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ABSTRACT: We initiate a study of asymptotic detector operators in weakly-coupled field
theories. These operators describe measurements that can be performed at future null infinity
in a collider experiment. In a conformal theory they can be identified with light-ray operators,
and thus have a direct relation to the spectrum of the theory. After a general discussion
of the underlying physical picture, we show how infrared divergences of general detector
operators can be renormalized in perturbation theory, and how they give rise to detector
anomalous dimensions. We discuss in detail how this renormalization can be performed at the
intersections of the Regge trajectories where non-trivial mixing occurs, which is related to the
poles in anomalous dimensions at special values of spin. Finally, we discuss novel horizontal
trajectories in scalar theories and show how they contribute to correlation functions. Our
calculations are done in the example of ¢* theory in d = 4 — € dimensions, but the methods
are applicable more broadly. At the Wilson-Fisher fixed point our results include an explicit
expression for the Pomeron light-ray operator at two loops, as well as a prediction for the
value of the Regge intercept at five loops.



Contents

(=]

85 ©C a w »

Introduction

The space of detectors in the Wilson-Fisher theory
2.1 E7~! flux in the free scalar theory

2.2 Turning on interactions

2.3 The Chew-Frautschi plot of the Wilson-Fisher theory
2.4 Shadow trajectories

2.5  Mixing at the Regge intercept

2.6 Horizontal trajectories

The twist-2 trajectory in the detector frame
3.1 The detector frame
3.1.1 Timelike anomalous dimensions and reciprocity
3.1.2 The in-in formalism and weighted cross-sections
3.2 The leading Regge trajectory in the Wilson-Fisher theory

The leading intersection and the Pomeron
4.1 Shadow symmetry of Regge trajectories
4.2  The two-loop dilatation operator

4.3 Interpreting the result

4.4 Can trajectories intersect?

Horizontal trajectories
5.1 Renormalizing Hj,,, 7.,
5.1.1 Connected two-loop diagram
5.1.2 Disconnected contributions and the complete renormalization
5.2 Dilatation operator and anomalous dimensions?
5.3 Appearance in correlation functions

Discussion

The tree-level twist-2 vertex
Poles of distributions
Diagonalizing the kernel K,
Coefficients s;;

Diagonalizing the kernel S

-

O 00 O =

11
16

20
20
23
23
25

30
30
32
37
40

41
42
43
46
47
50

55

59

60

64

65

66

— 11 —



1 Introduction

In quantum field theory, the theory itself dictates which observables are well-defined. For ex-
ample, consider a local operator in a perturbative field theory, like the product Opare = ¢(z)?
in \¢* theory. When calculating with this operator, one quickly finds that the bare opera-
tor is ultraviolet divergent, and is not itself a good observable, even after renormalizing the
couplings of the theory. To obtain finite quantities, one must choose an ultraviolet cutoff and
define a renormalized operator Oien = ZOpare, Where Z is a wave-function renormalization
factor that cancels the divergences. The renormalized operator Qe is then a “good” ob-
servable, interpreted as a measurement of the square of ¢ smeared over a region of size the
renormalization scale. Furthermore, its scaling dimension, and thus its units, depend on the
dynamics of the theory.

In this work, we explore an analogous story involving “detectors” in collider experiments.
A local operator is, roughly speaking, “anything one can measure at a point.” A detector
is, roughly speaking, “anything one can measure in scattering cross-sections,” see figure 1.
Just as the space of local operators is determined by the dynamics of a theory, the space of
detectors is determined by the theory as well.

Figure 1: A detector (blue) is a translationally-invariant operator localized at future null
infinity #*, capable of measuring properties of a state at late times. Some detectors, such
as the average null energy operator £»(i), are localized on a light-ray. Other detectors can
measure nontrivial angular distributions on the celestial sphere, as indicated by “fuzziness”
in the angular directions in the figure.

In perturbation theory, a generic bare detector suffers from infrared (IR) divergences.
For example, consider a detector £;(7) that counts particles propagating in the direction
i € S92 on the celestial sphere, weighted by a power of their energy E”~!. This observable
is not IR safe when J # 2, since soft and collinear radiation conserves energy but not powers
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Figure 2: In an experiment involving a QFT Q, the probe (hammer) can be expanded in op-
erators O; that are intrinsic to Q, schematically eq. (1.1). Similarly, a far-away measurement
apparatus (camera) can be expanded in detectors D; that are intrinsic to Q, eq. (1.2). These
twin expansions cleanly separate the details of the experiment (contained in the coefficients
hi and ¢;) from the dynamics of the theory (encoded in matrix elements (O;|D;|Of)).

local operator detector
“measure at a point” | “measure in cross-sections”
UV divergence IR divergence
need to renormalize need to renormalize
theory-dependent theory-dependent
OPE light-ray OPE
radial quantization ?

Table 1: A comparison between local operators and detectors.

of energy. The lack of IR-safety manifests as IR/collinear divergences in perturbation theory.
After suitably renormalizing the detector to remove the divergences, we obtain a new “good”
observable, but its anomalous dimension (suitably-defined) is theory-dependent.

Recall that the space of local operators has a simple nonperturbative definition via radial
quantization in the UV CFT: it is its Hilbert space of states on S¢!'. Thus, local operators
provide a basis of fundamental objects in which measurements at a point can be expanded.
Similarly, detectors provide a basis of fundamental objects in which measurements near in-
finity can be expanded, see figure 2. However, we do not currently possess a similarly clean
nonperturbative definition of the space of detectors. They are less well-understood objects,
and we seek to explore them in this work, focusing mostly on the case of conformal theories.
We summarize the analogy between detectors and local operators in table 1.

The simplest kind of detector is the integral of a local operator along a light-ray at future
null infinity .# . In this case, the way renormalization works is easy to understand: the
renormalized detector is the null integral of a renormalized local operator. For example, in
a free scalar theory, the operator £; just mentioned can be defined for even integer J > 2
as a null-integral of O; = ¢d,, ---0,,¢. When interactions are turned on, O; gets an
anomalous dimension, and thus so does £, leading to a nontrivial dependence on infrared
scales characterizing the measurement.



However, there exist detectors that are more general than simply the null integral of a
local operator. For example, since energy is positive, we can consider £; for general complex
J. This cannot be written as the null integral of a local operator. Instead, it is a so-called
“light-ray operator” O for the leading Regge trajectory [1]. In fact, such general light-ray
operators appear naturally in the OPE of more conventional detectors like the average null
energy operator £ [2-5].

Light-ray operators have a long history in quantum field theory. Perhaps the most famil-
iar example are parton distribution functions. Their integer moments are equal to hadronic
matrix elements of operators analogous to O [6-8], while parton distribution functions them-
selves are matrix elements of nonlocal light-ray operators [9, 10]. In addition, detectors/light-
ray operators appear in the Regge limit of correlation functions. In gauge theories, null
Wilson lines and their products realize the BFKL Pomeron [11, 12] and control the leading
behavior of correlators at large boost [13-15].

If our theory has a mass gap and trivial infrared dynamics, its detectors are simple
to characterize: they observe stable particles that propagate to infinity. Without a mass
gap, however, a typical event is accompanied with a burst of energy moving at the speed of
light. Focusing on conformal theories will allow us to better understand this signal when it
is nontrivial.

A simplification in conformal theories is that there is nothing special about infinite dis-
tances: future null infinity can be conformally mapped to a flat null sheet. The space of
detectors and the space of light-ray operators are thus equivalent. This “spacelike-timelike”
correspondence has found a number of applications, for example [2, 16-20]. In this paper we
will thus use the terms “detector” and “light-ray operator” interchangeably. However, note
that some of our calculations, for example in section 4, do not assume conformal symmetry.

One of our first tasks in this work will be to de-mystify light-ray operators/detectors like
Oy by providing tools for defining them and computing with them directly in perturbation
theory. We work with perhaps the simplest perturbative CFT: the Wilson-Fisher theory in
4 — e dimensions.

Light-ray operators can be classified according to their dimension A and spin J [1, 21,
22]. The one that dominates in the Regge limit is the so-called “Pomeron”, which is the
light-ray operator with the largest spin J along the principal series A € % + iR, In this
work, we will provide an explicit expression for the Pomeron of the Wilson-Fisher theory.
Other light-ray operators with smaller J control subleading corrections in the Regge limit.
An important class of subleading corrections in the Wilson-Fisher theory come from novel
“horizontal trajectories” which we also explore. These will be somewhat analogous to the
null Wilson lines that appear in gauge theories.

This work is organized as follows. We begin in section 2 with an extended introduction to
detectors/light-ray operators and their appearance in the Wilson-Fisher theory. This section
contextualizes and summarizes the rest of the paper. We also show that the known anomalous
dimensions in Wilson-Fisher theory are sufficient to compute the Pomeron spin (the Regge
intercept) up to and including O(e*) terms, which corresponds to 5 loops. In section 3, we



describe the leading-twist Regge trajectory in the Wilson-Fisher theory in the language of
detectors, recovering known results for its anomalous dimension from a different perspective.
In section 4, we apply this perspective to describe the mixing between the leading-twist
trajectory and its so-called “shadow,” allowing us to identify the Pomeron of the Wilson-
Fisher theory. In section 5, we construct and explore some simple horizontal trajectories in
the Wilson-Fisher theory. We conclude with discussion and future directions in section 6.

2 The space of detectors in the Wilson-Fisher theory

In this section, we work out the main features of the space of detectors in the Wilson-Fisher
theory. We start by studying detectors for a free massless scalar ¢ in d spacetime dimensions,
and then subsequently add a ¢* interaction and tune to the critical point. We will find hints
about the space of detectors by studying singularities of anomalous dimensions as a function
of J. Surprisingly, it will turn out that light-ray operators are continuously connected with
operators supported on full lightcones.

2.1 E’7! flux in the free scalar theory

Let us first define an operator £(n) that measures the energy flux in a spatial direction n
for a free massless scalar. We start by expanding ¢ in creation and annihilation operators,

d . .
o@) = | i) (ol @ +alp)e™) . (21)

1

where we use a relativistic normalization where a(p) is a Lorentz scalar." The Hamiltonian

in this convention is

=y [ (@00 + 00)):x [ @ 'p al (pa(p), (2.2)

where a(p) = a(p = (|p|,p)). We will not be concerned with the overall normalization of
operators in this section, so we use a proportionality sign. The energy flux £(n) should
integrate to the Hamiltonian

/ d¥*n &y (n) = H. (2.3)
n|=1

Furthermore, £ (n) should only involve creation and annihilation operators with momentum
p in the direction n. Hence, we find

o0
Es(n) o / dE E 247 (En)a(En). (2.4)
0
!Compared with the canonical normalization, a(p) = 1/2p°acanonical(P). The commutation relation is

[a(p),a’(p')] = 2p°(2m)* 167 (p — P').



In the free theory, we can define more general operators £;(n) that measure the flux of
powers of energy E/~! by inserting an additional factor of E/~2 into the integral:

Er(n) /000 dE E7+444T (En)a(En). (2.5)

A nice property of £; is that it transforms in a simple way under Lorentz transformations.
To see this, let us covariantize the expression (2.5). For a future-pointing null vector z, we
set

£1(2) x /0 " 4B 57+l (B2)a(B2). (2.6)

The expression (2.6) is now Lorentz-invariant, and (2.5) can be recovered by setting z = (1, n).
In the form (2.6), £;(2) becomes a homogeneous function of z of degree 3 —d — J:

Ex(Az) =X37g5(2)  (A>0). (2.7)

Interpreted as an operator in index-free notation, this means that £;(z) has Lorentz spin
3 —d — J.? Note that the mass dimension of £;(z) is J — 1.

For even integer J, the “E”~! flux” operator £;(z) can alternatively be defined in terms
of the light-transform of a local operator:

£5(2) = 2L[OJ](c0, 2). (2.8)

Let us unpack this notation. Here, O (z, 2) is the leading-twist spin-.J primary operator built
out of two ¢’s,

Oy(x,2) = Ny :p(z)(z-0) p(x): +(2-0)(---). (2.9)

We use an index-free notation, where the indices of O/ (x) are contracted with a null
polarization vector z#. The total derivative terms (z-0)(---) ensure that Oy is primary (i.e. it
is annihilated by the special conformal generators K,), and N is an inessential normalization
factor. For example, we have Oy =T, where T is the stress-tensor.

The operation L is a conformally-invariant integral transform called the light trans-
form [1]. We will not need its complete definition here — just some basic properties. Firstly,
L[O](x, z) is an integral of O along the null direction z starting at the point x. Secondly,
when applied to a primary operator O with scaling dimension A and Lorentz spin .J, the light
transform produces a primary operator L[O] at = with scaling dimension Ay, = 1 — J and
Lorentz spin J;, =1 — A3

The right-hand side of (2.8) is a light transform evaluated at = co (spatial infinity), and
is thus an integral along future null infinity .#*. Note that in a CFT, neither 2 = oo nor .+

2See e.g. [23] for an introduction to index-free notation.
3In general, the spin Ji, is non-integer. This is not a problem since the Lorentz group SO(d — 1,1) admits
(infinite-dimensional) non-integer spin representations.



are special — CF'Ts live on the Lorentzian cylinder, and z = oo is an ordinary point there
[24] (see [1] for a recent discussion). The right-hand side of (2.8) is then clearly well-defined.

Let us check that the quantum numbers agree on both sides of (2.8). The operator O
has spin J and scaling dimension A = A(J) = J + d — 2. The light-transformed operator
L[O,] has scaling dimension Ay, = 1 — J and Lorentz spin J, = 1 — A(J) =3 —d — J.
These precisely match the quantum numbers of £;(z).* Furthermore, both sides are primary
operators. Indeed, for operators inserted at spatial infinity, primariness is just translation-
invariance. This is true for L[O] by construction, and is also obviously true for the detector
E(z) as translations do not change the momenta of the particles.

Thus, (2.8) makes sense from the point of view of symmetries, and agreement with (2.5)
can be verified in free theory using the explicit expression (2.9) for O;. Similar detectors
with gravity have been recently discussed in [25].

2.2 Turning on interactions

Let us now turn on the ¢* interaction and tune to the Wilson-Fisher fixed point. Our
theory now does not have well-defined scattering states. In this setting, the notion of E/~!
flux is ill-defined (except when J = 2), since we cannot simply count particles weighted by
powers of their energy. However, we can still build detectors from light-transforms of local
operators L[O;], where now O; denotes a spin-J operator in the interacting Wilson-Fisher
theory. This gives a set of well-defined detectors with integer dimensions Ay = 1 — J in the
interacting theory. However, their Lorentz spins are different from those in the free theory:
Jp=1-A(J)=3—-d—J—4§(J).

In the free theory, the “E7~! flux” operators £;(z) made sense not just for integer .J,
but for any complex J € C. The reason is that energy is positive, so there is no ambiguity
in defining E/~'. So far, in the interacting theory, we have identified a set of detectors
L[O](oc0, z) that provide analogs of £;5(z) for integer J. What about non-integer J? This
leads to the question of defining an analytic continuation of L[O;] away from even J > 0.

We will follow [1], who considered precisely this problem and showed that one can define
non-local light-ray operators @}r (z, z) such that the dependence on J is analytic, and for even
integer J > Jy (Jo <1 is the Regge intercept [22, 26]) we have

0% (z,2) = L[OJ)(, 2). (2.10)
This means that for general complex J we can define £;(z) in an interacting CFT by
E1(z) oxx OF (00, 2). (2.11)

In [1] it was argued that the operators O should exist non-perturbatively. To what extent
this is true remains an open question. In this work, we will explore the construction of @}r

4The attentive reader may be puzzled that the mass dimension of L[O;] is 1 — J while that of £; is J — 1.
The resolution is that L[Oy] is inserted at spatial infinity, which flips the sign of its mass dimension. Indeed,
the definition of O(cc) for any O is lim, e ||*2© O(x), where |z[**© is needed to obtain a non-zero result,
which adds —2Ae units of mass dimension to A of O.



and other light-ray operators in perturbation theory. We will see that they can indeed be
straightforwardly defined and multiplicatively renormalized, at least to the lowest nontrivial
order in perturbation theory.

These detectors can be naturally interpreted by thinking about measurements of “E/~1

”

flux”. This phrase must be used with care in an interacting theory, since no operator has
exactly the desired quantum numbers (both dimension and spin). Let us illustrate this in the
case J = 3. We know that energy flux &(z) is well-defined, so we can construct transparent
detectors that measure it. More precisely, we can measure the flux through a finite angular

region 2,
Eg(Q)E/dd_2n82(n). (2.12)
Q

Since our detectors are transparent, we can stack two of them to obtain an observable Eg(Q)
defined by

E3(Q) = (B2(Q)% (2.13)

[13

Intuitively, we may try to define the operator “which measures the flux of E?” as the limit
of E3(f2) as the region 2 shrinks to a point around n. This requires studying the OPE
Er(n1)€2(ng) as n; — mnp. What happens is that this OPE has non-trivial scaling with

respect to the angular size of 2, § ~ |n; — ny|, which leads to [2, 3]
E3(Q) o 092G g5 (m) 4 - - - (2.14)

Thus we defined an operator with manifestly the desired mass dimension Ay, = 2 (it measures
energy squared), but it does not transform under Lorentz boosts like a density of energy
squared on the celestial sphere, since J, = —d — 6(3) # —d. This “anomalous spin” is
related, by the light transform, to the anomalous dimension §(3) of local operators analytically
continued to spin J = 3. Multiple energy correlators at the LHC were discussed recently in
[27].

Of course, this is just one particular way of defining “E? flux,

7 and one could imagine

other measurements which for instance would have the correct Lorentz spin J;, = —d. (Pos-
sibly by weighting by a suitable power of the momentum perpendicular to the axis n, or
exploiting suitable time windows [28].) By solving 3—d—J—0(J) = —d for J, one would be
able to predict the mass dimension of such a measurement, as further discussed in section
3.1.1. Generally, a specific experiment may best be described by a linear combination of
operators, which depend on fine details of the experiment and the theory. This should not
surprise us, since it also happens with local measurements.’

®The above discussion applies equally well to the case J = 1. In the free theory, the operator &£ (z) simply
counts particle number in the z direction. In the interacting theory, particle number is no longer well-defined,
due to splitting as particles propagate to null infinity. The rate of splitting can be quantified in different ways:
the anomalous dimension §(1) is relevant for counting particles in a given angular region, while its timelike

counterpart § ’ JL=2-d (see eq. (3.17)) captures the dependence of the multiplicity of a jet on its invariant mass

Q? [29, 30]. We thank Juan Maldacena for discussions on this point.



