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Traditionally, lattice QCD computations of generalized parton distributions (GPDs) have been carried
out in a symmetric frame, where the transferred momentum is symmetrically distributed between the
incoming and outgoing hadrons. However, such frames are inconvenient since they require a separate
calculation for each value of the momentum transfer, increasing significantly the computational cost. In this
work, by focusing on the quasidistribution approach, we lay the foundation for faster and more effective
lattice QCD calculations of GPDs exploiting asymmetric frames, with freedom in the transferred
momentum distribution. An important ingredient of our approach is the Lorentz covariant parametrization
of the matrix elements in terms of Lorentz-invariant amplitudes, which allows one to relate matrix elements
in different frames. We also use this amplitude approach to propose a new definition of quasi-GPDs that is
frame independent and, more importantly, may lead to smaller power corrections in the matching relations
to the light-cone GPDs. We demonstrate the efficacy of the formalism through numerical calculations
using one ensemble of Ny = 2 + 1 + 1 twisted-mass fermions with a clover improvement. The value of the
light-quark masses lead to a pion mass of about 260 MeV. Concentrating on the proton, and limiting
ourselves to a vanishing longitudinal momentum transfer to the target, we extract the invariant amplitudes
from matrix element calculations in both the symmetric and asymmetric frame and obtain results for the

twist-2 light-cone GPDs for unpolarized quarks, that is, H and E.

DOI: 10.1103/PhysRevD.106.114512

I. INTRODUCTION

Parton distribution functions (PDFs), which are meas-
urable in processes like inclusive deep-inelastic lepton-
nucleon scattering, are key objects containing information
about the quark and gluon structure of strongly interacting
systems [1]. They provide 1D images of hadrons by
describing how the partons are distributed as a function
of the momentum fraction x they carry of the hadron’s
momentum. PDFs are defined through matrix elements
of bilocal quark or gluon operators, with the parton fields
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having a lightlike separation and the operators evaluated for
the same initial and final hadron state. Generalized parton
distributions (GPDs) are generalizations of the concept of
PDFs in that the lightlike parton operators are computed
for different initial and final states [2—4]. GPDs therefore
depend on the longitudinal momentum transfer £ and the
invariant momentum transfer ¢ to the target, in addition to
their dependence on the parton momentum fraction x.
While this makes them complicated multivariable func-
tions, the information encoded in GPDs is much richer
than for PDFs. In particular, they provide 3D images of
hadrons [5-8], give access to the angular momenta of
partons [3], and have a relation to pressure and shear forces
inside hadrons [9-11]. The physics of GPDs has been
discussed in various review articles [12—-19].
Experimental information on GPDs can be obtained
from hard exclusive scattering processes such as deep
virtual Compton scattering [2—4,20,21] and hard exclusive
meson production [22-24]. But extracting GPDs from such
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reactions in a model-independent manner is very compli-
cated, mainly because in the observable quantities, like the
Compton form factors, the momentum fraction x is
integrated over—see Ref. [25] for a recent discussion
and detailed analysis of this issue. It is therefore very
desirable to obtain information on GPDs from first prin-
ciples in lattice QCD. However, lattice QCD calculations of
light-cone correlation functions like PDFs and GPDs are
challenging due to the time dependence of those objects.
As a result, for a long time lattice QCD calculations were
limited to the lowest Mellin moments of the GPDs [26-30],
with simulations at the physical point available only in
recent years [31-44]. Despite the progress, their depend-
ence on x remained elusive.

The quasi-PDF approach, which was proposed in 2013
[45] and later developed into the large-momentum effective
theory [46,47], opens up the opportunity to directly
compute the x dependence of PDFs and related quantities.
Quasi-PDFs are obtained from spatial equal-time operators
that can be studied on Euclidean lattices. They reduce to
their corresponding light-cone PDFs when taking the limit

P3 = |P| - oo of the hadron momentum, prior to renorm-
alization. But for lattice QCD studies renormalization is
carried out first and P? is finite, resulting in two sources of
discrepancies between quasi-PDFs and light-cone PDFs: a
different ultraviolet (UV) behavior, as well as higher-twist
corrections that are suppressed by powers of 1/P3. The UV
disparities can be dealt with order by order through a
matching procedure in perturbative QCD [48-50]. We note
that other approaches for lattice QCD calculations of
the x dependence of light-cone correlation functions exist
[49,51-60], some of which are related to the quasi-PDF
method. Encouraging lattice QCD results using such
methods were reported for PDFs—see, e.g., [61-93]—
including higher twist [94-97], parton distribution
amplitudes [98-105] and even transverse-momentum-
dependent parton distributions [106—111]. Possible impact
on phenomenological studies was also studied; see, e.g.,
[112-114]. The very dynamic progress in this field has
been documented in a number of reviews [47,115-118].
Applications of these new developments in the case of
GPDs are still somewhat sparse in comparison. Nevertheless,
we have seen results for matching [119-123], model studies
[124—128] and, in particular, the first pioneering lattice QCD
calculations for the pion [129] and the nucleon [130-135].
These results are very encouraging, demonstrating explicitly
that GPDs can be obtained on the lattice. But it is rather
clear that the full mapping of GPDs with respect to their
variables, in particular the momentum transfer ¢ and the
skewness &, is very challenging and computationally much
more demanding than for PDFs. Among the reasons for this
is that, so far, they have been computed in symmetric frames
of reference, where the momentum transfer is equally split
between the source and the sink. Consequently, every value
of the momentum transfer is obtained from a separate and

costly calculation. Here, for the first time, we consider
asymmetric frames for the computation of GPDs. As we will
demonstrate below, this allows for more efficient calcula-
tions, since different momentum transfers can be obtained in
a single calculation.

The paper is organized as follows. In Sec. II, we discuss
the kinematics of the symmetric and asymmetric frames for
our study and how the two frames can be related through a
Lorentz transformation. For both a spin-0 and spin—% target,
we introduce and discuss the main theoretical tool of
Lorentz-invariant amplitudes in terms of which matrix
elements that define GPDs can be parametrized. Based
on those amplitudes we also propose a new, frame-
independent definition of quasi-GPDs which, in compari-
son to previously used quasi-GPDs, may converge faster to
their respective light-cone GPDs. Section III specializes on
the Euclidean case and provides decompositions of lattice-
calculable matrix elements in terms of these amplitudes,
and our lattice setup. Numerical results are shown in
Sec. IV, where we make a detailed comparison of the
symmetric and the asymmetric frames at various stages,
in coordinate space and in momentum space. For the
proton and & = 0 we show, in particular, numerical results
for the invariant amplitudes and the twist-2 light-cone
GPDs H and E. Section V concludes and discusses future
prospects.

II. STRATEGY OF FRAME TRANSFORMATION

A. Symmetric and asymmetric frames

The initial and final momentum of the hadron are frame
dependent, and the most widely used frame of reference
to calculate GPDs is the symmetric frame. In such a
case, the momentum transfer is symmetrically distributed
between the incoming (p;) and the outgoing hadrons (pj)
[see, e.g., Eqgs. (48) and (49)]. In this section, it is
convenient to define the momenta in terms of the average
momentum P =1 (p; + p;) and the momentum transfer

A=p;—p;

A
pi:P__v

A
5 pr=P+7. (1)

2

The above expressions are general for any frame but
will differ numerically in each frame. An alternative setup
to the symmetric one is an asymmetric frame, where the
momentum transfer is not shared between the incoming
and outgoing hadrons but is rather entirely applied to
the incoming hadron [see, e.g., Egs. (50) and (51)]. This
frame is of interest for this work and will be used
throughout this paper. For completeness, we remind the
reader that the energies of the initial and final states,

E;j; = /m*+ (Pij;)* (where m is the mass of the

hadron), are also different in the two frames.
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While computations in the symmetric frame have been
extensively used in model calculations [124,125], due to
the nice symmetry properties of the correlators, they are
notoriously difficult to calculate in lattice QCD mainly due
to the computational cost to extract a range of values for the
momentum transfer. More specifically, the information on
the momentum transfer is present in both the initial and
final states. As a consequence, every value of A requires a
separate calculation. Such a constraint places severe lim-
itations on GPD calculations in terms of the range of
values of the momentum transfer that can be accessed and,
consequently, skewness. So the question arises whether it is
meaningful to calculate GPDs in asymmetric frames, which
can be computationally less expensive. As we will see
below, one of the approaches to handle calculations in
asymmetric frames is to relate the setup of the symmetric
frame to the asymmetric one via an appropriate Lorentz
transformation. For instance, a Lorentz transformation
along the z direction is not optimal for this purpose
because it requires a spatial operator distance [say
z=1(0,0,,7z* # 0)] to develop a nonzero temporal com-
ponent [that is z — (z° # 0,0, z%)] which is problematic
for lattice QCD calculations. However, any Lorentz trans-
formation transverse to the z direction leaves the operator
distances unchanged. This means that if one begins with a
spatial operator distance in one frame, its counterpart in the
other frame of reference remains spatial. Such a trans-
formation is called “transverse boost.” We illustrate this
point below by focusing on the simplest case of a transverse
boost in the x direction and zero skewness. Note that
this method can be generalized for any general transverse
boost and for an arbitrary value of skewness. Let us
begin with relating the incoming state in the two frames,
pi = (E5,—=A'/2,0,P3) and p¢ = (E¢,—A"0,P?).
Lorentz transformation provides p* = A rp“:

E} y -y 0 0 E¢

1,s

pi -y v 00 —Ale

2,8 = X (2)
Py 0 0 1 0 0

p?,s 0 0 0 1 P3
This gives

E} = y(E{ + pA") (3)

and
pI* = —p(BE{ + A1) — AV = 2p(BE¢ + A). (4)

Now, we relate the outgoing state in the two frames,
py = (E},A'$/2,0,P%) and p$ = (E$,0,0,P%). (Note
that the energies of the incoming and outgoing states are
different in the asymmetric frame.) Following the steps
outlined above, we find

Ej = yE (5)
and,

pyt = —yBE$ — AlY = —2yBE9. (6)

Using Egs. (3) and (5), we obtain

P <E§’A—L aE?) (7)

In turn, using Eqgs. (4) and (6) yields

Al.a
P="fy Ey’ (®)
The equality of Egs. (7) and (8) then implies
Al =\ [ - (B9, (9)

Hence, f can be written more compactly as

E{ — E
p=———L<o. (10)
E{ + E

This implies A%¢ < 0, and
1 [
T iop \ e
Therefore, by using the expressions for (f,y), we can
write down uniquely what the symmetric frame variables

(ES, A') are supposed to be in terms of the asymmetric
frame variables (E{, E, A"“). The energy should be

E%4(EY + E4)
B} =yE) =\ (12)

and the transverse-momentum transfer

(11)

s _ _
AlS = —2ypEq

E4(EY — E¢ E¢

or als—o[FTETE) 5 [ B i (13)
2 2(Ef + E9)

The above method can be straightforwardly generalized

for A, = (A',A%) as well as for an arbitrary value of
skewness.
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B. Spin-0 particles

In this section, we study spin-0 particles such as the pion,
where the method can also be generalized to spin-1/2 (next
subsection) and higher-spin particles. The (unpolarized)
pion GPD is defined from the matrix element

Prepa)=(pda(=3)rw(=5.5)a(5) w0 (4

where WV is a straight Wilson line that makes the correlator
gauge invariant. Light-cone GPD H can be defined in a
Lorentz-invariant manner (see below), whereas one can
think of different definitions for quasi-GPDs based on
the approach that one wants to take to perform their

|
(rrla (— %) r°'w <—§§> q (g) pi)*

calculations in different frames. In the first approach,
and as discussed in Sec. II A, one can perform a calculation
of a quasi-GPD in the symmetric frame but for this purpose
make use of the asymmetric frame. In this case, it is not
only crucial to understand how the kinematic variables
transform between frames (see Sec. I A), but it is equally
crucial to understand how the matrix elements underlying
quasi-GPDs themselves transform between frames.
Historically, (unpolarized) quasi-GPDs have been defined
through the operator y° [121,122,129-131] (see also the
next section). By using a transverse boost, we find that
the matrix element (...y°...) in the symmetric frame can be
written as a linear combination of matrix elements of
different operators (...(y° +y')...) in the asymmetric
frame:

= r{psla (— %) y°W<—§ , §) q (%) 1pi)* —vB{psla <— %)YIW<—§ : §) q (%) pi)°. (15)

This equation essentially shows how the Oth component
of a 4-vector changes under a Lorentz transformation. This
implies that a transverse boost that uniquely fixes (f,7)
[Egs. (10) and (11)] allows for an exact calculation of
quasi-GPDs in the symmetric frame through matrix ele-
ments of the asymmetric frame. However, Eq. (15) also
makes it clear that a quasi-GPD defined through the
operator y° is intrinsically Lorentz noninvariant. In the
limit of a large momentum, though, we recover

lim (...0...)

