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Abstract

Magneto-active structures can undergo rapid and reversible deformations under untethered magnetic fields. The capability to
esign such structures to achieve programmable shape morphing in three dimensions (3D) under magnetic actuation is highly
esirable for many applications. In this work, we develop a multi-physics topology optimization framework for the inverse
esign of magneto-active metasurfaces that can undergo programmable shape morphing in 3D under external magnetic fields.
hese metasurfaces remain planar in their initial configurations and are deformed into complex 3D target shapes. The proposed

ramework accounts for large-deformation kinematics and optimizes both the topologies and magnetization distributions of
etasurfaces in conjunction with the directions and magnitudes of the external magnetic fields. We demonstrate the framework

n the design of kirigami metasurfaces, bio-inspired robots with “swimming”, “steering”, “walking”, and “climbing” motions,
nd multi-modal magnetic actuators, and the optimized designs show high precision and performance in achieving complex 3D
eformations. We also use a hybrid fabrication procedure to manufacture representative designs and conduct experimental tests
o validate their programmed 3D deformations, with results showing good agreement with simulation predictions. We envision
hat the proposed framework could lead to a systematic and versatile approach for the design of magneto-active metasurfaces
or robotics applications.

2023 Elsevier B.V. All rights reserved.

eywords: Inverse design; Three-dimensional shape programming; Topology optimization; Magneto-active metasurfaces and robots; Mold casting
abrication; Hard-magnetic soft materials

1. Introduction

Programming two dimensions (2D) structures to achieve complex three dimensions (3D) shape morphing through
xternal stimuli has been a widely studied topic with numerous applications, including soft robotics, foldable
tructures, and biomedical devices [1]. A range of active materials, such as swellable hydrogels, shape-memory
olymers, and liquid crystal elastomers have been explored for the design and fabrication of stimulus-responsive 2D
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structures for 3D morphing. Among these materials, hard-magnetic soft materials [2,3] composed of soft elastomeric
matrices and the embedded hard magnetic particles have received great attention since they can sustain a high
remnant magnetization after being magnetically saturated, making them capable of achieving rapid, untethered, and
reversible shape transformations under magnetic actuation. Moreover, the direction of the remnant magnetization can
be designed over the structure [4], enabling the attainment of various types of shape transformations. The magnetic
field stimuli can be applied and controlled remotely, making hard-magnetic soft materials an excellent choice for
creating 2D planar structures, such as metasurfaces and robots that can exhibit programmable 3D deformations.

However, the design of programmable planar thin-sheet structures made of hard-magnetic soft materials has
largely relied on intuition-based or bio-inspired approaches, which may limit design freedom and the accuracy
of achieving complex 3D morphing. Some studies have employed data-driven approaches for inverse design of
shape morphing [5] or tunable magneto-mechanical metamaterials [6]. Optimization-based approaches have also
been explored for the inverse design of shape-programmable magneto-active soft materials [7,8]. These studies
have shown great success in obtaining designs with improved accuracy, and predetermined geometries/topologies
are mostly considered. The ability to optimize geometry or topology in the inverse design could potentially enable
more complex shape programming tasks by expanding the design space.

Topology optimization [9–11], a powerful approach for designing materials and structures to minimize (or
maximize) certain objectives under constraints, has been explored in a wide spectrum of fields, including but not
limited to solid mechanics [12–15], fluids [16], and acoustics [17,18]. Some studies have employed the topology
optimization approach to design stimuli-responsive structures under multi-physics, such as thermomechanics [19,20],
electromechanics [21,22], and magnetics [4,23]. For thermal stimuli, Alacoque et al. [19] established a stress-based
multi-material thermomechanical topology optimization framework capable of generating zero or negative thermal
expansion microstructures. Xu et al. [20] proposed an efficient dimension reduction level-set topology optimization
method for heat conduction problems on manifolds. Ogawa and Yamada [24] introduced an efficient 2D topology
optimization framework to design thermal actuators. Athinarayanarao et al. [25] developed a computational inverse
design framework based on the evolutionary algorithm to optimize 2D multi-material thermal-active composites that
can achieve target shapes. For electrical stimuli, Salas et al. [26] proposed a topology optimization formulation to
decide the fiber orientation angles in laminated piezocomposite actuators. The design space and dimensions of the
existing studies on the topology optimization of stimuli-responsive materials mostly focus on the linear elasticity
regime under 2D. Additionally, few studies conduct experimental validation to verify the computational designs.
For magnetic stimuli, which is the focus of this work, few studies utilize topology optimization to inverse design
magneto-active materials. For example, Tian et al. [23] introduced a level-set-based topology optimization method to
determine the soft matrix distribution of the ferromagnetic soft robots capable of generating out-of-plane deformation
under a prescribed magnetic field. The framework is built upon linear elasticity. Zhao et al. [4] proposed a density-
based topology optimization framework aimed at optimizing geometry, magnetization distribution, and the applied
magnetic fields simultaneously for magneto-active structures. Their framework accounts for large deformation
kinematics but only considers 2D designs with both in-plane deformations and applied magnetic fields. However,
a systematic inverse design approach capable of (1) concurrently optimizing topology, magnetization profile, and
3D external magnetic fields over any irregular design domain; (2) achieving complex 3D shape morphing from
magneto-active planar structures; and (3) accounting for material nonlinearity and large-deformation kinematics in
3D space has yet to be developed. Furthermore, effective fabrication protocols to realize the topology-optimized
designs are underdeveloped and experimental validation of their effectiveness remains unexplored.

