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RESONANT SOLUTIONS FOR ELLIPTIC SYSTEMS WITH
NEUMANN BOUNDARY CONDITIONS
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Honoring the memory of Professor John W. Neuberger

ABSTRACT. We consider a sublinear perturbation of an elliptic eigenvalue sys-
tem with homogeneous Neumann boundary conditions. For oscillatory non-
linearities and using bifurcation from infinity, we prove the existence of an
unbounded sequence of turning points and an unbounded sequence of reso-
nant solutions.

1. INTRODUCTION

We consider the nonlinear elliptic system with homogeneous Neumann boundary
conditions
—Au1 +up = )\(alul + GQUQ) + f1 (.’E, (Ul, ’LLQ)),
—Aug +up = Mazuy + agug) + f2(z, (u1,u2)),in Q,
0 0
Zh_2 ) oo,
on Iy
where 2 C RY(N > 2) is a bounded domain, 9/9n := n(z) - V denotes the outer
normal derivative on 082, a; > 0, i = 1,2,3 are fixed, and A € R is a bifurca-
tion parameter. The nonlinearity f = (fi, f2), where f;: Q x R? = R, i = 1,2
are Carathéodory functions, that is, f; = f; (m,s) are measurable in z € € and
continuous with respect to s = (s1, s2) € R%
Roughly speaking, we assume that the nonlinearity satisfies
(a) f(z,s)=o(|s|) at infinity, and
(b) f is oscillatory.
Assumption (a), by a mechanism of parametric resonance, produces unbounded
branches of solutions when A approaches certain eigenvalue in the sense of Ra-
binowitz [14]. Assumption (b) transfers the oscillatory behavior to the solutions
branch, yielding infinitely many turning points and infinitely many resonant solu-
tions (see definitions 1.1-1.2).
We assume that f satisfies the following hypothesis:

(1.1)

2020 Mathematics Subject Classification. 35J65, 35J61, 35J15.

Key words and phrases. Bifurcation from infinity; nonlinear elliptic systems;
Neumann boundary conditions; resonant solutions.

(©2023 This work is licensed under a CC BY 4.0 license.

Published March 27, 2023.

109



110 B. B. DELGADO, R. PARDO EJDE/SI/02

(H1) There exists h € L"(Q) with r > N/2 and a continuous function f: R? —
RY satisfying

|fz<.’L‘,S)| < h($>f(8), i=1,2,

lim Fe) 0, where [s| = |(s1,52)] := 1/} + s3.
|s]—o0 |S|

(H2) There exists a function B € L"(Q) with » > N/2, o < 1 and sg > 0 such
that we have

with

W < B(z), for|s|>sp, €, andi=1,2.
S (e
(H3) f(z,s) is differentiable in s = (s1, $2), SZJ () € C(Q2 x R%R), and for all
i7j = 172’
sup S 8)|| pe gy = O a8 M — 0.
\S|ZMH3SJ‘( M)

By a weak solution to (1.1) we mean a pair (A, u) € R x (Hl(Q))2 such that for
all ¢ = (¢1,w2) S Hl(Q)2,

/ VuiVip1 +urpr = )\/(aﬂh + agug)in +/ Ji(z, (uy,u2))en,
Q Q Q (12)

/ VusVipg + ugthpy = )\/(a2u1 + azuz)1ho +/ fa(z, (u1,u2))tpa.
Q Q Q

Because of (H1), weak solutions of (1.1) lie in the space (WQ’T(Q))Q, r > N/2,

which is continuously embedded in (C’(ﬁ))2 Therefore, we consider R x (C(Q))2
as our underlying space. Throughout this work, we consider the Banach space
(C’ (ﬁ))2 equipped with the norm

) ) 1/2
el = (a2 + e 2 ))
Note that system (1.1) can be rewritten in matrix form as
ou

(A +TDu = u+ f(z,u), inQ, el 0, on 09, (1.3)
n

Uy ap az fi(z, (u1,uz2))
= A = = ]..4
¢ (uz) ’ <a2 as>  flou) (fz Eaz (w,us)))
I is the 2 x 2 identity matrix, and (—A +T)u = ((—A + Duy, (A + I)uz)T. Note

that the matrix A is symmetric.
It is straightforward to show that the eigenvalues of the matrix A are the numbers

where

a; +a a1 —a
o = 12 34 (12 )2 4 a2, (1.5)

with gy > 0, and p— < 0 if and only if det(A4) < 0. Let us denote by b = <Zl> the
2
eigenvector associated to p,

Ab = puy b, normalized so that [b| = (b + b3)'/2 = 1. (1.6)
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Since A is symmetric and a; > 0, i = 1,2,3, then, b A = b7 and by,by > 0.
Moreover b is the only eigenvector of A with both components positive.
Using a Rabinowitz result [14], we prove that the branch of solutions bifurcating

from infinity at A = 1/u™, denoted by 2 C R x (C’(ﬁ))27 forms a continuum, that
is, the closed and connected set

{(\u) e Rx (C’(ﬁ))zz (A, u) is a weak solution to (1.1)}.

