
  

  

Abstract—To broaden and promote the applications of 

unmanned aerial vehicles (UAVs), UAVs with agile and 

omnidirectional mobility enabled by full or over actuation are a 

growing field of research. However, the balance of motion agility 

and force (energy) efficiency is challenging for a fixed UAV 

structure. This paper presents the new design of a transformable 

UAV, which can operate as a coplanar hexacopter or as an 

omnidirectional multirotor based on different operation modes. 

The UAV has 100% force efficiency for launching or landing 

tasks in the coplanar mode. In the omnidirectional mode, the 

UAV is fully actuated in the air for agile mobility in six degrees 

of freedom (DOFs). Models and control design are developed to 

characterize the motion of the transformable UAV. Simulation 

results are presented to validate the transformable UAV design 

and the enhanced UAV performance, compared with a fixed 

structure. 

I. INTRODUCTION  

Industrial and agricultural unmanned aerial vehicles 
(UAVs) have been widely used for long-distance flight 
applications such as aerial photography, mapping, package 
transportation, inspection, and pesticide spraying during the 
last several decades [1][2][3]. Typically, coplanar multirotor 
UAVs, such as quadcopters and hexacopters, are applied to 
perform these tasks because of their carrying capacity and 
mechanical simplicity [8][13]. These UAVs primarily work at 
near-hovering equilibriums with the thrust vectors limited to a 
single direction. The coupled translational and rotational 
kinematics indicate dependent position and orientation 
control. However, independent control of all six degrees of 
freedom (DOFs) for new challenges in difficult tasks, such as 
complex aerial movement and manipulation [13][15][20][22], 

may require full actuation with more actuators onboard. 

Various tilted arms were added to common multirotors to 
achieve full even over actuation. Over-actuation could 
potentially enhance the overall system energy efficiency by 
optimizing control allocation on different actuators, which was 
demonstrated on ground vehicles [4]. In [5]-[7], servo motors 
were added to rotate UAV arms independently around their 
main axes either radially or tangentially, and thus thrust 
vectors could be adjusted within certain limited angles in one 
plane to make the platform over-actuated. However, those 
platforms have low energy-efficiency issues for most 
movements due to internal force/torque cancellation. On the 
other hand, each arm of quadcopters was designed to rotate in 𝕊2 with two servo motors, which caused a problem of short 
flight time by using eight additional motors to tilt four arms 
[8][10]. Furthermore, in [11][12], coupled tiltable mechanism 
controlled by two servos was added to adjust directions of 
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thrust vectors. Unlike the four-servo and the eight-servo 
solutions, these platforms could reduce or avoid energy 
dissipation issues. Due to the limitation of mechanical design 
and actuator constraints, although the platforms with tiltable 
arms increased force or energy efficiency with over-actuation, 
they cannot achieve omnidirectional motions. 

Omnidirectional UAVs demonstrate advantages of aerial 
interaction, uninhibited observation, and better capability for 
complex aerial manipulation missions, compared with 
common coplanar UAVs [13]. Towards omnidirectional flight 
capability, platforms with fixed-motor configuration (and no 
tilt-arm servos) were developed based on optimization of static 
thrust and torque analysis in [13]-[15]. The force envelops 
must be larger than gravity in all directions with additional 
increments to maintain a hovering status [15]. Hence, at least 
six rotors allocated on at least three different planes are 
required. These platforms can exploit decoupled translational 
and rotational kinematics but suffer significant energy 
dissipation. By combining the idea of tiltrotor and 
omnidirectional fixed motor configuration, platforms in [15]-
[17] could hover in any orientation while maintaining efficient 
flight configurations. However, the platform in [15] is still 
heavy and has a short flight time without a power tether, 
equipped with six tilt-arm servos and twelve rotors (two on 
each arm with opposite direction to generate bi-directional 
thrusts). The omnidirectional UAVs generally advance full-
state flight capability but exhibit inherent limitations, such as 
overweight or significant energy dissipation. To achieve 
desired design weight and optimal energy efficiency with 
omnidirectional mobility, the number of the UAV actuators 
should be minimized. 

Because coplanar UAVs typically have high energy 
efficiency, but with under-actuated configurations, a new trend 
of UAV design is to combine features of coplanar UAVs with 
full actuation [20]. Although the platform could transit 
between an under-actuated coplanar mode and a fully actuated 
non-coplanar mode with one servo motor, which reduced 
energy consumption and design weight, the UAV lacked the 
capability of omnidirectional motions and extended 
manipulation capability based on omnidirectional motions. 

