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Abstract: This study examined the accuracy of a reduced-order building model approach for inelastic response analysis of tall buildings
under simultaneous actions of both alongwind and crosswind loadings. The reduced-order model was established following the modal push-
over analysis procedure. The inelastic building response was represented by fundamental modes in principal directions. The hysteretic re-
lationships of generalized restoring forces and displacements were determined by static modal pushover analysis using nonlinear finite
element model with distributed plasticity. These relations were then represented by a biaxial hysteresis model, which leads to state-space
equations of the building motion with a reduced-order building model that can be solved by response history analysis or by statistical
linearization approach. A comprehensive analysis of response statistics of a 60-story building, including time-varying mean, standard
deviation, kurtosis, and peak factors at different wind speeds was carried out using the reduced-order building model and computationally
more demanding finite element model. The results demonstrate the accuracy of the reduced-order building model. The statistical linearization
approach based on Gaussian response assumption can also offer quite accurate estimations, although it can be further improved by con-
sidering the non-Gaussian probability distribution of response caused by yielding. The interaction of inelastic alongwind and crosswind
responses was addressed. The challenges faced in the estimation of time-varying mean component of inelastic response were also highlighted.
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Introduction

Current building design to wind does not explicitly permit inelastic
behavior even under ultimate wind loadings. This linear design
approach may limit the use of more innovative tall building systems
with improved performance and economy. The ASCE has re-
cently published prestandard for performance-based wind design
(PBWD) of buildings (ASCE 2019), which explicitly permits non-
linear dynamic analysis allowing limited inelasticity in the Main
Wind Force Resisting System (MWFRS) elements. Currently, there
is very little information in the literature concerning inelastic re-
sponse of buildings to wind. Therefore, the actual capacity of build-
ings against extreme wind beyond linear elastic limit is unclear.

Hong (2004) and Gani and Légeron (2012) investigated the
alongwind response of bilinear single-degree-of-freedom (SDOF)
structures, discussed the relationship between the structural natural
frequency and strength reduction factor for a given ductility factor,
and confirmed that flexible structures can benefit more from
ductility effect than rigid structures. Irwin (2009) discussed the

potential benefits from an inelastic design procedure for wind-
excited tall buildings. Judd and Charney (2015) implemented in-
cremental dynamic analysis to study the inelastic behavior and
collapse risk of SDOF buildings under uncoupled alongwind and
crosswind excitations. Mooneghi et al. (2015) discussed construc-
tion of a tall building model in wind tunnel with bilinear restoring
force character.

Inelastic response analysis of wind-excited tall buildings using
nonlinear finite element (FE) building models can shed more insight
on building performance. Tamura et al. (2001) studied the inelastic
crosswind responses of 2D multistory building frames, and found
that a column fracture immediately introduces a structural collapse
mechanism. Griffis et al. (2013) proposed a performance-based
wind engineering framework with an explicit consideration of non-
linear behavior. Beck et al. (2014) investigated the optimal stiffness
of a hysteretic multiple-degree-of-freedom (MDOF) 2D reinforced
concrete (RC) building frame subjected to zero-mean alongwind
excitation. Hart and Jain (2014) presented performance-based wind
evaluation and strengthening of existing concrete buildings, includ-
ing performing a nonlinear dynamic analysis.

Judd and Charney (2016) presented nonlinear analysis of a
10-story steel building with OpenSees (Mckenna et al. 2010) under
wind loads with different durations. Tabbuso et al. (2016) pro-
posed a method for evaluating elastoplastic reliability of uncertain
wind-excited structures using subset Monte Carlo simulation of
alongwind response. Chuang and Spence (2017, 2019) investigated
collapse probability of tall buildings based on dynamic shakedown
theory. Mohammadi et al. (2019) conducted 3D response analysis
of a 47-story steel high-rise building with incremental dynamic
analysis approach. The results revealed robust lateral compacity in
the overall lateral-load-resisting system, but also confirmed the
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existence of unacceptable serviceability performance under various
levels of wind loading in terms of large story drifts and floor accel-
erations. Ghaffary and Moustafa (2021) studied inelastic response
of a 20-story steel moment-resisting frame through collapse under
alongwind and crosswind loads acting separately using nonlinear
OpenSees model. They confirmed that current code methods can
result in overly conservative structural design and that permitting
well-controlled inelastic response can help to achieve safer and
more economical design. Ouyang and Spence (2021) presented
a probabilistic assessment of structural and envelope damage of
a 45-story steel building under alongwind loading through non-
linear dynamic analysis using a nonlinear FE model. Huang and
Chen (2022) conducted a comprehensive analysis of the inelastic
response of tall buildings under simultaneous actions of both along-
wind and crosswind loads based on a 3D nonlinear FE model of a
60-story building. The second-order P-Delta effect on both elastic
and inelastic responses was also examined.

Several studies have focused on simplified and computationally
more effective estimations of uncoupled alongwind and crosswind
inelastic building responses. Ohkuma et al. (1997) proposed an
approach based on elastoplastic total energy input and energy
response, showing that the peak inelastic displacement can be
estimated with an error of less than 20%. Tsujita et al. (1997) in-
troduced an approach based on the peak response distribution
characteristics. Feng and Chen (2018) presented a comprehensive
study on both alongwind and crosswind responses by considering
the fundamental mode with bilinear restoring force character
through response history analysis (RHA) and statistical lineariza-
tion approach. The hysteretic relation between the generalized re-
storing force and displacement can be determined by static modal
pushover analysis (MPA) using a nonlinear FE building model.

This study examined the accuracy of the MPA procedure for
inelastic response analysis of tall buildings under simultaneous
actions of both alongwind and crosswind loadings. The MPA pro-
cedure has been widely utilized to predict seismic demand of
MDOF nonlinear buildings under single input of ground motion
(e.g., Chopra and Goel 2002, 2004; Chopra et al. 2004; Goel and
Chopra 2005; Kalkan and Kunnath 2007). The inelastic building
response is represented by fundamental modes, similar to linear
elastic response. The hysteretic relationships of generalized restor-
ing forces and displacements are determined by static MPA using
nonlinear FE building model under loads in both alongwind and
crosswind directions. These relations are then represented by a
biaxial hysteretic model (Park et al. 1986; Wang and Wen 2000;
Harvey and Gavin 2014). The response statistics of a 60-story
building under different wind speeds, including time-varying mean,
standard deviation (STD), kurtosis, and peak factors, were quanti-
fied from RHA by solving the state-space equation. The response
statistics were also calculated from an equivalent linear system via
statistical linearization approach under Gaussian response assump-
tion. A comprehensive parametric study covering a wide range of
parameters, influencing inelastic responses under both uniaxial and
biaxial wind loads, was carried out to examine the accuracy of the
reduced building model developed from MPA procedure, and to
examine the influence of the biaxial response interaction.

Analytical Framework

Equations of Motion of a Reduced-Order Building
Model

The development of reduced-order building model based on MPA
procedure is presented. The responses of a MDOF tall building in

two translational directions under wind excitations are considered.
A nonlinear FE building model can be constructed. The governing
equations of motion in terms of building story displacements are
given by

Müx þ Cxu̇x þ Fxðux; u̇x; uy; u̇yÞ ¼ PxðtÞ ð1aÞ

Müy þ Cyu̇y þ Fyðux; u̇x; uy; u̇yÞ ¼ PyðtÞ ð1bÞ

where uxðtÞ and uyðtÞ = displacement vectors in two translational
x and y directions;M = building mass matrix; Cx and Cy = damping
matrices in both directions; Fxðux; u̇x; uy; u̇yÞ and Fyðux; u̇x; uy;
u̇yÞ = nonlinear hysteretic restoring force vectors, which depend
on displacements and velocities in both directions; PxðtÞ and
PyðtÞ = dynamic wind load (including the mean components)
vectors; t = time variable; and the overdot symbol denotes the
derivative with time. When building response is within linear elas-
tic range, we have Fxðux; u̇x; uy; u̇yÞ ¼ Kxux and Fyðux; u̇x; uy;
u̇yÞ ¼ Kyuy, where Kx and Ky are stiffness matrices in both trans-
lational directions. It is assumed here that the linear elastic building
responses in two translational directions are uncoupled.

