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It is well known that classical optical cavities can exhibit localized phenomena associated with scattering
resonances, leading to numerical instabilities in approximating the solution. This result can be established
via the ‘quasimodes to resonances’ argument from the black box scattering framework. Those localized
phenomena concentrate at the inner boundary of the cavity and are called whispering gallery modes.
In this paper we investigate scattering resonances for unbounded transmission problems with sign-
changing coefficient (corresponding to optical cavities with negative optical properties, e.g. made of
metamaterials). Due to the change of sign of optical properties, previous results cannot be applied
directly, and interface phenomena at the metamaterial-dielectric interface (such as the so-called surface
plasmons) emerge. We establish the existence of scattering resonances for arbitrary two-dimensional
smooth metamaterial cavities. The proof relies on an asymptotic characterization of the resonances, and
shows that problems with sign-changing coefficient naturally fit the black box scattering framework.
Our asymptotic analysis reveals that, depending on the metamaterial’s properties, scattering resonances
situated close to the real axis are associated with surface plasmons. Examples for several metamaterial
cavities are provided.
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1. Introduction

Unbounded transmission problems with sign-changing coefficients arise in electromagnetics, in par-
ticular when one considers Maxwell’s equations in the time harmonic regime (with Transverse
Electric or Transverse Magnetic polarization) in dielectric-metamaterial structures (typically a bounded
metamaterial cavity surrounded by a dielectric). Contrary to common materials, metamaterials such as
the Negative-Index Metamaterials (NIM) exhibit unusual optical properties: for instance a real-valued
negative effective dielectric permittivity and/or a negative effective permeability at some frequency
range. There is a great interest in modelling metamaterial cavities to confine and control light. In
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2 C. CARVALHO AND Z. MOITIER

particular, at optical frequencies, localized interface surface waves called surface plasmons can arise
at dielectric-metamaterial interfaces (Maier, 2007). The field of plasmonics is very active as surface
plasmons offer strong light enhancement, with applications to next-generation sensors, antennas, high-
resolution imaging, cloaking and other (Sannomiya et al., 2008). However, surface plasmons are
very sensitive to the geometry and therefore challenging to capture, experimentally and numerically
(Bonnet-Ben Dhia et al., 2016; Helsing & Karlsson, 2018). Mathematically, surface plasmons are
solutions of the homogeneous Maxwell’s equations; they are oscillatory waves along the dielectric-
metamaterial interface while exponentially decreasing in both transverse directions.

In classical transmission problems (meaning dielectric-dielectric structures), it has been shown that
light can be confined by exciting the so-called whispering gallery modes (WGM) (Righini et al.,
2011). WGM are essentially supported in the neighborhood of the interior cavity boundary and are
associated with scattering resonances (Balac et al., 2021). It is well known that the approximation of
light scattering in dielectric optical micro-cavities can be drastically affected by WGM, in particular if
the excitation wavenumber of the source is close to a WGM resonance (Moiola & Spence, 2019; Balac
et al., 2021). In those cases the norm of the truncated solution operator explodes, which is observed
numerically by the solution blowing-up (peaks): we call this scattering instabilities. Knowing the exact
value of the scattering resonances is in general challenging (or impossible). However, one can obtain an
asymptotic characterization of the scattering resonances, as done in Balac et al. (2021).

The above results do not directly apply to metamaterial cavities due to the change of sign of the
optical parameter(s) and the additional interface plasmonic behaviours. There exists a framework that
allows study of a large class of scattering problems, the so-called black box scattering framework.
However, it is not immediately clear that unbounded transmission problems with sign-changing
coefficients fit in this framework. In particular, well-posedness of the problem needs more attention,
and spectral properties to define a black box Hamiltonian (including self-adjointness, lower semi-
bound, etc.) may not be true. Also, surface plasmons have been mainly characterized and investigated
in the context of the quasi-static approximation (e.g. Bonnet-Ben Dhia ef al. (2013); Grieser (2014);
Bonnet-Ben Dhia et al. (2016); Ammari et al. (2017); Carvalho et al. (2017); Bonnetier et al. (2019);
Bonnet-Ben Dhia ef al. (2021))—where an analytic expression can be found—therefore there is a need
to obtain a characterization for the full problem (no quasi-static) to identify the associated metamaterial
scattering resonances.

The goal of this paper is to establish the existence of metamaterial scattering resonances (causing
scattering instabilities) via an asymptotic characterization of quasi-resonances (in other words the
considered problems fit in the black box scattering framework), this for various two-dimensional
metamaterial cavities (arbitrary smooth shape, with one arbitrary varying negative optical parameter).
Using the T-coercivity theory (Bonnet-Ben Dhia ef al., 2012, 2013, 2016), and in the spirit of Balac et
al. (2021), we establish that the associated spectral operator of scalar transmission problem with sign-
changing coefficient is a black box Hamiltonian, and we carry out an asymptotic approximation of the
metamaterial scattering resonances. In this case we find that there is an additional interface resonance
family (compared with classical cavities) related to surface plasmons, and a specific scaling is required
to asymptotically characterize them. This family can be located close to the real axis, and is responsible
for scattering instabilities.

The paper is organized as follows. We present the problem and main results in Section 2. To
illustrate the metamaterial scattering resonances and their effect, we provide a pedagogical example
(case of a circular metamaterial cavity with constant negative coefficient) in Section 3. Section 4
presents the general approach for arbitrary metamaterial cavities, including the construction of the
asymptotic approximation at any order. Section 5 proves their connection to the truncated solution
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UNBOUNDED SIGN-CHANGING TRANSMISSION PROBLEMS 3

R2\ 0

FiG. 1. Sketch of the geometry.

operator (extension of the ‘quasimodes to resonances’ result) and their consequence on scattering
instabilities. Section 6 presents numerical illustrations of the metamaterial scattering resonances, and
Section 7 presents our concluding remarks. Appendix A provides theoretical results about the problem
operator, and Appendix B provides additional results and proofs needed in Section 4.

2. Problem setting and main result
2.1 Mathematical settings

Let us start by introducing the unbounded transmission problem with sign-changing coefficient, and its
spectral analogous. We consider an open bounded connected set £2 C R? with a smooth boundary I" =
052 that represents a transparent (penetrable) optical cavity characterized by a, € € (5; (—o0, O)).
The cavity is surrounded by a homogeneous background. We denote a € L™ (R?) the piece-wise smooth
function such that

a=as,on2 and a=lonR*\ 2, (2.1)

(see Fig. 1 for a sketch).
We consider the problem: For f € Lgomp(R2), g€ Lz(F Y and k > 0, findu € HllOc (R2) such that
—div(e'Vu) —KPu=f inR?
[ul, =0, [a~'d,ul, =g across I’ (2.2)
u k-outgoing

and the associated spectral problem: Find (¢,u) € C\ R_ x HIIOC(RZ) such that u # 0 and

—div(a~! Vu) = u in R?
[l =0, [a'dul-=0 across I' . (23)
u {-outgoing

Above, Hl (R?) := {u € L2_(R?) |Vx € € (R?), xu € H'(R*)}andn: I — S! is the unit normal

loc loc comp
vector outward to £2. Given X, we denote [X](y) = lim + X(x) — lim)Hy, X(x), forany y € I',

xX—>y
the jump condition across I". The jump conditions [u] = 0 and [a~! 0,ul - = 0 will be referred to as

! One could consider data in classical dual functional spaces. Then results presented here still hold.
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4 C. CARVALHO AND Z. MOITIER

the transmission conditions. We say that v is k-outgoing if it satisfies the outgoing wave condition:

v(r0) = > w,(e™ =>"c, H (kr) e (2.4)

meZ mez

with polar coordinates (7, 6) such that r > sup,.; x|, 6 € R/2nZ, Hf,}) the Hankel function of the first
kind of order m and (c,,),,c7 € CZ. For a pair (£, u) solution of Equation (2.3), £ is called a scattering
resonance and the function u is a resonant mode associated with £.

We define P: u +— —div(a—! Vu) the L?(R?) operator from Equation (2.3) with the domain
D(P) := {ueL*R?)|div(a~" Vu) € L*(R?)}>. We also define the local version of the domain
Die(P) 1= {u € L, (R?) | Vx € Conp(R?), xu € D(P)}.

For classical cavities (a, > 0), one can show that Equation (2.2) is well-posed in Hlloc(Rz), the
operator (P, D(P)) is self-adjoint, its spectrum is real and admits a lower bound. This allows us in
particular to work in the framework of the black box scattering (Dyatlov & Zworski, 2019, Definition

4.6), where one can check that there is an underlying black box Hamiltonian (see Lemma 5.2 for

more details). We can define Res: k — (P — k2)_1 the resolvent® associated with P. An asymptotic
characterization of the scattering resonances close to the real axis (called quasi-resonances k,,) is
provided in Balac et al. (2021), and with the ‘quasimodes to resonances’ result (Stefanov & Vodeyv,
1995, 1996; Tang & Zworski, 1998; Stefanov, 1999), it is proved that true resonances (£,,),, are super-
algebraically close to quasi-resonances k,,. As a consequence the solution of Equation (2.2) blows up
for k = k,,, (and the norm of the truncated resolvent PRes(k,,) explodes).

Due to the change of sign of a, the ‘quasimodes to resonances’ result from the black box scattering
framework does not directly apply in our case. First, well-posedness of Equation (2.2) in HllOC (R?) is not
guaranteed as u — —div(a~"' Vu) does not necessarily define a Fredholm operator (or in other words
the coercivity of the associated weak form of Equation (2.2) is not guaranteed). Additionally, spectral
requirements on P to be a black box Hamiltonian are not obvious. Finally, it is not clear whether there
exist resonances close to the real axis that are associated with localized interface modes (potentially
related to surface plasmons).

The goal of this paper is to show that the ‘quasimodes to resonances’ result still applies for
unbounded transmission problems with sign-changing coefficient, and to provide an asymptotic
characterization of the scattering resonances.

REMARK 2.1.

e The k-outgoing condition defined in Equation (2.4) is equivalent to v satisfying the so-called
Sommerfeld radiation condition if and only if k¥ > 0. This outgoing condition is more general, and
will be also used for the associated spectral problem Equation (2.3), where one can have £-outgoing
solutions with £ € C\ R_.

e The fact that we look for £ € C \ R_ allows us to work on the logarithmic plane. This guarantees
analyticity of the Hankel function (Olver ef al., 2010, Chapter 10), and it is necessary for spectral

2 One can show that D(P) = {u € H'(R%) | A u|p € L2(2), A Ulga\ g € L2(R2\ ), [a~Y0,ul = 0} (see Lemma A.1).
This second definition will be heavily used in Section 5.

3 Res is defined on the upper half of the complex plane (J(k) > 0). Using the black box scattering framework (see Dyatlov &
Zworski (2019)), we can extend the resolvent to C \ R_.
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UNBOUNDED SIGN-CHANGING TRANSMISSION PROBLEMS 5

problems set in spaces of even dimension (Dyatlov & Zworski, 2019, Definition 4.6), typically
Equation (2.3) set in RZ.

e Depending on the polarization (TE / TM), the optical cavity is characterized by a permittivity a =
¢ and a permeability u = 1 or a permeability a = u and a permittivity ¢ = 1. Metamaterials
are commonly characterized by ¢ < 0 and/or ¢ < 0. The cavity is embedded in a normalized
homogeneous background characterized by © = 1, and ¢ = 1.

e Equation (2.2) includes the scattering by a plane wave.