Motivated by the combined advantages of coplanar and 
omnidirectional UAVs, which can enable a broader range of 
applications, the first contribution of this paper is to present a 
new transformable UAV platform by integrating both coplanar 
and omnidirectional motion features. Reversible motors [21] 
with little nonlinearity influence (dead zone and delay at zero 
crossing) are selected to generate bidirectional thrusts instead 
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of dual motors placed in an opposite direction with heavier 
weights. The transformation mechanism is designed by using 
only one servo motor with a driving mechanism to transform 
between the coplanar (under-actuated) mode and the 
omnidirectional (fully-actuated) mode. The second 
contribution is to model and control the transformable UAV 
with improved mobility performance. In the coplanar mode, 

the UAV can operate in ℝ3 as an under-actuated hexacopter 
without energy dissipation. In the omnidirectional mode, the 

UAV can track a full pose trajectory in ℝ3 × SO(3) as a fully 
actuated system. This platform can arbitrarily transform for the 
required missions, e.g., long-range agile flight or complicated 

aerial manipulation. 

The paper is structured as follows. The transformable UAV 
design and mathematical models are introduced in Section II. 

A full-pose geometry control in ℝ3 × SO(3) is presented in 
Section III. The simulation results show the design validity and 
control performance in Section IV. Finally, we conclude the 
paper with an outline of future work in Section V. 

II. MODELING OF THE TRANSFORMABLE UAV 

In this section, the UAV mechanical design is reviewed 
first in subsection A. In subsection B, the actuator model and 
analysis of the efficiency index are introduced. In subsection 

C, the rigid body model and force efficiency are presented.  

A. UAV Design 

Coplanar Mode Transition

Omni Mode

 

Fig. 1. Design and Schematics of a Transformation UAV. 

The concept of a transformable UAV is shown in Fig. 1. 
The UAV has six reversible rotors, and three arms are 
respectively depicted in red, green, and blue colors, generating 
thrusts normal to the plane in the coplanar mode. Here we 
define the inertial reference frame ℱ𝑤 = 𝑂𝑤 , {𝒙𝑤 , 𝒚𝑤 , 𝒛𝑤} and 
the body frame ℱ𝑏 = 𝑂𝑏 , {𝒙𝑏, 𝒚𝑏, 𝒛𝑏}. 𝑂𝑏 corresponds to the 
center of the body frame and the center of mass. In the coplanar 
mode, all six rotors are located at the same plane, and all rotor 
disk norms are parallel to the 𝒛𝑏  axis. During the transition, the 
green arm  (rotor 3, 4) and the blue arm (rotor 5, 6) rotate 
around the center of the red arm (rotor 1, 2) with a direction 

change of 𝒙𝑏 (in the body frame). In omnidirectional mode, 
six rotors are located at the vertices of a regular octahedron 
[13].  

Servo
Helical Gear set

Double Pivot Joint  

Fig. 2. Mechanical Design of the Transformation Mechanism. 

We denote the three canonical rotation matrices [13] in SO(3) with 𝑹𝑥 , 𝑹𝑦, and 𝑹𝑧, and the operating mode of the 

transformable UAV with 𝜇 ∈ [0, 1]. We define 𝜇 = 0 for the 
coplanar mode, 𝜇 ∈ (0, 1) for the transition state, and 𝜇 = 1 
for the omnidirectional mode. The position and disk normal of 
all six motors are given by 

where 𝒑𝑖,0 (𝑖 = 1,⋯ ,6) is the rotor position relative to the 

UAV geometric center in the coplanar mode. Each rotor has 
the same distance 𝑙 from the geometric center. The red and 
the green arms in Fig. 1 are mutually perpendicular. The blue 
arm has a 45-degree angle with the other two arms and 
coincides 𝒚𝑏. The 45 degrees and 90 degrees are intentionally 
selected as the arm intersection angles for a direct and simple 
mechanical transformation towards the omni-mode as shown 

in Fig. 1. Furthermore, 𝒏𝑖,0 (𝑖 = 1,⋯ ,6) are disk normal of 

six rotors in the coplanar mode. Let 𝒑𝑖 = 𝑹𝑖𝒑𝑖,0  and 𝒏𝑖 = 𝑹𝑖𝒏𝑖,0. Then the rotation transition expression of each 

rotor  𝑹𝑖 (𝑖 = 1,⋯ ,6) is given by 

The transformation mechanism is designed in Fig. 2. The 
servo directly rotates the green arm. The helical gear is 
attached to the green arm, and the pivot joint acts at the blue 
arm. During the transition, the angle between the heading axis 𝒙𝑏  and the red arm varies from 0 to 45 degree. A swift 
transition will be limited to avoid introducing unnecessary 
disturbances, and further discussions are given in subsections 
B and C. The transition time is designed within two seconds. 