It is assumed that the building response over the building height
can be represented in terms of fundamental modes, as follows:

uxðtÞ ≈ ϕxqxðtÞ; uyðtÞ ≈ ϕyqyðtÞ ð2Þ

where qxðtÞ and qyðtÞ = modal (generalized) displacements (coor-
dinates); and ϕx and ϕy = fundamental mode shapes in x and y
directions of the corresponding linear system and are determined
by following modal analysis:

ω2
xMϕx ¼ Kxϕx; ω2

yMϕy ¼ Kyϕy ð3Þ

where ωx ¼ 2πfx and ωy ¼ 2πfy are the fundamental mode fre-
quencies of the corresponding linear system.

Substituting Eq. (2) into Eqs. (1a) and (1b) and premultiplying
ϕT
x and ϕT

y , respectively, leads to the following governing equations
of the modal displacements:

Mxq̈x þ 2Mxζxωxq̇x þ Fsxðqx; q̇x; qy; q̇yÞ ¼ Qx ð4aÞ

Myq̈y þ 2Myζyωyq̇y þ Fsyðqx; q̇x; qy; q̇yÞ ¼ Qy ð4bÞ

where Mx ¼ ϕT
xMϕx and My ¼ ϕT

yMϕy are generalized mass;
ζx ¼ ϕT

xCxϕx=ð2MxωxÞ and ζy ¼ ϕT
y Cyϕy=ð2MyωyÞ are modal

damping ratios; Fsxðqx; q̇x; qy; q̇yÞ ¼ ϕT
xFxðux; u̇x; uy; u̇yÞ and

Fsyðqx; q̇x; qy; q̇yÞ ¼ ϕT
y Fyðux; u̇x; uy; u̇yÞ are generalized nonlin-

ear hysteretic restoring forces; and QxðtÞ ¼ ϕT
xPxðtÞ and QyðtÞ ¼

ϕT
y PyðtÞ are generalized forces. When building response is within

linear elastic range, Fsxðqx; q̇x; qy; q̇yÞ ¼ Kxqx ¼ Mxω2
xqx and

Fsyðqx; q̇x; qy; q̇yÞ ¼ Kyqy ¼ Myω2
yqy, and thus the equations of

linear modal responses are uncoupled. When a building behaves
beyond linear elastic range, the equations of motion become
coupled, as the relationship between the restoring force and dis-
placement in one direction is also affected by the response in an-
other direction.

The hysteretic relationships between the generalized restoring
forces and displacements can be quantified via static MPA pro-
cedure through a static analysis using the nonlinear FE building
model. The modal inertial forces in two directions are applied
to the building model simultaneously which are given as Lx ¼
αω2

xMϕx and Ly ¼ βω2
yMϕy, where α and β are constants to

control the magnitude of Lx and Ly. The static loads are monoton-
ically increased with the invariant heightwise distributions, and the
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corresponding generalized displacements are calculated. The cor-
responding generalized restoring forces are Fsx ¼ ϕT

xLx and Fsy ¼
ϕT
y Ly. The generalized restoring force and generalized displace-

ment relations are functions of Fsx=Fsy.
Fig. 1 shows such relationships of a tall building, which will be

discussed in more detail in this work. It is evident that in the linear
elastic range, the generalized restoring force and displacement in
each direction follow a linear relationship whose slope is the
generalized stiffness Kx or Ky. When yielding is developed and
building shows nonlinear inelastic response, the hysteretic relation
between the generalized force and displacement in one direction is
also affected by the loading in another direction. A biaxial hyster-
etic model is required to model the relations of the generalized
restoring forces and displacements.

Based on the uniaxial Bouc–Wen model (Bouc 1967; Wen
1976), Park et al. (1986) proposed a biaxial hysteretic model with
shape parameter n ¼ 2 to account for the biaxial interaction. Wang
and Wen (2000) further extended the biaxial model with n > 2.
According to this biaxial hysteretic model, the generalized restor-
ing forces Fsx and Fsy are expressed as

Fsx ¼ αxKxqx þ ð1 − αxÞKxzx ð5aÞ

Fsy ¼ αyKyqy þ ð1 − αyÞKyzy ð5bÞ

żx ¼ Axq̇x − zxI ð6aÞ

ży ¼ Ayq̇y − zyI ð6bÞ

I ¼ jq̇xjjzxjn−1½β0 þ γ0sgnðq̇xzxÞ�=Δn
x

þ jq̇yjjzyjn−1½β0 þ γ0sgnðq̇yzyÞ�=Δn
y ð6cÞ

where αx and αy = second (postyielding) stiffness ratios; zx and
zy = hysteretic displacements; sgn(·) = sign function; Ax ¼ Ay ¼
1 in general; andΔx andΔy are yield displacements under uniaxial
loads in x and y directions, respectively. The shape parameter n
determines the smoothness of transition from preyielding to post-
yielding region; β0 þ γ0 ¼ 1, and often β0 ¼ γ0 ¼ 0.5. This biax-
ial model is referred to as Model 1 in the following discussion.

To better understand the biaxial hysteretic force model, the dis-
placement q0 and hysteretic displacement z0 for a displacement
path along Θ-axis, defined by a line passing the origin in the
qx=Δx and qy=Δy plane with a selected counterclockwise rotation
angle θ from the qx=Δx, are considered (Lee and Hong 2010). As
qx=Δx ¼ q0 cos θ, qy=Δy ¼ q0 sin θ, zx=Δx ¼ z0 cos θ, zy=Δy ¼
z0 sin θ, Ax ¼ Ay ¼ A0, Eq. (6a) becomes

ż0 ¼ A0q̇0 − z0I0 ð7aÞ

I0 ¼ jq̇0jjz0jn−1½β0 þ γ0sgnðq̇0z0Þ�ðjcosnθj þ jsinnθjÞ ð7bÞ

The normalized yield displacement along the Θ-axis, Δ0ðθÞ ¼
jz0uðθÞj, is obtained by setting ż0 ¼ 0, and same sign for q̇0 and z0
(Lee and Hong 2010) as

Δ0ðθÞ ¼ jz0uðθÞj ¼ ½jcosnθj þ jsinnθj�−1
n ð8Þ

It is evident that the yield surface, Δ0ðθÞ as a function of direc-
tion angle θ, is a circle, that is, isotropic, when n ¼ 2, indicating
equal interaction of two directions. Otherwise, the normalized yield
displacement depends on direction. When n ¼ 1, it becomes a
rhombus, which indicates strong interaction in two directions.
When n ≥ 5, it approaches to a square, where the effect of inter-
action can be ignored.

The yield displacements and corresponding restoring forces in
two directions are

ΔxðθÞ ¼ Δ0ðθÞ cos θ; ΔyðθÞ ¼ Δ0ðθÞ sin θ ð9aÞ

Fsx ¼ KxΔxðθÞ; Fsy ¼ KyΔyðθÞ ð9bÞ
The normalized peak displacement μmax under biaxial wind

loads, referred to as peak ductility demand, is defined (e.g., Lee
and Hong 2010) as follows:

μmax ¼ max
For all t

½jqxðtÞ=Δxjn þ jqyðtÞ=Δyjn�1n ð10Þ

An alternative generalization of the biaxial hysteresis model that
can retain the isotropy and still allow for n ≠ 2 was proposed by
Harvey and Gavin (2014), which is referred to as Model 2 in the
following discussion, and is as follows:

I ¼ fjq̇xkzxj½β0 þ γ0sgnðq̇xzxÞ�=Δ2
x

þ jq̇ykzyj ½β0 þ γ0sgnðq̇yzyÞ�=Δ2
yg×½ðzx=ΔxÞ2 þ ðzy=ΔyÞ2�n−22

ð11Þ

Clearly, it corresponds to a circular normalized yield surface,
i.e.,Δ0ðθÞ ¼ 1. Both models give the same relations under uniaxial
loads but different models under biaxial loads. When n ¼ 2, both
models are identical. Both models are used and discussed in this
study.