ﬁ:<...y0...>a + 0(%)<...y1...>a S0 (16)

implying that the contribution from the matrix element
(...y'...) is essentially a power correction at finite values of

momentum P3.
We now illustrate the Lorentz noninvariance of the
(above) historic definition of quasi-GPD through an
|

F*(z,P,A)=P"H(z,P,A)

|

altogether different approach and then motivate a new
definition for quasi-GPDs that is frame independent and,
more importantly, may potentially reduce power correc-
tions. We call this the second approach or the amplitude
approach. As a first step, we build a Lorentz-covariant
decomposition of the matrix element in Eq. (14) in terms of
the available vectors (P*, z#, A*):

pH
F*(z,P,A) = ZAl(Z ‘P,z-A A% )
+ 7'mAy(z- P,z A, A% 2?)

A/"
+EA3(2-P,z-A,A2,ZZ), (17)

where m is the mass of the target. Here, A;’s are the
Lorentz-invariant (and, thus, frame-independent) ampli-
tudes whose arguments are functions of Lorentz scalars.'
The light-cone GPD H in both symmetric and asymmetric
frames is defined from the correlator

Pt At
=—A(z-P,z-A,A%0) +—As(z- P, z- A, A%0),
m m

A+
or H(z,P,A)=A(z-P,z-A, A%0) +FA3(Z -P,z-A,A%0), (18)

'In the literature, the amplitudes have also been called generalized loffe time distributions [122].
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where z# = (0,z7,0,). Note that AT/PT = z- A/z - P, so the above GPD is the same in both frames as longas z - P, z - A
and A? are held to be the same. The light-cone GPD H in the momentum space is defined

dz= ..
H(x,E 1) = P+/%e”‘f’+z H(z P, A), (19)

where the skewness parameter ¢ = —A"/(2P"). In the literature, the light-cone GPD has also been defined in the
symmetric frame as [3,20]

1 il . A in A A
Hien) = [ e toia(=5 (=55 )a(5) o (20)

for a lightlike vector n# « (1,0,0,—1). In the symmetric frame, the average momentum P has its dominant component
along the light-cone direction that is anticollinear to n. The above expression allows us to generalize H as

z-P<pf|g<_§>zw<_§é>qg>|Pi>

A
:Al(z-P,z-A,M,O)+Z—PA3(Z.P,z-A,A2,0), (1)
Zo

H(z-P,z-A A%0) =

which is independent of the orientation of z# and equivalent to Eq. (18) in the coordinate system where z# = (0,z7,0,).
Therefore, H is Lorentz invariant as long as the scalars z - P, z - A, A? are fixed, and the H GPD in the momentum space is

the Fourier transform by integrating along a fixed direction in the (z- P,z - A) plane with z- A = =2&(z- P), i.e.,

H(x,&1) = / Meixz'PH(z-P, —2&(z- P), 1,0). (22)

A

(Note that x is the Fourier conjugate of z - P.)

Now, we turn to the quasi-GPD ‘H which in the coordinate space is connected to the light-cone GPD H through the

matching formula [122]:

H(z- P, =2&(z- P), A%, 2%, %) = /1 duC(u,z- P,&, 2%, ) H(u(z - P), —2ué(z - P), A% i), (23)

-1

where C is the short-distance matching coefficient that can
be calculated perturbatively [121-123] and y is the renorm-
alization scale in the MS scheme. (We will revisit the
derivation of the matching equation toward the end of this
section.) At leading order in aj, the above formula indicates
that 7 collapses to H in the light-cone limit z> — 0:

limH(z-P,z- A, A%, 22) = H(z- P,z- A, A% 0) + O(ay).

7220

(24)

Therefore, a natural candidate for a frame-independent
quasi-GPD is the generalization of Lorentz-invariant H to
include z2 # 0, i.e.,

H(z-P,z- AN, 22)=A(z-P,z- A, A% %)
-A
+LA3(z-P,z-A,A2,z2).
z-P

(25)

Note that this result in the forward limit agrees with the
quasi-PDF definition using the y° matrix element [57]. Since
both sides of Eq. (24) are Lorentz invariant [recall also
Eq. (21)], at finite z> the difference between H and H is
frame-independent subleading power corrections in A;’s.
Correspondingly, the quasi-GPD H is defined as

d(z-P)

eixz»PH(Z -P,=2&(z- P),t, Zz),

H(x, & P t) = /
(26)

where the measure d(z - P) = —P3dz’ with fixed P°.

A direct implication of Eq. (23) is that the skewness of
the GPD H, ¢ = —A"/(2P™), is equal to the quasiskew-
ness & = —A3/(2P?) of the corresponding GPD , as they
both are given by —z - A/(2z - P). To better understand this,
let us recall the derivation of the factorization formula for
the quasi-GPD. At short z2, the matrix element in Eq. (14)
has an operator product expansion (OPE) [121]:
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(oria(~Z) e (-g,g)q(f) )

[n/2]

Cn —iz ZBnm

Il
[]s

3
Il
o

where C, are Wilson coefficients, F, is a special poly-
nomial series, O*o#1-#» are the conformal operators, and
B, (1) are perturbative coefficient functions that diago-
nalize the anomalous dimension matrix of the operators
that mix with Q¥o#1--#» The conformal operator is defined
as [136,137]

HOH 1 -+ -Hn
Ny My, -y, O

[n/2]

ZC in-9)"2"g ﬂ(in-B)zmq—traces, (28)

where C;/?(x) = ZEZ]:/?) CYZx™ is a Gegenbauer polyno-
mial in x. The off-forward matrix element of QFok1--#s js
the Gegenbauer moment, which, according to Lorentz
covariance, can be parametrized as

(prlngny, ...n, O] p;)
1n/2)
= 3" Gl AV (20 Py races]gh (1)
m=0

(29)

where ¢,,,(7) are frame-independent form factors.
Forpo =py = - =p, =+,

[n/2]
=3 CUA(-At Pty g, ()

m=0

(prlOT"[p;)

[n]/2
_ Py GRG0, (30)

m=0

And for yy =p; = -+ = pu, =3,

P A+
F#(Z, P, A) = ljl(pf,)/) |:—A1 + mZ"AQ + —A3 + imG”ZA4 +
m m

llo ﬂl

n, ( j OHn—2m+1 ) (l‘aﬂn ) (pf|0ﬂoﬂl o Hn—2m

Pi)s (27)

(prlO%=[pi)
(/2]
— (_1)n+1 Z Ci/ﬂ%[(A3)2m(_2p3)n+1—2m —traces|¢,, (1)

[n]/2
=(2p3)nt! Z Y E¥ep,, (1) —traces. (31)

m=0

On the other hand, from the operator definition we have

Ly <X> H(y. & 1),
! ¢
(32)

(P07 |p) = (2PHyr e /

and then according to the Lorentz covariance of Eqs. (30)
and (31) we have

(pr|O¥=%|p;)

= (2P3)rH1En /

1 dyCy? (%) H(y,E t) —traces. (33)
1

Therefore, following the footsteps of Ref. [121], we can
plug Eq. (33) into the OPE formula Eq. (27) and derive the
exact matching formula for the quasi-GPD:

_[ay <x y /t) .
- —C T =™ A H , G, 1,
) R (v.&.t.p)

+ power corrections, (34)

H(x, & P, t,u

where C is the matching kernel.

C. Spin-1/2 particles

In this section, we turn our attention to spin-1/2
particles, such as the proton. As in the case of spin-0
particles, it is crucial to derive a Lorentz-covariant decom-
position of the vector matrix element for spin-1/2 particles.
It turns out that constraints from parity alone are sufficient
to write down the general structure of the vector matrix
element. One ends up in finding eight linearly independent
Dirac structures multiplied by eight Lorentz-invariant
(frame-independent) amplitudes:

ic"® Plic™® Atiot

As +
m

Ag + mztictt A, + Ag|lu(p;,4),

(35)
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where o = % 'y =rr*), o =0z, oM = o'’A,, ~ Ajz are analogous to the spin-0 case. We also note that one
o =6""7,A,, and 7= (2 =0,z, =0,,2 #0) with a  can choose to work with a basis of different parametri;ation
summation implied for repeated indices. Also, we use the ~ Other than Eq. (35). However, the number of amplitudes
compact notation A; =A;(z- P,z A, A2, Zz). The steps Wlll remain the same gnd, heqce, one would a.lways require
involved in the derivation of Eq. (35) are outlined in eight independent lattice matrix elements to disentangle the

Appendix A. This derivation parallels the steps presented ~ amplitudes. Therefore, there is no obvious gain in computa-
in Ref. [138]. (See also Ref. [139] where this matrix tional co.st if a dlffe.rent parametrization is used.-
element was parametrized in momentum space and for a For spin-1/2 particles, there are two (vector) light-cone
straight Wilson line.) Note that the amplitudes A,, A,, and ~ GFDs H and E defined through [7]

|

— s/a g1 O-+”Als/a Y/ll
Ft Z,Ps/a,AS/a — us/a P’ A ]/+H Z’Ps/a’As/a E(z, Ps/a As/a s/a JA). 36
Y 2m

After using u = + in Eq. (35), we can perform a change of basis of the resulting expression to map the A;’s onto the GPDs
in Eq. (36):

A-‘r,s/a
H(z, P59, AS/%) = A + WA3, (37)
AT s/a
E(z, P74, AS/0) = —A| — PraTa ——— A3 + 2A5 + 2P /977 Ag + 20T/ 477 Ag, (38)

where the arguments of the A;’s have no dependence on z>. We can make the above expressions formally Lorentz invariant
as (see Sec. I B)

As/a z
H(z psla_z . As/a, (As/a) ) = A, oA, (39)
Psla. 7
As/a
E(z- P59,z AS/9, (AS/9)2) = —A, — o A3+ 245 + 2PV ZAg + 2019 - A (40)

We emphasize that one can arrive at Egs. (39) and (40) by contracting both sides of Eq. (35) with z, (where z,, is an arbitrary
lightlike vector) and by ensuring that zZ = 0 [recall Eqs. (20) and (21)]. This implies that light-cone GPDs are frame
independent as long as the Lorentz scalars such as (z - P*/4, z - A%/%, (A%/%)?) are taken to be the same in the two frames.

We now turn to quasi-GPDs. As emphasized in Sec. II B, the essence of the matching equation is the equivalence of the
quasi-GPDs and the light-cone GPDs at the leading order. Therefore, a natural way to define the quasi-GPDs H and & is
through a Lorentz-invariant generalization of the light-cone definitions in Egs. (39) and (40) to z> # 0, i.e.,

A\/a_
H(z-PS/a,z- AS/a, (AS/9)2, 22) = A1+P‘/a A (41)
As/a.
Sz Pz AL (W 2) = Ay = A 25 2P A 200 2, (42

where now the arguments of the A;’s have a nonzero dependence on z>. We expect that the definitions in Egs. (41) and (42)
may have a faster convergence to the light-cone GPDs at the leading order, although such a statement needs a rigorous
justification from the theory side.? Furthermore, these definitions of quasi-GPDs differ from their (respective) light-cone
GPDs by frame-independent power corrections beyond the leading order.

