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A Novel and Elliptical Lattice Design of Flocking
Control for Multi-Agent Ground Vehicles

Gang Wang, Mingzhe Liu, Fengchen Wang, and Yan Chen

Abstract—Flocking control of multi-agent ground vehi-
cles recently attracted rising attention because of its
strength in extending 1D platooning to coordinated 2D
movements. However, the uniform interaction ranges and
the non-defined orientation of the flocking lattice make
flocking control of ground vehicles face some key issues.
To achieve cooperative motions of connected and auto-
mated vehicles (CAVs), this letter proposed a novel and
elliptical lattice to extend the existing flocking theory with
a uniform hexagon lattice. The proposed elliptical lattice is
designed based on the characteristics of the vehicle head-
ing direction, velocity, minimum safety distance, and lane
width to analytically adapt to vehicle driving environments.
Moreover, a new flocking control law considering road
boundaries’ (permanent) repulsive forces is developed to
ensure the desired formation at a steady state. Simulation
results show that the proposed elliptical lattice of flock-
ing control can be applied to realize cooperative driving of
multi-agent CAVs with the desired formation on the road.

Index Terms—Flocking control, flocking lattice, multi-
agent systems, connected and automated vehicles.

[. INTRODUCTION

LOCKING, as a collective behavior, has attracted great
attention and research interest. To analyze flocking
behaviours, three types of agents, namely «-agents, S-agents,
and y-agent(s), are introduced to represent a group of coopera-
tive agents, obstacles, and (virtual) leader(s), respectively [1],
[2], [3], [4]. To regulate o« — « interactions in motion, con-
trol laws are designed to form (quasi) «-lattices, which are
typically in the shape of hexagons [2], [5], [6], [7]. Together
with control laws for @ — S interactions (to avoid obstacles)
and o — y interactions (to track leader(s)), some well-known
flocking rules for «-agents can be achieved, such as flock-
ing centering, collision avoidance, velocity matching, virtual
leader navigation, and obstacle avoidance [2], [4], [8], [9].
Recently, flocking control was applied to multi-agent ground
vehicles. For example, autonomous driving algorithms using
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flocking theory were proposed to perform different driving sce-
narios [10]. Two improved flocking protocols were introduced
to achieve lane-following and braking control [1]. Nonlinear
vehicle dynamics [3], [11] and permanent obstacles [12] were
investigated for flocking control of connected and automated
vehicles (CAVs). These works relied on uniform interaction
distances among vehicles («-agents) without considering the
influence of vehicle speeds and orientations on the formed
flocking lattice. However, the vehicle’s longitudinal speed is
usually much larger than the lateral speed, which indicates
that the lattice scale in the longitudinal direction should be
larger than that in the lateral direction. This common feature
of ground vehicle movements needs to be modeled in the appli-
cation of flocking control, which cannot be represented by the
existing uniform hexagon lattice.

To form different longitudinal and lateral inter-vehicle
spacing, a flock-like model with additional rules was
developed [13]. Specific triangular vehicle formations were
proposed via confidence analysis [14] or permission-based
strategies [15], while maintenance required lane-changing
tasks. For the first time, an adaptive spacing policy was
developed by the authors to describe nonuniform flocking
movements of ground vehicles via the design of elliptical
lattice [16]. However, the structure of the proposed ellipti-
cal lattice needs to be improved because the potential energy
of the flock may not reach the minimum value when the
velocity consensus is achieved. Another issue is that the ori-
entation of the elliptical lattice does not align well with the
lanes, which may cause vehicles not to move in the middle of
lanes.

To solve the aforementioned problems, this letter proposes
a novel elliptical lattice design and flocking control protocol
by considering the heading direction of ground vehicles. The
contributions of this letter are summarized as follows.

1) A new elliptical lattice is developed for vehicle forma-

tions by non-trivally extending our previous work [16].
Six «-agents on one elliptical lattice are defined instead
of four. The heading direction of an ellipse is aligned
with the velocity direction of the ego «-agent instead of
the y-agent.
The orientation of the proposed elliptical lattice is
defined and discussed for the first time. The Hamiltonian
function of an elliptical lattice is analyzed, and it is
concluded that in free space, the orientation cannot be
controled by the existing flocking theory [2].

2)
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3) A novel interaction between a-agents and (permanent)
road boundaries is defined, which serves as a penalty
term to achieve the desired flocking lattice. Moreover,
the relationship between the distance of lane boundaries
and the length of the semi-minor axis is established
to guarantee that the vehicle flock can move into the
designed (numbers of) lanes or spaces.