2.2  Main result

Our main goal is to establish the existence of a discrete sequence of scattering resonances close to the
positive real axis, which is done in two steps. First, we derive approximate solutions of the resonance
problem Equation (2.3) called quasi-pairs (Balac et al., 2021, Definition 2.1) (Theorem 2.3); then we
show that there exist true resonances close to the approximate ones (Theorem 2.4), which rely on
showing that the ‘quasimodes to resonances’ result from the black box scattering applies for Equation
(2.3). For ease of reading, we (re)define quasi-pairs as follows:

DEFINITION 2.2. A quasi-pair for the resonance problem Equation (2.3) is formed by a sequence

() > of real numbers, and a sequence (u,,) ,,.; of complex valued functions that satisfy the following

conditions:

1. For any m > 1, the functions y,, are uniformly compactly supported and

2. We have the following quasi-pair estimate
1Pty = Dy |l 22y = O(m™°),  asm — 400, 2.5)

with the notation a,, = O(m~) to indicate that for all N € N, there exists Cy, > 0 such that
la,| < Cym™, forallm > 1.

3. Additionally, we say that u,, is localized around I" C R2 if, for all § > 0, its support is mainly in
Iy:={xe R? | dist(x, I") < 8} neighborhood of I" in the sense that

Il 2y =1 = O(m=), as m — +00. (2.6)

We call (ym)m>1 quasi-modes, and (l_cm = VAn),,~ quasi-resonances.

THEOREM 2.3. If a,(y) # —1, for all y € I', then we can construct (& u

m’—m)m>1 quasi-pairs of the

2
resonance problem Equation (2.3). Moreover, we have A,, = (27sz) A(ﬁ), where L is the length

of the curve I" and A € CK"O([O, Lﬂ]) (see Equation (4.16a)). The quasi-mode is of the form u,, =

exp (i Z”Tm @) @ with @, @ smooth functions with respect to ﬁ and @ is exponentially decreasing on
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6 C. CARVALHO AND Z. MOITIER

both sides of the interface I" (see Equation (4.16b)). Additionally, the sign of A, is given to leading

order by the sign of 1 + ac|;1, and (1,,) are independent of the construction.

m>1
THEOREM 2.4. If a(y) # —1,forall y € I', let (Am,gm)m>1 be the quasi-pairs of Theorem 2.3.
Then there exists a sequence of true scattering resonances (Km)m>1 of Equation (2.3) close to the quasi-

resonances (/2,, n>1 10 the sense that

In addition:

e Ifal(y) < —1,forall y € I, then (¢,,)
-1« 3(¢,) <0.

o If—1<ag(y) <0, forally € I', then ¢,, € iR, , Vm > 1, and (¢2)

1 are scattering resonances with 9(¢,,) > 0 and

=1 are negative eigenvalues.

From Definition 2.2, recall that a,, = O(m~°°) indicates that for all N € N, there exists Cy > 0
such that |a,,| < Cy m~N, for all m > 1. Then Theorems 2.3 and 2.4 provide asymptotic estimates,
which imply:

) (Am)m>1 are independent of the construction in the sense that, if one has two quasi-resonances
(&m)nel,(ﬁm)mzl corresponding to the same integer m, then A, — w, = O(@m~°). This is
demonstrated in Corollary 4.13.

e Estimates Efn =\, + O(m_oo) naturally provide less accurate result for small m. Some numerical
illustrations will be provided in Section 6.

Contrary to the classical cavities (a; > 0), the value of a, can lead to two different behaviours:
from Theorems 2.3 and 2.4 we only have one sequence of resonances (Zm)m>1 close to the positive
real axis (in the £,, plane) in the case ay(y) < —1 (where we built (), € RT), and none in the
case —1 < ag(y) < 0 (where we obtained (k,,),, € iR), see Moitier (2019); Balac et al. (2021).
From Theorem 2.4 one can show that the truncated resolvent explodes at the quasi-resonances, and thus

scattering instabilities occur for Equation (2.2).

CorOLLARY 2.5. If a,(y) < —1, for all y e I', then there exists a real sequence (]im)m>1 with

lim k,, = oo such that for all x e %C%Omp(Rz) with x = 1 on an open neighborhood of £2

m——+00 =m
and for all N € N, there exists a constant Cy, > 0,

|Hxi)‘ie5(lgm)x}|| > CNmN, Vm > 1.

The above results also rely on well-posedness of Equation (2.2), and on establishing that P is a black
box Hamiltonian. This can be done using the T-coercivity framework (Bonnet-Ben Dhia et al., 2012,
2013, 2016), allowing to compensate for the change of sign of a and establishing Fredholm properties
(and others) under some conditions. Section 5 and Appendix A detail those results. Well-posedness of
Equation (2.2) in Hadamard’s sense leads to the existence of a stability constant C(k) > 0 such that
||”||L2(D(0,p)) < C(k)(|[f||Lz(R2) + ||g||Lz(F)), for any open disk such that £2 U supp(f) C D(0, p), see
Lemma A.4. From Corollary 2.5 we deduce the following:
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UNBOUNDED SIGN-CHANGING TRANSMISSION PROBLEMS 7

CoroLLARY 2.6. If a,(y) < —1, for all y e I', then there exists a real sequence (lgm) with

m>1
lim,,_, 4o k,, = oo such that for all N € N, there exists a constant Cy; > 0,

C(k,) = Cym",  Vm=>1.

Equation (2.2) suffers from scattering instabilities for k = k,,,.

The construction of the real sequence (1,,) ~(consequently (k,,) ) is the fundamental element in the
above results. To illustrate how to proceed, we present a simple case in Section 3 where all calculations
can be done explicitly, and we generalize the approach to arbitrary smooth cavities in Section 4.

3. A pedagogical example

In this section we consider Equation (2.2) set on a circular cavity with constant negative ag: §2 is a disk

of radius R > 0, and a, = —n? with n > 0. Taking advantage of the geometry, we look for solution of
the form:
u@) = u(r,0) = D u,(r.0) = > w,(re", (3.1)
meZ meZ

with (r,0) € R, x R/2xZ the polar coordinates corresponding to the Cartesian coordinates x, and
w,,(r) = % f02 & u(r,0) e_ideQ, m € Z, the angular Fourier coefficients. Similarly, we assume we can
write f(x) = X, ez, (r) €™, for x € R? with f,, € L, (R), and we can write g(x) = 3,7 &, €™,
for x € I with g € L>(I).

REMARK 3.1. An example where Equation (2.2) naturally arises is the scattering by a transparent
obstacle of a plane wave. If one considers uin (x1,xy) = eika, with wavenumber k and direction (0, 1)T,
then Equation (2.2) is satisfied by the scattered field u%® := u—u" with dataf™ := div(a~! Vu") +4%u"
and g" = —[a”! 8nui”] - Additionally, one can check that f,, is supported only in the cavity:
fn () = k(1 —ag 1)Jm(k r), r € (0,R), where J,, denotes the Bessel function of the first kind of
order m. This expansion is obtained using the Jacobi—Anger expansion of u" (Olver et al., 2010, Eq.
10.12.1) that converges absolutely on every compact set of R.

Plugging Equation (3.1) in Equation (2.2), we obtain a family of 1D problems indexed by m € Z:
Find w,, € H} (R, rdr) such that

2
m .
—%Br(r a,w,,) + T agk? w,, = agf,, in (0,R)
2
m .
_;a,(r a,w,,) + T Vm Kw, =f, in (R, +00) (3.2)
W,lp=0, [a”! Wilig) = &m across {R}
wy(0) =0 or w,(0)=0form#0 on {0}
[ W, (r) o< HEP (k) r >R

n12

with oc meaning ‘up to a constant’. For m 3 0, the term “>w,, imposes a homogeneous Dirichlet
boundary condition at zero (Bernardi et al., 1999). The solution is continuous at r = 0, using the
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8 C. CARVALHO AND Z. MOITIER

outgoing wave condition we write

I .
o 2R + g (1), i < R,

Wm(}’) = H<1)(kr) . (33)
Buots—= +fr(r), ifr >R,

MmHD (k R)

with |, denoting the modified Bessel function of the first kind of order m, and Jae-Jr denoting particular
solutions. Our goal in this section is to investigate the associated operator (in particular the resolvent
operator), therefore we do not need to write the particular solutions explicitly. Above, the coefficients
(«,,, B,,,) are the solution of

1 —1
R) — fr(R
An(kR) (;Z) B (gm +%Z(1;éc(g(—)fé(R)) »An(@ = (_ 15,012 _H;})’m). (3.4)

N ln(n2) H’Sp (2)

The above system comes from the transmission conditions at » = R.

REMARK 3.2. Since k > 0 and the problem is well-posed for n # 1 (see Lemma A .4), coefficients
(«,,, B,,,) are uniquely defined and det(4,,(kR)) # 0, with

L HY (@

det(A] (2)) :== —n L, A

vz € C*. (3.5)

Now that we have an explicit expression of (AZ, (kR))m <z» We can analyse its behaviour for various
wavenumbers k and values of a, (namely n). For numerical purposes, we truncate Equation (3.1) to order
M, leading to consider the sequence of operators (A" ,,(kR), ..., Aj(kR), ..., A};(kR)). We choose here

M = 32 and R = 1. The resolvent of this spectral numerical scheme is Ak_l, where
Ay = diag(A” ), (kR), ..., AJ(kR), ..., A} (kR)). (3.6)
To look at the stability of this scheme, we look at the spectral norm of A,:l noted H‘A;l H‘z Figure 2

represents the log plot of H)Ak_l ‘Hz with respect to k, for various values of a;. One observes that there

exists a sequence (k,,), such that H‘AEJH‘ peaks when a, € (—oo,—1), while H)A;lm remains

bounded when a; € (—1,0). In the first case, the sequence (H Ak_ml

& Spence, 2019; Hiptmair et al., 2022). We refer to those peaks as scattering instabilities.
The above results provide the following:

) grows exponentially (Moiola
2/ m>1

e While Equation (2.2) is well-posed for all £ > 0, the associated resolvent operator explodes for a

sequence of wavenumbers (km)m> 1

e This phenomenon occurs only for a, < —1.
In what follows, we investigate the associated spectral problem to identify the resonances causing

the scattering instabilities. We then use semi-classical analysis to characterize the sequence (km)
and study their relationship to surface plasmons.

m>1’
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1014 104
1012 1012 e = =09
1010 1010 - — ac = —0.8
_Q o« — ac=—0.7
= 108 1 - 10% 4
I |
< 106 - < 106
10% 10%
102 102
10° 10° T T T T
0 0 1 2 3 4 5
k k
ac € {71.37 —1.2, 71.1} ac € {70.9, —0.8, 70.7}

FiGg. 2. Semi-log plot of the function k& +> H’A;l ”’2 with respect to k > 0 for ac € {—1.3,—1.2,—1.1} (left), for ac €
{—0.9, —0.8, —0.7} (right). The value kg marked on the graph corresponds to the reference value used in Fig. 4 and 6.

3.1 Scattering resonances for the disk

As done in the previous section, Equation (2.3) set on a disk can be rewritten as a family of one-
dimensional problems indexed by m € Z: Find (¢,w,,) € C\ R_ x HIIOC(R 1> rdr) \ {0}, such that

2
—30,(ro,w,,) + —w,, —agt*w,, =0 in (0,R)
—%ar (ro,w,) + W — 2w, =0 in(R,+o0) 3.7)
W, =0, [a~! w;n]{R} =0 across {R}
wy(0) =0 or w,(0)=0formz0 on {0}
W, (r) oc HEP (er) r >R
Similarly, we write
o, (2L, ifr <R,
W =1 "t (3.8)
’"—H,(,P(ZR)’ if r > R,

however this time, the pair (¢, w,,) is solution of Equation (3.7) if and only if there exists (c,,, 8,,)7 €
ker (AZ, (ER)) \ (0,0)T, with A}, (¢R) defined in Equation (3.4). Given m € Z, and using Equation (3.5),
we define the set of resonances

Rlag,Rl(m) = {£ € C\ R_| det (A}, (¢R)) = 0}. (3.9)
Finally, we define the set of resonances of Equation (2.3)

Rlag. R := | ) Rlag, Rl(m). (3.10)

meZ
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F1G. 3. Graph of the sets R33[—1.1, 1] (top) and R,7[—0.9, 1] (bottom) in the complex plane (9 (£),J(€)) with £ € C\ R_.
Those sets are computed using complex contour integration Parini (2018) on the analytic function in Equation (3.5).