Our argument parallels Ref. [57], where similar arguments where made for the quasi-PDFs. See the next paragraph for a discussion
on the convergence of the various definitions.
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Historically, quasi-GPDs have been defined through the y° operator as

_ Z Z
P i) = (=5 ) (5)

ic™A

s/a
= wla(p}/, X) {yOHa/%z,Ps/a, AV o (2, P, AW)] wla(pye2).  (43)

After using u = 0 in Eq. (35), we can perform a change of basis of the resulting expression to map the A;’s onto the
quasi-GPDs in Eq. (43). The relations in the symmetric frame read

Hy(z. P* AY) = Ay +

WA3 - 2P0,SP3,S -

AO,S mZA(),sZS N (AO.s)ZZS A(),SA.%,SZB»PO,S Z3 (Aj_)z
4 2P3,s 2(P3,s)2 2P3,s 6

(AO,A‘)3Z3 (AO,S)2A3.SZ3 AO,sZ3 (Ai)z 4
+ 2P0,5P3,s - 2(P3‘S)2 - 2P0,sp3,s 8> ( )
AO,S m2 AO,SZS (AO,AY)2Z3 PO,s AO,S A3,sz3 Z3 (Ai)z 2Z3 (PO,s)Z
SB(Z’ Ps’ AS) = _Al - WA3 + 2PO,SP3,S A4 + 2A5 + |:_ 2P3,s + 2(P3.s)2 2P3,s - P3,s :|A6
(AO,s)3Z3 (AO,s)ZAB,sZB AO,sZ3 (As )2 2Z3P0,sA0,s
+ |:_ 2P0,.\'P3.s 2(P3,s)2 2P0,SP3J,_S - P3,s AS (45)
On the other hand, the relations in the asymmetric frame read
AO,a mZAO,uZS 1 mZAO,a AS.aZ3
Ho(z, P A%) = A + —— A — =
O(Z ) 1+ PO,a 3 |:2P0.aP3,a (1 + ZAP33!;) 4P0,a (P3.a)2 :| 4
N |:(A0Va)2z3 1 (AOVa)ZAB,aZB 1 PO,aAO,aA3~aZ3 ZB (Ai)2:| A
2P (LAY AP (1A 2(P)? 2p3a |70
N |:(A0,a)3z3 B 1 (AO,a>3A3,aZ3 B 1 (AOJI)ZA&(JZS B Z3 (Ai)ZAO‘a] A8 (46)
2P0.aP3,a (1 + ZAI;‘;) 4P0,a (P3.a)2 (1 + ZAI):““) 2(1)3.0)2 2P0,aP3,a
AO,a mZAO,aZ3 1 m2Z3 m2AO.a A3,az3
E4(z,P*"AY) = —-A| ———A;— |- - — A 2A
0<Z ) 1 PO.a 3 |: 2P0,aP3,a (1 + %) (P3,a 4P0,a (P3,a)2 >i| 4 + S
N |: (AO,a)ZZS 1 (PO.aAO,aZ3 (AO.a)2A3.aZB> 1 <2Z3 (PO.a)Z PO‘aAO'aA3‘aZ3>
2P3,a (1 + ZAP%) P3,a 4(P3,a)2 (1 + %) P3,u 2(P3,a>2
N Z3<Azj_)2:|A N |: (AO,a)3Z3 1 <(A0,a>2z3 (AO,a>3A3,aZ3>
6 - a - 3.a - D a
2P3,a 2P0, P3,a (1 + %) P3,a 4P0,a(P3. )2
1 2Z3P0.aA0,a (AO,a>2A3,aZ3 Z3 (Aci)ZAO.a
- (1 + A3a ) pla - 2(1)3,:1)2 7 plapla Ag. (47)
2P3Aa

Several comments are in order: For finite values of the also Ref. [125].) Second, the intrinsic Lorentz noninvar-
momentum, the above expressions contain additional  iance associated with the historical definitions of quasi-
amplitudes that are not present in the light-cone expres- GPDs (formally) implies that the basis vectors (7/0, iaOA‘?/a)
sions. Thus, contrary to their forward limit where argu-  do not form a complete basis for a spatially separated
ments are made in favor of y° because of reduced  bilocal operator for finite values of momentum. Therefore,
amplitudes [57], here we find that additional amplitudes for defining quasi-GPDs in a Lorentz-invariant manner,
are found in y° in the off-forward limit. (Note that the ~ one needs to have a different basis other than just
different definitions of quasi-GPDs preserve the norm; see (P, iaOAX/"). From this perspective, one can infer that
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our Lorentz-invariant definition of quasi-GPDs is essen-
tially a redefinition of quasi-GPDs in terms of a suitable
linear combination of operators (which turns out to be y'/?)
that reduces the additional amplitudes present in the
historic definitions. This may potentially provide a faster
convergence to the light-cone GPD at the leading order,
an argument that requires further theoretical investigation.
In Sec. IV B, we will study numerically three definitions of
quasi-GPDs:

(i) definition in the symmetric frame via the y° operator
[H(Ai:2). £§(A;: 2)], Egs. (44) and (45),

(i) definition in the asymmetric frame via the y°
operator [H§(A;;z), E(A;;z)1, Egs. (46) and (47),
and

(iii) Lorentz-invariant
Egs. (41) and (42).

As previously stated, the three definitions are not equiv-
alent; they differ in terms of the amplitudes that contribute
and power corrections. Thus, it is interesting to numerically
compare the convergence of these definitions and also get
an idea about the relative size of power corrections.

definition [H(A;;z2),E(A;;2)],

III. LATTICE SETUP

A. Matrix element parametrization

One of the goals of this work is to calculate in lattice
QCD the Lorentz-invariant amplitudes defined in Eq. (35).
To this end, we perform a proof-of-concept analysis
based on two calculations of the vector matrix elements,
as outlined in Sec. II. Two separate calculations are
performed, one in the symmetric and one in an asymmetric
frame, which allows us to compare the estimates for A;. For
self-consistency, in this section we present the setup in
Euclidean space, where we use lower indices in P and A to
avoid confusion in the equations presented. The notation
for the symmetric frame is

L= A A A

. = A A A

S =P——=—-——,——F,P 4
pl 2 ( 2 > 2 > 3> (9)

and for the asymmetric frame, in which all the momentum
transfer is assigned to the initial state, is

p§ =P =(0,0,Ps), (50)
pi=P—K=(=An 0y Py). (51)

In the above equations, a factor of zf” (L: spatial extent
of the lattice) is included in A, A,, and P;. As can be

seen, the setup corresponds to zero skewness, that is
(pi); = (py); = P3. Numerical calculations of the matrix

elements in the two frames at the same value of the
arguments of the A; must be in line with the Lorentz
invariance of the A;. Such a numerical confirmation is a
highly nontrivial check of the numerical calculations and
the underlying equations, which relate the matrix elements
and the amplitudes in the two frames. As mentioned
previously, the matrix elements are frame dependent and,
in general, decompose into different sets of A; in the
two frames. This is demonstrated in Eqs. (56)—(71) and
(73)—(88) below.® The analysis takes into consideration
four matrix elements of the vector operator, that is, yg, 71,
72, and y3. The matrix element of y5 is needed only for the
extraction of A, and A;. We note that the operator y5 has a
finite mixing under renormalization for lattice regulariza-
tions with chiral symmetry breaking [32,140-142].
However, for twisted-mass fermions, which we use in this
work, the mixing is between y; and ys; the latter has a
vanishing physical matrix elements in the forward limit.

To disentangle A;—Ag, we need eight independent matrix
elements, which can be obtained using the unpolarized (I'y)
and three polarized (I';) parity projectors defined as

M=+ 70) (52)

Ty =~ (1 +7yo)iysye. k=1,2,3. (53)

| =

The I’ projector corresponds to an unpolarized proton,
while the three I'; to a polarized projector in the k direction.
The parity projectors are applied to the right-hand side of
Eq. (35), along with the spinor normalization. Finally, a
trace is taken to mimic the procedure of extracting the
lattice matrix elements, that is

TeCA(P)FA(P).  mk=0,1,23  (54)

with the following normalization for the spinor sum:

Amm»=(jziﬁ) (55)

2m

The trace is performed analytically, and the obtained
expressions correspond to the decomposition of the matrix
elements, with the ground state denoted by IT,(I';). The

matrix elements IT} (T, ) for each operator 7, and projector

I, combination are given in Eqgs. (56)—(71) for the
symmetric frame (superscript s) and Eqgs. (73)-(88) for
the asymmetric case (superscript a). For simplicity of the
presentation, we adopt the expressions at zero skewness.
The general equations for £#0 can be found in
Appendix C.

JAll equations in this section are given in Euclidean space.
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: E(E(E + m) — P3) (E +m)(—E* +m? + P3) EPy(—E* + m? + P3)z
I15(Tp) :K( 3 LA+ o LA+ - 32 A ), (56)
s . EP3A2 (E + m>P3A2 E(P% + m(E + m))ZAz
() = ik A3 Ay = o As — o Ag | (57)
: . EP;A, (E + m)P3A, E(P3+ m(E +m))zA,
HO(FZ) =K - 4m3 Al + 2m3 A5 + = 2m3 A6 s (58)
IT;(I'3) = 0. (39)
. E(E +m) — P)A PiAz P~ (—E? + m? + P3)zA
I (T,) = 1K<—( ( 2n)13 ) LAy + Zml A, — ] o ) LAg ), (60)
| P3A A A Az (P24 m(E +m))A;Ayz
Hl(Fl):K< *4m13 2A; + émz Ay =3 P I22% A ), (61)
P;A? 4E(E+m) — A2)z Pi+m(E+m))A3z
I () :K(— 43m; Ay + BEL Sm) 2, 4+ 55 > )& A8>, (62)
E-+m)A
(') = K%As, (63)
, , E(E +m)—P3)A P3A5z P3(—E? +m? + P3)Ayz
. P3A2 (4E(E +m) — A2)z (P3 +m(E +m))A3z
() =K < 34— T e g ), (65)
s P3A A, AjAyz (P3+m(E+m))A Az
I15(T,) = K(— o A; — S Ay + Py Ag |, (66)
s (E+ m)Al
H‘z(r3) = —KTAs, (67)
s o ((P3=E(E+m)Py  (E(E+m)=P)z, (=E*+m’+Pj)P;
H3 (Fo) = lK Al + A2 A5
2m3 2m m3
_E2 2 P2 P2 _EZ 2 P2 P 2
_( +m3—|— 3) 3ZA6+( + m* + P5)Psz A7>, (68)
m m
A,P? A,P P2 E A P32 E A,P P E A,7?
my(r,) =k (22534, - 22 3ZA2_( 3+ m( ;l—m)) 2A5—( 3+ m( +3m)) 2 3ZA6+( 3t m(E+m))Asz 4, ).
dm dm 2m 2m 2m
(69)
s AP A P52 (P3+m(E+m))A, (P3+m(E+m))A Psz (P3+m(E+m))A,z?
M) _K<_ amd N T gy A2 2m3 As+ 2m? Ao - 2m A7)
(70)
IT(T5) = 0. (71)

K is a kinematic factor that depends on the normalization of the proton state:
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2m?