This study presents a topology optimization framework for the inverse design of magneto-active metasurfaces,
where geometry, remnant magnetization distribution, and applied magnetic fields are simultaneously optimized to
achieve programmable 3D complex shape morphing under large deformations. The proposed approach integrates
theory, numerical implementation, fabrication, and experimental validation, as shown in Fig. 1. From a theoretical
and numerical implementation standpoint, three sets of design variables are introduced to parameterize the
entire design, including variations in geometry, remnant magnetization distribution, and applied magnetic fields.
A Helmholtz free energy function interpolation is developed to characterize the nonlinear magneto-mechanical
responses of a given design using the proposed design variables, based on the validated theory of hard-magnetic
soft materials proposed by Zhao et al. [3]. A 3D finite element formulation is employed to solve the resulting
nonlinear state equations at each optimization iteration. Along with a consistent sensitivity analysis, the proposed

optimization framework can handle a variety of objective functions; in this work, two representative ones are
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Fig. 1. Illustration of the proposed topology optimization framework for inverse design of magneto-active metasurfaces and robots: theory
and numerical implementation; fabrication and experimental validation.

demonstrated: (1) fitting a set of target shapes, and (2) maximizing displacement at multiple locations for improved
actuation performance. Through examples of designing shape-morphing metasurfaces, bio-mimic soft robotics,
and untethered actuators, the proposed framework is shown to generate magneto-active metasurfaces that achieve
programmed 3D deformations with high precision. From a fabrication and experimental validation standpoint, a
streamlined procedure for mold casting is introduced to manufacture topology-optimized magneto-active structures
with complex geometry and magnetization profiles. Representative optimized designs are successfully fabricated,
and experimental tests are conducted on the fabricated designs to validate their performance. The experimentally
characterized performance of the optimized designs shows good agreement with computational predictions, with
errors no greater than 8% for all tested cases. The experimental footage and simulation results for the deformation
of the tested structures are provided in the supplementary video.

The remainder of the paper is organized as follows. Section 2 introduces the nonlinear mechanics model and finite
element approximation of hard-magnetic soft materials. Section 3 presents the topology optimization framework
or generating magneto-active metasurfaces and robots. Section 4 provides three design examples and experimental
alidation to demonstrate the effectiveness of the proposed design framework. The concluding remarks are presented

n Section 5. Three appendices and one video are provided to supplement the paper. Appendix A presents the
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sensitivity analysis of the proposed framework using the adjoint method. Appendix B provides details on the
haracterization of the elastic behavior of hard-magnetic soft materials. Appendix C presents details on the hybrid
abrication and experimental setup of optimized magneto-active structures. The supplementary video provides the
xperimental validations for a shape programming robot and a magneto-active actuator.

. Constitutive model of hard-magnetic soft material and finite element approximation

This section presents the nonlinear mechanics model of hard-magnetic soft materials and discusses its finite
lement approximation under large deformations. Let us consider a deformable solid occupying a domain Ω in the
bsence of mechanical body force with the displacement boundary condition u = u on Γu and traction boundary

condition t = t on Γt , such that Γu ∪ Γt = ∂Ω and Γu ∩ Γt = ∅. We denote x and X as the position vectors
n current and reference configurations, respectively. The deformation of the solid is characterized by a mapping
unction x = χ (X). Accordingly, the deformation gradient is defined as F = ∂x

∂ X .
The current study employs the nonlinear field theory proposed in [3] to describe the nonlinear mechanics of

ard-magnetic soft materials. This model adopts several rational assumptions to simplify the complex magneto-
echanical coupling in such materials: (1) The applied magnetic field is assumed to be small (far below the

oercive field strength of embedded hard-magnetic particles) with negligible influence on the residual magnetic
ux density; (2) The magnetic permeability of the hard-magnetic soft material is assumed to be the same as

he vacuum permeability; (3) The applied magnetic flux density is assumed to be a uniform vector. It is also
orth mentioning several limitations of this model due to the above-mentioned assumptions. First, the adopted
odel does not consider the self-interaction among the remnant magnetizations of adjacent members, which can

ead to deformations without an external field, especially when designing thin or slender members embedded
ith opposite magnetization directions. Second, the magnetization in the current configuration is related to the
riginal configuration via the deformation gradient F, which incorporates stretching. However, as demonstrated by

Mukherjee et al. [27], the current magnetization is independent of the stretching part of the deformation gradient. In
turn, this limitation may lead to unreliable predictions in certain scenarios for large deformations or rotations under
large applied magnetic fields [28]. Despite these limitations, we choose to use this model because it significantly
reduces the computational cost, making it computationally favorable for iterative topology optimization problems.
Our work focuses on a small actuating magnetic field range (≤ 50 mT) under which the model has been shown
to reproduce the corresponding experimental results well [3,27]. Additionally, the experiment is conducted under a
nearly uniform actuating magnetic field over the working space through the Helmholtz coil. Under these conditions,
the assumptions of the adopted model are rational. However, in cases where the above-mentioned assumptions are
violated, more accurate and fully coupled magneto-mechanical models, such as the ones proposed in [27,29,30],
should be adopted.

