//{Z+j)d,/,R <Crar Z||axajf||cn(R*<d+d’>,//ﬂﬂ)d”,R/
j=0 j=0

for some constants C, y Rr.
(3) Furthermore, if Oxf is in CE(R*@Hd) g (R*d . R*de R*d))4" then
k k
ZH&an \IIJ||Ctr(R*d,.//l’-’+J'+1)d”,R < Cllc,J,R Z|\axajf||ct,r(R*d,.//ﬂ+J+1)d”,R/

j=0 7=0
for some constants C/Q,J,R' In particular, in the case d' = 0 where there is no x’, the
operator, which we will denote Wy, maps CE (R*4, ///e)d” into itself.

Proof. (1,2). Let k > 0 and f € CEFH(R*@+d) %2 Then by Proposition 6.22,
BEyxf is in CE(R*@+d) _z0)4"  Because t — e'“<3f is a continuous function [0, c0) —
CEFYR*@+d) | g (R*dr | R*d))4" the Riemann integral
T
/ et (f — By sfon’)dt
0

is well-defined in CE (R*(@+d) gz (R*d1 . R*d))?" Using (6.3.6) and letting t — oo, we
see that

k
ZHaj [GSLX’J f] A []Ex,Jf © W/} Hctr(R*(d+d/),,//[zj)d”7R
=1

k
<e “pra(s)R ZHaxajfuCtr(R*<d+d’>,//ﬂ+j)d”,Rw,
j=1
which implies convergence of the integral in CE (R*(@+d) | gz (R*dr . R*¥))4" as T — 00

with the bounds asserted in (2). In particular, by taking k& = 0, we obtain (1).
(3) By (6.2.2), the improper integral [~ 9x97¢'“f dt converges in

Co(RHE) g (R, R R R )y

J

for j =1,...,k, and we have

o .
’ / & Oy etl=If dt
0

Ctr(R*d,//ﬂ*j*l)d”,R

00 J
< / e pra(t)dt Y1107 0xfll ozt e yar
0 .
J'=0

where R’ is as above. Convergence of the integral in this space implies that for a fixed
(A, ), the integral

/ 007 [ B3 £]AT (X, X7 dt
0

converges uniformly for X € A, with || X||s < R, for each j = 1,...,k. Uniform
convergence implies that we can exchange integration with Fréchet-differentiation. This
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shows that

o0

1 O [W 5 £]AT = / & [t LI AT dt.
0

Since this holds for all (A, 7), we have

o
90y [V 5f] = / D9 Oy [t ] dt
0
for j =0,...,k. This proves the desired estimate. m

REMARK 6.27. In (2), the constants Cj j r only depend on R and on the norms of the
derivatives up to order k + 1 of J on the ball of radius R’. In (3), the constants Cj j r
only depend on the norms of the derivatives of J — 7 up to order k£ 4+ 1 of J on the ball
of radius R’, and there is no direct dependence on R, i.e. no dependence on R other than
through these norms. In particular, if J € BCgH(R*d), then supp Ck.3.r < 00.

6.4. Differential equation and continuity properties

PROPOSITION 6.28. Let k € NoU {oc}, and let f € CEF2(R*(@+d) gz (R*d .. R*de))d”,
Let F(X,t) = e!t=<3f(X). Then F defines a differentiable map from [0,00) into
CE®R D) g (R*4, .. R*4))d" and
%F = Ly gF = LyF — OxF # J.
Proof. By considering each coordinate of f separately, it suffices to consider the case
d’ = 1. We will first prove differentiability in a weak sense and then deduce the stronger
statement by general tricks.

We claim that for f € Ci, (R*(+4) gz (R*, ... R*%)) (A7) € W and for (X,X)
and Y1,..., Y, in A4 we have

i (33 f)AT (X, XY, ..., Y] — £(X, X)[Y1,..., Y]
6—0 )

= [Ly sf]47 (X, X)) [Y1, ..., Y] (6.4.1)
with respect to ||-||oo- By (6.1.1), we have

20
XAT(X, X! 26) = X + §(26) — % / JAB T (AT(X X u), X) du.
0

From the continuity of X*47 in ¢, it follows that
XAT(X, X!, 26) = X 4 §(26) — 6JABT7 (X, X') + 0(6).
Since f is a Fréchet-C? function and S(26) is O(6/2), we have the Taylor expansion
fABTo (X AT(X, X, 20), X)[Y1, ..., Y]
— fABTO(X XYY 5O FABTO(X X # Y0, .., Yo, VxVABT (X X))
+ Oy fA BT (X XY # [Y,..., Y, S(20)]
+ 192ABT (X X # (Y1, ..., Yo, S(26),8(20)] + 0(6).

The first term on the right-hand side is already in A% . When we apply E 4, the second
term on the right-hand side vanishes by free independence, while the third term (by our
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definition of Ly in Definitions 4.21 and 4.23) produces
8L 3B)7 (X, XN [Y1, ..., Y.

This establishes (6.4.1).

Now we begin the main argument. By Lemma 6.20, ¢ — F(-,t) is a continuous function
from [0, 00) to CEF2(R*(+d) gz (R*¥, ... R*¥)), and so t — Ly jF(-,t) is a continuous
function from [0, 00) to CF (R*(@+d) gz (R*d .. R*d)). This follows by continuity of

Ly : CEP(RY D) g (RN R*¥)) - CER* D) g (RN R*)),

which in turn implies continuity of f +— 0xf# VxV by continuity of composition. Therefore,
we may define

t
G( 1) = f+/ LusF(,u)du
0

as a Riemann integral with values in CF (R*(@+4) | _z(R(@ . R*d))). By the fundamen-
tal theorem of calculus, G is differentiable as a function from [0, 00) into CF (R*(4+d)
A (R* ) R*0)) with derivative equal to F(-,t). Therefore, it suffices to show that
G=7F.
Fix (A,7), let (X,X’) € A%t € [0,00), and let ¢ be a state on A; we will prove
that
¢po(F—G)A (X, X' t) =0. (6.4.2)

As in the proof of the mean value theorem, consider the function 5 : [0,¢] — R given by
B = o (X, X'

Note that 3(0) = B(t) = 0 and J3 is continuous. Moreover, by (6.4.1) applied to e%=3f,
we have

u
t

(F — G)A’T)(X,X’,t)>.

1
lim = (F - G (X, X', u+0) — (F - G)*"(X, X', u))
= (LygF(-,u) — Ly gF (-, u))4" = 0.
This implies (by the product rule) that § is right-differentiable in « with right-derivative
given by

Blw) = 760 (F — G)A7(X, X' 1).

Since 8(0) = B(t) = 0 and S is continuous, it must achieve a maximum at some point in
ug € (0,1), and at this maximum

1
700 (F =G (X, X', 1) = B (up) <0
By the same token, it has a local minimum, so the opposite inequality holds as well, which

proves (6.4.2). m

PROPOSITION 6.29. Let J € _#%,. Then the operators {e'™9 }ic(0.00), L3, Ex.a[—] 07,
and Wy 3 all commute as operators on C2°(R*@+d) g (R*d . R*de))d" . Moreover,

Lyg[Exsfon’] =0 (6.4.3)
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and
(_Lx,J\I/x,J + IEx,.])f =f. (644)

Proof. By Lemma 6.19, the operators {etF= }telo,00) form a semigroup, and hence they
all commute with each other. This implies that

SLX J SLx J
eft=d — 1 eft=d — 1
et f= etlxaf,

S S

When we take s — 07, by Proposition 6.28 and the continuity of e!/*J as an operator on
O (R 4" e find that e!t=7 and Ly y commute.

Similarly, since etf=Jf — Ex sf o’ ast — oo, we see that the operators est

*J and
Ly 3 commute with Ex y[—] o 7'
Next, for each T € [0, o), the operator

T
f— / [eth*Jf —Exsfom]dt
0

commutes with esL=7 Ly 5, and Ex y[—] o, because the Riemann sum approximations of
this integral commute with them. Then taking T' — oo, we see that ¥ 5 commutes with
all these operators.

To prove (6.4.3), observe that Ex jf o 7’ is a function that only depends on X', and
hence the output will be in the kernel of Vy and 92, and so in the kernel of Ly j.

To prove (6.4.4), observe that using (6.4.3) and the previous proposition, we have

T T
_Lx,.] / [eth,Jf _ Ex,Jf} dt = — / LxJ[eth,Jﬂ dt
0 0

Td
= 7/ a[ew’“f] dt = f — el b=t
0

As T — o0, the right-hand side approaches f —Ey jf in C¢? (R*(d"’d/), MR R*df))d”

T tL

by Proposition 6.22. Moreover, as in the proof of Proposition 6.26, [, e'’=J dt converges

’ 1! 0
in Co(R*+) g7 (R R*4))4" as T — oo to U, 5f, and hence

_Lx,J\IIx,.]f =f - Efo,
which rearranges to (6.4.4). m

PROPOSITION 6.30. Let T' be any one of the operators {e"*7},c(0 00y, Lx,3, Ex,3[—] o 7',
and Uy 3. Then for £ € C°(R*HD) gz (R .. R*%))?" and g € C2(R*Y), we have

TiE-(gon) =TI[f]- (gon’), Tl(gon') f]=(gon") T[f]. (6.4.5)
Proof. Note that for (A,7) € W and (X, X’) € A%
ef=I[f - (gom )T (X, X) = B[P (X247 (X, X!, 26), X ) g BT (X))
= Ba[fA*B7 (XA (X, X/, 2t), X)) g7 (X))
— elxa [f]A’T(X7 X/)gA,T (X')
since gA*B 77 (X’) = gA7(X’) € A. The same reasoning holds when ¢ is on the left side
of f, which proves the first case of (6.4.5). In other words, e!Lx7 is a bimodule map over

C2°(R*¥). Since the identity is a bimodule map, and bimodule maps are closed under
linear combinations and limits (hence also derivatives and integrals with respect to t), we
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see that Ly 5, Ex y[—] o 7', and ¥ j are also bimodule maps over C5 (R*dl). This proves
(6.4.5). m

We close with the following observation about continuous dependence of ¥ y on J,
which has a similar purpose in this paper to [30, Lemma 44].

PROPOSITION 6.31. Fiz c € (0,1) and a € (0,00). Let Ty be one of the operators etl=3,
Exg[—] o7, Lxg, or x 3. Then (J,f) — T3f defines a continuous map

dd’ y Cgf (R*(d+d/), .///(R*dl, o 7R*d5))d“ . C&O(R*d/7 ,///(R*dl , ;R*dz))d”’

a,c

where /ad)’cd/ is equipped with the subspace topology from CE2(R*(d+d)yd

Proof. First, let us prove that X depends continuously on J in /a”f’cdl. Specifically, we will
show that for J; € /;{f’ and T > 0, and for every k and €, R > 0, there is a neighborhood
Uof Iy in Z&¢ such that J; € U implies that
sup ||8kX1('at) - 8k/"(2('775)||c“ s(R*+d) _giyd g < €
te[0,T) ’

where X; and X5 are the processes corresponding to J; and Jo respectively.

As one might expect, the argument proceeds by induction on k using Gronwall’s
inequality with the differential equations for 9*X. For k = 0, by (6.1.1), we obtain

X1 t) — Xa(- 1)

:-%/O Jl(Xl(-,u),W')—JQ(XQ(-,u),ﬂ')du—%/0 (31— 3o)(Xa (), ) .

In the second term on the right-hand side, the integrand is bounded in [||[¢,, ;@=@+a)ya g
by (1/2)[[J1 = Izl ¢, (re(a+aya g Where R = max(R + 2,a), using (6.1.2). In the first
term on the right-hand side, the integrand is bounded in ||- Hcms(R*mmq)dﬁ by 2 — ¢ times
X1 (-, u) — Xa(, U)HCt,.(R*(d‘*'d'))d,R' Thus, using Gronwall’s inequality, we get a bound of
the desired form for £ = 0.

For the induction step, the argument uses (6.1.11) instead of (6.1.1). As in the proof
of Lemma 6.13, we separate out the terms 9xJ;(X, ") # 0*X;. By induction hypothesis,
we can arrange that each of the other terms have approximately the same value in
C’tr(R*(d“‘d/), AM*)? when J; and J, are sufficiently close (using an argument where we
swap out each X; in the product for an X iteratively). Then we use Gronwall’s inequality.
The details are left as an exercise.

Now that we proved our claim about continuous dependence of X on J, observe that
by continuity of composition, f(X,7’) in Cg’r‘js(R*(d+d/), //{Z)d” depends continuously on
(J,f). Then by Lemma 6.15, we obtain the continuity of e!/=3f asserted in the proposition.

Next, we prove continuity of (J,f) — Ej xf on’. From our argument about the con-
tinuous dependence of X on J, we can deduce that for each Jy and k£ and R, there is a
neighborhood U C jadf/ such that the constants Cy j g in Lemma 6.13 are uniformly
bounded for J € U. Tracing through our previous arguments, it follows that the con-
stants in Proposition 6.22 are also uniformly bounded for J in a neighborhood of Jg.
Therefore, we can conclude from Proposition 6.22 the following: For each Jy € j(ld”cd/
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and f; € CP(R*H4) 747" and R > 0, there exist neighborhoods U C W, and
V C CR(R¥A+D) | g7 (R*dr . R*))?" such that the convergence of e!Lx3f in [-llcx as
t — oo is uniform for (J,f) € U x V. Since continuity is preserved under locally uniform
limits, we see that (J,f) — Ex jfon’ is continuous in the sense asserted by this proposition.

In a similar way, using the continuity of (J, f) — e**<3f (which is uniform for t € [0, 77)
and (J,f) — Ex 5f o 7, we obtain the continuity of (J,f) — ¥y j. Finally, the continuity
of (J,f) — Ly 5f can be checked directly from the definition since Ly jf is obtained by
differentiation and multiplication. m

7. Free Gibbs laws

The last section described one method of associating a non-commutative law to a poten-
tial V. Namely, if V € tr(CgP(R*?)) satisfies VV € £, the non-commutative law is
obtained from the expectation functional Ey := Egy : tr(Ci (R*?)) — C.

In this section, we describe another approach based on free entropy, which works in
greater generality. For certain potentials V', we show the existence of free Gibbs laws, that
is, non-commutative laws maximizing x“ (v) — v(V'), where x* is a variant of Voiculescu’s
free entropy depending on a free ultrafilter w on N (Proposition 7.11). This idea was
suggested by the results and comments in [95, §3.7], [7], and [43], but these papers were
not able to directly show the existence of maximizers for technical reasons. We generalize
Voiculescu’s change of variables formula for entropy to the setting of non-commutative
smooth functions (Proposition 7.14). We show that any free Gibbs law for V satisfies
a certain integration-by-parts relation (Proposition 7.15) and we deduce an exponential
bound for v directly from this equation (Theorem 7.18). Finally, we show in Proposition 7.19
that (for a fixed w) “most” potentials V' with bounded first and second derivative have a
unique free Gibbs law.

7.1. Microstates free entropy and free Gibbs laws. Free Gibbs laws for a potential
V will be defined as the maximizers of a certain entropy functional x%,. This is a variant of
Voiculescu’s microstates free entropy x that uses limits along an ultrafilter. We also slightly
modify Voiculescu’s framework. Rather than assuming a priori that the non-commutative
laws arise from bounded operators, we allow ourselves to work with something like measures
of finite variance, or more precisely, linear functionals defined on a space C of test functions
with quadratic growth at co. Thus, we will work with matricial microstate spaces that do
not have any operator-norm cutoff.

In the end, we will show that for V satisfying certain bounds on the first and second
derivative, the free Gibbs laws are automatically given as the non-commutative laws of
bounded operators. Thus, the space C is mostly a technical artifice. We will therefore
allow ourselves an ad hoc definition of C for the sake of making the statements and proofs
cleaner.
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Let Vj € tr(Ci(R*?)) be given by

T * ]'
Vit T(X) = 5 DG X) = SIX3.

j=1

DN | =

Note that if g € CL(R*?) has bounded first derivatives, then g is ||-||o-Lipschitz; more
precisely, for all (A,7) € W and X,Y € A%, we have

sa’
g7 (X) = g7 (Y)ll2 < 10gll ey, e,y | X = Y2

In particular, tr(g*g) is bounded by a constant times 1 + V. Hence, if g and h are in
C(R*?) and have bounded first derivative, then tr(gh)/(1 + V;) is bounded.