   

𝑷 = [𝑹1(𝜇)𝒑1,0    𝑹2(𝜇)𝒑2,0 ⋯ 𝑹6(𝜇)𝒑6,0]𝑵 = [𝑹1(𝜇)𝒏1,0     𝑹2(𝜇)𝒏2,0 ⋯ 𝑹6(𝜇)𝒏6,0]𝒑1,0 = −𝒑2,0 = [√22 𝑙  − √22 𝑙   0]𝑇𝒑3,0 = −𝒑4,0 = [√22 𝑙   √22 𝑙   0]𝑇𝒑5,0 = −𝒑6,0 = [0   𝑙   0]𝑇𝒏1,0 = 𝒏2,0 = 𝒏3,0 = 𝒏4,0 = [0 0 1]𝑇 𝒏5,0 = 𝒏6,0 = [0 0 − 1]𝑇
, (1) 

       

{  
  𝑹1(𝜇) = 𝑹2(𝜇) = 𝑹𝑧 (𝜇 𝜋4)𝑹3(𝜇) = 𝑹4(𝜇) = 𝑹𝑥 (𝜇 𝜋2)𝑹𝑧 (𝜇 𝜋4)𝑹5(𝜇) = 𝑹6(𝜇) = 𝑹𝑦 (𝜇 𝜋2)

. (2) 
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The UAV will operate in either the coplanar or the 
omnidirectional mode. 

B. Actuator Model & Efficiency Analysis 

Most UAVs use unreversible motors plus ESCs, in which 
one single rotor thrust is constrained to  

To generate a bi-directional thrust, two motors are placed in an 
opposite direction in some omnidirectional design [15][22], 
which causes large weights and energy loss. To overcome this 
issue, we choose well-designed reversible motors [21] with 
symmetric propellers, giving one single rotor-propeller thrust 

constrained to 

The dead zone effect can be ignored since min(|𝑓rotor|) <0.01N. With reversible motors, symmetric propellers, and 
suitable total weight, the omnidirectional flight is achievable 
with two motors supplying most of the thrust to overcome the 
gravity, similar to the capability of other omnidirectional 
UAV studies [21]. The thrust 𝑓rotor  and inverse torque 𝜏rotor  
of each rotor are introduced and simplified as 

where 𝜔 is the rotor speed, and 𝑘𝑓  and 𝑘𝑘𝜏−𝑓 are aerodynamic 

factors of the rotors and the surrounding air, respectively.  To 
simplify the actuator dynamics, the transfer function between 
the desired thrust 𝑓rotor,des  and actual thrust 𝑓rotor as a first-

order low-pass filter 

The total thrust  𝑭3×1 and torque 𝜯3×1 is given by  

Here thrust 𝒇rotor = [𝑓rotor,1 , 𝑓rotor,2 ,⋯𝑓rotor ,6]𝑇 , inverse 

torque 𝝉rotor = [𝜏rotor,1 , 𝜏rotor,2 ,⋯𝜏rotor,6]𝑇  and the i-th 

column of 𝑷 ×𝑵  is 𝒑𝑖 × 𝒏𝑖  based (1). We have 𝑵𝜏 =[−𝒏1, 𝒏2 , 𝒏3  , −𝒏4, 𝒏5 , −𝒏6] which denotes the motor 
direction allocation for yaw motion in coplanar mode. 
Substituting (5) into (7), force and torque expressions in (7) 
can be rewritten as 

For different 𝜇  that correspond to different modes or 
transition, we have: 

After the actuators are modeled, the rotor electrical power 
consumption is evaluated. An experiment using a reversible 
motor [21] with a 5045 symmetric propeller was conducted. 
The rotor thrust vs. electrical power curve fitting is shown in 

Fig. 3. A cubic polynomial model was developed in (10). 

It is worth noting that 𝑃̇rotor > 0  for any reasonable 𝑓rotor ≥ 0.  Thus, more energy will be cost if fewer actuators 
are selected to generate the same total thrust, which indicates 
the omni-mode costs more power than the coplanar mode at 
hovering.  

 

Fig. 3. An Empirical Model of Motor Electrical Power vs. Thrust. 

In the coplanar mode, disk norms of six rotors are all 
collinear. The system works as an underactuated hexacopter 
with internal forces equal to zero during hovering. Yaw 
movement relies on the drag moment of each rotor. The system 
is fully actuated with internal forces determined by the current 
hovering orientation and transition state in the transition and 
omnidirectional mode. Based on [15][17][20], we adopted the 
idea of the force efficiency index: 

Clearly, 𝛾(𝜇 = 0, 𝒇rotor) = 1  corresponds to the maximum 
force or energy efficiency.  