According to Zhao et al. [3], the total Helmholtz free energy of hard-magnetic soft material per unit volume in
the reference configuration can be expressed as

W (F, Br , Ba) = WE (F)+WM (F, Br , Ba), (1)

where WE (F) is the hyperelastic stored-energy function for characterizing the nonlinear elasticity of the solid, Br

is the residual magnetic flux density in the reference configuration, and Ba is the applied magnetic flux density,
which is assumed to remain uniform and unchanged during the deformation process. In this work, WE (F) is taken
to be a compressible Lopez-Pamies (LP) model [31] given by

WE (F) =

n∑
i=1

31−αi

2αi
µi
(
I αi
1 − 3αi

)
−

n∑
i=1

µi ln J +
µ′

2
(J − 1)2, (2)

here I1 = tr (C) is the first invariant of the right Cauchy–Green deformation tensor C = FT F; J is the determinant
f deformation gradient J = det F; αi (i = 1, 2, . . . , n) are real-valued material parameters; µ′ and µ =

∑n
i=1 µi

re the first and second Lamé constants under the initial state, respectively. In this study, we consider a two-term
P model, i.e., n = 2. The second term of the total Helmholtz free energy, WM (F, Br , Ba), represents the magnetic
otential energy and is defined as [3]

WM (F, Br , Ba) = −
1 (

F Br
)
· Ba, (3)
µ0

4
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where µ0 = 1.257× 10−6 H/m is the vacuum (or air) magnetic permeability.
Based on the definition of the total Helmholtz free energy W (F, Br , Ba), the total first Piola–Kirchoff stress

tensor is obtained as

P =
∂WE

∂ F
(F)−

1
µ0

Ba ⊗ Br , (4)

here ⊗ denotes the tensor product, and we have

∂WE

∂ F
(F) =

n∑
i=1

31−αi

µi
I (αi−1)
1 F −

n∑
i=1

µi F−T
+

µ′

J
(J − 1)F−T, (5)

for the compressible LP model.
We adopt the standard displacement-based finite element method [32] to numerically solve the magneto-

mechanical boundary value problem. The domain of interest is discretized by a 3D finite element mesh consisting
of first-order continuum finite elements (e.g., eight-node hexahedral finite element). Adopting a total Lagrangian
formulation, the total potential energy associated with the discretized system is given by

Π (u) =
∑

e

∫
Ωe

W
(

F(ue), Br , Ba

)
dX − Fext · u, (6)

here Ωe denotes a generic finite element e, ue is the displacement field of element e interpolated from Lagrangian
shape functions, u is the global displacement vector, and Fext is the external force vector obtained from discretizing
the traction on the boundary. Minimizing the total potential energy Π (u) with respect to the global displacement
vector u gives the discretized stationary condition

R(u) =
∂Π

∂u
(u) = Fint(u)− Fext = 0, (7)

which governs the equilibrium of the discretized system. We refer to R(u) and Fint as the global residual vector and
global internal force vectors, respectively. In this work, the nonlinear Eq. (7) is solved using the Newton–Raphson
method [32] with the inexact line search method [33,34]. This nonlinear solver makes use of consistently linearized
tangent stiffness matrices, for which we apply the “fsparse” routine [35,36] to enhance the computational
efficiency of sparse matrix assembly.

3. Topology optimization framework for magneto-active metasurface design

In this section, we introduce the topology optimization framework for inversely designing magnetoactive
metasurfaces and robots to achieve complex deformations and motions in the 3D space. The design framework
builds upon the 2D optimization framework proposed by Zhao et al. [4]. Since this work aims to achieve complex
3D deformation and actuation mechanisms with hard-magnetic soft material metasurfaces and robots, we highlight
several key techniques developed to achieve this goal. First, we introduce a design parameterization scheme that
can represent the design spaces of 3D topology, in-plane magnetization distribution, and varying applied magnetic
fields in 3D. In addition, a 3D finite element model is developed to solve the nonlinear state problem arising from
material nonlinearity and large deformation. Second, we introduce a projection-based approach to ensure planar
metasurface designs and enforce uniform density and magnetization along the out-of-plane direction, which is an
important manufacturing consideration for realizing those designs. Third, we extend our computational framework
to handle unstructured meshes and irregular design domains in 3D, enhancing the versatility and applicability of
the method. Last but not least, we develop a tailored fabrication approach and conduct experimental validation of
the optimized magneto-active structures. Comparisons between the numerical and experimental results validate the
effectiveness and accuracy of our proposed design methodology. Overall, these technical advancements facilitate
the realization of our proposed design methodology and demonstrate the potential of our magneto-active designs
for various applications. In the following, we first explain how to parameterize magneto-active metasurface designs
using design variables and then present the general optimization formulation.
5
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Fig. 2. Illustration of the parameterization scheme.

3.1. Design parameterization of magneto-active metasurfaces

Our framework utilizes three sets of physical variables to enable the simultaneous optimization of geometry, rem-
nant magnetization, and external magnetic fields. Considering a magneto-active design as schematically illustrated
in Fig. 2, we use the physical density variables, denoted by ρ, to parameterize its material distribution (i.e., ge-
ometry), and employ the magnetization indicator variables, denoted by vectors mi , i = 1, . . . , Nm , to parameterize
its underlying distribution of magnetization (such that the magnetization at each location is determined from Nm
candidate orientations). In addition, we also introduce vectors B(ℓ)

a , to represent the external magnetic field necessary
to achieve the ℓth target spatial deformation. Combined, the physical density variables ρ and magnetization indicator
ariables mi determine what the magneto-active design will look like. The spatial vectors B(ℓ)

a , on the other hand,
inform how we shall control the external magnetic fields to ensure that the target deformations will be actuated. We
highlight that parameterizing geometry, remnant magnetization distribution, and external magnetic fields separately
allow us to flexibly consider only a subset of the design space within the proposed framework without any
modification. For example, if one wants to fix the geometry of the design and only optimize the magnetization
profile and external fields, one can achieve that by simply treating the density variables ρ as non-designable fields
and optimizing the remaining variables.