K= VEE(E; +m)(E; +m) (72)

In fact, K takes a simpler form in the symmetric frame, that
is 2m?/(E(E +m)), due to E; = E;=E. The above
equations are elegant, which can be attributed to the zero
skewness and the simplification of K. A general feature of
the set of equations is that some of them express physically
equivalent matrix elements corresponding to momentum
transfer along the two different transverse directions. For
instance, Eqs. (57) and (58) describe the same physical
situation, but once with momentum transfer along the
2-direction and once along the 1-direction, respectively.
A similar situation occurs for the pairs of Egs. (60) and
(64), Egs. (61) and (66), Eqs. (62) and (65), Egs. (63)

|

and (67), and Egs. (69) and (70). Therefore, these equations
can be combined, leading to a set of eight independent
equations that can disentangle A;—Ag. Another character-
istic of the symmetric frame is that there are three sets
of equations to disentangle certain A;. In particular,
Egs. (56)—(58) together with Egs. (63) and (67) are needed
to disentangle A; As, and Ag, while Egs. (60)—(66)
disentangle A;, A4, and Ag. Finally, Egs. (68)-(70) can
be combined with A;, As, and Ag to extract A, and A;.

The decomposition of Eq. (35) in the asymmetric frame
defined in Egs. (50) and (51) leads to more complicated
kinematic coefficients mainly because E; # Ey. Also, the
kinematic factor K is canceled by the coefficients of A;
due to its simple structure, leading to more elegant
expressions. The parametrization for each operator and
parity projector is

“ (Ef + Ei)(Ef — E; —2m)(Ef +m) (Ef — E; —2m)(E; +m)(E; — E;) (E; — E;)P3z
H()(FO) :K _ f f 3 f Al_ f J; f A3+ f A4
8m 4m 4m
E; +E)(E, +m)(E, — E, E/E, +E)Py(E, —E)z  EPy(E, —E;)z
L ><f3)(f ) a4 BBy )33(f )A6+f3(f3)A8’ (73)
4m 4m 2m
” . (Ef +Ei)P3A2 (Ef — Ei)P3A2 (Ef + m)A2Z (Ef +El +2m)P3A2
HO(F]) = lK(TA] + 4m3 A3 + 4m A4 - 4m3 A5
Ef(Ef + E))(Ef + m)Ayz Ef(Ef = E;)(Ef +m)Ayz
_Ey(Ef 4m3f 4, - ErlEs 2m3f ). (74)

3

4m?

ng(r) = ik (-

E;+ E;)P3A E;—E;)P3A E A
(Ef+ 1)31Al_(f 1)31A3_(f+m) 12,

4+ 5
4m 4m’

EAE;+E)(E;+m)Az E((E;—E;)(Er+m)Az
+ f( f )(3f ) 1A6+ f( f )(3f ) 1A8 . (75)
dm 2m
g (T3) = 0, (76)
114(Ty) = iK _(Ef—Ei—Zm)(Ef+m)A1A +(Ef_Ei_2m)(Ef+m)A1A +P3A12A
s 8m?> 4m? 3 am "t
E—E)(E;+m)A E(E;—E;)P;Az E(E,—E;)P3A 7
EE)E e mA E(E S E)PS BB EPT -
4m dm 2m
P3A1A2 P3A1A2 P3A1A2 Ef(Ef+m)A1A2Z Ef(Ef—l—m)A1A22
I4(r,) =K\ - A A A Ag — Ag ), 78
i) ( 8m?> ! 4m3 3 4m3 + 4m3 6 2m3 8 (78)
I4(r,) =K A ———=A A A
{(2) <8m3 U a4 3t 4m at 4m3 3
E (E; +m)A%z E(E; +m)A%z
_ f( f - ) 1 A6+ f( f ) 1 Ag , (79)
4m- 2m-
a P3zA, (Ef +m)A,
I{(I'3) = K< A + o As |, (80)
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[4(I'y) = iK{ —— : A ; A : A
5(Co) =i < e 4m3 3t am
(Ef—E,)(Ef—i-m)Az Ef(Ef—Ei)Pg,AzZ Ef(Ei—Ef)P3A2Z
+ 4m3 As+= 4m3 Ao+ 2m3 As |- (81)
a P3A% P3A% (Ef—i—E,)(Ef—i—m)Z P3(2(Ef—E,)m—A%)
M50 = K<_ 8m* At 4m? As = 4m As = am? As
E(E A? E,(E A?
n ,f(f+:71) 22A6_ £ f+3m) zZAS , (82)
4dm’ 2m
" P3A1A2 P3A1A2 P3A1A2 Ef(Ef+m)A1A2Z Ef(Ef‘i‘"’l)A]AZZ
M(T2) = K< 8m?> A= 4m3 As = 4m3 - 4m3 Ao+ 2m3 A5 ). (83)
a P3A1Z (Ef +m)A1
I5(;) = K(— A Ay — 2 As |, (84)
E,—E, —2m)(E, P E,—E, —2m)(E, EE;,—E;)P
Hg(ro) —iK ( f i m)3( f +m) 3A1 _( f i m)( f +m)Z ) f( i - f) 3A5
4dm 4m 2m
E/(E; — E;)P%z E/(E; — E;)P37?
fA\Zi f)43 A i)t3
+ 2m? Ao+ 2m A7) (85)
" A, P3 Ay P32z E((Ef +m)A, Ef(Ef+m)A;P3z Ef(Ef +m)Ayz?
IT§ () = K( e A — im Ay — e As — o Ag + m A; |, (86)
. AP} APz E/(E;+ m)A, E/(E;+m)APsz E/(E;+m)A 22
H3 (Fz) = K(— 4m3 A] + 4m A2 3 + 2m3 A6 - 2m A7 N (87)
() = 0. (88)

The matrix elements above involve more A; compared to the
symmetric frame, and, for instance, Eqs. (73)—(75) contain
Ay, Az, Ay, As, Ag, and Ag. Consequently, (A, As, Ag) and
(A3,A4, Ag) are not decoupled in the asymmetric frame,
contrary to the symmetric one. In fact, in the symmetric
frame, the coefficients of A3, A4, and Ag in the y, matrix
elements vanish due to E; = E. Similarly, A4, As, and Ag
drop out the matrix elements of y; and y, except for the
projector I'5. The above simplifications lead to the afore-
mentioned decoupling and to more compact expressions
in the symmetric frame. Similarly to the symmetric frame,
A, and A5 appear only in the decomposition of I15.

To summarize, Eqs. (56)—(71) and (73)—(88) consist the
basis of required matrix elements for the calculation of the

TABLE L

Lorentz-invariant amplitudes and are used to present
numerical results for the A; for the setup of Table I.

B. Decomposition of Lorentz-invariant amplitudes

The Lorentz-invariant amplitudes can be disentangled
using the parametrizations given in the previous subsection,
which requires the inversions of Egs. (56)-(71) and
(73)—(88), in the symmetric and asymmetric frame, respec-
tively. As mentioned previously, the matrix elements of the
operators y, ¥, ¥» are sufficient to disentangle A, A3, Ay,
As, Ag, and Ag, in both frames. A, As, and Ag4 can then be
incorporated to the parametrization of the matrix elements
of y; to extract A, and A.

Statistics for the symmetric and asymmetric frame at zero skewness and 7, = 10a. Nyg, Neonts, Nere and Ny are the

number of matrix elements, configurations, source positions per configuration and total statistics, respectively.

Frame P; (GeV) A [F —1 (GeV?) 3 Ny Neons Nye Niot
Symm +1.25 (£2,0,0), (0,£2,0) 0.69 0 8 249 8 15936
Asymm +1.25 (£2,0,0), (0,£2,0) 0.64 0 8 269 8 17216
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The analytic inversion of the equations can, potentially, lead to expressions with complicated kinematic coefficients. For
simplicity in the presentation, we show the expressions for A = (A, 0,0). We use a subscript s and a in the matrix elements
to differentiate between the two frames; A; are frame independent and do not carry such an index. The expressions for the
symmetric frame take the form

A = (m(];gj_)nj) P%)Hg(ro) - iﬁim)n () — 2AEH;(F3), (89)
o = PAE R P gy i P58 gy - PRE R g

O ) (1) 5 T, (90)
Ay = i(m(i(z’?n; P-%)ni (To) +ﬁm(r2), (91)
As= = TIy(T)), (92)
As == 3 T(T), (93)
Ag = mng(m It é;jéE:m”; Dy + Ep—gzng(rg), (94)

A, = +%H (To) + i EE (P22m4$2+ m)) IT(T,) — (E+ m)(zEmjf;)(E ailic) I15(T)
i ) + S EE ), 95)
Ay —ﬁn{(ro) 4 (Ab; +(Emi_>2)n§(r2) +Aﬂzzng(r1). (96)

Below, we give A; in the asymmetric frame for A= (A,0,0), which, as anticipated, has more complicated expressions than
the symmetric frame:

A 2w M) 2B - E)Psm®  TI4(T) 2(E; — E;)Psm? I4(T,)
Ef(E;+m) K Ef(Ef+m)(E;+m)A K E/(E; +E;)(Ef+m)(E;+m) K
2(E; — Ej)ym? T(T) 2(E; — E;)Psm? E(T,)  2(E; — E)m?TI4(T)
"E/E; +m)A K EfE+E)E;+m)(E +m) K | EfE+mA K

, (97)

A2:

2P; I15 () n I.Z(Ef —E)(E; —m)II§(T,) | 2(E; — Ef)iP3 TI{(T)
E/(E; +m)z K Ef(E; 4+ m)Az K Ef(E;+m)Az K
2(E; )(Ef —m) T{(,)  2(E; - E)(E; —m) T5(I"y) = 2P3(Ef — E;) TI§(T)
; 2 H§l<ro) + 2(E; - E;))P3  TI§(Iy)
(E;i+m)z K (Ef +m)(E; + m)Az K

_ (E; — E))Pym*  TI§(T,) ; (E; + E;)m? TI¢(Ty) N Pym? I14(Iy)
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A, = 2(E; — E)mPy  TI5(T) 2m  I5(I) (100)
Ef(E;+m)(E;+m)Az K Ef(E;+m)z K
T EfE +m)(E;+m) K EJE,+mA K
A — Pym? G(Ty) | . (Ey = E; = 2m)m’ TT§(Ty) I (Ei —Eg)Pym*  TI{(T)
6 E}Ef+m)(E;+m)z K EH(E; +m)Az K EHE;+m)(E;+m)Az K
(—E; + E; +2m)m* TI{(T,) 2(m—Epm*  T4(T)) 2P;m?  T15(T) (102)
E}(E;+ E))(E;+m)z K EHE; + E)(E;+m)z K E}(E;+m)Az K
 (Ep—m) I§(Ty) . (Ep—E; =2m)P31I5(T,) i(Ef—Ei)(Ef—m)H’f(Fo)
= _
E}E; +m)z* K E}(E; +m)Az> K E}(E; +m)Az> K
(=E;+ E; +2m)P; TI{(T,) (2m* + E;(E;— E;))P;  TI4(T)
EHE; +E)(E; +m)z> K E}E; + E)(Ef +m)(E; +m)z> K
(Ef(E; — E;) —2m*) TI§(T5) Py (o) | (Ey — E; = 2m) N§(T) (103)
EZ(E; +m)Az? K E/E;+m)(E;+m)?* K E/(E;+m)Az2 K
Ay = Pym? () | (E; —Ei— 2m)m? I1¢(T, ) P T E;)Pym*  TI{(T)
2EHE; +m)(E;+m)z K 2EL(E;+m)Az K 2EZ(E; +m)(E; +m)Az K
E;—E;,—2m)m* T4 3 ¢(r Pym? 4(r
+ ( f m)m ]( 2) _ m 2( 1) 3m 2( 3). (104)

C. H and E GPDs

One of the main motivations of this work is to extract the
twist-2 light-cone GPDs for unpolarized quarks, thatis H and
E. We begin by constructing the quasi-GPDs in coordinate
space from the y°, H, and &, using the Lorentz-invariant
amplitudes A;. With the A; being frame independent, one
can relate H, and &, to the matrix elements of either frame;
this is a powerful relation, as a calculation in the asymmetric
frame requires less computational resources (see Sec. Il E).
With this in mind, and using the definition of Eq. (43) for
the quasi-GPDs in the symmetric frame, we adopt Egs. (44)
and (45), which for zero skewness simplify to

z(A? + A)

Hy(Afs2) |+ 2P,

As. (105)

Z(4E* + AT + A3)
2P,

m?z
EN(ATz) = —A, P Ay + 245 - As-
3
(106)

For simplicity we suppress the remaining arguments of the
quasi-GPDs and the arguments of the amplitudes. It is useful

ENE;—E)(E +m)z K

EZ(E;+m)(E; +m)Az K

to rewrite Egs. (105) and (106) in terms of matrix elements in
the symmetric frame that, for A= (A,0,0), lead to

Hy(A32) = (o) = i TH(T). (107)

mim m 2
EN(A}z) = ————TI§( o)—'2 (P3<f(;+)n$P3)HB(Fz).
(108)

As expected, Egs. (107) and (108) are the usual expressions
extracted from the matrix elements of operator y,, previously
used for the unpolarized GPDs [130]. We also find that the z
dependence in the kinematic factors cancels out. While the
above observations validate the methodology of relating H,,
and & to A;, using Egs. (107) and (108) is computationally
costly and not optimal for lattice QCD calculations to extract
H(AY; z) and E§(AY; z). Instead, one may still employ the
historically used symmetric frame definition for the unpo-
larized quasi-GPDs [Egs. (105) and (106)] but perform a
calculation of the matrix elements in the asymmetric frame for
the extraction of the amplitudes A;. We define such a case by
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H (A% z) and E§(AY;z). Such a possibility is due to the
frame invariance of the amplitudes A;. As outlined in Sec. II,
the kinematic coefficients between the two frames are related
via a Lorentz boost transformation.