 

Fig. 4. Force Efficiency Index Map for 𝜇 ∈ (0, 1]. 
The thrust vector coincides 𝒛𝑏  without any remnant in 𝒙𝑏 

and 𝒚𝑏  directions. Hence, the UAV has four controllable 
degrees of freedom (3D position plus yaw angle). The force 

     0 < 𝑓rotor,min ≤ 𝑓rotor ≤ 𝑓rotor,max . (3) 

       −𝑓rotor,max =  𝑓rotor,min ≤ 𝑓rotor ≤ 𝑓rotor,max . (4) 

       
𝑓rotor,𝑖 = sgn(𝜔𝑖)𝑘𝑓𝜔𝑖2𝜏rotor,𝑖 = 𝑘𝜏−𝑓𝑓rotor,𝑖 𝑖 =1,2 ⋯6. (5) 

       𝑓rotor = 𝑎𝑠+𝑎 𝑓rotor,des . (6) 

          [𝑭𝑻] = [ 𝑵𝑷 × 𝑵] 𝒇rotor + [𝟎3×6𝑵𝝉 ] 𝝉rotor . (7) 

       [𝑭𝑻] = [ 𝑵𝑷 ×𝑵+ 𝑘𝜏−𝑓𝑵𝜏] 𝒇rotor = 𝑨𝒇rotor . () 

        
𝜇 = 0 ⇒ rank(𝑨(𝜇)) = 4, 𝑭 = [0 0 𝐹𝑧]𝑇𝜇 ∈ (0,1] ⇒ rank(𝑨(𝜇)) = 6, 𝑭 = [𝐹𝑥 𝐹𝑦 𝐹𝑧]𝑇. (9) 

𝑃rotor = 𝑘𝑝1𝑓𝑟𝑜𝑡𝑜𝑟3 + 𝑘𝑝2𝑓𝑟𝑜𝑡𝑜𝑟2 + 𝑘𝑝3𝑓rotor + 𝑘𝑝4𝑘𝑝1 = −3.736 ∙ 10−4,  𝑘𝑝2 = 3.004 𝑘𝑝3 = 17.56,  𝑘𝑝4 = 2.026 . (10) 

       𝛾(𝜇, 𝒇rotor) = ‖𝑭‖∑ |𝑓rotor,i|6𝑖=1 ∈ [0,1].  (11) 
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index maps corresponding to different 𝜇 ∈ (0,1] are shown in 
Fig. 4. The UAV is fully actuated but can only enter the 
omnidirectional mode after the transformation. All three 

subplots have 𝛾 = 1 at 𝒛𝑏  in the positive direction. When 𝜇 is 
small, most of the efficiency index map is smaller than 0.5. 
Two main points are discussed as follows. 1) The UAV should 
not generate any force in the direction of 𝒙𝑏  and 𝒚𝑏  as the 
efficiency index is too low. The UAV needs to maintain low 
speed in transition and adds saturation on control inputs of 
rotors 3-6 at the early stage of transition. 2) To enter the 
omnidirectional mode or vice versa, the transition time is 
smooth enough to avoid unnecessary mechanical disturbances. 
As 𝜇 increases, we can see the overall efficiency index keeps 
increasing. When 𝜇 = 1 , the UAV fully enters the 
omnidirectional mode. The efficiency index is between 57.7%  
and 100%. It reaches 100% (no internal forces) at each axis, 
corresponding to the maximum power efficiency matching six 
sets of roll-pitch angles during flight. Such orientations should 
be applied during hovering to maximize the flight time in the 
omni-mode.  

C. Rigid Body Model 

 We derive the rigid body kinematic model by considering 
the aerodynamic effects (interference) between rotors as 
disturbances. The inertial frame and the body frame are 
defined in subsection A. The UAV translational dynamics are 

described by the position 𝒑 = [𝑝𝑥 𝑝𝑦 𝑝𝑧]𝑇  and the velocity 𝒗 = [𝑣𝑥 𝑣𝑦  𝑣𝑧]𝑇 . 𝒈 = [0 0 𝑔]𝑇  is the gravity vector, and 𝑭, 𝑻 

are defined in (8). Based on [23][24], 𝑹 is the rotation matrix 
maps from the body frame to the inertial frame, and 𝝎 =[𝜔𝑥 𝜔𝑦  𝜔𝑧]𝑇  denotes the vehicle body angular velocity with 

the ∧  operator converting 𝝎  into 𝝎∧ . Then we denote the 
translational (force) and rotational (torque) aerodynamic drag 
equations 

𝐶𝑣 , 𝐶𝜔  are drag coefficients. And we let 𝝉𝑠  represents the 
inverse torque generated from the mechanical structure in 
transition. The center of gravity is not essentially changed 
since the transition mechanism is located in the center of the 
frame, and all modules are placed symmetrically. Summing 
all torque and thrust contributions and using the Newton-Euler 
approach, the equation of motion of the transformable UAV is 
expressed as  

where 𝑚  is the mass of the UAV and 𝑱  is the 3 × 3  inertia 
tensor matrix. Then we denote 𝑱arm 3−4, 𝑱arm 5−6 ,and 𝑱rest  as 
the inertia tensor matrices of the green arm, blue arm, and the 

rest of the body parts, respectively. We also denote 𝑱arm 3−4,0, 𝑱arm 5−6,0  and 𝑱rest,0  as inertia tensor matrices of all these 

body parts when 𝜇 = 0. Thus, we can have  

Based on (8) and (13), the equation of acceleration and rotation 

can be compactly rewritten as: 

where 𝑩 has the same rank as 𝑨. Unlike [20], the UAV only 
performs tasks either as a coplanar underactuated hexacopter 
or as an omnidirectional multirotor with rotors located at the 
vertices of a regular octahedron. 