How each set of physical variables is mapped and constructed from their respective design variables is described
in detail below. In the discussions, we assume that the design domain is already discretized by a finite element
mesh Ωh composed of Ne elements.

arameterization of material distribution. The physical density vector ρ is used to represent the material distribution
i.e., geometry) of the design. Its eth component ρe ∈ [0, 1] is used to indicate the material distribution of element

e with ρe = 1 and ρe = 0 indicating solid and void, respectively. The physical density vector ρ is obtained from
he density design variable vector ρ via a procedure combining Heaviside projection and filtering. To promote
lack-and-white designs, the physical density ρe is defined as the projection of an intermediate variable ρ̃e via a
moothed Heaviside function [37] as

ρe =
tanh( βρ

2 )+ tanh(βρ(ρ̃e −
1
2 ))

tanh( βρ

2 )+ tanh(βρ(1− 1
2 ))

, (8)

where βρ is the discreteness parameter (βρ = 1, 2, 4, . . . , 64 doubled every 40 optimization iterations). To avoid
heckerboard instability and impose minimum length scale, the intermediate variable ρ̃e is subsequently obtained
rom the density design variables ρi via a filtering [38] procedure

ρ̃e =

∑
i∈Ie(Rρ ) wiviρi∑

w v
, (9)
i∈Ie(Rρ ) i i

6
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where Ie(Rρ) is the set of indices of elements whose centroids fall within the filter radius of Rρ from the centroid
of the eth element (denoted as Xe), namely Ie(Rρ) = {i : ∥X i − Xe∥ ≤ Rρ}, vi is the volume of the i th element,
and wi is the weighting factor calculated by wi = 1 − (∥X i − Xe∥ /Rρ). Composing relations (8) with (9) gives
the mapping from ρ to ρ.

arameterization of non-uniform magnetization distribution. In our parameterization, we first predefine a set of
candidate magnetic flux density vectors {B(1)

r , . . . , B(Nm )
r }. For the metasurface designs featured in this work, we

define these candidate remnant magnetic flux density vectors as eight in-plane directions that are 45◦ apart from
one another, with the same magnitude. The final magnetization vectors at each element will be selected by the
optimization formulation from these candidate magnetic flux density vectors to minimize/maximize the objective
function, which essentially forms a multi-component or multi-material parameterization problem [39–43]. To achieve
this, we introduce a set of magnetization indicator variable vectors mi , i = 1, . . . , Nm and represent the actual
esidual magnetic flux density Br,e associated with element e as

Br,e =

Nm∑
j=1

(
m( j)

e

)pm B( j)
r , (10)

where m( j)
e is the eth component of vector m j and pm is a penalization parameter. From the above definition, it can

e seen that m(i= j)
e = 1 and m(i ̸= j)

e = 0 indicate the j th candidate magnetic flux density B( j)
r is selected for element

e. Because the magnetization indicator variables can continuously vary from 0 to 1, choosing pm > 1 penalizes
intermediate values of those indicator variables to make them unfavorable for optimization.

To ensure Eq. (10) have physical meaning, we require m( j)
e ≥ 0,∀ j and

∑Nm
j=1 m( j)

e ≤ 1 (we note that allowing the
ummation to be smaller than 1 makes it possible that element e is non-magnetized). To satisfy both conditions, we
efine m( j)

e , j = 1, . . . , Nm as projections from a set of magnetization design variables ξ
( j)
e ∈ [0, 1], j = 1, . . . , Nm

nd adopt the Hypercube-to-Simplex Projection (HSP) scheme [39,40] to realize this mapping. Using the HSP
cheme, the magnetization indicator variable m( j)

e in element e is expressed as

m( j)
e =

2Nm∑
i=1

s( j)
i

(
(−1)

(
Nm+

∑Nm
j=1 c( j)

i

) Nm∏
k=1

(
ξ

(k)
e + c(k)

i − 1
))

, (11)

here c( j)
i ∈ {0, 1} is the j th component of the i th vertex of an Nm-dimensional unit hypercube; and s( j)

i is the
rojected vertex of c( j)

i to an Nm-dimensional standard simplex domain:

s( j)
i =

⎧⎨⎩
c( j)

i∑Nm
j=1 c( j)

i
if
∑Nm

j=1 c( j)
i ≥ 1,

0 otherwise.
(12)

he variables ξ
( j)
e , j = 1, . . . , Nm used in Eq. (11) are obtained by applying the Heaviside projection and filtering

perations (as given by Eqs. (8) and (9), respectively) on the magnetization design variables ξ
( j)
e , j = 1, . . . , Nm [4].

he associated filter radius and discreteness parameters are denoted as Rm and βm , respectively.

arameterization of external magnetic fields. Being able to actuate 3D deformations requires parameterization of
pplied external magnetic flux density Ba in the 3D space. Assuming the design is operated under a total of Nℓ

agnetic fields with various magnitudes and orientations, we parameterize them as

B(ℓ)
a =

⎡⎢⎢⎢⎣
A(ℓ)

Ba
sin
(
φ

(ℓ)
Ba

)
cos

(
θ

(ℓ)
Ba

)
A(ℓ)

