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ABSTRACT: Optical properties of nanoparticle assemblies reflect distinctive characteristics of
their building blocks and spatial organization, giving rise to emergent phenomena. Integrated
experimental and computational studies have established design principles connecting the
structure to properties for assembled clusters and superlattices. However, conventional
electromagnetic simulations are too computationally expensive to treat more complex
assemblies. Here we establish a fast, materials agnostic method to simulate the optical response
of large nanoparticle assemblies incorporating both structural and compositional complexity.
This many-bodied, mutual polarization method resolves limitations of established approaches,
achieving rapid, accurate convergence for configurations including thousands of nanoparticles,
with some overlapping. We demonstrate these capabilities by reproducing experimental trends
and uncovering far- and near-field mechanisms governing the optical response of plasmonic
semiconductor nanocrystal assemblies including structurally complex gel networks and
compositionally complex mixed binary superlattices. This broadly applicable framework will

facilitate the design of complex, hierarchically structured, and dynamic assemblies for desired optical characteristics.
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he tunable optical response of plasmonic nanoparticle
assemblies makes them attractive for applications,
including sensing,"”” energy conversion,” > and theranostics.”’
Developing and employing methods for electrodynamics
simulation of metallic nanoparticle assemblies are essential
for advancing conceptual understanding and design. The
resonant interaction of free charge carriers in nanoparticles
with light (localized surface plasmon resonance, LSPR) results
in strong electromagnetic near-fields and enhanced absorption
and scattering.”” Due to LSPR coupling, the spectral response
of plasmonic assemblies is sensitive to the nanoparticle spatial
arrangement, i.e., structure, with amplified electromagnetic
fields or hot spots in the gaps between closely spaced
nanoparticles.'"’~"® Analytical approaches such as Mie
theories'* or plasmon hybridization theory'""* and numerical
solutions of classical electromagnetic scattering equa-
tions'*™'>'°"** have clarified the influence of nanoparticle
morphology and coupling in small plasmonic clusters and
periodic arrays. However, an open question is how to compute
the optical response of significantly more complex assemblies
with characteristic structural features involving large numbers
of nanogparticles such as compositionally disordered super-
lattices™~** or gel networks.'>*°~*°
Structural complexity of extended, disordered nanoparticle
assemblies poses challenges for conventional electromagnetic
simulation techniques. Discretization requirements for the
most flexible approaches'”*’—discrete dipole approximation,
finite difference time domain, finite element, and boundary
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element methods (e.g, method of moments”')—render them
too computationally demanding to simulate configurations
with a large number N (>10%) of nanoparticles. This
shortcoming can be avoided for assemblies of spherical
nanoparticles using the multisphere T-matrix method**™°
and coupled dipole method,”’ ™ both based on generalized
Mie theory,14 which do not require spatiotemporal discretiza-
tion. However, even these approaches become slow to
converge or fail altogether when nanoparticles touch or
overlap, which inevitably occurs in large configurations
generated from assembly simulations using coarse-grained
models. The ability to predict the optical response of complex
assemblies, including those from simulated nanoparticle
configurations, is needed to match the complexity of emerging
experimental systems”™~>>*7**** and accelerate their develop-
ment.

Building on a framework from electrostatics, here we
establish a mutual polarization method (MPM) capable of
rapidly simulating the frequency-dependent optical response of
large, complex assemblies of spherical nanoparticles with
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Figure 1. Broad applicability of MPM. Schematic illustrations and resultant electric field maps generated using (a) MPM and (b) finite element
methods for ITO nanocrystals at an area fraction of 0.20. (c) Calculated extinction coefficients for dilute (dashed lines) and concentrated (volume
fraction 0.20, solid) dispersions of ITO, silver, and silicon nanoparticles using MPM with the dielectric functions shown in Table S3. Coupling red-
shifts and broadens the LSPR peaks for silver and ITO at high concentration (configuration shown in inset).

arbitrary dielectric functions (Figure 1), accommodating
configurations with particle overlaps and triply periodic
boundary conditions. We use this approach to predict and
interpret experimental spectra for disordered systems with
characteristic features that comprise more nanoparticles than
would be practical to analyze by conventional electromagnetic
simulations: (1) two-dimensional randomly mixed binary
superlattices and (2) three-dimensional nanoparticle gel
networks. Our analysis shows how far-field spectral features
emerge from heterogeneous, structure-dependent near-field
coupling and illustrates how MPM integrates data from
structural and optical measurements to provide insights into
ordering across length scales in complex assemblies.