We define C to be the set of f € tr(Cy,(R*?)) such that f/(1+ Vp) € tr(BCy(R*?))
and such that f/(1 + Vp) is the limit in tr(BCy, (R*?)) of a sequence f,/(1 + Vj), where
each f, is a linear combination of functions of the form tr(gh), where g and h € C{ (R*?)
have bounded first derivatives. We equip C with the norm

[flle = 11f/(L+ Vo)l ey, ey

which makes C into a Banach space. Note that Vj € C, since Vy = (1/2) Z;l:l tr(z3) and x;
has bounded first derivative. Clearly, C also contains tr(g) = tr(1g) for any g € Ci,(R*)
with bounded first derivative.

REMARK 7.1. In fact, the property that elements of the form tr(gh), where g and h have
bounded first derivatives, span a dense subspace of C is only needed at the end of the proof
of Theorem 7.18. The rest of the results of this section would hold with C replaced with
the larger space of functions f € tr(Ci,(R*?)) such that f/(1 4 Vo) is bounded.

The next lemma describes how non-commutative laws give rise to linear functionals
on C.

LEMMA 7.2. LetC* denote the Banach-space dual of C. There is aninjectivemap I : g — C*
given by

IN(f) = [47(X),

where X is a d-tuple of operators in (A, ) which realizes the law A\. We also have

d
[Z(Mlex =1+ Z)\(mf). (7.1.1)

For each R > 0, I|s, , is a homeomorphism onto its image with respect to the weak-x
topologies on X4 r and C*.

Proof. To see that I is injective, suppose that A, u € X4 g for some R and I(\) = I(p).
Let ¢ € C°(R;R) with ¢(¢) = ¢ for || < R. If p is a non-commutative polynomial in
d variables, then f(z) := tr(p(¢(z1),...,d(x4))) is in tr(BCi(R*?)), hence f € C. Since
f = tr(p) on the ball of radius R, we have

Ap) = I(N)(f) = L) (f) = n(p)-
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Next, to show (7.1.1), note that if f € C with || f]l¢c < 1, then |f| <14 Vp and hence

d
IO < TN+ Vo) = 14 2 D A@),
j=1
while on the other hand equality is clearly achieved for f =1+ V4.

Finally, we show that I|x, , is a weak-+ homeomorphism onto its image. Consider a
net \; and a potential limit point A. Let v; and v be the corresponding homomorphisms
tr(Cy(R*?)) — C. If \; — X in the weak-x topology, then v;(f) — v(f) for every
scalar-valued trace polynomial f and hence for every f € tr(Ci,(R*?)) by density. Since
I(\;) = vi|e and I(\) = v|c, we have I(\;) — I(A\) in the weak-+ topology. Conversely, if
I(\;) — I()\) in the weak-x topology, then A; — A in the weak-* topology because we can
compute A;(p) as I(A)(tr(p(e,...,®))), where ¢ is a cut-off function as in the first part of
the proof. m

We will denote the weak-* closure of I(X,) in C* by £. By the Banach—Alaoglu theorem,
closed and bounded subsets of C* (and in particular of £) are compact, which will become
important later for proving the existence of maximizers of yy . Indeed, using Voiculescu’s
original definition of x;, it is possible to find a maximizer of ¥4 r (laws where the operator
norm is bounded by R) because it is compact, but it not clear whether we obtain a global
maximum over ¥4 (without using external information). On the other hand, compactness
of the space of laws in £ with “second moment” bounded by R is enough to obtain a global
maximizer in Proposition 7.11 below.

REMARK 7.3. Unfortunately, the price we pay for such compactness is that there exist
“spurious” laws in &€ that do not arise from any d-tuple of operators in L?(A, 7) for any
(A, 7) € W. Examples can be constructed as follows. Let X (") be some d-tuple of operators

such that X;”) has spectral measure 5-(6, + d_,) + (1 — 5-)8. Note that the second

moment of XJ(") is 1. By compactness, the sequence (I(Ax) ))nen has a weak-x limit point
v € €. Then I/(tl’(l’?)) =1 but v(tr(¢(z;))) = ¢(0) for every ¢ € C.(R), which would be
impossible if v arose from a d-tuple in L? of a tracial W*-algebra.

Free entropy will be defined as the exponential growth rate of microstate spaces. When
studying such exponential growth rates, we do not know whether the limits in question
exist; see [95, §2.3, Remark a] or [7, §7]. This stands in contrast with other more classical
notions of entropy where subadditivity guarantees the existence of limits. This problem
may seem technical on the surface, but it relates to deep model-theoretic questions about
the asymptotic behavior of the matrix algebras My (C) as N — oo; see [35, §6.4] and [47,
§13.7]. Thus, free entropy has limsup and liminf variants as well as a version where we
take the limit along a free ultrafilter [95].

The ultrafilter approach will be convenient for our purposes. Let SN denote the Stone—
Cech compactification of N. Recall that SN is a compact space containing N as an open
dense subset, and any function from N into a compact Hausdorff space ) extends uniquely
to a continuous function AN — Q. In particular, if (")) yey is a bounded sequence of
complex numbers, and if w € AN, then limy_,,, a(N) exists. Similarly, for any sequence in
[—00, 0], the limit as N — w exists in [—o0, 00].
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DEFINITION 7.4. For U C C*, we define the microstate space
IMU) = {X € My(0)%, : I(Ax) € U}

DEFINITION 7.5. Let V € C such that VA7 (X) > aVj +b for some a > 0 and b € R. Then

we define a probability measure u%,N) on My (C)<, by

1
i (X) = (N)e_NQVMN(C)' Y0 ax,
ZV

where
zy" = / e NIVINEIN ) gx
Mn (C)

Here dX denotes Lebesgue measure on My (C)Z, | which is a real inner product space of
dimension dN? with respect to (-, -)2 and hence has a canonical Lebesgue measure obtained
by mapping it onto R ’ by a linear isometry. Note that the lower bound for V' implies
that e=~°V is integrable on My (C)4.

DEFINITION 7.6. Let V be as above, let v € C*, and let w € SN\ N. We define
xy(v)= inf lim SUp 1og u(N)(F(N) Uu)),
open UV  N_(,

where the infimum is taken over all weak-x neighborhoods U of v in C*.

OBSERVATION 7.7. If Z/{ CV, then M(N)( N (U)) < uﬁ/N)(F(N) (V). So, x¢(v) is the limit
of the net limsupy_,,, 5= log u(N)(F( )(U)) asU tends to {v}, that is, the limit of the net
over the directed system of neighborhoods of U ordered by reverse inclusion.

DEFINITION 7.8. We say that v € C* is a free Gibbs law for V with respect to w if it
maximizes xi.

PROPOSITION 7.9. Suppose that V€ C with V> aVy + b for some a > 0 and b € R. Let
we pN\N.

(1) We have x5 (v) < 0.

(2) x% is upper semicontinuous on C* with respect to the weak-x topology.

(3) Ifxy (v) > —oo, then v must be in &, that is, the weak-x closure of I(X4). In particular,
we have v(1) = 1, v(f) > 0 for every non-negative f € C, and v(fg) = v(f)v(g)
whenever f, g, and fg are in C.

Proof. (1) This is immediate since /L%/N) is a probability measure.

(2) For each weak-x open set U C C*, define
limy . 5z log g (TN W), vel,
Xvuv) =
00, veu.

Thus, xy,, only takes two values, one of which is co. Since U is open, XV, is upper
semicontinuous. Observe that xv = infopen 1/(X}14), hence X3 is upper semicontinuous as
the infimum of a family of upper semicontinuous functions.
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(3) Let £ be the weak-* closure of I(X4). Then C* \ € is an open set. Since I(Ax) € €
for every matrix tuple X, we have ') (C* \ £) = (). Hence, if v € C* \ £, we have

X () < lim Flogu““( N)(C*\ £)) = —c0.

Thus, by contrapositive, if XV(V) > —o0, then v € £.

Clearly, if v € I(3g), then v(1) = 1, v(f) > 0 for f > 0, and v(fg) = v(f)v(g)
whenever f, g, and fg are in C. Since these conditions are given by equalities or non-strict
inequalities of quantities that are weak-x continuous functions in v, they also hold for v
in the closure of I(3,). =

PRrROPOSITION 7.10. Suppose that V€ C and V > aVy + b for somea > 0 and b € R and
letw € PN\ N. Then

logZ —|—d10gN

N2
is bounded as N — co. Moreover, the quantity
: 1 (N)
w [
Xy () +v(V) + 1\1[1£I>1w <N2 log Zy,"’ + dlog N) (7.1.2)

is independent of V as long as V' > aVy + b for some a > 0 and b € R. Denoting this

quantity by x“(v), we have
d 2V(V0)
Yi) < =1
X“(v) < 5 log —

Proof. Let ac(l ) be the Gaussian measure on My (C)Z given by

d
+ ) log 2me. (7.1.3)

1 N2aVMN(C),trN x 1 7N2a x|2
dad7a) (X) Z(N)e 0 X) dX = W@ I1X115/2 dX’
aVy aVo

where
Z%) = / e NPV (X) gx

Since My (C)4, is a real inner product space of dimension dN?, we see from a well-known

computation that
(27r)dN2/2

(N) _ dN?
Zav, = (V21 /N2a)™" = i

hence p 5
logZ(V) + dlog N = log—7r

We assumed that V € C and V > aVy+b. Since V € C, we also have V < AV, + B for

some A > 0 and B € R. Thus,

2 2 2 2 2
e*N AVoefN B g 67N 1% S 67N aVoefN b.

Hence,

Zg%e—NZB < Z‘(,N) < Z((IJ‘\/TO)G—N%

and
d 2 d 2
—B-l—ilog%glogZ‘(,N)—&-dlogNg—a—|— log—ﬂ

which proves the first claim about boundedness.
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Next, to show that (7.1.2) is independent of V', consider two potentials Vi and V5
satisfying the given assumptions. Let U be a weak-x neighborhood of v in C* such that
(V1 — V3) is bounded for ¢ € U. Then

1 N2
pP ) = o [ eV i0ax
Zy, " Jrw)
< (1N) eNZ supy, ey P (V2—V1) / e—N2V2(X) X
Zy, M U)
N
— Z‘(/Q) NZsupy ey 0 (Va=Va) | (N) (1 (N) (74
- Z(N)e MVQ ( ( ))
Vi
Thus,
1 N 1 N
~z logﬂg,l NN ) + N2 log Z‘(,1 )+ dlog N
1 1
< Nz log ,ug) T W) + N2 log Z‘(/IQV) + dlog N + sup (Vo — V7).

Yeu

Taking the limit N — w and then the limit as U shrinks to v (see Observation 7.7), we
have

1
Xy, (v) + J\lfiinw <N2 log Z‘(/JIV) + dlog N)

1
<Xy, (V) + ]\lrlglw(]\ﬂ log Z\(/iV) + dlogN) +v(Va —11).

Now we add v(V7) to both sides and observe that the same result holds with V3 and V5
switched, which proves that (7.1.2) yields the same value for V; and V5.
To prove (7.1.3), we will use the potential Vj for the computation of x*. The associated

measure ugj) gives a Gaussian random variable S&¥) in My (C)%, with mean zero and

covariance matrix N ~2I. Now, for R > 1,

/ o N2IXI3/2 gx — / RIN? N R Y32 gy
IX]l2>d'/2R IY]|2>d/?

_ RN’ / o N2IY3/2~ N2 (RP=D)Y13/2 gy
1Y lla> /2

< RIN? —dN*(R2-1) / e~ NIXIE/2 x|
B My (C)E,

so that
N _(p2_ _ 2
P UX X2 > dV2RY) < (Rem(BP-D/2)=an?,

(This can also be deduced from the Chernoff bound for the chi-squared distribution.)
Hence, for R > 1,

1 1
£ log i ({X : [|X[l2 > d"/2R}) < d(logR — (R~ 1)).

Let v € C* and assume that 2v(Vp) > d. Let 1 < R < +/2v(Vp)/d. Let U = {¢p € C* :
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2¢)(Vp)/d > R?}. Thus,
M) = {X € My(C)2, : |X|l2 > dY/?R}.

Hence,
X5, (v) < lim % log i (P ©)) < d(logR - %(32 - 1)). (7.1.4)
Letting R — /2v(Vp)/d, we obtain
¥ ) < T1og, 200 a4 8 (7.1

In the case where v(Vy) = d/2, the right-hand side is zero and hence (7.1.5) holds
automatically. In the case where (V) < d/2, we can verify (7.1.5) with symmetrical
reasoning to the (V) > d/2 case; we use the estimate

P (X X2 < dY2R}) < RNV eV =D for R < 1,

which is obtained in the same way except that now ||Y||3 < d and R? —1 < 0. Now (7.1.3)
follows easily from (7.1.5) because
o1 (N) d
1\111an Nz (log Zy, " +dlog N) =3 log2m. m
PROPOSITION 7.11. Let V € C with V > aVy + b, and let w € BN\ N. If F is a weak-*
closed subset of C*, then X% achieves a mazimum on F, and

: Lo (N) (P (N) (7)) w
ot Aim g log py (I (U)) = max oy (v). (7.1.6)

In particular, the mazimum of x{ over C* is achieved and the maximum is zero. Thus, a
free Gibbs law for V' with respect to w exists.

Proof. Let F be a given closed set, and let us prove that the maximum is achieved in F.
If x{’ is identically —oo on F, then there is nothing to prove, so assume that vy € F with
Xy (vo) > —oo.

In order to restrict our attention to a compact set, we first exclude a neighborhood
of co from achieving the maximum. Since V' > aV{) + b, similar reasoning as in the previous
proposition shows that

(N)
Za
M<VN>(V T (v (V) > dR?})) < ﬁugg%(r(m({y 1v(Vo) > dR?Y}))
1%
Z(I\\/[) b (N)
< ;(—;j)uvo M (v v(Vo) > adR?}))
1%

and hence for R > a~1/2,

. 1
lim N2 log ,uE/N) (F(N)({V(Vo) > daR?/2}))

N—w
Zyv e /
' aVo 12 p 10, P2 _
< lim e log 7 +d(loga'’?R — 3 (aR* — 1)).

v
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Let
e
. H aVo+
C= 3 e los
14

which is finite by the previous proposition. Fix R sufficiently large that
C +d(loga’?R — (1/2)(aR?* — 1)) < x%(n).
Let & be the weak- closure of I(3,), and let
K=Fn&n{v:v(Vy) < daR?/2}. (7.1.7)
Then K is weak-x closed. Moreover, K is contained in the ball of radius 1+ M in C*. Indeed,
if || flle <1, then —(1 + V) <Re f < (14 V}). Since v € &, it is unital and positive and

hence

—(1+v(Vo)) < Rew(f) < 1+ v(Vh).

Since the same holds for af for all « in the unit circle, we have |v(f)] < 1+ M. By
Banach—Alaoglu, the ball of radius 1 + M is weak-+ compact, hence K is weak-+ compact.

Since x} is weak-x upper semicontinuous, it achieves a maximum on K. In fact, this
is the maximum over all of F. Indeed, if v is not in &, then x4 (v) = —oo. Moreover, if
v(Vo) > daR?/2, then by our choice of R,

& (v) < C+loga'/?R — 1(aR? —1) < xy(n) < m’%xx‘{}.

Thus, the maximum over K is the maximum over F.

Next, we prove (7.1.6). The inequality > is immediate because every neighborhood U
of F is also a neighborhood of each v € F. To prove the opposite inequality, fix M >
maxr xy. (Here the maximum of x§{ on F is allowed to be —oc.) Choose R sufficiently
large that C' +loga'/?R — %(aR2 —1) < M, and let K be given again by (7.1.7). For each
v € K, there is a neighborhood U, such that

A Ni log u{?" (0N 1)) < M.
By compactness, we may choose finitely many vy, ..., such that the neighborhoods
U; =U,,; cover K. Let
k
Uy ={v:v(Vo) > daR?/2}, U=¢EU|]JU;.
j=0

Since T(N)(£¢) = (), we have
k
I @) = Jrew).
§=0

Foreachj =0, ..., k, wehave limy_,(1/N?)log ,ug,N) (TN (U;)) < M, so for N sufficiently
close to w,
u N @) < e N
Thus,
p M @)) < (k+1)e VM,
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This implies that limy_..,(1/N?)log uﬁ/N)(F(N) (U)) < M. Since M > maxr x${ was arbi-
trary, (7.1.6) holds.