Eqs. (4a)–(6a) can be incorporated into a state-space form as

v̇ ¼ gðvÞ þ DQ ð12aÞ

(a) (b)

Fig. 1. Generalized force and deformation relations from the FE model: (a) alongwind (y); and (b) crosswind (x).
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v ¼

2
66666666664

qx

qy

q̇x

q̇y

zx

zy

3
77777777775
; gðvÞ ¼

2
66666666664

q̇x

q̇y

−αxω2
xqx − 2ζxωxq̇x − ð1 − αxÞω2

xzx

−αyω2
yqy − 2ζyωyq̇y − ð1 − αyÞω2

yzy

Axq̇x − zxI

Ayq̇y − zyI

3
77777777775
;

D ¼

2
66666666664

0 0

0 0

M−1
x 0

0 M−1
y

0 0

0 0

3
77777777775
; Q ¼

�Qx

Qy

�
ð12bÞ

The response time-history analysis can be carried out by using
a step-by-step integration method or 4th-order Runge–Kutta
method.

By introducing nondimensional parameters and variables,
t� ¼ ωxt; q�x ¼ qx=Δx; q�y ¼ qy=Δy; z�x ¼ zx=Δx; z�y ¼ zy=Δy;
ðÞ 0 ¼ dðÞ=dt� ¼ dðÞ=dt=ωx; ðÞ 0 0 ¼ d2ðÞ=dt�2 ¼ d2ðÞ=dt2=ω2

x;
Q�

x ¼ QxðtÞ=Kx=Δx; Q�
y ¼ QyðtÞ=Ky=Δy; and Rω ¼ ωy=ωx, the

equations of motion can be expressed in the following nondimen-
sional form:

q� 0 0x þ 2ζxq� 0x þ αxq�x þ ð1 − αxÞz�x ¼ Q�
x ð13aÞ

q� 0 0y þ 2ζyq� 0y Rω þ αyR2
ωq�y þ ð1 − αyÞR2

ωz�y ¼ R2
ωQ�

y ð13bÞ

z� 0x ¼ q� 0x − z�xI� ð14aÞ

z� 0y ¼ q� 0y − z�yI� ð14bÞ

I� ¼ jq� 0x jjz�xjn−1½β0 þ γ0sgnðq� 0x z�xÞ�
þ jq� 0y jjz�yjn−1½β0 þ γ0sgnðq� 0y z�yÞ� ð14cÞ

It is obvious that the influencing nondimensional parameters are
damping ratios ζx and ζy, frequency ratio Rω ¼ ωy=ωx, hysteretic
restoring force parameters β0 and γ0, stiffness ratios αx and αy, and
normalized generalized forces Q�

xðt�Þ and Q�
yðt�Þ.

Time-Varying Mean Displacement

The inelastic displacement has a time-varying mean component
that is governed by the following equations, which can be obtained
by taking expectation on both sides of Eq. (12a):

μ̇v ¼ gðμvÞ þ DμQ ð15aÞ

μv ¼

2
66666666664

μqx

μqy

μq̇x

μq̇y

μzx

μzy

3
77777777775
; gðμvÞ ¼

2
66666666664

μq̇x

μq̇y

−αxω2
xμqx − 2ζxωxμq̇x − ð1 − αxÞω2

xμzx

−αyω2
yμqy − 2ζyωyμq̇y − ð1 − αyÞω2

yμzy

μq̇x − β0Ex1=Δn
x − γ0Ex2=Δn

x − β0Ex3=Δn
y − γ0Ex4=Δn

y

μq̇y − β0Ey1=Δn
x − γ0Ey2=Δn

x − β0Ey3=Δn
y − γ0Ey4=Δn

y

3
77777777775
; μQ ¼

�μQx

μQy

�
ð15bÞ

Ex1 ¼ E½jq̇xjjzxjn−1zx�; Ex2 ¼ E½q̇xjzxjn�;
Ex3 ¼ E½zxjq̇yjjzyjn−1�; Ex4 ¼ E½zxq̇yjzyjn−1sgnðzyÞ� ð15cÞ

Ey1 ¼ E½zyjq̇xjjzxjn−1�; Ey2 ¼ E½zyq̇xjzxjn−1sgnðzxÞ�;
Ey3 ¼ E½jq̇yjjzyjn−1zy�; Ey4 ¼ E½q̇yjzyjn� ð15dÞ

where μv ¼ EðvÞ and μQ ¼ EðQÞ are mean values of v and Q; and
Eð·Þ is expectation operator. Here, the biaxial hysteretic Model 1 is
adopted, while similar expressions can be given for Model 2.

By assuming the responses follow joint Gaussian distribu-
tions, the linearization coefficients Exi and Eyi (i ¼ 1 − 4) can be
expressed in terms of first two statistical moments—i.e., mean,
variance and covariance of the responses (Appendix I). The time-
varying mean can be calculated from Eq. (15a) using a step-by-step
integration method or Runge–Kutta method. The time-varying vari-
ance and covariance approach to the steady-state time-invariant val-
ues very fast. For the estimation of time-varying mean response, the
steady-state variance and covariance can be used (Feng and Chen
2018). The including of the mean load effect is simply to shift the
average center position of restoring force and displacement loop to
a new position, but not to change the shape of the loop. Therefore,
the inelastic dynamic response around the time-varying mean is not

affected by the mean loads, and thus can be estimated first with zero
mean load (Roberts and Spanos 2003; Feng and Chen 2018; Huang
and Chen 2022).

The steady-state mean can be determined by setting μ̇v ¼ 0,
which leads to

αxKxμqx þ ð1 − αxÞKxμzx ¼ μQx
ð16aÞ

αyKyμqy þ ð1 − αyÞKyμzy ¼ μQy
ð16bÞ

βxEx1 þ γxEx2 þ βyEx3 þ γyEx4 ¼ 0 ð16cÞ

βxEy1 þ γxEy2 þ βyEy3 þ γyEy4 ¼ 0 ð16dÞ

where βx ¼ β0=Δn
x , γx ¼ γ0=Δn

x , βy ¼ β0=Δn
y , and γy ¼ β0=Δn

y .
It can be proved that μzx ¼ μzy ¼ 0 is a sufficient condition for

Eqs. (16c) and (16d). It is also believed to be a necessary condition.
Subsequently, we have

μqx ¼
μQx

αxKx
; μqy ¼

μQy

αyKy
ð17Þ

which indicates that the steady-state mean response in each direc-
tion is determined by the respective static load and second stiffness.
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Consider the case where μQx
¼ 0, we have μzx ¼ 0, μqx ¼ 0, μq̇x ¼ 0. Eq. (15a) is simplified as

μ̇vy ¼ gðμvyÞ þ D0yμQy
ð18aÞ

μvy ¼

2
64
μqy

μq̇y

μzy

3
75; gðμvyÞ ¼

2
664

μq̇y

−αyω2
yμqy − 2ζyωyμq̇y − ð1 − αyÞω2

yμzy

μq̇y − β0Ey1=Δn
x − γ0Ey2=Δn

x − β0Ey3=Δn
y − γ0Ey4=Δn

y

3
775; D0y ¼

2
64

0

M−1
y

0

3
75 ð18bÞ

It is evident that the time-varying mean response in y direction
with nonzero mean load is affected by variance and covariance of
responses in both x and y directions.

Statistical Linearization Approach for Fluctuating
Response

The variance and covariance of dynamic responses can be esti-
mated under dynamic wind loads with zero mean, and are consid-
ered time-invariant (Feng and Chen 2018). The hysteretic velocity
żx and ży in Eq. (6a) are linearized as

żx ¼ Cx1q̇x þ Cx2q̇y þ Cx3zx þ Cx4zy ð19aÞ

ży ¼ Cy1q̇x þ Cy2q̇y þ Cy3zx þ Cy4zy ð19bÞ

Cx1 ¼ E

�∂żx
∂q̇x

�
; Cx2 ¼ E

�∂żx
∂q̇y

�
;

Cx3 ¼ E

�∂żx
∂zx

�
; Cx4 ¼ E

�∂żx
∂zy

�
ð19cÞ

Cy1 ¼ E

�∂ży
∂q̇x

�
; Cy2 ¼ E

�∂ży
∂q̇y

�
;

Cy3 ¼ E

�∂ży
∂zx

�
; Cy4 ¼ E

�∂ży
∂zy

�
ð19dÞ

where the responses q̇x, q̇y, zx, and zy are assumed to follow jointly
Gaussian distributions. The coefficients Cxi and Cyi (i ¼ 1 − 4) can
be further expressed in terms of the variance and covariance of
responses (Appendix II).