III. CONTROL DESIGN 

In this section, we introduce a switching control structure 

on SO(3) for the UAV model in Section II. The stability  Fig. 

5 shows the overall control architecture. To avoid low force 

efficiency along 𝑥, 𝑦 axis as 𝜇 ≤ 0.5, the controller switching 

is performed at 𝜇 = 𝜇0 > 0.5, similar to the idea in [20]. In 

the coplanar mode, translational and rotational dynamics are 

coupled. Heading direction (yaw angle) and position tracking 

are achieved in a coupled loop. First, the position controller 

calculates desired rotation matrix and a total thrust at 𝒛𝑏 . The 

attitude controller subsequently outputs desired torques. 

Finally, the rotor thrust is chosen. In the transition state and 

omnidirectional mode, translational and rotational dynamics 

are decoupled, and hence the orientation and position are 

tracked in two separate loops. Based on [24], all controllers 
are designed with cascade PI/PD architecture.   

Control 

Allocation 

Position 

Controller 

(Omni)

Motor 

Dynamics

UAV 

Kinematics

Attitude 

Controller 

(Coplanar)

Position 

Controller

(Coplanar)

Attitude 

Controller 

(Omni)

 

Fig. 5. Control Architecture. 

A. Attitude Control 

We assume the measurements are well filtered, and the 

attitude controller has a high sampling frequency. The attitude 

𝑭𝑣 = [sgn(𝑣𝑥)𝐶𝑣𝑣𝑥2sgn(𝑣𝑦)𝐶𝑣𝑣𝑦2sgn(𝑣𝑧)𝐶𝑣𝑣𝑧2]
𝝉𝜔 = [sgn(𝜔𝑥)𝐶𝜔𝜔𝑥2  sgn(𝜔𝑦)𝐶𝜔𝜔𝑦2sgn(𝜔𝑧)𝐶𝜔𝜔𝑧2 ]

. () 

{  
  
  𝒑̇ = 𝒗𝑚𝒗̇ = −𝑚𝒈+ 𝑹𝑭− 𝑭𝑣
𝑹̇ = 𝑹𝝎∧ = 𝑹[ 0 −𝜔𝑧 𝜔𝑦𝜔𝑧 0 −𝜔𝑥−𝜔𝑦 𝜔𝑥 0 ]
𝑱𝝎̇ = −𝝎× 𝑱𝝎+ 𝑻− 𝝉𝜔 − 𝝉𝑠

, (13) 

        𝑱 = 𝑱arm 3−4 + 𝑱arm 5−6 + 𝑱rest        𝑱arm 3−4 = 𝑹𝑥 (𝜇 𝜋2)𝑹𝑧 (𝜇 𝜋4) 𝑱arm 3−4,0            𝑱arm 5−6 = 𝑹𝑦 (𝜇 𝜋2) 𝑱arm 5−6,0 𝑱rest = 𝑹𝑧 (𝜇 𝜋4) 𝑱rest,0
𝝉𝑠 = (  𝑱arm 3−4𝑹𝑧 (𝜇 𝜋4) [

𝜋200] +   𝑱arm 5−6 [
0𝜋20]) 𝜇̈

. () 

[𝑚𝒑̈𝑱𝝎̇ ] = −[ 𝑚𝒈 + 𝑭𝑣𝝎× 𝑱𝝎+ 𝝉𝜔 + 𝝉𝑠] + 𝑩𝒇rotor    𝑩 = [ 𝑹𝑵𝑷×𝑵+ 𝑘𝜏−𝑓𝑵𝝉] , () 
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controller is designed with a cascade geometric structure on SO(3) which gives a smooth movement trajectory to track. 

The inner loop uses 𝝎 as feedback to compute the reference 

torque based on feedback linearization [28] as 

which denotes a PD controller to deal with dynamics of 

angular velocity acting like a first-order system brought by 

motor dynamics in the actuator model. 𝒌𝑝,𝝎, 𝒌𝑑,𝝎 are positive 

gain matrices and 𝒆𝝎  is the angular rate error which is  

defined as 

The reference angular velocity is chosen as 

which is a PI controller. 𝒌𝑝,𝑹  and 𝒌𝑖,𝑹  are positive gain 

matrices, and 𝒆𝑹  is the orientation tracking error on SO(3) defined as 

Based on [23], ∨ is the inverse operator of ∧ in Eqn. (13).  
This attitude controller has the same structure in both working 
modes (coplanar/omnidirectional). The geometric control law 
gives exponential stability when the attitude tracking error 
should be less than 180∘. A low pass prefilter is added to the 
global attractiveness command signal.  