An alternative approach is to define the quasi-GPDs
in the asymmetric frame using only the matrix elements
of yo [Eq. (43)]. In such a case, one can relate H{j and & to
the A; as

Ay m?zA z(Af + AT + A?) Z(A} + Ag (A2 + AY))
QA ) = A, + 2 A A A Ag, 109
HG (A3 2) 1+P0 3+2P0P3 4 2P, 6t 2P, P; s (109)
AO m2Z(A0 + 2P0) Z(A(z) + ZP(]AO + 4P% + A% + A%)
Ea(A%;7) = —A, = 2A, - — 20 U4 4 24 — A
6(Af:2) 1T, 2P, P, 4 T 245 2P, 6
Ag(A2 4+ 2A,P 4P2 + A? + A2
_ 2Ag(A§ +2AP +4PF + AT + Z)As' (110)
2P,P;
Substituting A; in the asymmetric frame for A= (A,0,0) [Egs. (97)—(104)], we find
2m*(E; — E;) 2m*(E; + E; + 2m)
a(a0:z) = i B =B o I14(T). Y
S (AL2) = ep AT 4y 0 2)+K(Ef+E,.)(Ef+m)(E,.+m) 5(To) (1)
4m? 4m?
E4(AY;7) = — I4(ry) —i——I4(I,). 112
6(Ai:2) K(E; + E;)(Ef + m)(E; + m) 6(Io) KP;A(E; +m) 6(I2) (112)
|
We note that (K, &) differ from (H§, &) due to their s/a
Lorentz noninvariant definition. However, in the infinite E(AV"2) = —A| 4 245 + 22P3 A, (114)

momentum limit both approach the correct light-cone limit.
While working at finite momentum boost, a different
functional form in the two frames is found. Here, we
compare H, and £, between the two frames for pedagogi-
cal reasons, as exact agreement between them is not
anticipated. Theoretically, there is no preference in using
H§ and & versus H and &. Historically, the latter is
employed, and one convenient approach is the extraction of
H{ (A% z) and E§(A%;z) which uses matrix elements in
asymmetric frames.

Another aspect of this work follows a different approach

H(Af;2)

Being Lorentz invariant, the above definitions are equiv-
alent in both frames, that is, H(A!;z) = H(A% z) and
E(Af;z) = E(AY;z). For completeness, we provide the
expressions of H and £ using matrix elements in each
frame. As above, we use as an example the case

-

A = (A,0,0), which may be written in terms of matrix
elements in the symmetric frame:

(m(E+m) + P3)

H(Ajs2) = 115 (o)

; . E(E +m)
from the one outlined above. In particular, we propose a PA A
Lorentz-invariant quasi-GPD H and & definition, as given - i;r{{) () — —=1I5('3), (115)
in Egs. (41) and (42). Such definitions may have faster 2E(E +m) 2E
convergence to light-cone GPDs. However, further theo-
retical and numerical investigation is required to reach E(A%7) = M (Ty) - .2mPs 8 (T m? s (T
concrete conclusions. The expressions of Egs. (41) and (42) (Af:2) = PR AN o(I2) EA 2 3):
simplify for zero skewness, that is, (116)
sla. o\ _
H(A":2) = Ay (113) or, alternatively, in the asymmetric frame:
|
_ o 2m? T ; 2(Ef — E;)Psm®  TI4(I) 2(E; — Eg)Psm® 1§ (I)
2(E; — Ef)m’ TI{ (T, 2(E; — Ef)Pym? 5(Ty) | 2(E; — E)m* I5(T5) (117)

1

Ef(E; +E;)(Ef+m)(E; +m) K
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2m3 ()

2m3P3(Ef + E; 4+ 2m) TIE(T,)

2m°Py(E; + E; +2m)  TI4(T)

£Afsz) = -

(
E? HE;+m) K
2m*(E; — E;) TI{(T) 4m*P,

+i +

EZA(Ef +m)(E; +m)

+
K E}(Ef +E)(Ef+m)(E;+m) K
mr)  4m* ()

EFA(E;+m) K

We note that the definition of { and £ can be interpreted as
the construction of a new operator that is a combination
of yo9, 71 and y,. We emphasize that it is important to
provide a comparison of the 7 and £ GPDs in the two
frames at the same value of 7. This requires A # A’ . Such
arelation is P* dependent but for the values of P? employed
in this work (see Sec. IIIE) is numerically similar
(' = —0.69 GeV?, t* = —0.64 GeV?).

D. Renormalization and matching

A schematic structure of the historical definition of a
quasi-GPD (say H) is

0

Ho = co(...7"...), (119)

while, as we will show in Sec. III C, a schematic structure
of the Lorentz-invariant definition is

1> +C2<}’2>

Here, (cy,cy,c,) are frame-dependent kinematic factors.
Specifically, the linear combination ¢ (...y'...) +
c5{...y%...) is such that it eliminates the additional ampli-
tudes (with respect to the light-cone case) present in
co(...y°...) alone, thereby (potentially) projecting the
resulting quasi-GPD faster to the light-cone GPD at the
leading order, which is Lorentz invariant. The question that
we want to discuss here concerns the strategy to renorm-
alize the linear combination of (y°,y!,7?) in Eq. (120).
Since the UV divergence of the quark bilinear operator
is multiplicative and independent of the Dirac I" matrix
[142-144], one can just use the renormalization factor for
y" to renormalize the quasi-GPD. Besides, since y° and '
are free from O(1) operator mixings due to chiral symmetry
breaking on the lattice [140,141], this issue is also avoided
in the Lorentz-invariant definition. Note that for our

numerical results, we will use the matching coefficient|

H = colo./) + ey (120)

E}(Ef+Ei)(Ef+m)(Ei+m) K

(118)
E;A(E;+m) K

from Ref. [121]. It is known that the GPD matching
coefficient for the operator y° reduces to that for the
corresponding PDF when & = 0, even if ¢ # 0 [121,122].
The PDF matching coefficient for y° is for the amplitude
A1, which is also the only contributing amplitude to the
Lorentz-invariant (LI) definition of the GPD when & = 0.
Therefore, the matching coefficients for the y° and the LI
definitions of the GPDs are equal. We will elaborate this
point more, including the general case of £#0, in a
forthcoming publication, along with exploring hybrid
renormalization [145] for quasi-GPDs, as well as an
improved regularization independent (RI) or momentum
subtraction (MOM)-type [140,146] scheme to eliminate
unwanted finite lattice contributions [147].

E. Calculation parameters

We calculate the proton matrix elements of the nonlocal
vector operator containing spatially separated quark fields,
in the Z direction, connected by a Wilson line. The proton
states are momentum boosted with nonzero momentum
transfer between the initial and final state:

W(0.2)y (0)[N(py)).
(121)

By (Te 2. pp, pi) = (N(ps)|w(2)y;
u,x:0,1,2,3.

IN(P;)) and |[N(P;)) are the initial (source) and final (sink)
state of the proton. The remaining variables are defined
previously. We use momentum smearing [148] to improve
the overlap with the proton ground state and suppress gauge
noise; Ref. [64] demonstrated that the method is essential
for nonlocal operators. More relevant to the present
analysis, it was found that the statistical noise is z
dependent and reduces by a factor of 4-5 in the real part
and 2-3 in the imaginary part of the unpolarized GPDs
[130]. The matrix element A}, is extracted from the ratio

C2pt(FO’ Pirts— T)C2PK(FOﬂ pf’ T)Czpt(r()’ pf" ts)

R pr Pt D =g )
k) s by

where C?P' and C3P! are the two- and three-point correlators,
respectively. 7 is the current insertion time and f, is the
source-sink time separation; the source is taken at zero time
slice. We extract the ground-state contribution to %}, from

3
C pt(rm pf Dis Iy, T) \/

C?Y(T, Dfils — 7)CP Ty, p;. 7)CP (T, pinty)’

(122)

R* by taking a plateau fit with respect to 7 in a region of
convergence, indicated by II/(T.). For simplicity, the
dependence on z, py, and p; is not shown explicitly in
the matrix elements IT/(T,).
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The calculation is performed on a gauge ensemble of
N;=2+1+1 twisted-mass fermions including clover
improvement and Iwasaki-improved gluons [149]. The
quark masses correspond to a pion with mass 260 MeV.
The ensemble has a volume of 323 x 64 and lattice
spacing a = 0.093 fm. Several of the matrix elements
beyond the commonly used y, have small and noisy
signal. To keep the statistical noise under control, we use
a source-sink separation of #; = 10a =0.93 fm. The
study of excited states via calculations of multiple time
separations is beyond the scope of this work. In future
precision calculations, we will include excited state
studies. In Table I, we give the statistics for the calcu-
lation in the symmetric and the asymmetric frame. The
Lorentz-invariant amplitudes have definite symmetry
with respect to P; —» —P3, z » —z and A - —A (see
Appendix B) and, therefore, we combine all data con-
tributing to the same value of momentum transfer
squared, . We remind the reader that for the kinematic
setup in the two frames as given in Table I, #* and * are
not the equal but are sufficiently close to each other for a
comparison between the two frames to be meaningful. We
emphasize that the asymmetric frame is computationally

more efficient, as one can obtain more than one value of A
within the same computational cost.