By considering F = C*, we see that x}, achieves a maximum. Moreover,

0= lim ,ui/N)(F(N)(C*)) <maxxy <0. m
N—w
COROLLARY 7.12. If there is a unique free Gibbs law v for V with respect to w, then for
every weak-x neighborhood U of v, we have

. (N) (p(N) (7 pye
Jim 5 log iy (P U)7) < 0.

Proof. Note that ¢ is closed and so x{ achieves a maximum on this set, which must be
strictly less than x4 (v) = 0 because we assumed v is the unique maximizer. Hence, the
claim follows from the previous proposition. m

7.2. Change of variables for free entropy. Next, we will prove a change-of-variables
formula for free entropy for v € C*, a generalization of Voiculescu’s result in [91, §3]. Since
v is only in C* rather than ¥ ;, we will assume that the transport function f and its inverse
have bounded derivatives. We begin by describing the action of diffeomorphisms on C and
C*, along the same lines as in Lemma 5.6.

LEMMA 7.13.

(1) There is a right group action C x BDIff} (R*?) — C given by (h,f) — hof. Each
element of BDiff{.(R*?) induces a Banach-space automorphism of C.

(2) There is a left group action of BDifff,(R*?) on C* by weak-x homeomorphisms given
by (f.v)(h) =v(hof).

(3) There is a left group action of BDiff2.(R*) on the set of potentials V € C satisfying
V > aVy + b for somea >0 and b € R, given by

£V =Vof ! —logAy(Of ).

Proof. (1) Let f € BDiff} (R*?). If g, h € Cy,(R*?) have bounded first derivatives, then so
do gof and hof. Thus, tr(gh) of € C. Recall that linear combinations of functions of the
form tr(gh) are dense in C by definition. Thus, to show that precomposition with f maps
C into C, it suffices to show that [|(u o £)/(1 + Vo)l pc,, m+ay < Cllu/(1 4+ Vo)l pey, (m)
for some constant C'. However, because f is ||-||2-Lipschitz by Remark 3.19, we obtain
IEX)|l2 < || X]|2+b for some constants a’ and b'. It follows that 1+ Vyof < (1/C)(1+V))
for some C' > 0 and hence 1/(1 4+ V) < C/(1 4+ V; o f), which implies the desired bound.
The linearity and associativity properties of this action are clear. It follows that the action
of f defines a Banach-space automorphism of C.

(2) The map f, : C* — C* is simply the adjoint of the map h — hof and thus it is weak-*
continuous. Since the same considerations apply to f~!, the inverse map h — hof~ ! is
also weak-x continuous.

(3) This follows by similar reasoning to that for Lemma 5.6. Note that log Ay (0f 1)
has bounded first derivative and therefore is in C. m
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PROPOSITION 7.14. Let V € C with V > aV + b for some a > 0 and b € R, let v € C*,
and let f € BDiff2 (R*%). Then

%!
Jim 5 log el 0, (7.2.1)
Xev (£v) = X7 (v), (7.2.2)
XY (£.v) = x*(v) + v[log Ay (0f)]. (7.2.3)

In particular, v is a free Gibbs law for V' if and only if f.v is a free Gibbs law for £,V (both
with respect to the given w), and hence V' has a unique free Gibbs law if and only if £.V has
a unique free Gibbs law.

Proof. As an intermediate step to proving (7.2.1) and (7.2.2), we will show that for v € C*,
we have

(N)
w _Lw . f.V
Xy (V) = xf v (Ev) + J\IIIEL 5 log Z‘(/N) . (7.2.4)

Let U be a neighborhood of f,v in C* and let V = (f.) ~!(U), which is a neighborhood of v.
Let g = f~!. Observe that by change of variables,

/ 67N2VJVIN(C),trN (X) IX
) (V)
:/ €*N2(V°g)MN(C)’”N(X)‘det[ag]MN(C)’trN (X)|dX
) ()

1
= / exp <N2 ((v o g)Mn(©trn (X)) — 3 log |det[ag] M~ (©)tra (X)|)> dX.
) (1)

By choosing U small enough, we may guarantee that || X||2 is uniformly bounded on T'™) (/)
independently of N. Hence, since 9%*g € BC,(R*?, .#?)?, by Lemma 4.38, we have

1
lim  sup |~ log [det[0g] V(O (X)| — (log Ay (g)) ¥ Ot (X)’ =0.
N—w XeF(N) (U) N
Therefore,

N—=w

1 )t tr
lim — <log/ e—N2vMN<c> NX) X — log/ 67N2(f*V)MN(C> N(X) dX> =0.
) (W)

This implies

(N)
o1 (N) (V) (Y0 e L (V) - £V
Jim o log g (IM(V)) = lim —5 log pe, v (T (U)) + lim - log 2

Then we take the limit as U shrinks to f,r, which is equivalent to V shrinking to v, since
f. is a weak-x homeomorphism. This yields (7.2.4).

By Proposition 7.11, the maximum of x{; and the maximum of x§¢ |, are both equal to
zero. This fact, together with (7.2.4) and the fact that f, is a bijection on C*, implies (7.2.1).
Then substituting (7.2.1) back into (7.2.4) produces (7.2.2). Next, from the definition of
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x“ and (7.2.1), we have
Y (Ear) = X4 () — (V) + (E0)(E.V) = x*(0) — (V) + (E)(V 0.8) — (£.v) (log A 40g)
= () — w(log Ay o £) = x*(¥) + v(log A4OF),

since dg o f is the #-inverse of Of, and this proves (7.2.3). Then from (7.2.2), it follows
immediately that v is a free Gibbs law for V if and only if f, v is a free Gibbs law for f,V. =

Next, by applying the change-of-variables formula to diffeomorphisms obtained from
flows along vector fields, we will show that any maximizer of x§{, must satisfy a certain
“integration-by-parts” relation.

PROPOSITION 7.15. Let V € C N tr(C2(R*?))g, satisfy
OVAT(X) Y]] < (a1 + bl X[3)[ Y [loo
PVAT(X) Y1, Yol | < (ag + b2 X[ Y1]loo | Y2l

for some constants a1,by1,az,ba > 0. Suppose that v is a free Gibbs law for V' with respect
to w. Then for allh € C2(R*®)? with Oh € BOL(R*, .#1)?, we have

v(OV # h — Try(0h)) = 0. (7.2.5)
REMARK 7.16. The hypotheses are chosen so that if V' satisfies the hypotheses and

g € BDiff*(R*?), then V o g also satisfies the hypotheses. This is straightforward to verify
from the fact that log A#g’l has bounded first and second derivatives, while

OVog )y=0V(g ") #0g™!
and
PVog H=0"V(g ) #[0g 'og | +oV(g™ ) # 0%g .

Furthermore, the hypotheses are satisfied in the case where VV — id is bounded and 9?V
is bounded, which is the case we usually focus on in this paper.

Proof of Proposition 7.15. By linearity, it suffices to prove (7.2.5) when h is self-adjoint.
Let f; and g; be the functions constructed by Lemma 5.8 by taking h; = h, and note
that f, € BDiff?(R*%). Hence, by (7.2.3),

X9 ((£)«v) = x¥(v) + v(log Ay (0f)).

Since v is a free Gibbs law for V, we have x4 ((ft).v) < x%(v). Since x¢ (v) is equal to
x¥(v) — v(V) plus a constant, this amounts to

0<(£)(V)—v(V) —v(log Ayp(0f)) =v(V ofy — V —log Ay (0f)).
We claim that
liré1+(V ofy =V —log Au(0f;)) =0V # h — Tru(0h) inC. (7.2.6)
t—
To prove this, let us first derive error bounds for the Taylor expansion of ¢ +— f; as
t — 0. Note that

t
||ft - id”BCu(R*d)d S /0 Hh o fu”BCU(R*d)d du S t”h”BCn(R*d)d'
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This implies that

[hof, —hlpe, ®eaye <||Oh| e, @w=a,.a0)lfe —idl e, @)
< t|0h] ey, (ree,.amya ||B] Bey, (R7a Y-

Hence,

t
||ft —id — th”BCtr(R*d)d S /0 ||h o fu - h”BCtr(R*d)d du

t2
< EHahnBC“(R*d,J/ﬂ)dHh”BCtr(JR*d)d~

By Taylor expansion, we have
1 1
0

Since 0f; is bounded, we have ||ftA’T(X)H2 < a3 + b3||X]|2 for some constants az and bs.
Hence,

/ v (1 — s)id + sf) 7 (X) # [£7(X) — X, 47 (X) — X] ds
0

< (az +b2(1+az+ b3||X||2)2)t2||h|ﬁ5’Ctr(R*d)ga‘

Therefore, this term is O(t?) in C. So computing the limit of (1/¢)(V o f; — V) in C is
equivalent to computing the limit of (1/¢)0V # (f; — id). Our earlier estimates show that

f, —id
— C 5 h  in BCu(R*).
Combining this with our hypothesis on 9V, we get
1 1
im =(Vof, — V)= lim —(VV,f; —id)y, = (VV,h);, =0V #h inC.
t—0+ 1 t—0+ t

Next, we deal with the second term on the right-hand side of (7.2.6). Note that
t
of, —1d = / (Ohof,) # of, du.
0

Recall that (similar to Gronwall’s formula)

10fe] oy, (r-,.a1ye < exp(t][B| ey, wed,.a1)a)-
Plugging this into the integral, we obtain

of, =1d+ O(t) in BC,(R*, .#")".
Then because 9%h is bounded, we get
dhof, # 0f, = Oh #id + O(u)

and thus

of, — I = /Ot(ah + O(u)) du = toh + O(t?)



114 D. Jekel, W. Li and D. Shlyakhtenko

in BC, (R*, .4 (R*?))?. If the right-hand side is strictly smaller than 1, then we may
evaluate

1 — (—nm*! * #m l * 2
log Ay (0f,) = 5 Try > ()" # 0 — 1) = 5 Try(0h + 0h™) + O(t?).

m=1
Therefore, by the same reasoning as in Lemma 5.7,
1
lim - log Ay (0f;) = Try(dh) in BC(R*, #")%,
t—0+ 1
and hence the same limit also holds in C. This completes the proof of (7.2.6).
It follows from (7.2.6) that

v(OV # h — Try(0h)) > 0.
But the same argument applies with —h instead of h, so that (7.2.5) holds. =

7.3. Consequences of the Dyson—Schwinger equation. The equation (7.2.5) is some-
times called the Dyson—Schwinger equation. In the classical setting, this relation can be
proved directly using integration by parts. The Dyson—Schwinger equation and the con-
siderations of the previous section lead to the following result.

COROLLARY 7.17. Let & be the weak-x closure of I(X4) in C*. Suppose that there is a unique
v € & satisfying (7.2.5). Then for every neighborhood U of v in C*, we have

1
lim sup Nz log ;L&/N)(F(N) U)°) < 0.

N—o00

More generally, if f € C and v(f) = ¢ for every v satisfying (7.2.5), then for every e > 0,

. 1 N

lim sup 5 log V(X f(X) — ¢ > €)) <.

N —oc0

Proof. For each w € SN\ N, a free Gibbs law must satisfy (7.2.5). Thus, v is the unique
free Gibbs law with respect to w, so that for each neighborhood U of v, we have

1
3 log M (T @)y < o. (7.3.1)

lim
N—-w

But since this holds for every w, it must also hold for the lim sup as N — oo. For the second
claim, let U = {v : |v(f) — ¢| < €}. For each w, the entropy x{> achieves a maximum on
U° that is strictly less than zero. Thus, (7.3.1) also holds, and we conclude as before. m

Amazingly, for a potential Vy + W with OW and 9?W bounded, the Dyson-Schwinger
equation is enough to guarantee that an element of £ actually agrees with a law in 3,4
with an explicit bound on the “support radius”.

THEOREM 7.18. Letk > 2. Let V = Vo + W € tr(CZ(R*?)) with OW € BCL(R*, . (R*4)).
Suppose that v € £ satisfies

v(OV#h —Try(0h)) =0  forh € CE(R*)? with 0h € BOE(R*, .4 (R*?))?. (7.3.2)
Then there exists (A, 7) € W and X € AL, such that v = I(\x) and
Xl < COW e, @tary + JTW By oo 0. (7133

where C is a universal constant. Moreover, (7.3.2) holds for all h € CE(R*?).
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Proof. GNS construction: Let B be the set of functions f € BCy,(R*?) such that f is
uniformly [|-||2-continuous on each ||-||2-ball. Note that B is a C*-subalgebra of BCj, (R*%).
Moreover, we may define a trace 7 on B by

T(f) = vltr(f)],

which makes sense because tr(f) € C. Let H, be the GNS Hilbert space associated to B
and 7, that is, the separation-completion of B with respect to (-, -),. Let m, : B — B(H,)
be the GNS representation. Recall T passes to a well-defined faithful trace on 7, (B), and
7 (B) can be completed to a W*-algebra A C B(#H,), and we will denote the associated
trace also by 7 by a slight abuse of notation.

Bump functions: Let p € C°(R) be a non-negative symmetric function supported
in [—1,1] which integrates to 2. Then let ¢(t) = fot p, so that (s) = p(s)/2mis. As in
§4.2, let 1(z;) denote the function in Cy,(R*?) given by [¢(x;)]A0™(X) = ¢(X;) for
X € (Ag)d, for (Ao, m0) € W; here z; denotes a formal self-adjoint variable while X;
denotes an operator from (Ag, 79) as in our notation for trace polynomials. It follows from
Lemma 4.14 that ¢ (z;) € CLL(R*?), and we have

Jor6(e )l e ) < [ 1705)] ds.
In particular, ¢ is uniformly ||-||2-Lipschitz and hence ¢(z;) isin C for j = 1,...,d. Let
¢r(t) = R(Y(t/R+1) +1).
Note that ¢ > 0. Since ¢ is defined by scaling and translation of v, we obtain
Oor(x;)] = 0Y(z;/R+1),

and hence
10682, | 5o @) < / 7(s)] ds.

So ¢r(z;) € B. In fact, since p € C°(R), we have ¢r(z,) € BOL(R*?).