Ba
sin
(
φ

(ℓ)
Ba

)
sin
(
θ

(ℓ)
Ba

)
A(ℓ)

Ba
cos

(
φ

(ℓ)
Ba

)
⎤⎥⎥⎥⎦ , (13)

here the index ℓ represents the ℓth applied magnetic field. The design variables associated with such a
arameterization are A(ℓ)

Ba
∈ [0, A(ℓ)

Ba ,max], φ
(ℓ)
Ba
∈ [0, π], and θ

(ℓ)
Ba
∈ [0, 2π ] representing the magnitude, the elevation

ngle, and the polar angle of those applied magnetic fields.
7
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Magneto-mechanical behavior of parameterized designs. For any parameterized design, it is necessary to simulate
ts magneto-mechanical behavior in order to obtain design sensitivities. Such simulations require the interpolation
f Helmholtz free energy function from the physical variables described above. Let us consider a generic finite
lement e whose physical density and residual magnetic flux density are ρe and Br,e, respectively, the latter of which

are interpolated from the magnetization indicator variables m( j)
e , j = 1, . . . , Nm (see Eq. (10)). The interpolated

elmholtz free energy function associated with that element under the ℓth parameterized applied magnetic flux
ensity B(ℓ)

a is given by [4]

We
(
ρe, m(1)

e , ..., m(Nm )
e , B(ℓ)

a , u(ℓ)
e

)
=[

ϵ + (1− ϵ)
(
ρe
)pρ
]

WE
(
F(u(ℓ)

e )
)
−

(ρe)pρ

µ0

[
F(u(ℓ)

e )Br,e(m(1)
e , ..., m(Nm )

e )
]
· B(ℓ)

a , (14)

here u(ℓ)
e is the displacement vector of element e induced by the applied magnetic flux density B(ℓ)

a , and ϵ is a small
alue assigned to the void regions to prevent the singularity of the stiffness matrix. The Solid Isotropic Material
ith Penalization (SIMP) approach [9,44] is applied to both the mechanical hyperelastic energy and magnetic
otential energy with the same penalization parameter pρ to promote black-and-white designs. In addition, the
ow-density regions under large deformation can cause severe numerical instability that needs to be tackled [45] or
ircumvented [46,47]. In this study, we employ the energy interpolation scheme proposed by Wang et al. [45] for
he mechanical hyperelastic energy to tackle the numerical instability problem.

Having defined the interpolated Helmholtz free energy for a generic element, the total potential energy of a
arameterized design under external magnetic field B(ℓ)

a becomes

Π (ρ, m(1), . . . , m(Nm ), B(ℓ)
a , u(ℓ)) =

∑
e

∫
Ωe

We
(
ρe, m(1)

e , . . . , m(Nm )
e , B(ℓ)

a , u(ℓ)
e

)
dX − Fext · u. (15)

ollowing the same procedure of minimizing this total potential energy with respect to u, we obtain the discretized
tationary condition for the parameterized design under the applied magnetic field B(ℓ)

a as

∂Π

∂u
(ρ, m(1), . . . , m(Nm ), B(ℓ)

a , u(ℓ)) = R(ρ, m(1), . . . , m(Nm ), B(ℓ)
a , u(ℓ)) = 0, (16)

hich is adopted by the proposed framework to solve the magneto-mechanical behavior at each topology
ptimization iteration.

.2. Topology optimization formulation

This subsection introduces a general topology optimization formulation for magneto-active metasurface designs.
onsider a finite element Ωh mesh and assume there are Nm candidate magnetizations and Nℓ operating applied
agnetic fields. The topology optimization formulation is given by

min
ρ,ξ (1),...,ξ (Nm ),

B(1)
a ,...,B

(Nℓ)
a

f
(
u(1), . . . , u(Nℓ)) ,

s.t.:
vT ρ

|Ωh |
≤ vmax,{ Ne∑

e=1

[wσ (ρe)
ve

∫
Ωh,e

σVM

(
σ E
(
u(ℓ)))dX

]pn
}1/pn

≤ σ (ℓ)
max, ℓ = 1, . . . , Nℓ,

R(ρ, m(1), . . . , m(Nm ), B(ℓ)
a , u(ℓ)) = 0, ℓ = 1, . . . , Nℓ,

0 ≤ ρ ≤ 1,

0 ≤ ξ ( j)
≤ 1, j = 1, . . . , Nm,

0 ≤ A(ℓ)
Ba
≤ A(ℓ)

Ba ,max, ℓ = 1, . . . , Nℓ,

0 ≤ θ
(ℓ)
Ba
≤ 2π, ℓ = 1, . . . , Nℓ,

(ℓ)

(17)
0 ≤ φBa
≤ π, ℓ = 1, . . . , Nℓ,

8
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where v is a vector collecting element volumes with its eth component ve being the volume of element e,
and vmax is the prescribed maximum volume fraction. The general setting of the formulation allows the three
sets of design variables ρ, ξ ( j), and B(ℓ)

a to be optimized either simultaneously or partially (with those non-
designable portions prescribed as constant during optimization). To eliminate thin members and limit excessive
local deformations in optimized designs, we introduce an aggregated von Mises stress constraint [4,48–51] (using
the p-norm approximation with the factor pn) for each applied magnetic field. The element-level von Mises stress
σVM is computed from the mechanical part of the Cauchy stress σE . The stress relaxation approach [50] is adopted
giving wσ (ρe) .

