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ABSTRACT: It has been hypothesized that liquid polyamor-
phism, the existence of multiple amorphous states in a single-
component substance, may be caused by molecular or supra-
molecular interconversion. A simple microscopic model [Caupin
and Anisimov, Phys. Rev. Lett. 2021, 127, 185701] introduces
interconversion in a compressible binary lattice to generate various
thermodynamic scenarios for fluids that exhibit liquid polya-
morphism and/or water-like anomalies. Using this model, we
demonstrate the dramatic effects of interconversion on the
interfacial properties. In particular, we find that the liquid—vapor
surface tension exhibits either an inflection point or two extrema in
its temperature dependence. Correspondingly, we observe
anomalous behavior of the interfacial thickness and a significant
shift in the location of the concentration profile with respect to the location of the density profile.
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1. INTRODUCTION —26 °C ; however, the results of the latest experiment,43
reaching —31.4 °C, suggest that an inflection point might be
possible. Theoretical studies support the existence of anomalies
in liquid—vapor surface tension of supercooled water.**™>°
Using two closely related microscopic models of water-like

Typically, pure substances may be found with only one gaseous
or liquid state, while their solid state may exist in various
polymorphic crystalline states. The existence of two distinct
liquid forms in a single-component substance is more unusual,

since liquids lack the long-range order common to crystals. associating fluids, Feeney and Debenedetti** predicted either
However, the existence of multiple amorphous liquid states in an inflection point or a maximum, depending on the details
a single-component substance, a phenomenon known as and assumptions of the approach. Hruby and Holten™
“liquid polyamorphism”,'~* has been observed or predicted proposed a two-state model able to generate an inflection
in a wide variety of substances, such as superfluid helium,”° point in the liquid—vapor surface tension of water. The
high-pressure ¥1grdlr90gen,7_l121sulfur,12 phosphorus,"*"* car. inflection point has also been predicted by molecular dynamics

bon,” silicon, silica,””*" selenium and tellurium, simulations with several water potentials, such as SPC/E,%’47
and cerium.”* Liquid polyamorphism is also highly plausible in WAIL," and TIP4P/2005.*7#>°

deeply supercooled liquid water.'**°~* In the case of a fluid with a liquid—liquid phase transition,

In addition to the hypothesized existence of a liquid—liquid the liquid—liquid surface tension is also of particular interest. It
phase transition in supercooled water, other anomalies in controls the nucleation of the second liquid phase and the
water’s thermodynamic properties have been reported, namely, possibility of observing liquid—liquid coexistence in confined
a maximum in fgeg temperature dependence of its isothermal systems.”’ For their models of water, Feeney and Debene-
compressibility”*** and a maximum in the isobaric heat detti** found a liquid—liquid surface tension 2 orders of

capacity.”® The possibility of anomalous behavior of the
liquid—vapor surface tension, oy, of supercooled water has
been a topic of long-standing interest. In 1951, an inflection -
point in the temperature dependence of oy was reported to Received: December 20, 2022
occur near 0°C,”” but later studies, showing larger Revised: ~ March 9, 2023
uncertainties, cast doubts on the early measurements.””* Published: March 23, 2023
Only recently, the highly accurate studies by Hruby and co-

workers became available.*™* Initially, in refs 40—42, it was

concluded that no anomaly occurred in 6,y(T) down to

magnitude lower than the liquid—vapor one. They attributed

© 2023 American Chemical Society https://doi.org/10.1021/acs.jpcb.2c08901
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Figure 1. Density—temperature and pressure—temperature phase diagrams for the blinking-checkers model with @, = 1.6, @5, = 2.0, @, = 1.08, ¢
=3, and s = 4. The liquid—vapor coexistence (blue curves) terminates at the liquid—vapor critical point, LVCP. The liquid—liquid coexistence (red
curves) terminates at the liquid—liquid critical point, LLCP. The limits of thermodynamic stability (spinodals) are given by the dashed curves. The
dotted line corresponds to the condition x = 1/2, which qualitatively separates the regions enriched either by species 1 (at low temperatures and

low densities) or species 2 (at high temperatures and high densities).

this phenomenon to the significant difference in the
corresponding range of densities spanned by each transition.

In this work, inspired by the ideas of Feeney and
Debenedetti, we investigate the interfacial properties in a
simple microscopic model for liquid polyamorphism caused by
the molecular interconversion between two species.”” Our
approach provides a first-principle derivation of the surface
tension and the density and concentration interfacial profiles
for the liquid—vapor interface, as well as for the corresponding
liquid—liquid interfacial properties, if liquid polyamorphism
takes place. We demonstrate that, depending on the interaction
parameters between the two interconverting species, an
inflection point or two extrema may emerge in the temperature
dependence of the liquid—vapor surface tension.