Mutual Polarization Method. MPM computes the
optical response on the basis of the polarization of each
particle by the incident field E, and by the electric dipoles of
the other N — 1 particles in the system. The polarization
depends on the particle’s composition through its dielectric
function, ¢,(®), where ® is the frequency of light. Spherical
particles of any dielectric function can be treated (Figure 1c);
however, here we only consider particles in the quasistatic
limit, where their radius 4 is small compared to the wavelength
of light. This simplification is broadly applicable for LSPR
coupling in nanoparticle assemblies, and it allows the N
particle dipole moments p,, ..., py to be determined by solving
the electrostatics limit of Maxwell’s equations, i.e., the Poisson
and Laplace equations.

Like other approaches based on generalized Mie theory,"*
MPM does not require fine spatial discretization to solve the
electromagnetic scattering problem, though its predictions
compare favorably with those from finite element solutions
(Figures 1b and S1—S3). MPM neglects multipole moments
induced by local field gradients, yet it captures all significant
structure-dependent trends in the far- and near-field optical
response. In many cases, higher-order moments naturally
captured in finite element (and comparable) methods only
contribute small quantitative changes to the dipolar response
(Figures S1—S3) at large additional computational expense
(Figure S4). Therefore, MPM can compute the optical
response of assemblies with more complex structures involving
larger particle numbers than other approaches in orders of
magnitude less computation time (Figure S4).

In MPM, the electric dipole of each particle i, p; =
emai(w)E(x;), is expressed in terms of its dipolar polarizability,
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a(w) = 4na’[e(w) — €,]/[ew) + 2¢,,], and the local electric
field, E(x) = E, + Zj\r (4ze, )" (i — I)-pj, which is a

sum of the incident field and the fields of scattered waves
and expressed to lowest order in @. Here, €, is the (real and
frequency-independent) permittivity of the background
medium, r = x — X, Xx; is particle i’s position, r = Irl, T = r/r,
and I is the identity tensor. Other observables related to the
optical response, such as frequency-dependent extinction
coefficient o(@) or transmittance through a nanoparticle
film, can be readily computed from these quantities
(Supporting Information Sections 1.2 and 4.2).

The heart of MPM is an efficient solution of the resulting
many-bodied linear system of equations for the N particle
dipoles:

j (1)
Here, we have introduced a scattering matrix with elements

Mij:

—1 i=j
Em;
e FrnE
M;=1 1 % 1
—I|1 - +—
4na’e,, 16a  32a
o). .
HESRT 7 < 2 2)
2

constructed to avoid singularities, unphysical property
predictions, and convergence problems when solving for
dipoles of particles with overlapping optical cores, r; < 2a
(Figures SS and S6). Overlaps naturally occur in simulated
assemblies due to coarse-grained model nanoparticle inter-
actions, but this scattering matrix is readily inverted to obtain
well-behaved solutions of eq 1 for any spatial arrangement of
particles. Similar regularization strategies have been applied to
treat overlaps while simulating many-bodied hydrodynam-
ic*"** and magnetic"*** forces in colloidal suspensions, which
also require assigning sharp particle interfaces (for continuum

properties) together with soft-particle interactions (for
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Figure 2. Spectral response of mixed ITO nanocrystal superlattices. (a) Experimental extinction spectra for nanocrystal dispersions (dashed) and
single-component superlattices (solid). (b) Experimental and (c) simulated extinction spectra for various compositions xg of mixed superlattices.
(d) Scanning electron micrograph of a mixed superlattice comprising 1% Sn and 6% Sn ITO nanocrystals (scale bar 500 nm). (e) Extinction peak
locations @, and (f) heights of the high-frequency (high) and low-frequency (low) peaks in (b) and (c) as a function of x¢y. The dashed lines
indicate the values that would result from simple linear mixing of the pure 6% and pure 1% superlattice spectra.