= ϵ + (1− ϵ)ρq
e with q being 1/2.

The proposed formulation (17) can take any form of objective functions. This work considers two representative
ones, as described below. The first objective function aims to generate metasurface designs to realize a set of target
deformed shapes:

f1
(
u(1), . . . , u(Nℓ)

)
= max

ℓ∈{1,...,Nℓ}

⎛⎝ 1

N (ℓ)
α

N (ℓ)
α∑

α=1

(
u(ℓ)

α − u∗(ℓ)
α

u∗(ℓ)
α

)2
⎞⎠ . (18)

he second objective function, which aims to maximize the actuated displacement of certain regions of the design,
s expressed as

f2(u(1), . . . , u(Nℓ)) = max
ℓ ∈ {1, . . . , Nℓ}

α ∈ {1, . . . , N (ℓ)
α }

u(ℓ)
α . (19)

or both objective functions, u(ℓ)
α is the actual displacement at the αth control degree of freedom (DOF) of the

etasurface under applied magnetic field B(ℓ)
a ; u∗(ℓ)

α denotes the associated target displacement at this control DOF;
nd N (ℓ)

α stands for the total number of the control DOFs.
The optimization problem is solved by the method of moving asymptotes (MMA) [52]. The maximum operators

n those objective functions are handled by the bound formulation [53]. The sensitivity information of the objective
nd constraint functions with respect to the design variables are derived by the adjoint method [9] and chain rule.
eaders are referred to Appendix A for the details of the sensitivity analysis.

3.3. Framework summary

We present the algorithm to show the computational procedures of the proposed multiphysics topology
optimization framework. In Algorithm 1, i refers to the i th optimization iteration, imax is the number of optimization
iterations, ∆0 is the convergence toleration, and ∆ is the maximum absolute change of design variables.

Algorithm 1 Topology optimization framework for magneto-active metasurface design

Set up design and optimization parameters
Initialize: ρ, ξ , Ba, i = 0
while i ≤ imax and ∆ > ∆0 do

i = i + 1
ρ̃ ← ρ and ξ̃ ← ξ via Eq. (9)
ρ ← ρ̃ and ξ ← ξ̃ via Eq. (8)
m← ξ via Eq. (11)
obtain u by minimizing Π (ρ, m, Ba, u) (Eq. (15)) via nonlinear finite element analysis under large
deformations
f1 or f2 ← u via Eq. (18) or Eq. (19), respectively
evaluate volume and stress constraints in Formulation (17)
sensitivity analysis (see Appendix A)
update design variables ρ, ξ , and Ba via MMA [52]
change pρ , pm , βρ , and βm at prescribed steps
∆ = max(|(ρi , ξ i )− (ρi−1, ξ i−1)|)

end while
9
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4. Exemplar designs of magneto-active metasurfaces and robots

This section presents three design examples of magneto-active metasurfaces and robots to demonstrate the
effectiveness of the topology optimization framework. In Example 1, we aim to program various target out-of-plane
shapes into Kirigami metasurfaces by optimizing magnetization distributions under prescribed applied magnetic
fields. In Example 2, spider-inspired robots are designed by simultaneously optimizing the magnetization distribution
and the applied magnetic fields to achieve quasi-static motions by varying the applied magnetic fields. In Example
3, we optimize the matrix and magnetization distributions to generate multi-functional actuators that can achieve
programmable 3D (both in-plane and out-of-plane) multi-modal deformation.

We use objective function f1(·) (Eq. (18)) for Examples 1 and 2 and objective function f2(·) (Eq. (19)) for
Example 3. The parameters of hard-magnetic soft materials in all the examples are selected within a reasonable
range based on the experimentally measured data and from the literature [3,54].

To physically validate the proposed framework, we realize optimized designs obtained from Examples 2 and
3 via a mold casting approach and conduct experimental tests of manufactured designs to confront our numerical
results. Details on the fabrication procedure and experimental setup are provided in Appendix C.

4.1. Kirigami metasurfaces

We design three magneto-active kirigami metasurfaces to achieve various target out-of-plane deformations by
optimizing the magnetization distribution under prescribed magnetic fields. The design domain is taken to be a
circular sheet with a pair of spiral cuts as shown in Fig. 3(a). The thickness of the metasurfaces is 2 mm. The paths
of the two spiral cuts are defined by the functions r = ±θ2 (θ ∈ [1.5π, 6π ]) under the polar coordinate system
with r and θ being radius and angle, respectively. The width of the cuts is 2 mm. The design domain is supported
at its outer boundary and discretized using 4,448 8-node hexahedral finite elements.

The elastic behavior of the material is characterized by the compressible LP hyperelastic model (Eq. (2)) with the
parameters α1 = 2.9798, α2 = −0.0783, µ1 = 0.0276 MPa, and µ2 = 0.1478 MPa (the corresponding initial shear
modulus is µ = 0.1754 MPa). To alleviate the volumetric locking issue in the finite element analysis, the Poisson’s
ratio is set as ν = 0.49. In this example, the physical density variables ρ remain to be solid (i.e., ρ = 1) throughout
the design domains. We set Nm = 8 candidate magnetization vectors distributed in the x–y plane, which are apart
from each other with 45◦ as shown in Fig. 3(a). The initial guess of the remnant magnetization is set to be evenly
distributed along the candidate magnetization vectors, that is, ξ

( j)
e = 1/Nm, j = 1, . . . , Nm . The magnitudes of

those candidate magnetization vectors are set to be 100 mT. We note that non-magnetized regions are also allowed
to appear in the design.