2. METHODS

In this section, we describe the model developed by Caupin
and Anisimov,”” referred to as the “blinking-checkers” lattice
model, and its application in the density-gradient theory to
calculate the interfacial properties.

2.1. Blinking-Checkers Lattice Model. We consider a
compressible binary lattice of fixed total volume, V, where each
of the N lattice sites can either be empty or occupied by one
particle of two types (1 and 2). The numbers of particles of
types 1 and 2 are N| and N,, respectively. The number density
is p = (N; + N,)/N, and the fraction of particles of type 1 in
the mixture is x = N;/(N; + N,). The interactions of each
particle with its z nearest neighbors are given by interaction
parameters between each particle type of the form w,, =
—z€11/2, W, = —z€y/2, and ®,, = —z€,/2, where the
epsilons represent the energy of the pair interactions. There is
no interaction with empty sites. The meanfield Helmholtz
energy per lattice site, f = F/N, in the nonreacting version of
the blinking-checkers model is given by

3080

f(T, p, x) = p(pzo + /)xqolc; - /)2[(1)11"’42 + wy,(1 — x)z

+ 2w,%(1 — x)] + Tlpx Inx + p(1 — x) In(1 — x)]
+ Tlplnp + (1 = p) In(1 = p)] (1)

where @7, = @7 — @3, in which ¢} = ¢{(T) and ¢35 = @3(T)
are functions of temperature only, containing the arbitrary zero
points of energy and entropy.’ In eq 1, we adopt Boltzmann’s
constant, kg, as kg = 1. For the units of the various quantities in
this work, see section S1 in the Supporting Information. The
three terms in square brackets in eq 1 describe the contribution
to the free energy from the energy of interactions, the entropy
of mixing of the two species, and the entropy of mixing of the
occupied and empty sites.

Since it has been hypothesized that the molecular
interconversion of species could be a generic cause of liquid
polyamorphism,”*”** species 1 and 2 are allowed to
interconvert via a simple reaction of the form, 1 = 2. The
blinking-checkers lattice is a generic model, which has been
used to generate liquid polyamorphism and reproduce a variety
of the anomalies in the thermodynamic properties of
supercooled water.”” Phenomenologically, species 1 and 2
could also represent supramolecular states 1 and 2, which
enables one to use this model, via a coarse-grained approach,
to mimic the different scenarios for the polyamorphic phase
behavior considered for supercooled water. The most
important aspect of mapping the blinking-checkers model to
describe the phase behavior of polyamorphic substances is to
assign the appropriate energy and entropy of reaction for the
system.””” Applying the condition for chemical-reaction
equilibrium, of/0xly, = p;, = 0, where py, = p; — p, is the
difference between the two chemical potentials of each species
in the interconverting mixture, makes the temperature-
dependent function, @{,(T), well-defined. We emphasize
that, unlike previous models for water, which introduce a
“local” density difference by changing the occupancy® or

https://doi.org/10.1021/acs.jpcb.2c08901
J. Phys. Chem. B 2023, 127, 3079—-3090
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Figure 2. Liquid—vapor (a, b) and liquid—liquid (c, d) coexistence curves for the seven systems with @, = 1.6, @,, = 2.0, e = 3, and s = 4 and with
various values of @,,: @, = 1.00 (blue), ®,, = 1.04 (orange), w,, = 1.08 (green), @, = 1.12 (red), @, = 1.16 (purple), w,, = 1.20 (pink), and w,,
= 1.24 (gray). The critical points, indicated by the stars in (a, b) and open circles in (c, d), are the unique liquid—vapor (LVCP) or liquid—liquid
(LLCP) critical points in the interconverting system, referred to as “actual” critical points. In (a, b), the arrows indicate the direction of increasing
@),. As also indicated in Figure 1, species 1 is enriched in the low-density, low-temperature region, while species 2 is enriched in the high-density,
high-temperature region. For the system with @, = 1.00, in (c, d), the dashed blue curves indicate the liquid—vapor coexistence, while, in (a—d),
the dotted line indicates the discontinuity at the triple point. For more details, see Supporting Information section S2.

volume®* ™7 of each cell, the blinking-checkers model assumes

that there is no volume change of reaction. This indicates that
the nonideality of the mixture is the primary ingredient for the
anomalous behavior of the thermodynamic properties in fluids
exhibiting polyamorphic or water-like behavior.”> We specify
this function through the energy of reaction, ¢, and the entropy

of reaction, s, as (/)102= —(e = Ts), the simplest linear

352 The condition for

approximation of this function.
chemical-reaction equilibrium, y;, = 0, reduces the number
of thermodynamic degrees of freedom by one and defines the
equilibrium concentrations (molecular fractions) of species 1,
x = x(T, p). Therefore, the concentration is no longer an

independent variable, and thermodynamically, the intercon-
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verting binary mixture thermodynamically behaves as a single-
component fluid.