The rest of this letter is organized as follows. Section II
introduces preliminaries of flocking control and defines the
elliptical flocking lattice. The new flocking control protocols
for the proposed elliptical lattice are designed for free space
and a bounded road in Section III. Section IV displays three
simulation cases with different weights of @ — § interactions.
Finally, the conclusions are provided in Section V.

[I. PRELIMINARIES AND ELLIPTICAL LATTICE DESIGN

In this section, the background of flocking control will be
first introduced. Then, the desired elliptical lattice for multi-
agent ground vehicles by specifically considering practical
ground traffic will be discussed.

A. Preliminaries of Flocking Control

The kinematic equation of N point-mass «-agents working
on m dimensional Euclidean space is displayed in (1).

{%‘:Pi ieV. (1)

Pi = u;
where g;, p;, and u; € R™ denote the position, velocity and
control inputs of w-agent i, respectively. V = {1,2,...,N}. In
this letter, o-agent j is called a neighbor of «-agent i if the
condition |lg; — g;|| < r is satisfied, where r is the interaction
range for «-agents, and | - || denotes the 2 — norm operation.
In addition, the o — norm defined in [2] is given by,

1
-t/ 2 _
Izllo = —Ly T+ €llzl= = 11. 2)

The control inputs for a-agent i in free space are defined
by (3).
up = ul + ul)-/,
uj = cf ZjeNt‘?‘ da(llgj — qillo)mi
+ ZjeN;?‘ aij(Q)(pj — pi),
u; =y (qy —ai) + ¢y (py —po).

3)

where the u and ”3/ represent ¢ — o and o — y interactions,
respectively. Ni* is the set of spatial neighboring «-agents cor-
responding to a-agent i. n;; = (g — gi)/\/1 + €llgi — qill*.
a;j(g) is the element in a spatial adjacency matrix A(g) defined
in [2]. The action function ¢, (-) is defined as,

ba(2) = pu(/lI7llo)¢(z — lldllo). “4)

where pp(-) is a bump function, ¢ (-) is an uneven sigmoidal
function, and d denotes the desired lattice scale. The virtual
y-agent is commonly used to provide a virtual trajectory ref-
erence for a-agents (CAVs) path tracking. More details of
flocking theory refer to [2], [8].
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Fig. 1. (a) Flocking lattice in a circle with seven interacting «-
agents. (b) Flocking lattice in an ellipse with five interacting «-agents.
(c) Flocking lattice in an ellipse with seven interacting «-agents.
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Fig. 2. A new elliptical flocking lattice with six interacting a-agents.
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B. Elliptical Lattice for Multi-Agent Ground Vehicles

To achieve the desired formation of a flock, the lattice-type
structure of «-agents was utilized in the literature [2], [7]. In
this section, three different geometries of the flocking lattice,
as shown in Fig. 1, will be investigated.

The first flocking lattice in Fig. 1(a) is achieved by employ-
ing the control protocol in (3). Due to the characteristic of
the rigid or uniform interaction ranges and inter-agent gaps,
this lattice was classified as a rigid spacing policy in [16].
Moreover, the distance difference between a pair of interacting
a-agents and the constant lattice scale, d, is depicted in (5)
using the o — norm.

Idllo- &)

Accordingly, the equation (4) with e;; can be rewritten as,

bu (2, €ij) = pn(z/l7llo)¢ (ei). (6)

Fig. 1(b) shows an ellipse geometry for flocking lattice
in [16]. Four neighboring agents of w-agent i are located on
the semi-major and semi-minor axes of the desired ellipse.
However, some practical issues of this pattern exist for flocking
control of multi-agent ground vehicles. First, ground vehicles
typically will not move side by side on the road, considering
driving safety. Second, the potential energy does not reach the
minimum value, which makes this pattern hard to be achieved.

To address the above issues, this letter proposed a new
elliptical lattice, as shown in Fig. 1(c), where each ellipse
is generally centered at one «-agent with six neighbors. The
positions of these agents are displayed in Fig. 2. The coor-
dinates of two «-agents on the semi-major axis are (—dg, 0)
and (d,, 0), where d,, is the length of the semi-major axis. Let
[ be the lane width of a multi-lane road. The coordinates of
the other four a-agents are (d,/2, 1), (—d,/2,1), (—dy/2, —1),
and (d,/2, —I). Apparently, the seven «-agents are designed
to move along with three parallel lanes.

ejj = ”4j —qille —
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Next, the ellipse will be determined by calculating d, and
dp (semi-minor axis). It is well-known that the summation of
distances from any points on an ellipse to the two foci F| and
F> always equals 2d,. Thus, the six neighboring «-agents on
the ellipse satisfy the following equation,

lgi — Fill + llgj — F2ll = 2d,. (7)

Substituting g; = (da/2, D), F1 = (d.,0), F2 = (—d.,0), and

d. = ,/d‘% — dl% into (7), the semi-minor axis is calculated as,

2
dp = —I. 8
b NG ®)

Referring to equation (9) in [16], d, is defined in (9).

dy = thpr + Ia, ©))

where 13, denotes the time-headway, p, is the velocity of the
virtual leader, and p, is the minimum safety distance.