2 contains large positive solutions (in both components), and large negative solu-
tions to (1.1), see Theorem 2.2. Let 2% denote the continuum of positive solutions
bifurcating from infinity at A = 1/u4 (resp. 2~ for negative solutions). As a mater
of fact, solutions can be expressed as

u = tb+ w,

where t > 0, w = o([t|) as t — +o0, and w € (span{b})*, see Proposition 3.2. We
will see that (An, upn) = (An, tnb + wy) — (1/p4, 00) whenever ¢, — oco.

Definition 1.1. We say that (A}, uy,) € 97 is a turning point if there is a neigh-

borhood of (A*,u*) in R x (C(£2))? such that there are no solutions (\,u) close to
(A, u*) for A > X* or for A < A*.

It is well known that the Neumann Laplacian operator has a discrete spectrum
of infinitely many non-negative eigenvalues with no finite accumulation point, so

o(—A+I)={N:1=XA <A<~ <Apooi, Ay 2 00a8n — 00} (1.7)

Let by = b, and b_ be the eigenvectors associated to u_; observe that if (—A+1)¢ =
Apr¢ in Q, and % = 0 on 09, then (—A + I)b1¢ = Aur(brg) = AA(b+9),
a%bigzﬁ = 0. In other words, Ay € o(—A + I), implies that 0 € o(—=A + I — XA).
In particular, if w is a solution to (1.1) corresponding to A = 1/u4, we will say that
u is a resonant solution to (1.1).

Definition 1.2. If Auy € o(—A + I), we say that the system (1.1) is resonant.

One interesting question is whether the bifurcating branch 2% is subcritical or
supercritical. That is, if it is formed only with solutions (A, u) with A < 1/py or
A > 1/p4 respectively.

We can easily see how to determine whether the bifurcation of positive solu-
tions emanating from the first eigenvalue is sub- or super-critical. To do this, let
(A, un) = (An, tnb + wy,) solve (1.1) for A, — 1/p4 and ¢, — +oo. Multiplying
(1.3) by b” on the left, integrating the result, using that fQ bTu, = t,]Q|, and the
symmetry of the matrix A, so b¥ A = u,b”, we obtain

Q1 = Appy) = [2b1f1('7tnb+ wn) + b fo (-, tnb + wy). (1.8)

Hence, the sign of 1 — Apy is the same as that of the right hand side. Hence, if
the right-hand side is greater than 0, the bifurcation of positive solutions will be
subcritical and if right-hand side is less than 0, it will be supercritical.

Let us define the quantities

2 2
—1 bafi(es . 1 bifi(es

F, :/liminfszrl1 I S), F, :/hmsuplel1 Jil S)

qQ s—+oo |S| ta Q s—+oo |8| ta
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From the above, and Fatou’s Lemma, if F > 0, then 27 is subcritical, while if
F,_ < 0, then 27 is supercritical. In this work, we will consider nonlinearities
satisfying
F, <0<F,. (1.9)
The above-mentioned condition means that the bifurcating continuum 2+ is neither
sub-critical nor super-criticall, and hence Landesman-Lazer type conditions do not
hold. The main purpose of this article is to establish the existence of infinitely many
resonant solutions at A = 1/ in the absence of Landesman-Lazer type conditions.
We note that condition (1.9) reflects the oscillatory behavior of 2 near infinity
around the bifurcation point A = 1/u, yielding infinitely many resonant solutions.
Hypothesis (H1) guarantees that the continuum of positive solutions or negative
solutions bifurcates from infinity at A = 1/p4 in the sense of Rabinowitz [14], see
Theorem 2.2. Hypothesis (H2) provides the estimates |A — 1/uy| = O(t*~!) and
[lw] = O(t*) in Proposition 3.2. We try to unveil the sign of the right-hand side in
(1.8), just looking at the signs of

Q

v

lim inf

lim sup
n—-+o0o

n—-+oo

/ b Yooy bifiC:s tab)

0 [t |1 He '

This is done in Lemma (3.4). Hypothesis (H3) helps establishing the inequalities
(3.14)—(3.15). With these tools, in Theorem 1.3 we take two sequences {t,,} and {¢}, }
satisfying (1.10), and from here we obtain the existence of unbounded sequences
of sub- and super-critical solutions of (1.1) in 2%. In particular, we prove the
following result.