Figure la and b illustrates the p—T and P—T phase diagram
of the blinking-checkers lattice for an example set of
interaction parameters (wy; = 1.6, wy, = 2.0, and w, =
1.08) and interconversion-reaction parameters (¢ = 3 and s =
4). For this choice of the energy and the entropy of reaction,
we obtain a negative slope for the liquid—liquid phase
transition, similar to that predicted for supercooled water.
The line that qualitatively separates the region enriched by
species 1, at low temperatures and low densities (referred to as
“L1”), from the region enriched by species 2, at high
temperatures and high densities (referred to as “L2”), is

https://doi.org/10.1021/acs.jpcb.2c08901
J. Phys. Chem. B 2023, 127, 3079—-3090
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Figure 3. Illustration of the thermodynamic path selected by the interconversion reaction for e = 3 and s = 4 at constant volume, V, and at constant
number of occupied lattice sites, N; + N,, represented through (a) the liquid branch of the liquid—vapor temperature—concentration coexistence

(see Figure 2b) and (b) the activity, a = 1/[1 + e M/ kT

], for the systems with different interaction parameters: w,, = 1.00 (blue), ,, = 1.04

(orange), @y, = 1.08 (green), @, = 1.12 (red), @, = 1.16 (purple), w;, = 1.20 (pink), and w, = 1.24 (gray). For each system, the liquid—vapor
critical line (LVCL) is shown by the dashed curves, while the collapsed coexistence, in (b), is illustrated by the black curve. The insets show the LV
critical points for each scenario. In (a, b), the black arrow indicates the direction of increasing (or decreasing) @,,. Note that, for the system with
@y, = 1.00, the thermodynamic path crosses through the triple point, indicated by the dotted line in (). For more details, see ref 52 and Supporting

Information section S2.

indicated by the dotted line in Figure lab. Furthermore, for
this set of interaction parameters, two critical points and a
“bottleneck” in the liquid—vapor coexistence are observed. The
p—T and x—T phase diagrams for seven systems are illustrated
in Figure 2a)b; see more details in Supporting Information
sections S1 and S2. We note that, for different sets of
parameters, one may obtain multiple fluid—fluid critical points,
representing the more complex phase behavior of polyamor-
phic fluids.

In the treatment of the blinking-checkers model, we utilize
the meanfield approximation, which is more accurate in the
region away from the critical point, where the correlation
length of concentration or density fluctuations is not
significantly larger than the distance between molecules (the
Ginzburg criterion®”). To estimate the effect of the critical
fluctuations on the phase behavior, we also conducted exact
Monte Carlo (MC) simulations of the blinking-checkers
model. The preliminary results of these simulations, presented
in Supporting Information sections S3 and S12, demonstrate a
qualitatively similar bottleneck anomaly of the liquid—vapor
coexistence as well as interfacial profile behavior near the
minimum of this bottleneck. Also, these simulations have
confirmed that the phase transitions in the interconverting
blinking-checkers model belong to the three-dimensional Ising-
model universality class.”

2.2. Virtual Critical Points. If interconversion does not
occur, the blinking-checkers model describes a compressible
binary mixture, which may exhibit liquid—vapor and liquid—
liquid coexistence, as well as the corresponding critical lines.>”
Consider a point on a critical line with temperature, T,
density, p., and type 1 particles’ molecular fraction, x.. In a
fixed volume, V, the corresponding critical isochore, at fixed
composition, contains a fixed number of particles 1 and 2,
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given by px.V and p.(1 — «x.)V, respectively. At temperatures
below T, the system will separate in two phases, @ and f
(which could be liquid and vapor or liquid and liquid). For
phase i = @ or 3, let p, x;, and V; be the density, type 1 fraction,
and volume, respectively. At each T < T, the six values
(Py %y V)izqp are fully determined by three conservation

equations (one for volume and two for mass) and three
equilibrium conditions (two for the chemical potentials and
one for the pressure).