[1l. CONTROL DESIGN FOR ELLIPTICAL LATTICE
A. Control Design in Free Space

1) Calculation of Distance Errors: To calculate the control
inputs for a-agents, the distance errors between neighboring
a-agents and the desired interaction gap need to be determined.
In [16], the distance error is formulated in (10).

eij = (llgj — Fill + llgj — F5ID) — 2da, (10)
where F i and F’2 are the two foci of the ellipse centered at
g;. Intuitively, é;; = e;; may not be always satisfied. The ori-
entation of each semi-major axis was assumed to be parallel
to ensure ¢;; = ¢;; in [16], which may not be practical.

In this letter, the semi-major axis is defined to be aligned
with the velocity direction of the center a-agent. To ensure the
interaction force between a pair of w-agents is the same, the
distance error is finally determined by selecting the minimum
value of the ¢; and ¢;;, as shown in (11).

€jj = €ji = min{éij, Eﬂ}, (ll)
where ¢;; and ¢;; are rewritten by using the o — norm,
_ g = Fill + llg; — FL DI
b= ———— " |dalls,  (122)
_ g = Fl + llgi — B DI
Gi= " —lldallo.  (12b)

Therefore, the control protocol for the elliptical lattice in
free space is defined in (13).

wi= u +ul,

i = cf Yjene Pa(llgj — gillo . €ip)ni,
+ €5 D jene aif(@) (pj — pi).

u! = cl(qy —q0) + 5y —pi).

13)

where the action function @y (llg; — gills, €;j) is defined in (6)
and e;; is given by (11).

Semi-minor axis

a Q B ¢
(€ e ..\..r_\ G O 4 Q) . @
> ) \Jﬂ o ps QN FO 65, n
Semi-major axis E
(a) (b) (c)

Fig. 3. (a) Desired ellipse with two «-agents on the semi-major axis.
(b) Desired ellipse with two «-agents on the semi-minor axis. (c) Desired
ellipse without w-agents on the axes.

2) Orientation of Flocking Lattice: Fig. 3 shows flocking
lattices in three different orientations, with two neighboring
«-agents on the semi-major or semi-minor axis, or none on
the ellipse axes. To describe the orientation of the elliptical
lattice, we first define the heading angle of the lattice, 7.

Definition 1 (Heading Angle of the Elliptical Lattice): For
the elliptical lattice, the heading angle is the angle between the
desired velocity direction and the line connecting two «-agents
on the ellipse with the longest distance.

According to this definition, the range of 75 is [0,
tan ™! (dp/ (\/§da))], where the minimum and maximum cases
are shown in Fig. 3(a) and Fig. 3(b), respectively.

Proposition 1: Via the o — « interactions in (13), the max-
imum number of neighboring «-agents within the desired
interaction distance on the proposed elliptical lattice is six,
and they are centrosymmetric about the center of the ellipse.

Proof: Taking Fig. 3(c) as an example, a-agent A(xa, y4)
is on the ellipse centered on a-agent O(xp, yo). Based on the
geometric relationship, We have

(x4 — x0)*

Y
E n (ya 2)’0) _1
& &

(14)

«o-agents B(xp, yp) and F(xF, yr) are on the two intersection
points of the ellipses centered on «-agents A and O, respec-
tively. Thus, «-agents B and F are simultaneously in the
desired interaction distance of «-agents A and O. «-agent
C(xc, yc) is on another intersection point of the two ellipses
centered on «-agents B and O, respectively (but does not inter-
act with «a-agents A and F). By utilizing (14) for different
interacting «-agents (such a-agents B and O, a-agents F' and
O, a-agents A and B, seven pairs in total), a-agents C and
F are obtained to be symmetric about «-agent O, as shown
in (15).