Theorem 1.3. Let (H1)-(H3) hold. Suppose that there exists two increasing se-
quences {t,} and {t),} tending to +o0o and satisfying

t 2 bl i ',t/ b ty 2_ b1 i '7tnb
~ o0 < lim nZz:l fo( n)<0< lim Zz_l fo( )

n—o00 ‘t;l|1+0‘ n— 00 |tn|1+a

< +00,

(1.10)
where b is the positive eigenfunction of the matriz A defined in (1.4). Then, the
following assertions hold:

(i) There exist two sequences {(An,un)} and {(X,,ul,)} in 2T approaching
to (1/p4,+00) as n — oo, with A, < 1/p4 (subcritical) and X, > 1/py
(supercritical), respectively.

(i) There is a sequence of turning points {(\:,ul)} in 2% approaching to
(1/p4,4+00) as n — oo.

Furthermore, one can choose two sequences of turning points, one of
them subcritical X5, 1 < 1/p4 and the other supercritical X5, > 1/p.
(iii) There is a sequence of resonant solutions. That is, there are infinitely many
solutions {(1/p+,1n)} € P such that ||in|| o) — 00 asn — oco.

Similar results have been considered for the single equation in [9], and for the
single equation case with nonlinear boundary conditions, in [4, 5, 3, 8], and in [7]
for bifurcation from zero results.

In Section 2 we will see that hypothesis (H1) guarantees that the unbounded
continuum of positive and negative bifurcates from infinity at A = 1/uy. More
precisely, the solutions have the form (2.8) and (2.9), respectively. In Section 3 we
will prove a series of technical results involving hypotheses (H1)—(H3), needed for
proving Theorem 1.3 in Section 4.
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2. BIFURCATION FROM INFINITY

Let us consider the solid cone P = {v € C(Q): v > 0 in Q}, and let #: L"(Q2) —
{w2r(Q): %Z =0} be the linear operator defined as
Hh =, (2.1)
where v is the solution to the Neumann problem
(=A+Tv=nh, inQ,
2.2
@ =0, in 09, (22)
on
and [[v|lw2.r) < C|h||lLr ), (see [10, p. 162]). # is known as the resolvent
operator for the Neumann problem (2.2). For r > N/2, and by Rellich-Kondrachov
theorem on compact embedding of Sobolev spaces [6], W27 (Q) — W14(Q) if ¢ < r*
(where L =1 — L < L) moreover Wh4(Q) — C(Q) if ¢ > N. Consequently,
A L™(Q2) — C(Q) is a compact operator.

By the maximum principle [2, Theorem 4.1], for all h > 0, h # 0, we have
v=h¢& P, where P = {u € C(Q): u>0in Q}. In other words, % is strongly
positive. By the Krein-Rutman theorem [1], the spectral radius, denoted by r(.%),
and defined as the supremum of the modulus of the elements in tohe spectrum, is
a simple eigenvalue with a positive normalized eigenfunction ¢ € P. Furthermore,
there is no other eigenvalue with a positive eigenfunction. Moreover,

r()=1 and ¢=1. (2.3)

Using the operator ¢, equation (1.1) (or its matrix form (1.3)) can be rewritten
as
u= AKX v+ f(z,u), in Q. (2.4)

We prove that Rabinowitz’s bifurcation results [13, 14] remain valid in nonlinear
systems with homogeneous Neumann boundary conditions such as (1.1).

We start with a technical Proposition, characterizing the behavior of a blowing up
sequence of solutions. The bifurcation from infinity point is reached when A = 1/u™,
and there exists a subsequence of solutions such that, when normalized, converges
to b in (CV(ﬁ))2 for some 0 < v < 1.

Proposition 2.1. Let (H1) hold. Let (A, u,) be a sequence of solutions of
(1.1), where up, = (u1n,usn)’ are positive in both components, A\, — Ao and
lunll (o2 = 00. Then Ao = 1/ut and there exists a sub-sequence, again denoted

by {un}, such that

. Un,
lim — "
n=20 [|unll o)

where b # (8) is defined by (1.6) in (C"Y(ﬁ))2 for some v € (0,1).