As explained in the previous section, when interconversion
takes place, the system (in terms of the Gibbs phase rule’®)
thermodynamically behaves as a single-component fluid,
following the given paths along liquid—vapor or liquid—liquid
coexistence in the two-phase region. Therefore, for each point
along the interconversion path, there is a corresponding critical
point of the nonreacting binary mixture, which is connected to
this point on the path by a critical isochore for the nonreacting
mixture at fixed composition. We refer to this corresponding
binary-mixture critical point as the “virtual” (i.e., invisible along
the interconversion path) critical point, while we refer to the
interconverting system’s unique liquid—vapor critical point
(LVCP) as the “actual” LVCP. Similarly, for systems exhibiting
interconversion, we refer to the single liquid—liquid critical
point (LLCP) as the actual LLCP. We emphasize that not only
the phase diagram of the interconverting mixture is
characterized by unique fluid—fluid critical points (like that
of a single-component fluid), but the response functions,
second derivatives of the free energy at y;, = 0, also exhibit the
singularities characteristic of single-component fluids.

An illustration of the thermodynamic path along liquid—
vapor equilibrium in the interconverting fluid for seven
different sets of interaction parameters, w;,, is shown in
Figure 3a. In the coexisting liquid and vapor phases, there are

https://doi.org/10.1021/acs.jpcb.2c08901
J. Phys. Chem. B 2023, 127, 3079—-3090
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two branches of the density and concentration, given by
pe(T), p\;xc(T), x(T), and xy(T); see Figure 2a,b for
details. For simplicity, in Figure 3a, we show only the liquid
branch of the liquid—vapor coexistence; see Figure 2b for both
branches. The liquid—vapor critical lines for the seven binary
mixtures with the same interaction parameters are also shown
(dashed lines). Figure 3b displays the same, but the abscissa, x,

is replaced by the “activity”, a = 1/[1 + e~ M /ksT 0062
where Ay, = p, — (pl(;; see Supporting Information section

S1 for details. Since, due to the chemical reaction equilibrium
condition, p;, = 0 and @S, = —(e — Ts), Ay, is given by
Ts

Dpy, = —gj =e— ()

(see Supporting Information section S1 for details). Thus, for
each point along the thermodynamic path selected by
interconversion, the activity is restricted by eq 2, such that,
for the seven systems considered in this work, the activities
collapse into the line shown in Figure 3b, as only w, is varied
in each system.

The proximity of the virtual critical line affects the properties
along coexistence in the interconverting fluid, causing, in
particular, the bottlenecked shape of the p—T liquid—vapor
coexistence (Figure 2). For our selection of the interaction
parameters, this particular effect is pronounced because the
difference between w;; and w,, is significant (w;; = 1.6 and
@y, = 2.0). In addition, the asymmetry of the liquid—vapor
coexistence occurs due to the existence of the liquid—liquid
critical point, and even occurs in the singularity-free scenario
where the liquid—liquid critical point is moving to indefinite
pressure (see ref 52 and Supporting Information section S2 for
more details).

2.3. Interfacial Properties via Density Gradient
Theory. To model the fluid interfaces, we consider density
gradient theory (DGT),”*™ in which the free energy of the
system is expanded in a Taylor series up to second-order in
terms of derivatives of the concentration and density with
respect to the coordinate perpendicular to the interface.’”
Following the ideas presented by van der Waals,"**” and later
elaborated by Cahn and Hilliard,” the interfacial tension of a
binary fluid may be expressed as®®’"”>

o= f [AQ(x, p, T) + %cx(p)lez + %cp(x)lv,olz
+¢,.(p, x)Vp-Vx] dv

©)

where ¢, ¢, and c,, are the microscopic “influence”

coefficients. AQ is the excess grand potential per lattice site,
given by*

AQ(x, p, T) = f(x, p, T)

cxc

- pxluz

cxc

= p(1 = )™ + P

(4)

where i, i, and P are the chemical potentials of species 1 and
2 per lattice site in solution and the pressure per lattice site,
respectively, while the superscript “cxc” indicates that the
quantity is evaluated along the phase coexistence. We note that
AQ may be calculated for a nonreactive mixture, as in eq 4, or
it may be calculated for a reactive mixture. Importantly, in
either case, due to the chemical-reaction equilibrium condition,
the grand thermodynamic potential is the same for the
nonreacting and for the reacting cases of the blinking-checkers
model (see Supporting Information section SS for details).
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Assuming planar fluid interfaces in the lattice, we find that
the three influence coefficients for the concentration and
density are related to the interaction parameters by

12 2

1
c,(x) = Elz[a)ux2 + 20,%(1 — x) + wy,(1 — x)*] ©)

1
c/,,x(p, x) = Elzp[wux + o (1 — 2x) — 0,,(1 — x)]
(7)

where @ = 0, + @y, — 2wy, and [ is the length of a lattice cell
(see Supporting Information section S6 for the full derivation).
Note that, in the language of ref 44, eqs 5—7 define the
influence coeflicients a priori with the assumption that the
gradients contribute to the local energy density but not to the
entropy density.