(xc —x0,yc —yo) = —(xF — X0, YF — Y0)- (15)
Similarly, we have symmetric paris,

(xa —x0,ya —yo) = —(xp —x0,¥Yp —yo), (l6a)

(xg —x0,yB —y0) = —(xg — x0,YE —y0). (16b)

Therefore, up to six neighboring «-agents are within the
desired interaction distance on the proposed elliptical lattice.
The average position of these a-agents is determined in (17).

_ 1
f]=§(CIA +4p+9qc+q9p + g9+ qr +q90) = qo0. (17)

|
To explore the rationale of three patterns in Fig. 3, we intro-
duce a Hamiltonian function consisting of three parts, namely

Authorized licensed use limited to: ASU Library. Downloaded on July 18,2023 at 20:32:47 UTC from IEEE Xplore. Restrictions apply.



1162

IEEE CONTROL SYSTEMS LETTERS, VOL. 7, 2023

the relative kinetic energy, the potential energy of o —« agents,
and the potential energy of o — y agents.

H(g.p) = K(p) + Va(q) + Vy(9),
K(p) = F Yiey Ipi -l
gji—dillo
Va(q) = lej Ziev ZjeV\{i} fudﬁg ¢ (X)dx,
Vy(@) = F Yiey llgi — 411
Proposition 2: Suppose the flocking lattice in Proposition 1
is formed, the Hamiltonian in (18) reaches the minimum value
of 36}1/ (dg + d[%) /2 iff g, = g, and is independent of 7.
Proof: The velocity consensus is achieved in steady state,
and all neighboring «-agents are in the desired interaction dis-

tance. Therefore, K(p) = 0 and V,(q) = O are held. In this
case, the Hamiltonian in (18) is

(18)

v
C
H@.p) = Vy(@ =5 ) g — 4l

19)
i€V
The derivation of H with respect to g, is
dH(qr)
=Y (ai—an. (20)

dqr eV

The optimal solution ¢} for the minima H* is given as,

1 _
szlT]ZQi:CIZCIO- (21
i€V
Since a-agents B and F are on the intersection points of the
two ellipses centered on «-agents A and O, respectively, it is

easy to obtain that,
3d +3d,

ga — qoll* + llgs — qoll* + llgr — qoll* = 5

(22)

Substituting (15), (16), (21), (22) into (19), the minimum
Hamiltonian, H*, is derived as,
Y

L_qa w2 _ 1 (p ., 2
H =23 la-qP=SH(E+&). 3
ey

|

Eq. (23) indicates that the Hamiltonian function is indepen-
dent of n. Thus, flocking control (13) obtained from minimiz-
ing the Hamiltonian function cannot control or adjust 7.

B. Control Design in a Bounded Road

To apply the proposed elliptical lattice to regulate CAV
driving on the road, permanent road (not lane) boundaries,
which cannot be bypassed by CAVs and can interact with
vehicles all the time, are investigated as B-agents to achieve
the desired flocking orientation. Fig. 4 shows flocking with
the proposed elliptical lattice in three patterns developed in
Fig. 3. By appropriately selecting the interaction range and
formulating the repulsive force of the road boundaries, the
three elliptical patterns will converge to our dedicated pattern.

The repulsive forces of road boundaries with multiple lanes
are defined in (24).

ul = L@ — aphi + E1G@i — a))Pi — pi), (24)

Control inputs represented by the boundary

@ .
P ] ® ] .VelOSFInteractlon range
e ® o
S o %o I~
N
® o %o % —>
e @ o :
?Flock with formation e o velocity

pattern as Fig. 3(b) e ¢ e - @ -0 @ —

o o 0 o "
— o & o
- @ o ° @ velogity 7 Flock with formation
® -9 e L " pattern as Fig. 3(a)
® o ® @—y

Flock with formation
pattern as Fig. 3(c)

Fig. 4. Flocking with the proposed elliptical lattices interacting with
permanent road boundaries.
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Fig. 5. An illustration of designed interaction forces from road bound-
aries (B-agents).

where the g; and p; are the position and the velocity of B;
agent [2]. B; = (§; — g))/+/1+€|gi — gil|*>. The indicator
function, 1(£,(§; — ¢i)), is defined by 1(f,(Gi — ¢) = 1 if
JSw(Gi—qi) > 0, otherwise 1(f,,(gi—¢;)) = 0. Inspired from [1],
the action function f,,(x) is defined as,

Fu) = 1/01721l7 = 1/1%15, 0 < x < 1/2. (25)

Note that the action function in [1] was only focused on
a single-lane driving scenario with limited applications, and
cross-section artificial potential function in [13] was compli-
cated. The repulsive forces of the road boundaries defined in
this letter can be extended to any number of lanes with the
specifically defined interaction range as follows.