2.3 The Chew-Frautschi plot of the Wilson-Fisher theory

Before proceeding with explicit calculations, let us examine more closely the quantum numbers
of the light-ray operators @j in the Wilson-Fisher theory. Recall that the leading-twist
operators O; have spin J and scaling dimension

A(J) =204 + J +(J), (2.15)

where v(.J) is known in perturbation theory and is well-defined for even J > 0. (It differs from
d(J) in the preceding subsection by a simple shift: 6(J) = v(J)+2A4+2—d.) The Lorentzian
inversion formula provides a canonical analytic continuation of v(J) to J € C, which gives
the quantum numbers of the light-ray operators @}' via (Jr,Ar) = (1 —A(J),1—J).

In perturbation theory in d = 4 — e dimensions, we have the following expansions [31-33]

1 1 109 7217 2((3)
A, =1—= -2 3 _ 4 5 2.1
¢ 2T 108" T 11664 <1259712 243 )6 +0(€), (2.16)
1 22.J2 — 32.J — 27 2H(J)
J)= ¢ — 34 0(eh. 2.17
") ==577+1° ( 486.2(J + 1) 27J(J + 1)>6 +0(<) (2.17)
Here, H(J) = L2 ~vg is the analytic continuation of the harmonic numbers, with

T(J+1
vE ~ 0.5772 the Ii%ulel)r—Mascheroni constant. The order e* term in (J) is known [32],% but
we do not reproduce it here for brevity.

Focusing for now on the leading €2 contribution, we plot A(J) at e = 0.3 in figure 3.
Following [21], it will prove convenient to use coordinates A — % and J. Given the interpreta-
tion of A in a conformal theory as energy in radial quantization, the resulting curve is often
called a Regge trajectory, and we will refer to this type of plot as a Chew-Frautschi plot. The
above discussion associates to each point on the Regge trajectory a light-ray operator (O)j and
the corresponding detector £;(z) = O (00, z). We can immediately spot a problem with our
Regge trajectory: the €2 result for v(.J) has poles at J = 0 and J = —1. At higher orders,
poles appear at all non-positive integer .J.

This naively contradicts our claim that @; and £; can be multiplicatively renormalized
in perturbation theory for all J. However, as we will now explain, the poles are there for a
good reason and simply need to be interpreted correctly.

2.4 Shadow trajectories

The reason for the poles in (J) is that there are other Regge trajectories missing from our
Chew-Frautschi plot in figure 3. Let us first discuss the situation in the free theory, where
the trajectory of (D)}' is a straight line. First, there are subleading, higher-twist trajectories
that provide analytic continuations of L[], where O is a local operator built out of more
than two ¢’s, potentially with extra contracted derivatives.” We restrict to Zo-even Regge

5This paper contains a typo in the result, see [33].
"The degeneracy of these higher-twist operators grows with their spin since we have more ways to distribute
the derivatives among the ¢’s as the spin increases. Therefore, since Regge trajectories are analytic in spin,



Figure 3: Solid, blue: the naive leading Regge trajectory in Wilson-Fisher theory at O(e?).
Dashed, red: the same trajectory in free theory. The plot is made for € = 0.3. The correct
picture will be more complex, as described in the main text (see also figures 5 and 9).

trajectories, so O will be composed of an even number of ¢’s. In the free theory, these give
lines parallel to the leading twist trajectory that we must add to our plot. Adding these, we
obtain a set of Regge trajectories representing “sensible lines drawn through local operators.”

We have introduced the light-ray operators Q; as devices that analytically continue light
transforms of local operators, L[O;], in spin J. From this point of view, it seems reasonable
to stop at the above set of trajectories. However, this does not solve the problem with poles
in v(J) in the interacting theory.

One missing ingredient is shadow symmetry. There is a natural Lorentz-invariant integral
transform acting on the space of light-ray operators: the “spin shadow” [1] given by

Ss10)(x, z) = /Dd_Qz/(—Qz )z, o). (2.18)

Here, the measure is given by D92z = 2d?25(22)0(2°)/ vol R, so the z'-integral ranges over
the forward null-cone. (If we interpret z as an embedding space coordinate on the celestial
sphere S%2, then S is the Euclidean shadow transform on the celestial sphere. This integral
will be discussed in more detail in section 4.1.) The resulting operator S;[OQ](x, z) has the

the Regge trajectories for these higher-twist operators must be infinitely degenerate. By contrast, for the
leading-twist trajectories there is a unique operator for each spin, see (2.9), and the leading trajectory is
non-degenerate.



Figure 4: Chew-Frautschi plot of free theory in d = 4 after accounting for higher-twist
trajectories and their shadows. This is a less naive version of figure 3. The full picture is
expected to be more complex and is described in the main text (see also figures 5 and 9).

same scaling dimension Ay as O but a different Lorentz spin 2 — d — Jr. Remembering
that Ay = 1—J and Jp = 1 — A(J), this corresponds precisely to the standard shadow
transformation A — d — A. Thus, the space of light-ray operators has a symmetry under
A — d — A, which should be reflected in the Chew-Frautschi plot.®

Let us then add to our Chew-Frautschi plot the shadows of everything we have discussed
so far. The resulting plot in d = 4 (free theory) is shown in figure 4. As we will explain,
it is still missing some trajectories, but figure 4 already makes one point clear: free-theory
light-ray trajectories can intersect, and thus there can be degeneracies among its light-ray
operators. In particular, the poles that we observed in v(J) at order €2 appear precisely at
the intersections of the leading trajectory with shadow trajectories. In fact, this is true for the
poles appearing at all known orders in €. Our failure to renormalize the light-ray operators
at these points, evidenced by these poles, can be attributed to a non-trivial mixing problem
that must be solved at these intersections.

In this paper we will study the mixing problem that appears at the simplest intersection:

8Note that if O(z, z) is somehow localized along the null direction z, then its spin shadow S;[0(z, 2)] is
delocalized over the entire future null cone. Consequently, the name “light-ray operator” is perhaps a misnomer
— although a light-ray operator is always labeled by a null ray, it is not always localized on that null ray. It
might be tempting to make a distinction between “light-ray” operators localized on a light ray and “light-cone”
operators localized on a light cone. However, surprisingly, all such operators are continuously connected on
the Chew-Frautschi plot, so such a distinction should be drawn with care.

,10,



that of the leading-twist trajectory with its shadow. Besides its simplicity, another reason
for focusing on this intersection is that it coincides with the “Regge intercept,” or the largest
value of J among all trajectories at A(J) = %l. The Regge intercept determines the leading
behavior of correlators in the Regge limit and the light-ray operator that sits at this point is
known as the Pomeron [22]. One of the goals of this work is to answer the question, “what
is the Pomeron of the Wilson-Fisher theory?” After a warm-up in section 3, we will study
this question in detail in section 4, where we will explicitly construct the necessary light-ray

operators and solve the mixing problem at leading order.

2.5 Mixing at the Regge intercept

It turns out we can predict the quantum numbers of the solution to the mixing problem at
the Regge intercept by correctly interpreting the expansion (2.17). We simply conjecture that
in an interacting theory, Regge trajectories can’t diverge. This implies that all perturbative
singularities must get resolved in a way similar to figure 5. Specifically, we will assume that

we obtain a complex two-sheeted surface in a neighborhood of the intercept. We can describe

such surfaces by? 10

v+ f(Nr+g(J) =0, (2.19)

where f and g are functions of J that are analytic in the neighborhood of the intercept, and
v=A— %.11 Away from the intercept, this equation should have two roots, given by

vi(J)=£ (20, +J +9(J) - 9), (2.20)

corresponding to the leading twist trajectory and its shadow. This allows us to compute f(J)
and g(J) using Vieta’s formulas,

J(J) = v (J) = v () =0 (2.21)
9(J) = vi(Dv-(J) = = 284 + T +5()) - ). (2.22)

The fact that f(J) vanishes is forced by shadow symmetry, v — —v, but near other intersec-

tions we might have f(J) # 0 (and higher-degree polynomials if more than two trajectories

9We thank Nikolay Gromov for a discussion about such parametrizations. A similar parametrization of
BFKL and twist-2 trajectory in A/ = 4 SYM has been considered in [21], and a non-perturbative picture in
the planar limit has been studied in [34].

10Here is an argument why this is always possible. We assume that we have a complex surface & (which in
this context is a neighborhood of the Regge intercept on the smooth Regge trajectory), and two holomoprhic
functions vp : ¥ — C and Jo : ¥ — C which embed it into v, J space and have bounded images. We further
assume that we have n solutions xx of Jo(x) = J for all J in the image of Jo, except possibly for a discrete
set of branch points. We denote these solutions by zx(J) (kK = 1,--- ,n), which are multi-valued functions
of J. Under monodromies around the branch points they are permuted in some way. We then consider
F(,J) =T1i_,(v —vo(zx(J))). It is a holomorphic function of J which is single-valued, and can only have
singularities at the branch points. However, since it is bounded, the singularities are removable and we get a
function which is holomorphic in J on the image of Jo. It is also obviously holomorphic in v, and thus is a
holomorphic function of both variables. The set F'(v, J) = 0 is precisely the image of 3.

d

"'Our definition of v in this section differs from the usual one iv = A — ¢ in e.g. [22] by a factor of 4.
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are mixing). The resulting equation is
V= (204 — d/2+ J +y(J))% (2.23)

The nontrivial statement here is that the right-hand-side should be free of poles near J = 0.
This is effectively a constraint on ~(J).

Before proceeding, let us see in a toy model how 1/J poles can arise from expanding
equations of the form (2.23). Consider the equation

VT e =0. (2.24)

At € = 0 this describes an intersection of straight lines, which gets resolved as in figure 5 for
€ > 0. If we solve for A in this toy model, we get

A=91\/J2 - (2.25)

Expanding in € at a generic J we find

2
€
A=St(J—— )+ 2.26
5 ( 5 J> +e (2.26)
which has a pole in J even though the curve (2.24) is perfectly smooth. Our conjecture is
that the poles at J =0 in (2.17) appear for a similar reason.

To verify this, we can use the anomalous dimension (2.17) to compute for (2.23)

V2= (204 —d/2+ J +v(J))?
J 1 2
— 72 _ 2o 2
=S Jet <27+4 9(J+1))6
109J° 4 164.J% +265J — 114 4H(J)
2916(J + 1)2 27(J + 1)

> e+ O(e*), (2.27)

where once again the order €* term can be computed [32, 33], but is omitted here for brevity.
We see that the 1/J poles nicely cancel at each order in e, leaving a curve that is perfectly
analytic in J near J = 0. We plot the trajectory in the real (v, J)-plane at four-loop order
in the e expansion in figure 5, where we set e = 0.3. In fact, (2.27) defines a complex surface
that is perfectly regular as long as we stay away from the pole at J = —1 (to which we will
return below). We plot a projection of this surface in figure 6, which makes it clear that the
two branches of the trajectory are connected in the complex plane.

One may ask: what does the cancellation of poles mean in terms of the pole structure
of 4(J)? A simple analysis shows that in order for all the poles to cancel, at each order in
¢, the leading pole in the Laurent expansion of v(J) at J — 0 is of order ~ J'~"€", and
the coefficients of all multiple poles J~* for k > 1 are fixed in terms of lower-order data.'?

2More generally, knowing the full form of v(J) up to and including O(e™) allows to predict the leading
poles J*e™ with n+k < ng—1. For example, the O(e?) result for v(J) predicts the leading singularity J " *e"
for all n. In the context of BFKL/DGLAP mixing in QCD and A/ = 4 SYM the analogous properties were
previously noticed in [21, 35-39].
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Figure 5: Chew-Frautschi plot of the leading Regge trajectory in Wilson-Fisher theory near
the intercept at O(e*) (solid, blue). Free theory trajectories are shown in dashed red. The
plot is made at € = 0.3. See also figure 6.

Assuming this holds, we can predict the J=%,..., J~2 terms at O(€®) from the known data. In
fact, using additional information explained below, we can determine the J~! term at O(€®)

as well, giving

N 5< 5 1 269 1 —227 — 7872 +216((3) 1
c =

J)=--- -2 = il
() 91671 T 8748 J3 17496 J2
82620¢(3) — 583200¢(5) + 65617 + 4657572 + 96275 1 . .
+ 7085330 7 Hou )> +0(e).

(2.28)

We can now extract the Regge intercept of the Wilson-Fisher theory by solving (2.27)
for J at v = 0, order-by-order in e. Since the curve (2.27) intersects the J-axis at two points,
see figure 5, we find two solutions. The larger solution gives the Regge intercept:

Jo(e) = (1 \/§> LWV2 21, 465 +421v2 4 54(4 4 3v2)r? — 648VIC(3)

2 + 3 162 17496

n ( — 48672(65(4 + 3V/2) + (28 + 27V2)7%)

9447840
— 5(76227 4+ 57760v/2 + 648(150 + 109v/2)¢(3) — 233280\/5((5))) e

+ 0(65)
= 0.971405¢ — 0.225656€2 + 0.248731¢> — 0.631547¢* 4 O(€°). (2.29)

Here, we used the four-loop result (i.e. including €*) for (2.17) [32, 33], as well as the J~! term
at O(e%) from (2.28). Note that the expansion for Jy starts at order ¢, even though (2.17)
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Re[J]

Figure 6: An R3 projection of the C2 Chew-Frautschi plot of the leading Regge trajectory
in Wilson-Fisher theory near the intercept at O(e*). The imaginary part of J is shown by
color, with negative values in blue and positive values in red. Even though the two branches
appear to intersect, they do not — in order to intersect in C?, they need to intersect in this
R3 projection and also have the same color. The plot is made at € = 0.3.

started at €2. The second solution for J is obtained by replacing V2 — —v/2 in the above
expression.

Note that the numerical coefficients in this expansion are not small. Therefore, as usual,
setting € = 1 is not justified. As an amusing exercise, we can get a more reasonable estimate
for Jyp(e) by assuming Jy(2) = 1, which is where the leading twist trajectory intersects its
shadow in the 2d Ising CFT, and constructing a Padés 3 approximant using this condition
together with (2.29). This results in a monotonic curve interpolating between Jy(0) = 0 and
Jo(2) = 1, as shown in figure 7. With this approximation, we estimate the Regge intercept of
the 3d Ising CFT to be Jy(1) =~ 0.76, which is close to the result Jy(1) ~ 0.8 from the analysis
in [40], see the caption to figure 7. As pure speculation, we note that the plot in figure 7
suggests the possibility that the slope of Jy(€) near e = 2 (d = 2) might be 0, especially given
the independent data point from [40]. This could be related to the constraints on a putative
(d = 2 + ¢)-expansion observed in [41].

— 14 —



1.0
0.8; 3 /_-"‘ ,

0.6 .

Jo
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Figure 7: Solid, blue: the Padés 3 approximant to the intercept Jy(e) imposing the small-e
expansion (2.29) and known value in d = 2 (Jp(2) = 1). Dashed, red: the formal intercept
value for free theory. The data point at € = 1 is the result from [40], taken with the (non-
rigorous) error bar estimated from their figure 12.

We see that by using the anomalous dimensions of the lightest spinning operators we
can straightforwardly determine the spin of the Pomeron, which in turn determines how
CFT correlators behave in the Regge limit. In fact, we get the full shape of the leading
trajectory, which in principle allows one to analyze the Regge limit beyond the saddle-point
approximation [42].

Using (2.27) we can also study where (light-transforms of) scalar operators sit on the
Regge trajectories. Setting J = 0 in (2.27) and solving for v yields:

2
lv| = % - 11262 (—1243;6 + 42{;’)) e+ O(e). (2.30)
Here we only used v(J) up to order ¢2.13 Of the two corresponding values of A(0) = ¢ & |v],
the smaller one % — |v| perfectly matches the known e-expansion for the scaling dimension
Ay of the ¢? operator. This strongly suggests that L[¢?] lives on the resummed leading-twist
Regge trajectory (2.27), see figure 8. This was first observed in the e-expansion in [43] in a
somewhat different form, and further discussed in [40]. In fact we can turn this argument
around and use known results for the e-expansion of A2 [33, 44] to determine the O(e’J 1)
coefficient in v(J); this gives the prediction recorded in (2.28). If the O(e®JY) term were
known in (2.28), the same logic would fix all singular terms of v(.J) at J — 0 at O(€%), and
the O(€®) term in Jo.

The above discussion is, however, somewhat unsatisfactory, because it is based on the
assumption that the leading Regge trajectory is smooth at the intercept, and fundamentally

At J =0 (2.27) reads v° = £€® — -+, and thus the O(e*) term in (2.27) only determines the O(®) term
in (2.30).

,15,



0.5

0.3 ]

02/ :

0.0}

-0.1F

-0.2t

Figure 8: Chew-Frautschi plot of the leading Regge trajectory in Wilson-Fisher theory near
the intercept at O(e*). This is same as figure 5, but zoomed in to show the location of the
®? operator (more accurately, L[¢?]).

is little more than a formal manipulation with known formulas. In particular, it does not give
insights into the question posed in section 2.4 on what is the explicit form of the Pomeron
operator in Wilson-Fisher theory or explain how mixing between different trajectories is
possible. We will answer both questions in section 4 by directly renormalizing the light-ray
operators for every point of the complex surface shown in figure 6. As a consistency check,
we will reproduce the leading correction term for the Regge intercept given in (2.29).

2.6 Horizontal trajectories

We have so far discussed Regge trajectories of local operators and their shadows. Is this a
complete picture of the Chew-Frautschi plot? It turns out it is not: we are missing more
trajectories. While the Pomeron dominates in the Regge limit, these extra trajectories can
give important subleading contributions.'*

An important clue comes from gauge theories like N' = 4 SYM, which possess the well-
known BFKL trajectory with J = 1 (in the free theory) but arbitrary A — i.e. a horizontal
line on the Chew-Frautschi plot. It is unlikely that horizontal trajectories exist at J > 0 in
the Wilson-Fisher theory, since the anomalous dimension 7(J) does not have poles for J > 0
at any known order in perturbation theory. Furthermore, the construction of the BFKL
trajectory uses gauge fields in an essential way.

