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laser or electron beam heat source. Despite its transformational manufacturing capabil-
ities, PBF is currently controlled in the open loop and there is significant demand to
apply closed-loop process monitoring and control to the thermal management problem.
This paper introduces a controls theoretic analysis of the controllability and observabil-
ity of temperature states in PBF. The main contributions of the paper are proofs that cer-
tain configurations of PBF are classically controllable and observable, but that these
configurations are not strongly structurally controllable and observable. These results

are complemented by case studies, demonstrating the energy requirement of state estima-
tion under various, industry relevant PBF configurations. These fundamental character-
izations of controllability and observability provide a basis for realizing closed-loop PBF
temperature estimation. [DOI: 10.1115/1.4056326]

1 Introduction

Powder bed fusion (PBF) is a class of additive manufacturing
(AM) processes. Commonly referred to as “three-dimensional
(3D) printing,” AM processes have rapidly grown in popularity
and market size because they can produce geometrically complex
parts with engineering properties similar to those produced by
conventional manufacturing processes while removing much of
the overhead costs of production [1,2]. Although PBF can utilize
metallic, polymeric, and ceramic feedstocks, the contributions of
this paper are relevant to metallic feedstocks and their associated
thermomechanical properties. The PBF process (Fig. 1) builds
three-dimensional parts out of layers of powder, using a build
cycle of (1) sweeping a thin layer of powder over the machine
base plate or previously fused powder, (2) selectively melting a
2D pattern of desired geometry into the powder with a high-
powered laser or electron beam (e-beam), and (3) lowering the
base plate in the—:z direction to accommodate a new layer of
powder.

Powder bed fusion is not without flaws. It is well-documented
that parts manufactured by PBF may suffer from high levels of
residual stresses [5,6], porosity [7,8], and anisotropy in material
properties [2,9—11], and that these defects arise from poor thermal
management of the PBF process during production. Although
PBF thermal management is critical for producing high-quality
parts, temperatures are typically controlled in the open loop, mak-
ing no use of available sensor data. The energy irradiated to the
powder, u, is specified by a schedule directed by computer numer-
ical control language [12]. Assignment of schedule parameters is
determined in advance through operator experience, heuristically
through design-of-experiment procedures [13], and/or with com-
putationally complex predictive models [14]. Monitoring the ther-
mal profile during production with infrared sensors remains a
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challenge. Parts are typically checked for defects and compliance
with specifications after the build is complete, potentially incur-
ring substantial losses in time, money, and materials. Significant
advances in PBF production quality could be achieved with in situ
process monitoring and control of the thermal management prob-
lem [15,16]. Despite the need for PBF thermal management, the
community has not yet evaluated the basic criteria for the feasibil-
ity of designing process monitoring and control algorithms: the
requirement that the process is observable and controllable. This
paper answers this basic question. Our analysis takes an aspira-
tional approach. (1) We consider both current and emerging ther-
mal actuation and sensing hardware capabilities to ensure that the
theory is developed for current and future PBF practice. (2) Com-
putational requirements are not considered here. Although impor-
tant, the complex domains of PBF are best analyzed by spatially
discretizing the domain, which leads to large systems. We antici-
pate computational burdens to ease with advancing computer
power. We also anticipate that the controls theoretic properties of
these large models will be a foundation for assessing the same
properties of more sophisticated, computationally efficient models
in future studies. This provides a framework to apply modern con-
trol and estimation tools such as state estimators and fault detec-
tion schemes to the process monitoring problem, and advanced
control strategies like multivariable robust controllers and model
predictive control.

The intended audiences for this paper are additive manufactur-
ing researchers who are interested in PBF process monitoring
applications and control systems researchers who are interested in
the PBF application. To communicate with the intended audien-
ces, this paper translates established control and network theory
for system models of PBF. Section 2 defines controllability and
observability in the context of PBF, provides an overview of the
established systems and network theory that are leveraged in this
work, and provides an overview of the PBF thermal physics and
hardware configurations under consideration. Section 3 constructs
a set of linear systems from these thermal physics and hardware
configurations. Section 4 derives conditions under which the
resultant linear systems are controllable and observable, as
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Fig.1 System schematics of powder bed fusion (PBF) additive
manufacturing. Reproduced from Wood et al. [3] with permis-
sion from IEEE. Bolded abbreviations A1-A3 and M1-M3 denote
actuation and measurement modes described in Appendix A.
(a) Input and output channels for E-PBF and PBF with a digital
light processing filter. The example Measurement 1 image is
reproduced from Ridwan et al. [4] with permission from The Min-
erals, Metals, and Materials Society. (b) Input and output chan-
nels for standard L-PBF and E-PBF with a slow raster speed.

constructed from different actuation and measurement modes, as
well as showing examples of part geometries that are controllable
and observable. However, controllability and observability as
defined in Sec. 2 are binary metrics. We demonstrate energetic
considerations of state observation in Sec. 5, where we show the
energy required to estimate certain temperature states. Section 6
presents our conclusions.

2  Preliminaries

Throughout this paper, we will denote scalar variables and
functions by italicized variables and vector-valued functions as
bold-face variables. For example, T is the 3D part temperature
function whereas x is a vector of temperatures at discretized
nodes. I, is the m x m identity matrix, 0,x, is the n X m zero
matrix.

We leverage concepts of controllability, observability, strong
structural controllability, and strong structural observability
for linear time-varying (LTV) systems of the form (1), and linear
time-invariant (LTI) systems of the form (2). Here, x(7) € R”
(discretized internal temperature field) is the state vector. u(z) €
R™ is the input vector, and y(r) € R” is the output vector, both of
which are to be defined. A, B(#), and C(r) have appropriate
dimensions

ey
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x(t) = Ax(¢) + Bu(r)

2

(1) = Cx(1) ?

2.1 Controllability and Observability Criteria. The follow-

ing are standard textbook definitions from Refs. [17] and [18]; the

intention is to develop a set of preliminaries to reference through-

out the paper. The criteria for controllability and observability are

built from the definition of the state transition matrix, ®(z, 1),

which describes the mapping from the initial state x(¢) and input
function u(#) to the state at time 7, X(¢)

x(t) = ®(t,19)x0 + Jt (1, 7)B(7)u(r)dr 3)

fo

In the context of PBF, ®(z, ) captures the internal dynamics that
relate an initial temperature field to the temperature field at time ¢.
An input u(7) can be constructed to drive the system from x(7) to
any x(f), thus the system is (completely) controllable, if and only
if the controllability Gramian

WC(Z‘(), l‘l) = J’] (D(l‘l, ‘L')B(‘L')B’('r)(l)’(z‘l7 ‘L')d‘f 4)

)

is nonsingular. [-]' denotes the transpose operator. Analogously,
any initial state x(#p) can be reconstructed from knowledge of the
input u(s) and output y(¢), thus the system is observable, if and
only if the observability Gramian

W, (to,11) = J.r1 @' (11,7)C' (7)C()®(t, 7)dx (35)

fo

is nonsingular.