REMARK 3.3. Given £ € R[ag, R](m), one finds «,, = ¢ and B,, = ¢ with ¢ € C* since the resonant
modes are defined up to some normalization.
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1.0
9 102
- s — 161
» - 0.5 """ — o 1
’ L '..Q"".‘\ 100
' '
] ’ 0.0 ' .= :. ' 0 0
. - S DO 1 ~10°
l‘ .' —0.5 ‘e ne’ —10!
- -2 102
—-1.0
lg = 2.377 —i4.194 - 1076 lhds = 119.330 lout =~ 3.174 —i4.129
Fi1G. 4. Real part of some resonant modes ug(r, 0) for ac = —1.1 with their corresponding resonances below.

REMARK 3.4. Since |I_,, = |, and H(_l,)n = (—l)mHﬁ), for all m € Z, see (Olver et al., 2010, Eq.
10.27.1 and 10.4.2), by symmetry all the resonances ¢, corresponding to m # 0, are of multiplicity 2,
and the two associated modes are conjugate, given by u,,(r,0) := w,,(r) e®m0 Tt turns out Rlag,R] =
Unners Rlag, RI0m).

The resonances set (Rlag, R](m)),, defined in Equation (3.9) cannot be computed analytically,
however one can use contour integration techniques on Equation (3.5) to compute a subset Ry[as, R] :=
UZ:O Rlag, R1(m) C Rlag, R] (see Kravanja & Van Barel (2000); Parini (2018)). Figure 3 represents
the set Rylag, 1], for the unit disk and for various permittivities a;. The colour bar indicates the value
of m.

In classical cavities (a, > 0), resonances of Equation (2.3) are split into two categories (at
least for a, > 1, Balac et al. (2021)): inner resonances Rj,,[a., R] associated with resonant modes
essentially supported inside the cavity £2 and outer resonances R [a., R] associated with resonant
modes essentially supported in the exterior of the cavity R? \ §2. The inner resonance category includes
the so-called WGM, associated with resonances £y such that —1 < I(Cygy) < 0 (Cho et al., 2010;
Balac et al., 2021). In particular, the approximation of Equation (2.2) can be deteriorated if one chooses
k= S{(EWGM), where those modes can be excited (Moiola & Spence, 2019, Section 6.2). When a; < 0
we split the resonances into three categories. From Figs 3 to 5, we conclude:

e The main family of interest represented by ‘4’ in Fig. 3 is associated with resonant modes
essentially supported on the interface I" (see Figs 5 and 6 for an example). We refer to those modes
as surface plasmons waves (SPW), and we call this family the interface resonances Rp|a[ac, 1].
We denote the interface resonances (Em)m>1 so that Ryjalag, 11 = {£,, | m € N*}. Observe that the
interface resonances’ nature changes depending on a: if a, < —1, then £, is a resonance close to
the positive real axis with %(Zm) >0and -1 K ;“s(ém) < 0 (in the ¢,, plane); if —1 < a, < 0, then
¢, €iR, so 231 is a negative eigenvalue.

e The outer resonances £ € Royilag, 11 (£o are represented as ‘o’ in Fig. 3) are resonances with
a negative imaginary part (in the £, plane). The outer resonant modes are essentially supported
outside the cavity (see Figs 5 and 4 for an example).

e The last family (represented as ‘x’ in Fig. 3) corresponds to pure imaginary eigenvalues of the
operator P on L?(R?) (consequently £ € R_). The associated modes are essentially supported
inside the cavity (like inner resonant modes, see Figs 5 and 4 for an example). They contain WGM.
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FIG. 5. Real part of some resonant modes ug(r, 6) for ac = —0.9 with their corresponding resonances below.
108 108
//Y. \
1072 h 10-2 -
h
n
h
1
i
10710 + e 10710 4 pla
1 ~== bds
[
b —-— out
1018 - T T T 10718 T !
1072 10° 102 10* 106 10—2 10* 106
a. =—1.1
F1G. 6. Log-log plots of the radial component r — wg(r) of the three types of resonances shown in Figs 4 and 5 for ac = —1.1

(left) and ac = —0.9 (right).

Because of their particular nature, they are sometimes called bound states (Dyatlov & Zworski,
2019, Chapter 1), and we denote them £y € Rygglac, 11 (consequently Z%ds e R_).

In the end, we write R[a., Rl = Rgylac, R1U Rygglag, R1 U Rp|a[ac,R]. As mentioned before, the
interface resonances are quite peculiar as their nature changes depending on a,. As illustrated in Fig. 3,
they correspond to complex resonances such that %(¢,,) > 0 and J(¢€,,) < 0 in the ¢,, plane when
a. < —1, while they are pure imaginary eigenvalues ¢,, € iR, when —1 < a; < 0. For the first case,
one observes that 0i(¢,,) diverges towards +00 as m — 00, and their negative imaginary part 3(¢,,) < 0
tends to O exponentially fast as m — oo. Additionally, a closer observation gives us that 9 (Em) X m.
Figure 6 represents the behaviour of wg for the three types of resonances far from the boundary for a, €
{—1.1,—-0.9}. As discussed above, the support of the bound states and outer resonant modes is mainly
inside and outside the cavity, respectively. The modes associated with interface resonances are locally
exponentially decreasing moving away from the interface, which is the mathematical characterization
of surface plasmons (Maier, 2007; Bonnet-Ben Dhia et al., 2016). In the next section, we characterize
to leading order these interface resonances family (Em)m>1 by performing asymptotic expansion as

m — oo. In particular, we will confirm that ) (¢,,) o m.
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UNBOUNDED SIGN-CHANGING TRANSMISSION PROBLEMS 13

REMARK 3.5. As seen above, it is convenient to identify the change of behaviour of the interface
resonances using the sign of Sﬁ(ﬁﬁq) In what follows we provide asymptotic expansions of (6,2,,)m>1
instead of the resonances (£,,),,- ;-

REMARK 3.6. Going back to the Equation (2.2), it turns out that the dashed blue line in Fig. 2
corresponds to the real part an interface resonance: kg = %(ZS) A~ 2377, and £g € Rp|a[—1.1, 1].
Additionally, given data associated with k > 0, the interface modes associated with £ € Rpla[—0.9, 1]
(in other words N (Zz) < 0) cannot be excited as illustrated in Fig. 2. One can also perform the same
computations for a lossy circular cavity. In that case the interface resonances plunge further into the
complex plane (their imaginary part gets more significant in absolute value, moving the resonances
away from the real axis). Excitation of those resonances is then more difficult to observe.

3.2 Interpretation with Schriodinger operator for the disk

From Section 3.1 we found that plasmonic resonances (¢,,),, are such that %(¢2) changes sign
depending on a,, (i.e. n). In this section we use asymptotic expansions to explain this change of behaviour

at leading order. To do so, we provide an analogy with the Schrodinger operator. We define r=m"2¢2,
and we rewrite Problem Equation (3.7) as
1 .
—m~219 (ro.wk) + r—2wf§ = a(r) AwE in (0,R) U (R, +00)
w-(R) = wt(R) and — 028w (R) = 3w (R) across {R} G.11)

W, (0) = 0 and wj}, € 7 ([R,+00))

with X the new spectral parameter, wi- restrictions of w,, in each material and .7 (R ) denoting the
Schwartz space. We replace the outgoing wave condition by the requirement that w;; belongs to the
Schwartz space in order to characterize exponentially decreasing behaviours from both sides close to
the interface (i.e. surface plasmons). To identify this behaviour, first we rescale the problem Equation
(3.11) by £ = /R — 1 such that r = R corresponds to & = 0. We then define v-(£§) = wE(R (1 + £)),
satisfying in particular

—m2vEwE=a@ RAvE i (=1,0) and (0, +00),

1
(1+8)
is a potential. In that sense, the operator v — (—m~2.% + V)v can be interpreted as a Schrédinger
operator. To construct localized modes at the interface, we consider the principal part of —m 2% + V
with its coefficients frozen at & = 0, corresponding to —m_28€2 + 1. It is then natural to rescale by
p = mé, and the leading order behaviour becomes

where £ (&, 0g) = ﬁaé (1 +8)9) is a positive elliptic operator (Laplacian like) and V(§) =

—8%(,0* +o = —anz)V\ 0~ in (—00,0)

—2¢t + ot =RY. " in (0, 4+00) 3.12)
¢~ (0) = 9™ (0) and n 20,9 (0) = 3,97 (0) across {0}, '
¢ e S(Ry)

with *(p) = vE(&). Note that the condition v, (—1) = ¢~ (—m) = 0 becomes ¢~ € .#(R_)
to keep a localized behaviour as m — -+o00. Solutions of Equation (3.12) are given by (hoF) =
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14 C. CARVALHO AND Z. MOITIER

(R2(1 — n_2), e_'ﬁl 1), where the modes are exponentially decreasing on both sides of the interface
p = 0. Back to Equation (3.11), we have found a pair (4,,,, y;—;) characterizing (02, w,j,j), with the leading
behaviour given by

Ay = g(l — 77_2) +O@m), and wi(r) =exp (—rﬁlm‘% - ID + O(m_l). (3.13)

We conclude:

e whena, < —1,0rn > 1, SPW are associated with scattering resonances with %(€) > 0 (at first
order);

e when —1 <a; <0,0r0 < n < 1, SPW are associated with negative eigenvalues with £ € iR __ (at
first order).

We have then asymptotically characterized SPW by building pairs (4,,,w,,),.- - Upon proper
justification that w, (r)e™ € D(P) and that k = k,, := /A,, affects the resolvent, the obtained results
match the observed behaviours in previous sections, and provide accurate predictions.

The case of the circular cavity with constant a is quite intuitive, and the leading order computations
can be done explicitly. In the next sections we generalize the approach, to any order, for the general
case (arbitrary shaped smooth boundary, and varying coefficients a, € € (£2;(—00,0) \ {—1})), and
justify the connection between the formal expansions (Section 4) and the resolvent operator (as well
as the scattering instabilities, consequently) (Section 5). To that aim, we will use semi-classical WKB
(Wentzel-Kramers—Brillouin) expansions along the interface and matched asymptotic expansions in
the transverse direction to the interface in a tubular neighborhood of the interface. The higher order
terms allow to show a super-algebraic behaviour of the peaks seen in Fig. 2, explaining the exponential
increase asymptotically.

REMARK 3.7. The circular cavity allows to clearly separate the resonant modes into three categories,
where the support is clearly identified. Due to this clear separation, we say that this is a non-trapping
cavity. A trapping cavity (typically a crescent shape) may allow a combination of localized interface
modes with localized outer modes in region encapsulated by the cavity. In the latter, the proposed
asymptotic approach may not include the combined modes (the proposed specific scaling above is
only adapted for localized plasmonic behaviours). For simplicity, all numerical examples will consider
non-trapping cavities, which illustrate the fact that scattering resonances exhibit localized behaviours
associated with SPW.

4. Quasi-pair for unbounded transmission problems with sign-changing coefficient

In this section we prove Theorem 2.3 which consists of constructing approximate solutions of the reso-
nance problem in Equation (2.3). Those solutions are called quasi-pairs, in the sense of Definition 2.2.
The proof is organized as follows:

e We define a tubular neighborhood where we set up the problem, and we define formal expansions
(Section 4.1).

e We compute the expansion terms by solving a family of problems indexed by the order of the
expansions (Section 4.2).
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UNBOUNDED SIGN-CHANGING TRANSMISSION PROBLEMS 15

FiG. 7. Tubular neighborhood and notations: s denotes an arc-length parametrization of the curve y, and & is the normal variable.

e We show that the obtained expansions are quasi-pairs in the sense of Definition 2.2 (Lemma 4.9),
and that the quasi-resonances are independent of the construction (Corollary 4.13). Details are given
in Section 4.3.