Proof. Let vy, 1= (—r== ne )T. Since u,, € (WQ’T(Q))2 with 7 > N/2,

Teallom? * Tanll ez
by the compact embedding theorem, u,, € (C"Y (ﬁ))2 for some v > 0. By (H1), we
obtain that ||vn[|(cv@)2 < C.
Using the compact embedding, (C“Y(ﬁ))2 — (C’“Y,(ﬁ))2 for 0 < o' < v, there
exists a convergent sub-sequence, namely v,, such that A\, — Ao, and v,, — ¢ =
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(¢1,62)", with ¢; > 0, in (C7'(@)”. Since vy, > 0, i = 1,2, and [[val| o2 = 1.
it is easy to see that ¢ # (0,0)7, and since ¢; > 0, also ([, ¢1, [, #2) # (0,0).
Moreover, v,, satisfies

(=A+Tv, = N\, Av, + M, in Q

, lunll (@) (2.5)
G _ 0, on 0.
o
By (H1) and the continuity of f, we obtain that
lim L&) o
o [lunllog@))e

Taking the limit in the weak formulation of the system (2.5) we obtain
(-A+I)¢ = XoAg, inQ,

Op1 _ O¢a _ (2.6)
an oy 0, on 09,
or equivalently
MAF ¢ = ¢. (2.7)

Integrating (2.6) in 2, and since the divergence theorem, fQ Ag; = |, 50 %47’77 =0, so

(Aoar —1) /¢1+)\0a2/¢2_0 )\oa2/¢1+ Aoaz — 1) /¢2—0

From [, ¢; > 0, for i = 1,2, and ( [, ¢1, [, 2) # (0,0), we have 0 € o(AgA — I)
with an associated eigenvector of nonnegative components. In other words, Ay # 0,
1/Xo € 0(A), and 1/Xg = p4, which implies that (2.7) reduces to

AX ¢ = pirp, in Q.

By (2.13), r(AX) = p4, and ¢ = b = <Zl
2

of AKX . 0

> is the first normalized eigenfunction

Next we prove a bifurcation from infinity result.

Theorem 2.2. If f satisfies (H1), then the set of solutions of (1.1) possesses an
unbounded component bifurcating from infinity at A = 1/u4, namely ¥ C R x
(C(Q))?, where py is defined by (1.5).

Moreover, the set of solutions bifurcating from infinity at A = 1/u4 contains
large positive solutions or large negative solutions of (1.1), namely 2% and 9~
respectively. Also we have:

(i) There exists a neighborhood 0% of (1/u,00) such that (A\,u) € 2T N O+
and (A, u) # (1/p4,00) implies that this solutions can be expressed as

Nu)=(\th+w), (2.8)

where t > 0, and w = o(|t|) as t — +o0.
(ii) There exists a neighborhood 0~ of (1/u4,00) such that (\,u) € 2~ N O~
and (A, u) # (1/p4,00) implies that this solutions can be expressed as

(A u) = (A, th+w), (2.9)

where t <0, and w = o(|t]) ast — —o0.
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Proof. Let ¢ be the resolvent operator to the Neumannn problem (2.1)-(2.2).
Recall that (2.4) is equivalent to (1.1).

To use the Rabinowitz bifurcation from infinity result [14, Theorem 1.6] it is
necessary to verify the following four conditions:

(a) A is compact on (C(Q))%.
(b) £ f is continuous with
H f(u) = o[[ull) as [lu]| = oo (2.10)
(¢) Hu||2%/f(W) is a compact operator.
(d) py is a simple eigenvalue of A% and its corresponding normalized eigen-
function is b.

(a) It follows from the compactness of the operator JZ".
(b) Given u € (C(ﬁ))z, by the continuity of # : L"(Q) — C () and using (H1)
we have that for each £ > 0 there exist C7,Cy > 0 such that

H‘%/f(" ||(C(Q Cle )H(LT(Q)P
< CillhlLr ||f(u('))||0(ﬁ)
< Ch||h| (o) (ellull + C2)
which implies (2.10).
(c) Let us define 77 : Q x R? — R? as follows
o () = [l f (o, i ). 211)

Let us consider the closed subset 2 x Bs with
{“ € (C( )) ||U||(C(Q))2 < 5}

It is sufficient to prove that the image of Q x Bs under S is relatively compact in
(C (ﬁ))2 for some ¢ > 0 sufficiently small.

Let us consider the map u f(,u) from (C(ﬁ))2 to (LT(Q))Q, r > N/2. Using
(H1) and the continuity of f, for each € > 0 there exists C' > 0 such that
[t < [ nerfyrde< [ her e + )" da
Thus,
1FCou)l (ellull ey +C). Vue (CE)™ (2.12)

Let v = (v1,v2)T € Bs. Applying (2.12) to v/Hv||2C(Q and taking ¢ = 1, we

readily obtain
1912 17 ) ey < Wl (ol + ) < oy (5 -+ )

By the continuity of ¢ : L"(2) — W27 (), there exists C3 > 0 such that
1 (-, 0)|| < Cs||hl| (o) (6 + C6?),

where JZ is defined in (2.11), which implies that the map J# sends closed sets into
bounded sets.