To determine the interfacial profiles, we adopt a variational
approach, based on a family of anzatz functions, choosing the
optimal one by minimizing the interfacial tension, given by eq
3. We have also obtained exact numerical solutions for the
profiles by solving the equilibrium condition for the surface
tension, which is obtained from eq 3,66’71'72

1 1
AQ(x, p, T) = Ecx(p)IVxlz + Ec/,(x)lvpl2

+¢,.(p, x)Vp-Vx (8)
as explained in section S6 in the Supporting Information. We
find that the variational approach is enough to capture the
anomalous behavior of the interfacial properties with sufficient
accuracy (see Supporting Information section S6 for details).
Throughout the main text, we report the variational results,
based on the Fisher—Wortis profile, which accounts for the
thermodynamic asymmetry between the two coexisting
phases.””’* A comparison with an alternative symmetric ansatz
is also discussed in Supporting Information section S6. The
Fisher—Wortis ansatz is given in normalized form as a
combination of symmetric and asymmetric components for
both the density and concentration (molecular fraction)
profiles as

o PE=p A
pE) = —— =7, (8) + ApA,,, (2)
Pp = Py (9)
o X3 —x, e a
x(z) - ‘= xsym(z) + A‘x"d‘x"asym(z)
Xp — Xg (10)

where the symmetric contributions to the profiles are given by

1| (2
Ao (2) == tanh(7) +1
(s 2| \¢ (11)
1| 2+6
X, (2) == tanh( —~ ] +1
" i ¢ (12)

and where the asymmetric contributions to the profiles are
given by

https://doi.org/10.1021/acs.jpcb.2c08901
J. Phys. Chem. B 2023, 127, 3079—-3090
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Figure 4. Liquid—vapor interfacial tension as a function of temperature (a), and also presented in reduced units (b), for the system with @, = 1.00
(blue), w,, = 1.04 (orange), w,, = 1.08 (green), w,, = 1.12 (red), w, = 1.16 (purple), w,, = 1.20 (pink), and @, = 1.24 (gray). In (b), the critical
temperature is given by the “virtual” critical point (for the nonreactive binary mixture) for each concentration along the thermodynamic path

selected by the interconversion reaction. The blue arrows indicate the direction of warming. (c) The reduced interfacial thickness, 5 = ¢/I,and (d)

the reduced relative distance between the concentration and density profiles, 5 =6/1. In (a—d), the black arrow indicates the direction of
increasing ;,, and the dotted lines indicate the discontinuity of the interfacial properties for the system with @;, = 1.00 at the triple point, shown

by the vertical bars in (c, d).

A ) N ln[cosh(é)}
Doy (B) = tanhﬁ] + @ ~ 0 —n) "
o\ Infcosh( 2%
fcasym(é) = tanh2[2 :; 5] + 1 [os}:(i 55 ))] = (%5 — x,)
4 (14)

in which Z = z// is the normalized coordinate perpendicular

to the planar interface, the subscripts “a” and “f” indicate the
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coexisting phases, Zf = (/I is the normalized interfacial
thickness, and 5 = 65/1 is the normalized shift between the
concentration and density profiles. The coeflicient of the
asymmetric terms in eqs 9 and 10 is the reduced diameter for
the density and concentration, given by

P+ n
Ap, = M
20 (15)
x5 + X
Agg=L—%
2x, (16)

https://doi.org/10.1021/acs.jpcb.2c08901
J. Phys. Chem. B 2023, 127, 3079—-3090
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where p. and «x_ are the critical points determined from the
nonreacting blinking-checkers model, referred to as virtual
critical points; see section 2.2. The diameters with respect to
the virtual critical points are provided in Supporting
Information section S7 for each system investigated. Relative
to the liquid—vapor coexistence, for the liquid—liquid
coexistence, the diameters are small, such that the asymmetric
contribution to the liquid—liquid interfacial profiles is also
minimal.

Due to the lack of a theory to account for the interfacial
profile asymmetry in compressible binary fluids, we choose the
Fisher—Wortis ansatz, even though it was originally developed
for a single-component substance.””’* This ansatz contains

only two free parameters, f and (§, less than the symmetric
ansatz, and it partially reproduces the asymmetry of the exact
solution (see details in Supporting Information section S6).