However, it turns out that we can construct many horizontal trajectories in the Wilson-
Fisher theory with J < —1. The first key idea is to consider products of light-transformed

Y1n fact, in other symmetry sectors they can be the leading contributions — see the discussion in section 6.
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operators
L[(’)l](a:,zl)L[(’)g](a:,zg), (2.31)

where importantly we place L[O1] and L[Os] at the same point x. Formally, the product
(2.31) transforms like a primary light-ray operator with

AL:ALJ-FALQ - J=J1+Jy—1. (2.32)

In [45], it was shown that the product (2.31) is nonsingular if J > Jy, where Jy is the Regge
intercept of the theory. In this case, (2.31) should not be considered a qualitatively new
operator — instead it can be expanded in an OPE in terms of other light-ray operators
[3, 4].1> However, if J < Jo, the product (2.31) is singular and requires regularization. After
such regularization, we may obtain a new operator.

Let us reiterate what will be a key working assumption: that we can identify independent
operators by thinking about the regularization of products. An analogy is the product of local
operators like O(z)O’'(y) with x # y, which do not require regularization (beyond those of
O(z) and O'(y)) and do not add operators to the spectrum, while products like O(z)O’(x)
do. A peculiarity of light-ray operators is that some products, even of operators labelled by
the same base point, do not require regularization. This feature is crucial to obtain a spin
spectrum that is bounded above (for a fixed v).

Which operators can we choose for O; and O in the Wilson-Fisher theory? The simplest
choice may seem to be O; = Oz = ¢. However, as we discuss in section 5, the only sensible
definition of L[¢] vanishes in the free theory, and in the interacting theory is related to AL[¢%],
where \ is the ¢* coupling. Intuitively, in the free theory, a detector cannot absorb exactly
one ¢ quantum while conserving energy and momentum. Therefore, the minimal option is to
set 01 = Oy = ¢? and consider the product

L(¢?](z, 21)L[¢*](x, 22). (2.33)

The product (2.33) requires regularization, since J; + J; — 1 = —1 < Jp. In the free theory,
we can simply normal-order and define

H(z, 21, 22) =:L[¢?)(z, 21) L[] (z, 22) : . (2.34)

The operator H(z, 21, 2z2) then transforms like a light-ray operator with J = —1. However,
it does not transform irreducibly under the Lorentz group, since it depends on two null po-
larizations. To obtain something that transforms irreducibly with spin Jp,, we must convolve
with a Clebsch-Gordan coefficient K j, (21, 22, z) for the Lorentz group:

Hy, (x,2) = /DdQZlDdQZQKJL(Zl,ZQ;Z)H(Z', 21,22). (2.35)

5More precisely, the component of (2.31) with “transverse spin” j on the celestial sphere is nonsingular and
can be expanded in other operators when Ji + J2 — 1+ 7 > Jo.
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Figure 9: The expected structure of the perturbative (Zs-even, parity-even, traceless-
symmetric) Regge trajectories in Wilson-Fisher theory. All the Regge trajectories (blue)
except the leading trajectory (red) have degeneracies, which are expected to be broken at
sufficiently high orders of perturbation theory.

Here, we are free to choose any Jr, (and thus A = 1 — J) we like, so we obtain a family of
light-ray operators Hj, (z, z) that fill out a horizontal line at J = —1 on the Chew-Frautschi
plot, see figure 9. This is essentially the same as the construction of the BFKL trajectory (see
[15] and references therein), with Wilson lines replaced by L[¢?]. (When one chooses z to be
null infinity, the light-cone emanating from z becomes the flat light-sheet like 20 — 2! = 0,
and the Clebsch-Gordan coefficients are the color-singlet eigenfunctions from [46], where the
quantum number A is Fourier conjugate to the logarithmic size of the color dipole.)

This construction can be vastly generalized. Firstly, we are free to choose operators
other than ¢? in the light-transforms. As long as they are scalars, this gives new horizontal
trajectories at J = —1, and in fact infinitely many of them. We can also take products of
n > 2 light-transforms of scalar operators. This will yield horizontal trajectories at negative
spins J = 1 — n, again infinitely many at each spin.'6
But we can go even further: why restrict to light transforms of local operators? We

161t is interesting to ask whether we can construct horizontal trajectories with J = 0 using these techniques.
We expect that the answer is “no,” since we have been able to resolve the pole in v(J) at J = 0 to relatively
high order in € without taking such trajectories into account.
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Figure 10: Illustrations of the traditional conformal frame (left), with a local operator O at a
generic point inside Minkowski space, and the detector frame (right), where a detector D lies
along future null infinity .# . The detector D transforms like a primary operator at spatial
infinity ¢ (the blue point), which means that it is invariant under Minkowski translation
generators, and this statement is exact in perturbation theory. In a CFT, future null infinity
is not a special place, and can be reached by a simple shift on the Lorentzian cylinder. For
simplicity of illustration, both figures show the 2d Lorentzian cylinder. For example, in the
left figure, the two solid grey lines should be identified. Minkowski space is the interior of the
diamond formed by dashed grey lines. The same is true for the figure on the right.

can consider the product @}rl (, zl)(O)j2 (x,22). This formally corresponds to a horizontal
trajectory at J = Ji; + Jo — 1, which we now can tune continuously by dialing J; and Js.
We will consider such detectors in section 5. There, we find that, at leading nontrivial order
in perturbation theory, these operators need renormalization only for special values of J,
and furthermore their divergence is proportional to an operator with fixed values of Jy, Js.
In other words, most operators of this kind are only additively renormalized, and so their
anomalous dimensions are zero and they do not appear in RG equations for other observables.

To summarize, we believe that the structure of perturbative Regge trajectories in the
Wilson-Fisher theory is as in figure 9. Note that the qualification “perturbative” is important,
and the non-perturbative structure may be different. However, we expect that the leading
trajectory and its shadow are robust (including the Regge intercept) up to the first intersection
with other trajectories.

Among the plethora of horizontal trajectories, we will restrict our attention to the op-
erators (2.35) and renormalize them explicitly in section 5.1. In section 5.3 we will show by
direct calculation that they indeed appear in the Regge limit of local correlation functions,
and so should be included in the Chew-Frautschi plot.
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3 The twist-2 trajectory in the detector frame

3.1 The detector frame

Having described general features of the space of detectors in the Wilson-Fisher theory, let us
now turn to constructing detectors explicitly in perturbation theory. Detectors live at future
null infinity .#*. This is not a special place in a CFT, since it can be mapped elsewhere
by conformal transformations. However, perturbation theory does not respect conformal
invariance in intermediate steps. Thus, defining detectors in perturbation theory is somewhat
different from defining operators inside Minkowski space. The symmetries of .# T can provide
powerful simplifications. (We will see examples where they trivialize some 2-loop integrals!)
Furthermore, working with detectors leads to fruitful connections to scattering amplitudes
and cross sections, as we explain shortly. We refer to the conformal frame with a detector at
T as the “detector frame.”

Before discussing the detector frame in detail, let us recall some facts about perturbation
theory in the traditional conformal frame. Consider a spin-.J local operator O(0) at the origin,
see the left pane of figure 10. To define O(0) in perturbation theory, we start with a bare
operator Op(0) with spin J and dimension Ag. Note that the spin J of Oy(0) is exact: it does
not receive perturbative (or non-perturbative) corrections because the Lorentz generators
are exact in perturbation theory. By contrast, the bare dimension Ag is not exact. The
renormalized operator O(0) develops an anomalous dimension «(J), and its full dimension A
is given by

A= Ag+v(J). (3.1)

Unlike the Lorentz generators, the dilatation generator D and special conformal generators
K" do receive corrections. In particular the condition that O(0) is a primary (i.e. that it is
killed by K*) gets corrections.

Now consider the detector frame, depicted on the right of figure 10. Detectors transform
like primary operators at spatial infinity. Consequently, the condition of primariness for a
detector is just translation invariance:

[P, D] = 0. (3.2)

(Recall that a primary operator at the origin is killed by K*, while a primary at spatial
infinity is killed by P*.) The statement of primariness for detectors is exact in perturbation
theory because the translation generators are exact.

For example, consider a free scalar field ¢(x). We can define it at future null infinity via
the limit!'”

¢(052) = lim LA ¢(x + Lz), (3.3)

"In the embedding formalism, this is equivalent to ¢(X) where X = (X, X, X*) = (0,—,2). In
the following it will be useful to note that ¢(«, z) has mass-dimension 0 (dilatations still act on «), and a
homogeneity property ¢(c, Az) = A2 (AL, z). These follow directly from the limit definition.
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where @ = —2z - z and A, = %2, Here, z = (1,7) is a future-pointing null vector with

i € S92 labeling a point on the celestial sphere, and « is twice the retarded time of ¢(a, 2).
Translations simply shift retarded time:

[PH, ¢(a, z)] = —22F0q0(a, 2). (3.4)

Thus, an example of a primary detector is

Dy(z) = /doq codap (o, ..o o) s dlar, z) - dlam, 2) ¢, (3.5)

where (a1, ...,a,) is any 1-dimensional translationally-invariant kernel. When we turn on
interactions, the operator Dy (z) will remain primary to all orders in perturbation theory.
More general detectors can be built from products of Dy(z)’s with different ¢’s and 2’s, or
from analogs of D, involving derivatives of ¢.

We can also classify detectors into irreducible representations of the Lorentz group. We
denote spin in the detector frame by Jr. A traceless-symmetric-tensor detector D(z) with
spin Jg, is a homogeneous function of a null vector z of degree Jr, which transforms under
Lorentz transformations as

UrD(2)UL = D(Az). (3.6)

(For detectors in more general Lorentz representations, D(z) carries additional indices, and
Jr, denotes the length of the first row of the Young diagram of the representation.) Note that
Jr, need not be an integer. For example, if the kernel ¢(a1,...,a,) is homogeneous in the
a’s, then the operator Dy, (z) has spin

J1[Dy] = n(l = Ag) + deg, ¥, (3.7)

where we've used that da ¢(o, z) has degree 1 — Ay in 2. For instance, the following “twist-2”
detector has spin Jr:'®

1
Dy, (2) = o /dalda2]a1 — BT (g, 2)p(an, 2) (3.8)
Jr
For future convenience, we choose the constant C7, to be
Oy, = 27+ sin <7rJL+T2A‘7’> [(20g + Jp — 1). (3.9)

This choice ensures that formula (3.27) below is as simple as possible.! Because the Lorentz
group is exact in perturbation theory, the quantum number Jr does not receive corrections
when we turn on interactions.

18We refer to (3.8) as “twist-2” because in the free theory it has twist 2A4 = d — 2, which is 2 when d = 4.

9As Jy is varied, the constant C;, may become 0 or singular. These features are somewhat of a red herring.
Some of them are related to the fact that the factor |y — ao|*@¢~D+JL in (3.8) can become singular. For
example, if 2A4 4 Jr, = 1, then Cy, has a pole. This pole cancels the pole coming from a1 — ae| ™', turning
it into a delta-function 6(c:; — a2). This ensures that the bare detector becomes the light transform of ¢Z.
Other features can be explained by similar degenerations.
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Finally, the dimension in the detector frame Ay is minus the eigenvalue of the dilatation
generator D:

[D,D(z)] = —ArD(z). (3.10)

(The minus sign is because D(z) transforms like a primary operator at infinity.) Of course
A, does receive perturbative corrections because D does.
In summary, detectors are characterized by the following data

primariness [P*,D(z)] =0,

. exact in perturbation theory,
detector spin Jp,

detector dimension Arp. } corrected in perturbation theory. (3.11)

To define a detector in perturbation theory, we begin with a bare primary detector Dy(z)
with spin J;, and tree-level dimension Ap o(Jr). (For example, the tree-level dimension of
the twist-2 operator (3.8) is Ay o = Jr, + d — 2.) Renormalizing Dy, we obtain an anomalous
dimension 77, (Jz). The full dimension of the renormalized operator is then

Arp :AL,O(JL)+'7L(JL)- (3.12)

These considerations may seem elementary, but they give a surprising way to access Regge
trajectories of light-ray operators that essentially flips the role of A and J! Consider the
leading-twist detector (O)j(oo, z) in the interacting theory. To construct it using perturbation
theory, we must start with a bare detector Dy, (z) with the same Lorentz spin, i.e. J, =
1 — A(J), where A(J) corresponds to the full interacting theory. When we renormalize
Dy, (z), it acquires a detector anomalous dimension v, (J) and the renormalized operator
[Dy,]r will be OF:

[D1_A()(2)]r = OF (00, 2). (3.13)

Using (3.12) and the dictionary (Jr,Ar) = (1 — A,1 — J), this gives a relation between
A =A(J)and J

J=Jo(1=A)—~(1—A), (3.14)

where we have defined the function Jo(Jr) by Aro(Jr) = 1 — Jo(Jr). Thus, the detector
frame anomalous dimension ~7,(Jr) naturally gives J as a function of A, instead of the more
traditional A as a function of J. Due to (3.14), we sometimes abuse terminology and refer to

” since it is a correction to J.

—vr(1 — A) as an “anomalous spin,’

To summarize: In terms of the Chew-Frautschi plot, working in the traditional frame
amounts to fixing the vertical position J and computing corrections to the horizontal position
A. By contrast, working in the detector frame amounts to fixing the horizontal position A

and computing corrections to the vertical position J.
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3.1.1 Timelike anomalous dimensions and reciprocity

Thus, the traditional frame and the detector frame give us two ways to access the same
Regge trajectory: (1) renormalize local operators in the traditional frame and compute ~y(.J),
or (2) renormalize detectors in the detector frame and compute 7 (1 — A). It turns out
that vz (1 — A) is a simple rewriting of a so-called “timelike anomalous dimension” ~yp(N),
while «(J) is sometimes called a “spacelike anomalous dimension.” This leads to a simple
explanation of the so-called “reciprocity” relation between spacelike and timelike anomalous
dimensions in CFT [47].

In more detail, consider a Regge trajectory with tree-level twist 7. For example, the
“twist-2” operators (3.8) have 79 = d — 2. In the traditional frame, we have

A =1+ J+~(J). (3.15)
By contrast, in the detector frame, (3.14) becomes
A=1o+J+vy,(1-A). (3.16)
Let us define the “timelike anomalous dimension” ~7 by the trivial redefinition
YL(1 = A) = y7r(A = 7). (3.17)
Together, (3.15) and (3.16) imply the functional equation
r(N) = v(N —~r(N)). (3.18)

Figure 11 gives a geometric interpretation of this equality. This is the statement of “reci-
procity” [47].2°

(Reciprocity also sometimes refers to a distinct phenomenon: that the large-spin expan-
sions of «y proceeds in inverse powers of the conformal Casimir h(h — 1) where h = W,
that is, that the function P(N) = y(N — 2P(N) + &) admits an asymptotic series in even
powers of 1/(N + %) For conformal theories, this is a consequence of the general structure

of large-spin expansions as manifested by the Lorentzian inversion formula [26, 48, 49].)

3.1.2 The in-in formalism and weighted cross-sections

Detectors annihilate the vacuum:
DIQ) = 0. (3.19)

In conformal field theory, this follows from the identification of detectors with light-ray op-
erators at infinity Q;(co, z), which must annihilate the vacuum by representation-theoretic

20This simple explanation of reciprocity clarifies its appearance in [20], which studied the leading term in
the OPE of energy detectors. In a CFT, this leading term is fixed by conformal symmetry to be a light-ray
operator Qs with J = 3 [2]. However, the work [20] studied the OPE in the detector frame, so they needed
to access the J = 3 operator by correctly tuning A and using reciprocity to relate timelike and spacelike
anomalous dimensions.
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Figure 11: The anomalous dimension 7 (shown in blue) measures the distance between a
Regge trajectory and a 45° line, with fixed J, as appropriate for the traditional conformal
frame. The timelike anomalous dimension v = 77, (shown in red) measures the distance
between a Regge trajectory and a 45° line, with fixed A, as appropriate for the detector
frame. They are equal because they form equal edges of an isosceles right triangle. This is
the statement of reciprocity [47].

arguments [1]. More generally, in a not-necessarily-conformal theory, the primariness condi-
tion (3.2) implies that D|Q2) is a zero-energy state, and therefore proportional to the vacuum.
If D has nonzero Lorentz spin J, (in a general theory) and/or dimension Ay, (in the case of
a CFT), then the constant of proportionality must vanish.

Thus, the simplest non-vanishing matrix elements involving detectors are “event shapes,”
i.e. matrix elements in a non-vacuum state |¥):

(¥|D|¥). (3.20)

Such event shapes can be computed using the Schwinger-Keldysh or “in-in” formalism. The
ket |¥) is described by a path integral with the usual Feynman rules, implementing forward
time-evolution. The bra (V| is described by a path integral with complex-conjugated Feynman
rules, implementing backward time-evolution. The detector D lives on a “fold” connecting
these two path integrals. In Feynman diagrams, we denote the fold pictorially by a gray
line, with the region below the fold representing the ket |¥) and the region above the fold
representing the bra (¥|. See figures 12 and 13 below for examples.

Many interesting bare detectors are diagonalized on scattering states of the free theory:

D|p17 ce. 7pk>0ut — fD(Pl, .. ’pk‘)|p1a CIIR apk‘>0ut- (321)
For example, a product of average null energy (ANEC) operators has this property. When
(3.21) holds, the event shape (3.20) can be written as a sum over final states |p1, ..., Dk)out
WD) = 3 fowlprs- o el ) 201 - i), (3.22)
E.p1,...px

— 24 —



where > denotes a sum over particles and integral over phase space. In the in-in formalism,
this representation comes about because propagators between the ket and bra sheets of the
path integral are Wightman propagators, which are supported on-shell. Expressing them as
sums over on-shell states, we obtain (3.22).

We could choose |¥) itself to be a free theory scattering state |¥) = |q1,...,q)in. This
leads to an interpretation for matrix elements of D in terms of weighted cross-sections

(T[DIT) = > Jout(prs- - pelas - @)l Fo(pr - 1)
k.p1,...pk

= Z a(qla"'7Ql_>p17-"7pk)f'D(p17"'7pk)' (323)
k,p1,.--Dk

While this interpretation is perhaps the most transparent one, it conflates two problems: the
IR safety of the detector D and the IR divergences associated with the initial state. For this
reason, we will stick with states |¥) that are clearly well-defined in the interacting theory,
such as [¥) = T{o(q1) - - - ¢(q1) }|0), where the momenta ¢; are generic and off-shell.