Application of Dyson—Schwinger equation: Recall that V' = V[, + W, hence
VV =VVy+ VW =id + VW, and thus for n € Ny, we have

v((zj, ¢r(x5)" Vi) = v((Va, W, @r(25)")er) + v(Try (0(¢r(x5)")))- (7.34)

Note that z;¢r(z;)" is obtained by applying a C2°(R) function to z; and hence is in C.
Thus,

v({(xj, dr(2;)")e) = v(tr(z;or(z;)")) = 7(2;6R(2;)")).
Also, ¢r(t) < tllpllLoe @) < Pl L1 (), s that ¢r(t)" T < |[5l| L1 w)t¢r(t)", which implies
that

T(or(2)") Pl m(@0r(x)" ) = v((2), or(2)" )
Meanwhile, the first term on the right-hand side of (7.3.4) gives
V(<vzjVV7 ¢R($J’)n>tr) = T(ijW : ¢R(xj>n)
< Ve, WllsT(or(25)") < 10W | BCy, et car)
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where we have used the fact that ¢r(x;)™ > 0 in the C*-algebra B. Finally, for the second
term on the right-hand side of (7.3.4), observe that by the product rule (which follows
from the chain rule Theorem 3.21),

(Pr(x;)" Z or(2;) 0¢r ()R ()"
For f,g € BCy(R*?) and i,j = 1,...,d, we may define an element E; ; ® f ® g €
Bctr(R*dV%l)da

[Bij @ f© gl ™(X) Y]y = dizir f(X)Yjg(X).
Note that (E; ; ® f ® g)* = E;; ® f* @ g* and

[Ei; ® i@ g1 # [Eivj @ fa® g2] = 0j=i E; j» ® f1f2 @ g201,
and
Try(Eij ® f ® g) = 6i=j tr(f) tr(g),

which follows from a straightforward computation with free independence. In particular,
since ¢r(z;) is positive in BCy, (R*?), we can write

Ej; ® ¢r(2;)' @ ¢r(z))" 7" = [E;; @ dr(z;)"? @ pp(z;) 1 70/2#2)

which is positive in BC,(R*,.#1). Since this is positive and (1/d)Try defines a
tr(BCy (R*?))-valued trace on BC, (R*?, .#1)%, we obtain

Try(or(;) 0[pr(z))]or ()" ")
=Try ([Ej; ® or(a;) @ ¢r(a;)" '] # lor(z;)])
< |10[6r ()] oy (rea arys Trp (Ejj @ dr(x;)’ @ pr(z;)" ')
<|pllLr vy tr(dr(;)") tr(pr(z;)" "),

where the inequality holds in tr(BC;, (R*?)). Then using positivity of v, we have

0y 0t ) = (T (5 ot ot onte )
=0
< ”b\HLl(R)V(Z tr(pr(z;)") tr((bR(xj)nflfi)

n—1
=12l ®) D T(Sr(x) )T (Srlx)"
=0
Putting all these inequalities together, (7.3.4) implies
(or(z;)" ™)

n—1
<Pl my (HaWHBcn(R*d,./m)T@R(xj)n) + 1Pl (m) Z T(¢R($j)i)7(¢R($j)n717i)~
i=0

(7.3.5)
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Combinatorial estimate: We use a similar trick to [9, proof of Theorem 3.2.1].
Recall that the Catalan numbers are given by

C - 1 <2n>
n+1\n

The Catalan numbers are increasing in n, and they satisfy the recursive formula

Crp1 =Y CiCn_j.
j=0

Moreover, C,, is the 2nth moment of the semicircular measure %\/4 — 22 1[_g9)(x) dz, 50
that in particular C,, < 4™.
Let M = ||8W||Bctr(R*d,.//l1)7 and let
- M ++VM?+4
Ro = 1Pllis Vg2,
so that
R = |1l @y MRo + 191171 ) -
We claim that for n € Ny, we have

The base case n = 0 is trivial. For the induction step, using (7.3.5), we get

(6r(a)"™*) < ol (Mr(Gn(z)") + [Plrs 3 m(@nla) )r(onlay) )
=0

n—1
< ol ) (MBS Co+ 1712y Y By ™ CiCoss)
=0

= llplloe @) (M Ro + (17l 12 () By ™' Cn = Ry™ C < RGT Craa.
This completes the induction step. This implies that
T(¢r(7;)") < (4Ro)"
for all n, and hence |7, (¢r(z;))|| < 4Ro.
Choice of operators: We claim that if ¢ € C.(R) with supp(¢) C (4Rp, 00), then
7 (¢(z;)) = 0. To see this, let R = inf supp(¢) > 4Ry. Note that for n € Ny,
17 < €1 oy Loy < €023 c00 22

Hence,

R R
Taking n — oo, we see that 7({(x;)*((x;)) = 0 and hence 7, ({(z;)) = 0.

The same reasoning can be applied with —x substituted for x since the (—id),¢ will
satisfy the Dyson-Schwinger equation with —OW o (—id). Thus, we also have m ({(x;))
= 0 when supp(¢) C (—o0, —4Rp).

Let X; = m;[n(x;)] where n € C°(R;R) is some function with n(t) = ¢ for [t| <
4Ry + €, for some € > 0. The preceding argument implies that the resulting operator X

" 4Ro\"
rlI6ai)?) < Ilism ") < et (15 )
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is independent of the particular choice of 1. Moreover, for any € > 0, we can arrange that
Inllco®) < 4Ro + €, hence || X < [|{(z;)|ls < 4Ro + €. Since € was arbitrary, we have
| Xl < 4Ro, which proves (7.3.3) with C' = 2||p[[ 11 (w)-

Agreement of v and I(Ax) on functions with bounded derivative: We claim
that v[f] = fA7(X) for f € tr(CL(R*?)) with df bounded.

Let n € C°(R; R) with n(t) = ¢ for ¢ in a neighborhood of [-4Rg, 4Ry]. Since 7, is a

x-homomorphism, for any p € C(zy,...,xz4) we have

T (p(n(21), - - n(2a))) = p(Xa, ..., Xa),

and hence
vltr(p(n(z1),- .. n(za)))] = 7(p(n(21), ..., 0(2za))) = 7(p(X1, - .., Xa))-
Since v is multiplicative on B and Ax is also multiplicative, we have v[f(n(x1),...,n(zq))]

= f(X1,...,X4) whenever f € tr(TrP(R*?)).

Next, consider f(n(z1),...,n(xq)) where f € tr(CL(R*?)) with df bounded. If we
choose R > |[n||c,r), then we can approximate f uniformly on the ||-||oc-ball of ra-
dius R by trace polynomials (f,)nen. Since ||n(z;)|pc,, (r=ey < R, this implies that
fn(n(z1),...,nm(xq)) approximates f(n(z1),...,n(z,)) in tr(BCi(R*?)) (and hence in C),
and therefore in this case we still have the identity

V[f(n(f’fl% s an(xd))] = f(Xl, s 7Xd) = f(W(X1)7 s Ji(Xd))-

Keeping f fixed, we use a sequence of functions ng to approximate the identity. We
can arrange that 7(t) is between 0 and ¢ for all ¢ € R and 5(¢) = ¢ for |t| < 1. Then let
nr(t) = Rn(t/R). Note that for any self-adjoint operator Y from (A, 7o), we have

Y 2
Ina(r) -~ vi < T8
Since df is bounded, we know that f is uniformly ||-||;-continuous, and hence as R — oo,

we have
fr(z1),...,nr(zq)) = f(z1,...,24)

uniformly on ||-||2-balls. Also f is uniformly ||-||2-continuous and hence for all (Ag, 79) € W,
we have ||fAo7(Y)|, < A1 + VH““’T"(Y))U2 for some constant A. We also have

|FAm (), oY)z < AL+ Vo (Y)Y2 since [n(Y))lls < [[¥jlla Thus,

|fAYT (np(Y1), ... nr(Xq)) — FAC™(Yh, ..., Yy)| /(1 + V5™ (Y)) is bounded by 2A(1 +

VOAO’TO (Y))~'/2, which can be made arbitrarily small outside of ||-||o-ball (independently
of (Ap,79)). Therefore,
1

]. —+ Vo(X)

in tr(BCy, (R*?)). This means f(ngr(z1),...,nr(x4)) = f(x1,...,24) in C, and therefore
W(f(er, o a) = Jim o). . on(ea)) = FA7 (K0 Xa).

I(\x) satisfies the Dyson—Schwinger equation (7.3.2): Let R > 4Ry. Let ¢ €
C>(R, [0,1]) be a function which equals 1 on [~R, R]. Suppose that h € BCE (R*4)<.

‘f(nR(xl)"'wnR(xd)) - f(.’1317~--,37d)‘ —0
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Then
d

Z votrfwihj + hjVe, W] —v(Try(oh) = 0.

j=1
Because v o tr agrees with I(Ax) on BCE(R*?) and because V,,Wh; and Try (0h) are in
BCL (R*?), we have

votr[h;Vy, W] = (h;V,, W)*"(X), v(Try(0h)) = Try(oh)*"(X).
The only term that remains to substitute is tr[z;h;]. But note that
votefe;(1—C(2)))hy] < (votefaf]) V2 (v o trl(1 = C(a)hshy(1 = (=))])

= (votr(a})? (r((L = (X)) (h3h) T (X)(1 = (X)) * = 0

because (1 — ((z;))h;h;(1 — ((z;)) has bounded first derivative since h; and Oh; are
bounded. Therefore,

votrlz;h;] = votr[¢(z;)z;hy] = T[C(X;) Xk (X)) = 7[X;h7 (X)), (7.3.6)

where we have used the fact that ((z;)z;h; € BCL(R*?) and ¢((X;)X; = X;. This
establishes (7.3.2) when h € BCE (R*?).

However, using smooth cut-off functions, we can see that every h € CE(R*?) agrees
on the ball of radius R with some function g in BCE(R*?). It follows from the definition
of Fréchet differentiation that 0h = 0g on the open ball of radius R. Hence, both sides
of (7.3.2) are the same for h and for g. So I(\x) satisfies (7.3.2) for all h € C,(R*?)? as
desired. In particular, the last claim of the theorem will be proved as soon as we know
that v = I(\x).

1/2

Agreement of v and I(Ax) on C: Let ¢ be as above. Using (7.3.2) for v, we have
vo tr[m?] =votrz;V,, V(x)] —votrfr;V,, W(x)] =1 —votrfz;V,, W(x)],

since d(x) = Id € BOZL (R*¢, #1(R*?)). The same holds for I(\x) because it also satisfies
(7.3.2). Hence,

vo tr[m?] —vo tr[((xj)2x?] = V(xj)2 — T(XJZ) = —v(2;Vy,W(x)) + 7[X; Ve, W(X)].

Because the function h; = V., W is bounded and has bounded first derivative, (7.3.6)
applies and shows that

71XV, W(X)] = v o tefe, Vo, W(X)).

Therefore, v o tr[z3] = v o tr[¢(x;)%23]. Now tr[¢(z;)*x3] < tr[¢(x;)23] < tr[z3], hence

votr[¢(x;)a3] is equal to the common value of v o tr[z3] and v o tr[¢(a;)?23]. This implies

votr[(z; — ((a;)x;)%) = votr[z] — 2((z;)a] + ((x;)*x7] = 0.
Now suppose that g,h € CL(R*?) have bounded first derivative. Then writing z(x) =
(z1¢(z1), .-, 22((xq)), we have

d

v o tal(g(x) ~ 9(209)?] < 1001l et array D ¥ o el = Clag)e;)?] = 0.
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The same holds for h. Hence, because of the Cauchy—Schwarz inequality,
v otrlgh] = v o trl(g 0 2)(h 0 2)] = T(g(X)h(X)).

Because linear combinations of functions like tr[gh| are dense in C by definition, it follows
that v and T(A\x) agree on all of C. m

7.4. Existence of potentials with unique free Gibbs laws. We shall show in the next
section that for perturbations of Vj, there is a unique law satisfying the Dyson—-Schwinger
equation, and hence in particular a unique free Gibbs law for every ultrafilter w. But we
pause here to first establish a more general result that for each w, generic potentials V'
with bounded first and second derivatives have a unique free Gibbs law with respect to w.

PROPOSITION 7.19. Fizw € SN\ N and k > 2 and Cy,Cs > 0. Consider the space

Ve oy = {Vo+ W W € tr(CE(R*™))sn with
107N W pey, (mea,ai-1)2 < Cj for j =1,2},

equipped with the subspace topology inherited from tr(CE (R*?)). Then the set of V € 7/(1’61,02
which have a unique free Gibbs law with respect to w is a dense G set.

Recall that a G set in a topological space is a countable intersection of open sets.
Moreover, the Baire category theorem states that in a complete metric space, a countable
intersection of dense open sets is dense. Such a set is often called generic. Also, note that
”//C’f] o, 1s a complete metric space. Indeed, since the topology of tr(CE (R*9)) is defined
by a countable family of seminorms, it is metrizable. It is straightforward to check that
7/Ck1,02 is a closed subset of tr(CE (R*?)), hence complete.

REMARK 7.20. As far as we know, x{> may depend in general on w, and hence so does the
dense G set in the proposition. The proof would apply equally well to the entropy xv
defined by using the lim sup rather than limit as N — w in the definition. However, then
the condition of being a free Gibbs law (maximizer of yy ) only implies convergence of the
random matrix models along a subsequence of u%,N

To prove the proposition, we do not in fact need to use the Baire category theorem.
Rather, if a potential does not have a unique free Gibbs law, we will perturb it using the
following lemma.

LEMMA 7.21. Let A € $y4. Then there exists f € tr(BOX (R*))g, such that fA7(X) >0
for all (A, 7) € W and X € AL, and fA7(X) = 0 if and only if \x = \.

Proof. Let R be an exponential bound for A, so that A € ¥4 r. Let R* > R. Let ¢ € C*°(R)
be afunction such that ¢(¢) = ton [— R, R] and ¢’ is non-negative, symmetric, and supported
in [-R', R’]. Similar to the bump function construction in the proof of Theorem 7.18,
Lemma 4.14 implies that ¢(z;) € BOZL (R*?). We claim that the sum

FO=3 Y @) o)~ A, 7i,)

m>1" iy eim€{l,...,d}

2
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converges in tr(BC:S (R*?)). For each k > 0 and g € BOC(R*4),
k

1.
9l Box geay = D ﬁHf?]gHBcg(R*dy
j=0

By the same reasoning as in Lemma 4.27, we have
91921 Bex =2y < 911l Bex @eay 91| Bk (ea)-

In particular,
(@) - D)) = M@iy - 20,)) | Bk ey
< ltr((@i) - - $(@i,,)) = Meiy - zi, ) o ey
< (ltr(p(xi,) - - ¢, ) ok meay + M@y -+ 24,,)
< (lé(@)lEex eay + B™)*

)2

Note that

1
PO D DR CCAI[ NS o

m>1" iy im€{1,...,d} 1
= Y A" (@) [Fep ey + B™) < 00
m>1
Therefore, the sum defining f converges in tr(BCE(R*?)) for every k, which means it
converges in tr(BC (R*?)).

Clearly, f > 0. If fA7(X) = 0, then 7(¢(Xy,) ... #(X;,)) = My, .2, for all m
and i1,...,0, € {1,...,d}. Thus, the tuple Y = (¢(X1),...,¢(Xq)) satisfies Ay = A.
In particular, |Y;|] < R. Recall ¢ is an increasing function and ¢’ = 1 on [-R, R], and
therefore, |¢(t)] > R whenever [¢t| > R. By the spectral mapping theorem, the only way
that ||¢(X;)|| can be less than or equal to R is if || X,| < R. Hence, ¢(X;) = X;, and so
AX=A. =

Proof of Proposition 7.19. By Theorem 7.18, there exists R > 0 depending only on C4
such that every free Gibbs law for any V € ”f/clth isin I(X4 R)-

We claim that any open subset % of 7/(/’31 .o, contains some potential which has a unique
free Gibbs law with respect to w. Let Vo + W € %. Fix t € (0, 1) sufficiently close to 1
that Vo +tW € %, and note that [[td'W || gc,, r=e,.45) < Cj for j =1,2. Let I(\) be some
free Gibbs law for Vg + tW. Let f be as in Lemma 7.21 for A. By choosing € > 0 small
enough, we can guarantee that Vo +tW + ef is in % .

We claim that I(A) is the unique free Gibbs law for V' =V + tW + ef. Recall that

Xy () =x“(v) —v(V) + K
for some constant K. Any free Gibbs law has the form I(u) for some p € 4 . Now
X () = 1) [Vo + W] < X (I(A) = I(N)[Vo + tW].
By our choice of f,
I(p)[=f] < 0=I(N)[-/f]

with equality if and only if 4 = A. It follows that I(\) is the unique maximizer of x$.
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It remains to show that the set of V' which have a unique free Gibbs law is a Gs set.
Recall that ¥4 r is compact and metrizable, so let p be a metric. Let V' € “//CI?I,CQ, and let
G(V) C X4 r be the set of A such that I(\) is a free Gibbs law for V' with respect to w.
By upper semicontinuity of x{,, the space of free Gibbs laws for V is closed in C*, hence
in light of Lemma 4.5, G(V') is closed in X4 . Let

Un ={V € VE ¢, : G(V) C Byyp(p) for some pu € Sq r},

where By, (u) is the open ball of radius n in X4 g with respect to the metric p. Observe
that V € 2, %, if and only if the set G(V') has diameter zero if and only if V has a
unique free Gibbs law.

We claim that %, is open. Fix V' € %,. Let 1 € ¥g g such that G(V') C By, (1). Note
that Xq r \ B1/,(p) is compact, hence its image in C* is a closed set, so x§ achieves a
maximum, which must be strictly less than zero since all the free Gibbs laws for V' are in
B /(). Call the maximum —e. Let I()) be a free Gibbs law for V. Then

sup )(X“(I(V)) —IW)[V]) <x*(I(N) = IN)[V] - e
vEX4 rR\B1/n (1

If V' € ¥4 ¢, is such that [V' = V|c, =),z < €/3, then

sup X)) —Iw)[V'] < sup X)) —1()[V]+e€/3
veXq r\B1/n (1) veXq, r\B1/n (1)
<XYIN) = IN)[V] —2¢/3
< XU(IN) = IN[V'] = ¢/3.