3. RESULTS AND DISCUSSION

In this section, we demonstrate the anomalous behavior of the
interfacial properties in the blinking-checkers lattice model. We
also discuss the conditions for observing either an inflection
point or extrema in the liquid—vapor interfacial tensions.

3.1. Liquid—Vapor Interfacial Tensions. Using the
Fisher—Wortis ansatz, the liquid—vapor interfacial tension
along the thermodynamic path (selected by interconversion)
as a function of temperature is presented in Figure 4a for seven
systems. We find that all scenarios exhibit either an inflection
point or two extrema. Of the two scenarios that exhibited an
inflection point but not extrema (@, = 1.20 and ,, = 1.24),
both were “singularity free scenarios” (exhibiting no liquid—
liquid phase transition)®> whose thermodynamic path was
relatively far away from the liquid—vapor critical line; see
Figure 3. Each of the remaining scenarios exhibit a maximum
and minimum depending on the proximity of the selected
thermodynamic path to the liquid—vapor critical line, including
the singularity-free system with @;, = 1.16 [During the review
of the present work, we became aware of a recent
phenomenological density functional study of another water-
like model” also reporting two extrema in the temperature
dependence of the liquid—vapor interfacial tension]. The
scenarios for which the liquid—vapor coexistence was
interrupted by the triple point (w;, = 1.00) exhibit a
discontinuity of the liquid—vapor surface tension at this point.

The reduced interfacial tension, expressed through the
distance to the virtual LV critical temperature
AT =1 — T/[T(x)], is illustrated in Figure 4b. Systems
exhibiting two extrema in their interfacial tension demonstrate
a “looping” pattern as the thermodynamic path approaches and
then deviates from the virtual LVCL. As the interconverting
systems approach their actual LV critical points, the surface
tension asymptotically follows the meanfield power law

o~ IATP? (see Supporting Information section S9 for
details).

In the region where the surface tension reaches a minimum,
the interfacial thickness, presented in Figure 4c, correspond-
ingly reaches a maximum. This phenomenon occurs since the
thermodynamic path approaches the virtual LVCL. A DGT
treatment of the liquid—vapor interface of real water’®
reported the possibility of a minimum in the temperature
dependence of the interfacial thickness (as observed in several
cases here), depending on the equation of state used to
describe metastable water. We also note that, in particular, for
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the system with @,, = 1.00, the interfacial thickness exhibits a
discontinuity at the triple point temperature (see Table 1). We

Table 1. Surface Tension 6, Normalized Interfacial
Thickness 5 = (/I, and Normalized Shift 5 = 8/1 for the
Three Coexisting Phases (Liquid 1, Liquid 2, and Vapor)
for the System with @, = 1.00 at the Triple Point
Temperature (T = 0.6843)

o ¢ B
L1-V 0.00793 8.242 3.203
L2-V 0.00334 5.372 2.145
L1-1L2 0.00321 6.040 0.983

also estimate that the DGT approximation breaks down when
the interface becomes sharp. We estimate that a sharp liquid—
vapor interface has an interfacial tension of o, % ®,,/8 = 0.2,
which is reached around T = 0.5, where the interfacial
thickness becomes comparable to the size of the lattice cell,

A

¢ =1 (see Supporting Information section S10 for details).
For each system in the vicinity of the liquid—vapor critical
point, we found that the interfacial thickness followed an

asymptotic power law of the from & ~ IATIT**® which
deviates from the van der Waals meanfield asymptotic power

law,* Zf ~ IATI™®, for the thickness of the order-parameter
interface (see Supporting Information section S9 for details).
As predicted by the complete scaling theory,”’ ™" the order
parameter for the compressible binary mixture is a nonlinear
combination of p and x. Thus, the discrepancy in the
asymptotic behavior of the interfacial thickness may be
attributed to the assumption that the thickness for the density
and concentration profiles is the same as that for the order
parameter in the Fisher—Wortis ansatz; see eqs 9 and 10.