For well-defined |¥), the divergences in matrix elements of bare detectors Dy are just
the IR divergences in the weighted cross sections (3.22). Traditionally, one focuses on IR-safe
detectors with fp invariant under soft and collinear splittings. As we will see, there exist
detectors that are not IR-safe and yet their associated IR divergence can be multiplicatively
renormalized (as opposed to being absent altogether in the IR-safe case).

3.2 The leading Regge trajectory in the Wilson-Fisher theory

Let us illustrate these ideas by renormalizing the twist-two detectors (3.8) in the Wilson-
Fisher theory. This will provide our first example of fixing A and computing an “anomalous
spin” —yr(1 — A). In the end, we will recover conventional results for anomalous dimensions
of twist-two operators in the Wilson-Fisher theory, which serves as a useful consistency check
on our methods. This computation will also serve as a warmup before tackling more exotic
types of detectors in sections 4 and 5.

Let us start by determining the Feynman rule for insertions of the bare operator Dy, (z).
This can be read off from the tree-level matrix element

(0l¢(—=a) D, (2)0(p)|0) = (2m)*6%(p — @)V, (2 p). (3.24)
We often abuse notation and write
(0[¢(=p)Dy, (2)9(p)[0) = Vi, (2;p), (3.25)

where we implicitly strip off (2)¢ times the momentum-conserving é-function when the
initial and final momenta of an event shape are equal. A straightforward computation (see
appendix A) gives

(016 2)6(p)[0) = e~ 75 2302 / 4B §%(p — fz)pRe e300, (3.26)
0
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Figure 12: Vertex for the twist-two light-ray operators. This represents a time-folded di-
agram where the gray horizontal line separates the lower and upper folds. The momentum
runs from the lower to upper fold. The black dot on the gray horizontal line is the insertion
of D at null infinity.

The §-function ensures that only particles moving in the direction z contribute, and we see
that their energy § is Fourier conjugate to the arrival time «. Plugging this in to (3.8), we
find the following simple result for the vertex Vj, (z;p):

o0

Viu(zip) = [ dgp7 5% ), (3.27)

0

In fact, this result for the vertex V, (z;p) is completely determined (up to normalization) by
the symmetries, momentum conservation, and positivity of energy.

A diagrammatic representation of Vj, (z;p) is shown in figure 12. This is a time-folded
diagram where the bottom and top edges correspond to t = —oo, while the horizontal line
in the middle corresponds to t = oo. Time increases in the lower half of the diagram as we
approach the horizontal line from below and decreases once we cross it. The horizontal line
represents the fold where we insert D, (indicated by a dot). This picture comes from using
a time-ordered path integral to create the ket state ¢(p)|0) and an anti-time-ordered path
integral to create the bra state (0|¢(—p), and the fold, or “cut”, separates the amplitude from
its complex conjugate.

Overall, the Feynman rules for in-in calculations involving insertions of D, are:

1. Each interaction vertex on the lower sheet gets a factor of ‘Af°.
Each interaction vertex on the upper sheet gets a factor of —iAic.

2. For propagators on the lower sheet use the time-ordered propagator —i/(p? — i0).
For propagators on the upper sheet use the anti-time-ordered propagator i/(p? + 40).

3. For propagators between the lower and upper sheets use the Wightman propagator
28 (p?)0(p°) = (2m)d (p?). Note that only positive momenta flow through the fold.
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Figure 13: Two loop correction to the vertex V;, . All momentum flows up from the lower
to the upper fold.

4. For a line with momentum p passing through an insertion of Dy, (z), include a factor of
Vi, (p; z). (Do not include extra propagators for the segments of the line on either side
of the insertion, since these are already included in Vj, (p; z). Using cross-section inter-
pretation, this corresponds to the usual fact that we should be computing amputated
diagrams.)

5. For the time-ordered initial state T{¢(p1) - - - ¢(pn)}|0) add n univalent vertices sourcing
momenta p; on the lower sheet.

6. For the anti-time-ordered final state (0|7 {¢(—q1) - ¢(—qm)} add m univalent vertices
sinking momenta ¢; on the upper sheet.

7. Multiply by an overall momentum conserving d-function, (27)45(py + ... + pn — q1 —
o= Om)-

With these rules in hand, we are ready to study loop corrections to D;,. We focus on

the event shape

(Qor(—p)Ds, (2)9r(P)ISY), (3.28)

where we implicitly strip off the momentum-conserving §-function as in (3.25). To make the
initial and final states well-defined, we have inserted renormalized operators

-1/2
on(p) = 2, *6(p). (3.29)
where the wavefunction renormalization factor for ¢ is given by

1 \2

Zy=1-—-—"t
¢ e 120yt

O(\?). (3.30)

Any divergences in the event shape (3.28) must be removed by multiplicative renormalization
of the operator Dy, , from which we can read off its anomalous dimension.
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At one loop, there are no nontrivial contributions to (3.28): the sole interaction vertex
must lie either below or above the fold, and the resulting loop integral simply gives a mass
correction to the propagator, which vanishes in dimensional regularization. At two loops, the
only nontrivial diagrams are “sunrise” diagrams. For these, we have three possibilities: (1)
the interaction vertices lie on opposite sides of the fold, (2) both interaction vertices lie below
the fold, (3) both interaction vertices lie above the fold.

Case (1) is the most interesting, so we consider it first. By positivity of energy, the
operator ¢(p) creating the initial state must connect to the interaction vertex below the fold,
and ¢(—p) creating the final state must connect to the vertex above the fold. One of the lines
between the vertices must pass through the D, insertion. The resulting diagram is depicted
in figure 13, and is given by

FO (3 p) AN / diq A% i —i

g \&:P) = 9 (27T)d (27T)d p2 + 40 p2 —

o vol §4=2 T(EHT(—Jp)
24(2m)* =2 T(—Jp + 432)

5V (2 9)(2m)* 6T (k)5 ((p — g — k)*)

—(\E) (=22 - p)7r(=p?) T L 20(—p?). (3.31)

The symmetry factor % comes from swapping the lines that do not pass through D;,. To

compute the integral, we used §%(g— 3z) inside V, (¢; 2) to solve for . The remaining integral
over k localizes to a sphere S%~2, giving a factor vol S%~2. Finally, integrating over 3 gives
(3.31). Note that the i0’s play no role in this calculation, since kinematics force p to be
strictly timelike.

Naively, the result (3.31) appears to be finite. However, there is a hidden divergence
when we interpret it as a distribution in p. Setting d = 4 — € and expanding around € = 0 we
find the pole

(w2z o) ()T = g [t - ) + 0
= mvh (z:p) + O(EO)' (3.32)

The derivation of this identity can be found in Appendix B. The divergence originates from
the region where ¢, k and z are all collinear, whence the factor Vj, (z;p). Plugging it into
(3.31), this gives a divergence proportional to the tree-level vertex Vi, (z;p):

1 A2 1

@, __1
Fr B0 = = i 7+

Vi, (25p) + O(). (3.33)

This will make multiplicative renormalization possible.
Finally, let us consider cases (2) and (3), where the two-loop sunsets are entirely below
or above the fold. In either case, the diagram is proportional to

11 1 1 o
/ddkddqqgkz(p—q—k)zlﬂVJL(Z’p) X p 2 VJL(Z;p), (334)
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where we have performed the integral by dimensional analysis and used d = 4 — e. Note
that the vertex Vj, (z;p) is supported on-shell, p? = 0. How then should we interpret the
distribution p~2¢V}, (z;p)? We claim that it vanishes. Indeed, if Ree < 0, then the distri-
bution clearly vanishes when paired with any smooth test function. In general, we define it
by analytic continuation away from this region, so it vanishes identically. Alternatively, for
p? = 0 the integral

11 1

dkdlqg———— 3.35

/ @*k* (p—q—k)? (3:35)

does not have a scale, and such integrals are known to vanish in dimensional regularization.
In summary, the bare detector event shape (3.28) is given up to two-loop order by

(QUpr(=p)Duy ()0rP)I2) = 25" (Vi (z30) + F5, (2.9)) + O), (3.36)

where the qul factor comes from the renormalized ¢r operators. There are divergences from

Z;l and also the ¢! pole in f}i)(z;p). They can be cancelled up to O(\?) by defining the

renormalized operator

[DJL (z)]R = Z;LLDJL (Z)

Zy, =2;" (1 - 12@;)4 JL(Ji - 1)> +O(N3). (3.37)
The anomalous dimension of D, in the detector frame is then
—v(Jr) = %B(A) = (275)4 <JL(J1 Y é) +0(\?), (3.38)
where the g-function is
B(N) = —eX+3 X +O(\3). (3.39)

(42

The minus sign on the left-hand side of (3.38) comes from the fact that we define the dimension
of a detector as if it were a primary at infinity. (It is the same minus sign as in (3.10).)
The fixed-point value of the coupling is
(4m)?

A = 3 €+ .... (3.40)

Plugging this into 77,(Jr), the expression (3.14) for the twist-2 Regge trajectory becomes

J(A)=A—-(d=2)-(1-4)

€2 1 1 .
:A—2+6+9((A_l)(A_2)—6)+O(65). (3.41)
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Equation (3.41) gives the promised perturbative expansion for J in terms of A. If we solve
it for A in terms of J, the result agrees precisely with (2.15) and (2.17) at O(?).

One lesson from this exercise is that we can define and renormalize D, (z) using only its
action on on-shell states. Specifically, in the above computation, we needed only the vertex
Vi, (z;p) — never the explicit definition (3.8). In fact, this lesson holds more generally. When
defining and renormalizing detectors in perturbation theory, it is sufficient (and often more
convenient) to specify their action on on-shell states. This method is distinct from the usual
renormalization of twist-2 operators (which can also exploit matrix elements between on-shell
parton states, see e.g. [50]), since usually operators are inserted at finite positions rather than
at infinity; the resulting Regge trajectory coincides at the critical point A = A,.

4 The leading intersection and the Pomeron

In the previous section, we studied the renormalization of the leading-twist detectors Dy, ,
which precisely define “E”~! flux” for a certain J = 1—Af,(J;). We found that a renormalized
detector [Dy, |r can be defined in (3.37) so that divergences in its matrix elements cancel.
However, the definition (3.37) does not work for J;, = 0 or J, = —1, since the renormalization
constant Zj, becomes ill-defined. This also leads to the singularities at A = 1 and A = 2
in (3.41).

In section 2.5, we anticipated that the problem at J, = —1 (A = 2) is due to the
intersection of the leading twist trajectory with its shadow, see figure 4. In this section, we
explicitly confirm this expectation. We start with a discussion of the shadow trajectory in
general. We then discuss its role in perturbation theory and see how the mixing happens.

4.1 Shadow symmetry of Regge trajectories

As discussed in section 2.4, the shadow of Dy, (z) takes the (schematic) form
SJ[D,](2) = /D“z’(—zz )2 Iip, (). (4.1)

The shadow detector S;[Dy, | has the same scaling dimension as D, , but its Lorentz spin is
2 —d — J, instead of Jr. The trajectories D, and S;[Dy, ] thus intersect at Jr, = %.

The expression (4.1) is schematic because we have been imprecise about the convergence
of the integral. The variable 2’ is integrated over the projective future null cone, which is
compact, as it is just a parametrization of the celestial sphere. Assuming that Dy, (2/) is
well-defined, divergences can only come from the factor (—2z - 2/)2~4=J/t which is singular
when 2’ oc z. To study the singularity, we parametrize z = (2%, 27,2) = (1,92, y') using a
(d — 2)-dimensional coordinate y. The right-hand side of (4.1) becomes

/dde’\y — /PP Dy, () = /ddzwlﬂf!z@d‘“)@h (v +2)

= /Sd—3 deg/O drr*H(Q*d*ZJL)DJL (y+x), (4.2)
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where in the last line, we chose radial coordinates for € R4~2. Since nothing special happens
to Dy, (y + x) at x = 0, this integral is convergent near r = 0 for J, < Q%d. (We don’t have
to worry about r = oo because it is merely a coordinate singularity and is a regular point
on the celestial sphere. Practically speaking, the r — oo limit is regulated by the decay of
Dy, (y + x) at large z, which in turn is due to the singular Weyl factor coming from the
coordinate choice.)

More generally, as discussed in appendix B, the integral (4.2) should be defined by analytic
continuation in J;, away from the region where it converges. The result is that we can view
the expression

ly — o2 (4.3)

as a well-defined distribution in ¢’ for all J;, € C\ {%, Q%d +1, Q;Qd +2,---}. Near Jp, =
2;2d + n, we have simple poles

w 1 0
ly =y PeT) o —— P62 (y — o). (4.4)

JL—%d—n

It is helpful to define the following rescaled version of S,

2

S/ - S 9
T Vol ga-sT (B — )

(4.5)

where Jj, reads off the spin of the object on which it acts. This cancels the above poles and
also makes the coefficient of the delta-function 6%~2(y — /) at the n = 0 pole equal to 1. The
2—d

transform S'; now has two key properties: it is well-defined for all J;, € C, and for J, = =5¢

it acts as the identity:
S{][DZ—d] =Djya. (4.6)
2 2

In perturbation theory, if we define a renormalized detector [Dy, |r = Z;lD J.» the same
L
factor Z;, renormalizes S'; [Dy, ]. This is because for any matrix element we can write

(¥23,8,[Ds,]|®) = S}, [(¥|2], Dy, |)] = S}, (¥[[Dy, ] ®)]. (4.7)

and the matrix elements (¥|[D;, |r|®) are finite by construction. This means that the results
of section 3.2 also renormalize the shadow of the leading twist trajectory (with the same
caveats at Jr ~ 0,—1 as for the leading twist trajectory).

Our main motivation for discussing the shadow trajectory is to explain why we failed
to define [Dy, | near Jg, = % ~ —1 in perturbation theory. We have claimed that this is
due to mixing with the shadow trajectory at the intersection. With this in mind, it will be
convenient to normalize the shadow transform so that it squares to the identity for any Jy:

Sy =8yt (48)
2 [(352 - Jp)
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This has the property that §3 = 1, which will simplify calculations below (and we still have
/S\J[Dﬂ] = D3_q4). This comes at the expense of §J having spurious poles for Ji, € Z>¢, but,
import2antly, it is still regular for Jy, < 0. This includes the intercept point J;, = —1 and the
points Jr = 1 — A with A being the scaling dimensions of the local operators, so the spurious
poles will not cause problems in our calculations.

From what we have explained so far, it is not obvious how mixing can happen. Operators
with different tree-level dimensions don’t mix in dimensional regularization, so we do not
expect mixing away from the intersection of the trajectories. Furthermore, the tree-level
trajectories intersect at Jr, = %, but S J[D% | = DQ%d, so naively there is only one detector
at the intersection point! (This property is important for the final picture in figure 6 to be
self-consistent: otherwise the operators with Jg, = % would always be doubled by S J)

As we will see, both of these problems have subtleties that resolve them. For the first
problem, it is not true that there is no mixing in dimensional regularization: the coupling A
always comes in the combination A€, so mixing can occur between operators whose dimen-
sions differ by multiples of e. We can choose Jy, so that the scaling dimensions of the leading
twist trajectory and its shadow differ by an integer multiple of €, and this allows them to mix.
For the second problem, even though there is only one operator at the intersection, there are
two tangent spaces (as in figure 4), and this non-analyticity will turn out to be sufficient to

produce a new operator when interactions are turned on.

4.2 The two-loop dilatation operator

In this section we explain in detail how mixing happens between D, and its shadow. First,
let us define the shadow detectors using the S; version of the spin shadow transform,

DJL = gJ[D2—d—JL]- (49)

Note that D J;, has Lorentz spin Jr,. The property §3 = 1 ensures that

Dy, = Sy[Doa_s, ), (4.10)

which will simplify our calculations. Note that D J, is well-defined near Jr, = —1.

Our goal now is to study the perturbative corrections to the matrix elements of D;, and
Dy,
matrix of renormalization constants that mixes these two operators.

and demonstrate that the divergences in these matrix elements can be canceled by a

We start with a more careful analysis of the matrix elements

(Dy,) = (016r(—p)Ds 0r(P)|0)  and  (Dy,) = (0l¢r(—p)D.s, dr(p)[0) (4.11)

near the intersection. In section 3.2 we showed that (eq. (3.36))

(Dy,) = qul (VJL(z;p) + fﬁi)(z,p)) +0(\3), (4.12)
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where the two-loop correction is given exactly as (eq. (3.31))

5 vol $%2 T(4HT(—Jp)

Fam T T, iz 2 P )T T,

FP(zp) =(Ai)

For generic Jp, this correction has a divergence at small ¢ = 4 — d coming from the factor
d—4

(=22 - p)?r(—p*) "= ~772 as given in (3.33). In terms of the matrix element (D, ), it can

be written as

AP o1T1 1
(471’)46 12 2JL(JL—|—1)

and the pole was removed in section 3.2 by renormalization.

(Dy,) = <1 + }) (D, ) tree + O(N\?) + (regular at e = 0), (4.14)

It turns out that the matrix element (Dy, ) also has a divergence for any fixed ¢ > 0 and
a special value of JL, which also comes from the factor (—2z 'p)JL(—pQ)d%ALJLJ. Indeed,
near J;, = Jq = &2 (J<, ~ —1 for small ¢; we will see the significance of its precise value
shortly) we find that21

1
J<]_JL

d—4

(—p*) 7 ~P0(—p) ~ 5(p?). (4.15)

On the pole, the angular factor (—2z-p)’t coincides with that of the shadow transform of
Va_d—j,, so that we can write

1 )\2M2€

Fip(z:p) ~ R()Ss[Va—a_1.) (), (4.16)

where, after a short calculation (setting u = v/4me=7/2[i as usual), we find the coefficient

(i/p)221 375 ~ID(d — 4)T(3 — HI(152) _ 1
R(e) = — =—-+1+0(e). 4.17
( ) F(dgl)r(?)d;lO) € ( ) ( )
In terms of the matrix element (D, ) this means
1 )\2M26 -
(Dy,) ~ R(€)(Dy,)tree + (regular at Jr = Jg). (4.18)

Equatlon (4.18) suggests why this dlvergence appears: the divergence in D, is propor-
tional to D J,- We can thus say that D, and D 7, mix. For this to be possible the mass dimen-
sions must agree. Note that the (tree-level) mass dimension of Dy, is —AL(Jq) = —Jq—d+2,
while the mass dimension of D 7. 18 =Ar(2—d—Jg) = Jq. Furthermore, two-loop contributions
always appear with the factor 12 = p2(#=9_ and so we have to solve

21See appendix B. There are also other singularities in the two-loop correction to (D, ) that can be classified
using the results of appendix B. They will not play a role in the present discussion.
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Figure 14: Free theory Regge trajectories (dashed, red), with the operators participating in
the mixing at J; = J4 shown as green dots. Their scaling dimensions Ay = 1 — J differ by
2¢, which is the mass dimension of the coupling A?i%¢. The renormalized trajectory at O(e?)
is shown in solid blue. The plot is made at ¢ = 0.3.

which gives Jq = %, see figure 14. We use the subscript < for J, due to the triangular shape
formed by the lines in figure 14.