Hence, for V' in a neighborhood of V, the elements of ¥4 r \ By /(1) are not free Gibbs
laws, which implies that G(V') C By (), so V' € %,. Thus, %, is open as desired. =

8. Rigorous transport results in the perturbative setting

In this section, we will combine the results of §6 and §7 to study free transport for
potentials V' sufficiently close to (1/2) >, tr(x?). In §6, we constructed an expectation
map Ey := Evy. We will also use the notation Ly, et*V, and ¥y rather than Ly, etXvv,
and Yy . We will show in Proposition 8.1 that Ey describes the unique free Gibbs law
for V. Then Theorem 8.3 will complete the strategy of 5.4 to construct transport.

We use the same strategy to prove a more refined result (Theorem 8.22), which produces
triangular smooth transport, and hence triangular isomorphisms of C*- and W*-algebras.
Several of the necessary ingredients, such as a conditional version of the Dyson—Schwinger
equation, cannot be deduced directly from the results of §7. We rely instead upon the
relationship between Ex v and conditional expectations from random matrix theory and
operator algebras, which is also of interest in its own right.
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8.1. Existence of transport

PROPOSITION 8.1. Let V satisfy VV € #Z2, for some a € R and ¢ € (0,1). Then Ey|c
is the unique element of C* satisfying (7.2.5). In particular, for any w € BN\ N, it is the
unique free Gibbs law for V with respect to w.

Proof. Let v € C* satisfy (7.3.2). By Theorem 7.18, v = I(\) for some A € ¥, i for
some R > 0, and the corresponding homomorphism A : tr(Ci,(R*?)) — C satisfies the
Dyson-Schwinger equation for all smooth test functions. If f € tr(Cge(R*?)), then by
Proposition 6.26, Uy f € tr(Cee(R*?)) and hence V(¥y f) € C2(R*4)4. Thus, by (7.3.2),

0= AV V(T )] = Af —Ev[f]] = X(f) — Ev(f).

Therefore, A[f] = Ey[f] for all smooth f. By density, this extends to all of tr(Ci, (R*%)).
Hence, \=Ey and v =Ey|c. n

COROLLARY 8.2. If V satisfies VV € jj{c for some ¢ > 0 and a € R, then for every
f € tr(CL(R*?)) with Of bounded and for every e > 0, we have

timsup <oz log p2({X : [(X) ~ Ev ()] > e}) < 0.
N—o00

As a consequence of (5.3.1) and Proposition 6.29, any such V satisfies Assumptions 5.14
and 5.16. Hence, all the properties of Propositions 5.18 and 5.19 hold. Now we give a rigorous
proof of transport for log-densities close to the quadratic, and in fact “infinitesimally
optimal” transport.

THEOREM 8.3. Let Vi = (1/2)(x, X}, + Wy, where t — Wy is a continuously differentiable
path [0,T] — tr(C(R*?))s,. Suppose that

10" 'YW gy, (rea an-1ya < Cr fork=1,2,3,
10" 'YW | ey, wea,an-1ya < Cf fork =12,
Jor constants C1,Cy, Cs, C1,Ch € [0,00) such that Cy < 1. Let V; = ||x||3 . + W;. Let
h, = —VUy, V.

Then the solution f; to (5.2.3) satisfies (£:)+Vo = Vi modulo constants for all t. Moreover,
this choice of hy minimizes

T
| Bl
0

among all maps t — hy satisfying the hypotheses of Lemma 5.10 with (£).Vo = V; for allt.
REMARK 8.4. The last condition says that the transport is “infinitesimally optimal”.

Proof of Theorem 8.3. Note that VV, € /gl,l—Cw and thus Proposition 6.26 constructs
a pseudo-inverse Wy, for —Ly,. Let

h, = —VUy, W,.
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We apply Proposition 6.26(3) and Remark 6.27, observing that dx reduces to 0 since there
is no x’. Because VW; € BCE (R*?)Z , we have
2
10 Wy, Wil ey, (et ), < constant Z||akWt||Bctr(R*d,//12),Ru
k=0

which is bounded by a constant, and similarly 9>y, W, is bounded by a constant. Therefore,
Oh, and 9%h, are bounded by constants. By Lemma 5.8, there is a family of diffeomorphisms
f; satisfying f, = hy o f; and fy = id. Note that —V§, h, = Vi, V¥, W, = W, modulo
constants. Therefore, by Lemma 5.10, we have (f;),Vy = V; modulo constants.

Finally, consider another possible choice of functions h,. If the flow generated by h,
transports V) to V; modulo constants, then by the previous proposition, we must have
V*thlt =W, = Vi, hy modulo constants. Since flt — h; is in the kernel of V7, it is
orthogonal with respect to Ey, to any gradient by Proposition 5.19(4), and in particular
orthogonal to h;. Hence,

9 .
Ev; [Ibell5, . < Ev, [hyll3
which shows the desired optimality condition. m

In the situation of Theorem 8.3, the law py, is the unique free Gibbs law associated to V;
by Proposition 8.1. Therefore, (f;).Vy = V; implies that (f;).uv, = v, by Proposition 7.14.
This directly implies isomorphism of W*- and C*-algebras associated to py;, and py,. This
result is closely related to those of [40, 30, 46, 47], and can be stated precisely as follows.

OBSERVATION 8.5. Suppose that Vy, Vi € tr(Ce2(R*))) satisfy V; = (1/2)||x||3 + W; with
||aijHBCtr(R*d’/flk) <Cy fork=123,

with Cy < 1. Then the path Wy = (1 —t)Wy+tW; satisfies the assumptions of Theorem 8.3.
Hence, by the theorem, there exists some £ € Ceo(R*), such that £y, = pv,. Because
f is given by solving the ODE (5.2.3), the function £ also has an inverse g € C°(R*4)4 .
In particular, by Observation 4.8, there is a tracial W* isomorphism between the GNS
representations of py, and py, which also restricts to an isomorphism of the associated

C*-algebras.

COROLLARY 8.6. Suppose that V = (1/2)||x||3 + W where OW € tr(BCy (R*?, .4 (R*?)))
and ||0°W || ge,, (r=a,.42) < 1. Then the GNS representation of py is isomorphic to the
tracial W*-algebra generated by a standard semicircular family S = (Sy,...,54), and the
isomorphism restricts to an isomorphism of the C*-algebras.

8.2. Matrix approximation and non-commutative functions. Although the con-
struction of Ex 1 nowhere used matrix approximations, we will use the matrix approxi-
mations to prove various relations among different conditional expectation maps. Even in
the previous section, we could only prove the properties of Proposition 5.18 after knowing
the Dyson—Schwinger equation Ey Vi h = 0 for h € BCZ (R*?)4. The Dyson-Schwinger
equation in turn was deduced from the fact that the free Gibbs law maximized the free
entropy x4} . But free entropy is defined in terms of matricial microstates. Hence, even our
previous results depended on matrix approximation.
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As we do not yet know a good definition for conditional microstate entropy, our results
in the conditional setting will rely on the random matrix models in a more explicit fashion.
Asin [45, 46, 47], we will view the functions in Cy,(R*?) as large N asymptotic descriptions
of certain sequences of functions on My (C)Z,. For this reason, we desire a function f to
be uniquely determined by knowing its restrictions fM~ (€t~ for all N. Thus, we must
restrict our attention to tracial W*-algebras that can be approximated by matrices in a
certain sense.

We say that (A, 1) is Connes-approximable or Connes-embeddable if for every d and
every X € A% | there exists a sequence of d-tuples X(V) € My (C)¢ that converges in non-
commutative law to X. It is well-known in von Neumann algebras that this is equivalent to
the embeddability of (A, 7) into the ultrapower (R, 7z )“ for some w € SN\ N. However,
recent work has shown that not every tracial von Neumann algebra has this property [48].

The space Ci,(R*?) by definition consists of tuples of functions on d-tuples for any
separable tracial W*-algebra, since we used a set of isomorphism class representative
of such tracial W*-algebras to define the norm. However, the same constructions can
be performed using some subclass of tracial W*-algebras. When we replace the set of
representatives W with a set of representatives W, for Connes-approximable tracial W*-
algebras, we obtain analogous spaces to CE (R*4, 2 (R*% ... R*)) which we will denote
ck  (R* (R .. R*d)), where the subscript app stands for “approximable”.

tr,app

All the results in the paper work with CF replaced with C’tkr)app.
has to define the Connes-approximable versions of C; s where S is a Brownian motion. It
is well-known that if (A, 7) is Connes-embeddable and if (B, o) is the tracial W*-algebra
generated by the free Browian motion S, then (A, 7) % (B, ) is Connes-embeddable [92,

Proposition 3.3].

For §6, one of course

The next lemma shows that functions in Ctkf,app (R*4, ./ (R*4: ... R*)) are uniquely
determined by their values on matrix tuples. The proof may be obvious to those familiar
with folklore about Connes-approximability, but nonetheless we will explain the argument

here for the sake of completeness.

LEMMA 8.7. Given fN) : My (C)% x My(C)% x -+ x My(C)%* — My(C)¥ that is

sa
multilinear in the last ¢ arguments, define, as in 3.10,

IEX e e, 72 = sup {IFN) (X) || gre e = X € Mn(C)&, [1X]| < R}
Let £ € Cypapp(R*, A (R*4 ... R*¥)) | Then

1€l oy zotyer, g = sup [EMNOIN oy g = Tim VSO0 e
’ N N —oco

Proof. Note that it suffices to prove both equalities when f is a trace polynomial, since
any £ € Cipapp(R*, .4 (R*4 ... R*¥))? can be approximated in ey app R4,y R
by trace polynomials, and this norm clearly dominates the matrix version on the right-
hand side. Now given some Connes-approximable A4, some «a,aq,...,ap with 1/a =
1/ay + -+ + 1/ay, and some X, Yq,..., Y, € A%, we may choose some matrix tuples
XM e My(C)L, Y§N) € My (C) ... Y, € My (C)% such that XV) and the real and
imaginary parts of YéN) converge in joint non-commutative law to X and the real and

imaginary parts of Y1,...,Y,. By applying a cut-off function to X™¥) and the real and
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;N), we may also assume that [|[X)| < R and \|Y§N)|| < 2/[Y;]l
Convergence in law also implies convergence of the L? norms of X(V), YgN), e ,YEN) to
those of the corresponding operators for 8 € [1,00). Using convergence in law again, we

also have

Jim [P XI Y Y = 1 FX)Y s Yellls for B € [L,00)

imaginary parts of Y

and since the oco-norm can be recovered as the limit of the S-norms as 8 — oo, we have
[ ONY 1, Yoo < lming | XYY, YY) o

This implies that

(N)
W /AR

(V)

s My (C).t
Hf||ct,.1app(R*d,//ﬂ)d’,R Sl}\r[rl)lglofﬂf v(© | M4 R

< limsuprMN(C),trN”
N—o0
0), N
S Slj\lprf]\/[N( )tTNH(//ll?,tr,R S ||f||CtY‘,app(R*d7(%£)d/,Ro n

Next, we define a precise notion of an element of Ctr,app(R*d,/// 5) describing the

large N limit of a sequence of functions on My (C)2,.

DEFINITION 8.8. Let
£ My (C)L x My (C)4 x -+ x My(C)% — My (C)*

and let f € Ciy app (R*, 7/ (R*D ... ,R*4))d" We say that (V) yey is asymptotic to f,
written £OV) ~s £, if

B e

REMARK 8.9. In the case £ = 0, the error is measured in |||« uniformly on operator norm
balls. This condition is stronger than the one in [46] and [47], which measured the error in
[l

REMARK 8.10. It follows from Lemma 8.7 that the condition f() ~~ f uniquely deter-
mines f.

LEMMA 8.11. Let f € C’tr(R*d/,///(R*dl,...,R*d"))d” for some n,d € Ny and
d' dy,...,d, € N. Let g € C’tr(R*d)g; for some d € Ng. For each m = 1,...,n, let
h,, € Co(R*, / (R*dmr . R*mew))dm for some £y, € Ng and dy 1, - -+, dm e, - Simi-
larly, let

£V - My (€)% x My (C)® x -+ x My (C)% — My (C)*,
g™ My (C)L, — My(C)Z,

sa?

) . My (C)% x My (C)% 1 x My (C)%mtm — My (C)?,

where ) andhl) are multilinear in the lastn and . arguments respectively. IffN) ~s £,
g(N) ~ g, and h%v) ~ h,, for each m, then
fV ) 0™, b £(g)lhy, . b

The proof is essentially the same as the proof of continuity of composition in
Lemma 3.20, hence we leave the details to the reader.
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8.3. Ex v and conditional expectations
DEFINITION 8.12. For each choice of C'y, Cs, Cs5 > 0, let ¥4 ¢, .c,,c, be the set of functions
V = 3|x[13 + W € tr(C2 (R*?)),, satisfying
[0F YW ey, (rea,aryr < Cr
for k = 1,2, 3.

For V € Y4 .c,,c,,c5, we will denote the expectation Ex v, from §6 simply by Ex . In

this subsection, we will show that the expectation map Ey v describes the large N limit
of classical conditional expectations associated to the measures ui/N).

Given a potential VIV : My ((C)d“l/ — R such that e~ ¥V s integrable, we define

—N?17(N) ! !
oW e NMYIN(X, X)) dX dX
dppy ) (X, XT) = Sat oy €NV XD dX dX
N sa

Moreover, we define the conditional distribution
efNQV(N)(X,X’) dxX

dpy oo (X[X') = Sutw e € NVEXXD aX
Mn(C sa

di x .o x My(C)% — My (C)*® is real-multilinear in the

If fV) : My (C)Ed x My(C)

sa
last ¢ arguments, we set

_ A2y () ’
o, fV XNV Y e VYT OOXDGX

Evoo [V (X)[Y, ..., Y] T NIV (X, X') X
Mn(C)d,

This describes the conditional expectation of fV)(X,X’) given X', when (X,X’) is a
random variable with the distribution (™). Note that the subscript x denotes integration
with respect to x, hence conditioning on x’.

THEOREM 8.13. Let V € ¥¢, .05 for some Co < 1. Let VIN) 2 My (C)44 — R be such
that

1) V) s invariant under conjugation of X1, ..., Xarar by a fized unitary U;
+
(2) VIN) s a O function and VVN) ~ VV;
3) VIN(X) — L¢||X||3 is convex and VINV)(X) — 1C||X||3 is concave for some 0 < ¢ < C.
2 2 2 2

Letf € Otr(R*(der/),{//(R*dl,n-,R*d"'))d”, and let )« My (C)SY) 5 My (€)% x - - x
My (C)% — My (C)E with fN) ~ £ and
£ (X, X [ o < KN XDe0
for some constants K1 and K. Then
Eo v [f)] v By v [f].

REMARK 8.14. If we take VIN) = VMN(©brn then the hypotheses (1), (2), (3) are
automatically satisfied. For the condition (3), we set ¢ = 1 — Cy and C = 1 4+ Cy where
Co = [|OVV = Id|| g, (retatar) a)-

Since the asymptotic approximation relation ~- relies on approximation for each
operator norm ball, we will have to truncate the conditional distribution gy v (X|X’) to
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operator-norm balls. The following lemma from [47] relies on concentration of measure
(see, e.g., [37], [65], [12], [5, §2.3.3 and 4.4.2]) and its application to random matrices
(see [41]) through an enet argument (see [84, §2.3.1]) as well as the fact that the
conditional expectation of a Lipschitz function is Lipschitz when V() satisfies (3). For
the proof, refer to [47, p. 277]. The constant Rj there is the R’ in the lemma statement
here.