dynamics). For triply periodic geometries, M;; can be expressed
in a compact form (Figure S3) amenable to a highly efficient,
matrix-free, and spectrally accurate Ewald summation
method® that allows the linear system for dipoles to be
solved rapidly using iterative schemes (Figure S4). The system
of egs 1 and 2 is similar to that in coupled dipole methods, but
our approach differs by regularizing dipoles as particles overlap
and in our matrix-free spectral Ewald summation method for
evaluating the right-hand side of eq 1. Therefore, MPM avoids
the convergence and ill-conditioning issues that plague
traditional coupled dipole methods® > when dipoles are
close to one another (Figures SS and S$6), allowing for rapid
calculations on arbitrary particle configurations that can be
obtained from molecular simulation, including those for which
coupled dipole methods fail or are too slow. Our spectral
Ewald summation is a comparable alternative to fast multipole
methods, which also rapidly solve equations similar to eqs
1-2.34447 MPM code is available at github.com/zeesherman/
mutual-polarization.

Mixed Nanocrystal Superlattices. To demonstrate the
utility of MPM for design of compositionally complex
nanoparticle assemblies, we analyze the collective optical
response of mixed nanocrystal superlattices, where the mixing
ratio allows continuous tuning of effective properties. Tin-
doped indium oxide (ITO) nanocrystals have a near-ideal
metallic dielectric function with a tunable LSPR depending on
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the chosen dopant concentration (% Sn). Consistent with
previous reports of other nanocrystal compositions,”™ > we
found that ITO nanocrystals with different % Sn readily form
intermixed two-dimensional hexagonal superlattices, as long as
their sizes are closely matched (here, a ~ 15 nm, Figures 2d,
S7, and S8).

At infrared wavelengths, the ITO permittivity is well-
described by a simple Drude dielectric function:

2
£,

e(w) =¢, —
b « a)2+iya)

(©)

where &, is the high-frequency permittivity, set equal to 4&,
while doping changes both @, which primarily controls the
LSPR peak position, and y, which determines peak width.
Plasmonic coupling causes a large redshift of the extinction
spectrum upon assembly into a superlattice (Figure 2a).
However, when scaled by @, the magnitude of this shift is
independent of % Sn (Table S1). In this sense, the range of
attainable optical responses is limited for single-component
superlattices even when the nanocrystal building blocks
themselves have continuously tunable properties.

Although binary superlattices with ordered arrangements of
two components***” are difficult to assemble experimentally,
they are simple to study computationally, because they can be
modeled using a small periodic unit cell > Conversely,
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Figure 3. Electric near-field maps for mixed nanocrystal superlattices. Spatial maps of the local field intensity at (a) the high-frequency LSPR for x4
=0.80 and (b) the low-frequency LSPR for x4, = 0.20. Foreground panels magnify small areas within the entire simulated configuration shown in
the back panels. Dark (6% Sn) and light (1% Sn) gray indicate the nanocrystal type, and arrow lengths indicate the magnitude and direction of the
imaginary part of each particle’s dipole moment. Corresponding extinction spectra are inset with the excitation frequency indicated.

randomly mixed superlattices are computationally challenging;
a large number of particles must be used to prevent periodic
boundary conditions from imposing artificial sublattice order-
ing and to adequately sample the possible nanocrystal
arrangements.

We vary the mixing ratio of 1% Sn and 6% Sn ITO
nanocrystals in superlattices continuously, changing the
fraction of 6% Sn nanocrystals, x4y Qualitatively, the normal
incidence extinction spectra of the mixed superlattices evolve
systematically between the spectra of the two single-
component assemblies, but neither the extinction spectra, the
peak positions, nor the peak heights reflect simple linear
mixing (Figures 2b,e,f and S9). Electron transfer is not
expected to occur between nanocrystals,”® but LSPR coupling
between neighboring nanocrystals should depend on their %
Sn.