In the context of PBF, (complete) controllability means there
always exists an actuation function, u(z), that causes the tempera-
ture field in the part, x(¢), to track the desired trajectory. In prac-
tice, this means that the temperature field inside the part can be
sculpted in time. Observability means that we can estimate the
temperature field history solely from knowledge of the actuation
function u(#) and the measurement function y(7).

2.2 Strong Structural Controllability and Observability.
To bound our controllability and observability analysis, we use
the concepts of strong structural controllability (SSC) and strong
structural observability (SSO). Using graph network theory, these
properties assess if certain system parameter combinations exist
which produce an uncontrollable or unobservable system, respec-
tively. For PBF, these parameters include geometric features,
material properties, and actuation design. We use the definition of
SSC given in Ref. [19]:

DErINITION 1. The system (Ao, Bo) is SSC if any system (A, By)
which has the same structure as (Ao, Bo) is completely controlla-
ble as long as every free parameter of the matrix [Ay,By] is
nonzero.

Here, the structure of the pair (Ag, By) is the location of all
nonzero entries of the matrices Ay and B, which are described as
“free parameters” in Definition 1. A similar criterion exists for
SSO [20]. Systems that are SSC (SSO) will be controllable or
observable in the sense of Sec. 2.1 regardless of any variations in
nonzero matrix entries. Assessing SSC and SSO requires analyz-
ing the system as a graph. We introduce this topic using the nota-
tion of Ref. [21], which readers should consult for more detail.

Construction of the graph corresponding to Eq. (2), G(A, B, C),
is demonstrated in Fig. 2. The nodes of G(A, B, C) are the compo-
nents of x(7), u(z) (driver nodes), and y(t) (observer nodes). The
nonzero entries of A, B, and C determine which components of
x(r) are connected by edges to other components of x(¢), u(z), or
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Fig. 2
ment and three nodes with external input being applied to node 1 and a measurement taken
of node 1. The A matrix maps heat flow. The B matrix maps the input u to the system nodes.
The C matrix maps the state x to the output (measurement y). (b) Interpretation of the system
as a directed network following the notation of Ref. [21], with edges of the network mapping
heat flow between nodes according to the weights specified by A, B, and C.

(@ (b)
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Fig. 3 Transition from a continuous model of PBF heat transfer
to a FEM model: (a) description of PBF boundary conditions for
a simple part and (b) FEM-based discretization of PBF solution
domain and the associated system of coupled ODEs

y(7), respectively, and the edge weights. Section 4 will show how
the thermal models we derive in Sec. 3 relate to G(A,B,C),
although others have developed different graph theoretic represen-
tations of PBF for different analyses [22].

2.3 Powder Bed Fusion Actuation and Sensing Structure.
We conclude these preliminaries with an overview of the existing
and emerging PBF thermal physics and hardware configurations
examined in this work. Consider a partially built part in a PBF
system (Fig. 1). The part is the thermal domain, V, with heat trans-
fer defined on the domain & = {x,y,z} € V C R3 (Fig. 3(a)). Vis
bounded by the set of faces S = {A, I, Q} C R?, defined below:

e A contains all faces at the part bottom, consisting of points
¢ ={x,y,0} € V, which are in contact with the machine
base plate.

e Q contains all faces at the part top, consisting of points
& ={x,y,Z} € V, which are exposed to the environment,
laser or e-beam energy sources, and vision-based thermal
Sensors.

e I' contains all other bounding faces of the part. These faces
are in contact with the surrounding metal powder.

Temperatures within V at coordinate ¢ and time ¢ > 0, denoted
T(&,1), are defined by the heat flux balance

S TED

dt

M(E l) — {cond. — Yconv — Grad — thase (6)

where u(E, ) is the thermal energy delivered to the top face & € Q
from either laser or e-beam irradiation, g.ong is heat transfer via
conduction, gcony 18 heat transfer via convection, ¢,q is heat trans-
fer via radiation, gphase is heat transfer associated with phase
change, p is density and c is specific heat. As Fig. 3 demonstrates,
we construct PBF models based on approximating the flux balance
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Interpretation of an LTI system as a graph. (a) Simple model consisting of one ele-

(6) with the finite element method (FEM), which is common [23].
While other researchers have developed promising fast and accu-
rate methods for solving (6) applied to PBF, we choose FEM for
three reasons: (1) FEM has a lesser dependency on tunable hyper-
parameters and training data than graph theoretic methods [22]
and machine learning models [24], respectively, (2) FEM more
easily accommodates arbitrary geometry-imposed boundary con-
ditions than Green’s Function methods [25,26], and (3) FEM can
model PBF dynamics at a higher resolution than path-level models
[26,27], thus affording more sensitive process monitoring. As
stated before, we anticipate the computational burden of FEM
modeling to reduce with time, and for these results to be a founda-
tion for assessing controls properties for more efficient models.
Therefore, we consider a set of temperaures in V at the n nodes in
our FEM mesh, &, &,, ..., £,, which is state vector x(r) € R"
X(t) - [T(Elvt)vT(f%l)v "'7T(§n7[)}/ @)
PBF systems are equipped with a variety of actuation and sens-
ing hardware, which governs the form of u(¢&, ) of Eq. (6) and the
in situ measurements, respectively. Appendix A details the actua-
tion and sensing modes considered in this paper. Broadly speak-
ing, we consider actuation modes that implement combinations of
inputs 1-5 of Fig. 1, labeled actuation modes A1-A4, and mea-
surement modes that implement combinations of measurements
1-3 of Fig. 1, labeled measurement modes M1-M3.

3 Powder Bed Fusion Thermal Model

This section derives the models in Eqs. (1) and (2) from the
heat flux balance of Eq. (6) and the actuator and measurement
structure from Appendices A.1 and A.2, respectively. Our objec-
tive is to construct models for which the controllability and
observability tools of Sec. 2.1 are applicable.

3.1 Powder Bed Fusion Model Assumptions and Construc-
tion. We first apply several simplifying assumptions to produce
models amenable to controllability and observability analysis:

ASSUMPTION 1. @cony. and ¢rag. are assumed to be zero, because
the Biot number for PBF is approximately Bi = 0.0/ [28].