The inflection points of the concentration and density
profiles are related through the shift 5, which was included in
the concentration profile ansatz, eq 10. In the first-order
approximation, 6 can be separated into symmetric and
asymmetric contributions as § = &, + Jygym- The symmetric
contribution is proportional to the difference in the centers of
each profile, 5sym ~ x[2 = 0] — p[Z2 = 0], while the asymmet-
ric contribution is proportional to the difference in diameters,
8 ~ A&y — Ap; (see Supporting Information section S11 for
details). The effects of asymmetry on near-critical interfacial
profiles in the scaling theory of inhomogeneous fluids were
considered in ref 80. In the region of the anomalous behavior
of the surface tension, this shift reaches a maximum as
illustrated in Figure 4d. Similarly to the interfacial thickness,
the shift is also discontinuous at the triple point temperature
(see Table 1). Meanwhile, at the actual LV critical temper-
ature, 6 approaches a finite value, while both the density and
concentration profiles exhibit a diverging thickness and a
vanishing amplitude. Simultaneously, at this temperature, the
numerical calculation becomes uncertain due to the large
fluctuations of density and concentration (see Supporting
Information section S8 for details).

3.2. Liquid—Liquid Interfacial Tensions. The liquid—
liquid interfacial tensions were calculated for the four systems
exhibiting liquid polyamorphism (@, = 1.00, w,, = 1.04, @, =
1.08, and w;, = 1.12) with use of the Fisher—Wortis ansatzes
for the density and concentration profiles, eqs 9 and 10, and
are illustrated in comparison with the liquid—vapor interfacial

https://doi.org/10.1021/acs.jpcb.2c08901
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Figure S. Comparison between the liquid—liquid (dashed curves) and liquid—vapor (solid curves) interfacial tensions as a function of temperature
for the system with w,, = 1.00 (blue), w,, = 1.04 (orange), w,, = 1.08 (green), and @, = 1.12 (red). The dotted blue line indicates the
discontinuity in the liquid—vapor interfacial tension, while the black arrows indicate the direction in which ®,, is decreasing.

tension in Figure S (more details in Supporting Information
section S8). We find that, for three systems (@;, = 1.00, @, =
1.04, and ®;, = 1.08), the liquid—liquid interfacial tension
crosses that of the liquid—vapor, being larger for lower
temperatures.** This is different from the conclusion of Feeney
and Debenedetti** that oy, is fundamentally lower than oy at
the same temperature. Indeed, this behavior is observed when
the bottleneck in the liquid—vapor coexistence is absent, as in
the case of ref 44, or not very deep, as in our model for the
system with w;, = 1.12. Depending on the choice of
parameters in the blinking-checkers model, 61, may be large
away from the LLCP; however, as the LLCP is approached, the
ratio oy /0y must vanish.

We note that, for the liquid—liquid interfacial tension, the
DGT is a good approximation everywhere as the liquid—liquid
coexistence approaches infinite pressures before forming a
sharp interface between the two liquid phases. We estimate
that a sharp interface forms where o, ~ /8, which goes from
Ogp & 0.2 for the system with w,, = 1.00 to 6,, & 0.17 for the
system with @, = 1.12, which is larger than any of the liquid—
liquid interfacial tensions observed in the model (see details in
Supporting Information section S10). For the system with @,
1.00, the liquid—liquid interfacial tension is smaller than
both the liquid 1—vapor or the liquid 2—vapor interfacial
tensions (see Table 1 for details). The reduced interfacial

thicknesses, Kf , and the reduced shifts between the concen-

tration and density profiles, 5, are provided in Supporting
Information section S8. In particular, we note that, for the
systems that reach a liquid—liquid critical point (@, = 1.04,
wy, = 1.08, and w;, = 1.12), the liquid—liquid interfacial
tension does not demonstrate any anomalous behavior.
Furthermore, the interfacial tensions and interfacial thicknesses
follow the predicted meanfield asymptotic power laws (see
Supporting Information section S9 for details). Moreover, in
the system with w;, = 1.00, the liquid—liquid interfacial
tension exhibits a minimum prior to the triple point
temperature.
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3.3. Interfacial Profiles. We now investigate the interfacial
profiles for density and concentration. Parts a and b of Figure 6
show the interfacial profiles predicted from the Fisher—Wortis
ansatzes, eqs 9 and 10, for the system with @, = 1.08 at the
temperatures that correspond to the maximum and minimum
of the LV interfacial tension. We find that, at the minimum, the
interfacial profiles are relatively symmetric, while, at the
maximum, the concentration profile contains a large
asymmetric contribution. The large asymmetry predicted by
the Fisher—Wortis concentration ansatz occurs since the
diameter of the concentration, A%, reaches a maximum at this
temperature (see more details in Supporting Information
section S7).

