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Abstract

A classical problem describing the collective motion of cells, is the movement driven by con-
sumption/depletion of a nutrient. Here we analyze one of the simplest such model written as a
coupled Partial Differential Equation/Ordinary Differential Equation system which we scale so as
to get a limit describing the usually observed pattern. In this limit the cell density is concentrated
as a moving Dirac mass and the nutrient undergoes a discontinuity.

We first carry out the analysis without diffusion, getting a complete description of the unique
limit. When diffusion is included, we prove several specific a priori estimates and interpret the
system as a heterogeneous monostable equation. This allow us to obtain a limiting problem which
shows the concentration effect of the limiting dynamics.
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1 Introduction

A classical problem describing the collective motion of cells, is the movement driven by consump-
tion/depletion of a nutrient [11, 17, 18]. The simplest description uses a number density of cells u.
and a nutrient concentration v.. It is written

atus - Eagxua = %US(US - /’[/)7 t Z 07 HAS R? (1)

Ove = — U,
completed with initial data u?, v2, such that

sugeLi(R), 0<vm§vg§vM<oo, U < b < Upf.
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We have introduced a parameter ¢ which measures the time scale of the cell random motion compared
to nutrient consumption. Our interest here is when this parameter is small because it is a case when a
pattern is produced under the form of a high concentration of cells despite the parabolic character of
Equation (1). In fact this phenomena is closely related to concentration effects in non-local semi-linear
parabolic equations as studied intensively recently, see [9, 19, 6, 16] and the references therein. This
analogy leads us to postulate that u. concentrate as Dirac masses at points where v. undergoes a
discontinuity.

The scale proposed here, which is chosen to produce a distinguished limit, is usual for semi-linear
diffusion equations and has been studied for local problems in classical works, [10, 1]. The most efficient
method is to use the Hopf-Cole transform and viscosity solutions of Hamilton-Jacobi equations [8, 7].
We restrict our analysis to one dimension to explain the solution structure as depicted in Figure 1 but
significant parts of our analysis can be extended to several dimensions.

Several related studies can be mentioned. Coupling Ordinary and Partial Differential Equation is
rather classical in different areas: for pattern formation, see [12] (study of existence and stability of
stationary solutions), modeling of two species dynamics with an unmotile specie [5, 20] for instance.
Traveling waves with a non-motile phase have also been studied, see [21] and the references therein.
However we are not aware of any analytical study related to the scaling proposed here.

\

y u T T T y T
o 0.2 0.4 0.6 o8 1 1z 14 16

Figure 1: Traveling wave solution of Equation (1). In blue/solid line the component u.. In red/dashed
line, the nutrient v..

Our approach combines a reformulation of the problem which leads to a heterogeneous monostable
equation for v. and the standard Hopf-Cole transform as mentioned above. This a convenient tool to
represent the Dirac concentration of u. under the form exp(p(t,z)/e) where ¢ behaves like a quadratic
function.

In Section 2, we begin with a simpler case where we omit the diffusion on wu., arriving to a system
of ordinary differential equations which can be solved nearly explicitly. This allows us to introduce
the tools which are used in Section 3 where we state and prove the concentration effect. Several
related questions are detailed in appendices: the particular case of traveling waves, and some Sobolev
regularity results.



2 The problem without diffusion

We begin with the simpler case where diffusion is ignored and where we can give a complete description
while introducing the main tools for the general problem. We are reduced to a system of two differential
equations with a parameter x, which solutions however behave as a front propagation in space, namely

{Gtue(t,:n) = %ug(vE —p), u(t=0,2)=ul(x) >0, t>0, x €R, @)

OUe = —UgVs.

We define
Q) =v—plnv,
and observe that Q(v) is a strictly convex function with a minimum at v = . Moreover Q(v) converges
to +00 as v — 0 or v — co. Given an initial condition v?(z) this allows us to define two branches

v (2) and v (z) s.t. Q(v2(x)) = Qv (x)) = Q(v(2)) and v? (z) < p < v} (z) provided v¢(z) # p.
We assume there are constants @, and (Qys such that

For z <0, v2(z) < p, and for z >0 vl(z) > p,

Ql(z)) +eud <Qu,  Q(x)) > Qm > Q(p) for allz #0, (3)

v? — ¥ pointwise for z # 0.