We end Section 4 with comments on the first expansion terms of (Am)m>1'

4.1 Formal expansion set-up

Recall that £2 C R? is a cavity with smooth boundary I”, see Section 2.1. Let L be the length of I", and
n 1= /—ag a positive smooth function up to the interface so that we have a, = —n?. We define a tubular
neighborhood V; of the interface I'. Let y : T; — I" be a counterclockwise curvilinear parametrization
of the curve I" with the notation T; := R/LZ. Let n = (y,—y{)T be the unit exterior normal to §2
and « = det (y’, y” ) : T; — R be the signed curvature. We define the open tubular neighborhood, see
Moon & Spencer (1988), by

Vs = {y(s) + &n(s) | (s,&) € T, x (=8,8)}, (4.1)

which is schematically represented in Fig. 7.
We now consider the problem

Pu=hu in 2 NV and (R?\ 2) NV
[ul =0and [a~'d,ul =0 across I', (4.2)
u=20 on Vs

where P = —div(a~—! V) with a defined in Equation (2.1). By Definition 2.2, the quasi-pairs are

compactly supported therefore the outgoing condition does not play a role in their construction. We
replace in particular the outgoing wave condition by a homogeneous Dirichlet boundary condition in
order to construct localized quasi-pairs.

The change of variables from the tubular coordinates (s,§) € T; x (=§,8) to the Cartesian
coordinates x € Vs is a smooth diffeomorphism for 0 < § < (maxr, lx[)~ L. In this tubular coordinate
system the operator P becomes

P=—g ' div,, (a_l G vsg), (4.3)

- _ (67" 0
where g(s,&) = 1 + &k (s) > 0 and G(s,&) = ( 0 g(s,é))'
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16 C. CARVALHO AND Z. MOITIER

For the general case, we use a WKB framework (Babi¢ & Buldyrev, 1991) in order to provide an
asymptotic expansion of the spectral parameter as the number of oscillations along the interface I,
denoted m in Section 3.2, goes to infinity. We introduce a small parameter 2 > 0 (later to be linked to
m) and the ansatz for the quasi-pair (A, u):

u(s, &) = w(s, ) exp (,‘-1 e(s)) and A =h"2%, (4.4)

where %9 : [0, L] — C s the fast phase along the interface, w: T; x (—8,8) — C s the slow amplitude
and & € Cis the spectral parameter. In order for the function u in Equation (4.4) to be a smooth function

in V5 \ I', we need to add the constraint that the function s — ei?® ¢ g (T, ). The phase function
is chosen to be complex to simplify the computations, however we can always put the imaginary part
into the amplitude w. Following Babi¢ & Buldyrev (1991), we formally expand the unknowns w, 6 and
% with respect to & as

w(s, &) = an(s,s) B, 6(s) = Z@n(s) W' and A= Zin " (4.5)

n>0 n>0 n>0

The system Equation (4.2) with the new unknowns in Equation (4.4) becomes

Lylal(w,0) = w inT; x [(=6,0) U (0,4)]
[W]TLX{O} =0and[a"! 8SW]TLx{O} =0 across T; x {0} . 4.6)
w=0 onT; x {4, 4}

Above, L, [a]l(w,0) = h? e7%9 P(w 8%6) , and it can be decomposed as
Lylal(w,0) = ﬁi[a](w, 0,0) + Lilal(w,0) + Lilal(w), .7

where ﬁél [a] are j-linear for j € {1,2,3} and

Lilalw,0,9) =g >a ' wd,0 0,0, (4.82)
L2al(w.0) = —hi (g_2 a ' owdd+g o, (g_l alw ase)), (4.8b)
Lhalw) = —h2 g~ (aS (ga_l agw) +o, (g—l a! asw)). (4.8¢)

In the above decomposition, only C}l[a] involves derivatives with respect to £. Since g (resp. n =
/—ag > 0) is a smooth function on T; x (—4,8) (resp. T; x (=4, 0]), then G is smooth, and we write
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UNBOUNDED SIGN-CHANGING TRANSMISSION PROBLEMS 17
the formal Taylor expansions at & = O:

3"G(s, 0)
g(s,6) = 1 +&x(s), G(s,6) =) 57 £, €)=Y "n—(,s) £, (4.9)

n>0 n>0

where 7, (s) = 8gn(s, 0). Since g and 7 do not vanish on T; x {0}, the formal expansions of g ! g2

and n~2 about £ = 0 can be computed with Equation (4.9).
Like in Section 3.2, we introduce the scaled variable p = h~'¢& for the normal variable & € (=8, 8),
and we define

¢*(s.p) =w(s,hp),  for (s.p) € T, x Ry.

Then, with g = g(s, hp) we rewrite
Lhlal@®) = =g 9, (a7 g0,0%) —H g7 0, (a7 g7 00). (4.10)

Equation (4.6) becomes the formal problem: Find ((p JneN € €¢>*(T,,~ (Ri))N, (exp(%@n)) N €
ne
CKOO(TL) , and ()‘n)neN € CN such that

Lal (X0 W3, 0,17) = (3,3, 1) (S, 62 1) in'T, x RS
D n (800 B =3 ¢, (s,0) 1" onT; x {0} . @.11)
o) X, 8,00 (5.0 W' =Y, 8,07 (5,0) " onT; x {0}

Note that for simplicity we extend the scaled domain T; x (—%, %) to the domain T; x R in order to be
independent of h in Equation (4.11), and we replace the homogeneous Dirichlet boundary condition on
T, x {- h h} by the conditions p — ot(s,p) € .S (R,) forall s € ']I‘L One can always multiply the
quasi-mode by a cut-off function & — x (£) to be in the domain T; x (— h) as done later in Equation
(4.16). With Equation (4.7) and Equation (4.9), we can formally expand the operators Uh[—nz] =
2 >0 L{f K" and EJ (11 = >0 Lfn+ h", where Lji are independent of A, for j € {1,2,3}. From
Problem Equation (4 11), we obtain the family of problems P WneN DY identifying powers of A: Find
<pn € € (T, R,)), exp(h 0,) € €>(T;), and An € C such that

34 2.+ Lk, +) _ s+
Z L (%2, ps+9, ) Z L (gopz’ m) Z Ly (gopz) = Z Ap1 Ppa
peN} peN; peNZ peN2 (4.12)
0 (5,0) = 97 (5,0) and  — 5o(s) "> 3,0, (5,0) = 0,9, (5,0)

with the notation N¢ = {p e N¥ | p; +--- +p, = n}.
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18 C. CARVALHO AND Z. MOITIER

4.2 Computation of the expansion terms
First, we set some notation that will be useful throughout the rest of the section.

NotaTioN 4.1. We recall that ny = | = ,/— ac|r. Since we assume that 1 + ac|1_,1 =1- n0_2 #0,

)}
| b

we can define the scalar ¢ = %1 to be the sign of 1 — naz, the functions 7, = |1 — 1y and
T, = (% where (-) is the mean along the interface I" defined by
1 1
(f) =+ [ fls)ds, Vf e LU(Tp).
L Jt,
One can obtain the expressions for the Lﬁi.
LeEMMA 4.2. The first terms of the expansions of ﬁfl [a], Ei [a] and [,}l[a] are given by
Ly~ (@.0.9) = —ng > ¢ 9,0 3,9, Lo~ (¢,6) =0, Ly~ (¢) = 0y 029,
LT (@.0.9) = 8,6 8,0, Lo (9.0) =0, Ly* (9) = —029.

Proof. From the expressions (4.82a), (4.8b) and (4.10) and using the expansions (4.9) with the change of
variable & = hp gives the expressions in the lemma. U

Using Lemma 4.2, we rewrite Problem (P,) as: Find (,03E € €°(T,, 7 RY)), 0y € €°°([0,L]), and
%o € C such that (¢; , ¢g) # (0,0), exp(+6y) € €>(T}), and

0205 — (05" +mho)eg =0 inT,xR_
02¢5 — (07 —To)ef =0 inT, xR, (4.13)
95 (5.0) = ¢ (5,0) on T, x {0}
—19(5) 28,05 (5.0) = 3,0 (5.0) on T, x (0}

LeEMMA 4.3. One can choose h = ﬁ for m € N* so that ((p(j)[, 0o ):0) is given by
¥ S * + 1
fo= 2 60(o) = /0 @ds, and ¢ (5,) = a(s)exp (=101 %) ng)T'),
0

with o € €°°(T;,C*) (and ¢, 7, defined in Notation 4.1), is solution of Problem (P,) defined in
Equation (4.13).

The proof is detailed in Appendix B.1.
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UNBOUNDED SIGN-CHANGING TRANSMISSION PROBLEMS 19

REMARK 4 .4.

If we unravel the scaling and return to tubular coordinates, for m > 1 and (s,§) € T, x R, we

formally have a pair (4,,, 1,,)

1= (52) o o(r))
<pg(s, 2”ng), ife <0
O+(s, Z”T'"g), ife >0

which characterizes surface plasmons at leading order.

2mm _
iy (5,8) = @ 1 0O+O() +o(m™),
2

We remark that the leading order term, solution of Equation (4.13), can be seen as the leading order
solution of a planar problem of the form —div(a—'Vii) on T; x R with a(s,y) = —n(z) on the lower
half-plane, a = 1 on the upper half-plane, and v € R.

REMARK 4.5. The construction relies on several choices that are not unique.

One can choose the main phase to satisfy 6 = 7, or 6; = —T,,. Then one can construct two modes
corresponding to u,, and i, (see Remark 4.14), where ™ is the complex conjugate.

The function 6, is defined up to a constant c. Then u,, in Remark 4.4 is defined up to €' 7¢. For
simplicity, we consider ¢ = 0 as we normalize in the end.

The functions gogt are defined up to a function o: T; — C*, which contributes to the phase of u,,
and therefore affects the number of oscillations along the interface. One can always shift indices
so that (4,,, u,,) > _ o for some g, € Z, corresponds to a wave with m oscillations along the
interface.

We choose h = ﬁ to simplify the computations; however, other choices can be made, as long as

we have h oc m™ 1.

Now, to compute the higher order term of the expansion, from Equation (4.12), Lemma 4.2 and

Lemma 4.3, for n > 1, we can rewrite Problem (7,) as: Find (p,jlE € € (T,, 7 (R,)), exp(i l 0, €
€°(T,), and 4, € C such that

020 — T o = (2800, + M 0y) e + 13 S,y iInTy x R

~ -2 —~ N .
dpen =g o = (2fo O — f\n)fﬂJ —Syy Ty xRy (4.14)
@y (5,0) = ¢;F (5,0) onT; x {0},
—0y($) 7% 8,0, (5,0) = 3,0, (5,0) on T, x {0}
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20 C. CARVALHO AND Z. MOITIER

where
n—1
L+ { + 24( +
Sazi _Z)‘ —p‘pp ZL —P<(pl’) ZLPI ((pp2,9p3)
p=0 pel3
— L (0 00) = 20 L (93560 6) — L (03 60060) (4.15)
pel}

withHZ={p€ [0,n — 1]]d|P1+"'+Pd=”}'

LEMMA 4.6. Define ((p(j)t,éo,io) according to Lemma4.3. For n > 1, there exists a solution
((p,f,@n, Ap) G (T, S (Ry)) x €°(T;) x C of Problem (P,) defined in Equation (4.14). In
particular, (pn is given by

0 (5, p) = Pr(s. ) exp (—1p| T () mp()7"),

with polynomials P € €°°(T;, P)*.
The proof is detailed in Appendix B.2.

REMARK 4.7. In addition to Remark 4.5, (6,),>0 and (¢,),,~( are not uniquely defined at each step of

the construction. However, the sequence (in) >0 will be unique (see Corollary 4.13).