An illustration of the repulsive forces from road boundaries
is shown in Fig. 5, in which the interaction ranges are defined
within the half lane width starting from the two (left and right)
road boundaries. Let n; be the number of lanes, w = n;l denote
the distance between the two road boundaries.

Therefore, the flocking control protocol for elliptical lattices

in a bounded road is defined as,
ui =uf + uf + uly (26)

where uf and uf’ are given by (13), ulﬂ is defined in (24).

V. SIMULATION RESULTS AND DISCUSSIONS

In this section, the dynamics of twenty «-agents, tracking a
virtual y-agent, are investigated in free space and a bounded
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Fig. 7. Trajectories of twenty a-agents and the y-agent in three cases.

road. The initial positions of the twenty «-agents are randomly
determined in an area of [(0, 0), (30, 15)], and the y agent is
started at (30, 7.5), as shown in Fig. 6. The initial velocity of
all a-agents is zero. Three simulation cases are analyzed with
the same initialization conditions. In the first case (case 1),
the flocking control protocol in (13) is employed to study the
proposed elliptical flocking lattice in free space. In the second
case (case 2) and the third case (case 3), the correspondmg
ﬂocklng control protocol in (26) is utilized with different c|
and c2 to analyze the influence of the boundaries’ force in (24)
on the flocking behavior. The parameters of this simulation are
summarised in Table I.

Fig. 7 depicts the trajectories of all «-agents and the y-agent
in the X and Y directions for these three cases. As shown by the
X direction trajectories in Fig. 7(a), Fig. 7(c), and Fig. 7(e), all
«-agents in the three cases can approach the y-agent at a same
time. Fig. 7(b), Fig. 7(d), and Fig. 7(f) show the Y direction
trajectories for the three cases. In case 1 of free space, the

*: [case 1, case 2, case 3].

movement of «-agents first spread out and then stabilize in the
range [—1.29, 20.84]. In case 2 and case 3, the two permanent
boundaries are defined at Y = 0 and Y = 15, with five lanes.
Due to the boundaries’ effect given by (24), the movement of
a-agents in the Y direction is in the range [0, 15]. Also, they
can be divided into five lanes as expected.

Fig. 8 presents the result of flocking formation. The direc-
tion of the black arrow indicates the direction of the corre-
sponding «-agent. The flocking lattice in the dedicated ellipse
of a flock is formed. Furthermore, n in case 1 of free space
is 0.21, as shown in Fig. 8(b), where n is 0 in case 2 and
case 3 of a bounded road, as shown in Fig. 8(d) and Fig. 8(f).
The formation results in Fig. 8(d) and Fig. 8(f) demonstrate
that the method proposed in (26) can successfully form a flock
with the dedicated flocking lattice in a bounded road.

Fig. 9 displays the velocity and control inputs for all o-
agents in the three cases. As shown in Fig. 9(a), Fig. 9(e), and
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Fig. 9. Speed profiles and control inputs of twenty «-agents in three

cases.

Fig. 9(i), the velocities of all «-agents in the X direction have
a similar trend, where the time to reach the velocity match
for case 1 is 7.16 s, which is faster than case 2 and case 3.
Fig. 9(b), Fig. 9(f), and Fig. 9(j) show the velocity in the Y
direction, where the matching time of case 1 is 6.75 s, which
is still faster than the other two cases. The amplitude of control
inputs in the X direction is similar for the three cases, as shown
in Fig. 9(c), Fig. 9(g), and Fig. 9(k). The variation range of
control inputs in the Y direction, as displayed in Fig. 9(d),
Fig. 9(h), and Fig. 9(i), are different in the three cases. In case
3, the variation range is [-270.6, 246.9], which is smaller than
that of case 1 and case 2. This indicates that a suitable weight
of the « — B interactions can reduce the control inputs for
the multi-agent systems. Motivated by the flocking navigation
study of [17], the delayed and noisy response of a-agents will
be investigated in the future.

V. CONCLUSION

This letter proposed a novel and elliptical lattice for reg-
ulating CAV motions on a bounded road by considering the
heading direction, minimum safety distance, non-uniform lon-
gitudinal and lateral motions, and lane width. Two flocking
algorithms were designed to achieve the elliptical flocking lat-
tice in free space and bounded roads. Three simulation cases
demonstrated the effectiveness of the proposed two algorithms,
which have great potential to apply to CAV drivings and other
multi-agent systems moving in non-uniform lattices.
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