In other words v has an initial increasing discontinuity at # = 0 because of the assumption Q(v?(x)) >
Qm > Q(p) and stay away from p even as x approaches 0. For the cell density, we assume that in the
weak sense of measures, as € — 0, for some fixed constant p° > 0,

(4)

ul = exp(%g) — p%(z) in the weak sense of measures,
@2 =" in C(R), % < 0 for = # 0.

In this framework, we can describe the behavior of solutions as follows

Theorem 1 Assume (3)- (4) and that sup, [ ud < co. The solution of (2) has limits u. — u (weak
measures) and v. — v (strongly in LY in time and space) and, for x > 0 there is a time 7(z) and
V2 (x) < p < 0%(z) such that
)

(z) v(t,z) = v0(x) fort < 7(x), v(t,z) =00 (z) fort > 7(x),
(it) u(t,z) = [hwo( ) —Ino? (2)]6(t — (),

(i1i) T(x) = —ng&(ﬁ)u with ¢ defined by (8).

loc

For x < 0, we have v(t,x) = v°(z).
Proof. A remarkable property of the system (2) is the identity
Oleus +ve — plnve] =0,

which implies
cuz + Q(v:) = Q(vl(x)) + eul < Qur, Vr €R. (5)

Using this inequality and the fact that v, decreases in time, we first conclude for x < 0, ve — p < 0
and thus u.(t,z) — 0 as ¢ — 0, therefore v.(t,z) — v%(z). More precisely, there exists n > 0



st. ve—p < —ponx < 0 for all t. Thus u(t,z) < e "cul(z). Since v. < p, we also have that
[v=(2) — 0%(2)] < C1Q(ve()) — Q(°)[/? s.t. from (5)

0 0 0
[ etta) o @ldr <0 [ 1QMeta) - QMO dr < 0 [ (o) + el ) 2 do
R —R

- R
< CR€1/2 + CRein/QE,

implying the convergence of v. on L>°(R, Lf oc

) for any p < co.

For x > 0, we conclude from (5) and assumption (3), that there are constants such that
Um < Us(tvx) <oy (6)

Also, integrating the second equation of (2), we have for all T' > 0,
T
/ us(t, z)dt = Inv?(z) — Inv.(T,z) < C(T),
0

and since we expect that u. is a concentrated measure, we define . = elnu.. It satisfies
Oype = v — ¢ is bounded in ¢ and . (7)

We can argue = by z and define as ¢ — 0 (after extraction of subsequences, but the uniqueness of
the limit shows that it is the full family) the strong limits in LP([0, T) for any 7' > 0 for v, and in
Lye for ¢,

ve(t,z) = v(t, x), we — o(t, ).
By the dominated convergence theorem, since v. is uniformly bounded, we also obtain the strong
convergence of v in LP([0, T] x [-R, R]) for any T, R > 0.
We can also define the weak limit

us(t,x) — m(t,z) >0 MH0,T).

These limits satisfy the equations obtained passing to the limit in (2) and (7)

Opp(t,x) =v — p, o(t,z) <0
O¢In(v) = —m(t, x), supp(m) C {p(t) = 0}. (8)
Q(uv(t, z)) = Q(°(x)).

We observe in particular that for any fixed z, if E.(z) = {t, ¢-(t,z) >/}, then from the bound on
f(;f us(t, ) dt, we get that
|E.(z)| < Ce YVe 50, ase—0.

The strong convergence of . proves that, at the limit, o < 0. With a similar argument, one can
show that u. is exponentially small on {t, ¢(t) < —/e}. Since ¢ is uniformly Lipschitz in ¢, we have
convergence of the corresponding level sets and this implies that supp(m) C {p(t) = 0}.