AssumpTioN 2. Conduction into the unfused powder is negligi-
ble, as the loosely packed powder has a conductivity 100x smaller
than the fused material [29]. This sets up a Neumann boundary
condition at surfaces I', VT - n = 0Vv € T, as shown in Fig. 3(a),
where V = (5—17(%“)&), is the vector dot product, and n is the
direction normal to the domain I".

AssumpTioN 3. Surfaces A have constant temperature T, con-
structing the Dirichlet boundary condition T =Ty Vv € A and ¢
(Fig. 3(a)). The PBF base plate and surrounding machine have a
thermal mass that is typically orders of magnitude greater than the
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part being built. Therefore, as do other researchers [30,31], we
assume that the machine base plate is an ideal heat sink, and thus
has constant temperature.

AssumpTION 4. We assume that new material added to the part
in the timescale of analysis is negligible in comparison to the vol-
ume of V. For example, adding a 40 um layer to a progressing
Smm x 10mm x 5Smm brick-shaped build constitutes only a 2%
change in volume. Therefore, we treat the volume V' as constant,
with thermal properties equivalent to the bulk thermal properties.
While this assumption excludes the initial stages of building and
extreme long-term time scales from our analysis, it allows us to
assess controllability and observability of systems with a fixed
domain, which is common in control theory literature [17,18]. We
anticipate results pertaining to a fixed V being foundational for
analyzing systems with a dynamic V.

AssumpTiON 5. We assume ¢phase = 0. Capturing phase change
requires nonlinear, often discontinuous switched, models that are
not congruent with established observer and controller synthesis
paradigms [32]. Neglecting ¢pnase induces error, but is commonly
done in PBF modeling [22,25,26], and this assumption keeps our
model tractable for controls analysis.

3.2 Reduction of Powder Bed Fusion Dynamics Through
Finite Element Method. Assumptions 1-4 and 5 reduce Eq. (6)
to the well-known conductive heat transfer boundary value prob-
lem defined by Fourier’s Law

ok _,

— = TV 1%
ot c,aV ¢
T=TyVEeA

®)
VT -n=0vVéel

VT -n=u(é)VEecQ

K is the material thermal conductivity, and n is defined in
Assumption 2. Equation (8) does not have a closed-form solution
for the arbitrarily complex problem domain and boundary condi-
tions of PBF-manufactured parts. As explained before, we choose
FEM to approximate the solution to Eq. (8) after discretizing V
into a set of nodes and elements (Fig. 3(b)). According to
Assumption 4, the nodes are assumed to hold fixed positions,
which produces the system of ordinary differential equations in
Eq. (9). We encourage interested readers to consult [33] for details
on this process. x(¢) in Eq. (9) contains the temperature states at
all FEM nodes not on A, since these nodes on A are constrained
to have the value T. In Eq. (9), K captures the conductivity
between adjacent nodes, M captures the thermal capacitance of
each element, and the load vector function R(z) imposes the
boundary conditions at the nodes on S. M and K are guaranteed to
be symmetric and positive definite (PD) [33]. A PD M ensures
that M~ always exists. To ease the computational burden of
inverting M, we elect to use a lumped mass approximation, which
yields a diagonal PD M [34]

X(f) = M 'Kx(r) + M 'R(z, u) )

Equation (9) is the basis for the nonlinear PBF model, Eq. (10)

x(1) = Ax(1) + r(t, u)
y(1) = g(t,x(1))

where A = —-M~'K, r(t,u) = M~'R(z,u), and g(t,x(t)) con-
structs the measurement. The structures of r(z,u) and g(z,x(r)) are
based on the actuation and measurement modes of Appendix A.
We now state some properties of A.

Remark 1. M and K are symmetric and PD; therefore, A is
Hurwitz [35].

10)
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Table 1 Linear PBF thermal models

Case Actuation Measurement State equations

AIMI1 Al M1 x(f) = Ax(t) + Bu(r)
y(0) = Cx(1)

AIM2 Al M2 x(t) = Ax(t) + Bu(r)
y(6) = C(0)x(1)

A2M1 A2 M1 x(t) = Ax(¢) + B(t)u(r)
y(0) = Cx(1)

A3M1 A3 M1 x(r) = Ax(¢) + B(r)u()
¥(6) = Cx())

A2M2 A2 M2 x(t) = Ax(¢) + B(t)u(r)
y(0) = C0)x(1)

A3M2 A3 M2 x(1) = Ax(¢) + B(r)u()
y(0) = C)x()

THEOREM 1. Equation (10) is asymptotically stable, detectable,
and stabilizable.

Proof. The stability, detectability, and stabilizability of Eq. (10)
follow directly from A = —M~'K being Hurwitz (Remark 1). W

THEOREM 2. A has real, negative eigenvalues and is always
diagonalizable. Furthermore, all [A]; # 0, [A]; # 0 < A; # 0,
and [A]ij =0« Aj,' =0. )

Proof. A having real, negative eigenvalues, and being diago-
nalizable is a direct consequence of the facts that M =
diag((M],,, ...,[M],,,) is PD, K=K’ is PD, and A = -M"'K
(Corollary 7.6.2 of Ref. [36]). Since M is PD, all [M],; > 0, and
therefore, all [M™'],; > 0. Similarly, since K is PD, all K], >0
[37]. Since [A]; = —[M"'];[K]; and [K]; # 0 < [K], # 0, all
[A]; #0, [AL'J' #0 o [A]ji # 0, and [A]ij =0 [A]ji =0. u

3.3 Linear System Construction. Appendix B details how
the actuation and measurement modes of Appendix A are used to
linearize (10). Table 1 summarizes the results. Generally speak-
ing, measurement mode M2 and actuation modes A2-A3 produce
LTV system descriptions. As discussed in Appendix B, actuation
mode A4 and measurement mode M3 produce uncontrollable and
unobservable systems, respectively (Remarks 5 and 7), and are
not used in these constructions. Case A1M1 is the only LTI sys-
tem and all other cases are LTV in B(¢) and/or C(7).

Figure 4 shows a representative set of A, B, and C matrices,
corresponding to case AIMI1 and the geometry of Figs. 7(a) and
7(b), which shows the typical sparseness of case AIMI1. A is
mostly comprised of zero entries because each node has only a
small number of neighbors, and B and C are comprised mostly of
zero entries because most nodes are not on Q.