The equations of motion are then written as

v̇ ¼ Bvþ DQ ð20aÞ

B ¼

2
66666666664

0 0 1 0 0 0

0 0 0 1 0 0

−αxω2
x 0 −2ζxωx 0 −ð1 − αxÞω2

x 0

0 −αyω2
y 0 −2ζyωy 0 −ð1 − αyÞω2

y

0 0 Cx1 Cx2 Cx3 Cx4

0 0 Cy1 Cy2 Cy3 Cy4

3
77777777775

ð20bÞ

Accordingly, the response variance and covariance are com-
puted via spectral analysis as

SvðωÞ ¼ HvðωÞSQðωÞH�T
v ðωÞ ð21Þ

HvðωÞ ¼ ðiωI − BÞ−1D ð22Þ

Rv ¼ cov½vvT� ¼
Z ∞
0

SvðωÞdω ð23Þ

where Rv = covariance matrix; SQðωÞ and SvðωÞ = one-side power
spectra density (PSD) matrices of Q and v; I = identity matrix;
ω ¼ 2πf; i ¼ ffiffiffiffiffiffi−1p

; and * and T = complex conjugate and matrix
transpose operators. An iteration is needed as the statistical lineari-
zation coefficients involve the unknown response statistics.

Nonlinear FE Building Model and Wind Loads

Nonlinear FE Building Model

A 60-story high-rise steel building 182.88-m high, 45.72-m wide,
and 30.48-m deep is considered (Fig. 2). The building has an out-
rigger system at three elevations (20th and 21st, 40th and 41st, and
60th floors) and a core bracing system to resist the lateral load. The
building frame consists of 2,100 columns, 3,480 beams, and 2,560
diagonal bracings, including a total of 16 types of member sections.
All members were modeled in fiber-type models (NIST 2017)
and each element has five fiber sections. More than 300 fibers over
each column and bracing cross-sectional area and more than 150
fibers over each beam cross-sectional area were used. The nonli-
nearity of the steel material is described by a bilinear model with
a yield stress of 345 MPa and a postyielding stiffness ratio 0.01.
The fundamental frequencies in two translational directions are
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fx ¼ 0.173 Hz and fy ¼ 0.164 Hz. The modal damping ratios are
assumed to be ζx ¼ ζy ¼ 1%. More detailed information about the
FE model can be found in Park and Yeo (2018) and Huang and
Chen (2022).

Fig. 3 shows the generalized restoring force-deformation rela-
tions for given ratio Fsy=Fsx, where Fsy=Fsx ¼ 0 and Fsx=Fsy ¼
0 correspond to the cases of uniaxial load in x and y directions,
respectively. The uniaxial hysteretic models are fitted for both
directions with n ¼ 4, αx ¼ αy ¼ 0.06, Δx ¼ 2.2 m, and Δy ¼
2.5 m. For a given ratio Fsy=Fsx, the generalized restoring force-
displacement relation in each direction is fitted into a uniaxial hys-
teretic model from which the yield displacements are determined,
denoted as ΔxðθÞ and ΔyðθÞ, respectively, for x and y directions.
The corresponding direction is defined as θ ¼ arctanf½ΔyðθÞ=Δy�=
½ΔxðθÞ=Δx�g, which is also θ ¼ arctanf½Fsy=Ky=ΔyðθÞ�=½Fsx=
Kx=ΔxðθÞ�g. With this information, the yield displacement boun-
dary is constructed as shown in Fig. 4, which is compared with
those from biaxial Models 1 and 2. The yield displacement boun-
dary is close to a circle and close to that of Model 2. It is evident
that the yield displacement in one direction declines due to the in-
crease of the load in another direction. The hysteretic relations of
the generalized forces and displacements represent the global
behavior of the building, and are less sensitive to the material model
used in the FE model. On the other hand, the local plasticity of
building members will be affected by the material model. It should
be noted that the P-Delta effect, effects of strength deterioration,

and stiffness degradation are not considered in current study but
will be investigated in future work.

Wind Loading Model

The alongwind static wind force at ith story is determined as

P̄i ¼ 0.5ρU2
HC̄DBH0

�
zi
H

�
2αs ð24Þ

where ρ = air density, 1.22 kg=m3; UH = mean wind speed at the
building top averaged in 10 min; B = building width; H0 = story

y

xo

Wind

(a) (d)(c)(b)

Fig. 2. FE model of the building frame: (a) 3D view; (b) front view; (c) side view; and (d) plain view.

(a) (b)

Fig. 3. Generalized restoring force and deformation relations: (a) alongwind (y); and (b) crosswind (x).

Fig. 4. Yield surfaces of the hysteresis models.
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height andH0 ¼ 3.048 m;H = building height; zi = elevation of ith
floor above the ground; C̄D = constant drag force coefficient and is
determined from the static coefficient of base bending moment C̄M
as C̄D ¼ 2C̄Mðαs þ 1Þ; and αs ¼ 0.2 is the power law exponent of
the wind speed profile for the suburban terrain.

The cross power spectral density (CPSD) function of ith and jth
story forces in alongwind direction is given (Chen and Kareem
2005c) as follows:

SPiPj
ðfÞ ¼ SP0

ðfÞ
�
zi
H

�
αs
�
zj
H

�
αs

exp

�
− kyfH

UH

jzi − zjj
H

�
ð25Þ

SP0
ðfÞ ¼

�
1

2
ρU2

HBH0

�
2

SCM
ðfÞ=jJzðfÞj2 ð26Þ

jJzðfÞj2 ¼
�
H0

H

�
2 XN

i¼1

XN
j¼1

�
zi
H

�
αsþ1

�
zj
H

�
αsþ1

× exp

�
− kyfH

UH

jzi − zjj
H

�
ð27Þ

where SCM
ðfÞ = power spectrum of the base bending moment co-

efficient CMðtÞ; N = number of stories; and ky ¼ 7 is the decay
factor for the alongwind load. The same CPSD model is also used
for crosswind story forces, but different spectrum SCM

ðfÞ and de-
cay factor ky ¼ 5 are adopted. The crosswind story forces have
stronger heightwise correlation/coherence. The power spectrum
of the crosswind base bending moment coefficient features a peak
at the vortex-shedding frequency.

The power spectra of alongwind and crosswind base bending
moment coefficients are given according to the recommendations
of the Architectural Institute of Japan (AIJ 2004; Ding and Chen
2015). The STD of alongwind CM is σCM

¼ 0.11. For the cross-
wind, σCM

¼ 0.1175; the bandwidth parameter of the spectrum
takes β1 ¼ 0.28; parameter κ1 ¼ 0.85; and the Strouhal number
St ¼ 0.09.

The alongwind and crosswind loadings are assumed to be inde-
pendent thus are simulated independently based on the power spec-
tral models using the spectral representation method (Shinozuka
and Jan 1972; Chen and Kareem 2005c). The torsional wind load
and response are quite low, and thus are not considered in this
study. It should be noted that, when other wind directions are of
concern, the alongwind and crosswind loadings will have a certain
level of correlation/coherence, which can be readily considered in
the simulation with a newly introduced coherence model. The
correlation of building responses in two principal directions is af-
fected by modal frequencies and damping ratios and coherence/
correlation of the generalized forces, and is lower than the corre-
lation of generalized forces (Chen and Kareem 2005a, b). The re-
sponses can be statistically independent even under strongly
correlated wind loadings when building modal frequencies in
two principal directions are well separated. The correlation of in-
elastic alongwind and crosswind responses is also affected by their
yielding levels that change the building dynamic properties in two
directions. When the hysteretic forces are described in the uniaxial
model, the alongwind and crosswind responses can be computed
separately.

Verification of Reduced-Order Building Model

Statistics of Fluctuating Response

The accuracy of the reduced-order building model with hysteretic
restoring forces (MPA approach) is examined through response

history analysis and comparison with the results from the high-
fidelity nonlinear FE model with distributed plasticity. Both linear
and nonlinear responses with zero mean wind load are computed
for comparison. The 10-min mean wind speed at the building top
varies from 40 to 80 m=s. The response time-history is computed
using the Runge–Kutta method. The building is assumed to be at
rest at beginning. The response statistics at a given wind speed are
computed from 10 response-history samples through ensemble
average. For each sample, the time step is 0.04 s and the duration
is 900 s. The time-history at the first 300 s is removed in analysis to
avoid the transient effect.