To ensure the manufacturability of optimized metasurfaces, the distributions of magnetization are taken to be
the same along the thickness direction (the z-direction) [55]. In addition, we divide the in-plane design domain
into several subdomains, as shown in Fig. 3(a), and enforce the magnetization direction to be uniform within each
subdomain [4].

As depicted in Fig. 3(b), we generate three magneto-active kirigami metasurfaces to realize three different target
shapes under the prescribed external magnetic fields pointing in the positive z-direction with different magnitudes.
To evaluate the fitting accuracy of those optimized designs, we define a normalized relative error as:

Fitting error = max
ℓ∈{1,...,Nℓ}

( 1

N (ℓ)
α

N (ℓ)
α∑

α=1

⏐⏐⏐u(ℓ)
α − u∗(ℓ)

α

u∗(ℓ)
α

⏐⏐⏐), (20)

here Nℓ = 1 in this example.
In Case 1, the center of the metasurface is controlled to achieve a target displacement of 18 mm in the positive

z-direction. We can observe a spring-like deformation forming under the magnetic actuation. The fitting error is
valuated as 5.60%, indicating the high accuracy of this design. Interestingly, the magnetization direction is observed
o follow a clockwise pattern along the spiral path. This clockwise pattern, coupled with the tendency of magnetized
embers to be aligned with the direction of the applied magnetic field due to magnetic torque and bending, enables

he metasurface to be pulled up like a spring. In Case 2, three DOFs are controlled to achieve a target shape
ith directionally alternating displacements, as shown in Fig. 3(b). We can observe the optimized magnetization
irections are distributed in a counterclockwise direction along the two spiral paths. Under the applied magnetic
10
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Fig. 3. Shape programming metasurfaces: (a) Design domain (subdomains), candidate magnetization vectors, and prescribed applied magnetic
eld; (b) Target deformation, optimized design, and actuated deformation.

eld, the generated magnetic torque bends the outer two control DOFs upward while pushing the central control
OF downward simultaneously. The target shape can be successfully achieved with an error of 1.49%. Based on the
11
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Fig. 4. Spider-inspired shape programming robot with “swimming” and “steering” modes: (a) Design domain and candidate magnetization
ectors; (b) Target and actual motions under the optimized magnetic actuations.

etup and design in Case 2, we assign more control DOFs to generate a more complex target shape with alternating
eformation directions. The design result shows that such a complex target shape can be accurately achieved (with
fitting error of 2.55%) even with relatively fewer magnetization directions existing in the design.
We remark that all three cases of this example showcase symmetric patterns of the magnetization distribution with

espect to the center. This design principle is used in the existing intuition-based designs (e.g., [56]). Notably, our
opology optimization framework can bring in further improvements, such as higher preciseness and more flexibility
o achieve complex deformation shapes for this type of metasurface designs. We also note that large out-of-plane
eformations can be actuated by relatively smaller external magnetic fields compared to the in-plane ones, the latter
f which sometimes require 50 mT or larger magnetic fields [4]. This can be explained by metasurfaces typically
aving smaller out-of-plane stiffnesses than in-plane ones.

.2. Spider-inspired shape programming robots

In this example, we consider the inverse design of two spider-inspired robots that are optimized to accurately
chieve quasi-static motions under changing magnetic fields. The robots are designed by optimizing both their
agnetization distributions and the external magnetic fields simultaneously. The design domain of the robots is a

pider-like geometry with four pairs of legs and a main body, as shown in Fig. 4(a). The design domain is discretized
using 5,448 8-node hexahedral finite elements.

The elastic behavior of magneto-active material is modeled by a compressible LP hyperelastic model with the
parameters α1 = 2.9798, α2 = −0.0783, µ1 = 0.0276 MPa, and µ2 = 0.1478 MPa, which lead to the shear
modulus µ = 0.1754 MPa. The Poisson’s ratio is set as ν = 0.49. The objective function f1(·) (i.e., Eq. (18)) is
adopted. The physical density variables ρ remain to be solid (i.e., ρ = 1) throughout the optimization.

We aim to realize two application scenarios, each of which involves two types of motions: (1) swimming and
steering; (2) walking and climbing. For each scenario, we apply the proposed framework to design a magneto-active
robot that realizes the corresponding motions under various external magnetic fields. To ensure manufacturability,

we divide the design domain into subdomains as shown in Fig. 4(a), and the magnetization within each subdomain

12



C. Wang, Z. Zhao and X.S. Zhang Computer Methods in Applied Mechanics and Engineering 413 (2023) 116065

i
i

d
t
m
m
fi

4

w
m
m
T
o
o
m
fi
o
u
w
b
f
fi
d

F

T

c
g
fi
t
a

is set to be uniform. For both design scenarios, the magnitudes of the candidate magnetization vectors are all
set to be 100 mT, and non-magnetized regions are allowed to appear in the design. The initial magnetization
design variables are set to be uniformly distributed among the 8 candidate vectors within each finite element,
i.e., ξ

( j)
e = 1/8, j = 1, . . . , 8. We evaluate the accuracy of the inverse design according to Eq. (20) with Nℓ = 3.