Because of this last equality, v(¢,z) belongs to one of the two branches vY (z) < v{(z) := v°(z) of
roots of Q(v(t,x)) = Q(v°(x)). Therefore v — y is away from 0 and there is a first time 7(x) such that
¢(7(z),xz) =0 and p(t,z) <0 for t # 7(x). This time 7(z) is also the jump time from one branch to
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the other for v as stated in (i).

We can also compute, from the above equation on Inwv, and this gives (ii), namely
Ue = =0y Inv, — u = [Invy(x) — Inv_(2)]0(t — 7(x)).

The time 7(x) is fully identified from the limiting system: By integrating the equation on (¢, z),
we find that

=
| 0(0,2) + 7(x) (0 (x) — p) + (t = 7(2)) (W2 (2) — ), t>7(x).

For z > 0, as v2(z) < pu < v°(x), (t, ) is strictly increasing in time for ¢t < 7(z), and strictly
decreasing for t > 7(x).
Furthermore by the second equation, we have that ¢(7(x),z) = 0. Hence this characterizes 7(z) as

0
(o) = —— 28
v(z) — p
This gives (iii) and identifies completely the limiting solution x by z.

Observe that we only define 7(x) for > 0. It would possible to extend (iii) to # < 0 since v° < u
for those z, since ¢%(z) is well defined for every x. This yields 7(x) < 0 for < 0, which is consistent
with (i) and (ii), though not very useful.

3 The full problem

When diffusion is included, the previous analysis, which uses fundamentally = by = convergence, does
not apply and the assumptions have to take into account the diffusion term. We also make more
general assumptions. For the initial data, we assume that

ul > 0, eul < C, / uldr < C, 9)
R
and, 0 = eInu? satisfies
el <O, 0ol <O @l(2) 2 ~C(1+ Jal), (10)
elo?, nvl| < C, 10, In 02| + |Ino?| < C. (11)

Then, recalling the definition Q(v) = v — plnv, we also use

w=Inv,  Qw)=0Q{)=e"— puw, (12)
and we can define uniquely two smooth branches of initial data wie by
Q) = Q) = Ql,),  wl, <hp<ul,. (13)
Note that assumption (11) provides corresponding bounds on w? and w?cﬁ, which are

wll + [wi | < O, |0pwl] + 10wl | < O, e]0z,ul| +e|dwl | < C. (14)



And we also use, for an unessential result, the stronger condition
ez, (w? —w® )+ ul < C. (15)

Finally, we use the notation |W|_ = max(0, —W).
Our main theorem now reads

Theorem 2 Assume that u? € C? N L' (R) and that assumptions (9)—(11) hold. The solution of (1)
has limits u. — u (weak measures) and ve — v (strongly in L} ) and, there is a time 7(x) and
V0 (2) < p < v%(x) such that

(i) v(t,z) =% (x) for a.e. x and t < 7(z), v(t,z) = v0(x) for a.e. x and t > 7(x),

(ii) u(t,z) = [Inv’(z) — Inv® (2)]6(t — 7()).

Compared to the case without diffusion in Theorem 1, there is no simple explicit formula for the jump
time 7(z). However, here it is also characterized by ¢(7(z),x) = 0 for the solution of an Eikonal
equation.

The end of this section is devoted to the proof of Theorem 2.

Our analysis is based on the observation that d; Inv. = —u,, thus, from (1), we get the identity
Oleus +ve — plnve + 52(9%1 Inv.| =0,
and consequently

€0y Inw, — 202, Inv. — Q(v.) = —Q(v°) — eul — 292, Inv?,

which we can write in terms of w, as

0w, — e20% we — Q(w.) = —@(wg) —eul — 202, wl. (16)

Notice that this is a monostable equation of Fisher/KPP type, where the steady states depend on .

A priori estimates on v..

Lemma 3 The inequalities hold
0<C <weltx) < w?ﬁe, (17)

and for any R, there is a constant Cr such that,
/|| |©(w€) - @(wg)“[{ws—wg <0} dx < Cre, vt > 0. (18)
z|<R ’

Finally, with the additional assumption (15), we have —C\/e +w’ _ < we(t,z).