4 Controllability and Observability

In this section, we derive controllability and observability con-
ditions for PBF models having a V' without disconnected struc-
tures, meaning that all regions of V are connected by solid
material, using the graph theory principles of Sec. 2.2. Equiva-
lently, a continuous path may be constructed from the edges of
G(A, B, C) between any two nodes in the mesh of V.

4.1 Classical Controllability and Observability

THeEOREM 3. Given Case AIMI, and V without disconnected
structures, the system is controllable and observable in the sense
of Sec. 2.1 if A has all distinct eigenvalues and at least one node
exists on Q at all times.

Proof. Let 6(/4;) denote the algebraic multiplicity of an eigen-
value of A, /;, defined as the number of times /, is repeated in the
spectrum of A, spec(A). Let Np be the minimum number of driver
nodes (Sec. 2) needed to control the system in the sense of
Sec. 2.1. Since A of case, AIMI1 is always diagonalizable
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N

Fig. 4 AcR™" BeR™™ and C<cRP*" matrix patterns, corre-
sponding to the system shown in Figs. 7(a) and 7(b). Nonzero
elements are shown in white, and zero elements are shown in
black. For this system, n=144, m=11,and p=12.

(Theorem 2), Np = max;{d(4;)} [38]. If the eigenvalues of A are
all distinct, then Np = 1. The only nodes in the mesh of V that are
eligible to be driver nodes are those on Q. By construction of V, at
least one node exists on Q. Furthermore, it follows from the proof
in Ref. [38] that increasing Np beyond the minimum value,
Np > 1, does not result in a loss of controllability. Therefore, if
any subset of nodes on Q is selected as driver nodes, the system is
controllable. The claim for controllability is proven. Finally, the
supplementary material of Ref. [38] shows that the minimum
number of observer nodes, Ny, is the same as Np; having all-
distinct eigenvalues of A implies an observable case AIMI.

In practice, Theorem 3 states that PBF systems that are (a) sub-
jected to an arbitrary heat flux on Q, and (b) equipped with an IR
camera that measures €2 to arbitrary resolution (case A1M1), may
always have their internal temperatures be controlled via the heat
input and may always have these temperatures be estimated from
the available measurements. |

Remark 2. Having placed conditions for which case AIM1 is
controllable/observable from a single node on Q, we now place a
crucial limitation on this result: If the system is not controllable or
observable in the sense of Sec. 2.1 from a single node, then we
cannot necessarily restore controllability or observability by add-
ing more heat sources or by expanding the set of nodes visible to
the PBF sensors. This would constitute adding more driver or
observer nodes to exposed face Q. Reference [38] shows that
driver nodes in a network must be placed where the matrix
(AML, — A) loses rank, where 2 is the eigenvalue with maximal
3(%;) = oM. There is no guarantee that these Np > 1 required
driver nodes all lay on Q if ¥ > 1, and if they do not, then con-
trollability or observability of case A1MI is not possible.

Observability properties extend to cases A2M1 and A3M1, and
controllability properties extend to case A1M?2:

CoRrOLLARY 1. Given cases A2M1 and A3M1, and V without dis-

connected structures, the systems are observable in the sense of

Sec. 2.1 if A has all distinct eigenvalues and at least one node
exists on Q at all times. Case AIM?2 is controllable under these
same conditions.

Proof. Cases A1IMI, and cases A2M1 and A3MI1, have the
same homogeneous dynamics and LTI output equations. There-
fore, their observability properties are the same. Similarly, case
A1M?2 has the same controllability properties as case AIMI.

We now verify the observability of cases AIM2, A2M2, and
A3M2. |

THEOREM 4. If'V contains no disconnected structures, there is at
least one node in the camera field of view (FOV) at all times, and
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A has all-distinct eigenvalues, then cases AIM2, A2M?2, and
A3M?2 are observable.

Proof. As explained in Remark 6, cases AIM2, A2M2, and
A3M2 switch between a sequence of systems that resemble case
A1IMLI in their output equations. If V' contains no disconnected
structures, A has all-distinct eigenvalues and there is at least one
node in the camera FOV at all times, each system in this
sequence is observable by Theorem 3. It follows from Remark
0.3.2.1 of Ref. [39] that cases AIM2, A2M2, and A3M2 are
observable. |

Remark 3. Theorem 3, Corollary 1, and Theorem 4 provide suf-
ficient observability conditions for every case of Table 1.

4.2  Strong Structural Controllability/Observability. Hav-
ing provided sufficient conditions for controllability and observ-
ability, we now assess the existence of systems that pass and fail
these conditions. We phrase these results in terms of case A1M1,
because Corollary 1 and Theorem 4 extend Case A1M1 observ-
ability results to other cases.

THEOREM 5. It is possible to construct an instance of case AIM1
that is controllable and observable. It is possible to construct
instances of cases A2M1 and ASM1 that are observable.

Proof. From Theorem 2, we know that all [A;] # 0. Therefore,
it follows directly from Ref. [40] that case A1M1 is structurally

\

(3) ~ Powder level X u;

/3
Lo

Choose N (green):
N=1{2,3,4}

j=2,. 4s1m11a% \
/' U‘\

j=1. Dashed arrows show j=u. Dashed arrows show
successors in N (green). successors in N (green).

TN
‘w0
Y2

) v Powder level

/ \\ XX

Fig.5 Demonstration that the criterion of Theorem 6 is not sat-
isfied for PBF models: (a) single element mesh for a 3D part
domain V constructed according to case A1M1 and sample set
N of noninput nodes. “u” denotes the input node. Observer
nodes are suppressed for clarity. (b) Demonstration that no
node j exists such that exactly one successor of j is contained
in N. (c¢) Cross-sectional view of G(A, B, C) corresponding to a
track of material having nonzero contact area with the base
plate.
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Fig. 6 Controllability and observability of simple part geometries: controllability and
observability are determined with the eigenvalue check of Theorem 3. All four geometries
satisfy this criterion. White-shaded faces denote Q, which is the face visible to the measure-
ment modes. (a) A simple cube. (b) McMaster-Carr part 7880K11. (c¢) McMaster-Carr part
44685K211. The inset denotes the full part geometry. (d) McMaster-Carr part 15655A41. The

inset denotes the full part geometry.

controllable and observable, meaning that it is possible to con-
struct an instance of case A1M1 that satisfies the sufficient condi-
tion of Theorem 3. Similarly, it is possible to construct instances
of cases A2M1 and A3M1 that satisfy the sufficient condition of
Corollary 1. |

To assess if there are instances of case A1MI that are not con-
trollable and observable, we turn to the concepts of SSC and SSO,
as given in Definition 1. We first approach the problem of SSC
using the language of Ref. [41].