These spectral trends are accurately reproduced in
simulations of superlattice extinction by using MPM (Figure
2c). We model the superlattices by constructing two-
dimensional hexagonal lattices containing 11600 nanocrystals,
each having one of two Drude dielectric functions using
parameters (@, and y) determined by fitting the extinction
spectra of dilute solvent dispersions of the corresponding
nanocrystals (Figure S10 and Table S2).°' Using MPM, we
simulate the normal incidence extinction spectra, averaged
over 2 polarizations and 20 randomly arranged superlattices.
The correspondence with the experimental spectra supports
our supposition that the lattices are well-mixed, with little to no
phase segregation between the two types of ITO nanocrystals,
an outcome that would be difficult to directly verify by electron
microscopy, owing to their very similar electron densities.

As such, we interpret the shifting peak positions with
composition () as arising from a changing average number
of spectrally resonant neighboring nanocrystals (Figure 2e).
For instance, compared to a pure 1% Sn superlattice (xg = 0),
the lower frequency extinction peak blue-shifts with increasing
X9 as each 1% Sn nanocrystal has fewer 1% Sn neighbors with
which to couple. The same is true of the higher frequency peak

moving away from xg, = 1. A third peak, around 5100 cm™,
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arises only for intermediate compositions, ascribed to
“isolated” 6% Sn nanocrystals with relatively few 6% Sn
neighbors.

Understanding the trends in peak heights (Figure 2f)
requires microscopic insight made possible by visualizing the
spatial variation of dipolar polarizations and local electric fields
(Figure 3) and quantifying their probability distributions
(Figure S11). For instance, starting from x4, = 1, the intensity
of the high frequency peak drops much more quickly with
changing x¢,, than would be expected from linear mixing. For a
superlattice containing a fraction x4, = 0.80 of 6% Sn
nanocrystals, examining the dipoles induced by excitation at
the peak reveals that the 1% Sn nanocrystals are effectively
acting as dielectric spacers that have minimal polarization, so
6% Sn nanocrystals near 1% Sn nanocrystals have significantly
reduced dipoles because they do not get a mutual polarization
boost (Figure 3a). These effects weaken the overall response,
reducing the extinction intensity. The field is also highly
concentrated along the paths formed by 6% Sn nanocrystals,
resulting in a heterogeneous distribution of field strengths and
dipole orientations (Figure S11). In a superlattice with only a
fraction x4, = 0.20 of 6% Sn nanocrystals, conversely, the 1%
Sn nanocrystals’ polarization is enhanced by coupling to
neighboring 1% Sn and 6% Sn nanocrystals alike, strengthening
and better aligning their dipoles with the applied field (Figure
3b). As a result, the low frequency extinction peak intensity
falls off more gradually than expected from linear mixing as x4,
increases, and the local field enhancement is more evenly
distributed (Figure S11). The spectral redistribution of
extinction and spatial redistribution of electric field intensity
hint at a rich variety of effective metamaterial properties and
near-field phenomena that could be realized in mixed
nanocrystal superlattices. MPM’s ability to rapidly screen a
large compositional parameter space will enable the explora-
tion of these possibilities.

Nanocrystal Gels. Nanocrystal gels have structural
complexity that spans length scales, which has so far hampered
the use of simulations to predict or rationalize their structure-
dependent optical properties. Although plasmonic nanoparticle
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Figure 4. Structural and optical evolution of ITO nanocrystal gels. (a) Experimental SAXS stucture factors S (gel seen in blue, photo inset) and (b)
extinction spectra of a dispersion and gels 11 days after preparation. Simulated (c) S and (d) extinction spectra. (e) Scanning transmission electron
micrograph of a gel (scale bar, 100 nm). Simulation snapshots at coarsening times (f) ¢ = 10007, and (g) 1000007,

gels have been reported to exhibit spectrally shifted and
broadened extinction spectra compared to those of their
constituent nanoparticles, these effects vary widely and
unpredictably for different nanoparticle compositions and gel
preparation strategies.'”>*">* Finite element (and similar)
methods are unable to capture this complexity because of the
large number of nanoparticles required to represent the
multiscale structure of gels.”® We demonstrate the value of
MPM for understanding gel structure and optical properties by
considering networks of ITO nanocrystals (a &~ 6 nm, 6.0%
Sn) linked by dynamic covalent bonding27 (Figures 4, S12, and
S13).