Proof. For the first statement, on the one hand, we note that we necessarily have that for any =z,
wl(z) = w? (z) or wl(z) = wY (x). In both cases, that implies that wl(z) < w} (). Since v, is
non-increasing in time, so is w, and

wa(t,z) < wl(z) < w) ().



On the other hand, as d;w. < 0, we can deduce from (16), that
- 52831(1[}5 - wg,s) + [@(wg,s) - @(wi)] > _528:3:1:(102 - wg,z—:) - Eug' (19)

Using assumptions (9) and (11) (or more precisely (14)), one may bound the right-hand side by some
constant C' so that ~ N
—e2 0%, (we —w? ) +[Q(? ) — Q(we)] = ~C.

We conclude from the maximum principle that at a minimum value of w. — wo,ys, the quantity

@(wo,,s) — Q(w.) is controlled from below by —C. From the definition of @, the lower bound on
we follows. Note that assumption (15) is not required here as we do not need to show that the right-

hand side of (19) is of order ¢ but simply that it is bounded.

Define the negative part of f as f_ = max(—f,0) and observe that the usual convex inequalities
yield that 02, f Ijs<oy > —02,(f-). It follows from (19) that

- €2a§w(w€ - wg,s)* + [@(ME) - Qv(w(l,e)]][{wgf’wg <0} < €ug + €2|aa23:v(wg - w0—,5)|' (20)

Because the set {Ws.t. W —w? _ < 0} lies in the decreasing branch of Q, the quantity [Q(w.) —
Q(wo,,e)]][{ws_wg <oy Is positive. We integrate against some smooth non-negative 1 with vy = 1 on

0

B(0, R) and 1 compactly supported in B(0,2R). Since we have already proved that we — wZ _ is

bounded, we obtain the estimate

[ 1000 = Qo oy < Cne? <

| |<Rugd:17—|-€2 /|<R\8§I(wg—wg7€)]dx.
z|< TS

Using assumption (9) and assumption (11) concludes the second point of the lemma.
We may also use the specific assumption (15) in (20), we obtain that

_8283%36(“}8 - wg,s)— + [é(wf) - é(w(l,s)]][{wg—w9£<0} < Ce.
Recalling that [Q(w.) — Qv(w(iﬁg)]][{wsfwg _<0y Is positive, we conclude that
Q(wﬁ) - @(wg,s)][{ws—wg’5<0} < CE;

and thus the third statement of Lemma 3 holds, namely w, —w_ . > —C y/e.
O

Concentration dynamics of u.. We turn to the study of u. and begin with some simple estimates.
e Since u. = —0yw,, and using the bound (17), we find

T
sup [ uc(t,2)dt = suplul(e) - w.(e, 7)) < C(T), (21)
0 x

xT

and thus, integrating in space and time the equation on u., we also get

e /Rug(t, v)de = ¢ /Rug(x) d:r—i—/R/Ot ue(s, ) (ve(s, ) — p)ds dz < O(t). (22)
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e Next, we use the Hopf-Cole transform
we(t,x) = elnuc(t, x).
As usual, we compute that . satisfies the Eikonal equation
Bupe = €0y pe + |Opel” +ve — . (23)
We are going to show some uniform bounds on ..

Lemma 4 We have

Oppe(t,x) < C, VzeR, t>0 (24)
1020l Lo @) < 0ipelly, < Clp), Vp € [1,00), (25)

1
—Ct)(1 + |x]|) < @e(t, ) §2€1Hg—|—0(t)6, Ve e R, t > 0. (26)

Proof. Before proving the estimates, we observe that for a fixed € > 0, the system (1) is well-posed
on any time interval. Moreover by differentiating in x or ¢, it also follows that u. and v. or w. are
C'. Of course those bounds are not uniform in ¢ and, in fact, may behave very poorly with exp1/e
factors.

Still for fixed € > 0, we may now solve the viscous Eikonal (23) on ¢, since v, is now given and
smooth, having been obtained from (1). Since the viscosity is strictly positive, we obtain a C? classical
solution we, from [2] for example; but again with a priori very poor dependence on & on any bound.
This however allows to easily justify the following calculations.