4.3 Proof of the Theorem 2.3

Based on formal series 3, g h", 3,6, " and 3, A, h" with h = 7%~ we now construct quasi-
pairs in the sense of Definition 2.2. This step is necessary to justify that our formal expansions capture
scattering resonances. First we use Borel’s Lemma (Hoérmander, 2003, Theorem 1.2.6) for X and 6, and
a direct generalization on the Fréchet space € *° (T, . (R,)) (Balac ef al., 2021, Lemma A.5) for ot
to establish:

LEMMA 4 8. There exist @ € €*°([0
%[0, L) such that, for N > 1, h € [0

,27,] x T;,Ry)), ©® € €0
] se€T;,and p € R, we have

]XTL) and A €

° 2

> 2 2

N—1
(s, p) = D @y (5. p) W' + WY Ry (his. p)
n=0
N—1
O(h;s) = D 0,() " + hN R (hs)
n=0
N—1
A(h) =D~ 3, 1" + 1V R (h)
n=0

4 We denote by PP the space of polynomial of a single variable with complex coefficients.
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UNBOUNDED SIGN-CHANGING TRANSMISSION PROBLEMS 21

where R € €([0, 21 x T;,. 7 (RL)), RS € €°(10, L1 x T)), Rt € €([0, L 1).

[ 2= > 2w

From those functions, we now define the scalars A, and the functions u,, in the tubular neighborhood
as

Ay = (znTm)zA(zi (Tm) ZA (27rm)n (4.162)

neN

O (skmis B28), if§ <0

(4.16b)
O (skmis Bmg), ifE >0

Uy (5.8) = x(€) exp (122 6 (1L7:5))

where x is a cutoff function, x € COmp(( 8,8))and x = lon[— 2 2] In what follows, we establish
that Equation (4.16) is a quasi-pair. First we have:

LemMA 4.9. The pair (X, 1,,) defined in Equation (4.16) satisfies the following:

m>1

(1) u,, is uniformly compactly supported and smooth in £2 and R?\ 2.
(i) u,, satisfies [u, ] = O(m™>°) and [a™" d,u,,] = O(m~>).
(iii) u,, admits the norm expansion

2, 1l 22y = bm™? + O(m_%) with b > 0.
(iv) LetR,, := Pu, — A, u,, be the reminder defined in £2 and R? \ 2, then we have
IRl 2y + IRl 2@y = O(m ™).

(v) If two quasi-pairs (,,, _m)m>1, (n ,_m)mZ : satisfy (i)—(iv), and the quasi-modes have the same
leading phase 6(s) = [, To(1)dt then:

/ Uy T = zgm™ + O(m_2) and / U, v, dx = O(m™>)
R R2
with z, € C*.

REMARK 4.10. Items (iii) and (v) of Lemma 4.9 give us

u v, .
/ = —— dx:z6+(’)(m71), with z;, € C*.
R2 ”Hm”LZ(]RZ) ”Zm”LZ(]RZ)

REMARK 4.11. At this point u,, ¢ D(P) because the transmission conditions are not exactly satisfied,
therefore it is not yet a quasi-pair in the sense of Definition 2.2.
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22 C. CARVALHO AND Z. MOITIER

Proof. Proof of Lemma 4.9. Recall that we set & = Mim,

x (ph), <Df: (s, p) — &+ (h;s, p), B s+ O(h;s),and A, = A(h).
(i) By definition of (u,,),,.., in Equation (4.16b), (i) is satisfied.

and to simplify notations we denote x;,: p

(ii) Using Lemma 4.8 and that each functions (p,jf satisfies the transmission conditions via
Lemma 4.6, one can show that [u, ] = O@m™N) and [a~! ou,lr = Om™N) for all N > 0,

which is the definition of O (m~°).
(iii) We introduce the weighted L? semi-norm on T; x R,

Ti - / /
Lith] Tr Riﬂ(f

From Equation (4.16), we obtain

) IF (s, )% h(1 + K (s)ph)dpds.

38
R h

_ig 2 i 2
o l1F2 2y = 10 @i €5 Pl + 1P €7 Pl 2 -

From Lemma 4.3 and Lemma 4.8 for N = 1, we have

O,(s) = /S’fo(t)dt +6,()h + h* RY (. 5)
0

@i (5.0) = a(s) exp (=1oI T np(®)F' ) + hRY (s, p),

where Rg”) € €°°([0, L] x T;) and Rf € €°([0, L] x T, (R,)). We deduce that

2 * 2

io |

+,2
<Cih
101 .

i 2
+. .10,
X, @, en
‘H o 131

_ Hxhae—lpl?on(fle

.. . CiolanFl i 2
for C?E some positive constant. We write || x;, « € ol 7ong " gl 01 ||in[h] = Ift + 12i +IT,

R 242361 (s))
I :h/ / |a(s)|ze¢2pro<s)no(s>¢‘e—z;*s(e]<s))dpds:h/ la(s)|"e” "
Ty, JR4 T

I =h / (X (ph)[2 = Dlae(s)PeT2 0OMO™ g2 6N g s,
Ty JR+

13jE = hz/ / |X(ph)a(s)|233F20?0(S)'10(S)11e—25(91(S)) i (s) pdpds.
Ty, JR4

—As
L 2% ($)np(s) T

(4.17)

One can show that ISE = O(h*°) using Lemma B.1. Since x is bounded and the function (%;s, p) —
T 1 X o« . .
la|2eF2P ong e 2O kp is in €°([0, L] x T,,.(R,)) there exists a constant C3jE such that |I3i| <

2
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UNBOUNDED SIGN-CHANGING TRANSMISSION PROBLEMS 23

Cgth2. Combining the results we get

It 2 g = b2 ™" + O (m2)
with
+ - —1
o LI EL L[ e 0o WO M)
27 h 27 Jt, 27, (s)

(iv) Revisiting the change of variables in tubular coordinates and the scaling, we get

1Ryl 20y = 2 [ O (2,001, 0,) = 4,) (4, 2;)

, 4.18
L2 [h] ( %)

1R ll2gezy = 2 [ O (L,al, 0,) = 4,) (x, 27) (4.18b)

L2 [1]

with £, [a] defined in Equation (4.6). Lemma 4.8 with N = 1 and Lemma 4.3 give the estimation

S(@h) = O(h), so there exists ¢y > 0 such that |eih_1 O < cg- Introducing the commutator
[L,lal(-, ©,), x,] of the differential operator @ +— L,[a](®, ®,) with the scaled cut-off function yx,
we deduce from Equation (4.18)

IR, 20y < coh > (N_+NL) and IR, Il 2@2g) < coh > (N + N}, (4.19)

where N = [, (£,lal(-, ©)) — A,) &F Let us start

with V.. We write for N > 1,

L and N} = [I[£,[al(- ©)). x,] Pif

”Lgt[h ”Li[h]'

N—-1
LA, 0,) = D (L@, 0,,0,) + LE @), 0y) + L @)
n=0

+ 1Y (R 0 0, 04, 0,) + Ry (s 0, 0,) + Ry (i 275))

where R;‘j (h) are j-linear second-order differential operators such that all the coefficients in yx;, Rﬁ‘i(h)
are smooth bounded functions for j € {1,2,3}. We use Lemma 4.8 with different N for each occurrence
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24 C. CARVALHO AND Z. MOITIER
of @;E and ®;, and we obtain

L,[al(®iF, ©,) — A,

N—1
=" [Z > L,T’3(lefl (h),R,‘;)z(h),Rg(h)) + Ry” (b RE (1), RS (W), RS () (4.20)

=0 peny_,

N—1
+30 > LEA(RE(.RO (M) + Ry (s R (), RS ()

”:0p€N§7

2

+ (Li‘ x )Rﬁ_n(h) + Ry (s RE () —R,/V‘(h)Rg(h)],

n

Il
=}

where we used the relations in Equation (4.12), giving us that for all 0 € N

Z L;J]i(‘ppz’ (28 ) Z LZi(‘pﬂz’ P%) + Z (Ll]f]i _XPI)(‘OI:}; =0.

peN‘é peN peNZQ

The coefficients in the operator x,L;,lal(-,®;,) are smooth bounded functions in T; x R, (see
Equations (4.8a), (4.8b) and (4.10). From Equation (20), we get N < N ||Fi(h)||Li[h], where
Ft e €°(|0, 2H] x T;,(R,)), so we have Ni < Cy W for Cy a constant independent of £ as
h — 0. Now, we consider the two commutator norms N} . We observe that the coefficients of the
operators [L,[al(-, ®,), x,] are zero in T, X (—26—;,,0) and T; x (0, 26_h)' From this observation, we
deduce that

NP = / / G (h; 5, p)Pdpds,
Ty JIL(h)

where G* € €>(|0, 271] x T;,”(R,)) and I (h) are as in Lemma B.1 for p = % We deduce that
NL - O(hOO), and we get ”Bm”LZ(Q) + ”Bm”LZ(RZ\§) = O(hN_2) forall N > 1.
(v) Let (6,),~¢ (resp. (9,,),-() be a sequence of phases constructed for u,, (resp. v,,) and « (resp.

B) the function in Lemma 4.3. A similar computation as in (iii) gives that fRZ Uy, V,dx = zgh + O(hz)
where

—_— ; = 1
0= / a(s)B(s)e1 O ® / e T2 WM™ 4545
T JTL R+

:/ a(s)ﬂ(s)elé‘l(s) i01(s) Mds
L 274 (s)

From the expression of 6, and ¥, in using Lemma B.2, we get i0,(s) — i9,(s) = —2f(s) — fos ‘Z‘x((t’))

ﬂ((tt)) dr, where f is a real function independent of o and B. A derivative computation shows that the
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functions

S Bt
o B®

s> a(s)exp (— /OS (Z((:))dt) = 0oy € C*and s — B(s) exp (—

dt) =, C*

J— —1
are constant 50 7y = o [y, L= e=¥Wds £ 0. Denoting R (resp. §) the remainder in the

construction of u,, (resp. v,,), we have
s dm
/ w, v, dx= [ F(hys)e T 0Ods,
R2 Ty,

where

F(h;s) = elRT (5 +isT0 %7 /R X 1) 1, (BOIRG (s 5, 0) Sy (B 5, p)A(L + pie ()h)dp.
+ +

Note that F € € ([0, %] x Tp). Since 6y = T, > 0, 6, is a smooth diffeomorphism from T; to T;,

we perform the change of variable x = 6;(s)

4mm

/TL F(h;s) e 10 ds = /TL (9(;1)’(x)F(h;9(;‘(x)) el Ty,

From the fact that the function (h; x) = (6, 1)/ (x) F(h; 0y ! (X)) € €>°([0, 2] x T;) and the Riemann—
Lebesgue lemma, we get

/T (60_1)/()5)F(h; 6y @) e Tdx = O(m—).

O

We now add a correction to u,, in order to satisfy the transmission conditions. Consider (A,,,4,,),,-
in Equation (4.16), satisfying Lemma 4.9. We define

0, if& <0,

Em(s,f) = x(&) {[EM]TLX{O}(S) +§[a_1 882”1]’]12)({0}(3), if& >0,

which gives [u,, — i,,],- = 0 and [a~! 9, (gm - Qm) = 0. Using the regularity and uniform compact

Ir

support of u,, — it,,, we obtain u,, — i,, € D(P). Using Lemma 4.9, we have IIQmIILz(Rz) = O@m™ =)
therefore (P — A,,) (4, — it,,,) = O(m~°). We then replace u,, by
Uy, = @21)
lu,, — ZanZ(R2)
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26 C. CARVALHO AND Z. MOITIER

which now makes (4,,,u4,,),,~, a quasi-pair in the sense of Definition 2.2. To prove Theorem 2.3, we
simply need to show that (&,;)m2 | are real and independent of the construction. To that aim we will

check that ()v»n)n2 | are real and unique (see Remark 4.7).
LEMmA 4.12. Let (A, u,,),,-, and (&m,ym)mzl two quasi-pairs in the sense of Definition 2.2 corre-

sponding to the same integer m and having the same leading order phase 6: s fo T,(r)dt. Then we
have the following estimate A, — i = O (m=°).

Proof. Let R, S, be the residuals R, = Pu,, — A, u, and S, = Pv, — p _v,. By definition, the
residuals satisfy [R,, I} 2g2) = O(m~°) and 1Sl 2mey = O(m_oo). Using the symmetry of the

operator P, we get

(Am_E)/R —mvmdx Rzzmgdx_/ﬂkzﬂmmdx=o(m_oo)

u,, V,.dx = z5 + O(m~"'). Then
A —m =0Om *>)asm — +oo. O
—_m

=m

From Remark 4.10 one can show that there exists z, € C* such that [ u

CoroLLARY 4.13. The quasi-resonances (1,,),,..; are real and are independent of the construction.