Gel structure commonly depends on sample history and
preparation protocol, and we find that the structure factor S
acquired by small-angle X-ray scattering (SAXS) of ITO
nanocrystal gels evolves systematically with the amount of
noncoordinating salt, tetrabutylammonium hexafluorophos-
phate (TBAPE), present during gel formation (Figures 4a
and S14). The enhancement of the primary peak at
wavenumber q ~ 0.05 A™' and progressive deepening of the
minimum at lower g are reminiscent of coarsening,52
suggesting that the salt concentration determines the extent
of structural evolution approaching arrest. These features are
replicated in Brownian dynamics simulations of coarsening of
nanoparticles with strong, short-range attractions (Figures
4c,f,g and S15). Indeed, the S at higher [TBAPF] superposes
with S for a lower [TBAPF,] gel at longer aging time,
supporting a correspondence between the effects of salt
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concentration and time (Figure S16). However, other
structures, like cluster fluids of varying cluster fractal
dimension, can have similar S, so S alone is not sufficient to
determine the microstructural evolution (Figure S17).

The optical extinction spectra of the gels also depend on the
salt concentration (Figures 4b and S18), providing comple-
mentary information to help understand their structures. At
higher [TBAPF,], the extinction broadens and redshifts. We
used MPM to test whether coarsening can explain these
changes. ITO nanocrystals in this size range are known to have
a radially varying free electron concentration, so we model
their dielectric function with a Drude-type plasmonic core and
a dielectric shell, complexity easily incorporated into MPM. As
before, the parameters describing the dielectric function are
determined by fitting the LSPR spectrum of a dilute
nanocrystal dispersion (Figure S10, Tables S2 and S3).>" At
various stages of coarsening from the Brownian dynamics
trajectory, we use MPM to compute the polarization-averaged
extinction spectrum for the 64000 nanoparticle configuration
(Figure 4d). The simulations reproduce the asymmetric
broadening observed experimentally, while other candidate
microstructures like cluster fluids with similar trends in S show
the opposite optical broadening trends (Figure S17). The local
density increases by over an order of magnitude during
coarsening (Figure S19), drastically changing the dipolar
coupling environment and instigating the optical broadening.
This example illustrates the power of MPM to combine
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structural and optical information to provide mechanistic
insights across length scales in complex assemblies.

Outlook. Building on advances presented here, MPM’s
computational efficiency will enable on-the-fly evaluation of
optical properties in dynamic nanoparticle-based simulations,
making possible the design of complex plasmonic assemblies
with targeted near- or far-field responses using inverse
methods.”” Computation-guided design of disordered struc-
tures with desired optical properties is particularly compelling
for soft hybrid materials (e.g., plasmonic gels)'***™>* that can
dynamically reconfigure—modulating how they interact with
light—in response to stimuli. Recently, MPM has been applied
to compute the optical properties of such linked nanocrystal
gel networks,” including under strain.>> MPM can readily
model hybrid materials comprising both dielectric (e.g.,
semiconductor) and metal nanoparticles or with hierarchical
nanoparticle ordering, significantly expanding the design space
where computation can enhance experimental discovery. An
intriguing possibility is the creation of plasmonic materials with
inhomogeneous electric fields in compositionally specific
locations within the assembly, e.g, to enhance molecular
detection sensitivity, plasmon-driven chemistry, or nonlinear
optical effects.

Because MPM explicitly incorporates structure, it models
optical phenomena that cannot be captured in effective
medium and mean-field theories. Though the present work
focuses on optical extinction and transmission, MPM can be
extended to other properties of interest. One example is
treating circularly polarized incident light, enabling simulation
and design of plasmonic materials with chiroptical re-
sponses.”*® Here we established MPM at the level of
quasistatic dipoles, which is sufficient to quantify the many-
bodied contributions to most observations of complex
assemblies. It is possible, though increasingly computationally
intensive, to make MPM more quantitatively predictive by
incorporating nonquasistatic dipoles with frequency-dependent
scattering and incident terms in eqs 1 and 2 and by including
higher-order polarization moments (quadrupoles, etc.) in-
duced by both local and incident electric field gradients. These
features are important for modeling nanoparticles that are not
small compared to incident wavelengths. Finally, strategies for
treating nonspherical nanoparticles have been developed as
extensions to Mie theory,'* and similar approaches may be
pursued to extend MPM to handle triaxial ellipsoids or cubes.
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