Fig. 5 shows time history samples of the building top displace-
ments in both alongwind and crosswind directions calculated from
the FE model, and the MPA with hysteretic Model 1 and 2 under
biaxial loads without mean alongwind load. Fig. 6 portrays the
STDs of the alongwind building top displacement and acceleration,
peak factor, and kurtosis of the displacement. Fig. 7 is the result for
crosswind response. It is evident that three analyses yield fairly
close estimations. The errors in the estimated STDs of alongwind
response from these two hysteretic models are less than 7%. The
errors in the crosswind response are less than 11%. The inelastic
response is lower than the corresponding elastic response attributed
to the effect of additional hysteretic damping. For instance, accord-
ing to the analysis using the FE model, the alongwind displacement
and acceleration at UH ¼ 80 m=s are reduced by 26% and 32%,
respectively. The crosswind displacement and acceleration are
reduced by 55%. The probability distribution of fluctuating along-
wind displacement is close to Gaussian distribution with a kurtosis
close to 3, and the peak factor is close to that estimated by the
Davenport formula (Davenport 1964). The inelastic crosswind re-
sponse at higher wind speeds corresponds to higher ductility factor
or higher level of yielding and shows hardening non-Gaussian dis-
tribution with kurtosis less than 3 and a reduced peak factor.

Figs. 8 and 9 display the response statistics under uniaxial loads.
Both biaxial hysteretic models are reduced to an identical uniaxial
model. It is confirmed that predictions from hysteretic models are
very close to those from FE modeling. Fig. 10 shows the ratios of
STDs of building top displacement and acceleration under biaxial
and uniaxial loads from the FE model. It is evident that the cross-
wind response, which is larger than alongwind response, remains
almost unaffected, while the alongwind response is reduced under
the action of biaxial loads when the ductility demand of crosswind
response is high, which is attributed to the increase in additional
hysteretic damping.

Fig. 11 shows the peak ductility demands that increase with
increasing wind speed. Because the crosswind response is much
higher than the alongwind response, the ductility demand is domi-
nated by the crosswind response, remaining almost unchanged
under uniaxial and biaxial loads.

The correlation coefficient between alongwind and crosswind
displacements at building top was also calculated at different wind
speeds under both uniaxial and biaxial loads. The correlation
coefficient is less than 0.05, and thus both can be considered as
mutually independent.

Influence of Hysteretic Model

The RHA is also carried out using hysteretic Model 1 with the
shape parameter n ¼ 4 replaced by n ¼ 2 for both directions, while
other parameters remain the same. The generalized restoring force-
deformation relations for Model 1 with n ¼ 2 and 4 and FE model
are plotted in Fig. 12. The hysteretic model with n ¼ 2 corresponds
to wider and smoother transition from elastic to plastic regions.
The yielding boundary of the biaxial model becomes a circle.
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The estimated STDs of alongwind and crosswind responses
are presented in Fig. 13. The response power spectra are also
compared in Fig. 14. It is evident that the model with n ¼ 2

leads to increased level of yielding and larger hysteretic damping,

thus reduced response. The reductions in alongwind accelera-
tion, crosswind displacement, and acceleration are larger than
alongwind displacement. The power spectrum of alongwind
displacement indicates that there is noticeable low-frequency

(a) (b)

(c) (d)

(e) (f)

Fig. 5. Time-history samples of the building top displacements under biaxial loads (UH ¼ 80 m=s): (a) FE model, alongwind (without mean load);
(b) FE model, crosswind; (c) MPA (Model 1), alongwind (without mean load); (d) MPA (Model 1), crosswind; (e) MPA (Model 2), alongwind
(without mean load); and (f) MPA (Model 2), crosswind.

(a) (b)

(c) (b)

Fig. 6. Statistics of alongwind response under different wind speeds under biaxial loads: (a) STD of displacement; (b) STD of acceleration; (c) peak
factor of displacement; and (d) kurtosis of displacement.
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background drift at higher wind speed in the case of n ¼ 2,
which contributes to less reduction of alongwind displacement
due to yielding. This low-frequency drift is not observed in cross-
wind displacement, which has even higher ductility demand.
It also does not exist in alongwind and crosswind accelerations.

The alongwind displacement predicted from the FE model
does not have such a low-frequency drift at this low level of
yielding.

It has been known that the Bouc–Wen hysteretic model is one
of the endochronic models that exhibits displacement drift, force
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(a) (b)

(c) (d)

Fig. 7. Statistics of crosswind response under different wind speeds under biaxial loads: (a) STD of displacement; (b) STD of acceleration; (c) peak
factor of displacement; and (d) kurtosis of displacement.

(a) (b)

(c) (d)

Fig. 8. Statistics of alongwind response under different wind speeds under uniaxial loads: (a) STD of displacement; (b) STD of acceleration; (c) peak
factor of displacement; and (d) kurtosis of displacement.
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relaxation, and nonclosure of hysteretic loops when subjected to
short unloading–reloading paths, thus locally violates Drucker’s
postulate of plasticity (Thyagarajan 1989; Wong et al. 1994;
Charalampakis and Koumousis 2009). This effect is more noticeable

when the shape parameter n and postyielding stiffness ratio are low.
The alongwind loading has higher low-frequency energy, thus the
alongwind displacement is susceptible to drift. Clearly, the hysteretic
model with n ¼ 4 gives better estimations.
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Fig. 9. Statistics of crosswind response under different wind speeds under uniaxial loads: (a) STD of displacement; (b) STD of acceleration; (c) peak
factor of displacement; and (d) kurtosis of displacement.
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Fig. 10. Influence of biaxial interaction on alongwind and crosswind responses: (a) displacement; and (b) acceleration.

Pe
ak

 d
uc

til
ity

 d
em

an
d

Pe
ak

 d
uc

til
ity

 d
em

an
d

(a) (b)

Fig. 11. Peak ductility demands of building top displacements: (a) uniaxial loads; and (b) biaxial loads.
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Time-Varying Mean Alongwind Displacement

Fig. 15 shows time-history samples of the alongwind building top
displacement calculated from FE modeling and two hysteresis
models with n ¼ 4 at UH ¼ 80 m=s under both uniaxial and biax-
ial loads where the mean alongwind load is included. Fig. 16 shows
the time-varying mean displacement estimated from ensemble
average of 10 simulated samples at UH ¼ 60 and 80 m=s. The
two hysteretic models lead to much higher time-varying mean
compared with that of FEM. This may be attributed to the differ-
ence in the postyielding stiffness and hysteretic restoring force-
displacement relation in the transient region from linear elastic
to postyielding states. A small difference in the very low postyield-
ing stiffness can cause significant difference in the time-varying
mean displacement. The accumulation of the difference at every
step of calculation causes a great difference at the end of calculation
with a longer duration. In future practice of building design, the

level of plasticity of building members will be limited such that
the time-varying mean alongwind displacement will be much
lower, and the difference between the predictions from the FE
model and reduced-order model will be reduced. Future research
work is needed to resolve the difference of predicted time-varying
mean alongwind displacement. Nevertheless, the reduced-order
model is very useful in predicting dynamic responses.

At higher wind speed, the yielding is more frequent, and thus the
time-varying mean reaches its steady-state value more rapidly. The
Model 2 with n ¼ 4 leads to slightly higher time-varying mean
compared with Model 1 with n ¼ 4 under biaxial loads. Under
uniaxial loads, both hysteretic models reduce to the same model
and the time-varying mean alongwind displacement grows slower.
The steady-state mean displacements under uniaxial and biaxial
loadings are identical, which is determined by the mean wind load
and postyielding stiffness. Similar results are also obtained at other
wind speeds.