THEOREM 6. Restated from Ref. [41] for clarity: An LTI system
described by the graph G(A,B, C) (Sec. 2.2) is SSC if and only if
the following holds: For every nonempty subset N of noninput
nodes in the graph, there exists a node j in the graph (including
input nodes), such that N contains exactly one successor of j.
Given nodes w and v in G(A,B,C), w is a successor of v if
G(A, B, C) contains a directed edge from v to w.

THEOREM 7. For a V having nonzero contact area with the base
plate, it is impossible for case AIMI to be SSC or SSO.

Proof. Figure 5(a) shows the graph corresponding to a simple
3D FEM mesh with only one node on Q. Since the two criteria of
Theorem 6 must hold for all subsets of N noninput nodes, we
choose the N shown in Fig. 5(a). We check the validity of Theo-
rem 6 as shown in Fig. 5(b). It is clear that varying our choice of j
has two outcomes: There are three successors of j in N if j is cho-
sen among the noninput nodes of the graph, or there are no succes-
sors of j in N if j is chosen to be the input node. The criterion of
Theorem 6 is not satisfied; the instance of case A1M1 is not SSC.

As shown in Fig. 5(c), any FEM mesh for part domains that
have nonzero contact area with the base plate will contain elements
of this structure and/or elements that are entirely beneath Q.

031002-6 / Vol. 145, MARCH 2023

For there to be nonzero surface area in contact with the base plate,
at least one element must have an entire face beneath Q, leaving
at most one node on Q. Therefore, it is guaranteed that the crite-
rion of Theorem 6 is not satisfied for case A1M1 generated from
any V with nonzero contact area with the base plate, since the
node set of Fig. 5(a) must always be present. Case A1M1 cannot
be SSC. The proof for SSO proceeds similarly, because the ques-
tion of controllability of G(A, B, C) is equivalent to the question
of observability of G(A’,B’, C’) [42]. [ |

Remark 4. The (strong) structural observability bounds of Theo-
rems 5 and 7 extend to cases A2M1 and A3MI1 by Corollary 1,
and to cases AIM2, A2M2, and A3M2 by Theorem 4. This
bounds the sufficient observability conditions of Remark 3 for all
cases. Similarly, the (strong) structural controllability bounds of
Theorems 5 and 7 extend to case A1M2 by Corollary 1.

Qualitatively, Remark 4 means that there exist part geometries
for which accurately estimating the internal temperature field
using data from either measurement mode M1 or M2 is impossi-
ble. However, there is at least one geometry where the estimation
is possible. Furthermore, Remark 4 shows that geometries exist
for which sculpting this temperature field in time via actuation
mode Al is also impossible, but that at least one geometry exists
for which doing so is possible.

4.3 Case Study: Controllability and Observability of Sam-
ple Geometries. Figure 6 demonstrates how Theorem 3 is
applied. The FEM meshes corresponding to four representative
parts are displayed, and the faces containing nodes on € are
shown in white. To remind the reader that these models apply to
parts midway through building, the geometries of Figs. 6(c)
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and 6(d) are sectioned along the z-axis. All four geometries pro-
duce A matrices with all-distinct eigenvalues. For all geometries
of Fig. 6, this means the system is controllable and observable
because at least one node exists on the measured face. We have
yet to identify a geometry that produces a model with repeated
eigenvalues, but Theorem 7 guarantees at least one exists. How-
ever, the size of Q relative to V is small for Figs. 6(b)-6(d) relative
to Fig. 6(a). Although temperature field control and estimation is
possible for all four geometries, we expect doing so to become
increasingly difficult as Q shrinks. We justify this expectation in
Sec. 5 by demonstrating how the “difficulty”” of observation varies
based on part and sensor configuration.

5 Energy Metric for Observation

Affirming observability is a binary metric and conveys no infor-
mation regarding the relative difficulty of observation. Through
examples, this section compares the energy absorption require-
ment of the sensors when observing different 7'(&, 7), as quantified
by Eq. (11) [43]. Eqs of Eq. (11) is called the observability
energy

K
Eane = > YK = X [KIW,x[K] (an
k=0

Here, W, is the discrete time analog to Eq. (5), and the notation
[k] denotes time kAt, where At is the discrete time-step. Our pro-
cedure for converting from continuous to discrete time is given in
the Supplemental Material on the ASME Digital Collection. Our
case studies assess Eqys for the cases in Table 1. For LTI measure-
ment modes (cases A1IM1, A2M1, and A3M1), we compute W,
for different quantities of sensors, and assess Eops as a function of
several temperature states x[K]. For cases AIM2, A2M2, and

(a)

: \ NAA N /N

1 T=1, Eypy=22.5

, RN AR
T=1, Egps = 117.4

A >

} AvaYAVA

5 4 3 |T= 1, EObS =330.3| > #

(c)

1 B 7=1,E,,=217

oL S
T=1, Egpg =2022

T T=1LE =645 [

A3M2, Eqp, is computed by summing all ||y[k]||3. This is done
because computing W, is impractical for cases A1M2, A2M2,
and A3M2, and Eq. (11) shows that the two methods are equiva-
lent for cases A1IM1, A2M1, and A3M1.

We compute E,ps for the two 2D geometries shown in Fig. 7,
discretized with the displayed FEM meshes. These meshes use
midside nodes which are not visualized for clarity except when
stated otherwise. As will be explained, for both geometries and
LTI measurement modes (cases AIM1, A2M1, and A3M1), we
test how E.ps changes under two conditions: (1) holding the tem-
perature T fixed within an expanding radius of nodes while keep-
ing the observed nodes constant (Figs. 7(a) and 7(c)), and holding
the temperature field fixed while expanding the number of
observed nodes (Figs. 7(b) and 7(d)). For LTV measurement
modes, we consider only case A3M2, and test how Eq,s changes
as a function of expanding observed nodes for fixed scan parame-
ters (Table 2), which are as follows: Constant P[k] = 27.5 W, con-
stant (r,)%[k] = 0.15 mm?, starting from x.[0] = 0 and moving
with constant velocity v =8 mm/s. These simulations are discre-
tized with Ar = 0.5 ms and run for K= 1152 time steps. The oper-
ating point of actuation mode A3 is [Py, 77 ] = [27.5,0.11]. The
output matrices, C[k], are constructed by selecting nodes within
the moving camera FOV.