For the time derivative, differentiating (23) and using the equation on v., we find

O (Ope) = Eag%a:(at‘/%) + 200005 (Orpe) — ueve < Eag%x(aﬁos) + 202005 (0rpe)
so that the maximum principle gives Oypc(t, x) < max, Oyp-(t, x)|=o which gives (24) thanks to the

assumption (10).

Next, we prove the Lipschitz bound. Consider any point z. that is a maximum in z of d,p. at any
time ¢ (standard arguments apply if the maximum is not achieved, see [7, 2]). Then 92, ¢.(x:) = 0
and we conclude, still using (24), that

|aw@e(t7xs)|2 = Oppe(t, o) +ve —p < C. (27)
Once 0, e € LgS, uniformly, standard parabolic estimates (see for example [13, 15]) provide a uniform
bound on 9;p. in Li’w for any 1 < p < oo.
Finally, since @, is uniformly Lipschitz in z, let . be a maximum of ¢., then
we(t,x) > max p.(t,.) — C|z — x|,

so that, using (22),
¢ (t,)/e —Cla—ze|/ € (t,)/
= > ug(t,:c) dx > emaxwe(t)/e o T—Te|/e o > — emax we (t,. s’
g R R C

which proves the upper bound in (26). The lower bound relies, as it is standard [2, 7, 3], on the
Cz?

V 1+|z|?

construction of a sub-solution. Here one can immediately check that —C(t + 1) — will work.

O




Compactness of v.. We introduce the quantity ®(z,w), defined up to a constant, by

(2, w) = |Qul(z)) — Qw)| = 0.

Lemma 5 With assumptions (11)—(9), we have

C T
sup  |Opw.| < —T, / / }@@(w,ws(t,x))‘ < CrR.
z€R,0<t<T € 0 J|z|<R

Consequently, by monotonicity of ® in w, v. is locally compact in LP((0,00) X R) for any 1 < p < oo.

Remark 6 [t is also possible to conclude from this lemma that we is uniformly bounded in L*([0, T], W% (R))
for some 8 > 0; see Appendiz B.

Proof. First of all, calculate

0,
010, we = —0pue = — :ESSOE Ug,

which yields, from the Lipschitz bound on ¢, in (27) and the estimate (21),
C(t)

e

t
ouet0)] < )| + S [ uclsyds <
0

Next, we write 8,[®(x, we(t, )] = 8,®(z, w.) + [Q(w?) — Q(w.)]dpw,. Since &, ®(x,w.) is bounded
in L, and thanks to the second bound in Lemma 3, we conclude that

T T 0y _
/ / |0, P(x,we)| < Crp+e¢ sup |8xw5|/ / |M\ < CrR. (28)
0 J|z|<R 0 Jiz|<R

|z|<R,0<t<T €

Since dyw. < 0 and w. bounded provide us with compactness in time, we conclude that ®(z,w,) is
compact and thus converges a.e. By monotonicity of ® in w,, we also conclude that w. converges a.e.

O

Convergence as ¢ — 0. We are now ready to study the limit as € vanishes.

e The bounds in Lemma 4 show that ¢. is locally compact in C'(R4+ x R) and hence, after extraction
of a subsequence that we still denote by ¢, there exists ¢ which is Lipschitz in space and with time
derivatives in LP such that

lpe — @l (0r)x(=rR,R)) = 0, ase—0, VI'>0, R>0.

We note that
—C(1+41t)=Clz| < p(t,x) <0. (29)

e From Lemma 5, we also conclude that v, converges locally; for any 1 < p < oo,
ve > v, we—=w=Inv in LP((0,T)x (—R,R)), VT >0, R>0.
e From the bound (21), we can also extract a subsequence such that, in the weak sense of measures,

ue = u, in M((0,T) x (=R, R)), VT >0, R>0.