IV. LATTICE RESULTS

A. Matrix elements and Lorentz-invariant amplitudes

In this section, we present selected matrix elements in the
two frames. We point out that the matrix elements in the
symmetric frame have definite symmetnes with respect to

Py - —P3, z = —z, and A - —A. However, such sym-
metries are, in general, not present in the asymmetric frame,
which prevents one from taking averages of the matrix

elements for +£P5, £z, or +A before extracting the A;; the
amplitudes have definite symmetries that are outlined in
Appendix B. For consistency in the analysis, the averaging
over, e.g., £z is done at the level of A; for both frames.
In Fig. 1, we show the real and imaginary parts of bare
ITy(Iy) in both frames for the eight combinations of +P;
and A given in Table L. Similarly, Figs. 24 show y(I;),
I1;(T's) and IT,(T) (j, k = 1,2, j # k), respectively, for the
P and A combinations that lead to nonvanishing matrix
elements. There are several comments and observations for
the behavior of the matrix elements. First, IT;, and ITj are
not equivalent and, thus, not directly comparable due to
their frame dependence. For instance, their frame depend-
ence can be seen in Egs. (56)—(88) in Sec. III A, where the
matrix elements parametrize in different combinations of A;
with frame-dependent kinematic coefficients. Also, the
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FIG. 1. Bare matrix element ITy(I"y) in the symmetric frame (left) and in the asymmetric frame (right), for |P3;| = 1.25 GeV and

t = —0.69 GeV? (t = —0.64 GeV?) for the symmetric (asymmetric) frame. The top (bottom) panel corresponds to the real (imaginary)

part. The notation in the legend is {P3, &} in units of 2z/L.
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FIG. 2. Bare matrix elements ITy(I";) and ITy(I',) in the symmetric frame (left) and in the asymmetric frame (right). The legend

indicates {x, P, &} in units of 2z/L, with  corresponding to ITy(T,). The remaining notation is the same as Fig. 1.

numerical values of some of the kinematic factors, e.g., E;,
depend on the frame. For example, IIj(I'y) contains
information on A;, As, and Ag, while II§(I'y) contains
information on A;, Aj, Ay, As, Ag, and Ag. Second, the
matrix elements in the symmetric frame have definite
symmetries, which are validated in the data shown in
Figs. 1-4. For instance, Eq. (56) has a symmetric real
part and an antisymmetric imaginary part with respect to
P; — —P5 at fixed z, which can be traced back to the
symmetries of A; [A}(—z-P)=A(z-P), A(—z-P) =
As(z-P), A{(-z-P) = —Ag(z- P)] combined with the
symmetry properties of the kinematic factors. For simplic-
ity, we do not show all arguments of A;.

Third, the lack of definite symmetries in the asymmetric
frame appears to be a small effect in II§(Iy) and I15(T'3)
and comparable to the current statistical uncertainties.
However, the effect in I1{(T",) is more significant, particu-

larly when A > —A. Finally, some of the matrix elements,
e.g., I1{(I"), are theoretically nonzero but are suppressed in
magnitude. This has implications in the signal of some of
the A;, as we will see below.

The next step in the analysis is to decompose the matrix
elements into the corresponding Lorentz-invariant ampli-
tudes. The fact that the A; have definite symmetries makes
them interesting to isolate and study. This is done for each
kinematic setup of Table I (total of eight). The A; from
different kinematic setups can be combined according to
their symmetries, by symmetrizing or antisymmetrizing

with respect to £P;z, based on the findings given in
Appendix B. The frame independence of A; is a major
advantage of the proposed parametrization, which we
observe numerically using our lattice QCD calculation.
Such a test should not be understood as a check of the
theoretical formulation but rather a consistency check of the
lattice estimates for A;. The extent of agreement in the two
frames provides an estimate of systematic effects arising
from nonvanishing lattice spacing.

In Figs. 5 and 6, we present the bare A; after combining

all values of 133 and A. The amplitudes A,, A4, Ag, A; and
Ag are accompanied with an explicit factor of 7" (n = 1,2)
in Egs. (56)—(88) and, therefore, cannot be accessed at
z = 0. One may extrapolate their z dependence to obtain
A;(z = 0). In the presentation of Figs. 5 and 6, we keep the
same range in the y axis for all the amplitudes for a better
quantitative comparison.

We find that A5 has the largest magnitude both in the
real and the imaginary parts, followed by A;. The remaining
amplitudes are found to be very small or negligible,
which can be traced back to the small signal for some
of the matrix elements, such as IT;(I;). Overall, we find
very good agreement between the two frames for each A;,
as expected theoretically. We remind the reader that there
is no exact match of the momentum transfer in the two
frames (#* = —0.69 GeV2, t* = —0.64 GeV?) and small
differences may be attributed to the ~7% change in ¢,
as well as unquantified systematic uncertainties. Such a
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frame. The notation is the same as Fig. 5.

difference between #* and t¢ is, in general, not an obstacle
in the proposal of Sec. IIIC, where a Lorentz boost
transformation can relate the momentum transfer between
the two frames, without ambiguity in the extracted light-
cone GPDs.

B. Lorentz-invariant and noninvariant quasi-GPDs

In this paragraph, we use the methodology of Sec. III C
to calculate the GPDs based on the y, operator (Lorentz
noninvariant), Hg/ “ E‘g/ “ as well as an alternative Lorentz-
invariant operator that combines y, ¥, 72, defining H, &.
Having the amplitudes A;, one may use them for any
definition of quasi-GPDs, as they contain no information
on the frame and are interchangeable between the sym-
metric and the asymmetric frame, as long as one keeps
track of the values of P; and ¢ that the quasi-GPDs
correspond to. The results for P; =125 GeV and
= —0.69 GeV?, *=-0.64 GeV? are shown in
Figs. 7-10. In particular, we compare the definitions of
Hy and &,, as given in Egs. (107) and (108) for the

symmetric and Egs. (111) and (112) for the asymmetric
frame. We emphasize that defining H,, and &, through y, is
frame dependent and, thus, H{ and H{ have a different
functional form; similarly for & £&§. Indeed, we find
numerically that the real part for both H, and &, is not
in agreement in the two frames (see left plots of Figs. 8
and 10); agreement is found in the imaginary part.
Another interesting comparison is for the Lorentz-
invariant definitions, H and &, using matrix elements
obtained in the symmetric or the asymmetric frame (see
right plots of Figs. 8 and 10). As expected theoretically,
the agreement between the two frames is significantly
improved for both H and &. It is natural to also compare H,,
with H and &, with £ as extracted in each frame. Also in
this case, an agreement is not expected at finite P53, as the
Lorentz-invariant and noninvariant formalism is not the
same. However, some similarity is expected because both
definitions agree at P; — oco. Such a comparison is shown
in Figs. 7 and 9, and it is found that, for this kinematic
setup, H is fully compatible with H in both frames; in fact,
perfect agreement is found in the asymmetric case.
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Comparison of bare H, and H at |P;] = 1.25 GeV in the symmetric (left, = —0.69 GeV?) and asymmetric (right,
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FIG. 8.

Left: comparison of bare H, at | P3| = 1.25 GeV using the symmetric (f = —0.69 GeV?) and asymmetric (¢ = —0.64 GeV?)

frame matrix elements. Right: comparison of bare H using the symmetric and asymmetric frame matrix elements.
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FIG. 9. Similar to Fig. 7 for £, and £ in the symmetric (left) and asymmetric (right) frame.

An excellent agreement is found between Re[€] and Re €]
in the asymmetric frame, while in the symmetric frame
there is a difference. Finally, differences are observed
between Im[€] and Im[&)] for both frames. As previously
mentioned, these quantities are not expected to be in

agreement for finite momentum Pj3. It is also interesting
to note that the statistical errors are considerably smaller
in £ as compared to &,. The origin of this behavior is
illustrated in Fig. 11, which shows the respective matrix
elements separately for the eight equivalent kinematic
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FIG. 11. Bare & (left) and & (right) for |P5;] = 1.25 GeV. All cases correspond to the asymmetric frame (1 = —0.64 GeV?). The top

(bottom) panel corresponds to the real (imaginary) part. The notation in the legend is {P;, &} in units of 2z /L.

cases. At least for this choice of P; and A, the Lorentz-
invariant definition improves the statistical quality of the
signal, i.e., that these kinematic contaminations introduce
additional noise to the extracted quantity. This trend holds
for the symmetric frame, too. We also note that this effect
does not occur, or is strongly limited, in the case of H GPD.
Tracing this behavior back even further, the definition
of & involves additional matrix elements that subtract the
noise present in Ily(I";,) (see Fig. 2, particularly the
imaginary part). In turn, H, is numerically dominated
by the less noisy I1(Iy) (Fig. 1). We remind the reader
that, in general, the difference between ¢ and #* may be

responsible for small differences between the quantities
calculated in the two frames. Also, further investigations
are needed to assess the advantages and disadvantages of
the various definitions for the quasi-GPDs.

An important component of the lattice calculation is the
renormalization, which in this work is done in coordinate
space using an RI prescription. Since this is a proof-of-
concept calculation, we do not focus on the various
prescriptions to improve the renormalization, such as the
hybrid scheme [145], and reduction of lattice artifacts in the
RI estimates [147], or combination of the two. However, we
do emphasize that this is an important direction for future
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FIG. 12. Comparison of bare and renormalized quasi-GPDs H,, H (left) and &, £ (right) for the real (top) and the imaginary (bottom)
part in coordinate space. All cases correspond to the symmetric frame (t = —0.69 GeV?). The renormalized quantities carry a

superscript R.

systematic studies of GPDs. For compatibility with the
matching formalism of Refs. [121,150], we use the standard
RI prescription defined on a single renormalization scale,
(apy)? ~ 1.95, which will also enter the matching equations.
We find negligible dependence when varying . As dis-
cussed in Sec. III D, the appropriate renormalization for H
and FE is the one of the y operator, which is valid for both
Lorentz-invariant and noninvariant quasi-GPDs. Details on
the calculation of the renormalization functions used in this
work can be found in Ref. [75]. As an example, in Fig. 12 we
compare the bare and renormalized values of quasi-GPDs
using the symmetric frame and the two definitions, that is

Hy/* and H, £}/ and £. The plots demonstrate the challenges
related to the renormalization, that is, as z increases, the RI
prescriptions become less reliable. In practice, the value of the
renormalization functions increases exponentially due to the
linear divergence leading to renormalized functions that do

not decay to zero. Such behavior can be seen in 5 and H~.

C. Light-cone GPDs

To extract the light-cone GPDs from the lattice data,
one must transform the latter in momentum space to
reconstruct their x dependence. While this is necessary,
the Fourier transform from a finite set of quasi-GPD matrix
elements is accompanied by the so-called inverse problem,”

See Ref. [151] for an extensive discussion in the context of
reconstructing partonic distributions.

which mainly affects the small-x region. Nevertheless, the
moderate-to-large-x region is not sensitive to this inverse
problem, thus allowing us to make reliable predictions. In
this work, we use the Backus-Gilbert (BG) reconstruction
method [152], which uses a model-independent criterion to
choose the light-cone reconstructed GPDs from among the
infinite set of possible solutions to the inverse problem. The
criterion is that the variance of the solution with respect to
the statistical variation of the input data should be minimal.
We reconstruct the momentum-space distribution by
applying BG separately for each value of x. It should be
noted that, despite BG being model independent and better
than the naive Fourier transform, there are still limitations
due the small number of lattice datasets. In the work
presented here, we vary the number of data that enter the
reconstruction, that is z,,, = 7a,9a, 11a, 13a.

The x dependence of quasi-GPDs for the various
definitions is shown in Fig. 13 using the BG reconstruction
method with z,,. = 9a. All definitions for the H quasi-
GPD are consistent, with a very mild difference between
the definitions of Egs. (105) and (109) for x < 0.4. Such a
difference become negligible after the matching (see, e.g.,
Fig. 18). On the contrary, the E quasi-GPD has a noticeable
dependence on the definition. More precisely, the results
using Eqgs. (106) and (110) are in agreement marginally;
the agreement improves in the x > 0 region after the
matching, as seen in Fig. 19. Differences are also observed
in Egs. (106) and (110) when compared to the alternative
definition of Eq. (114). These differences persist after the
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FIG. 13.
and (110), and Egs. (113) and (114).

matching. Once again, agreement between the various
definitions is not expected by construction. The only
agreement imposed by theory is the frame independence
of Eq. (114). Indeed, we find that the numerical results are
frame independent despite the small difference in the value
of t between the two frames.

The final step of the calculation is the application of the
matching equations on the x-dependent quasi-GPDs, to
connect the lattice data to the light-cone GPDs, as outlined
in Sec. III D. We use the one-loop expression of Ref. [121]
to relate the quasi-GPDs in the RI scheme at a scale of
1.95 GeV to the light-cone GPDs in the MS scheme at
2 GeV. At zero skewness, the matching coefficient is
exactly the same as in the quasi-PDF case [121].