For the system with w,, = 1.00, at the triple point
temperature, T'rp = 0.6843, all of the interfacial properties
exhibit a discontinuity (see Table 1). Since the interfacial
tension of the L1-V (low-density-liquid—vapor) interface is
much larger than the other two interfacial tensions, then, in
accordance with Antonov’s rule,”’ Orav + OLi1 < OLiy, We
predict that the L1—V interface will be enriched (wetted) by
the L2 (high-density-liquid) phase to reduce the energetically
unfavorable L1-V interface. This indicates that the non-
monotonic behavior of the liquid—vapor interfacial tension
may be caused by the surface enrichment of the 12—V
coexistence by species 1. This behavior was confirmed by the
interfacial profiles obtained in MC simulations of the blinking-
checkers model near the minimum of the interfacial tension
(see Supporting Information section S12 for details).
Notwithstanding this complete wetting phenomenon, we
display in Figure 6¢ and d the interfacial profiles for the
density and concentration of the three coexisting phases at the
triple point.

3.4. Conditions for Anomalous Interfacial Behavior.
We note that, based on the findings presented in this work, no
general conclusion about the absence of a liquid—liquid
transition can be drawn from the existence of an inflection
point in the liquid—vapor interfacial tension. For instance, on
one hand, in the present work, the inflection point is observed
only for singularity free scenarios; on the other hand, the

https://doi.org/10.1021/acs.jpcb.2c08901
J. Phys. Chem. B 2023, 127, 3079—-3090



The Journal of Physical Chemistry B

pubs.acs.org/JPCB

(a)
T=0.676
Wiz = 1.08

1.0

~— PLV

o
(e

Normalized Profile

XLv

5

N>Of=mmmmmm e o=

Normalized Profile

0.0
~20

10

Normalized Profile

Normalized Profile

1.0

o
(e

5 10

N>Of === m == e ==

—_

(o}

N
T rra

0.0
=20

Figure 6. Normalized density and concentration liquid—vapor profiles as a function of the coordinate perpendicular to the planar interface, Z = z//
, given by eqs 9 and 10 for the system with @, = 1.6, @,, = 2.0, @, = 1.08, e = 3, and s = 4 at the two temperatures (a, b) that correspond to the
two extrema of the liquid—vapor interfacial tension (shown in Figure 4). Normalized (c) density and (d) concentration profiles for three-phase
coexistence at the triple point, Trp = 0.6843, for the system with @,, = 1.6, ®,, = 2.0, and @, = 1.00.

TIP4P/2005 model of water exhibits an inflection point,*”**>°

while it is thought to possess a liquid—liquid transition
terminated by a critical point.*"*"*> We emphasize that the
anomaly in the temperature dependence of the interfacial
tension is linked to the anomaly in the liquid—vapor
coexistence along the thermodynamic path selected by
interconversion, and originates in the region where the
equilibrium fraction of species, x,, most dramatically changes,
a concept that was first suggested by Hruby and Holten.* It
follows from our results that the shape of the LV coexistence is
affected by two factors: the proximity to the virtual LVCL and
the existence of the liquid—liquid phase transition. We note
that this result is elucidated through the simplicity of the
blinking-checkers lattice model, and may be observed in more
complex (microscopic) models of fluids exhibiting polya-
morphism and water-like anomalies. For instance, the
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anomalies in supercooled water can be interpreted as the
results of the interconversion of two supramolecular structures.
This interconversion occurs only at low temperatures,
extremely far away from the liquid—vapor critical point.
Thus, there is a density maximum (at 4 °C) and a minimum
(cutoff by the limit of spontaneous ice formation) only in the
liquid branch of the LV coexistence in water.”” Consequently,
the LV surface tension may exhibit a maximum or an inflection
point depending on the depth of the minimum.**

4. CONCLUSION

We investigated the interfacial properties of fluids exhibiting
liquid polyamorphism and/or water-like anomalies modeled
through a compressible binary lattice with molecular
interconversion of species. We demonstrated that the change
in the equilibrium fraction of the interconverting species as a

https://doi.org/10.1021/acs.jpcb.2c08901
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function of temperature is the origin of various thermodynamic
anomalies, e.g.,, in density and in surface tension. We found
that, due to the proximity of the thermodynamic path, selected
by the interconversion of species, to the liquid—vapor critical
line of the nonreacting binary mixture, the liquid—vapor
interfacial tension demonstrates an anomalous temperature
dependence, exhibiting either two extrema or an inflection
point. In the anomalous region, where the liquid—vapor
interfacial tension exhibits a minimum, the interfacial thickness
and the relative distance between the density and concen-
tration interfacial profiles exhibit a maximum. Moreover, in the
scenario where the fluid possesses a triple point between the
three coexisting fluid phases, we predict a discontinuity in the
interfacial properties as well as complete wetting of the low-
density-liquid and vapor interface by the high-density-liquid
phase.
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