B. Position Control 

Similar to attitude controllers, position controllers are 

designed with a cascade structure. In coplanar mode, the 

position controller takes the yaw angle 𝜓des and 𝒑des  as the 

reference trajectory. In the omnidirectional mode, the position 

controller takes 𝑹des  and 𝒑des  (full pose) as the reference 

trajectory. In both modes, we start by defining the outer loop 

and use proportional control to get the desired velocity 

The velocity tracking error is defined as 

The desired force vector [27] in the inertial frame is defined 

as 

which needs to be converted to the body frame. 𝒌𝑝,𝒑 , 𝒌𝑖,𝒑 , 𝒌𝑝,𝒗, and 𝒌𝑑,𝒗 are all positive definite diagonal matrices. The 

body heading axis in [23] needs to be calculated in the 
coplanar mode given the desired yaw angle. Hence, we first 
calculate the normalized thrust vector of the inertial frame  

based on the expression of the rotation matrix defined in 
modeling. Here we denote cos(sin−1(𝑛1)) as 𝑛4 and we have 

     𝑹y,h = [ 𝑛4 0 𝑛10 1 0−𝑛1 0 𝑛4], (25) 

if 𝑛4 = 0 marking the singularity, then denote 𝑹x,h = 𝑰3×3 . 
Otherwise, we have  

     𝑹x,h = [1 0 00 𝑛3 𝑛4⁄ 𝑛2 𝑛4⁄0 −𝑛2 𝑛4⁄ 𝑛3 𝑛4⁄ ]. () 

Let 𝒖 = 𝑹x,h𝑹y,h𝑹𝑧(𝜓ref) ∙ [0,0, 1]𝑇  and 𝒖̂ = 𝒖/‖𝒖‖. Then 

denote 𝒌̂ = 𝒏 × 𝒖/‖𝒏 × 𝒖‖. Finally, we have the reference 
rotation matrix in coplanar mode 

     𝑹des,c = [𝒖̂  𝒌̂  𝒏̂]. () 

In the omnidirectional mode, 𝑹des,o  is the reference input. 
Hence, the reference force in the body frame is given by 

     𝑭des = 𝑹𝑇𝑭des,w, () 

in both modes. Notice 𝑭des.c = [0 0 𝐹z,c]𝑇  in the coplanar 

mode, and 𝑭des,o = [𝐹x,o 𝐹y,o 𝐹z,o]𝑇 in the omnidirectional 

mode. The position control in both modes has a similar pattern 
with [23] which is asymptotically stable.  

C. Control Allocation 

To obtain the unique relation for minimization of control 

effort, the reference force and torque are converted to rotor 

thrust with a pseudo-inverse [13] of the allocation matrix, 

which is 

     𝑴 = 𝑨𝑇(𝑨𝑨𝑇)−1. () 

Then, the reference rotor thrust can be computed by  

     𝒇rotor,com = 𝑴[𝑭des𝑻des]. () 

IV. SIMULATION RESULTS AND DISCUSSIONS 

This section presents simulation scenarios in MATLAB 
and results to illustrate the enhanced performance of the 
designed transformable UAV. A list of chosen modeling 
parameters in simulation is shown in Table 1, and a list of 
controller parameters is shown in Table 2.  

Table 1. Model parameters of the transformable UAV in simulations 

Symbol Definition Value 𝑚 Total mass 0.945 kg 

𝑙 Distance between 

rotors and 𝑂𝑏  
0.16 m 

𝑱arm 3−4,0 Inertia tensor 

matrix of the green 

arm at 𝜇 = 0 

[ 0.0008 −0.0005 0−0.0004 0.0009 00 0 0.0016]kg ∙ m2 
𝑱arm 5−6,0 Inertia tensor 

matrix of the blue 

arm at 𝜇 = 0 

[0.0015 0 00 0.0004 00 0 0.0018]kg ∙ m2 

𝑱rest,0 Inertia tensor 

matrix of rest parts 

at 𝜇 = 0 

[0.0024 0.0005 00.0004 0.0016 00 0 0.0072]kg ∙ m2 

𝜇0  
Controller 

switching flag 
0.8 

       𝑻des = −𝑱(𝒌𝑝,𝝎𝒆𝝎 + 𝒌𝑑,𝝎𝒆̇𝝎) + 𝝎× 𝑱𝝎, () 

     {𝒆𝝎 = 𝝎−𝝎des𝒆̇𝝎 = 𝝎̇ − 𝝎̇des . () 