The divergence (4.18) is worrisome. What does it mean? We expect our perturbative
calculations to follow the following very simple logic: perturbation theory in d = 4 is divergent;
the divergences are regulated in d = 4 — e where they appear as 1/e poles; we remove the
1/e poles to get a sensible e-expansion. Here we have a divergence that is not regulated
in d = 4 — e: the matrix elements of the bare detector D, are infinite at two-loop order
regardless of the value of e.

When d = 4, this divergence happens at J; = J4 =~ —1. This suggests to view it as the
cause of the breakdown of perturbation theory near Jr, &= —1. This is similar to the breakdown
of the e-expansion near € = 0 that would happen due to 1/e poles if we did not renormalize our
operators. We should thus try to improve perturbation theory by renormalizing our operators
to remove the 1/(J, — 4%) poles.

As a first attempt, we may try the combination

- C——Dy,, (4.20)
where C' is chosen using (4.18) so that the 1/(J — Jq) pole cancels in the matrix elements.

While this combination can cancel the 1/(J, — Jg) pole, it is not consistent with dimensional
analysis and the Lorentz spins of the two terms do not match. We may then consider an
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improved version

Dy, (4.21)

which now has matching dimensions and spins and still cancels the pole. Note that even
though the divergence occurs at one value of Jp, to cancel it we are forced to consider a
mixed combination of the two trajectories for all values of Jr,. In the above we could replace
C' by any holomorphic function C(.Jr) that has the correct value at Jq. This is a scheme
choice of the same kind we face when removing 1/¢ divergences. Physical quantities will not
depend on this choice.

The linear combination in (4.21) is sufficient to remove the 1/(.J, — J4) divergence, but
it does not remove the standard 1/e divergence. Simply adding the standard counter-term
defined by (3.37) will not work because it will reintroduce the 1/(J;, —J4) pole. This happens
because, as one can see from (4.18), the constant C' in (4.21) itself contains a 1/e pole: the
divergences overlap. The total divergence of the matrix element near J;, = J, and € = 0 has
the schematic form

1 1 1
Dy, )~ - 4.22
(Do) AT A (4.22)
We seek a renormalization that removes all these divergences at the same time.
We can try to represent the divergence as
(Dy,) = X (€, JL)(D, Yiree + 12~ 2LY (€, J1) (D, Viree + finite, (4.23)

and similarly for 5, so the renormalization factor becomes a 2 x 2 matrix acting on the basis
(DJL,M2_d_2JL5JL). The coefficients are to be found by making all matrix elements in the
renormalized basis free of the poles (4.22).

A complication can be anticipated: because D¥ = 5¥, the coefficients X and Y in
eq. (4.23) will contain spurious poles at Jy, = Q%d ~ —1, due to the degeneracy of the basis.
In some sense this is really a problem with the tree-level basis. Before proceeding with the
two-loop renormalization, we should first fix the tree-level problem.?? We thus define a basis

that is non-degenerate near the intersection:

DJ B ’u2fd72JL 5J _ DJ
Dy, = <D{,L> , = i 20 (4.24)
L 2

Since the two entries have the same mass dimension and Lorentz spin, the renormalization
matrix in this basis will be dimensionless and Lorentz invariant. The detectors Df]L however
do not have definite scaling dimension due to the explicit presence of y. Note in particular that

D:-q4 and D/, , are linearly-independent, but D’,_, does not scale in a standard way. Instead,
2 = =

228trictly speaking, we could proceed also in the degenerate basis. In fact, we will do so in section 5. Here
we will chose a non-degenerate basis in order to make the discussion of the intercept more transparent.
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D, , 4 and Da_ 2-d form a log-multiplet in the free theory. As we will see later, interactions break
thls log—multlplet into two independent operators.

The renormalization of D;, can be worked out from the divergences in eqs. (4.14) and
(4.18), which give respectively:

A1 1

(Dy,) = )i [12 - 2JL(JL+1J (Dj, )tree + (regular at € — 0), (4.25)
A2 1 R(e €R (e

<DJL> = (471‘)4 JL _ J<] |: ; )<DJL>tree - 2( )< f]L>tree + (regular at JL — J<]). (426)

As a sanity check, let us verify the compatibility of these equations. Recalling that R(e) ~ %,
the second line gives the double pole

>\2 <DJL>tree
(4m)* 2e(Jp, + 1)

(Dy,) ~ + (less singular as € — 0, J, — —1), (4.27)

which is in perfect agreement with the first line. This confirms that we identified all nearby
singularities, and allows us to combine the divergences into a single expression:

A2 1 1 R(e)
(4m)4 <[12e S 2edp  2(Jp — J)

€R(€)
2(JL - J<1)

(D) = (D, )inee <D&L>tree) T (vegulan).

(4.28)

The divergences in (15 ., ) follow by the simple replacements Jy, — 2—d—J, and D ¢ D, which
transforms Df]L in a simple way. Employing elementary algebra, we obtain the divergences
in the matrix elements of the basis (4.24), or equivalently the renormalization factor which
cancels them:

Dy lr= 25Dy, (4.29)
with
1 1 R(e) —eR(e)
Z, =1+ L T2¢ ~ 2edp T 200-Ta) 2(T—Ja)
o (4m)4 1 _ R(e) 1 1 _ R(e) :
JL(J+d=2)  (Jo—Ja)(Jot+d—2+Ja)  12¢  2e(@—d—Jz) _ 2(Jo—Ja)

(4.30)

As expected, the renormalization factor has singularities at ¢ — 0 and as J;, — Jq ~ —1 and
its shadow 2 — d — J4 =~ —1, but no other singularities near the intersection point. We have
thus succeeded at removing all the known singularities without introducing new ones! The
renormalized detectors [Dy, | form a regular basis near the leading intersection.

From this result we can deduce how the dilatation operator acts as a 2 X 2 matrix in this
basis,

DDy, |r=2[Dy, |5 (4.31)

— 36 —



The dilatation operator D captures the physical scale dependence of matrix elements, and is
given on detectors at infinity by

0

D = Deng - 810gu’

(4.32)

where Deyg is the operator counting the engineering mass dimensions. We stress that this is
not simply the p dependence, because of the explicit factors of p in the basis (4.24). In fact,
D commutes with powers of u. At tree-level it gives

DDy, = (2—d—J;)Dy, + O0(\?), DD;, = JiDy, + O()\?), (4.33)

and working through the basis change in eq. (4.24) we find

2—d-—Jg 0
= . 4.34
Dy ( 5 JL) (4.34)

It will be significant that this is non-diagonal already at tree-level. At higher orders, acting
on eq. (4.29) we have

9 =2, (%0 + D)) 2y, (4.35)

where D) acts as renormalization group flow on the couplings in Z,

Dy = B(A)aa)\ = (—eX+ O(AQ));)\. (4.36)

Substituting in eq. (4.30) and commuting % across, we finally find

A2 + -1 eR(e
@:%+< o0 . ©
Ji(

1 2 1
(4m) 2-d—J;) 2dJ, ©

) +O(\3). (4.37)

This is the main result of this section. Crucially, all entries are regular as e — 0 and Jp, ~ —1.

4.3 Interpreting the result

What can we extract from the dilatation operator & in (4.37)?

Firstly, it should correctly reproduce the anomalous dimensions of D, away from the
intercept Jr, = %. This is essentially guaranteed by construction, since it is just a change
of basis away from the usual (diagonal) dilatation operator that we discussed in the previous
section. It is still interesting to verify it directly from (4.37). If we define O = v[Dy, |r for

some row vector v, then
DO =vZ[Dy, |r. (4.38)

Thus, in order to have scaling detectors O with the property DO = —A;O we must choose
v to be a left eigenvector of 2, v = —Apv.
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At tree level, such eigenvectors are v%o) = (1,0) and véo) ( ¥ L _,1) with eigenvalues
L=

vgo)g =2—-d- JL)vg]), véo)g = JLvéo). (4.39)

Unless J;, = %d, these are non-degenerate, and thus the corrections to the eigenvalues are
easily determined. The only subtlety is that & is not Hermitian, and so its perturbation theory
is a bit more general than usually encountered in quantum mechanics. In practice this means
that we should track both left eigenvectors v; and right eigenvectors u; for each eigenvalue.

Normalizing them so that v;u; = J;; (which gives ugo) = (1, 2_;_1JL) and u( ) = (0,1)), trivial

modifications of the standard theory give for the O(\?) eigenvalues
—(Ap)i = v 2u® + O, (4.40)

and so in particular

)\2
(AL)1=JL+d—2+(

(4n)? L ! ) - O(e)> +O(N3). (4.41)

6 Jo(Jp+1

This is equivalent to (3.38) obtained in section 3.2, and leads to the standard result for
the anomalous dimension of the leading twist trajectory upon specializing to the fixed point

A= @6 + O(€2).
More generally, the characteristic equation for Z gives:

0= det(Z + Ap)
=(AL+J)(Ar+2—d—Jp)

A2 _2AL+2—d+ (2 —-d)AL N
(47)* 6 J(2—d—Jp)

2(1 — eR(e))> +0(\3), (4.42)

which generalizes the physical state condition (2.27) to the theory away from the conformal
fixed point A = A,. The singularities at Jr ~ 0, —2 will be discussed in the next section.

The advantage of the dilatation operator in the regular basis (4.37) is that we are free to
set Jp, = Q%d directly, since the matrix is perfectly regular. At tree level we find

4 0
Do = < ; H) . (4.43)

2

This does not only have degenerate eigenvalues, but also forms a non-trivial Jordan block.
Thus, Da- 2-d and D', 2 form a logarithmic multiplet at tree level.

ThlS is surprlsmg at first sight since & is expected to be self-adjoint with respect to
the inner product defined by the two-point functions of time-ordered operators. This is
required by target-projectile duality in the Regge limit of correlators, see section 2.3 of [15].
Physically, correlation functions should depend only on the relative boost between a target
and a projectile and not on individual boosts. However, nothing ensures that this inner
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product is positive, nor nondegenerate at weak coupling in the regular basis (4.24), which
could explain eq. (4.43). It would be interesting to further study Regge factorization in this
basis.

The Jordan form makes the determination of the eigenvalues harder than above, and the

easiest way is to solve the characteristic equation in (4.42), restricted to Jp = 2%[. It has

solutions

(Ap)e=1-°7F V2

3 ¥ P (14 0(€)) + 0(\?). (4.44)

Writing this result in terms of J = 1— Ay, and evaluating at the fixed point A = (4?2 e+0(e?),
we find

Jy = (; + ?) e+ O(e?). (4.45)

The Regge intercept is the larger of the two roots, which agrees with (2.29) obtained from
general analyticity assumptions. Here we observe two new features. Firstly, we can set ¢ =0
in (4.44) to obtain the Regge intercept in the non-conformal massless 4d ¢* theory:

V22

(AL)i =1F W + O()\2) (4.46)

Secondly, we can explicitly determine the (left) eigenvectors of 2,

vy = <1, iﬁaﬂzu +0(e) + O()\2)> . (4.47)
In particular, the detector v4[Dy, |r is the Pomeron of the Wilson-fisher theory.

In this calculation, we saw explicitly that the intersection of two trajectories gave rise
to a logarithmic multiplet at tree level. We were able to construct a logarithmic partner for
D2—_q due to the existence of two tangent spaces at the intersection point, even though Da_q
is the unique primary operator at that point. Turning on interactions broke the logariti—
mic multiplet into two conventional primary multiplets. The Jordan form of the tree-level
dilatation operator was essential to produce an O()) splitting from a two-loop diagram.

In section 2.5 we considered characteristic equations of the form

(A = (Ap)1(JL))(AL — (AL)2(JL)) =0, (4.48)

and observed that non-perturbative analyticity in spin implies an all-orders cancellation of
poles near the intercept. Here we realized such an equation from the determinant of a mix-
ing matrix (4.37) which is guaranteed to be free of poles near the intercept, provided our
renormalization procedure (removing both 1/e and 1/(J — Jg)-type poles) is self-consistent
to all orders. As in section 2.5, this characteristic equation allows us to partially resum the
perturbative expansion to obtain reliable results near the intercept, as we saw in the example
of J, L = Z%d
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4.4 Can trajectories intersect?

It is interesting to ask whether all intersections in the free spectrum (figure 9) get resolved in
a way similar to the resolution of the Regge intercept. It is tempting to conjecture that any
given intersection will always get resolved at a sufficiently high order in perturbation theory,
meaning that there will be no level crossing. Taking this conjecture to its extreme, one can
conjecture that in the non-perturbative theory all light-ray operators (with the same global
symmetry) live on a single complex-analytic Regge trajectory.

Here we will simply make an observation of a statistical nature. We saw that it is fruitful
to view Regge trajectories as the solutions to a mixing problem, where near intersections
one diagonalizes a regular “Hamiltonian” representing J = 1 — Ay. In similar situations in
quantum mechanics, one generically expects level crossings to be resolved, in the absence of
symmetry or fine tuning.

Let us review this genericity argument, considering for example a 2 x 2 D(v),

D) = <“(”) b(”)> , (4.49)

where v is a real parameter. In our situation v is the horizontal coordinate in the Chew-
Frautschi plot, D represents the dilatation operator whose eigenvalues give Ay =1 —J. The
discriminant of the characteristic equation for D is

Discr D(v) = Discry (det(A — D(v))) = (a(v) — d(v))? + 4b(v)c(v). (4.50)

The discriminant vanishes if and only if D(v) has degenerate eigenvalues. If D(v) is Hermitian,
then we would have that a(v),d(r) € R and ¢(v) = b(v)*. In this situation,

Discr D(v) = 4[b(v)[* + |a(v) — d(v) %, (4.51)

and Discr D(v) = 0 implies a(v) = d(v) and b(r) = 0. This gives 2 or 3 real conditions,
depending on whether b(v) is real or complex, for just one real variable v. Generically
these cannot all be satisfied, making level-crossing non-generic in quantum mechanics. The
discriminant is over-constraining because it is the sum of two non-negative terms. If n energy
levels get close to crossing each other, one can extend this argument by considering an nxn
sub-matrix capturing those states.

Now, in the case of Regge trajectories, we do not expect D(v) to be Hermitian, at least
not when written in a form that is regular in perturbation theory (witness the Jordan form
in (4.43)).

Naively, Discr D(v) = 0 is then a single real equation and one might generically expect a
solution for v € R. However, such a solution, where D(v) has a single zero, does not describe
level crossing, rather it represents two real solutions colliding to become a complex-conjugate
pair, as in the third of figure 15.

In fact, if we define “no level-crossing” for Regge trajectories to mean that det(1 — J —
D(v)) = 0 defines a non-singular complex surface in C? (in particular it cannot look like the
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N o
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1% 1% 14

Figure 15: Left: naive level-crossing. Right: two generic resolutions for a non-Hermitian
Hamiltonian.

left of figure 15 in any real section), then generically we do not expect level-crossing as long
as D(v) is (locally) holomorphic in v. Indeed, a singular point (J, ) would need to satisfy
three independent conditions,

det(1-J—D(v)) =0, 09 ;det(l1—J—D(v)) =0, 09,det(l—J—D(v)) =0, (4.52)

and it can be checked that such a point exists only if Discr D(v) has a double-zero at some
v, which is non-generic. Moreover, the surface will be connected as long as Discr D(v) has
a zero in the complex plane, which is generic. These arguments can be straightforwardly
generalized to the n X n case.

Of course, none of this proves that level crossing is impossible, only that we do not expect
to see it unless some yet unknown structure restricts the mixing between trajectories.

5 Horizontal trajectories

As explained in section 2.6, we can build horizontal trajectories by taking a product of de-
tectors O (0o, 21)D2 (00, 22) and convolving with a Clebsch-Gordan coefficient for the Lorentz
group. Which Lorentz irreps can appear in this decomposition? Recall that z; and 2o can
be thought of as embedding-space coordinates for the celestial sphere S%2. Let us assume
for simplicity that Q1(oo, 21) and Q2 (oo, 22) transform like scalar operators on the celestial
sphere. Then their product Q1 (oo, 21)02(00, 22) can be decomposed into traceless symmetric
tensor operators:

/ Dd7221Dd7222KJL7]'(21, 292; Z)@l (OO, Z1)@2<OO, 2’2). (5.1)

The corresponding representations are two-row Young diagrams for SO(d — 1,1), with row
lengths (Jr, 7). Here, —Jp, € C is a scaling dimension on the celestial sphere, and j € Zx>¢ is
spin on the celestial sphere, which we call “transverse spin”.

The Clebsch-Gordan coefficient that implements this decomposition is a conformal three-
point function on the celestial sphere. For example, in the case 7 = 0, we have

Kypo(z1,202) = (P_j, (21)P_5 (22)P-,(2)), (5.2)

— 41 —



where J, i = 2 —d — Jr; and we have defined the standard celestial three-point structure

1
(Ps, (21)Ps, (22) Psy (23)) = 51 403-03 091953-01 03101—03 (5.3)
3 3 2

212 223 231

where z;; = —2z; - z;.
In this section, we study horizontal trajectories built from products of the detectors
Dy, (#). In other words, we will study renormalization of the composite detector

HJL17JL2 (Zlv 22) = DJLl (Zl)DJLQ (22)‘ (5'4)

A special case of (5.4) is the product of light-transformed operators : L[¢?] (00, z1)L[¢?] (00, 22) :,
which at tree level is proportional to Hs_g43-_4(21,22). This operator will eventually be our
main interest, since in section 5.3 we will find evidence that it appears in the Regge limit of
a correlation function of local operators (¢?¢2¢p2¢?).