Proof. By applying Lemma 4.12 to (4,,, u,,),,,~ and (&, u,,),,-, we get S(k ) = O(m~°°) which
implies that J ( ) = 0 for all n € N. Then taking R W) > 1 and (u ,_m) | two quasi-pairs in

the sense of Definition 2.2, from Remark 4.5, we can always assume that they have the same leading
phase 0y: s — [ To(t)dr (by taking v, instead of v, ). Therefore, Lemma 4.12 and the fact that the

quasi-resonances are real give us A, — = O(m™"), which implies that Xy = I, O

Results from Corollary 4.13, Lemma 4.9 and Equation (4.21) imply Theorem 2.3. In the next section
we use Theorem 2.3 and the ‘quasimodes to resonances’ result to prove Theorem 2.4, Corollary 2.5 and
Corollary 2.6. This establishes the connection between the quasi-pairs and the scattering resonances,
plus their effect on the scattering instabilities. We end this section with a few remarks.

REMARK 4.14. With Corollary 4.13, given a quasi-pair (A
quasi-pair (A

A _m)m>1, we have a second quasi-orthogonal
m,_m)m21 with the same quasi-resonance in the sense that, from (v) in Lemma 4.9,

f]RZ U, U, u dx = (’)( ’OO). The quasi-resonances have an asymptotic multiplicity of 2, related to the
chosen sign of the leading phase 6, (see Remark 4.5).

REMARK 4.15. We can generahze the hypothesm of Theorem 2.3 to complex-valued function a, €
€ (£2,C*) as long as ac| r —land p — g, £(s,p) in Lemma 4.3 are exponentially decreasing
for p — Fo00. In other words we need

_1
M@ ™) >0 where () = (1-np(9)™2) * and 7 = %
0

and considering the principal branch of the square root. However, if a, is complex non-real, the operator
P is non-self-adjoint and Lemma 4.12, Corollary 4.13, Remark 4.14 are not true anymore.
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4.4 First expansion terms of A,

We provide here a few terms of the asymptotic expansions of A, to identify their key features. The
coefficients 5\,n are computed using formulas in the proof of Lemma 4.6 via SymPy Meurer ef al. (2017),
and symbolic codes are available in the GitHub repository (Moitier & Carvalho, 2023).

4.4  General cavity with varying coefficient. ~We set the coefficients 1y(s) = n(s,0) and n,(s) =
9 (s, 0); we obtain

_(2mm\? ¢ g — 1 m L i
A = (T) (To>2 |:1 _< No “r 77()2(7702 -1 (27”") - O(m ) . *22)

Looking at the first terms one can see that:

e The sign comes from the leading term and depends on ¢ = sign(1 — ng) (see Notation 4.1), namely
ona, < —lor—1<a, <0.

e The curvature « appears only starting at the second term, it has a weak effect on the expansion.

e The terms blow up in the limit ny, — 1 (which corresponds to a,| — —1). This is expected as for
ag, = —1 since SPW correspond to zero eigenvalues.

One can compute higher order terms such as ):2, however it becomes rather cumbersome and lengthy
to present here (expressions can be found in Moitier & Carvalho (2023)). We provide below a specific
case where the expression A, is not too large.

4.4 Circular cavity of radius R with radially varying coefficient n(r). Following previous results, we
then set ny, = n(R), n, = 3,7(R), n, = 321 (R), and we obtain

2 2 5
_m N n R v (R _3
A = ﬁ(l n )[1 ( x v 1))<m) +A2(m) + O(m )} . (4.23)

where

s _ gDy —mg+ D mg 425 —3n5+2)  niGng+4n5— D m
2= — .
20 R? Snp(ng — DR 2085 — 1) 25— 1)

5. Black Box Scattering framework for unbounded transmission problems with sign-changing
coefficient

5.1  Proof of Theorem 2.4

In this section, we prove Theorem 2.4. In the case (i): ao(y) < —1forall y € I', it is based on the
‘quasimodes to quasi-resonances’ result (in particular we follow the theorem of TANG and ZwWORSKI
(Tang & Zworski, 1998)) from the black box scattering framework. In the case (ii): —1 < a(y) < 0
for all y € I', the proof is based on the spectral theorem for self-adjoint operators. We start by case (ii).
The operator P is self-adjoint and R_ only contains discrete eigenvalues (see Lemma A.5). Then the
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existence of quasi-pairs with A, < 0, using (Helffer, 2013, Proposition 8.20), gives us
dist(&m,Spec(P)) = O(m_°°).

Therefore, there exists a sequence (Em) such that ¢,, € iR, K,Zn is a negative eigenvalue, and Eﬁl =

m>1
A+ O(m_c’o). For the case (i), the proof is a direct consequence of the following elements:

e the operator (P, D(P)) is a black box Hamiltonian in the sense of (Dyatlov & Zworski, 2019,
Definition 4.1) (see Lemma 5.2);

e one can estimate the number of eigenvalues of the reference operator P* (a truncated version of
the operator P) defined in Definition 5.3 (see Lemma 5.4). This allows to establish that the set of
resonances, which is discrete, is not too large (one can count them).

REMARK 5.1. From Remark 4.14, we have two quasi-orthogonal quasi-pairs and, as in (Balac et al.,
2021, Theorem 7.D), we have two resonances close to the quasi-resonance. This will be illustrated in
Section 6.

In what follows we prove Lemma 5.2 and Lemma 5.4. Let us denote D := B(0, R;;) the open disk of
radius R, so that the cavity §2 is compactly embedded in ID. We denote 1y, le\ﬁ the restriction on D,
R? \ D, respectively.

LeEMMA 5.2. The operator (P, D(P)) on L%(R?) is a black box Hamiltonian in the sense of (Dyatlov &
Zworski, 2019, Definition 4.1), meaning that the following is satisfied:
(4.1.1) we have the orthogonal decomposition L%(R?) = L(D) @ L2(R? \ D).

(4.1.4) the operator (P, D(P)) is self-adjoint and 1R2®D(P) C Hz(R2 \ﬁ).
(4.1.5) outside D the operator is equal to the Laplacian.
(4.1.6) for all v € H*(R?) such that v|B(0,R0+S) = 0 for & > O then v € D(P).

(4.1.12) the operator 1y (P + i)~ : L2(R?) — L*(DD) is compact.

Proof. The condition (4.1.1) is satisfied by definition. The condition (4.1.4) is a consequence of
Lemma A.5 and Lemma A.1. The condition (4.1.5) is satisfied by definition of (P, D(P)): 1R2\E(P“) =

—A (le\ﬁ(u)) for u € D(P). The condition (4.1.6) is a consequence of Lemma A.1. For the condition

(4.1.12), we define A: L2(R?) — L2(D), u > (1 (P +1)~", with the embedding :: H'(D) — L*(D).
The operator A is compact because —i is in the resolvent set (Lemma A.5), the projection 1y, goes from
D(P) to H (D) (Lemma A.1), and ¢ is compact (Brezis, 2011, Theorem 9.16). O

Now that the operator (P, D(P)) is a black box Hamiltonian, the solutions of Equation (2.3) are
well-defined: this means that we have (¢, u) € C\ R_ x D(P) and Equation (2.3) fits in the black
box scattering framework. Then we define the reference operator and estimate its eigenvalues. From
Lemma 5.2 we deduce that Conditions (1), (2), (3) in Tang & Zworski (1998) are satisfied. Lemma 5.4
establishes that the last condition, Condition (4) in Tang & Zworski (1998), is satisfied.
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DEFINITION 5.3. From the operator (P, D(P)) on L2(R?), we define the reference operator (P*, D(P%))
on Lz((R/RﬁZ)z) with R, > Ry by P¥: u > —div(aj_l Vu) and

D) = {ue L2(®R/R,2)?) | Pru e L2 (®R/R,Z)?)].
where a, = aclg + I(R/R:Z)2\§ is the ‘restriction’ of a to (R/RﬁZ)z.

LEMmA 5.4. The reference operator (P%, D(PY)) is self-adjoint, has discrete spectrum and we have the
following weak Weyl estimate

Card(Spec(P*) N [—p, u]) = O(u) ~ forp > 1.

Proof. The proof that the reference operator is self-adjoint is similar to the proof of Lemma A.5 (see
also (Carvalho, 2015, Theorem 4.2)). The spectrum is discrete because (R/RIIZ)2 is a compact set. The
weak Weyl estimation comes from (Mandel et al., 2022, Section 4), particularly from Corollary 8. The

proofs are the same, one simply replaces H(l)(.Q) by the zero mean function in H! ((R/RﬁZ)Q). O

Lemma 5.4 shows that Condition (4) in Tang & Zworski (1998) is satisfied with n? = 2. Now that
the resonance set is well-defined and characterized by quasi-pairs, we can prove Corollary 2.5. We will
use the following result:

LeEMMA 5.5. For k € C\ R_, we denote JRes(k): Lgomp (R?) — D,,.(P) the meromorphic continuation

of the resolvent. For k > 0 and x € € (R?), we define %esx (k): L2(R?) — D(P) the cut-off

comp

resolvent by S)%esx (k) = xRes(k)x, as in (Moiola & Spence, 2019, Section 3.2).

Proof. The meromorphic continuation of the resolvent is given by Theorem 4.4 in Dyatlov & Zworski
(2019) and Lemma 5.2. U

5.2 Proof of Corollary 2.5
Let x and ¥ in Gy, (R?) with x, X = 1 on an open neighborhood of £2 such that supp(¥) C {x = 1}.
From the definition of the quasi-pair (A,,, u,,), _,.letk, = /i, > 0andy, = Xu, NN Xty lly 2 2

m> =m

The family (l_cfn, Ym)m>1 is still a quasi-pair, therefore we have Py,, — l_c,igm = R,, with the estimation

IR, Il 2g2) = O(m™°). Due to the fact that supp(v,,), supp(R,,) C supp(X) C {x = 1}, we have
vV, = XV, and R,, = xR, . We obtain

(P-B)o=F, = v, =Tesll,)(®,)

= Xy, = xRes(k,) (xR,)
= Yy = 9{65)( (km) (Bm)

We deduce that for all N € N, there exists Cjy > 0 such that

L= 1l 2y = 1%es, ) (R, 2oy = |95, )| €71 ™
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FI1G. 8. Sketch representing the three considered configurations (A), (B) and (C), for the numerical illustration.

which gives the result.

REMARK 5.6. Results from Stefanov (2000) hold as well in this case: from families of resonances close
to the positive real axis, we can create quasi-resonances.

5.3 Proof of Corollary 2.6

Now let k,, := /A, > 0 form > 1. Results from Section 4 give us —div(a~! Vu,) — k2u,, = R,, with
the remainder estimate ||R,, ||L2(R2) = O(m~*°). Lemma A.4 with g = 0 and f = R,,, gives us

”Zm”Lz(Rz) < C(,) ”Em”LZ(R2)'

Since ||Em||L2(R2) = 1 by definition and for all N > 1, there exists ¢y > 0 such that ||Em||Lz(Rz) <

ENm_N then E;,l mV < C(k,,), forallm > 1.

6. Numerical illustration of metamaterial scattering resonances

Using Theorem 2.4 and Corollary 2.5 (proved in Section 5), we have shown that there exist scattering
resonances located close to the positive real axis when a(y) < —1 forall y € I'. Choosing k = 3 (£)
will lead to scattering instabilities for Equation (2.2). In what follows we provide several numerical
examples showing the norm of the resolvent operator exploding close to scattering resonances. First we
use the Finite Element Method (FEM) to compute the scattering resonances £ of the cavity close to the
real axis (Step 1), then we compute the norm of the discretized cut-off resolvent operator for various
k (Step 2). We also compare the scattering resonances with the first terms of the obtained asymptotic
expansions (Step 3). We provide details about the steps below. We consider three cases:

(A) Circular cavity of radius 1 with constant a, = —1.1 as represented in Fig. 8(a).