LEMMA 8.15. Suppose that VIN) : My (C)%4" satisfies assumptions (1)~(3) of the theorem,

sa

and let K > 0 and R > 0. Then there is some constant R’ such that

lim  sup / KXl g, (N (X|X") = 0.
N7 X/ | <R ||x[| o > R

Proof of Theorem 8.13. First, consider the case where £(V) is equal to £M~(©):tr~x and

f € BCL o (R¥ D g (R R*)4 0 ORe, (R g (R R

tr,app tr,app
Let g = Uy v f. Recall that

f= Ex,V[f] o 7(-/ - Lx,Vgu
and hence

fMN((C),tI‘N} _ Ex_v[f]]VIN(C)’trN —F IV[N((C)7trN].

Ex,V(N)[ x,V (N) [Lx,Vg

For a function h on My (C)&H x (My (C)EH)E et

1
Lyywmh= ﬁAxh —Oxh # V, V),
Because of Lemma 4.37, we have

]\/{N(C),tI‘N] ~ Lxg~

1
ﬁAx[g
Similarly, using Lemma 8.11, we have
angV]N(C),trN # VXV(N) o Oyg # va

Thus,
Lx,V(N) gMN((C)’trN ~ Lx,Vg'

Note that because of integration by parts we have

/ nyv(N)gMN(C),trN (X,X/) dH(N)(X|X,) —0. (831)
MN((C)ga

Fix R > 0, and let R’ be the radius associated to R as in Lemma 8.15, and let
M = max(R, R'). Because of assumption (3), VV (V) is C-Lipschitz with respect to ||||2.
Since [|[VV¥)(0)||2 is bounded as N — oo, we have

[V, VO (X, X2 < A+ BI[(X, X))z
for some constants A and B. But it follows from [47, Lemma 11.5.4] that
1V, V(X X') = trn (Vi VIV (X, X)) oo < BY|(X X oo
for some constant B’. Thus, overall,

1V, V(X X) = try (Vo VI (X, X)) oo < A+ (Bd + B)|[(X, X)) oo
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Moreover, note that 8ftMN(C)’trN and (1/N?)A fM~(©):#~ are uniformly bounded for all N,
(X,X’) and t since Of; and §f; is uniformly bounded. Thus, using Lemma 8.15, we see
that

lim  sup / [ (L vy g™ @i (X XY
N=o0 X/ | <R J||X[loo > M ’
- [Lx,Vg]MN(C)’trN (Xv XI)||//{e7tr d:U'V(N) (X|XI) =0.

Meanwhile, we can estimate the same integral over || X||oc < M by using the condition
that Lx,V(N)gMN ©)trn Ly vf:, and thus putting the two pieces together,

lim  sup / | (Lo g™ O (X X)L g O (XX |t gy o0 (XIX)
N=oo|x/|<R

=0.
Since R was arbitrary, it follows that
Epe v [Lg v [V O] — [L 3 g] MV (O8] s 0
and thus in light of (8.3.1), we have
Ey yon [fMVEN] s By (f].

For the more general case, suppose that f) ~» f and that f() satisfies the given
operator norm bounds. Fix R and let M be as above and also let M’ = max(M, R+ 2, C1).
If € > 0, then we may choose some

g € CF o (RO g (R R*)) \ BCyp app(R* D) (R*, .. R¥e)) "

tr,app
with ||[g — |, (g+(arayas p < € (here g can be taken to be a trace polynomial composed
with a smooth cut-off function in (X, X")). Then observe that

1Ex,vf —Exvelle, m gy p <€
using Proposition 6.22 and the definition of M’. Moreover,
limsup  sup / [£) (X, X) — g™ EN (XX | g o) (XIX) < e
N—=oo |Ix/[lo <R Vx|l <M
while the integral over ||X||iry,00 > M can be estimated using Lemma 8.15. Hence,

lim sup|[Ey v o) [FN] = B v [£] ||z 0 < 2,

N—o00

and since R and e were arbitrary, we are done. m

Next, given a potential V(x,x’) in ”ngg; c,» We want to describe the “marginal

potential” ‘A/(X’ ) for the distribution of x’, that is, the function describing the large N
limit of the log of the marginal density of ,ug/N) for x’. Choose V) as in Theorem 8.13.
We can define the marginal potential

v (X’) _ 7% log/e—N2V(N)(X,X/) dX.

A straightforward computation shows that

V(X)) = By yon [V VL.
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Now it follows from the previous theorem that
V) s By v [V V).

Next we show that Ey [V V] is the gradient of some function Ve tr (O \pp (R*)). To

this end, we use the following lemma.
LEMMA 8.16. Let g € CE(R*)2 . If there exist C* functions fN) : My (C)4 — R such
that V) ~s g, then there exists f € tr(CETL (R*)), such that Vf = g. This f is

tr,app
unique up to an additive constant. It also satisfies fV) — fFN)(0) ~ f — £(0).

Proof. We may define a function h(xy,x2,x3) in tr(Ciy app(R*3?)) by

3 1
h(x1,x2,%3) = Z/ (g(tx; + (1 — t)xj41),Xj — Xjp1)er dt,
=170

where the index j + 1 is reduced modulo 3. The function h is intuitively the path integral
of g around a triangle with vertices x1, X2, x3. Here X1, X2, x3 are formal variables, and
thus (g(tx; + (1 — t)x;j41),X; — X;+1) is an element of tr(Cy app(R*3?)). Moreover, it
depends continuously on ¢ in this space by continuity of composition. It follows that the
Riemann integral of these functions is defined.

Next, let

3 1
h"M) (X4, Xy, X5) = Z/ (VI X5+ (1= )X;11), X = Xyt di,
j=1"0

where X1, X», X3 represent elements of My (C)4,. It is straightforward to show that since
Vi) s g, we have h(™) ~s h. But because Vf() is a gradient, we have h™¥) = 0.
Therefore, h = 0.

Define

1
700 = [ (gltx),x)u .
0
Given that h = 0, for any (A, 7) and any X, Xz, X3 € A% we have
1
0=h""(0,X,,X,) = fA47(Xs) — FA7(Xy) +/ (g™ (tX1 + (1 — 1)X3), X1 — Xy), dt.
0

It follows easily that Vf = g.

Moreover, f is unique up to an additive constant because fA’T(X) — fA’T(O) can
be evaluated by integrating the Vf47 along the path from 0 to X. Similarly, since
FNX) = fFM(0) = [V (EX), X, dt, we obtain fV) — fFN(0) ~ f — £(0).

Finally, observe that if g = Vf € CE , (R*))4, then f € tr(CfrE)p (R*?)). m
PROPOSITION 8.17. Let V' € Vgiq,c,,Co,05 for some Co < 1. Then there exists Ve
tr(C&fapp(R*d/))sa, unique up to an additive constant, such that

VV = Ey v [V V).

Furthermore, we have Ve Yar,cy.cy.0y for some constants C1, Cy, and Cy depending only
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on Cy, Ca, and C3, where specifically
02(1 + CQ)
! !
C; = Ch, 02—71_02 .

Proof. Let VIN) = VM~ (©)trn g6 that VV (V) s VV. By Theorem 8.13 and Remark 8.14,
we have

Ey v [Va V] o By v [V V]
We know that E, v [VXIV(N)] = VV®™) for the function V) discussed above. Hence,
by Lemma 8.16, there exists V € Cge with vV = Ex,v[Vx V], which is unique up to an
additive constant.

Next, we must show that Ve Yar o0,y Let W=V — (1/2)(x, %)ty — (1/2)(x/, % )4r
and W =V — (1/2){x’,x")t,. Note that Vx V(x,x") = x' + Vo W(x,x’) and Vf}(x’) =
x' + VW(X’). Thus, since Ey v [x'] = x/, we have VW = Ex,v[VxW].

Now recall that e*Z=V f is obtained as a conditional expectation of the function f(X, '),
and hence

e Y Voo Wl 5oy et < Ve Wllpe, o, @eiaran o

Taking t — oo, we get HVWHchapp(R*(dH/))m <.
Next, recall that the process X from §6 satisfies

D X (1) :/0 OV V(X (), 1) # D X + 00 ViV (X (-, ), 7] du

In the proof of the base case of Lemma 6.13, we applied Lemma 6.11 to get a bound for
this function. The ¢ from that proof is here 1 — Cp and the constant C y = C] y_yy is
here Cs. Thus,
||8X,X(., t)”BC . S(R*(d‘*'d/) ) S e*(l*CZ)t (1 + &(e(lsz)t . 1)) )
tr, ) 1-0Cy
It follows as in the proof of Lemma 6.17 that

10w €5V Vo W | oy, mtarans

2C
< e~(1=C2)t/2 <1 + ﬁ(e(lfcb)tﬂ _ 1)> ||axvx’W||BCtr(]R*(d+d'),//11)
+ ||5X/VX/W||BC“(R*({1+¢/),%1).
Taking ¢t — oo, we obtain
2C, 02(1 + 02)
105 By Vo Wl oottty S T " Cat Cr= ==
The existence of C4 follows by similar reasoning, which we leave as an exercise. m
PROPOSITION 8.18. Consider variablesx,x’,x" which ared-, d’' -, and d" -tuples respectively.
LetV € Vayar+ar 01.Cy.5 for some Oy < /2—1. LetV be the marginal potential for (x',x").
Then

Ex@\?’ © Exvv[f] = ]E(x,x’),V[f]
for £ € Cpapp(R*FHED g (R Rrde))d
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Proof. By Proposition 6.31, it suffices to prove the relation for f in a dense subset of
Ctr,app (R*(d+d,+d,1)7 %(R*dla sy R*dz ))d* .

In particular, we may restrict our attention to bounded f.
Let VIN) = VM~ (©).trn which satisfies the assumptions of Theorem 8.13 with ¢ = 1—C,
and C' = 1 + Cy. Let V(V) be the marginal potential for (X, X"), which satisfies

VN = B, yon [V s V).

By Theorem 8.13, \VATACIVEE vi 78 By Proposition 8.17, Ve Yaryar .o 04,0y With Cy =
Ca(1+ Cy)/(1 — Csy). Note that C < 1 provided that Cy < /2 — 1.

It follows from the work of Brascamp and Lieb [18, Theorem 4.3] that V) (X) —
(¢/2)[|1X |12 is convex and VN (X) — (C/2)|| X2 is concave for the same constants ¢ and C
that worked for V(™). (Note that equation (4.18) of [18] should read D = A — BC~'B*.
Of course, if the block 2 x 2 matrix is a constant multiple of the identity, then the
Schur complement matrix D is the same scalar multiple of the appropriately sized identity
matrix.) Overall, we conclude that V) and V also satisfy the hypotheses of Theorem 8.13.

Now let £(N) = fM~n(©).trN  Then by Theorem 8.13 applied to V and VN) | we have

E, v [fM)] ~ Ex v [£].

Note that these functions are uniformly bounded because we assumed f was bounded. By
Theorem 8.13 applied to V and VN) | we have

E, o ©Ew v [f] ~ E, 5 o Ex v[f].
From the well-known properties of classical conditional expectations,
(M) (N)].

Ex,\7<N> © EX’7V(N) [f = E(x,x’%V(N) £

By another application of Theorem 8.13,

E (% x1),v ™) )] s By, v [£].

Therefore, E, ¢ 0 Ex,v[f] = E(x x) v[f] as desired. m

As a corollary, in the situation of the previous proposition, we will get the same answer
for the marginal potential for x” whether we compute it from V or from V. There is a
variant of the previous proposition that does not explicitly refer to V and hence works
whenever Cy < 1.

PROPOSITION 8.19. Consider variables x, x', x" which are d-, d'-, and d"-tuples respec-
tively. Fiz £ > 0 and dy,...,dy € N. Let ¢ be the canonical inclusion map

Lt Corapp (R T g (R R¥ ) 5 Crpoapp (RFETED g (R* R,

obtained by viewing a function of (x',x") as a function of (x,x',x"). Suppose that V €
Vitdr+d” ,Cy,Co,C5 JOr some Coy < 1. Then

E(x,x’),v (o Ne] Ex’v[ﬂ = E(x,x’),v[f]
for f € Ctrvapp(R*(derUrd’/)’%(R(*dl,.._’R*dg))dz'
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The proof of the proposition is similar to the previous one. Use the fact that the
analogous result holds for the classical conditional expectation maps associated to V()
and then take the large N limit using Theorem 8.13. We leave the details to the reader.

The next proposition relates the map Ey v to W*-algebraic conditional expectations.
This result is similar to [47, Theorem 15.1.7]. The only difference is that we have a smaller
space of non-commutative functions, and hence we are able to make conclusions about the
C*-algebras, not only the W*-algebras.

PROPOSITION 8.20. Let V' € Yy a.0y.05.05 where Cy < /2 — 1. Let (A,7) be a tracial
W*-algebra with self-adjoint generators (X, X') satisfying

T(FAT(X, X)) = By [te(f(X,X)] for f € Cip app(R*HHD)).
Then
B [F47(X, X)) = (B v [[)A7 (X)) for f € Cupapp (RT*F)),
where W*(X') is the W*-subalgebra of A generated by X' and Evy,(x/) : A — W*(X') is
the unique trace-preserving conditional ewpectation. Moreover, Eyw-x) maps C*(X,X’)
into C*(X').
Proof. Let f € Cyp(R*(4+9)) and g € Oy (R*?). Then by (6.4.5) and Proposition 8.19,

TI(Exy [N (X)g (X)) = 7[(Bx,v [£19) 7 (X)) = 7[Ex,v[f - (g 0 )47 (X))
=By [Exv(f (gon)]on ] =Ey[f- (g0
= (X X)g T (X)),

Since this holds for all g, it holds in particular for non-commutative polynomials. Non-
commutative polynomials in X’ are dense in W*(X’) with respect to the weak operator
topology. Thus, the above relation shows that (Ex v[f])™7(X’) equals the conditional
expectation of fA7(X,X’) onto W*(X').

Because Ey v [f] € Ci(R*?), the operator E, y[f]*7(X') is in C*(X'). Therefore,
Ewexn[fA7(X, X)) € C*(X') whenever f € Ciy,(R*@*9)). But elements of the form
fAT(X,X) are dense in C*(X, X’), and hence Eyy-(x/) maps C*(X,X') into C*(X’). =

8.4. Triangular transport. In this section, we will prove a triangular transport result
similar to [46, Theorem 8.11]. However, in both the hypotheses and conclusion we will use
Cge functions rather than ||-||2-Lipschitz functions, and thus our new result yields triangular
isomorphisms of the C*-algebras generated by our non-commutative random variables,
not only the W*-algebras. Moreover, our current result constructs triangular transport at
the infinitesimal level and thus allows us to construct a family of transport maps along any
path of potentials V; that are sufficiently close to the quadratic, whereas [46] performed
the transport one variable at a time and at each stage only used a path obtained by freely
convolving the distribution with a freely independent semicircular family.

DEFINITION 8.21. For j < d, let ¢j 4 : Cr app(R*) — Ciy app(R*?) be the canonical inclu-
sion ¢.4(f)(z1,...,24) = f(21,...,2;). A function £ = (f1,..., f2) € Crapp(R*)%, is
said to be lower-triangular if f; € tja(Cirapp(R*?)) for every j = 1,...,d, or in other
words f; is a function of x4, ..., z; alone.
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THEOREM 8.22. Fiz Cy, Cy, Cs with Cy < /2 — 1, and let t — V; be a continuously
differentiable path [0,T] — V¢ o, ¢, (where differentiation again occurs with respect to
the topology on tr(CC(R*Y))s,), and assume that

10"V | por, (et ary < Ch fork =1,2.

Then there exists a family of triangular functions (£;s)s tejo,r) in Co2 (R*)L, such that
foiofy s =1, fors,t,ue0,T] and (f;5).Vs =V, fors,t € [0,T].

Similar to the proof of Theorem 8.3, we rely on Lemma 5.10, and thus we will first
construct a triangular function h satisfying L{,-h = ¢ for given V" and ¢.