Before launching into a detailed discussion of Hj,, 7,,(#1, 22), let us first explain why we
do not consider the apparently simpler expression

: L[@] (00, z1)L[@] (00, 22) : . (5.5)

The reason is that in the free theory the operator L[¢](0o, z1) vanishes.?? Indeed, any matrix
element of the schematic form

(0l¢-- - oL[¢]¢ - -- 9|0) (5.6)

can be computed by Wick’s theorem, and each term in the result will contain either (0|¢L[¢]|0)
or (0|L[¢]¢|0). However, as shown in [1], L]¢] annihilates the vacuum on both the left and
the right, so (0[¢L[¢]|0) = (0[L[¢]¢[0) = 0.

One can also view this result as a consequence of equations of motion: LS jL[¢] is propor-
tional to the usual shadow transform Sa[¢] [1], and (regularized) Sa acting on an operator
¢ of dimension % is just ¢ = 0. This suggests that as interactions are turned on, we have
O¢ x A¢3, and so L[¢] x AS;L[¢3]. In other words, L[¢] lives on the shadow of whatever
trajectory L[¢?%] belongs to. So L[¢?] is indeed the simplest light-transform we can consider

in the Wilson-Fisher theory.

5.1 Renormalizing #;,, j,,

To renormalize Hj,, j,,, we study its event shape in a two-¢ state:

(27T)d5(p1 +p2—q1 — q2)<HJL17JL2 (21’ ZQ))
= <0|T{¢R(_Q1)¢R(_Q2)}HJL1,JL2(217ZQ)T{(éR(pl)QﬁR(pQ)}‘O% (57)

23There is an additional complication that the definition of the light-transform is not convergent on ¢ for
d < 4 (it converges on operators of dimension A and spin J satisfying A + J > 1 [1]). However, we can
define the integral by analytic continuation in A, similarly to what we did with the spin shadow transform in
section 4.1. In this sense, (d — 4)L[¢] is well-defined in a neighborhood of d = 4.
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q1 q2

21 22
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p1 P2

Figure 16: Tree-level contribution to (5.7) for p; ~ ¢; and py ~ go.

Here, we continue to use (H,,,7,,(21, 22)) as a convenient shorthand for the event shape with
the momentum-conserving d-function stripped off.

A tree-level contribution to (5.7) is shown in figure 16. Altogether there are four tree-level
diagrams related to figure 16 by permuting p; <> ps and ¢; <> ¢g2. Their sum is:

(Hypy 700 (21, 22))tree = (27)%(p2 — q2) Vi, (215 1) Vi, (22:p2) + (01 < P2, 1 < @2),  (5.8)

where the vertex Vj, (z;p) is defined in (3.27). This event shape is simply the product of
“EJi=1 fluxes” in two different directions.

There are no divergent one-loop diagrams contributing to the event shape (5.7). At
two-loop order, there are two types of diagrams we must distinguish. Firstly, there are
diagrams where we decorate only one of the detectors with loops (such as those considered in
section 3.2), while the other detector simply contributes a tree-level vertex Vy, (z,pi). We
refer to these as “disconnected” contributions. Secondly, there are diagrams that connect both
detectors Dy, ,(z1) and Dy, ,(22) via loops. We refer to these as “connected” contributions.

As explained in the previous section, disconnected contributions lead to subtle mixing
between Dy, . (z;) and its shadow Dy, . (z;). When analyzing operators close to L[¢?|L[¢?], this
mixing depends sensitively on the values Jr1, Jr2, since they are very close to the Pomeron
intercept.

5.1.1 Connected two-loop diagram

Up to two-loop order, the unique connected diagram (modulo permutations) that contributes

a nontrivial divergence in our event shape is shown in figure 17a. The physical interpretation

is that the particle p; can split into other particles before arriving at the detector. The

detector can then measure these other particles even if p; is not in the direction of z1 or zs.

Hence, splitting due to interactions effectively “smears” the detector over the celestial sphere.
The diagram is given by:

2) _ (y~e\2 2 2 d?k . o 1
G = (Auc) (27r5(91))(2775(p2))/ (QW)dVJLl(Zhk)VJL2(227q2 p2 — k) 72— i0) (a2 + i)
) oo Tl pTre—10%(q2 — P2 — Brz1 — P2z2)
= pmstaid) [ a5 e i M X
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1 p2 p1 P2

(a) (b)

Figure 17: Loop-level contributions to the mixing of #(z1,22). (a) Connected diagram
which induces “smearing” on celestial sphere. (b) Disconnected diagram for the correction
to an individual detector. There exist other diagrams at O()\) and O(A?) but they do not
contain IR divergences.

Momentum conservation at the interaction vertices implies

p1 = q1 + B121 + Paza, (5.10)
q2 = p2 + Prz1 + Poza. (5.11)
Plugging these expressions into the propagators, we obtain
€ 2 B L B
g® = (;W’;d)_ﬂq%)é(p%) / dprdpay Ty T

§%(ga — p2 — B1z1 — Baza)
201q1 - 21 + 2B2q1 - 20 + 2018221 - 22)(2B1p2 - 21 + 2P2pa - 22 + 251 P21 - 22)
(5.12)

A

All the angular integrals are gone because the detectors lie at definite angles z;, we only have
to integrate over the two energies [;.

We have in mind J;; ~ —1 (corresponding to L[¢?] detectors), so the 3; — 0 limits
separately converge. However the integral has an IR divergence when both 3; simultaneously
go to zero if Jp1 + Jro +2 = 0. This is the regime where particles formed by splitting
become soft. To compute the divergence, we can ignore higher-order terms in 31, 82 in the
denominator, and also ignore 1, 82 inside the d-function. Making these approximations and
changing variables to 1 = fz'/2, B = Bz—1/2, we obtain a pole 1/(Jp1 + Jrz + 2) from the
integral over (:

)\/76 2 -1
g% ~ ((27r)d)_2 Jr1+ Jr2 + 25(Q%)5(P%)5d(QQ = p2)Ka(21, 22541, p2), (5.13)

where o = % and we have defined the kernel

z a z @

Z13 _ | 214

d.%' I’ia T <223> (Z24) (5 14)
= — , .

213 + 223)(T214 + 224)  sinTo 224213 — 214223

oo
Ka(21,22;23,24) E/
o (
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where z;; = —2z; - z; as before. Note that K, in (5.13) has homogeneity degree —1 with
respect to g1 and po.

Since the divergence (5.13) is proportional to the on-shell J-functions §(q?)d(p2), it can
be written as an angular integral over tree-level event shapes. The following identity applies
to any function with the homogeneous scaling f(\z) = \2~47/L f(2):

2 /132
[ovi e =2 [ Da et p5) < 256050, 615)

where we used the definition of the measure D?~2z given below (2.18). Equation (5.13) can
thus be written

~e\2
@ (M) -1 9 Vdsd( g
g 4(2m)24=2 Jp1 + Jr2 + 2( m)"0% (g2 = p2)
X /Dd_223Dd_2Z4Ka(Z1,22;23,24)Vé—d(23;Pl)V3—d(Z4;Pz)- (5.16)

Other connected two-loop diagrams can be obtained by summing over p; <> ps and
q1 < ¢g2. Overall, we find

()2 —1
Aoz (21, 22)>20(1)CI)1(;1I.)’ 4(2m)24=2 Jpy + Jro2 + 2

X/Dd_223Dd_2Z4Ka(Zla22;ZSaZ4)<H3—d,3—d(23724)>tree (5.17)

Note that the divergence in Hj,, j,, is proportional to H3_g3_4, regardless of the values
of Jp1 and Jro. Thus, only Hs_43-4 gets multiplicatively renormalized (with some integral
kernel) — other detectors get additively renormalized. This happens because the homogeneity
in g1 and pg of (5.13) determines the Lorentz spin of the resulting detector.

The multiplicative nature of the divergence can be made more explicit by exploiting
the full power of Lorentz symmetry. Indeed we have not yet diagonalized the total spin of
the operator on the left, which also includes an orbital component. As anticipated in (5.1),
eigenfunctions are simply labelled by three-point functions,

HJLLJLQ;JL (Z) = /Ddzled2Z2<P—JL (Z)Pd—2+JL1 (Zl)Pd—2+JL2 (22)>,HJL17JL2 (Z1722)'
(5.18)

By the uniqueness property of three-point functions, these automatically diagonalize the
integral:

/ D2 D220 (P, (2)Paot gy, (21)Pa—otp, (22)) Ka(21, 22; 23, 24)

= Wd_QHa(JL><P_JL (Z)P1(23)731(Z4)> (5.19)
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Thus the divergence in eq. (5.17) can be written more simply as

(A)? -1
U . ~
i nasts (Z»QC(I)?SF’ (4m)d Jry + Jre + Q’Q

This is the main result of this subsection. Here, as before a = % The eigenvalue

a(JL)(H3-d3—-d:7; (2))tree- (5.20)

ka(JL), computed in appendix C, takes the form

/ﬁ?a(JL) =

77 oSBT (=4) T (#57 — )T (P52 + ) + O(). (5.21)

The eigenvalue is nonsingular for o ~ € and generic Jr..

The full basis of eigenfunctions, according to the tensor product decomposition in eq. (5.1),
includes states with nonzero transverse spin j # 0. Remarkably, it turns out that the eigen-
value kq(Jr,j # 0) identically vanishes for all nonzero j! This is shown in appendix C; for
a = 0 this also follows from the results of [4] and the fact there there are no horizontal trajec-
tories with J = 0,1,--- and j = 0. We will thus restrict our attention to j = 0 states. Note
that this is distinct from what happens in the BFKL case, where all transverse spins evolve
nontrivially (although some may appear with vanishing OPE coefficient in specific examples
due to selection rules, see [51]).

5.1.2 Disconnected contributions and the complete renormalization

In addition to the connected diagram in figure 17a there also exist disconnected diagrams
which correct each of the two constituent detectors Dy, , inside of Hj,, s,,, see figure 17b.
For Jr1,Jr2 ~ —1 these diagrams lead to the mixing of D;,, with 5JLZ., as we discussed in
section 4.

To interpret the results of section 4 in the context of Hj,, j,,.7, We can just apply
the conformal decomposition (5.18) to the divergence (4.23). It is important however that
after performing the angular integral in (5.18), the shadow detectors D J.; do not define an
independent family of detectors, rather they are just proportional to Dy_g_,,. Thus,
(Mpynas0s )2 100p, = (X(€, J11) + X (€, J12)) (Hupy 030, tree

disc.

+ S(=Jp,d =2+ Jra, [d— 2+ Jp))Y (e, Jp )42 (Ho—d—, 1 Jpoidp ) tree
+S(=Jp,d =2+ Jp1, [d— 24 Jpa))Y (e, Jpo) 242 (Mg 2—d—Jpoiy ) trec

+ finite. (5.22)
Here the shadow coefficient S(6y, 8y, [03]) is defined by
(Psy (21)Ps, (22)8.1[Psy (23)]) = S(61, 62, [53]) (Ps, (21)Ps, (22) Pa-2-55 (23)) (5.23)
Explicitly,
d—2
. 7 2 (5= — a—2 T d—2—034+61—02 T d—2—03+62—01 (s
5(517527[53]) = ( ° 2 ) ( 534351,52 ) 5i+52,512 ) =2 3d
R e e S VES

:F(53)F( d—2—632+§1—62 )F( d—2—532+§2_51 ) |
D(d — 2 — by T (B0 (Butgoh)
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In the first line, the first factor is the standard shadow coefficient in d — 2 dimensions and the
second factor comes from the definition (4.8). The coefficients X (¢, Jr,) and Y (¢, Jr,) can be
deduced from (4.28),

RS 1 1 R(e) €R(e)
X(e,Jp) =4 <126 ST To sy STy s vy 2;1)> : (5.25)
V(e Jp) = — 2 €Rle) (5.26)

(4m)*2(Jy — Jo)(Jp — 59)

As discussed in section 4, these have a spurious pole at J; = %, but it cancels in the
combination (4.23) due to Ds_q = D2_a. It therefore also cancels in the combination (5.22).
2

2
Combining (5.22) with (5.20), we can define the renormalized operator

[HJLl,Jm;JL]R :(1 - X<6 JLl) - X(ea JLZ))HJL1,JL2;JL
(—Jpyd =2+ Ja, [d— 2+ Jua))Y (6, Jo)p> ™2 %y g 50 5,00,

-3
— S(=Jp,d =2+ Jp1, [d— 2+ Ja))Y (6, Jpa)®> 22 1y o g giain,
(A

) —JL1—JL2—2
4

ol JL)H5-d5-d:7,. 5.27
(4m)4 JL1+JL2+2“(L) 3-d3—d;Jy, (5.27)

The operator [, J,,.7,|r has finite matrix elements at two-loop level.

5.2 Dilatation operator and anomalous dimensions?

The dilatation operator acting on [H,, j,,:7,|r can now be obtained straightforwardly. The
structure of its action is evident from (5.27):

D[HJLMJLZ?JL]R ~ [HJL17JL2;JL]R + [HQ*d*JLlyJL%JL]R + [HJLhQ*d*JL%JL]R + [H3*d73*d§JL]R7
(5.28)

where we omit explicit coefficients. We can make two observations. Firstly, the subspace
spanned by the three operators

{M3-a3-d7. R, H3—d 1.5, R> [H-1,—1:0, | R} (5.29)

is closed under the action of D. (There are three operators and not four because of Bose
symmetry: [H_13-4.7,|r = [H3-d,—1,7,]r.) Secondly, for all other Jr1, Jr2 the disconnected
part of D acts within the subspace spanned by

{[HJLLJLQ;JL]Rv [Hz—d_JLLJLZ?JL]R’ [HJL172_d_JL2§JL]R7 [HQ—d—JLh?—d—JLz;JL]R}v (5'30)

while the connected contribution adds an off-diagonal mixing with [Hs_43-a.s, R

As far as computing the eigenvalues of D goes, this means that the connected diagrams
only affect the eigenvalues on the subspace (5.29). On the subspace (5.30) the connected
contribution does not affect the eigenvalues, and only modifies the eigenvectors. In fact, for
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most values of Jri, Jra there is technically no need to subtract Hs_g3_q in (5.27), and the
modification to the eigenvectors amounts to removing this subtraction.

As discussed in section 2.6, this suggests that generically (5.30) should not be treated as
new operators, and only (5.29) contains new dynamical information. We can then consider
the problem of diagonalizing the dilatation operator on the subspace (5.29).

This turns out to be subtle for at least two reasons. Firstly, when we go to higher pertur-
bative orders, it is possible that operators other than Hz_43_4,7, Will appear from connnected
divergences. Our preliminary analysis indicates that this happens already at O()\3).24 These
might include operators with other values of Jr1 and Jzo, or with a different number of fun-
damental fields, e.g. L[¢?|L[¢*]. While it isn’t necessarily a problem for diagonalizing the
action of D order by order, this infinite degeneracy raises the question of the meaning of
its eigenvalues. Normally, when we have a finite degeneracy, we can write an RG equation
which shows that computing anomalous dimensions v allows us to resum terms of the form
(vlogz)™, where x is some scale. Here, the structure of the resummation is unclear, and
so the meaning of D eigenvalues is also obscured. Specifically, it is not clear whether the
solutions to the RG equation have the form of a discrete sum of powers z7. It would be
interesting to study this question in more detail.

Secondly, even if we simply focus on computing the eigenvalues order-by-order, our dilata-
tion operator D has poles \?/(Jr; — 25%) ~ )‘?2 due to degeneracy of the basis (5.29) as € — 0.
This can be resolved as in section 4 by a change of basis. This results in the leading-order
dilatation operator becoming a 3 x 3 Jordan block. This Jordan block structure complicates
the perturbation theory for the eigenvalues. For example, in section 4 we saw that at the
fixed point we needed O(€?) dilatation operator to determine O(e) anomalous dimensions for
a 2 x 2 Jordan block. For a 3 x 3 Jordan block we need D to O(e?) to determine even just
the O(e) anomalous dimensions.

To be more concrete, let us define the analog of the regular basis (4.24) for two detectors:

Hig, = [Ha—d,3-d.7.)Rs (5.31)
2 —€

Ho.y, = - (W “H-13-du)r — [M3-d3-d0.)R) » (5.32)
4

Mg, = = (2 Mo~ r — 20 M1 3—a0, R + (H3—d3—d)R) - (5.33)

€

Setting H;, = (Hl;JL,HQ;]L7H3;JL)T, we have

DH;, = 2yH;, + O(\?), (5.34)

2For example, if we replace one of the interaction vertices in the diagram in figure 17a with its two-loop
correction (i.e. a sum of 3 subdiagrams and a counter-term), we will get an O(\®) diagram which induces
mixing of Hz—a,3—a With Hz_44c/2.3-4. Replacing both vertices with their higher-order corrections we can get
mixing with Hs_g1ae/2,3—d+be/2 at O()\“+b+2).
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where (treating A ~ €)

—2 0 0 2 Ftsn 2 0
D=2 —24¢ 0 |+ @yt | 2t = 1
0 4 —242¢ S31 4+ s39 _77 + S33
)\2 ﬂo(JL) 00 s
— 0 00 O . 5.35
+ +0(&) (5.35)

—92ka(JL)|,_, 00

The first two terms come from the disconnected result (4.37) at tree- and two-loop level
respectively, restricted to Jr; = 3—d, while the last term comes from the connected divergence
(5.20). The latter has two columns that strictly vanish, because the divergence involves only
H3—a,3—d.7,- The coefficients s;; originate from the shadow coefficient (5.24) and are given in
appendix D.

Naively, one would like to predict the scale dependence of matrix elements by exponen-
tiating (5.35):

(H,) tapy = exp [log(A) Za] (Hy, ) gy (5.36)

where the expectation value on the left is taken in a state with momenta rescaled by A. The
difficulty is that due to the ~ € terms below the diagonal, the unknown ~ €3 top-right entry
(Z21)13 contributes to the exponential already at leading logarithm order (~ €¥log® A). Thus,
eq. (5.35) does not even contain enough information to predict leading logarithms! The same
conclusion is reached by considering its characteristic equation: eq. (5.35) is insufficient to
predict O(e) eigenvalues.

One might try to make assumptions about (Zy)13 at O()\3®), but representing D as a
3 x 3 matrix becomes questionable at that order since other operators start to mix.