(d) By (2.3) we know that r(.Z) = 1 is a simple eigenvalue of % and its
corresponding eigenfunction is equal to 1. Notice that the hypothesis a; > 0 for i =
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1,2, 3, guarantee that A.Z is a strongly positive compact operator. Again by the
Krein-Rutman theorem [1], there exists a unique positive eigenfunction associated
to r(AX) up to a multiplicative constant.

Now, observe that AZb = Ab = p4b, so b = (
eigenfunction of AJ#". That is,

by

b ) is the first normalized
2

r(AX) = py, and b is its corresponding eigenfunction, (2.13)
as desired. g

3. FUNCTIONAL FRAMEWORK AND AUXILIARY RESULTS

We analyze the associated linear system, the nonhomogeneous Neumann problem
(—A+Tu = u+g(x), inQ,

Ou _ 0, on 09, (3:1)
an
where
( 00, min {u ’#+})’ if u_ >0,
red = ( 002‘—2), if u_ =0,

if po <0,

(/}._ ) /L+)
where \; is defined in (1.7), and g € (L” )
By the Fredholm alternative, (3.1) has a unique solution u € (W2’T(Q))2 if

A # 1/py, see [11]. Moreover, by the compact embedding theorem u € (C(ﬁ))2,
since r > N/2.
Let us consider the orthogonal decomposition

(L7(€2))* = span{b} @ {¢ = (2;) e (L") /Q bigy +bao =0}, (3.2)

For g € (LT(Q))2, there exists g(1) € (LT(Q))2 such that g(-) = @, b+g¢™"(-), where

(1)
9 (1) 91 .
= and = satisf
g <g2> g (gé”) y

alzﬁ / b1g1(x) + baga(a) and / bigt"(2) + bogt (@) = 0. (33)

By the Fredholm alternative, the linear elliptic system (3.1) has a unique solution
if X # 1/py and does not have a solution if A = 1/u4 and a; # 0. Consequently,
for A # 1/py, the solution v = u(A) of (3.1) belongs to (VVQ”“(Q))2 C (LT(Q))2,
and _
u= —3 oy w,  with / brws (z) + bowsa(z) dz = 0. (3.4)
= Ay Q
Moreover, w = w(\) satisfies
(A 4+ TDw = MMw + ¢ (z), in Q,
3.5
) (35)
o

where g1 is defined by (3.3).
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If A = 1/p4, by the Fredholm alternative there exists a function v € (WQ”’(Q))2

such that v+cb solves (3.5) for any ¢ € R. Fixing ¢ such that fQ bivi+bovg+cy =0,
and defining w(1/py) = v + cob, then, w(1/py) € (span{b})*.

Next, we estimate the norm of the solution to the linear system (3.5) in (C’(ﬁ))2
whenever g € (LT(Q))Q. From now on, throughout this paper C' (possibly with
indices) denotes several constants independent of the solution w, and which may
change from line to line.

Lemma 3.1. For each compact set K C J, there exists a constant C = C(K) > 0,
independent of A € K such that

oMl e@yz < ClgD Ollwr @y
where w = (wy, w2) 7 satisfies (3.5) with [, bywi+byws = 0, and gV € (span{b})*.

Proof. By the above discussion, w = w(\) satisfying (3.4) and (3.5) is well defined.

Suppose that there exists a sequence A, — 1/414 such that ||w(An)[(c(@))2 — oo
Therefore,

w(An)

lw(An)ll (@)

which contradicts that fQ brwi(An, -) +baws (A, -) = 0. Therefore, there exists C' >

0 and > 0 such that [|w(A)[|c @) < € independent of A for any |A —1/p| <.

Let A € K\ (1/py — 6,1/py + 0). By the Fredholm alternative, w(\) €

(W?27(£2))? is the unique solution to (3.5). Using the L™-estimate and the em-
bedding (W7 (Q2))? < (C(ﬁ))Q, we have that

— b,

Il c@ye < Cllwllwzr@)> < Cllg™ ()l @2 < oo
Now, let A € K and let us define a family of bounded operators as follows

Ty: {g1 € (L"'()": /legﬁ” +hogs =0} = (C(@),

Thg1 = w(N),
where w(\) is the solution to (3.5). More precisely, for every A € K, Ty is a

continuous operator. Moreover, sup¢ g HTAQIH(c(ﬁ))z < oo. Finally, the Uniform
Boundedness Principle implies the result. ([l