(a) (b)

Fig. 12. Comparison of generalized restoring force and deformation relations: (a) MPA in alongwind (y); and (b) MPA in crosswind (x).
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Fig. 13. STDs of responses influenced by hysteretic model: (a) alongwind displacement; (b) alongwind acceleration; (c) crosswind displacement; and
(d) crosswind acceleration.
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Verification of Response Analysis Approach

Accuracy of Statistical Linearization Approach

The accuracy of the statistical linearization approach with hyster-
etic Model 1, n ¼ 2 and 4, is examined in Fig. 17 by comparing the
results from RHAwith n ¼ 4. The linearization approach with n ¼
2 and 4 leads to very accurate estimation of alongwind response,
which has a relatively lower level of yielding. For crosswind re-
sponse at higher wind speed with relatively higher level of yielding,
the linearization approach with n ¼ 4 underestimates the response.
At UH ¼ 80 m=s, the STD of crosswind displacement is underes-
timated by 12%. Use of n ¼ 2 results in slightly higher and better
estimation with a difference less than 6% for crosswind displace-
ment. Furthermore, the model with n ¼ 2 is easier to converge and
is less sensitive to the assumption of Gaussian probability distribu-
tion of response. In fact, the probability distributions of hysteretic

displacements zxðtÞ and zyðtÞ are bounded and have peaks at pos-
itive and negative yield displacements. The crosswind building
response also shows non-Gaussian distributions at higher wind
speeds. The error introduced by assumption of Gaussian distribu-
tion is amplified when a larger value of n is used, as higher stat-
istical moments that are more sensitive to the distribution tails are
involved in the calculation. It should be mentioned that the statis-
tical linearization approach with Gaussian response assumption is
unable to further address the influence of non-Gaussian distribution
on peak response. When the peak factor of Gaussian response is
used, the hysteretic model with n ¼ 4 gives a better estimation of
peak response.

The linearization with Model 2 and n ¼ 2 is identical to that of
Model 1 with n ¼ 2. The linearization with Model 2 and n ¼ 4
does not have better performance, and thus is not further discussed.
The accuracy of the statistical linearization approach for estimating
response statistics under uniaxial loads has been extensively inves-
tigated in Feng and Chen (2018, 2019), including consideration of
non-Gaussian distribution character.

Accuracy of Approach for Time-Varying Mean
Displacement

The time-varying mean displacement was also analyzed from the
state-space equation, Eq. (15a), using the response variance and
covariance being estimated from statistical linearization with
n ¼ 2. The results are shown in Fig. 18 and compared with those
estimated from simulation that are reported in Fig. 16. It is evident
that the analytical estimations under both biaxial and uniaxial loads
are very close to that by simulation.

Parametric Study

To further investigate the accuracy of the reduced-order building
model and statistical linearization approach, and to examine the

(a) (b)

(c) (d)

Fig. 14. PSDs of building top displacements: (a) alongwind displacement (UH ¼ 60 m=s); (b) alongwind displacement (UH ¼ 80 m=s);
(c) crosswind displacement (UH ¼ 60 m=s); and (d) crosswind displacement (UH ¼ 80 m=s).

0 400 800 1200 1600 2000 2400 2800 3200 3600
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0
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Model 2, biaxial

Model 1, biaxial
Model 1 and Model 2, uniaxial

FEM, uniaxial

FEM, biaxial

Fig. 15. Time-history samples of alongwind building top displacement
(UH ¼ 80 m=s).
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influence of biaxial interaction for a wide range of parameters, the
alongwind load or crosswind load was modified by multiplying a
loading factor and the corresponding building response is quanti-
fied. Fig. 19 shows the results where the alongwind load is scaled

up by a factor of 2.30. As a result, the alongwind displacement is
close to the crosswind displacement in magnitude. As previously
mentioned, there is a certain level of low-frequency component in
the alongwind displacement at higher wind speeds due to the high
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Fig. 17. Performance of statistical linearization approach in estimating STDs of responses: (a) alongwind displacement; (b) alongwind acceleration;
(c) crosswind displacement; and (d) crosswind acceleration.

(a) (b)

Fig. 16. Time-varying mean displacement at building top: (a) UH ¼ 60 m=s; and (b) UH ¼ 80 m=s.

(a) (b)

Fig. 18. Comparison of time-varying mean displacements at the building top: (a) UH ¼ 60 m=s; and (b) UH ¼ 80 m=s.
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level of yielding. On the other hand, such a low-frequency compo-
nent does not exist in the alongwind acceleration and crosswind
displacement and acceleration. Therefore, even with this scaled-up
alongwind loading, the alongwind acceleration remains lower than
crosswind acceleration. It is evident that the reduced-order building
model can give accurate estimations of responses compared with
the nonlinear FE model. The performance of the linearization ap-
proach was also quite acceptable, with slight overestimations of
alongwind acceleration and crosswind displacement, as well as ac-
celeration at very high level of yielding. The response under uni-
axial loads was also predicted using these three approaches, and
similar performance was observed. The ratios of STDs under biax-
ial loads to that under uniaxial loads is shown in Fig. 10. The biax-
ial interaction leads to reduction in both alongwind and crosswind
responses. The influence of biaxial interaction declines when both
alongwind and crosswind responses become closer in magnitudes.
To further understand the unique character of the alongwind dis-
placement under both uniaxial and biaxial loads, the displacement
response was separated into low-frequency background and reso-
nant components, and the respective variances were computed. It
was found that the biaxial interaction leads to decrease in resonant
alongwind displacement but increase in the background alongwind
displacement when the yielding level is high.

The cumulative distribution function (CDF) of the peak ductility
demand μmax, Eq. (10), contributed by both alongwind and cross-
wind responses, can be further discussed. It can be determined
from the mean crossing rate νðrÞ of the vector-valued process
fqxðtÞ=Δx; qyðtÞ=ΔygT upcrossing the boundary μmax ¼ r (Rice
1944). In Appendix IV, the detailed formulations are presented
for calculating the crossing rate when qxðtÞ and qyðtÞ are assumed
to be Gaussian and independent stochastic processes. The mean of
μmax, μ̄max, corresponds to nonexceeding probability of p ¼ 0.57.
Chen and Huang (2009) and Gong and Chen (2014) presented a

comprehensive study for n ¼ 2. In Gong and Chen (2014), the
combination of non-Gaussian processes was also investigated.

μ̄max can be related to the means of two single peak ductility
demands μxmax ¼ max

For all t
½jqxðtÞj=Δx� and μymax ¼ max

For all t
½jqyðtÞj=

Δy�, i.e., μ̄xmax and μ̄ymax. μ̄xmax ¼ gjxjσx=Δx and μ̄ymax ¼ gjyjσy=
Δy, where gjxj and gjyj are peak factors for jqxðtÞj and jqyðtÞj.
Without loss of generality, it is assumed μ̄xmax ≥ μ̄ymax and
ν0xT ≈ ν0yT ≈ ν0T. Denote ν0x and ν0y as the crossing rates at
zero mean of the processes, as ν0x ≈ fx ¼ 0.173 Hz, ν0y ≈ fy ¼
0.164 Hz. For T ¼ 600 s, we have ν0xT ≈ ν0yT ≈ 102, and thus
gjxj ¼ gjyj ¼ 3.43 estimated by the Davenport formula. Fig. 20(a)
displays the ratio μ̄max=μ̄xmax against the ratio μ̄ymax=μ̄xmax for
ν0xT ¼ ν0yT ¼ ν0T ¼ 102 and 103 with n ¼ 2, 3 and 5 from up-
crossing theory. It is observed that the ratio μ̄max=μ̄xmax increases
with increasing ratio μ̄ymax=μ̄xmax, and decreases with the increas-
ing value of n. At μ̄ymax=μ̄xmax ¼ 1, the ratio μ̄max=μ̄xmax is close to
1.12, 1.07, and 1.06 for n ¼ 2, 3 and 5 when ν0T ¼ 102, represent-
ing 12%, 7% and 6% increase in the combined mean peak as com-
pared to the single action. The contribution of smaller component is
even less significant to the combined response (demand) when n is
larger. Fig. 20(b) illustrates the peak ductility demand calculated
from responses in the aforementioned parametric study using FE
modeling and MPA with RHA. The simulation results match the
theoretical prediction.