     𝝎des = −𝒌𝑝,𝑹𝒆𝑹 − 𝒌𝑖,𝑹 ∫𝒆𝑹, () 

     𝒆𝑹 = 12 (𝑹des𝑇 𝑹− 𝑹𝑇𝑹des)∨. () 

     𝑒𝒑 = 𝒑− 𝒑des , () 

     𝒗des = −𝒌𝑝,𝒑𝒆𝒑 − 𝒌𝑖,𝒑 ∫𝒆𝒑. () 

     {𝒆𝒗 = 𝒗 − 𝒗des𝒆̇𝒗 = 𝒗̇ − 𝒗̇des. () 

     𝑭des,w = 𝑚𝒈 − (𝒌𝑝,𝒗𝒆𝒗 + 𝒌𝑑,𝒗𝒆̇𝒗), () 

      𝒏̂ = 𝑭des,w ‖𝑭des,w‖⁄ = [𝑛1, 𝑛2, 𝑛3]𝑇 , () 
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𝑔 
Gravity 

acceleration 
9.81 m/s2 

𝑎 
Rotor dynamics 

coefficient 
9 𝑓rotor,max Rotor max thrust 8.5 N 𝑘𝑓  

Rotor thrust 

coefficient 
1.21 ∙ 10−6 N/rad2 

𝑘𝜏−𝑓  
Rotor thrust to 

torque coefficient 
0.012 m 

𝐶𝒗  
Translational Drag 

Coefficient 
0.25 N ∙ s2/m2  

𝐶𝝎 
Rotational Drag 

Coefficient 
0.005 N ∙ m ∙ s2/rad2 

A. Simulation Scenario 

The most challenging and significant mission for the 
transformable UAV is the combined flight containing under-
actuated long-range flight and omnidirectional motions in the 
air. The commanded trajectory consists of three phases, and 
the 2-second transitions happen between two phases: 

1) Phase 1 (0 ≤ 𝑡 < 16 s): The UAV is first commanded to 
take off, accelerate, and fly to a long-distance set point as a 
coplanar hexacopter. The vehicle decelerates as the UAV 

approaches the destination, and the transition begins. 

2) Transition C → O (16 ≤ 𝑡 < 18 s): The UAV transforms 
from the coplanar mode to the omnidirectional mode at a 
suitable translational speed, and then the system becomes fully 
actuated.  

3) Phase 2 ( 18 ≤ 𝑡 < 42 s): The UAV enters the 
omnidirectional mode. In real applications, sinusoidal signals 
are used to generate reference 3D positional tracking with steer 

attitude  (18 ≤ 𝑡 < 30 s) and 3D rotational tracking with steer 
position ( 30 ≤ 𝑡 < 42  s) separately, representing two 
different aerial tasks, such as aerial writing [29] and 
inspection, respectively. 

4) Transition O → C (42 ≤ 𝑡 < 44 s): The UAV transforms 
from the omnidirectional mode back to the coplanar 
directional mode at a suitable translational speed, and the 

system becomes under actuated again.  

5) Phase 3 (44 ≤ 𝑡 < 60 s): The UAV accelerates and flies 
towards the landing area. As the UAV approaches the target 
area, the vehicle velocity reduces, and the UAV finally finishes 
the landing. 

Phase 1

Coplanar Mode

Phase 2

Omni Mode
Phase 3

Coplanar Mode

Position 

Tracking

Attitude 

Tracking

 
Fig. 6. The Flight Mode Switching. 

Fig. 6 shows the mode (𝜇) switching plot. To describe the 

servo and the rotational structure dynamics during the 

transition associated with 𝜇 , a saturated damping signal is 

selected by going through a first-order low pass filter (𝐺𝐿𝑃 =𝜔0𝑠+𝜔0, 𝜔0 ≅ 6 rad/s). 

Table 2. Control Parameters 

Coplanar Mode 

 𝒌𝑝 𝒌𝑖 
Position 4𝑰3 0.08𝑰3 

Orientation  [5 0 00 5 00 0 2] [0.12 0 00 0.12 00 0 0.048] 
 𝒌𝑝 𝒌𝑑 

Velocity 3𝑰3 0.4𝑰3 

Angular Rate [9 0 00 9 00 0 4.5] [1.2 0 00 1.2 00 0 0.5] 
Omni Directional Mode 

 𝒌𝑝 𝒌𝑖 
Position 3𝑰3 0.06𝑰3 

Orientation  5𝑰3 0.12𝑰3 

 𝒌𝑝 𝒌𝑑 

Velocity 2.4𝑰3 0.3𝑰3 

Angular Rate 9𝑰3 1.2𝑰3 

B. Trajectory Tracking Results 

(b) Position Error

(c) Velocity

(d) Velocity Error

(a) Position Trajectory

 

Fig. 7. Position and Velocity Tracking Results. 