By varying z,.c, we first investigate the effect of the
truncation of the dataset entering the reconstruction of
the x-dependence. For simplicity, we show the effect in the
light-cone GPDs. We find very small dependence between
Zmax = 7a,9a, 11a, 13a for all quantities calculated in both
frames. In Fig. 14, we show the z.,,, dependence of Hj
and H extracted from the asymmetric frame calculation.
Similarly, in Fig. 15, we show E§ and E. As can be seen, all
values of z,,,, lead to compatible results, with the statistical
uncertainties increasing with z,,... Hence, we proceed with
Zmax = 9a as the preferred value.

In Sec. IV B, we compare A;, Hy, &, H, and &, as
extracted from different definitions and frames. It is
interesting to present such a comparison in the light-cone

—0.5 0.0 0.5 1.0
T

Renormalized quasi-GPDs H,,, H and &, £ in momentum space using the definitions of Egs. (105) and (106), Egs. (109)

GPDs, which is summarized in Figs. 16-19. In particular,
Fig. 16 demonstrates that the Lorentz-invariant and non-
invariant definitions for the H-GPD lead to the same light-
cone GPDs; this holds for both the symmetric and the
asymmetric frames. We remind the reader that the two
definitions are different and such an agreement is not
expected theoretically. The obtained distributions employ-
ing the y, operator and symmetric frame definitions of H}
and E} coincide with the results of Ref. [130]. Figure 17

compares Eg/ “ and E as extracted in each frame. Unlike the
case of the H-GPD, here we find that the two definitions
lead to GPDs that are of similar magnitude and shape but
are not in agreement for most of the x region. Interestingly,
the numerical difference between Ej and E is more
prominent in the symmetric frame. The overall picture in
comparing H, with H, and E,, with E, is similar to the one
for quasi-GPD matrix elements in coordinate space, as
presented in Figs. 7 and 9. Besides comparing the results
from different definitions within the same frame, it is
illustrative to investigate if the two frames for a given
definition show any agreement. An agreement between
different frames is expected theoretically only for the
Lorentz-invariant definitions, H and E. Indeed, Figs. 18
and 19 confirm perfect agreement between H in the two
frames; the same holds for E. Furthermore, such an
agreement is also observed in the Lorentz noninvariant
definitions H and E. The latter is in contrast to
Figs. 8 and 10, where we observe Re[H}] # Re[H{] and
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FIG. 14. Dependence of Hy(A¢; x) (left) and H(AY; x) (right) on z,,. The light-cone GPDs have been obtained using matrix elements
in the asymmetric frame (f = —0.64 GeV?) and are presented in the MS scheme at 2 GeV.
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Dependence of Ey(A¢; x) (left) and E(A¢; x) (right) on z,,,,,. The light-cone GPDs have been obtained using matrix elements

in the asymmetric frame (t = —0.64 GeV?) and are presented in the MS scheme at 2 GeV.
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FIG. 16. Comparison of light-cone Hy and H GPDs in the symmetric (left, = —0.69 GeV?) and asymmetric (right, = —0.64 GeV?)

frame. Results are presented in the MS scheme at 2 GeV.

Re[&)] # Re[&§] (all bare) at small and moderate z. The
agreement at the level of matched GPDs can be attributed to
the enhanced errors after renormalization and nontrivial
correlations between matrix elements at different z entering
the x-dependence reconstruction. Nevertheless, the distri-
butions employing the Lorentz-invariant definitions evince
better agreement of their central values between the two
frames.

V. SUMMARY AND FUTURE PROSPECTS

Lattice QCD calculations of x-dependent GPDs have so
far been defined in the symmetric kinematic frame, which
is, however, computationally very expensive to implement.
The main complication is that each value of the momentum
transfer can only be accessed one at a time, as it appears in
both the initial and final states. Furthermore, the symmetric
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frame. Results are presented in the MS scheme at 2 GeV.

Comparison of light-cone E,, and E GPDs in the symmetric (left, r = —0.69 GeV?) and asymmetric (right, t = —0.64 GeV?)
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FIG. 18. Left: comparison of light-cone H(-GPD in the symmetric (t = —0.69 GeV?) and asymmetric (t = —0.64 GeV?) frame.
Right: comparison of light-cone H-GPD in the symmetric and asymmetric frame. Results are presented in the MS scheme at 2 GeV.
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FIG. 19. Left: comparison of light-cone E,-GPD in the symmetric ( = —0.69 GeV?) and asymmetric (1 = —0.64 GeV?) frame.
Right: comparison of light-cone E-GPD in the symmetric and asymmetric frame. Results are presented in the MS scheme at 2 GeV.

frame requires two separate inversions for two separate
momentum smearing at the source and sink. Hence, the
current status of GPD calculations is still at the exploratory
stage, with a very limited number of values of the
momentum transfer and, consequently, skewness. In this
work, we propose a way to resolve this issue via a new

parametrization of off-forward matrix elements relevant
to GPDs in terms of Lorentz-invariant amplitudes.
Specifically, the frame dependence of the matrix elements
is absorbed in the kinematic factors of the parametrization,
leaving the amplitudes frame independent. Here, we
present a lattice QCD calculation of off-forward matrix
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elements of the nonlocal vector operators coupled to
momentum-boosted proton states. We observe numerically
the frame independence of the amplitudes A;, by comparing
their estimates as extracted from the symmetric and the
asymmetric frame chosen above. Overall, we find very
good agreement between the two frames.

A novel aspect of this work is that the applicability of the
new parametrization in any frame has major implications in
the reduction of the computational cost. Take for instance
the fixed-sink sequential inversion approach, and the
asymmetric setup used in this work where the momentum

transfer is assigned to the initial state, that is p, = P,

Di = P—A. The computational advantages are twofold:
(a) one can quadruple the number of measurements by
adding all permutations of A contributing to the same t;
(b) several vectors A may be obtained for a given p; with
an overhead of only the contraction cost. The asymmetric
frame needs only one inversion corresponding to a single
momentum smearing at the source or sink. So there is a
factor of 2 gain in inversion even for a single momentum
transfer. Note that for both cases the momentum smearing

is optimized for a selected A. However, we identify a broad
range of values for the momentum smearing parameter in
which the signal improvement is close to optimal.

The Lorentz-invariant amplitudes can be related to the
quasi-GPDs of H and E in coordinate space. The latter are
not uniquely defined and here we focus on three options:
(a) definition in the symmetric frame via the y, operator
(H§, £p); (b) definition in the asymmetric frame via the ¥
operator (H“,é’g); (¢c) novel Lorentz-invariant definition
(H, £). We emphasize once again that the three definitions
are not equivalent; they differ by power corrections. The
first definition is of particular interest, as it has been used in
previous lattice QCD calculations in the symmetric frame.
It is still possible to extract the quasi-GPDs in the
symmetric frame in a computationally less-costly way by
using the Lorentz-invariant amplitudes A; obtained from
the asymmetric frame. In such a case, the quasi-GPDs are
defined at the value of 7 corresponding to the asymmetric
kinematic setup. The kinematic coefficients of Egs. (105)
and (106) are obtained via a Lorentz transformation for a
transverse boost. Another novel aspect in this work is the
Lorentz-invariant definition of quasi-GPDs presented in
Eqgs. (113) and (114). Such a definition should be in
agreement between the two frames. We explored this
direction in our lattice calculation and our findings
confirm such frame independence (see, e.g., right panels
of Figs. 8 and 10).

The proposed parametrization and the introduction of the
Lorentz-invariant amplitudes in not limited to the quantities
presented in this work. It is a powerful theoretical tool and
has a broad range of interesting applicability that extends
beyond leading twist. We believe that it has the potential to

shape future calculations of GPDs from lattice QCD with a
computational cost that is within reach.
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APPENDIX A: DERIVATION OF THE LORENTZ-INVARIANT PARAMETRIZATION IN TERMS
OF THE A; AMPLITUDES

In this appendix, we outline the steps used to obtain the Lorentz-invariant amplitudes A;’s that parametrize the position-
space matrix element in the vector case. The starting point for a complete parametrization of the vector operator involves
considering all possible Dirac bilinears consistent with the parity constraint (see also next section where we discuss the
implications of the parity constraint):

P/‘ Aﬂ . MP . ﬂA Pﬂ. ZA All' ZA
Fi(z.PA) = i(py. ) |~ Ay +mz Ay + = As + 7 Ay + miohAs + T Ag + o Ay + mitic Ag + = A
m m m m m
PticP AHtigP PHigPA HigPA Al jgPA
Ay + mzticP Ay + p” Ap + 3 A+ - A+ o Aislu(pi,A), (A1)

where A; = A;(z- P,z A, t = A%, z%). However, a further pa R

reduction in the number of structures is possible as shown Alio = A"A

in the following. 2m 2m
(1) Using the Gordon identity,

AIS b A3. (A6)

(3) After a multiplication by z, in Eq. (A2), we find

0= il ) [ o D uiprt) (a2)
TP A T T | P ic?f z-A
o=
2m 2m
st — AF, A3 PHicP Ph(z- A
(A3) i (z-A) (A7)
2m 2m
Hence, one can drop the term « Ay.
(2) After a multiplication by A, in Eq. (A2), we find Hence, Ay — A;. Similarly,
iGPA A2
—_— s — HiZP (7o A
2m ~ 2m ...Zga - —Z (2Z ) All - A2, (Ag)
Prighd  prA A4 m m
2m 2m (A4) il Az )
AFig? Bz
Hence, A3 — A,. Similarly, “Tom . om Ap = A, (A9)
it . 7'A? Ar o A (A5) Therefore, in the end one is only left with eight independent
U 2m 2m 1 > structures.

APPENDIX B: SYMMETRIES OF THE AMPLITUDES A; AND CHECKING THE LOCAL CASE
1. Symmetry of the A;’s under Hermiticity

The Hermitian conjugate of the correlator is

' = [ tia(=5)ra(3)iped] = |t (=5)rora (3 ]|
= (pi. Alq" (%) (r)'7’q (— g) s ) = (pi-Alg (%) "q (g) s 4. (B1)

For the Dirac matrices and the amplitudes A;’s, this means
[a(ps)PAju(p)]" = a(p;)[P*Ajlu(py). (B2)

and similarly for the structures associated with A, /3, and
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[a(py)ic*Asu(p;)]" = —a(p;)[ic**AjJu(ps).  (B3)

and similarly for the structures associated with As/s/7/5.
So, we get

pH NG
(F)" = a(p;. 2) [ZAT + mz A5+ — AY = michA;

P UA TEPR N
io* Ptic .
AL - A} — mz'ic*t A
m m

Atigt
A§] u(pp ).

(B4)

This can be compared to F* after performing the trans-
formation p; <> py, which means A — —A and 7 — —z.
Then, the above equation is

PH AH
(F)" = a(pp. ) {ZAT — mz A5 = — A%+ mictA]

+ A 1 : ZA
io* Ptic .
AL - A} + mzic A
m

m
AtigA

45 o (85)

The implies the following constraints on the A;’s (restoring
now the arguments of the A;’s):

i( ) )
3(=z- P,z A A% 22) = Ay(z- Pz A, A% 7?)
S(=z2- Pz AN ) = Ay )
M=z Pz AN Z) )
Al(-=z- P,z A A% 2?) = As(z- P,z A A% 22),
(-2 Pz A A% %) =Ag(z- Pz A A% 22)
=z P,z AN 22) =As(z- P z- A A% 2?)
i(—z-P,z- A A% ) = Ag(z- Pz A A% ).