Proposition 3.2. Let (H1) and (H2) hold. Then, there exists a neighborhood of
(1/p4,00) x (C(Q)* CR x (C(Q))* given by

0 :={(\u) eRx (C(ﬁ))Q: A= 1/pt| <o, u; >0, i =12, [lul| o) > Mo},

for some small 6y and large My, such that the following hold:

(i) There exist positive constants Cq,Cy (independent of ) such that if (A, u) €
2T N0 and (X, Hu||(c(§))2) # (1/py,00) then

u=tb+w, wheret>0, and / biwi + bowy = 0, (3.6)
Q

IN—=1/py| < Cot* ' as t— oc. (3.8)
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(ii) There exists tg > 0 such that for all t > tq there exists (\,u) € 2T N O
satisfying u = tb + w with w = (wy, ws) satisfying fQ biwy + bows = 0.

Proof. By Theorem 2.2 it is clear that 2T N & # 0. Let (A\,u) € 2T N0, by (3.2)
u can be written as

u=tb+w, wheret >0, / biwy + baws = 0.
Q

Let (\,u) = (\,tb+ w) solve (1.1). Multiplying (1.3) by b on the left, integrating
the result, using that fQ bTu = t|Q], and the symmetry of the matrix A, so b7 A =
pb?, we obtain

1910~ i) = [ 877 (b4 w),
Q
or equivalently
1 blfl(',tb—F’LU)+b2f2(',tb+w)

(=) =gr | : . (3.9)

Now, using (H1) and since w = o(|t]) as |t| = oo, we have that
St w) _ [fth+ w)
[t] |th 4 w|
By (H1), (3.9)-(3.10), and the Lebesgue dominated convergence theorem, we readily
obtain that A — 1/u4 as t — oc.
By (H2) we deduce that
tb o
s o), v
[th + w| t
Substituting (3.11) into (3.9),
e

||b+%\—>0 as £ — oo. (3.10)

(2, tb+w)| = ¢ < [t1*B(x)|b+ %y“. (3.11)

wa —
A= 1/l < for— [ B+ F1* < ClBlur@lt ",

1€ v
and assertion (3.8) readily follows.
To complete the proof of part (i), it only remains to verify that (3.7) holds.

Because of f(-,u(-)) € (L"(Q))27 by (3.2) and (3.3) there exists a unique orthogonal
decomposition

f(amu) = Eilb"'_ f(l)($7u)a
(1)
where @, = (1/|9) [o bifi(z,u) + bofo(z,u) and fO) = <§1(1)> € (spanb)J—, that
2

is, [, blfl(l) + b2f2(1) = (. By Lemma 3.1, we obtain
[wll(c@y: < C'||f(1)||(Lr(Q))2 < ' fllLrey2-

From estimate (3.11), w = o(|t]), and Hélder inequality, we have
lwll(c@yz < ClIBllLr@lt*, ast— oo

(i) Since 27 bifurcates from infinity at A = 1/u4, we have that despite of 21 N
O is not necessarily connected, it contains an unbounded connected component,
namely ¢ such that if (A\,u) € 4 C 2T N O, then

1
uw=1tb+w, with / biwy +bywy =0 and t = ﬁ/ biuy + baus. (3.12)
Q Q
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By the continuity of the projection of ¢4 on span{b}, the set
{t € R: (1.1) has a solution satisfying (3.12)}

also contains an unbounded connected set as desired. O

A straightforward consequence of Proposition 3.2 is the following result.
Corollary 3.3. Assume (H1) and (H2) hold. Let {(\n,un)} C 27 N O be such

that Ay — 1/py and up, = tyb + wy, with [obiwy, + bows, = 0 and t, =
ﬁ fQ biuin + baus,,, — 00. Then

lim © =b, uniformly in Q,
lim = =b, wuniformly in Q,

n—oo t,

lunll o q Q
— @ 1 uniformly in Q.

n— oo n

Hypothesis (H3) will be key for proving the following result. Later on, the main
theorem of this paper, Theorem 1.3, we will see that the next lemma together with
hypothesis (1.10) are sufficient to conclude the existence of subcritical solutions
(A < 1/p4) and supercritical solutions (A > 1/u4 ), respectively, in the unbounded
continuum Z7.