(B) Circular cavity of radius 1 with linearly varying permittivity ag™™ : (x,y) > 9mfM | aM_dm
with (an,, ap) = (—1.2, —1.1), as represented in Fig. 8(b).

(C) Peanut cavity with constant a; = —1.1 as represented in Fig. 8(c). The peanut boundary is
parameterized by r(f) = 1 — 13—0 cos(20) with 0 € R/2xZ.

Step 1: computing resonances. In order to solve Equation (2.3), we truncate the computational
domain with a circular perfectly matched layer (PML) as done in Moitier (2019) (represented in green
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FiG. 9. Structured mesh for the circular cavity (left) and the peanut shape cavity (right). The cavity is represented in blue, the
exterior domain in orange and the PML in green. The mesh is locally symmetric along the interface I". Meshes use quadrangular
elements of degree 3, and we use finite elements of degree 8 in the computations (adding degrees of freedom in each element, not
represented here).

Table 1  Approximate value of the scattering resonances £ g, in the three cases and for m € {3,6,12}.
The number of digits displayed is evaluated using an estimated numerical error, and we have put a ‘x’
when the value is below the estimated error.

Ltem m=3 m==6 m=12

(A) 1.1472 — 102 2.072 —i1073 3.89308 — i10*
1.1472 — 1072 2.072 —i1073 3.89308 — i10*

(B) 0.966 —i10~1-¢ 2.0681 — 102 421203 —i1073
0.966 —i10~1-¢ 2.0681 — 102 421231 —i1073

(®) 0.46 — 107086 1.5455 — 10191 3.2954955 — j107332

0.93 —i10~ 149

1.6912 — 107265

3.2990404 — i10—+44

in Fig. 9), and we consider T-conforming meshes (ad hoc locally symmetric meshes along the interface
I') to guarantee FEM optimal convergence and avoid spurious eigenvalues (Bonnet-Ben Dhia et al.,
2013; Carvalho et al., 2017). In practice, we build such meshes using GMSH Geuzaine & Remacle
(2009) and consider quadrangular elements of degree 3 embedded in a tubular neighborhood as defined
in Equation (4.1). We build a circular PML with radii r, = 1.25, r; = ry + 0.25 for the disk, and
rg = 125 x 1.3, r; = ry + 0.25 x 1.3 for the peanut. After those transformations, the scattering
resonances are approximated by the eigenvalues of the resulting FEM matrix, at least in a sector below
the real axis (where the angle of the sector depends on the PML parameters).

The FEM computations are done using finite elements of degree 8 using XLiFE+4+ (2010),
leading to 33713 degrees of freedom for all three cases. Table 1 contains computed scattering
resonances values fp, for various numbers of curvilinear oscillations m € {3,6,12}, for the three
cases. As mentioned in Remark 4.5, 4.14 and 5.1, for a given m, there are two resonances. We
plot in Fig. 10 the two associated resonant modes for cases (B) and (C) associated with m = 12.
One can observe that the size of angular oscillations changes when a; varies (case (B)). Addi-
tionally, one observes that associated computed modes exhibit localized behaviours, as induced by
SPW.

€20z AInr 0z uo 1senb Aq /1.98%0//G12/2/88/a10neABWEW/W0D dNo"olWapese)/:sdjy Woij papEojuMOq



32 C. CARVALHO AND Z. MOITIER

- - - -
. - "’ .‘ '. " » -
- ’ .
» . . L
. ’ ’ L
’ s . ‘ ’ o ’
' ' : - . e ' '
s ¥ + + + - H
‘ . ’ ' .
’ ’ ’
5\ - . . . . . *
. ° » . L . ™
- ™~ e @ . 4 » ».
- Wk T Saw -e

F1G. 10. Real part of the two resonant modes associated with m = 12 curvilinear oscillations, associated with the resonances in
Table 1: for case (B) (left, middle left), for case (C) (middle right, right). The grey dashed lines represent the symmetry axes of
the problem and hence the symmetries of the modes.

Step 2: norm of the discretized cut-off resolvent operator.
In Section 3 we computed the discrete norm of the reduced cut-off resolvent operator ‘HAI:I H

obtained using separation of variables. Here, we compute the discrete norm of a finite element versiozn
of the resolvent operator. We equivalently rewrite Equation (2.2) on a bounded domain using a Dirichlet-
to-Neumann map (DtN), leading to Equation (A3) presented in Appendix A. We use FEM with T-
conforming meshes such as the ones in Fig. 9 but without the PML to approximate Equation (A3), and
we denote M, the finite element matrix of the associated operator. Then we compute the associated

discrete norm ‘HM;I H‘z of the finite element cut-off resolvent operator using the spectral norm by a

power method on (M,I)_IIMI,:1 on a uniform k-grid with geometric refinement around the real part of
the scattering resonances.

The FEM computations are done using finite elements of degree 8 (leading to 28 337 degrees of
freedom for all three cases), 65 Fourier modes for the DtN (Oberai et al., 1998) and k-grids of 160
elements for case (A), 150 elements for cases (B) and (C) respectively.

Figure 11 presents results for case (A), where we can compare H)M;l ‘Hz (dashed orange line) with

H‘Ak_l mz (blue line) from the analytic computations in Section 3. Note that the numerical schemes used

in both cases are not the same, hence we do not expect the results to identically match. However, the
sharp peaks coincide exactly, they occur at k = N (€jgm) (iem being the FEM scattering resonances
computed in Step 1), and they exponentially grow as k increases (the y-axis is on a logarithmic
scale). The grey vertical lines correspond to the real part of the scattering resonances £4g,,. For larger
wavenumbers k, the FEM captures the scattering instabilities, but it fails to capture the peaks’ intensity.
This is due to the fact that the mesh is in this case not refined enough (despite high FEM order).

Figure 12 presents results for cases (B) and (C), where we do not have an analytic computation to
compare with. As before, we observe that the norm of the cut-off resolvent operator peaks for k =
N (Zfem) (indicated by the grey vertical lines in the figures), and the peaks grow exponentially with
respect to k. As mentioned before, we have two resonant modes corresponding to the same number of
curvilinear oscillations m, but they might have slightly different true resonances. For case (C), we clearly
observe this phenomenon (double peaks). Note that for small m (i.e. small real part of the scattering
resonances), the norm of the resolvent does not explode. This is due to scattering resonances having a
more significant imaginary part.

Numerical results above illustrate the effect of scattering resonances induced by SPW, for various
metamaterial cavities (in shape and in coefficient).
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FiG. 12. Semi-log plot of the function k ”Mk_l ||2 in logarithmic scale for the two cases (B) and (C). The vertical grid lines are
aligned on the real part of the scattering resonances.

Step 3: comparison with quasi-resonances. For validation purposes, we compare the scattering
resonances £, computed in Step 1 with \/E, using A, defined in Equation (4.22). In particular, we
will compare with the O(m™"), the O(m~2) expansion, respectively, which corresponds to choosing
Equation (4.22) with one term, Equation (4.22) with two terms, respectively. We will denote them 2, ,,
t = 1,2. Recall that given m, resonances may be of multiplicity two: in that case we will add the
superscript *, s = 0, 1, to distinguish between the two resonances. We now define the relative difference

in scattering resonance with ¢ terms at order m by

/)\S —_ ¢
Di(m) = ‘—_m” femm | s —0,1.

S
fem,m
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F1G. 14. Graphs of the relative difference Df (m),s =0,1,t= 1,2, between the scattering resonances £ computed via FEM

(Step 1), and the asymptotic expansion | / A‘fm via Equation (4.22), for cases (B) and (C).

Ideally, we expect that 1ir41_1 Di(m) = O(m™"), for t = 1,2. Figures 13 and 14 represent D (m)
m—+00

for cases (A), (B) and (C). In case (A), there is no multiplicity (we drop the superscript s), and we can
use results from Section 3.1 to compare with the analytic scattering resonances £, € Rpyj[—1.1,1].
Figure 13 illustrates that ideal behaviour is reached. Figure 14 shows that, for cases (B) and (C), relative
differences follows the anticipated slopes, which is promising (especially considering the range of m that
may still be in pre-asymptotic regime). Further analysis of the asymptotic rates could be made (as done
in (Moitier, 2019, Chpater 9)) to verify the asymptotic rates; this requires more computations. Overall,
results from Figs 13 and 14 present reasonably small relative error between the scattering resonances
and the quasi-resonances.
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7. Conclusion

Similar to classical optical cavities, the scattering by negative metamaterial cavities can be signif-
icantly affected by localized waves at the boundary of the cavity. In this paper we have shown
with the black box scattering framework that there exist metamaterial scattering resonances close
to the positive real axis, causing the norm of resolvent operator to explode. Using asymptotic
expansions, we have characterized those resonances to arbitrary order, and for various cavity properties
(arbitrary smooth shape, varying negative permittivity, etc.). Numerical experiments illustrate that,
for non-trapping metamaterial cavities, scattering resonances are associated with localized waves
corresponding to SPW. This study has been carried out without reducing to the quasi-static case,
and the considered spectral parameter is the wavenumber in contrast to Grieser (2014); Schnitzer
(2019); Ammari et al. (2020a,b). Our asymptotic analysis revealed that, given some incident source
associated with k > 0, surface plasmon waves can only be excited when a; < —1 (in the case
—1 < a, < 0 the scattering resonances are purely imaginary). We have established that the
‘quasimodes to quasi-resonances’ result still applies for unbounded transmission problems with sign-
changing coefficients: then the existence of quasi-pairs implies the existence of scattering resonances
close to the positive real axis which also implies the explosion of the stability constant when
a; < —1. FEM computations confirm that the norm of the numerical resolvent operator exhibits
high intensity narrow peaks associated with the scattering resonances close to the positive real
axis.

Our approach provides the construction of SPW quasi-modes for general metamaterial cavities, to
arbitrary order. The constructed quasi-modes seem to concur with resonant modes computed for non-
trapping cavities. For trapping cavities, combinations of localized-trapped resonant modes could exist.
The approach can be carried out for multi-layered cavities (typically a dielectric cavity surrounded
by an annulus of metamaterial): one can build quasi-pairs for each interface (the localization process
decouples phenomena). Then the ‘quasimodes to quasi-resonances’ argument should hold similar
results. One could consider extracting those asymptotic plasmonic behaviours from the problem
to relax FEM (no peaks), as done in the singular complement method Ciarlet & He (2003). One
could also, using the same expansion methods, find asymptotic characterization in the context of
dispersive material cavities (in particular the case where a, = &, is the permittivity and depends
on the wavenumber k, such as Drude’s or Lorentz” model). In that case, our analysis confirms
that SPW waves can only be excited for frequencies lower than the surface plasmons’ frequency
(Maier, 2007); however, since the domain of the operator depends on the spectral parameter, the
link between quasi-pairs and scattering resonances is not clear. Extensions to polygonal metamaterial
cavities and dispersive metamaterials will be considered. In the quasi-static case, the spectral analysis
for that case reveals hypersingular plasmonic behaviours and has been well investigated (Hazard &
Paolantoni, 2020; Bonnet-Ben Dhia er al., 2021). The proposed asymptotic expansions approach is
valid for arbitrary optical parameter a, (and complex-valued ones to some extent); one could also
consider arbitrary double negative optical parameters b, and work with the double-negative PDE
—div(a~™' Vu) — bk*u = 0 (e.g. Bonnet-Ben Dhia ez al. (2014); Fitzpatrick (2018); Ammari et al.
(2019)). Then, to deduce from the quasi-pairs existence the presence of scattering resonances becomes
difficult because the operator is no longer self-adjoint. All the derivations have been provided for
two-dimensional problems; one could consider three-dimensional cavities. In particular, results from
Appendix A and Section 5 hold in R3, for smooth interface I". The construction of quasi-pairs may be
more cumbersome, but it can be adapted using a parameterized tubular region and the use of the mean
curvature.
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Appendix A. Properties of the operator P

We recall the operator P: u — —div(a~! Vu). Given v C R, we define the bilinear form
b,(u,v) = / a'Vu.- Vvdx, u,ve Hl(a)). (A1)
w

Then b := b is the associated bilinear form of (P, D(P)); one can write b(u,v) = (Pu,v)2 R2) for
u € D(P),v € H' (R?), and is the associated bilinear form of Equation (2.2) for P: H' (R?) — H™!(R?)
(b(u,v) = (Pu,v) for u,v € H'(R?), where (-,-) is the duality bracket H™'(R?) x H!(R2)).