Conclusions

The inelastic response of tall buildings under simultaneous actions
of both alongwind and crosswind loadings can be well represented
by a reduced-order building model in terms of fundamental modes.
The hysteretic relationships of generalized restoring forces and
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Fig. 19. STDs of building responses under different wind speeds where the alongwind load is scaled up by 2.30: (a) alongwind displacement;
(b) alongwind acceleration; (c) crosswind displacement; and (d) crosswind acceleration.
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displacements were determined by static modal pushover analysis
using a high-fidelity nonlinear FE model with distributed plasticity,
and then represented by a biaxial hysteresis model. This procedure
leads to state-space equations of the building motion that can be
solved by RHA or by the statistical linearization approach. Use
of such a reduced-order building model can significantly improve
computational efficiency, and thus is more suitable for parametric
study and consideration of various uncertainties in structural reli-
ability analysis. Through the response analysis of a 60-story build-
ing and a comprehensive parametric study, this study demonstrated
the effectiveness of the analysis framework using the reduced
building model.

The action of mean wind load leads to inelastic displacement
drift until reaching the steady-state level, which is determined by
the mean load and postyielding stiffness. The fluctuating displace-
ment around the time-varying mean component can be estimated
without consideration of the mean load because the hysteresis
loop with nonzero mean load is simply to shift the average center
position of the loop from the origin to a new position without the
change of the shape. The numerical results illustrated that the re-
duced building model with RHA can lead to accurate estimations of
fluctuating inelastic responses even with large ductility demand.
The statistical linearization approach also provided quite accurate
estimation of alongwind displacement, while some differences
were observed in the inelastic crosswind response and alongwind
acceleration when the ductility demand or yielding level was very
high. The statistical linearization approach can be further improved
by considering the non-Gaussian probability distribution of re-
sponse caused by yielding. The alongwind displacement with high
ductility demand features remarkable low-frequency background
response, which was not observed in alongwind acceleration and
crosswind displacement and acceleration. The alongwind displace-
ment is more susceptible to the inherent issue of hysteretic model
in terms of displacement drift, force relaxation, and nonclosure
of hysteretic loops when subjected to short unloading–reloading
paths. It poses a challenge to the estimations of low-frequency com-
ponent when the yielding level is high, the power law parameter of
hysteretic model and the postyielding stiffness ratio are low.

The biaxial interaction leads to reduction in one of fluctuating
inelastic response with a lower magnitude due to additional hyster-
etic damping from increased level of yielding. The biaxial interac-
tion has less influence on the fluctuating inelastic response with
higher magnitude. The effect of biaxial interaction on the combined
responses, such as peak ductility demand contributed by biaxial
responses, is less significant. One exception can be expected when
both alongwind and crosswind responses have larger ductility
demands, where the biaxial interaction leads to increase in the
low-frequency background component of alongwind displacement.

As a result, the alongwind displacement under biaxial loads can be
increased. The effect of biaxial interaction will also be influenced
by correlation coefficient of alongwind and crosswind responses.

With the reduced-order building model, the time-varying mean
displacement can be computed from the solution of state-space
equation. Numerical results showed that the prediction of time-
varying mean was very sensitive to the modeling of transition from
elastic to inelastic region and postyielding stiffness in the hysteretic
relation between generalized restoring forces and displacements.
The action of biaxial loads leads to faster growing time-varying
mean displacement compared with the action of uniaxial loads.
The steady-state mean responses under uniaxial and biaxial load-
ings are identical. Future research efforts are needed for consistent
estimation of time-varying mean displacement as compared with
that from FE models.

It should be noted that the framework presented in this study can
also be used for buildings with 3D coupled mode shapes, where the
relations of generalized forces and displacements in linear elastic
range remain uncoupled. The correlation/coherence of alongwind
and crosswind loadings can be further considered. The correlation
of generalized displacements is normally lower than that of the gen-
eralized wind forces, and can only potentially affect the influence
of biaxial interaction of the generalized restoring forces. It is ex-
pected that the biaxial interaction of the generalized restoring forces
has a similar effect on coupled building response, while it should be
explored in future study.

Appendix I. Coefficients for Time-Varying Mean
Response

For the time-varying mean response, coefficients Exi and Eyi
(i ¼ 1 − 4) are expressed as

Ex1 ¼ E½jq̇xjjzxjn−1zx�

¼ σq̇xσ
n
zxffiffiffiffiffiffi

2π
p

Z ∞
−∞

gx1ðrÞ
����
�
rþ μzx

σzx

�����
n−1�

rþ μzx

σzx

�
exp

�
− r2

2

�
dr

ð28Þ

Ex2 ¼ E½q̇xjzxjn� ¼
σq̇xσ

n
zxffiffiffiffiffiffi

2π
p

Z ∞
−∞

gx2ðrÞ
����
�
rþ μzx

σzx

�����
n
exp

�
− r2

2

�
dr

ð29Þ

Ex3 ¼ E½zxjq̇yjjzyjn−1�

¼ σzxσq̇yσ
n−1
zyffiffiffiffiffiffi

2π
p

Z ∞
−∞

gx3ðrÞ
����rþ μzy

σzy

����
n−1

exp

�
− r2

2

�
dr ð30Þ

0.2 0.4 0.6 0.8 1
0.95

1

1.05

1.1

1.15

(a) (b)

Fig. 20. Mean peak ductility demand of building top displacement: (a) theoretical results; and (b) simulation results.
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Ex4 ¼ E½zxq̇yjzyjn−1sgnðzyÞ�

¼ σzxσq̇yσ
n−1
zyffiffiffiffiffiffi

2π
p

Z ∞
−∞

gx4ðrÞ
����rþ μzy

σzy

����
n−1

sgn

�
rþ μzy

σzy

�

× exp

�
− r2

2

�
dr ð31Þ

gx1ðrÞ ¼ 2ϕðμ̂xÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ρ2q̇xzx

q
þ gx2ðrÞ½1 − 2Φð−μ̂xÞ� ð32Þ

gx2ðrÞ ¼ ρq̇xzxrþ
μq̇x

σq̇x

ð33Þ

gx3ðrÞ ¼ 2ϕðμ̂yÞ
�
ρzxzyrþ

μzx

σzx

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ρ2q̇yzyÞ

q

þ gx4ðrÞ½1 − 2Φð−μ̂yÞ� ð34Þ

gx4ðrÞ ¼
�
ρzxzy rþ

μzx

σzx

��
ρq̇yzyrþ

μq̇y

σq̇y

�
þ ðρzxq̇y − ρzxzyρq̇yzyÞ

ð35Þ

Ey1 ¼ E½zyjq̇xjjzxjn−1�

¼ σzyσq̇xσ
n−1
zxffiffiffiffiffiffi

2π
p

Z ∞
−∞

gy1ðrÞ
����rþ μzx

σzx

����
n−1

exp

�
− r2

2

�
dr ð36Þ

Ey2 ¼ E½zyq̇xjzxjn−1sgnðzxÞ�

¼ σzyσq̇xσ
n−1
zxffiffiffiffiffiffi

2π
p

Z ∞
−∞

gy2ðrÞ
����rþ μzx

σzx

����
n−1
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�
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× exp

�
− r2

2

�
dr ð37Þ

Ey3 ¼ E½jq̇yjjzyjn−1zy�

¼ σq̇yσ
n
zyffiffiffiffiffiffi

2π
p

Z ∞
−∞

gy3ðrÞ
����
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σzy

�����
n−1�

rþ μzy

σzy
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ð38Þ

Ey4 ¼ E½q̇yjzyjn� ¼
σq̇yσ

n
zyffiffiffiffiffiffi

2π
p

Z ∞
−∞

gy4ðrÞ
����
�
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�����
n
exp

�
− r2

2

�
dr

ð39Þ

gy1ðrÞ ¼ 2ϕðμ̂xÞ
�
ρzxzyrþ

μzy

σzy

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ρ2q̇xzxÞ

q

þ gy2ðrÞ½1 − 2Φð−μ̂xÞ� ð40Þ

gy2ðrÞ ¼
�
ρzxzy rþ

μzy

σzy

��
ρq̇xzxrþ

μq̇x

σq̇x

�
þ ðρzyq̇x − ρzxzyρq̇xzxÞ

ð41Þ

gy3ðrÞ ¼ 2ϕðμ̂yÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ρ2q̇yzy

q
þ gy4ðrÞ½1 − 2Φð−μ̂yÞ� ð42Þ

gy4ðrÞ ¼ ρq̇yzyrþ
μq̇y

σq̇y

ð43Þ

where ϕðxÞ and ΦðxÞ = standard Gaussian PDF and CDF;

and μ̂xðrÞ ¼ ðρq̇xzxrþ μq̇x=σq̇xÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ρ2q̇xzxÞ

q
and μ̂yðrÞ ¼

ðρq̇yzy rþ μq̇y=σq̇yÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ρ2q̇yzyÞ

q
.