2. Symmetry of the A;’s under parity
We begin with

Py = oyt (=5)as(5) 10 @)

where we have suppressed the helicity indices. Then, by
using Up!Up = 1 we get

Fij(pi»pys2)

= (prla; (—%)q; <§>|pi>
z

_ _ Z _ _
= (p/|Up'Upg, <—§) Up'Upg; <2> Up'Uplpi)

i — [ 2T\, 2\, 1=
e e [ ) L7 SR
where we have made use of Up|p;) =|p;) and
(pf|Up" = (py|, where p = (p°,—p). Next, we use the
parity transformation of the spinor Upq(z)Up! = y°¢(Z) or
Upq(z)Up' = q(2)7° to arrive at

_ _ Z _ Z 1=
Fij(phpf’z) = <Pf|UPQj (‘5) UPIUqu' <§> UP1|pi>

— rian( -5 ) () o0
(@ (=5)ar (5) 190 )74 89

We therefore infer

Fii(pips.2) = 1% Fu(pi Py Z)J’?j- (B10)
Parity constraint also implies (see Ref. [138])

PU(P.A...) = P'T5 (. A, . )",

(P A, ...) =T (P, A, ...)y°, (B11)
where PH = P,, etc. We can check the above for the

structures appearing in our decomposition. For example,

YOPPA (z- Pz A, A% ) = PrA (- P,z A, A% 22),

(B12)
and similarly for the structures associated with A, /3, and

Pic" AL (z- P.7- A, A?

a1l
[S8]
~—

= yio" ’JZ,;]/OA4(Z .
= io" A (Z- P, Z- A, (B13)
and similarly for the structures associated with As/c/7/3-
(Note we used y%6,,7° = ¢**.) So all the structures are
consistent with parity. Hence, Eq. (B10) implies

Az Pz A A2 Z22)DSA(z- P2 A A% 7). (Bl4)
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3. Symmetry of the A;’s under time reversal

Time-reversal operator is antiunitary meaning:

(UTUly) = (xly)™. (B15)

We begin with

Fii(pi> pr.2) = (Pflq; <— %) qi <§> |Pi)

where we have suppressed the helicity indices. Then, by
using Eq. (B15) we get

(B16)

~ oyt (-£)ai () i
= (psla <—§> UrUrq; (;) pi)

_ z z
= (pf|ULUrg; (‘ 5) UiUrg; (§> ULUr|p;).  (B17)

where, in going from the second to the third line we have
made use of the antiunitary nature of time-reversal operator
twice [Eq. (B15)]. Next, we use Ug|p;) = |p;) and

(ps|U} = (pyl, where p = (p°,—p):
* _ < Z .
Fii(pispg.2)= (ps|UULG; <—2) U}Urq; (2> UrUrlp:)

— _ Z + Z _
=(P7|Urq; <—5> UrUrq; <§> Uy|ps).-
(B18)
Next, we use the time-reversal transformation of the spinor
Urq(2)Ur = (ir'y")a(=2) or Urg(2)U7 = (iy'y*)q(=2)
to arrive at
F;kj(pl’ pfv Z)
_ _ Z Z o
= (p7lUrq; (_E) UyUrq; <§> Ur|pi)
= (Z\,. , Z\,.
= 7ia(3) i Pl (<5 p)

= ey (o7 (3)ar(=3) 10 ) '),

N | 2

S F(pis o 2) = (') Fo(Bis Py —2) (ir'r),

(B19)
We therefore infer
~F(pispys2) = (ir'r)wFu(pis Pr.=2)(ir'r) ;. (B20)

It is straightforward to check that all the Dirac structures
appearing in our decomposition are consistent with the
time-reversal constraint. For example,
(iy'r)1(ir'r) = 1,
(iy'r)(io"?)*(ir'y?) — o™ (B21)

Now, keeping in mind that z — —Z under time reversal, we
can quickly infer from Eq. (B20)

Al(=z-P,—z-A A% 2) = A (z- P,z A, A%, ),
—A5(=7-P,—7-A, A% 22) = Ay(z- P,z A, A2, 22),

3(=z-P,—z- A A% 22) = As(z- P,z - A, A% 22),
—A5(=z-P,—z-A, A% 22) = Au(z- P,z A, A2, 22),
AL(=z-P,—z-A, A% 22) = As(z- P,z A, A2, 22),
—Ai(-7-P.—7- A A% ) = Ag(z- P.z- A A2 22),
Ai(=z-P,—7-A A2 = Ay(z- P.z- A, A% 22,
—Ay(-z-P,—-7-A A% 7%) = Ag(z- P,z- A, A2 22).

(B22)

The above expressions remain valid if parity is applied
along with time reversal.

a. Symmetry of the A;’s under Hermiticity
and time reversal

The symmetry property of the A;’s under A - —A can
be understood through their (simultaneous) behavior under
Hermiticity and time-reversal transformations:

A(z-P,—7-A AL Z2)=A(z-P,z- A, A%, 2?),
( )=Ay(z-P,z-A,A% %),
( )=A3(z-P,z- A, A% Z?),
(z: )=A4(z-P.z- A, A%, 2%),
As(z-P,—7-A A% 7)) =A5(z-P.z-A,A%,2%),
( )=Ag(z P,z AN, 2%)
( )=As(z P,z A A, 2%)
( ) =Ag( )-

A22

)

)

—Ag(z-P,—7-A, A7) =Ag(z-P.z- A (B23)

b. Consistency in the local case z=0

It is interesting to check if our decomposition is con-
sistent with the local vector current. We recall that the
local vector operator that defines the Dirac (F|) and the
Pauli (F,) form factors is

(pr1q(0)r"q(0)|p;. 4)

_ io"*A,
=a(pp, 2) |FMFi(t) + ——

2m Fq()

u(p;,4). (B24)

114512-30



GENERALIZED PARTON DISTRIBUTIONS FROM LATTICE QCD ... PHYS. REV. D 106, 114512 (2022)

So there are two independent form factors. The form factors ~ A;’s. For this, we turn to time-reversal transformation to
are real functions. On the other hand, our decompositionin  check if it poses any additional constraint on the A;’s.

the local limit reduces to Recall that time reversal leads to
M M * * *
| o = (ps, ) [P—Alm 207 A=A Ai=4 A=4As (B2
: m m
iohA Then these constraints on these A;’s at z = 0 lead to
1T A0 ). (B25)

Now, note that for us the A;’s are “complex amplitudes,” but o

for consistency with the local vector operator we must ~ Combining Eqs. (B27) and (B29) we conclude

be able to show that the A;’s surviving are real (that is,

either the real or its imaginary part survives). Recall that Re(A3) =0, Im(43) =0

Hermiticity leads to A3 =0. (B30)

Al = Ay, —A3 = As, A5 =As.  (B26) Therefore Eqs. (B27) and (B29) tell us that the only

Then these constraints on these A;’s at z = 0 lead to contribution at z = 0 comes from

Im(A;) =0,  Re(A;) =0, Im(As)=0. (B27) Re(A;) #0,  Re(As) #0. (B31)

This does not help fully because we are still left with three =~ Hence our decomposition is consistent with the local vector

A;’s. We must be able to show that we are left with only two  current.
|

APPENDIX C: EUCLIDEAN-SPACE EXPRESSIONS FOR THE TRACES FOR ANY SKEWNESS

Here we provide the general expressions for the traces for any frame and for any skewness.
1. F,, with unpolarized projector

—iK . 7.4 .
y(Cy) =—=Po(—pi- pr+m* —im(E; + Ef))A, _MAO(_pi'pf'+m2_lm(Ei+Ej'))A3

4m A3
: : iK } .
—m(mz(m —iEs)p;-z—m*(m—iE;)ps-2)Ay —m((’” —iEf)p;- A= (m—iE;)p;- A+ Aym(E; —E;))As

_%Po( i(pp-A)(pi-2) =i(pi- A)(ps-2) + Aom((py-2) = pi-2))As

—r[n;Ao(i(P,f‘A)(Pi'Z)—i(Pi'A)(Pf 2)+Aom((ps-2) — pi-2))As, (C1)

where the kinematic factor K is defined as
- 2M?
VEE(E; +M)(E; + M)

(€2)

2. F, with polarized projector

iK . .
H()(F]) :4 3P0€prp 0A1 +4 ’5A0€jpfp0A’3 +4 3 ( 2(m—21Ef)€jp[20—|—m3€jpfzo—Q—mzlejpfpiz)Aé‘
iK . . .
+ 3 (= 2iEp)ejp 0 +mejp a0 + i€y 50 = 185 p0)As

- 4—m3iP0(m2€jzA0 + (=Ef —im)ej, .n — imej, .n = Pjr€pza + (Pi - 2)€jp,00 — (Pi - D)€jp 20)As
K . . .
= iAg(m*ejzng + (—Ef — im)ejp.n — imejy :n = Pj r€pza + (Pi - 2)€jp.00 = (Pi - A)€jp,0)45,  (C3)

where €., is a four-dimensional Levi-Civita tensor.
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3. F; with unpolarized projector

K K
Hi(FO)—4 sPi(=pi - py+m* —im(E; + Ef))A; + i 5 Ai(=pi - pr+m’ —im(E; + Ef))As
K . .
4 — (m*ip;i(py-2) —m*ip; ;(p; - ))A4+ 3(lpzz<pf A+ iAgm) + p; f(=ip; - A + Agm))As
iK

- ?Pi(i<pf “A)(pi-z) —i(pi- A)(ps-2) +Aom((pi-2) = (pr-2)))As

Ay M) Py D)~ (s A)(py-2) + Bam((p2) = (s ).

4. F; with polarized projector

K
H,-(Fj) = _W i Jp;p,OAl am A, /PfP10A3
1 . .
- m (m4€ij10 =+ mz(Ef + Zm)eijp[z + lm3€ijpfz - mzpi,iejp/zo m Pjr€ip.z0 +m (pz : )ez]p/O)A4
iK . :
“amd (me;ja0 + (Ep + im)ejjp.a + IMejjp A = Pii€jp,00 ~ Pj,f€ip;a0 T (pi- A)eijp/O)AS

K . .
+ mPi(mzejzAO + (=Ep —im)ej, .a — imej, .n = Pj€pza + (Pi - 2)€jp,00 — (Pi+ D)€jp 20)As

K . . .
+ am lAi(mzejzAO + (—Ef — im)€j,.a — IMEjp A = Pjf€pza + (pi- Z)ejpfAO —(pi- A)ejpfz0>A8-

5. F; with unpolarized projector

(C5)

(Co)

[1;(Iy) = 41’;3 3(=pi-pp+ m? —im(E; + Ef))A, +4K2 s(=m?p; - pr+ m* — im*(E; + Ef))A,
s Dy (opy py = im(E,+ E)A + 1 5 (ips (g A+ igm) £ ps g (=ipy - A+ Bgm))As
—%Pﬂi(l?f “A)(pi-z) —i(p;- A)(Pf z) + Agm((pi - z) = (Pf -2)))As
— Sy )i 2) = mi(pr - A)(py - 2) + Agm((py2) = (py - 2))Ag
— iy A)(pi-2) = i(pi- A)(py )+ Bom((py D) = (g 0)As.

6. F; with polarized projector

(1)) = = 5 Paejp oAt = s m?2a€jp, poda = 5 As€jp poAs
- 41—:;3 (mPesjp0 + (Ef + im)esjp a + mesj, A = P3,i€jp,a0 = Pj.r€3p,00 T (pi - A)€3/pf0)A5
i iPy(m*ejp0 + (—Ep — im)ej, . — Imej, .n = Dj€pza + (pi - 2)€jp,a0 = (Pi - B)€jp :0)As

g iz3(mej. a0 + m*(—E; — im)€j, .a — 1m3€jprA —m*pj €pea +m*(p; - 2)€jp,a0 = m?(p; - A)ejp,0)A7
K

- miA3(m2€jon + (=Ef —im)ejp, a = ime€jp .n = Pj f€pza + (Pi - 2)€jp,n0 = (Pi* D)€jp 0)As.
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