A somewhat analogous situation exists in gauge theories, where evolution can produce
an unbounded number of Wilson lines U(z;). At weak fields these can be parametrized using
a “Reggeized gluon” operator, U(z;) = €9 (%) While it is clear from the Wilson line picture
that increasing the number of Reggeized gluons W (z;) costs powers of the coupling g, it turns
out that terms in the evolution that remove Reggeized gluons also cost the same powers of
g. This second property is crucial to approximately decouple sectors with different numbers
of Reggeized gluons (each having a discrete spectrum [52]), but it is far from obvious in the
Wilson line picture. Rather, it follows from target-projectile duality of rapidity evolution,
mentioned previously below eq. (4.43).25 This suggests that target-projectile duality should
play an important role in scalar theories as well.

The calculations here simply establish a general method for renormalizing individual

diagrams, which applies even in the vicinity of singular points. They do not answer the basic

25The present detector-frame formulation corresponds to resumming so-called non-global logarithms, while
target-projectile duality applies to rapidity evolution of correlators. The evolution equations coincide in the
critical dimension where QCD is conformal [16, 17].
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question of whether the evolution of general composite operators in the Wilson-Fisher theory
can be understood in terms of simple elementary excitations, or even if there should be a
single such “Reggeon” (corresponding perhaps to L[$?]), a pair of them (corresponding say
to the two eigenstates of eq. (4.37) at Jp, = 3 — d), or more. We leave these questions to
future work.

5.3 Appearance in correlation functions

The construction and renormalization of the horizontal trajectories in the preceding subsec-
tions leaves open the question of whether they actually contribute to correlation functions.
This question is further complicated by the subtleties discussed at the end of section 5.2.

In this section, as a first step in addressing these issues, we consider correlators in a
modified theory, or more simply a subset of the diagrams of the Wilson-Fisher theory, which
corresponds to only the connected contribution in figure 17a.26 The renormalization of (5.20)
then gives rise to a single near-horizontal trajectory with (setting Jp =1 — A)

2

(4m)t

Since this trajectory is constructed from a product of two L[¢?] operators, it is natural to

JA)=1—-Ar(Jp) =1+ ro(1 — A) +O0(N\3) . (5.37)

expect it to be exchanged in the correlator (¢2¢?¢?¢?). By examining a subset of Feynman
diagrams and studying CFT inversion formulas, we will show that a Regge trajectory with
(approximately) constant negative spin, J &~ —1, indeed contributes to the Regge limit of this
correlator.

First, as a brief reminder, in CFTs we can rewrite this position-space correlator as:

N CR I C Tle) p——r) (5.38)

L12 ~T3q

with O = ¢? and where (2, %) are the d-dimensional conformal cross-ratios,

2,2 2 .2
Ti,T Té,T
27 = 12734 (1—2)(1—%) =128 (5.39)
2 .2 2 .2
Ti3To4 Ti3To4

We can write the four-point function G(z,Z) as an integral of conformal blocks over the

principal series:

67 =Y. [ S0 Ngsslz3) (5.40)

26The subset of diagrams that we consider here gives the full answer for two-magnon correlators in the
large-N limit of the conformal fishnet theory [53, 54]. In fact, essentially the same calculation as we do here
has been performed in [55]. The exact spectrum of two-magnon Regge trajectories is given by their equations
(4.47) and (4.49) (in arXiv version 1 of [55]), which can be seen to contain a single J = —1 horizontal trajectory
at weak coupling (the authors of [55] were only interested in Re J > 0). In operator language, we expect that,
due to the simplifications in the large-N limit of the fishnet theory, no mixing is possible for the Hz_q4,3-4
trajectory, which then gives the unique contribution at J = —1. Here, our goal is to describe the physical
picture of how these operators appear in the correlation functions, as well as to explain that their contribution
is non-zero in more general theories, such as the Wilson-Fisher theory.
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Figure 18: The operators ¢(z1) and ¢(x2) can create a ¢ operator between them via the
A¢* interaction. When ¢(z1) and ¢(z2) are boosted apart, this ¢? operator gets smeared over
the null cone, creating the detector L[¢?]. Right: when ¢?(z1) and ¢?(x3) are boosted, the
same mechanism can create a pair of detectors L[¢?|L[¢?].

where ga j(2,%) are the conformal blocks and C(A, J) is the OPE function we want to study.
To recover the standard conformal block expansion we close the contour to the right and
pick up the poles in C(A,J). The poles of C(A,J) in A at fixed, positive, integer J then
determine the spectrum of the exchanged operators.?” The Lorentzian inversion formula [26]
gives an analytic continuation of C(A,J) to generic J € C and the poles of this analytic
function are associated to light-ray operators [1]. The goal of this section is then to show
that C(A, J) for (¢?¢?¢*¢?) has a pole at J ~ —1 for arbitrary A, which would correspond
to a horizontal trajectory in a Chew-Frautschi plot.

In practice, we use two different methods. In the first approach we compute the correlator
($?¢¢%¢?) using standard Feynman rules, analytically continue to Lorentzian kinematics,
and then evaluate the Lorentzian inversion formula in the Regge limit. This approach lets
us directly compute C(A,J) for J near —1, but quickly becomes cumbersome at higher-
loops. In the second approach, we use that many Feynman diagrams for (¢?¢?¢%¢?) can be
computed using harmonic analysis for the Euclidean conformal group. In this method we
compute C'(A,J) for positive, even integers using the Euclidean inversion formula and then
analytically continue this expression to J = —1. The fact these two methods agree gives a
non-trivial consistency check for our results. In this section we will mostly explain the first
method, involving the Lorentzian inversion formula, and explain the second method in more
detail in Appendix E.

For the remainder of this section we will work in d = 4 dimensions. We use the standard
scalar propagator (¢(z1)d(22)) = Nyziy, where Ny = -

2. At tree level, our correlator is
given by

<¢2 (x1)¢2 ($2)¢2(x3)¢2(x4)>tree = Gtree(ﬁla x2,x3, 554)7 (541)

where Giree is a sum of Wick contractions whose explicit form will not be needed here.
To understand which diagrams are relevant for finding the horizontal trajectory, it is
helpful to give a physical interpretation for how the product L[¢?|L[¢?] appears in the Regge

2"The function C(A, J) and the conformal blocks also have kinematic poles in A, but these will cancel out.
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Figure 19: On the left, a diagram showing an event shape for L[¢?]L[¢?], embedded inside the
four-point correlator (¢?¢?¢2¢?). We imagine ¢?(x1)¢?(z2) creating the detector L{¢?|L[¢?]
via the mechanism in figure 18. This detector is then measured in states created by ¢?(z3)
and ¢?(z4). On the right, we re-draw the same diagram in a simpler way that makes clear
that it is the square of the kernel S, which is one of the terms inside SGee in equation (5.55).

limit of the correlator. Let us begin with a pair of operators ¢?(z1) and ¢?(x2), and boost
them in opposite directions. In the limit of large boost, the points x1 and zo approach the
tips of a null cone. From each pair ¢(z1)¢(x2), we obtain an effective ¢? operator using the
\¢? interaction, see the left panel of figure 18. This ¢? operator is smeared near the null cone
with a wavefunction that becomes independent of the null direction in the large boost limit
— in other words, at large boost, we end up with L[¢?]. Since we have two pairs ¢(x1)¢(z2),
we obtain two L[¢?] operators, as shown on the right panel. This argument shows that the
detector L[¢?|L[¢?] should appear in the Regge limit of (¢2¢?¢>¢?) at order O(A\?).

We can embed the second diagram of figure 18 into a standard Feynman diagram for
($?¢2¢%¢?) by evaluating its expectation value in a state created by ¢2. This leads to the
diagram in figure 19. We recognize this as the square of the standard conformal box diagram:

A2 1 1
F(Q)(:L") = NS/dd:L"lddx'Q
' 2% T T TR Ty Ty Ty T Ty
)\2 =\2 2
= X s 2L (29z2) (5.42)
2 L12%34
where the factor of 1/2 is a symmetry factor and
W, = 1 : o _ 1—2
O\ (2,%2) = — | 2Lig(z) — 2Li2(Z) + log(2%) log ) ) (5.43)
z2—Z —Z

We next need to plug this result into the Lorentzian inversion formula. The inversion
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formula for (p?¢2¢p?¢?) in 4d is:*®

1

_ )2
C(A,J) = “A;J / dzdz(z(zz;)g s43.a-3(2, Z)dDisc[G(z, 7)), (5.44)
L)
K , 5.45
TR (54)
where here ga j is a 4d conformal block,
_ ZZ _ _

98,0(52) =~ (hars(2hay2(2) — (= ¢ 2) (5.46)
kon(z) = 29 F1(h, h,2h, 2), (5.47)

and the double-discontinuity is defined by:

1. v

dDisc¢[G(z,2)] = G(2,2) — 5 (G°(2,2) + G°(2,2)] . (5.48)

The arrows in G“°© indicate how we analytically continue around the branch cut that runs

along z € (1,00).%

To look for poles of C'(A,J) in J, we should study the Regge limit
2z =o0, Z = no, (5.49)

with o — 0 and 7 held fixed.>" In this limit, the ¢-channel dDisc of (5.42) becomes
1
dDiscy [x‘ll2$§4F(2)(xi) A N8A22 677(01_0g)(). (5.50)

Plugging this into the Lorentzian inversion formula and evaluating the integral in the limit
o — 0, we indeed find a pole at J = —1:

77 sin(mA)T ( )
J+Lcost ("R)I(A—2)I(A—1)

CA(A, ) ~ N§A2 (5.51)

This calculation shows that the correlator (¢?¢?¢2$?) does indeed contain a horizontal
trajectory near J = —1. The result (5.51) encodes the appearance of this trajectory at
O(X\?), as anticipated above. To find its anomalous spin, we must study the correlator at
O(\*). However, before doing so, it will be helpful to understand the appearance of the
1/(J 4+ 1) pole in (5.51) in a more efficient way using Euclidean harmonic analysis.

28/%; is a kinematic factor and should not be confused with the eigenvalue ko (Jr) studied in the previous

section.

2%In general the inversion formula has distinct contributions from the ¢- and u- channel double-discontinuities,
but ($2¢>d?p?) is invariant under x3 <+ 4 so they give identical results.

30The pole at J = —1 will come from the o < 1 region of the integral so we can focus on this part of the
integrand.
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Figure 20: The kernel S(x1,x2,x3,x4) in pictorial form.

Staring at figure 19, we recognize that it has the structure of a composition of kernels
acting on pairs of spacetime points:

(S152)(x1, 2, T3, 24) = /ddxlldd:v'QSl(fL‘l,xz,a:'l,33’2)5’2(;13’1,:U'2,$3,x4). (5.52)

Specifically, we can think of the diagram in figure 19 as part of the composition

N (SGiree) (21, T2, w3, 4) C (¢ (1) (02)9° (w3) ¢ (24)) (5.53)
where the kernel S is given by
N 1

S(x1,x0;x3, = — 555, 5.54
( b :1:4) 2 x%3x%4x%3x%4 ( )
see figure 20.

In fact, figure 19 is part of a series of diagrams obtained by iterating the kernel S:

(0% (21)8° (x2)9*(23)9(4)) D D AP (S"Giree) (1, T2, T3, 4)

n=0

1
_ (Gtree> (21, 29, 3, 24). (5.55)

1— )28
Note that S(x1,z2;z3,x4) contains a factor of 1/2. The terms in (5.55) thus contain factors
of 1/2™ that account for the symmetry factors of diagrams obtained by composing multiple
S’s. In the last line of (5.55), we summed the geometric series.

Nicely, the term S2Gree in (5.55) can be interpreted as an embedding of figure 17a into
the four-point function, see figure 21. Thus, we expect this term to reveal the anomalous
spin of the horizontal trajectory. The full series (5.55) represents the exponentiation of this
anomalous spin.

Because S is conformally-invariant, it can be diagonalized via its conformal partial wave
decomposition, with eigenvalue s(A, J). The key observation is that the eigenvalue s(A,.J)
exhibits a pole at J = —1, as we show in appendix E:

sin(78) 1

AJ)~— .
s(A,J) 12872(A — 2) cos(7£)2 J + 1

(5.56)
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Figure 21: On the left, an embedding of the anomalous dimension diagram from figure 17a
inside the four-point correlator (¢?¢?¢2¢?). We imagine ¢?(x1)¢?(x2) creating the detector
L[¢$?|L[¢?] via the mechanism in figure 18. This detector is measured by particles that
propagate from xg, x4, split at 2/ and 24, and are finally detected at 2 and z%. On the right,
we re-draw the same diagram in a simpler way that makes clear that it is the cube of the
kernel S, which is one of the terms inside S2Gyee in equation (5.55).

This matches the 1/(J + 1) pole in (5.51). However, we can now proceed further and use the
eigenvalues of S in the re-summed series (5.55), giving

1

CAI) D T

Ctree(Ay J) (557)
Plugging in the eigenvalue (5.56) near J = —1, we find a pole in C(A,J) at the shifted
location

A2 272 sin(7£)

J=—1+ ,
(4m)* (2 — A) cos (T2 )2

(5.58)

in precise agreement with egs. (5.37) and (5.21)!

Thus, we have found a match between a subset of diagrams contributing to the renor-
malization of H and a subset of diagrams contributing to the pole near J = —1 in the
four-point function (¢2¢2¢?¢?). This gives evidence that near-horizontal Regge trajectories
do contribute to correlators of this theory, at a subleading power. We emphasize that we
included only a subset of diagrams — those that were naturally related to the connected
graph in figure 17a. It would be interesting to include all diagrams and understand how the
corrections exponentiate, which is challenging as discussed in subsection 5.2. We leave this
for the future.

6 Discussion

In this paper we have made some initial progress towards understanding the perturbative
structure of the space of asymptotic detectors (equivalently, Regge trajectories, or non-local
light-ray operators) in CFTs, and especially in the Wilson-Fisher CFT. Detectors, roughly,
are anything one can measure at infinity in a scattering experiment. We have shown that the
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detector point of view on light-ray operators not only gives them a physical interpretation,
but is also a convenient technical tool for perturbative computations.

Operators involving products of fields along a light ray have long been studied in quan-
tum field theory. The simplest, leading-twist operators, involve products of two fields time-
integrated against some kernel. Perhaps surprisingly, we find that such “light-ray” operators
continuously connect with ones spread over a full null plane: quantum mechanics can prevent
localization to a light ray.

As our first technical result, in section 4 we explained the precise perturbative mechanism
behind the resolution of the J = 0 singularity of the leading-twist anomalous dimension
in the Wilson-Fisher CFT. We showed that this singularity is due to mixing between the
leading-twist trajectory and its shadow at their unique intersection point: to renormalize
light-ray operators near this intersection (including the Pomeron operator), novel 1/.J-type
subtractions are needed in addition to the standard 1/e-type subtractions. Accounting for
this, the dilatation operator becomes a regular 2 x 2 matrix (see eq. (4.37)), whose eigenstates
smoothly connect leading-twist operators to their shadows, which are delocalized.

Our second technical result is the construction and renormalization of novel horizontal
Regge trajectories in the Wilson-Fisher theory in section 5, which are qualitatively similar to
null Wilson lines in gauge theories. This result connects to previous work of some of us on
the light-ray OPE [3, 4, 45], where it was shown that some pairs of light-ray operators can be
inserted on the same null plane without encountering singularities. Here we showed how to
renormalize the products when they are singular, producing new well-defined operators. In
section 5 we studied the simplest example of such trajectories, built from L[¢?|L[$?], which
in the free theory sits at fixed J = —1 in the Chew-Frautschi plot. We showed, by matching
with a computation based on the Lorentzian inversion formula, that the connected part of the
dilatation operator precisely reproduces the contribution of a class of diagrams to the four-
point function of ¢?. Interestingly, as we discuss in section 5.1.1, the connected contributions
to the dilatation operator vanish for non-zero transverse spin.

It is important to note that horizontal trajectories are not always subleading in the Regge
limit (as was the case for the trajectories in section 5). Even in the Wilson-Fisher theory, the
leading Regge intercept in other symmetry sectors can receive corrections from mixing with
horizontal trajectories. For example, the leading-twist local Zs-odd operators have twist 3 in
d = 4, and thus their trajectory intersects with its shadow at J = —1, where Zs-odd horizontal
trajectories also exist (e.g. L[¢?]L[¢?]). Parity-odd local operators have even higher twists,
and thus horizontal trajectories should be the only contributions to the Regge intercept in
parity-odd sectors.

Intersections between perturbative Regge trajectories are ubiquitous (there are infinitely
many already in the Wilson-Fisher theory), and it would be very interesting to apply our
techniques to other examples. One intersection in the Wilson-Fisher theory which might
be accessible is the one related to the J = —1 pole in the two-loop leading twist anoma-
lous dimension, where the mixing presumably involves both the horizontal and the higher-
twist trajectories (see figure 9). In gauge theories, there is a prominent intersection between
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leading twist trajectories that control deep inelastic scattering (“DGLAP evolution”), and
near-horizontal ones that control forward scattering (“BFKL evolution”). Localized light-
ray operators are supposed to become delocalized dipoles [56] as they evolve through this
intersection. Our results suggest it may be natural to unite these formalisms into a smooth
matrix, that would effectively remove the small-z singularities of the DGLAP kernel as well
as the collinear singularities of the BFKL kernel, and yet avoid double counting, at the cost of
introducing an off-diagonal term that mixes them. This would be similar, if possible, to how
the matrix (4.37) (or its characteristic equation (2.27)) smoothens out the leading intersection
in the Wilson-Fisher theory.

More generally, the language of asymptotic detectors appears to provide a new and poten-
tially useful point of view on splitting functions and other timelike quantities. For instance,
as discussed in section 3.1.1, it gives a simple explanation of the reciprocity between time-
like and spacelike anomalous dimensions — the two anomalous dimensions describe the same
curve but in different coordinates. The curves are the same simply because there is noth-
ing special about infinity in a conformal theory, so measurements at infinity (“timelike”) are
conformally equivalent to other measurements. This is related to a timelike-spacelike corre-
spondence which has sometimes been exploited in non-conformal theories. For example, in
minimal subtraction schemes, anomalous dimensions do not depend on the spacetime dimen-
sion d = 4 — ¢ while rapidity evolution equations do; choosing the spacetime dimension so
that the S-function vanishes then yields interesting relations (see [18, 47, 57]). A technical
advantage of the detector frame is that it does not require a rapidity regulator since these
divergences are regulated by e.