We may pass to the limit, in distributional sense, in Equations (1) and get, as € — 0,
UgVe — UM, 8,5’(1) = ~u 8t’U = w-lim (_UE'UE) = —up,

which expresses that the concentration of the measure u. is exactly at the point where v. = u. And
from Lemma 3, we know that

Qw) = Qu), e, w(t,z)=uw’(x) or wi(z).
Since w is non-decreasing in time, we conclude that, for all z € S, a subset of R where w® = w?,
there is a unique time 7(x) such that w jumps from w® (z) to w9 (z) (with 7(x) = oo for x < 0), and

u(t,z) = [w] (z) —w? (2)]0(t - 7(2) Iesy,  @(7(@),2) =0.

Open questions. Uniqueness for the limit problem, which we proved when diffusion is ignored
(Section 2, is an open question in full generality. In particular it seems hard to determine more
properties about the set S, which depends on the initial data. In the monotone case when w®(z) =
w? (z) for z < 0 and w®(z) = wl(z) for z > 0 with u® = [[w%]]§(z), one can expect () be invertible
and to obtain a front located at some value z = X (t).
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A Traveling wave

Traveling waves are an intuitive way to understand, in a very particular case, the general behavior of
system (1). considering solutions of the form u.(x — ot), ve(z — ot), w: = Inv.. Recalling the notation
Q(w) = e” — pw, we arrive at an equation on the single quantity we(y),

—oew — 2w = Q(w.) — A,
with the conditions at infinity

we(—o0) =w_ <lnp,  w.(+o0) =ws >p, A= Qw) = Quy).

This is just a Fisher/KPP monostable equation with w, the unstable state and we know from the
general theory [14] that there is a traveling wave with minimal speed o, which is characterized by the
property of a double root for the polynomial

—oed — 2N = Q' (wy),
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that is o, = 21/Q’ (w4 ). In our analysis, this value o, also appears in the limit of Equation (23), that
is the Eikonal equation
Oep = |0s0l” + 0 — p,
which for the traveling wave problem generates a solution ¢(x — ot) with
12

oo’ (y) = &' W)* +vx(y) — p,

where vy (y) = v— for y < 0 and v4(y) = vy for y > 0. The limiting minimal speed traveling wave
solution is

p_y <0 for y <0,
e(y) =
pry <0 for y >0,

and p, is the double root of the polynomial —o,\ — 2\ = @' (wy) = v4 — p. This approach based
on the concentration as a Dirac measure of u. differs (but is restricted to one dimension) from the
general front propagation theory in [1, 4] based on the quantity v..

B A Sobolev estimate

We may use the bound (28) to obtain Sobolev regularity on v, by controlling

T
£ h - Ve
sup// [ve(= + )9 ! (x)|dmdt, (30)
inj<1Jo Jje|<r Al

for some appropriate value of 6.
This requires to be a bit more precise on the set where the initial data v. crosses u. Specifically, we
assume that there exists some constants C' > 0 and x > 0 such that for any § > 0

{a, [02(z) = pl < 8} < Co~. (31)

Observe that when |h| < /(=9 then by the Lipschitz bound on v. (which follows immediately
from that on w;), then

T

€ h - Ue —

/ / [ve(@ + 1) — ve (@) dz dt < Cr g ||0sve| L |R]*0 < Ch,
0 J|z|<R |h|? ’

so that we can limit ourselves to h > ¢t/(1=0),
For some « > 0 which we later relate to # and some constant C, denote

Q- ={(t,x) € [0, T] x B(0, R), w? . — [B|* < w.(t,x) <Inp—[n|*/},
Qp ={(t,z) €[0, T] x B(0, R), we(t,x) > Inp+ |h]*/?},
Qo = {(t,z) € [0, T] x B(0,R), Inp — |h[** < w.(t,x) <Inp+ |A[*? or we(t,x) < w’ _ — |h]}.