Lemma 3.4. Let [ satisfy (H3). Suppose there exists o < 1 and a function
B € LY() such that for x € Q, and for all (\,s) close to the bifurcation point
(1/ppy, +00), we have

fl sl By (2). (3.13)

|s|
Let Ay = 1/py and w, € L®(Q) are such that ||wy| =) = O(|ta|*) as n — co.
Then

2 2
i\ tn = bi i atnb
limint 3", filstabtwn) ot 2y {Qf (5 tnb) (3.14)
nTee i e [tnb + wn|® oo [t
. 2 fi('7tnb+wn) <1 tn2?=1 bifoi('atnb)
hgljolip ZZ b; T hgljo%p TED . (3.15)

=1

Proof. Let w = (w1, ws) € (L*°(2))%, ¢t > 0 and ||w|| < ¢/2. By the Mean Value
Theorem,

1 . .
filz, tb+w) — fi(z,tb) = /0 (gsfi (z, tb+ Tw)wy + %(z, th+ Tw)wg) dr, (3.16)

for all z € Q and 7 = 1,2. Consequently, we can write (3.16) in matrix notation as

f(z, tb+w) — f(a,tb) = (/01 Jf(:c,tb+7w)d7)w,

oh o
Jr=\8n o

where

Os1 Bsa
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denotes the Jacobian matrix of f = (f1, f2) and the integral of a matrix is taken
component-wise. Consequently,

/Q b+ w) — (- 18)] da
2 (3.17)

< Cllwlla@ye >0 sup {55010+ 7)oy
N ES 17€

If |w||(zo= ()2 = O(|t|*), using (3.17) and (H3), we obtain

[ t”ﬁ]a 1w

(3.18)

8fz lwl| (Lo ()2
<03 [0 M

as M — oo. Now, let us consider ¢, — oo and w,, = O(|t,|*) as n — co. By (3.18)
and the Cauchy-Schwarz inequality, we obtain that

lim inf
2 2
j— b1 Z7tnb+ n) 7atnb = bz 7atnb
e tl® AT
2
. b; i(, tnb
S by Fitab)

Now, note that

22221 bifi('a tnb+ wn) _ Z?:l bif’i('a tnb + wn)
[t | [tnb + wp |

b+ (3.20)

Combining (3.19) and (3.20), and since |b| = 1, we readily obtain

2
= bl 7 'vtnb 7 '7tnb n n |o

lim inf Zl_l fQ il ) < liminf Zbi f(——'_w)’b w—|

n—oo ‘tn‘a n—o0o = Q ‘tnb —+ wn\“ tn

fi(', tnb + wn)

2
< liminf b;
St 20 J T

By (3.13), the right-hand side above is well-defined, which implies (3.14). The proof
of (3.15) is analogous. O

4. PROOF OF THEOREM 1.3

Proof. (i) Let (An,un), (M, ul) € 27 N O such that (A, |lunl]), (N, [ulll) —
(1/p4,00) provided by Proposition 3.2. Therefore

. 1
Up = tnb + wy, with / blwl,n + b2w27n =0 and tn = ﬁ / blulm + bgUzm,
Q

Lo=tb+w, with /le(wln)erg(an)anndt o /bluanrbqun
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By (3.9) we have

90t (1= Aer) = [ B 1) +bafalen).

Dividing by ||un|| Corollary 3.3 yields

(C(@))2’
liminf| |( - M+ ~ lim f/ 1fi(u + 2f2( )'
Furthermore,
Mo [ 2
a llu nII

(c@)?

- ‘un|
Z" o |u B i

K2 | P

‘Zb e ) sz e

(c@)? Q2

Now, by (H3) and Corollary 3.3,

Z” |un|a (e ‘—/B ) ~U-=e

(c(n)ﬂ (c(@)?
as n — o0o. Consequently,
Q1 - A (.
tim inf [0 Ansir) a_?‘”) > liminf 3 b, 1l ’“o’j).
n—oo H’u,n‘ (@2 n—o00 = Q |’U/n‘

Now, Lemma 3.4 implies

Q1 -\, (-, tnb + Wy
lim inf M > lim inf Z b; f(——i—w)
nTree [[unllS n—eo t o [thb+wp|®
2
t’ﬂ = bl i 7t’n,b
> lim inf iz bi Jo fi( ) >0,
n—o0o |tn|1+a

where the positivity comes from the hypothesis (1.10). Therefore, A, < 1/u4
is subcritical for n sufficiently large. Likewise, A/, > 1/u4 is supercritical for n
sufficiently large.