5.1 Energy Metric Results. We first illustrate trends in Eqps
for time-invariant observations (cases A1M1, A2M1, and A3M1)
of 2D PBF models. Figure 7 demonstrates this test, which exam-
ines E.ps under two conditions: first, fix the number of sensors,
observing the highlighted nodes, while varying x[K] of Eq. (11),
and second, fix x[K] while varying the number of sensors. We
construct a varying x[K] as follows: All nodes of Fig. 7 enclosed
by a black semicircle have a constant temperature 7 = 1, with all
other nodes having 7=0 (ambient temperature in the chosen

(b)

: WAV AN
‘ T: :Q (iUt\Side circle T=1 inside circle ‘
o/ | Observed nodes (shape) i b
4| | Circle 7.89
Circle+Cross 22.5
“[| Circle+Cross+Square 56.5
s | CircletCross+Square+Plus 68.9 ¢
Circle+Cross+Square+Plus+Star | 72.8

(d)
®

| 7=0 outside circle

T=1 inside circle ‘

°l' | Observed nodes (shape) ot
1 | Circle 7.85
,| | Circle+Cross 21.7
/] Circle+Cross+Square 48.6
° | Circle+Cross+Square+Plus 58.0
Circle+Cross+Square+Plus+Star | 65.2

Fig. 7 Eops associated with given x[K]. Midside nodes were excluded for clarity, with the exception of
the circles in subplots (b) and (d). Sensors for both geometries are observing the highlighted nodes
on Q. x[K] is defined by maintaining all nodes within regions enclosed by black semicircles at T=1
and leaving nonenclosed nodes at T= 0. (a), (¢): effect of changing x[K] on E,ys for a fixed sensor con-
figuration (observed nodes in red). (b), (d): effect of changing the number of sensors on E,s for fixed

x|K], and fixed sensor locations.
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Table2 Observation energy of cases A1M2 and A3M2

Geometry of Fig. 7(a)

Geometry of Fig. 7(c)

N closest nodes to x.(#) observed Eops Eops/N Eobs Eops/N

N=1 2.77 x 10° 2.77 x 10° 8.27 x 10° 8.27 x 10°
N=3 5.96 x 10° 1.99 x 10° 1.74 x 10'° 5.80 x 10°
N=5 6.48 x 10° 1.30 x 10° 1.83 x 10" 3.66 x 10°

units). We observe in Figs. 7(a) and 7(c) that as the radius of
enclosed nodes increases, so too does E,,. This is intuitive:
Observing x from measurements of Q requires absorbing increas-
ing energy as the components of x beneath Q) grow more ener-
getic, as measured by the growth of HX[K ]|[5 relative to a constant
||¥[K]|[>. Part geometry plays a role in this information flow. The
[-beam geometry of Fig. 7(c) cannot conduct heat from the inte-
rior to Q, and thus to the sensors, as efficiently as the
rectangular-shaped geometry of Fig. 7(a). Accordingly, Egps
increases faster as the enclosed node radius increases in Fig. 7(c)
than in Fig. 7(a).

Figures 7(b) and 7(d) demonstrate the effect of changing the
number of sensors has on Eqps. We construct a fixed x[K], and the
number of nodes within the sensor FOV is varied. We observe
that in both geometries, as the number of observed nodes
increases, so too does E,s. This result is intuitive because the
amount of energy absorbed by the sensors will naturally increase
as the sensors image more of Q. As Figs. 7(b) and 7(d) show, Eqps
continues to increase even when nodes outside the circle of ele-
vated temperature (which have T'=0) are included in the observa-
tion. Eqps increases despite the additional sensors recording the
value 0 because recording this measurement still requires expend-
ing energy.

We next illustrate trends in Eyps for time-varying observations
(case A3M2) of 2D PBF models, using the time discretization of
the Supplemental Material on the ASME Digital Collection.
Using the given laser parameters, we calculate a sequence of sys-
tem states {x[k]}A _y for both geometries of Fig. 7. The action of
C,4[k] at each time-step 1s implemented by selecting each y[k] in
the output signal {y[k]};" to be the temperature of the N nodes
closest to the laser center, x.(f), at time-step k. Table 2 demon-
strates these results for several values of N. Changing N represents
observing the PBF melt pool with a sensor with a varying FOV.
These values are higher than those reported in Fig. 7 due to the
PBF laser producing higher temperatures, and thus output sig-
nals, than setting 7'=1 arbitrarily. The reader should not com-
pare Eyps between the LTI and LTV cases. We notice the same
trend observed in the previous section: as the measurement
FOV widens (N increases), so too does E, for the same reason
as before. Additionally, Table 2 shows that the energy absorbed
per sensor, Eqps /N, decreases as N increases. We draw two con-
clusions: (1) that using a large number of sensors (large N) does
not substantially improve the observation quality, relative to
smaller N, as measured by a diminishing growth in E,ps, and (2)
as N increases, each sensor absorbs less energy when observing
x[k].

6 Conclusions

This paper represents a foundational exploration into the con-
trollability and observability of the internal temperature fields of
parts being manufactured via the PBF process, for eventual qual-
ity control and temperature control application. It is shown that a
FEM-based discretization of the governing PBF physics produces
a model that is unconditionally asymptotically stable, stabilizable,
and detectable. We investigate six PBF hardware architectures
within the framework of linear systems analysis. These architec-
tures include industry-standard and emerging PBF hardware,

031002-8 / Vol. 145, MARCH 2023

therefore, we expect our investigation to accommodate future
industry trends. We show that having all-distinct eigenvalues is
sufficient for controllability and observability of linearized (LTI)
models (cases AIM1 and A1M2), and for observability of all six
examined cases. This shows that accurately estimating the internal
temperature field from a FEM-based model is possible for certain
part geometries, constructed from a variety of PBF hardware con-
figurations. Assessing controllability and observability of more
advanced sensor configurations like embedded thermal sensors
[44,45] is a direction of future research. These configurations add
new boundary conditions to PBF thermal physics and change the
measurement dimension over time, and thus go beyond the
assumptions in this work.