LEMMA 8.23. Fiz Cy, Cy, Cs with Co < /2 — 1. Then for V € 7/Cdl,cz,cg; there exists a

linear operator Ty : tr(Cpp (R*))sa — CFLapp (R*)E, such that:

(1) Ty ¢ is a lower-triangular for every ¢.
(2) Vi Tve = ¢ —Ev(9).
(3) We have

1Tvdl Ber,.app®eya + 10TVl By, o (Re4 a1y
< constant(Cy, Ca, Cs, d) (109 ey, app @ ) + 107N By app (R 1))

(4) We have continuity of the map
VS coicn X (O app (R*))sa = Colanp (R*DL 1 (V,6) = Ty 6.

tr,app tr,app
Proof. Let V; be the marginal potential on the variables x4, ..., z; obtained from V given
by
VVJ = Ea:j+17"~x$dyv[v$1;~-~ w'V]>

Ehatv
with the normalization V;(0) = 0. Note that V; € ”Vji ¢y With Ch=2C3/(1-Cs) <1
since Cy < 1/2. Therefore, the pseudo-inverse operators Uy, are well-defined by Proposi-
tion 6.26.

To simplify notation, we will view Cy,(R*7) as a subset of C,(R*?) using the canonical
inclusion ¢; 4. Given ¢ € tr(Cy, (R*?))s,, we define functions h; € Ci,(R*)g, inductively
by

j—1
By =V, W, (Baypnraa (6) = D0 00 Vs # ). (8.4.1)
i=1

T . .
It makes sense to apply Wu, v, to By \  auv(®) — > 1_; V.. v, hi since the latter is a
function of z1,...,x;. We set Ty ¢ = (hq,...,hq). Clearly, Ty is a linear operator and
satisfies (1) by construction, and now we shall check that it has the other desired properties.

(2) Observe that
Vo, vhi =05,V # hy —divy; by = 05, (V = Vy) # hj + 0u,;Vy # by — divg; by
=0u,(V=V3) # hj + Vi, vl
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Meanwhile,

j—1
V;javhj = v;j,va”j \ijj"/j (Ezj+17~-~y1d7v(¢) - Z 6acivj # hz)

= (1= o)) [Exyponav (6) — i 00 V; # b

j—1

=Fupprrwav(0) = Bayagv (8) = > 00, (Vi = Viia) # b,
i=1
where we have observed that for ¢ < j — 1,

B, v; 102, Vj # hi] = Ea; v, (02, V5] # hi = 0x, Vi1 # i,

since h; does not depend on xj. Therefore,

d j—1
Vih = ZV vh —Z‘% V=V #hy =D > 0a (Vi = Vi) # b
Jj=1 Jj=1 j=11i=1
d
+ Z(Ez7+1 ..... zd,V(¢) EmJ ..... T4 V(¢))
j=1
= 0.,(V-V;) # Z Z 00, (Vj = Vj—1) # hi + (¢ — By (9))
j=1 i=1 j=i+1
d d—1
=Y 0, (V= Vi) # by =D 00 (V= Vi) # hi+ (6 — Ev (@) = ¢ — Ev (@).
j=1 i=1

(3) Because V; € ﬂ//cZ{ ccn it follows from Proposition 6.26 and Remark 6.27 that for
some constants K7, K5, K3 depending only on C1, Cy, C3, we have

1
k
D 10* Rl 5ey, app (et )
k=0

P ‘chpp(R*d,//zk)

1
<Ky Z ||3k31jEmH1,...,md,v(¢)|\Bctr,app(R*d,//ﬂ+k)

k=0
j—1 1
+ K1Y Y 11004, (00, Vi # hilll ey (ret a5
1=1 k=0
Jj—1 1
< K Z ||81+k¢||BCtr app (R¥d g 1+k) + K; Z Z ||3 83;](9va # h; ]HBCtr app (R¥d g 1+k)
k=0 i=1 k=0
Jj—1 1

< K5 Z ”81+k¢“BCn app (R¥d g 1+k) + K3 Z Z ||8 h; ”Bcn app (R¥d g 1+k)
k=0 i=1 k=0
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where we have used Proposition 6.22 and the fact that 9, h; = 0. Based on this inequality,
it is easy to check by induction that each h; satisfies the desired bounds.

(4) By Proposition 6.31, V; depends continuously on V. Similarly, by applying Propo-
sition 6.31 to each part of (8.4.1), we see by induction that h; depends continuously
on (V,¢). =

Proof of Theorem 8.22. Let hy = —T; VtVt, where Ty, is as in the previous lemma. The
lemma implies that ¢ — h; is continuous and Jh; is bounded. Thus, Lemma 5.8 shows
that there are functions f; , satisfying

t
fi s =id + / h, of, s du.

Because hy is lower-triangular, so is f; s (for instance because the Picard iterates are
lower-triangular). From basic results on ODE, the functions satisfy the asserted properties
under composition. Finally, by Lemma 5.10, since —V7, h; = V; modulo constants, we
have (f; 5). Vs = V; modulo constants for every s,t € [0,7]. m

The operator algebraic consequences of this theorem are similar to Observation 8.5
and Corollary 8.6.

COROLLARY 8.24. Let V € “//(fwthz’Cg with Cy < /2 — 1, and let X be a d-tuple of
non-commutative random variables that generate a tracial W*-algebra (A, T) such that

Ey[f] = 7(f(X)).

Let S be a standard free semicircular d-tuple that generates the tracial W*-algebra (B, o)
L(Fq). Then there exists a tracial W*-isomorphism ¢ : (A, 7) — (B, o) such that

QZ/)(C*(Xl, N ,Xj)) = C*(Sl, . .,Sj)) fOTj = 1, ‘e ,d.

o~

In particular, for each j =1,...,d, C*(X1,...,X4) is the internal reduced free product of
C* (X, ., X;) and C (61 (Sj4), - 6 (Sa)).

9. Equations on the free Wasserstein manifold

In this section, we compute the derivatives of certain functions on % (R*?).

9.1. Differentiation of the expectation map. If.Z is a function from # (R*?) to some
topological vector space, then we will denote the kth iterated directional derivative with
respect to V in tangent directions Vi,..., Vg by

*F V) h, . Vi,
whenever such a derivative makes sense. If .% : #(R*?) — C and there is a function ¢
mapping a potential V to some element ¢4 (V) € Ty # (R*?) that satisfies
53‘\(‘/)[‘7] = <V7g(v)>TVW(]R*d)a
then it is natural to say that ¢ (V') is a gradient for 7. Due to the degeneracy of (-, ) 1, y (r=4)
we do not expect gradients to be unique. However, in some circumstances there may turn
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out to be a canonical choice of gradient that describes the large N limit of the gradients
associated to the random matrix models in the sense of §8.2.
The most basic functional we can try to differentiate is V' — fiy(g) for a fixed g €
tr(Cee(R*?)). The next lemma is a precise version of the statement that
5[/1‘/(9)][‘/} = <V»LV9>TVW(]R*4)7
or that V — Ly g is a gradient for the expectation functional of g.
PROPOSITION 9.1. Assume t + V; is a tangent vector to V = Vg in # (R*?). Suppose that

each Vy satisfies Assumption 5.14, V satisfies Assumption 5.16, and for some fixred R, we

have py, € X4 g for allt. Then
d 5 B . .
2| A (9) = =i [(VVo, V¥v )] = (Vo, Lv g) 1y (meay.-
t=0
REMARK 9.2. Our previous results show that all the assumptions of the lemma are satisfied
if VV; is uniformly bounded and dVV; is uniformly bounded by a constant strictly less
than 1.

Proof of Proposition 9.1. Since V satisfies Assumption 5.16, we have
g—pvigl = VyVV¥yg =V VUyg—(VV, = VV,VUyg).
When we apply fit, the term Vy, VWy g will vanish, and thus,
fivilg] = pvlgl = = v, [(VV; = VV,VUyg)u].

Now VV; — VV — 0 in C2(R*)? as t — 0. Since we assumed juy, € Y4 g for all ¢, this
implies that iy, [(VV: —VV, VU g),] — 0. Since f was an arbitrary smooth scalar-valued
function, we therefore have py, — py ast — 0. Thus,

Tl s T vat _ vv,vq/vg> ] — — v [(VV0, VI g)url.
t—0 t t—0 t br
It follows from Proposition 5.19(3) that

—(VV0, Vv g = (VU 0, V)t = (Vo, Lvg)v. m

REMARK 9.3. There is another heuristic in terms of infinitesimal transport for why this
identity is true. Suppose that V; = (f;).V. Then we expect that py, = (f).pv. Hence,

dl dl . o
—| hv(g9) = pr fv(gofy) = av[(f, Vgl
t=0

dt|,_
= v [(Pvfo, V)] = —fiv (VT Vo, V).

9.2. Heat flow and entropy dissipation

DEFINITION 9.4. The heat flow for non-commutative log-densities is the equation V; =
Ly, V; = LV; — (VV;, VV;), for some smooth map ¢ — V; : [0,00) — # (R*?), where V;
denotes the time-derivative.

As in [45], this equation describes the large N limit of the equation that a function Vt(N)
on My (C)4 satisfies when 8t[e*N2Vt<N)} = (l/NQ)A[e’NZVt(N)]. Following the classical

works of [69] and [70], we will explain why the heat equation can be viewed as the gradient
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flow on # (R*?) of the entropy functional. We remark that past work on the single variable
case has studied the gradient flow for free entropy as a functional on P(R) with the
Wasserstein metric, which leads to a free Fokker-Planck equation or McKean—Vlasov
equation [58].

Fix w € BN\ N. For V satisfying Assumption 5.14, we can consider the functional
Z (V) := x“(uy). More properly in the notation of §7, we should write I(uy ) rather
than py, but since the meaning is clear, we will simplify the notation hereafter. The
functional 2 is the analog of the classical entropy of the free Gibbs law associated to a
potential V; for a precise relation between the free entropy and classical entropy of random
matrix models, see [45] or [47, §16.1]. Based on the classical case, the natural guess for the
derivative of 2" is

SE (V)V] = (LyV,V)py (),

that is, V — Ly V is a gradient for Z". We will only prove this in the case where the
tangent vector t — V; is given by transport.

PROPOSITION 9.5. Let V € # (R*?) with bounded first and second derivatives and let
Vi = (£:).V, wheret — f; is a tangent vector to id. Suppose that V; satisfies Assumption 5.14
for all't, and assume that 0°f; and 0*f," are bounded. Then

d

p Z (Vi) = (LvV, Vo), o (-a).-

t=0

Proof. By Theorem 7.18, any free Gibbs law for V' is actually a non-commutative law
(it is exponentially bounded). Since py is the unique non-commutative law satisfying
the Dyson—Schwinger equation by assumption, it is the unique free Gibbs law for V.
Hence, by Proposition 7.14, (f;).puy is the unique free Gibbs law for V4, so it satisfies the
Dyson—Schwinger equation and thus (f;).py = pv,. By Proposition 7.14 again,

XO((F)pv) = X“(pv) + fiv[log Ay (0f)].
Hence, using the Dyson—Schwinger equation and Proposition 5.19, we get

d

gl XO((E)pv) = fiv o Tryu(0f0) = iiv [(VV, fo)u] = v [(VV, Py fo)e]

t=0
=~ [(VV, VU Vo)) = (LvV, Vo) 1w (rea)- ®

Using Ly V as a (conjectural) gradient of the entropy functional 2" (V'), the (upward)
gradient flow of 2°(V) is given by the heat equation V, = Ly, V;. Solutions to the cor-
responding equation on My (C)%, were studied in the large N limit by [45] under the
assumption that V) was uniformly convex and semiconcave. In the paper, the equation
was viewed as a “mixture” of the flat heat equation V; = LV;, which can be solved explic-
itly using free Brownian motion, and the Hamilton—Jacobi equation V; = —(VV;, VVi)tr,
which can be solved using the Hopf-Lax inf-convolution semigroup. The earlier approach of
Dabrowski [28] applied the Clark—Ocone formula to study the solution on matrices through
a stochastic optimization problem. In the non-commutative setting, there are subtle tech-
nical questions about which stochastic processes to optimize over (and in particular, in
what von Neumann algebra these stochastic processes live in).
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The derivative of entropy along this gradient flow is computed in the same way as for
the classical Wasserstein manifold, namely,

d . -
52 Vo) = (LviVe, Vi, oy (reay = {Lvi Ve, Lvi Vi) vy, o (eay = B [(V Ve, V]

The right-hand side (under suitable assumptions) is the free Fisher information of Vi; see
[47, 16.2]. This is the motivation for Voiculescu’s definition of the free Fisher information
and free entropy x* in [91]. Of course, it is challenging to make this computation rigorous
for general V; for further discussion, see [7], [28], [45], [47].

Since Vt =Ly Vi = —V*‘}t VV4, in light of Lemma 5.10, there is a natural family of
transport maps f; associated to the path t — V; given by

t
ft:id—l—/ VV, of, du.
0

These equations were used in [46] and [47, §17] to construct transport in the non-
commutative setting. Of course, the classical analog of these equations has been well-
studied, since it comes naturally out of Lafferty’s insight that the transport provides local
coordinates for the Wasserstein manifold [54, §3] and Otto’s result that the heat equation
is the gradient flow of the entropy functional [69]. The transport maps arising from the
gradient flow were also used by Otto and Villani in their proof of the Talagrand inequality
[70, Theorem 1].

More generally, one can write down the gradient flow of the relative entropy functional
2w (V) = X (bv) = Xx“(uv) — frv (W).
Using Proposition 9.1, the natural guess is that
52w V)V = (LvV, V) (weay — (V, Ly W)z, o m-a),
that is, that V — Ly [V — W] is a gradient for Zy . The gradient flow thus becomes
Vi = Ly, [Vi = W] = LV, = LW — (VV;, VV))ix + (VW, YV )ir,

and the vector field for constructing transport is V[V; — W]. It would be very in-
teresting to study this equation when Vy € # (R*?) is arbitrary and W is close to
(1/2)(x, x)¢, in order to obtain a “transport” proof that W satisfies the non-commutative
Talagrand inequality, parallel to [70]; for an SDE proof of the free Talagrand inequality,
see [42].

The case where W = (1/2)(x, x)+, was studied in [46, 47], and in fact the conditional
version of the equation was used to construct triangular transport to the Gaussian case.
That paper was able to show W* triangular transport using functions that were only
approximated in uniform ||-||2 by trace polynomials rather than in uniform ||-|| . However,
since many of the ingredients for that argument have been proved here with the new
function spaces CF (R*?), it is likely that the same argument would work to produce C*
triangular transport under the assumption that |OVV —1d| g¢,, (=4, #1) is bounded by
some universal constant smaller than 1. That is, it is likely unnecessary to assume bounds
on the third derivatives to obtain the result of Corollary 8.24.
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9.3. Geodesic equation and optimal transport

DEFINITION 9.6 (Geodesic equation). The geodesic equation on # (R*?) is the pair of
equations

{‘/;5 = L\Qd’n
bt = — 3V, Vi)

The first equation is called the continuity equation and the second one is called the
Hamilton—Jacobi equation.

The above equation arises as the large N limit of the geodesic equation for densities
e NV on M ~(C)4, after expressing it in log-density coordinates and using the normal-
ized Laplacian (1/N?)A and renormalization of time. Moreover, we could formally derive
it as a Hamiltonian flow as in the classical case (Lemma 2.36), relying on Proposition 9.1
to differentiate iy [(V¢, V)] with respect to V. At present, in order to highlight the
connections with optimal transport, we will give a heuristic derivation based on minimizing
length, which is closely parallel to the classical case (and also related to the Hamiltonian
formulation).