Observe that when (¢, z) € g then

t h) — t
sup / ‘UE( 7x+ )9 U&( 7x)| dl’dt
el/(1=0) <|p|<1 Y (t,2)€Q0 or (t,xz+h)EQo ’h‘
<2 sup v dxdt

0
el/(A=-0)<|p|<1 ‘h’ (t,x)eQo or (t,x+h)eQy

11



We note that if w.(t,2) < w® _(x) — [h|* then

Q(w:) = Q(ul)| = [h]*/C.
Similarly if In p — |h|*/? < w.(t,2) < Inp+|h|%? but w(z) < Inp—2|h|*/? or wd(z) > Inpu+2|h|*/?,
then we have again _ N
Q(we) = Q(u2)| = |pI*/C,
as Q(w) has a minimum at w = In y but is strictly convex.
Hence by (31)

c (T ~ ~
Q] < — / / 1Glws) — QGud)| dedt + {2, W(e) — Inp| < 2|2}
k> Jo JB(o,R)

c (T - N
S, Lo Q) ~ QDI drat s O

We therefore obtain that

t h t
sup / ‘UE( x—i_ )9 8( 7x)|d$dt
el/(1=0) < |h|<1 Y (t,2)€Q0 or (t,z+h)EQo ‘h"
// Qw @(wo)]dxdt—kC'h'm/g <C
- >~ UT R,
el/(— 9)<\h|<1 ’h‘ |h|a B(OR e) : ‘h|9
by Lemma 3 and provided that k«/2 > 6 leading us to take a« = 26/k and (a + 0)/(1 — 0)
(1+2/k)0/(1-0) < 1. It is always possible to satisfy these inequalities provided that 6/(1—0) < 1 +2/R
We can consequently exclude the case where (¢,x) € Qg or (t,z + h) € Qp when bounding (30).

The BV bound (28) also directly controls the case where (t,2) € Q_ and (t,z + h) € Q4 (or
vice-versa). Indeed in that case, we necessarily have that w9, > w® _ 42 |h|*/? and 9, ®(z,w.) =

@(w?) — Q(w,) has a sign between w— . and wy . so that there exists a constant C' s.t. (again at least

locally)

’h‘?) a/2
o
By our definitions of 2_ and €2, and taking C' large enough, this implies that

|(I)(x’ w(l,e) - (I)(ZUa wg—,e)‘ >

|h|3a/2
C

|®(x, we(t,z + h)) — P(x,w:(t,z))| > if (¢,x) € Q_ and (t,x + h) € Q4.

Therefore

(t,z)eQ—_ and (t,x+h)eQy ‘h‘ ’h" (t,x)€Q— and (t,xz+h)eQ

|h|9+3a/2 / / BO.R) (z,we(t,x + h)) — ®(z,w:(t, z))| dxdt < CT’R|h|17973a/2’

by (28). This is bounded as long as 6 +3a/2 =0 (1+3/k) < 1.

We are finally able to focus on the case where for example both (¢,2) € Q_ and (t,z + h) € Q_.
Note again that d,®(z,w.) = Q(w?) — Q(w.) vanishes once with a change of sign at w, = w_ . for
(t,z) € Q_. Therefore w — ®(z,w) is injective on w € [w® ., Iny — |h|*/?] for some constant C' and

|’LU1 - w2|3 < c ’(I)(x7w1) - <I>(1777*“2”7 wy, Wa € [ —57 lnlu’ - |h|a/2]'
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Since we > w? _ — [h|* on Q_, this implies that for both (¢,z) € Q_ and (t,2 4+ h) € Q_, we have
lwe(t, x) — we(t, 2+ h)|> < C|®(x, we(t,x)) — ®(x,w(t,z + h))| + Ce®.

By a straightforward Hoélder inequality, we get

/ |U€(t7$+h)e_ fUE(t7x)‘ d:Cdt
(t,x)eQ— and (t,xz+h)eQy |h|
t h t,x)3 V2
< Crr / [we(t, 2 + )3; we(t, 7)l dx dt
(t2)€Q_ and (ta+h)eQ_ |hl
. 1/2
< Crn / |® (2, we(t,x)) — CIJ(x,;;JE(t,x + h))| + |h| dr dt <Crm,
(t,2)eQ_ and (t,xz+h)eEQ_ |h’

by (28) again, provided that 30 < 1 and « > 36. Since we chose o = 26/x, this last inequality holds

provided that x < 2/3, which we can always impose.

To summarize, we have obtained the desired bound (30) provided that # < 1/3 and § < 1/(1+3/k)

together with /(1 —0) < 1/(1+ 2/k).
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