(ii) Let {t,} and {t/,} be sequences such that ¢,,¢, > 0 and ¢,,t, — oo as
n — oo. Then, we can choose t, <t} < t,41 for all n > 1 and t,,t,, > to, where ¢,
is as defined in Proposition 3.2, (ii). Then there exists (A, uy), (\,,ul,) € 2T NC
such that

Up = tnb —+ wy, with / blwlyn + b2w27n = 0,
Q
=t ), with [ b )+ baluh,) = .
Q

By part (i) we obtain that /\ < 1/p4 and A, > 1/uy for n sufficiently large. If
(AMu) € 2T N0 and t = IQ\ Jo brug + baug > to, Proposition 3.2 (i) yields for to
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sufficiently large:
IN—1/uy| < Cto~t <oty '

Let us define
1
Kn = {(/\,u) S .@+ NO :t= |Q|/ b1u1 +b2u2 and t, <t < tn+1}-
Q

We will show that K, is a compact set in R x (C(ﬁ))2 Let {(pr,vk)} C K.
If t, < ﬁfg blvgk) + bwék) < tp4q for all k. By (4.1), we easily obtain that
||ka(C(§))2 < 2ty for all k. By [12, Th. 2.4], there exists a constant C), such that

vkl (o @)z < CLL+ okl c@y)2) < Cn-

Using the compact embedding C%(Q) < C?(Q) for some 3 € (0, ), we infer that
there exists u* € (C?(Q))? such that v, — u* in (C#(2))? up to a subsequence and
also (uk,vg) — (u*,u*). By definition of K,,, we have that (ux,vy) satisfies

(=A 4+ v = pAvg + f(z,vr), in Q,

0

%% _ 0, on 00,

on
By assumption f is Carathéodory, hence f(ug,-,vi) — f(u*, -, u*) pointwise. Con-
sequently, f(uk, -, vr) = f(p*, -, u*) in (L’"(Q))2. Passing to the limit in the weak
formulation (1.2), we can see that u* is a weak solution to

(—A+I)U* :u*Au* +f(/lk,l’,u*), in Qa

85:7 =0, on 0f.

Using the continuity of the projection onto span b implies that

1
to S tn S t* = ml)bluf + bgu; S tn+1.
Thus, (u*,u*) € K, which establishes the compactness of K.
Since t, < t/, < tp41, by part (i) there exists (A, u},) € K, such that u] =

tnb+wy, and [, by(w) ,) + ba(wy,,) = 0 and X, > 1/py. We define
Ar=sup{A: (\u) € K,}
Then, A% > X, > 1/p4 (supercritical). Analogously to the previous limiting argu-

ment, there exists uj, = (uj ,,u5,,) such that (A}, u}) € K,,. That is,

n? n

1 * *
tn < 7/ biuy,, + boug , < tpya,
1 Jo

recalling that ¢,, and t¢,41 are associated to A\, < 1/uy and A\,41 < 1/p4, respec-

tively. We can observe that there is no solution (A, u) close to (A}, u) with A > .

Indeed, if there is a solution (A, u) close to (A%, u’) with A > A%, by the continuity

of the projection, we have t,, < ﬁ fﬂ biuy + boug < tyy1, so (A u) € K,,, which

contradict the definition of \}. Therefore, (A}, w)) is a supercritical turning point.
Similarly, letting

1
K, ={(A\weztno:t = ﬁ/ biuy + boug and t, <t' <t 4},
Q
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Ain =inf {X: (\u) € K}, }.

We can guarantee the existence of a sequence {(\s ), usn} C K, of subcritical
turning points with A, ,, < A, < 1/py. Lastly, combining the sequences {\}} and
{As«,n} and relabeling, we obtain two subsequences of turning points, one subcritical
(A5,41 < 1/p4) and the other supercritical (A3, > 1/uy) as we desired.

(iii) Now, we prove the existence of a sequence of resonant solutions. That is,
solutions u of (1.1) corresponding to A = 1/p. Tt is sufficient to show that there
exists ng € N such that K,, and K/, contain resonant solutions of the form (1/u4,u)
for each n > ng. Suppose on the contrary that there exists a sequence of integers
numbers n; — oo such that K, does not contain any resonant solutions. Let us
define the compact sets

K,fj ={(\u) € Ky, : A\>1/pt},
which can be rewritten as

K} =97 non {()\,u) ERx (C@):A> 1/,

1
tn; < = [ biui + baug < tnj+1}~
Q[ Jq

Thus, K,'fj contains at least one nonempty connected component of 27. In view of
tn <t;, < ln41 by construction, we easily obtain that (t,;,tn;+1) N (tn;41,tn,+2) =
0, then K;; N K,J{J_H =( for all j € N. Since 2% is a continuum (closed connected

set) in Rx (C (Q))z, the contradiction comes from the fact that a continuum cannot
contain two nonempty disjoint connected components. A similar argument applied

to the sets K, also generates a sequence of resonant solutions u corresponding to
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