Consider a smooth path [0,7] — # (R*?) : ¢t — V; such that V; satisfies Assump-
tions 5.14 and 5.16. With appropriate continuity assumptions, it makes sense to write
down

T
/ (Ve Vi) 1y (may dt.
0

If the curve t — V; is a geodesic, then it should minimize this quantity over all paths with
the start and end points Vo and Vp. Assume that iy, [Vi] = 0, and let ¢, = =Ty, V; (plus
an arbitrary constant), so that Ly, ¢: = V;. Then

T T
/ (Vi Vid o ety it = / i (Vb0 Vou e d.
0 0

Assume we can solve the equation f, = V¢ o f; to obtain a path of diffeomorphisms f;
satisfying V; = (f;).Vy as in Lemma 5.10. This implies under appropriate assumptions
that (f;).pv, = pv, by the same reasoning as in Proposition 6.28. Then note that

/0 v (Y, Vo)) d = / (6 five ) (Vbe, Vo] dit

T T o
= / fv, (Ve o £, Vi o fy) | dt = / Aoy [(£r, £1)er] dt.
0 0

Now we could have replaced V¢, by an arbitrary vector field hy satisfying —V7, hy = 0, and
then the diffeomorphisms g; generated as the flow along h; would also satisty (g;)«Vo = V4.
However, since ker(V7, ) and Im(V) are orthogonal with respect to uy,, we would have

T

T T
/ v [(&0, &0es] dt = / fiv [(he b dt > / i [(V e, Vou) o] dt.
0 0 0

Thus, we expect that f; minimizes fOT v, [(ft, f't>tr] dt among all paths f; of diffeomorphisms
satisfying fo = id and (fr).Vp = V.
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Next, we use minimality to show that f,=0in L2 (v, )- Let t — hy be a smooth map
[0,T] — C2(R*)4 such that dh; and 9%h; are uniformly bounded, hg = hy = 0. Let
8¢, be diffeomorphisms given by

d
de
or in other words g;. = exp(eh;). Note that gy = gr,. = id. Using e.g. the integral
equation for g; ., one can show that (¢,€) — g and (f,€) — gt o f; are continuously
differentiable maps into C, (R*?)Z | similar to classical ODE results on smooth dependence.

sa’

8t.e = h; o Bt.es 8t.0 = id,

Therefore, by minimality,

d r d d
i —lgrcofy], —lgrcof, dt
e_o/o Hvo [<dt[gt’ ° &l dt[gt’ ° t]>tr]

0 = &
[gt,e o ft]a ft> :| dt
tr

2/T~ dd
)y M\t de|

T d . T .
—o / ﬂv0[<[htoft],ft> }dtz—z / v [ (e o £, B d,
0 dt tr 0

where we have used integration by parts. Since h; is arbitrary except for its values at the

endpoints and since f; is invertible, we get f; = 0 in L?(uy, ) for t € (0, 7).

Due to degeneracy of the metric, this does not imply that f, = 0 in Cir (R*)4,
Nonetheless, let us proceed to impose the condition f, = 0; although this is a leap of faith,
it is plausible because the same equations would hold in the random matrix setting. By
computation

f, = %[Véf’t ofy] = Vﬁlgt ofy + [0V, o fy] # f,
=V, of, + [0V o fy] # [V o fy] = [Vy + OV, # V] o fy.

Hence,

Vi + V¢ # Ve = 0. (9.3.1)
But note that V(V¢y, Vi)t = 20V # Vi, which follows from the computation
(VT (X), VI (X)), Y)r = D[V (X), Vi (X)) Y]
= (Vo7 (X), 0V (X)[Y]),
— OV (XY (X)), Y)s
where we use the fact that (VO¢)* = V¢ since ¢ is real-valued. Therefore, (9.3.1) becomes
V(b + L(Vi, V)] = 0.

Thus, we can modify ¢; by an additive constant (depending on t) to achieve that q-St =
—(1/2){V ¢, V). This is exactly the Hamilton—Jacobi equation, so our derivation is
complete.

If ¢, satisfies the Hamilton—Jacobi equation, the same computations show that f, = 0,
and hence f; = id + tfy = id + tVg. Thus, V; = (id + tV¢).Vy for some ¢, or in other
words, a path in 7 (R*?) that solves the geodesic equation is a displacement interpolation
just as in the classical case.
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However, does such a displacement interpolation actually minimize the Riemannian
distance? If f; is any family of transport maps with fy = id and (fr).Vy = Vi, then (still
assuming the validity of (fr).pv, = pvy)

o o 12
iva [ (B — id, £ — id)u] /2 < / ﬁv0[<ft,ft>tr]1/2dtsT“Q( / ﬂv0[<ft,ft>tr]dt)
0 0
1/2

T
= T1/2 (/ <‘/;f7 ‘/t>TV7//(R*d') dt) 3
0

and equality is achieved when f, is constant. Hence, to show that a family of transport
maps f; is minimal, it suffices to show that fr minimizes jy, [(f —id,f — id>tr]1/2 among
all £ with f.pv, = py,. And this is a much stronger condition since we could easily have
f.py, = vy, without £,V = Vi due to the degeneracy of the Riemannian metric.

The quantity fiv; [(f; —id, f; —id);]'/? is related to the non-commutative L> Wasserstein
distance of [11] defined as follows.

DEFINITION 9.7 (Non-commutative L? coupling distance). As in [11], for u and v € %,
we define

dwa(p,v) =inf {|X - Y|2: X, Y € AL, (A, 7) € W, A\x = u, \y = v}.

If (A4,7) and X, Y € A% achieve the infimum above, then they are called an optimal
coupling of p and v.

REMARK 9.8. The existence of optimal couplings is immediate from compactness [11,
Proposition 1.4]. Indeed, let TI(, ) be the set of m € Yg4 such that the marginals on the
first and last d cooordinates are p and v respectively. Then II(y, v) is contained in Y4
. 1/2 . . . .
and is compact. Because m — (x —y,x — y)x ~ is a continuous function on II(yu,v), it
achieves a minimum. However, it is challenging in the non-commutative case to establish
any regularity for the optimal coupling, and indeed we know that there are many non-
isomorphic diffuse tracial W*-algebras [71], so we do not expect optimal couplings to be

given by transport functions in general.

Returning to our geodesic V; = (id +tV¢).Vp, we want to show that id 4+ ¢tV ¢ provides
an optimal coupling between uy, and py, where Vi = (id + tVe).py,. In fact, since the
potential V; and the interpolation id + tV¢ are no longer important for the proof, let
us proceed more generally. Forgetting about V; and renaming (1/2)(x,X)¢, + t¢ as ¢, it
suffices to show that if OV ¢ is close enough to Id, then V¢ provides an optimal coupling
between u and (V). for every non-commutative law p. That is the content of the next
proposition. This is a non-commutative version of one of the easier implications of the
Monge—Kantorovich characterization of transport, and it holds without any assumption
that p is a free Gibbs law or even Connes-approximable.

PROPOSITION 9.9 (Optimality of certain transport maps). Let ¢ € tr(CE(R*?))g, for some
k > 2. Suppose that for some K > 0, we have [|0V$ — K 1d||gc,, r+a,.41y2 < K. Then for
every u € X4, we have

dwa(p, (VO)sp) = a[(Vd —id, Vo — id)w].
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In other words, if X is a self-adjoint d-tuple from (A,7) € W, then X and V7 (X) are
an optimal coupling of Ax and (V). Ax.
In the proof, we “reverse-engineer” the Monge-Kantorovich duality. We must first

construct the Legendre transform of ¢ of ¢. The Legendre transform in the classical
setting is a convex function given by

¥(x) = sup[{z, y) — o(y)].
If ¢ is smooth and strictly convex, then the infimum for 1 (z) is achieved at y = (V¢)~1(z).
Hence, the cheapest way to obtain a smooth Legendre transform for a smooth non-
commutative function ¢ is to invert V.

LEMMA 9.10 (Smooth non-commutative Legendre transform). Let ¢ € tr(CE(R*)), for
some k > 2. Suppose that for some K > 0, we have ||[0V$ — K Id||ge,, (r=d,.a1y¢ < K. Let
g be the inverse of V¢ as in Proposition 3.25, and let ¢ be given by

YY) = (Y, g (X)) = 647 (g7 (Y), 9:3.2)
Then for all (A,7) € W and X € A%, we have
GATY) = sup [(Y,X), — 677 (X)) (9.3.3)
XeAd

Moreover, Vi) = g and hence ¢ € tr(CL(R*)).
Proof. Fix (A,7) and Y,Z € A% Let h: R — R be given by
h(t) = (Y. g7 (Y) +tZ), — ™7 (g7 (Y) +1Z).
Then
W (t) =Y. Z); — (Vo7 (g7 (Y) +1Z), Z),
and
h'(t) = —(0Ve™T (g7 (Y) +1Z)[Z], Z),.

Because ||0V¢— K 1d||¢, < K, we obtain h”(t) > 0, so h is concave. Also, since Vpog = id,
we have h/(0) = 0. Therefore, h is maximized at ¢t = 0, so that

(Y, g7 (Y)+2Z), =7 (g (Y) +Z) < (Y, g7 (Y))r — ¢ (g7 (Y)) = o7 (Y).
By substituting X — g7 (Y) for Z, we obtain (9.3.3).
Next, by direct computation,
(VOAT(Y),Z)- = O[(Y, g™ (Y))r — 67 (g7 (Y))][Z]
= (Z,g"7(Y))r + (Y, 087 (Y)[Z]),
— (Vo (g*7(Y)), g7 (Y)[Z]),

= (Z,g™7(Y)).

Hence, Vi) = g, and so 9 is CE by the chain rule. =

Proof of Proposition 9.9. Let X be a self-adjoint d-tuple from (A, 7) with non-commutative
law y, and let v = (V). . As in the previous lemma, let g = (V#) ™! and let 1 be the
Legendre transform of ¢. Writing Y = (V) ~(X), we have

(Y, X), = (Y, g7 (Y))r =7 (Y) + 077 (8(Y) = 7 (Y) + ¢ (X).
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If X’ and Y’ are any other d-tuples from some (B, o) with the same law as X and Y, then
by (9.3.3),

(Y, X')g <957(Y') +¢57(X') = 07(Y) + ¢7(X) = (Y, X),

where we have used the fact that evaluation of ¢ and v only depends on the non-
commutative law of the argument. Therefore, the coupling X, Y maximizes the inner
product and therefore minimizes the L2-distance (since || X||3 and [|[Y||3 are uniquely
determined by the fixed laws p and v). Hence, we have an optimal coupling. m

REMARK 9.11. Proposition 9.9 partially answers a question of [40, §5]. That paper con-
sidered the free Gibbs law uy with V' = tr(f) for some non-commutative power series f
on an operator-norm ball of some radius R, and showed the existence of another power
series ¢g such that (id + Vtr(g))«oc = py where o is the law of a semicircular family.
Moreover, tr(g) goes to zero in a certain power-series norm as tr(f) goes to zero. The
paper did not settle whether the transport map constructed there was optimal, but we
can prove this with Proposition 9.9 if tr(g) is small enough. Let v : R — [-R, R] be a
smooth compactly supported function with v(¢) =t for t € [-R, R]. If tr(g) is sufficiently
small, then ¢ = tr(g) o (y(z1),...,7(zq)) will satisfy |0V | pc,, (r=e,.z1)s < 1. Hence,
Proposition 9.9 shows that id + V¢ defines an optimal coupling between o and p.

9.4. Incompressible Euler equation and inviscid Burgers’ equation

DEFINITION 9.12. Let V satisfy Assumptions 5.14 and 5.16. Let Py = V¥V, and let
ITyy = 1—Py be the Leray projection. The (tracial non-commautative) incompressible Euler
equation is the equation

{at = —IIy [Ou, # uy),

’{/ut =0.

This equation was formulated in the framework of non-commutative polynomials (and
from there a certain completion of the space) in [98]. Here Voiculescu imitated the approach
of Arnold in the classical setting. Arnold related the incompressible Euler equation to the
geodesic equation on the group of diffeomorphisms on some Riemannian manifold that
preserve a given measure; more precisely, if ¢ — f; is the geodesic, then u; = f, 0 ft_l, that
is, the right-shift of the f; to a tangent vector at id.

The non-commutative incompressible Euler equation could be derived by normalizing

the classical incompressible Euler equation on My (C)%,, but we will give a direct heuristic
based on geodesics minimizing length, similar to the earlier derivation of the geodesic
equation on % (R*?). Recall that 2(R*?, V) is the group of non-commutative diffeomor-

phisms f with f,V = V. A semi-inner product can be defined on TiqD(R*?, V') by

(h1,ho)p prea vy = fv[(hi, he)w].

We extend this to a right-invariant formal Riemannian metric on 2(R*¢, V). Since the
diffeomorphisms are elements of the vector space CZ(R*?)4

a» We can view tangent vectors
at f concretely as elements of Cy, (R*%)4

d . and the right-shift by f~! of a tangent vector h
at f produces the tangent vector hof~! at id. Since f preserves V and hence (again under
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some reasonable assumptions) uy, the Riemannian metric at an arbitrary point is given
by the same formula as at id.
Suppose that [0,7] — 2(R*4, V) : t +— f; minimizes the integral

/ ﬂV[(fm ft>tr] dt
0

over all paths with the same start and end points. Let u; = f; o ft_l7 so that f; = us o f;
and V{,u; = 0 by Lemma 5.10 since f; preserves V. Let h; be another time-dependent
vector field with bounded first derivative such that hy = hy = 0 and Vi /h; = 0. Let
g = exp(ehy), and note that g, . is in Z(R*?, V) by Corollary 5.11, hence g; . o f; is
another candidate for the minimizer. Thus, as in the previous section,

d T d d T d d
i g £, ey f = i aled
5_0/0 Hv |:< dt [gt,e tL dt [gt,e t]>tr:| dt 2/0 Hv |:<dt de

" de
T .. T .
= —2/ fv[(hy o fy, £)e,] dt = —2/ fv[(he, £ o £ 1)) dt.
0 0

Now h; was arbitrary with Vi,h, = 0 and hg = hy = 0. Although we have not proved
that elements of ker(V7,) with bounded derivative are dense in ker(V3,), we proceed under
the assumption that f; o f; is orthogonal to ker(V7,). Then, despite the degeneracy of the
Riemannian metric, we posit that f, o f; is a gradient, or that ITy, [f't of;] = 0. But note that

O[gt,eft],m>tj it

€=

ft = @[ut o ft] = U © ft + (5ut o ft) # (ut o ft),

hence
Hv[ut + (9ut # ut] =0.
Now IIy 1y = 4, so this is the incompressible Euler equation.

One can also proceed using Arnold’s framework for geodesics on Lie groups with a
right-invariant Riemannian metric. He showed that the angular velocity u; of a geodesic
must satisfy 1y = —B(uy, u;), where B is the bilinear form on the Lie algebra defined
by ([hi,hs], hs) = (B(hg, h;y), hy). This was the approach followed by Voiculescu [98]
in the non-commutative setting. We present here a version of [98, Lemma 1] for tracial
non-commutative smooth functions.

LEMMA 9.13. Let V satisfy Assumptions 5.14 and 5.16. For hy, hy € ker(Vy,), let
B(hy, hy) :=IIy[0hy # hy + (Ohy)® # hy].

Then for hy, hy, hs € ker(V3,) N C2(R*) L, we have
fiv [([h1, ho], hg)e] = fiv [(B(hs, hy), ho)e.

Moreover,

B(h,h) = Iy [0h # h].

Proof. Note that
V(hg, h3)i; = (0h2)* # hy + (Oh3)* # ha,
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which we can see from evaluating at some X € A% and pairing with a tangent vector
Y € A?. By Proposition 5.19, h; is orthogonal to gradients. Thus,

fiv[(hy, (h2)* # ha)ie + (hy, (Ohs)* # hy)y,] = 0.

Therefore,
fv [([h1, ho], h3)e] = fv [(Ohy # hy — Oha # hy, hs)y,
= fiv[(hy, (0hy)* # h3)] — fiv[(hy, (Oh2)* # hs)y]
= Av[((Oh1)* # h3, hy)] + iy [(hy, (Ohs)* # ha)y]
= v [((0h1)* # hy + Ohg # hy, ho)y].

Since hy is in the kernel of V3,, we have hy = Ilyhy. After inserting the Iy into the
equation, we can move it to the other side of the inner product by Proposition 5.19(5) to
obtain ﬂv[<B(h3, hl), h2>tr]~

For the second claim, note that (0h)* # h = V(h, h),, and thus it is killed by IIy .
The only remaining term is IIy [Oh # h]. =

The formula ; = —B(uy, u¢) clearly gives the same incompressible Euler equation.

We remark that the geodesic equation on 2(R*?) can be heuristically derived in a similar
way. Fixing V, we can define a right-invariant Riemannian metric by (hi, ha)7, o g+
= jy[(h; o £71 hy o f£1);;]. The minimality condition results in f, o f;"! being zero
in L?(py)?. We posit that £, is actually zero, which results in the equation

W = 0wy # uy,

where u; = f"t o f{l. This is the tracial non-commutative inviscid Burgers’ equation. The
case where u; = V¢, gives exactly the Wasserstein geodesics.
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