Furthermore, we present an initial characterization of the rela-
tive energy demands of observing these linearized systems, to bet-
ter understand the practicality of state observation. These
procedures let us quantify the change in estimator performance as
we alter the available sensors. These are important considerations
for the controls engineer, who must distinguish between the
binary metric of observability, and consequences of the energetic
requirements for state observation. For example, we show that
increasing the number of sensors cannot necessarily restore
observability to a deficient system. However, for a system that is
observable, adding sensors lowers the energetic burden at each
sensor when observing the state. There are diminishing returns
to adding more sensors, suggesting that the high resolution cam-
era data that is currently being used [46,47] provides orders of
magnitude more data than is required for accurate process esti-
mation [16]; the authors have performed detailed investigations
on state observation effectiveness with decreasing camera
resolution [48].
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Appendix A: Powder Bed Fusion Actuation
and Measurement Modes

A.l Actuation (A) Modes. Powder bed fusion systems are
currently actuated, or proposed to be actuated, via four different
modes. Each of these modes governs the form of u(&,7) incident
on the part. Different actuation modes are not typically applied
simultaneously, although some researchers have proposed systems
that permit the simultaneous application of different modes
[49,50].
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(Al) u(&,t) as an arbitrary function. Actuation mode Al is
applicable to an electron beam (e-beam) system (E-PBF) oper-
ating such that the heat flux on Q can be prescribed and spatio-
temporally graded [51,52], as shown in input 1 (Fig. 1(a)). In
E-PBF, the raster speed (order of 10* mm/s [53]) meets the crit-
ical speed for heat input across successive rasters to outpace
heat loss due to conduction [54], which allows us to approxi-
mate u(&, 1) as arbitrary. A laser PBF (L-PBF) system that uses
a digital light processing filter to distribute laser flux can also
produce an arbitrary heat flux function across Q [49,50].

(A2) u(&,t) as a Gaussian function with inputs 2-5. Incident
laser or e-beam flux is assumed to have a Gaussian-distributed
intensity [31,55], and a total of M heat sources (spots) are

assumed active
M. p; (Yei — xg)2 + (Ve
u(@n) =3 5-exp| - >
b, bii

i=1 i

oy 2
yf)) (A1)

Here, xz and yg denote the x and y coordinates of the point &,
respectively. The system provides complete control authority
over inputs 2-5 in Fig. 1(b): (1) laser or e-beam effective
power, P;(t); (2) laser or e-beam radius, r,;(7); and (3) and (4)
laser or e-beam centroid, x.;(¢) and y.;(¢). Actuation mode A2
is applicable to L-PBF with single- (M = 1) and multi- (M > 1)
laser configurations, and E-PBF operating such that the raster
speed is, at most, on the same order as the effective time con-
stant of the thermal system.

(A3) u(&,t) as in A2, but without Inputs 4-5. A3 represents the
minimal control fidelity envisioned, and is the current state of
the art [S6-58]. The laser or e-beam centroids of Eq. (A1) are
not control variables; instead the centroids x.;() and y. ; () pro-
ceed on a schedule of G-code commands.

(A4) u(&,t) proceeds along a predetermined trajectory. This is
the current open loop actuation method used by almost all PBF
machines. u(€, ¢) remains arbitrary because its trajectory cannot
be altered in real time.

A.2 Measurement (M) Modes. Powder bed fusion tempera-
ture is currently measured, or proposed to be measured, via three
different modes, or combinations thereof.

(M1) Fixed field of view thermal camera. The camera has a
FOV on Q to collect emitted infrared light from the part [59],
y=h(x,y,0,f)T(&E ). h(x,y,o,f) models the action of an
infrared camera with an o x f-pixel FOV centered at the point
(%,y). h maps the temperature field on Q, T(&, 1), to a measured
temperature at each pixel in the camera FOV. We do not yet
specify this mapping, which includes camera mechanics and
pixel spacing, and thus describe / as a generic windowing func-
tion. In cases where the measurement is a single point (spot)
pyrometer centered at (¥,y) [60], the windowing function is
given by h(x,y,1,1). Measurement mode M1 is possible for
both E-PBF and L-PBF systems (measurement 1, Fig. 1).

(M2) Source-centered field of view thermal camera. Emitted
infrared light from face Q passes through the galvonometer mir-
rors (Fig. 1(b)) before being split off to a set of sensors. For
multilaser configurations as in actuation mode A2, each light
path may be equipped with an infrared (IR) camera. For a sen-
sor array of M cameras, [61], the FOV is coaxial with the laser
centroids, and y = (3212, h(xe; + X1, Ve + Vi %, B))T(E, 1) h
is defined as in measurement mode M1, and X; and y; capture
an offset between the laser centroid and the center of a camera
FOV. If these sensors are single point pyrometers [62] or a
pyrometer array [63], the windowing function is given by
h(xe;i +Xi,yei +¥;, 1,1). Measurement mode M2 is only possi-
ble with L-PBF (measurement 2, Fig. 1(b)).

(M3) Environmental temperature measurement, Ty, via a ther-
mocouple embedded in the base plate. This is the most basic
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temperature measurement available (measurement 3, Fig. 1).
This sensor is used for real-time environmental temperature
feedback and is commonly available in commercial PBF sys-
tems. We model this measurement as y = h(%,y, 1, 1)T(&,1),
where £ is the (single pixel FOV) generic windowing function
of measurement mode M1, and 7(&,7) within a region
(¥*€,y=*e) is the temperature on surfaces A.

Appendix B: Constructing Linear Input/OQutput
Expressions

B.1 Expression of r(s,u) for Each Actuation Mode. r(z, u)
has a different form for each actuation mode (Appendix A.1), thus
influencing the controllability of the process. Each of the follow-
ing subsections derives the form of r(z,u) for a given form of the
input u(&,1).

B.1.1 Actuation Mode Al. Actuation mode Al assumes that
the form of u(¢,r) is arbitrary. This input structure allows for a
convenient simplification of the FEM-derived r(z, u), [33]

r(t,u) = M~'R(t,u) = M~ Z[ 1)N.dS, (B1)

where N, are shape functions that interpolate the value of T(&, 1)
from the temperatures at the nodes that bound the ¢” element. S,
is the boundary of the e” element. u(&,7) = u(&,1) if & € Q and
u(&,t) = 0 otherwise. Details are in the Supplemental Material on
the ASME Digital Collection. After simplification, the PBF input
is

r(t,u) ~ Bu(r) (B2)

B.1.2  Actuation Mode A2. Under actuation modes A2 and A3,
u(€, 1) assumes the Gaussian form specified in Eq. (Al). There-
fore, Eq. (B1) may be expanded into the form shown in Eq. (B3).
Actuation mode A2 assumes that P; () > 0, r (1) > 0, and x.(1),
and y.;(¢) are freely controllable at each instant of time 7 for all M
lasers in the system, constructing the input u; (¢) of Eq. (B4)

) A% +ay (02

-1 AL Pilt 20 /
r(,u (1)) =M EL Z’Q oe " N.dS,  (B3)
e i b,i

u (1) = [Pl(t),r,il(t),x(,‘l(t),yc?l(t),

B4
Prt(0) Poag (1) Xt (0, Your ()] ®Y

In Eq. (B3), Ax;(r) = x.;(r) — x&, and Ay;(t) = y.i(t) — y&, for
¢ =¢cQ and time-dependent laser centerpoint coordinates
xeq(1) and ye, (1),