Our results leave us with many open questions. Firstly, it would be interesting to under-
stand how to resum the contributions of horizontal trajectories in the Wilson-Fisher theory.
The technical challenge, discussed in section 5.2, is that while each diagram can be renormal-
ized straightforwardly and a dilatation operator can be calculated order-by-order, it is not
clear how to exponentiate it: new operators appear at each loop order. In gauge theories, the
analogous problem is solved perturbatively by the Reggeized gluon, and one can wonder if a
similar effective degree of freedom exists in the Wilson-Fisher theory.

Secondly, this leads to the question of studying the more general operators Hj,, j,,. As
we showed in section 5, their (connected) 2-loop divergences arise only for Jr;+Jro ~ —2 and
are proportional to H3_g3_q. A preliminary analysis suggests that the situation at higher
loop orders is more involved and additional operators appear in the divergences. It is an
important open problem to develop a systematic understanding of what this means for the
set of the Regge trajectories in Wilson-Fisher theory, both at a fixed loop level and non-
perturbatively. Similarly, one should consider the operators of the type L[¢"|L[¢™] which
should also correspond to Regge trajectories at J = —1, as well as operators involving more
light-rays which would live at J = —n with n > 1. It would also be interesting to understand
whether the horizontal trajectories survive in some form down to € = 2 and make sense in
the 2d Ising CFT.

Thirdly, we have not discussed the higher-twist trajectories that appear as diagonal lines
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on the Chew-Frautschi plot. Beyond the leading one, these are infinitely-degenerate and their
renormalization is not well understood for non-integer J (see figure 5 of [58] for examples of
distinct analytic continuations). It is an important problem to develop at least a perturbative
picture of these trajectories.

Our results in sections 4 and 5 suggest that the picture of the Regge trajectories in
the Wilson-Fisher is relatively simple above and in the neighborhood of the leading twist
trajectory for J > —1, but infinite degeneracies in the free theory obscure the other regions
of the Chew-Frautschi plot. Nonperturbatively, we expect a set of discrete trajectories that
characterize the physical measurements that can be made on a null plane. It is striking how
little we understand about this plot even in such a well-studied theory.
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A The tree-level twist-2 vertex

In this appendix, we derive formula (3.26) for the tree-level vertex of ¢(«; z), which is needed
as an intermediate step in computing the tree-level vertex V, . In position space we have,

N, N,
0o (e 0) = lim L2 ¢ = ¢ , Al
where we restored the ie prescription and made the identification &« = —2x - z. The standard

normalization in perturbation theory is,

I'(Ay)
Ny = —dj29d—2A," (A.2)
where Ay = %, which corresponds to the time-ordered propagator
—1
(9(p)#(0)) (A.3)

- p? — i€
We must now Fourier transform (A.1) in y to obtain (0|¢(a;2)¢(p)|0). Using Lorentz

symmetry, we can take z to be along + direction, i.e. 2T = 1, and other components to vanish.
We then find

; 1 1 Loty _ilp— oyt tidg 1
dd ip-y :/dd—2—»d +d — —i5p Y —izp Yy +iyp
/ ve (—a—2y-2z+ie)Re 2 vy ay e : (—a 4y~ +ie)te
imA
217A¢Q_T¢ 14
_ e~ iz9P" (on d(; p~ 5d_2 P 0 p+ p—l— A¢—1.
R (2m)18(p7)0 "2 (00" (1)
(A.4)
We can compare the final answer with the ansatz
o o
[ 85t - p2)5me =2 [[agst st - 5)net
0 0
= 2023 (p7 ) (ph) ™ (A5)
From this we conclude that for general z,
iﬂ'A¢ o0
2 B3 d d Ayp—1 _—itap
(Ol¢(a: 2)6(p)]0) = N (2m)" [ B (p — B)5% e "2
I'(Ag) )
_iwA¢ o0
_ €& dsd Ay—1 —ilap
0
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B Poles of distributions

In this appendix, we discuss the analytic continuation of distributions of a special form,
following [59, 60]. The key example is

Fapel,y) = 2"y — *)0()8(y — a?), (B.1)

analytically continued in a, b, ¢, which appears when renormalizing twist-two operators. The
methods discussed here apply more generally to distributions of the form [[, f;(x)%, although
we will not discuss the generalization explicitly.

Let us start by considering a simpler example, the distribution f,(z) = 2%(z) on R [61].
For Rea > —1 this is a locally-integrable function, and thus defines a distribution by

+o0 +oo
fule) = [ def@ote) = [ dsato@)  (Rea> ). (B2)
—0o0

In fact, the number f,(¢) depends on a holomorphically, i.e. a — f,(¢) defines a holomorphic
function for Rea > —1. We can then ask if this holomorphic function can be analytically
continued to other values of a. It is well-known [61] that the answer is yes, and it can
be continued to all of C\ {—1,—-2,---}. Furthermore, for every a in this set, the analytic
continuation f,(¢) depends on the test function ¢ in such a way that it defines a distribution.
Therefore, we can speak of the analytic continuation of f, to a € C\ {—1,—2,--} without
referring to ¢. From now on, we will write simply 2%0(z) instead of f,. Finally, and crucially
for us, at a € {—1,—2,---} 2%0(x) has simple poles with residues proportional to derivatives
of a delta-function. Specifically,

(_1)n—15(n—1)(x) 1
(n—1)! a+n +

x%0(x) = (B.3)
There are many ways to see this. For example one can relate 2%6(x) to (z £ ¢0)* which are
well-defined distributions for all a € C and depend on a holomophically (this follows because
they are boundary values of holomorphic functions).

Note that the step function 6(x) in z*0(x) is somewhat of a red herring — we use it to
define the simplest distribution that we can. Distributions supported for all z can be defined
by linear combinations. For example, we can consider

2%0(x) — (—x)*0(—x). (B.4)

The pole at a = —1 cancels in this combination, and setting a = —1 we obtain the principal
value distribution p.v.%.

The above gives a complete description of the properties of x*6(x). We can now use it
as a building block for more complicated distributions, e.g.

2y°0(x)6(y)- (B.5)
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Here we are multiplying two distributions together. In general, this is not allowed, but in this
case they depend on two different variables, so this is fine and we simply get a distribution on
R? that has poles whenever a or b is a negative integer. A more general way of phrasing this
is that whenever the singular loci of the two distributions (in this example, the lines z = 0
and y = 0) intersect (i.e. at x = y = 0), they intersect transversely, and we can chose the local
coordinates appropriately to justify the multiplication of the distributions (here x,y already
work).
This way of thinking allows us to consider, for example, the distribution

2%’ (1 = —y)0(x)0(y)0(1 -z — y). (B.6)

In this case we can multiply the distributions because when, say, x = 0 intersects 1 —z—y =0
at (xz,y) = (0,1), we can use coordinates s = x,t = 1 — x — y to justify multiplying s*6(s)
by t°0(t) (while (1 — s —t)?0(1 — s —t) is just a smooth function near this point). Therefore,
we obtain a distribution with poles whenever one of a, b, ¢ is a negative integer, and we can
easily compute the Laurent series near any pole.

We now want to repeat this analysis for the distribution fqp.(x,y) defined by (B.1).
Unfortunately, the above discussion isn’t enough here. Indeed, in this case we have a product
of three distributions which are singular along = 0, y = 0, and y = 22. All three curves
intersect at (x,y) = 0, and so this is not a transverse intersection. This means that there is
no choice of local coordinates that could justify the multiplication of the three distributions.
One could guess that perhaps we should treat y — 22 ~ y near this point, but as we will see
this leads to wrong results.

To bypass this problem one can follow the logic described in [59, 60]. The idea is to find
a manifold R and a smooth map 7 : R — R? such that the pullback of fape(z,y)dxdy along
7 is better behaved than f, (7, y)dzdy itself. Concretely, we take R = R? and

7(u,v) = (u, vu?). (B.7)
First of all, as functions,
fawe(z,y)dedy = uT2T2 200 (4 — 1)°0(u)(v — 1)dudv. (B.8)

This means that at least for Rea, Reb,Rec > 0

/dxdyfmbﬁ(m,y)qb(x,y) = / dudvu® 22200 (5 — 1)°0(u)0(v — 1) (u, vu?). (B.9)
R

Note that as long as ¢(x,y) is a smooth function, so is ¢(u,vu?). Therefore, if we manage

to analytically continue the right-hand side of (B.8) in a,b, ¢ as a distribution, we will also

find an analytic continuation of f, 5 .(,y). But we already know how to perform the analytic

continuation of (B.8) since the singularities v = 1 and uw = 0 intersect transversely (v = 0 is

not really a singularity since it is inaccessible due to #(v — 1)). Morally speaking, what we
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have constructed is a resolution of the singularity at * = y = 0, which turned a non-transverse
intersection into several transverse ones.

We then conclude immediately that f, ;. can be analytically continued as a distribution
to all complex values a, b, ¢ except those where

a+2+2b+2c=-n or c=-—m, n,m € Zsg, (B.10)
where we have simple poles.?! We will be interested in two poles in this sequence, the one at
a+242b+2c=—1, (B.11)

and the one at
c=-—1. (B.12)

For the first pole, we have

S(u)vb(v —1)0(v — 1)

a+2b+2c+2,.b c
—DOuw)fb(v—-1) = B.1
u V(o= DB — 1) = T (5.13)
Using this in (B.9) we find
¢(0,0) /°° b
/ dy fape(@,Y)0(2,y) = = m o | dv (v=1)"+
N(=1-b—-cl'(1+¢) #(0,0)
— cee B.14
T(=b) at2b+2c43 " (B.14)
This implies, near this pole,
N(-1-b—c)T(1+¢c) d(x)i(y)
a,b,e\T,Y) = B.15
Japel@,y) T(-b) a+2b+2c+3 (B.15)
A similar procedure for the second pole yields
$a+2b5(y _ x2)0(x)
a,o,c ) = . B16
fape(z,y) 1 + (B.16)
We can now apply these results to the two-loop calculations from the main text.
There, we found the following density (see (3.31)),
d'p(~2z - p)”t (—p?) T L 20(—pP). (B.17)

To find the map to fupc(,y) it is convenient to use lightcone coordinates and take z = e,

d—4 _ 7 _ 1 a9, _ g d=4_ g _
d'p(—22 - p)’t (—p?) 7T L2 = Sdp™dp A 5(pT ) (pTpT —p7) T LT (B18)

z=e4

31Note that merely approximating y — #° & y would yield poles at a = —m and b+ ¢ = —n, which is a
completely different (and wrong) set of poles.
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If we define z = [p] and y = pTp~ then we find,

d'p(—2z - p) 7t (—p?) T L 20(—p?)

1 1 _ _Jyad=d_
= Sdwdydp™dQqs(p") Ty y — 2T 0y — 2?0 ().

Comparing to the function f,p.(x,y) in (B.1) we see,

a=d-3, b=Jp, c:—JL+%—2.

Setting d = 4 — € and using (B.10) we see there are poles when,

—1—2e = —n,

—2—JL—6/2:—m,

(B.19)

(B.20)

(B.21)
(B.22)

for positive integer n and m. We see that for generic Jp there is a single pole when ¢ = 0

coming from n = —1. This is the first pole that we analyzed above. Using (B.15) we find

1 @y
14+ Jr 4e

yTrat Sy — )T 0y - o))
Taking into account = = [p] and thus
dQq_sdzd(x) = vol ST3d4=2 5542 (),
for generic Jy, we find,

dop(—2z - p)’E (—p?) T T 20(—p?)

— # +\—1-J, -
vol S92~ 4 cded -

—m(ﬁ) d*“pdp~dp™ 6" (p)o(p~) + - --
vol 543

_ YOUST Ty [ apgTest(p —
e [ a5 w-pa|  +

Generalizing in z, which is possible by Lorentz invariance, we get

T2\t —a—2 _ vol §93 “1-Jp sd
(—2z-p)"=(—p7) _‘M/dﬂﬁ %(p—Bz)+---

At e = 0 we have vol S973 = 27, which proves (3.32).
The result (B.16) can be used in a similar way to justify (4.15).
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C Diagonalizing the kernel K,

In this section, we diagonalize the kernel

Ko(21, 22; 23, 24) = = ,

- () -3 o (20) 2wt ey

sin Ta 2924213 — 214723 212234 Z294 sin To 1—w
where z;; = —2z;-z; and u = 212284 ¢ = 228Z14 ar0 celestial sphere cross-ratios. We perform
J J 213224 213224

the computation for general a, though in section 5.3, we only need the result for a = 0.
The general result may be useful when studying the full space of detectors Hj,, j,, including
connected and disconnected loop corrections.

The kernel K, is defined in any spacetime dimension d. However, for our applications
it will suffice to determine its eigenvalues in d = 4, which we assume henceforth. We can
diagonalize it by decomposing it into projectors onto irreducible representations of the Lorentz
group. Thinking of the Lorentz group as the conformal group of the celestial sphere S?, this

is the same as decomposing the kernel into 2-dimensional conformal partial waves:3?
1+ic0
Ko(21, 223 23, 24) = - ﬁ%(&ﬁ%,j(%)
— 2
=01

Ws(2i) = /D225(771—a(21)731+a(22)775,j(Z5)><7Dg’j(zs)731(23)7’1(24)>. (C.2)

Here, (Ps,(21) - - -) denote standard three-point structures of fictitious operators Py, (z;) in the
embedding space z; € R3! see eq. (5.3). The shadow dimension 5 is given by §=2-6 , and
the transverse spin indices of Pj ;(z5) and 7737].(25) are implicitly contracted. For fictitious
embedding-space scalars, we use the shorthand Pso = Ps.

Remarkably, it turns out that K, can be completely decomposed into partial waves with
vanishing transverse spin (j = 0). These are given by

N %14 Ry - 12 v -

Uso(zi) = a7 <224> (5570G570(Z,Z) + Sﬁ,OGa,o(z’ z)) )
a6 — DIE — )T + )

S5 = 2 2, (C.3)
I'2-0)I(5—ol(5+a)

5 mD(1=3)T(5 - 1)

%0 =TT e (€4

where u = 2%z, v = (1 — 2)(1 — Z), and Gs0(2,%) are 2d scalar conformal blocks:

Gs0(2,Z) = ks(2)ks(Z) ks(2) = 2% F1 (3 + 0, 8,6, 2). (C.5)

32We follow the notation and conventions of [62].
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Specifically, we find

1+ioc0

do
Ko (21,225 23, 24) = / %Aa@)%,o(zz‘),
1
§—1
Aa(0) = — cos()M(1 - $)°T(5 + a)I' (5 — ). (C.6)

Note the shadow symmetry AJ(&)S?% = As(0) 5120. To verify (C.6), we can plug in the
expression for Wso(z;) and use shadow symmetry to remove the G5 term and extend the
integral from 1 — ioo to 1 + ico. Closing the d-contour to the right, we pick up residues of

poles in ¢, giving

T uv T —1) = (-)"MT ()’ (n+ )T'(n — a)
N Z r'(2n)'(2n —1)

v —
sinta 1—w o Gzno(z2). (C.7)
We have verified (C.7) by expanding to high orders in z,Z.

The kernel K, is diagonalized when acting on celestial three-point functions. Since the
decomposition (C.7) contains only scalar blocks, the only nonzero eigenvalues come from

acting on three-point functions with vanishing transverse spin:

/D2Z1D222<77—JL(26)7’1+a(Zl)Pl—a(Zz»Ka(Zl, 295 23, 24) = T2k (JL) (P, (26)P1(23)P1(24))-

(C.8)
We can obtain the eigenvalue k4 (Jr) from the conformal “bubble” integral [62, 63]:
/D2Z1D2Z2<731is(Zﬁ)PHa(Zl)Pla(z4)><731a(zl)PHa(ZQ)PHis/(ZE)))
273 ,
= G_1¢ 2m6(s — 5')0 (25, 26), (C.9)
where 6 = 1+ is = —Jp,, which together with (C.6) gives
2 ) JL\27( JL+2 Jp+2
(C.10)
D Coefficients s;;
The coefficients s;; are given by
s11 = 40.5(31, 82, d3)), (D.1)
so1 = (4050, — 407 — 40,0, — 205) S(d1, 83, [03)), (D.2)
831 = (—1682286 + 1662852 — 16093020, + 8(938% + 88%(92) §(51, 09, [53]), (D.3)
532 = (8030, — 807 + 248050, — 403 — 8233 S(81, 82, [03)), (D.4)
8§33 = (482 — 466) 3\(51, 52, [53]) (D.5)
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Here 0. denotes the derivative with respect to € in d = 4 — €, while 0; is the derivative with
respect to d;. The above expressions are to be evaluated for

€e=0, & =—J., 0y=205=1. (D.6)

E Diagonalizing the kernel S

In this appendix, we diagonalize the kernel S(z1, z2, x3, x4) defined in (5.54), to leading order
near J = —1. We begin with its partial wave decomposition

2 dA Cy(A, J)

W E.1
o K&] A,J($17$2,$3,9€4); ( )

S(:Bly xT2,T3, x4) == /;
2

where d = 4. We follow the conventions of [62, 64]. The coefficient function Cg(A, J) was
computed via the Lorentzian inversion formula in [3]. We will only need its value at J = —1:

Cs(A, 1) = (E.2)

To relate Cs(A, J) to the eigenvalues of S, we can use the “bubble formula” [62, 63]

/ddﬂfsddxﬁ‘lfA,J(ﬂl?l, x2, 5, 26) Y ar g (25, T6, T3, T4) = Ba,y2m6(s — )70 WA j(21, 22, 3, T4),

(E.3)

where A = % +is, A’ = % +4s’, and we restrict to s,s’ > 0. The left-hand side of (E.3) is a
composition of the kernels W ; and Wa ;v acting on pairs of points. The bubble coefficient
Ba, s is given by

6

Y T R TNy 0 Ny e § ) 2

476 1
(A-2)4J+1

(E.4)

where we have indicated its pole near J = —1. Combining (E.1) and (E.3), we find that the
eigenvalues of S are

Cs(A,J) sin(™2) 1
s J) == Bar~ - : E5
( ) K&J &7 1287m2(A — 2 (:os(%)2 J 1 (E.5)
where again we focus on the pole at J = —1.
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