Fig. 7 contains the position tracking 𝒑 → 𝒑des , the position 

error 𝒆𝒑 , the velocity tracking 𝒗 → 𝒗des , and the velocity 

error 𝒆𝒗. We select ramping references to represent a high-

speed and long-distance motion in the coplanar mode. At the 
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same time, the maximum position error reaches up to 0.49m, 

and the maximum velocity error reaches up to 0.74m/s . 
Sinusoidal references are designed for the position tracking 

reference of omni mode (18 ≤ 𝑡 < 30 s). It is worth to note 

that a fast attitude tracking with steer reference position (30 ≤𝑡 < 42 s) would cause relatively large tracking error. During 

each transition, the tracking errors are controlled in small 

ranges (𝑒𝑝 < 0.001m,𝑒𝑣 <0.02m/s).  

(a) Orientation

(b) Orientation Tracking Error

(c) Angular Velocity

(d) Angular Velocity Error
 

Fig. 8. Orientation and Angular Velocity Tracking Results. 

Moreover, the orientation tracking 𝑹 → 𝑹des , the 

orientation tracking error Ψ(𝑹,𝑹des) = 12 tr[𝑰− 𝑹des𝑇 𝑹], the 

angular velocity tracking 𝝎 → 𝝎des , and the angular velocity 

error 𝒆𝝎 are shown in Fig. 8.  In the coplanar mode, tracking 

error is relatively large (𝑒𝑹 < 0.044,𝑒𝜔 < 23 deg/s) when 

changing the heading direction to the targeting area. During 30 ≤ 𝑡 < 42 s, the tracking errors (𝑒𝑹 < 0.77,𝑒𝜔 <38 deg/s) 

are caused by the UAV fast rotations to adjust roll, pitch, and 

yaw angles simultaneously (aggressive references). Similar to 

position tracking, the orientation tracking errors are 

controlled in small ranges (𝑒𝑹 < 0.44,𝑒𝜔 <0.2 deg/s)  during  

each transition. 

C. Rotor Thrust, Force Efficiency, and Disturbance 

In Fig. 9, all rotors give thrusts within the constraints 

during the whole flight mission. In the coplanar mode (phases 

1&3), 𝛾 = 100% corresponds to upward heading directions 

of all rotors in the body frame. In phase 2, the fully actuated 

omnidirectional motions with lower force efficiency  57.7% ≤ 𝛾 ≤ 100%  requiring more thrust for each rotor, 

especially during the steer position part. Hence, the 

orientation trajectory should cover the red zone in Fig. 4 as 

much as possible. It is also worth noting that the internal 

disturbance torque (‖𝜏𝑠‖ ≤ 0.0053N ∙ m)  at the beginning 

and the end of each transition time has little influence on 

orientation tracking ( 𝑒𝑹 < 0.002,𝑒𝜔 <  6.4 deg/s), which 

shows the effectiveness of the switching control design. 

(a) Rotor Thrust

(b) Force Efficiency Index

(c) Internal Diturbance Torque  

Fig. 9. Rotor Thrust, Force Efficiency, and Internal Disturbance Toque. 

D. Comparison with Coplanar-only and Omni-only UAVs 

Compared with coplanar-only UAVs, it is straightforward 

that the transformable UAV has omnidirectional flight 

capability. The transformable UAV does not require other 

robot arms for many aerial manipulation tasks or only needs 

less complicated modules to fulfill the same mission [15]-

[17].  To compare with omni-only UAVs, the electrical power 

consumption is calculated (10). Ignoring the power cost of 

non-rotor modules (flight controller, servo, etc.), we have 

    An omni-only UAV with a fixed frame is modeled to do 
the same task as the simulation scenario above. The omni-
only UAV flies with 𝛾 = 100% (roll and pitch angles are 
zero) at phases 1 and 3. 

     𝑃 ≅ ∑ 𝑃rotor ,i6i=1 . () 
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Fig. 10. Power Consumption Comparison. 

In Fig. 10, the omni-only UAV costs more electrical power 
during phases  than the transformable UAV, performing 
the same flight mission. The total energy cost of the omni-
only UAV is 21134J, and that of the transformable UAV is 
17782J. 

V.  CONCLUSION AND FUTURE WORKS 

The design and characteristics of a transformable UAV 
combining both coplanar and omnidirectional flight features 
are shown in this paper. The transformable UAV is proposed 
to perform both under-actuated coplanar flight and fully 
actuated omnidirectional motions. A controller with a cascade 

structure on ℝ3 ×SO(3) is designed to achieve the proposed 
flight capability via different modes considering disturbances. 
Future work will mainly contain the development of a 
transformable UAV prototype and validate the proposed 
design, controller, and desired strengths experimentally. 
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