Under these conditions, the integrand of Eq. (B3) is continu-
ously differentiable with respect to all components of u(7); there-
fore, we use Leibniz’s integration rule to linearize Eq. (B3) about
the time-varying operating point ug(r) = (Po;(t), rp0.(1),
Xc0,i(1),yc0,4(2)). By linearizing Eq. (B3), we control first-order
deviations from u (7). The linearization procedure yields

r(t,u () = r(t,uy(r)) + B(r)ou, (1)

duy (1) = [0P1(1), 01y, (1), 0xe1 (1), Syen (D), ...
Py (1), 077 (1), e (£), Oy (1))

u (1) = up(r) + duy (7)
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where B(7) is

B()= | Or Or Or Or or or o or
B 8P1’ar,%'l’8x(.,1’8y(,1""’8PM’8r§'M’8x(.‘M’8yc,M

T T

u(7)

[ or or Or Or ]

(] o)
ZJ M(—wmm)m

— ZL N <2P0,£ )t))ZAX(),I'(l)o’o,i(t)exp(_UOJ_([))NedS
IS (gt
ZL - <2P0'£(;))2Ay0'l(t)aoj(t)eXp(_60~f(t))NedS
o U %()A,i t
L 0,(1) :w ]
B0,

(B5)

From Eqgs. (B3) and (B5), we observe that
Po,i(t)(% luo(r)) = T(#,uo(7)). Therefore, we express r(z,uo(r))
in  terms of B(r) as r(tuy(r)) =B(1)[Po:(2),0,...,
Po2(1),0, ..., Pop(2),0,...]". This allows us to express r(z,u;(¢)) as

r(t,u (1)) =
B(I)(5U1(t) + [P()J (r),O, ...,Povz(l‘),o, ...7P0>M(l‘)70}/)

Within the context of linear systems, the input ou;(7) is a free
choice, therefore =~ we  construct the control input
ouy (t) = ll(t) — [P()J (l), 0, ...,P()Q(t), o,..., PO?M(t), 0,.. .}l. This
cancels the influence of the operating point to form the input rela-
tionship ~ B(t)u(r),  where  u(t) = [Py(t),0r},0xc1,0Vc 1,
RS PM(t)v 6’.}%,M7 5xc:M7 6y<,"M]/~

B.1.3 Actuation Mode A3. As in actuation mode A2, in actua-
tion mode A3, r(z,u) assumes the form given in Eq. (B3). How-
ever, under actuation mode A3 only P;(r) > 0 and r7,(t) > 0 are
available control inputs. Therefore, w(¢) = [P1(2),72,(1),
coe Py (2),1344(1)]'. The laser centroids (xc(f), y.,(t)) are treated
as time-varying parameters instead of control inputs. Lineariza-
tion of Eq. (B3) under these conditions proceeds similarly to
Appendix B.1.2. The resulting construction B(7) is defined simi-
larly to Eq. (B5). Now, B(¢) only consists of partial derivaties (%
and 0‘2}5 fori=1,...M

B.14 Actuation Mode A4. We suppose r(t, u(t)) has two com-
ponents: a component from the predetermined input, u(&,1),
which we denote as r(z, u(&,)) = r(t), and a component from any
hypothetical freely adjustable input, u(7). Since the system cannot
be influenced by any u(r), we have the construction

r(t,u(t)) = 0u(t) +r(r) (B6)

Remark 5. By the criteria of Sec. 2.1, actuation mode A4 pro-
duces a trivially rank deficient controllability Gramian, therefore,
PBF using actuation mode A4 is uncontrollable [18], and thus we
do not consider it in our analysis.
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B.2 Expression of g(f,x) for Each Measurement Mode.
Eq. (10), has a different form for each measurement mode, thus
influencing the observability of the process. Each of the following
subsections derives the form of g(z,x(¢)), for a given windowing
function A.

B.2.1 Measurement Mode MI. Under measurement mode
M1, the available measurement is a camera or set of spot pyro-
meters having a fixed FOV. Therefore, the output of the system
y(1) = g(t,x(¢)) € R is defined as

y(t) = Cx(¢) (B7)

where C € RP™" selects all nodes on Q that lay in the fixed FOV
of the camera, or fixed FOV of the set of cameras. If state compo-
nent [x]; is visible in the FOV, an output component [y]; is associ-
ated with it by setting [C]; = 1. All other elements of C are zero.
In the case where the measurements are spot measurements from
a set of pyrometers centered at (X;,y,,z = Z), C selects the set of

nodes on Q that are closest to each (¥;,y;,z = Z).

B.2.2 Measurement Mode M2. Under measurement mode
M2, the available measurements are cameras that have light
paths that are coaxial with the lasers, thus their FOVs move with
the laser centerpoints. Each laser centerpoint is treated as a
governing parameter of y(¢). Therefore, the system output,
y(1) = g(t,x(¢)) € R, is defined as

y(1) = C(0)x(7) (B8)

Here, C(1) € R”" is a time-varying selection matrix that selects
the set of nodes on Q being observed by the moving melt pool
camera FOVs.

Remark 6. Although the lasers move continuously, the cameras
are discrete instruments. They return a sequence of measurements
{y[0],¥[1], ...}, spaced by the sample rate, Az. We reconstruct a
continuous y() via a sample-and-hold procedure: Between each
sample time, kAt, the camera positions are treated as fixed. The
relationship y(#) = C(#)x(r) becomes y(t) = C({;)x(), where {;
represents the nodes in the camera FOVs during the ™ measuring
interval. For notational convenience, we abbreviate C({;) as C(7).

B.2.3 Measurement Mode M3. Under measurement mode
M3, the only available temperature measurement is a spot mea-
surement at the base plate. Under Assumption 3, A presents an
isothermal boundary condition. The measurement y(7) takes the
constant value y(r) =T, ¥V ¢t > 0, regardless of any temperature
field in V, x(¢). Therefore, no meaningful information regarding
x(t) is captured by these measurements. Accordingly, under mea-
surement mode M3, y(r) = g(t,x(r)) may be expressed as
y(1) = 0x(r).

Remark 7. By the criteria of Sec. 2.1, measurement mode M3
produces a trivially rank deficient observability Gramian, there-
fore, PBF using only M3 is unobservable [18]. Thus, we do not
include it in our analysis.
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