LemMa A.1. The domain of P define by D(P) = {u € H'(R?) |div(a~!Vu) € L*(R?)} is equiva-
lent to

DP) = {u cH! (Rz) | Aulg € LX), Aulga € L2<R2 \5), la'0,ul . = o].

REMARK A.2. Without any assumption on the value of a, on the interface I", we cannot expect H?
regularity up to the interface, see e.g. (Cacciapuoti ef al., 2019, Theorem 1 and 2).
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Proof. Let us denote
e={uen (R)14ug e L2(2), Aulgag e LR\ 2), [a'9,ul =0},

For the inclusion £ C D(P), take u € £, using [a~! d,u] - = 0 and Green’s identity in a distributional
sense, we have

. -1 .
div(a_l Vu) _ dlv(ac \Y% u|9) in 2 B
A ulpag inR?\ 2

and with div(ag 'V ulg) = ag' A ulg + Viag') - V ulg, it gives div(a~! Vu) € L?(R?). Therefore,
we obtain £ C D(P). For the reciprocal inclusion, let us take # € D(P) and v € HI(R?), using Green’s
identity and duality bracket, we get

-1
<[a 9l V|F>H—1/z<r) ey = R V) = P Vipge =0,

which gives [a~'8,u] » = 0. With div(a~' Vi) € L2(R?), we get A ulo = agldiviag 'V ulg)—V(ag")-
Vulgl € L2(2) and A ulpa 5 € L*(R*\ 2). O
LEMMA A3. If a.(y) # —1, for all y € I, the bilinear form b, defined in Equation (Al) is

weakly T-coercive. More precisely, there exists an isomorphism T € L(H!(w)), a compact operator
C e L(L*(w), @ > 0and B € R such that b,, satisfies a Gérding’s inequality of the form:

by (. Tu) = erllulfy ) = BlCulis . VueH ().

Proof. When a; < 0 is constant, one can use T provided in Bonnet-Ben Dhia et al. (2013) and the
proof follows the one of (Bonnet-Ben Dhia et al. (2013), Lemma 2). When a. € 6°°(§2) non-constant,
since 952 is a smooth interface, it can always be seen as locally straight, then Theorems 3.10 and 4.3 in
Bonnet-Ben Dhia ef al. (2012) apply and provide the needed results. t

LemmA A4. If a,(y) # —1, for all y € I', the operator P is Fredholm of index 0 and Equation
(2.2) is well-posed. Moreover, there exists a stability constant C(k) > O such that

”u”LZ(D(O,p)) = C(k)<|lf||L2(R2) + ”g”LZ(p))’ (A2)

for any open disk of radius p such that £ U supp(f) C (0, p).

Proof. Let D(0, p) be a disk a radius p such that §2 is compactly embedded in D(0, p), and f €
L%(D(0, p)). Following Bonnet-Ben Dhia er al. (2016), we use a Dirichlet-to-Neumann map, denoted
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S, to rewrite Equation (2.2) in D(0, p): Find u € H!(D(0, p)) such that

—div(a™' Vu) —KPu=f in D(0, p)
[ul =0 and [a! d,ulp =g across I" (A3)
0,u=Su on 0D(0, p)

Lemma 1 in Bonnet-Ben Dhia ez al. (2016) shows that problems Equation (A3)—(2.2) admits at most
one solution. Following (Bonnet-Ben Dhia et al., 2016, Section 2), using the properties of S and the fact
that K: u — —k*u is compact, one simply needs to establish that the operator P: u > —div (a_1 Vu) is
Fredholm to conclude. From (Carvalho, 2015, Proposition 2.6), it is equivalent to show that b|D(0’ ) in
Equation (A1) is weakly T-coercive, which is established by Lemma A.3. Well-posedness of Equation
(A3) in Hadamard’s sense gives u that there exists E(k) > ( such that

el 0, = C® (1820 + I l2m0,)-

For Equation (2.2), using Poincaré’s inequality this leads to

il 200,y = CO(Iglzr + I 2ge2,)- (A4)

O

LEMMA A.S. If as(y) # —1,forall y € I', then (P, D(P)) is self-adjoint, and its spectrum is such
that Spec,(P) = R and Specy; (P) C R*.

Proof. The proof is given by applying Theorem 4.2, Propositions 4.5 and 4.6 in (Carvalho, 2015,
Chapter 4). Consider A € C \ R and the problem: Find u € H! (R2) such that b(u,v) — A, V)2 =
(f, V)2, Vv € H'(R?), with f € L?(R?). Using Lemma A.3, b is weakly T-coercive and the above
problem is well-posed (Lemma A.4). This shows that P is self-adjoint. Given A € Spec, (P), consider
(u,), € D(P) such ””n”LZ(RZ) =1, u, = 0 weakly in L? and such that |Pu, — Au,ll; 2 — 0. Using
Lemma A.3, we have

2

2 2
(Purp Tun) Z a”un”Hl(R2) - ﬁ”cun”LZ(RZ) Z _ﬁ”CMnHLZ(RZ)?

L2(R?)
and we note that

(Putys Tuty) 2 oy = Aty Tty 2 = &+ Ay, (T = Dity)p 2 2.
Since u,, — 0 weakly in L2, one can show that ”CM"”i?(R?) — 0, (u,, (T — I)”n)L2(R2) — 0 strongly,

which leads to A > 0. On the other hand, for A > 0, one can build a Weyl sequence (,,),, € D(P) such
||”n||L2(R2) =1, u, — 0 weakly in L2 and such that |Pu, — Au,ll;2 — 0. Rellich lemma allows us to
show that there are no eigenvalues in Spec,(P). Finally, P does not admit a lower bound (details can
be found in (Carvalho, 2015, Section 4.2.2)): one can consider a sequence (u,,), € D(P) with support
strictly included in §2 such that the numerical range (Pu,,,u,);2 — —oo (recall that a; < 0), which
shows that Spec;,(P) C R*. O
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Appendix B. Proofs and additional results for the asymptotic expansions
B.1  Proof of Lemma 4.3

Proof. We solve Equation (4.13) as ordinary differential equations with s € T, as a parameter. The
conditions ¢ (s, -) € .#(R,) give the following restrictions 6](s)* + 1o (s)2%o € C \ R_ and 6} (s)* —
io € C\ R_. If one of the above restrictions is false, then there are no solutions ¢* (s, -) in .7 (R 1)
Under those restrictions, there exists «(s), (s) € R such that a(s)B(s) # 0,

12 23 N
05 5,9 = VBT and gt (s p) = plsye B0

. 1 . . .- —
where the square roots are chosen to be in C2. The first transmission condition ¢ (s,0) = go(‘)" (s,0)
implies that «(s) = B(s). Then the second transmission condition

— o) 2 0,0 (5,0) = 3,5 (5,0)

give us

o) 289 + o9k = /8,9 — Ko

leading to the eikonal equation

9

0)(5)* = = ¢iy (1 _ no(s)*Z(_l.

P
1 —ny(s)~2

While this equation does not have a unique solution, one simply selects one (see Remark 4.5). Here, we

choose
° S
0

and from the condition exp (%60) € €*°(T,), we deduce that exp (%90 (L)) = exp (%90(0)) which

implies that there exists m € N such that

_1
1—ne®72| “dr

2nm

0y — 6,(0) /S /L -4
- h T h

‘1 - no(r)—z‘ dr.

M 1 o v
By choosing h = ﬁ form € N*, we get | = (/¢gAy(|l — n62| *) = \/sAg(zy) which gives A, =
-1
g(‘L’O)_2. Then with the relation ‘L'g =c(1—n, 2) we obtain that

VOIS + 092 Kg =Ty () ng(s) > 0 and /() — Xy = Ty(s) mp(9) ™' > 0,

which concludes the proof. (]
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B.2  Proof of Lemma 4.6

Proof. For (s, p) € T, x R, we define % (s, p) = exp (—|p| T(s) 19(s)¥'). We proceed by induction
on n. Forn = 0, Lemma 4.3 gives ((pa—L, o )VLO) the solution of (P,) defined in Equation (4.13). Letn > 1,
from the definition of S _ in Equation (15), there exists Qf_l € €*°(T,,P) such that Sf_l = erf—l et
Using Lemma A.1 in Balac et al. (2021), we can solve the two ODES in Equation (4. 14) with the source
terms SjE . We find that there exists P € €°°(T,,P) such that §F = pPF e™, apgon — TNy, =
77(2) S, 15 and 82(,0" — TO N go,j = —S:_l. Then, solving the two ODEs in Equation (4.14) with the
source terms (27,6}, + n%kn)wo_ and (27,0, — Xn)w()_, for (s, p) € T, x R, we obtain

. o %, | 6, | Puls,p) ) -
@, (s,0) =a@@)p| —= + + e (s, p), (Bla)
" 2%06) | ) als)
N no(s) &, R A VORI
,P) = — ——— )eT (s, p). Bl1b
@, (5,0) a(S)p( 2%,) 5)0,(s ) (s, 0) (B1b)
The first transmission condition ¢, (+,0) = ¢;7 (-, 0) is satisfied because ¢; £(.,0) = 0. Using the second

transmission condition —n,, 29 P C, 0) = pgon (-,0) and the expressions in Equation (B1), we get

o 10, | 0 | Pr(s.0) ) np(s) A, P (5,00
o (2ro(s> s | al) ) T ONOF G
Solving for ), and integrating yields
N bt 3p+
6,(5) = / B Y. G L GRS O
0 2701 —ny(H7?) alt) (ng(* — 1)

Now, the condition exp(i ! 6,) € €°°(T,) imposes 6,(L) = 6,(0), solving for 5»” and using the
relation 7 (t)2 (I —mny 2) = ¢ yields

. 2¢ [ noPy (0) + AP (-, 0)
A = — 3 7 .
(7o) a(f — 1)

+
Setting P (5. p) = () (46322 F 1o (5)*10;(5) + T2 finishes the proof. 0
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B.3  Additional results for Schwartz functions

LEMMA B.1. Consider F: (h;s, p) — F(h;s, p) in € ([0, L
I_(h) = (—o0,—%) and I, (h) = (%,+00). Then

=1 x T, ”(R,)), p > 0, and the intervals

iz
/ / |F(h;s, p)|>dpds = O(h*>®) ash — 0.
T, J1:(h)

Proof. Notice that, for any integer N > 1, there exists a constant C,, > 0 such that | pNF(h;s, p)| < Cy
for all (b s, p) € [0, 5=] x T, x R, Hence,

CyL IN-1
|F(hs s, p)Pdpds < ————ore PN,
/’JI‘L /Ii(h) (2N — 1) p?N-1
which finishes the proof. U

B.4 Additional results used in Section 4

LEmMA B.2. Fors € T,

S~ (oM — D k(D) n ()
9 _ 21 0 1
1) /0 L0t T 20 (g2 = 1)
(no(t)4 +I)np® O
2 no® e* — 1)«

Proof. This follows from the computation performed in Appendix B.2 where we solve Equation (4.14)
for n = 1 with

n 2n - _
Sy = 2,0 ! 3pg00 - (K - n—l)ap% — 2i65d,0,
0

- (2,0962(/( +ﬂ) 0] — 2i6] "0) 95
Mo Mo

—S§ = —xd 7 — 206000,07 — (20067 +i60) 7
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