Appendix II. Linearization Coefficients with Zero
Mean Excitation

Under the assumption that q̇x, q̇y, zx, zy follow joint Gaussian
distribution, the linearization coefficients Cxi and Cyi (i ¼ 1 − 4)
are calculated as

Cx1 ¼ 1 − βxFx1 − γxFx2 ð44Þ

Cx2 ¼ −βyFx3 − γyFx4 ð45Þ

Cx3 ¼ −βxFx5 − γxFx6 − βyFx7 − γyFx8 ð46Þ

Cx4 ¼ −βyFx9 − γyFx10 ð47Þ

Fx1 ¼ E½zxjzxjn−1sgnðq̇xÞ� ¼
σn
zx

π
2

n
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2
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p Γ
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2

�
2
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2 ðρzxq̇y − ρzxzyρq̇yzyÞ þ ρzxzy Isy

�
ð50Þ

Fx4 ¼ E½zxzyjzyjn−2� ¼
ρzxzyσzxσ

n−1
zyffiffiffi

π
p 2

n
2Γ

�
nþ 1

2

�
ð51Þ

Fx5 ¼ nE½jq̇xjjzxjn−1�

¼ nσq̇xσ
n−1
zx

π
2

n
2Γ

�
nþ 2

2

��
2

n
ð1 − ρ2q̇xzxÞ

nþ1
2 þ ρq̇xzx Isx

�
ð52Þ

Fx6 ¼ nE½q̇xzxjzxjn−2� ¼
nρq̇xzxσq̇xσ

n−1
zxffiffiffi

π
p 2

n
2Γ

�
nþ 1

2

�
ð53Þ

Fx7 ¼ E½jq̇yjjzyjn−1�

¼ σq̇yσ
n−1
zy

π
2

n
2Γ

�
nþ 2

2

��
2

n
ð1 − ρ2q̇yzyÞ

nþ1
2 þ ρq̇yzy Isy

�
ð54Þ

Fx8 ¼ E½q̇yzyjzyjn−2� ¼
ρq̇yzyσq̇yσ

n−1
zyffiffiffi

π
p 2

n
2Γ

�
nþ 1

2

�
ð55Þ

© ASCE 04022211-16 J. Struct. Eng.

 J. Struct. Eng., 2023, 149(1): 04022211 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

Te
xa

s T
ec

h 
U

ni
ve

rs
ity

 o
n 

10
/2

1/
22

. C
op

yr
ig

ht
 A

SC
E.

 F
or

 p
er

so
na

l u
se

 o
nl

y;
 a

ll 
rig

ht
s r

es
er

ve
d.
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3
7775

þ ðρzyzx − ρzyq̇xρq̇xzxÞ
�
2

n
ð1− ρ2q̇xzxÞ

nþ1
2 þ ρq̇xzx Isx

�

9>>>>>>>>=
>>>>>>>>;

ð70Þ

Fy10 ¼ ðn − 1ÞE½zyq̇xjzxjn−2�

¼ ðn − 1Þσzyσq̇xσ
n−2
zxffiffiffi

π
p ð1 − ρ2q̇xzxÞ

Γ

�
nþ 1

2

�
2

n
2

×

�
ðρzyq̇x − ρzyzxρq̇xzxÞ

�
1

n − 1
ð1 − ρ2q̇xzxÞ þ ρ2q̇xzx

�

þ ðρzyzx − ρzyq̇xρq̇xzxÞρq̇xzx
	

ð71Þ

where Isx ¼ 2∫ π=2
lx

sinnθdθ; lx ¼ tan−1½ð1 − ρ2q̇xzxÞ0.5=ρq̇xzx �; Isy ¼
2∫ π=2

ly
sinnθdθ; and ly ¼ tan−1½ð1 − ρ2q̇yzyÞ0.5=ρq̇yzy �.

Appendix III. Prove of Steady-State Mean
Displacement

By assuming zx, zy, q̇x, q̇y follow joint Gaussian distribution, Exi
and Eyi (i ¼ 1 − 4) are given in Appendix I.

As βx ¼ γx, βy ¼ γy and μ̇v ¼ 0, Eq. (15) can be simplified as

βxðEx1 þ Ex2Þ þ βyðEx3 þ Ex4Þ ¼ 0 ð72Þ

βxðEy1 þ Ey2Þ þ βyðEy3 þ Ey4Þ ¼ 0 ð73Þ

Feng and Chen (2018) have proved μzx ¼ 0 by using the
monotonous property of the integrand in Ex1 þ Ex2 ¼ 0. As both
integrand in Ex3 and Ex4 are odd, Ex3 ¼ 0 and Ex4 ¼ 0 can be
further obtained. As Eqs. (72) and (73) have unique solution
and all the integrands in Ey1 to Ey4 are odd when μzx ¼ 0 and
μzy ¼ 0. Also, Ey1 ¼ 0, Ey2 ¼ 0, Ey3 ¼ 0 and Ey4 ¼ 0 can be
validated when μzx ¼ 0 and μzy ¼ 0. Above all, by solving
Eqs. (72) and (73) simultaneously, the unique solution is μzx ¼ 0
and μzy ¼ 0.

Appendix IV. Extreme Value Distribution of
Combined Responses

The CDF of the peak ductility demand μmax ¼ max
For all t

½jqxðtÞ=Δxjnþ
jqyðtÞ=Δyjn�1n ¼ max

For all t
½jμxðtÞjn þ jμyðtÞjn�1n where μx ¼ qx=Δx and

μy ¼ qy=Δy with 0 ≤ t ≤ T can be expressed as

Fμmax
ðrÞ ¼ exp½−νðrÞT� ð74Þ
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where νðrÞ = mean upcrossing rate of the vector-valued process
fμxðtÞ;μyðtÞgT at the boundary r ¼ ½jμxðtÞjn þ jμyðtÞjn�1n (Rice
1944), as follows:

νðrÞ ¼
I

E½ṙþn jfx; yg�fxyð; yÞds ð75Þ

where fxyðx; yÞ = joint PDF of μxðtÞ and μyðtÞ.

E½ṙþn jfx; yg� ¼
Z ∞
0

wfṙþn jfx;ygðwÞdw ð76Þ

where fṙþn jfx;ygðwÞ ¼ PDF of ṙþn jfx; yg defined as

ṙþn jfx; yg ¼ ðjxjn þ jyjnÞ1n−1½jxjn−1sgnðxÞμ̇x

þ jyjn−1sgnðyÞμ̇y�jfx; yg ð77Þ

When μxðtÞ and μyðtÞ are jointly Gaussian and independent,
μxðtÞ, μyðtÞ, μ̇xðtÞ, and μ̇yðtÞ are Gaussian and mutually indepen-
dent, as follows:

E½ṙþn jfx; yg� ¼
σṙþnffiffiffiffiffiffi
2π

p ð78Þ

νðrÞ ¼
Z

2π

0

σṙþnffiffiffiffiffiffi
2π

p fxyðx; yÞr0dθ ð79Þ

where

σṙþn ¼ 2πðjxjn þ jyjnÞ1n−1½x2ðn−1Þν20xσ2
x þ y2ðn−1Þν20yσ2

y�12 ð80Þ

fxyðx; yÞ ¼
1

2πσxσy
exp

�
− 1

2

�
r20cos

2θ
σ2
x

þ r20sin
2θ

σ2
y

��
ð81Þ

r0 ¼ rðj cos θjn þ j sin θjnÞ−1
n ð82Þ

x ¼ r0 cos θ; y ¼ r0 sin θ ð83Þ

ν0x ¼ σẋ=ð2πσxÞ; ν0y ¼ σẏ=ð2πσyÞ ð84Þ

Data Availability Statement
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