4.2.1. A robot realizing swimming and steering motions
In the first scenario, we plan to optimize the magnetization distribution of a robot to enable it to perform three

quasi-static motions under three applied magnetic fields, which are concurrently optimized as well. The first two
motions, associated with applied fields B(1)

a and B(2)
a , work together to achieve the swimming locomotion mode,

while the third motion, associated with the applied field B(3)
a , corresponds to the steering mode. The swimming

mode is realized by the deformation of the legs, while the steering mode is driven by the deformation of the body.
The control points and the target shapes are shown in Fig. 4(b). To ensure symmetric deformations with respect to
the y-axis for the swimming mode, we apply a pair of opposite magnetic fields for the first two quasi-static motions
that work collaboratively to achieve the swimming mode. These fields are pointing right (θ (1)

Ba
= 0 and φ

(1)
Ba
= π/2)

and left (θ (1)
Ba
= π and φ

(1)
Ba
= π/2), respectively, and the remnant magnetization direction of the body part is fixed

towards the left. We define 8 in-plane candidate magnetization vectors that are 45◦ apart from each other, as shown
n Fig. 4(a). The maximum magnitudes of the applied magnetic fields A(ℓ)

Ba ,max, ℓ = 1, . . . , 3 are set as 5 mT. The
nitial magnitudes of the applied magnetic fields are set as A(ℓ)

Ba ,max/2, ℓ = 1, . . . , 3.
The optimized magnetization distribution, the optimized magnitudes of the applied magnetic fields, and the actual

eformations under B(ℓ)
a , ℓ = 1, 2, 3 are shown in Fig. 4(b). The fitting error is quantified as 2.89% according

o Eq. (20). These results suggest that the optimized magnetization distribution can achieve complex deformation
odes with high precision. The legs are actuated to move forward and backward under the first two opposite applied
agnetic fields, storing and releasing energy to drive the spider robot to swim. The out-of-plane applied magnetic
eld B(3)

a leads the body to deform out-of-plane, allowing the spider robot to change its moving direction.

.2.2. A robot realizing walking and climbing modes
To further demonstrate the capability of programming 3D out-of-plane shapes, we investigate a second scenario,

here we program three quasi-static motions to achieve “walking” and “climbing” modes. We not only optimize the
agnetization distribution and magnitude of the three external magnetic fields but also the direction of the applied
agnetic field for the third shape. The “walking” locomotion is realized by programming the deformation of the legs.
he control points and the target movements are shown in Fig. 5(b). To mimic the coordinated walking mechanism
f a spider, we divide the legs into two groups. Under the actuation of the first magnetic field B(1)

a , the first group
f legs is lifted, while the other group moves downward. Under the actuation of the second magnetic field B(2)

a , the
ovement of the two groups of legs is reversed. The “walking” motion of the robot can be realized by applying the
rst and second magnetic fields alternatively. The “climbing” of the robot is realized by controlling the deformation
f the body. As in the first design scenario, we fix the directions of the associated applied magnetic fields to be
pward (i.e., φ

(1)
Ba
= 0 and θ

(1)
Ba
= 0) and downward (i.e., φ

(2)
Ba
= π and θ

(2)
Ba
= 0) to enable symmetric deformations

ith respect to the y-direction for target shapes 1 and 2. We set the residual magnetization of the central body to
e a constant vector with a magnitude of 100 mT and pointing downward. The candidate magnetization directions
or the legs are defined in the same way as in the first scenario. The maximum magnitudes of the applied magnetic
elds A(ℓ)

Ba ,max, ℓ = 1, . . . , 3 are set to 5 mT, and the initial magnitudes are set to half of the maximum. The initial
irection of the third magnetic field is prescribed as φ

(3)
Ba
= π/2 and θ

(3)
Ba
= π/2.

The optimized results, including the remnant magnetization and the three applied magnetic fields, are shown in
ig. 5(b). The maximum fitting error is quantified as 10.72%. By alternatively switching between the magnetic fields

B(1)
a and B(2)

a , the optimized robot can be actuated from a planar configuration to achieve the “walking” motion.
he “climbing” motion is realized by the out-of-plane bending of the main body under the applied magnetic field

B(3)
a , as shown in Fig. 5(b). To validate these numerical results, we manufacture the optimized robot using a mold

asting approach [57] (see the detailed description of this approach in Appendix C). The applied magnetic fields are
enerated by a pair of Helmholtz coils. As shown in Fig. 5(c), under the actuation of the three optimized magnetic
elds, the fabricated robot deforms in a consistent way with the numerical results. By alternating the direction of

he magnetic fields from B(1)
a to B(2)

a , the four pairs of “legs” are lifted in the air or struck down to the ground
lternatively to mimic the “walking” motion. By changing the applied magnetic field to B(3)

a , the motion switches

to the “climbing” mode.

13
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Fig. 5. Spider-inspired shape programming robot with “walking” and “climbing” modes: (a) Design domain, candidate magnetization
ectors, and optimized magnetization distribution; (b) Target and actual motions under the optimized magnetic actuation; (c) Experimental
emonstration for the three actuation motions.

.3. Magneto-active actuators with maximized actuation performance

In this example, we aim to discover magneto-active actuators with maximized actuated displacements by
ptimizing both their geometries and magnetization distributions simultaneously. We consider the design domain of a
14
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Fig. 6. Magneto-active actuators: (a) Design domain, candidate magnetization vectors, and prescribed applied magnetic fields; (b) Single-
mode target deformation, optimized magnetization distribution, and actual deformations under magnetic actuation; (c) Multi-mode target
deformations, optimized magnetization distribution, and actual deformations under magnetic actuation.

square sheet with dimensions of 30 mm×30 mm×2 mm (see Fig. 6(a)) and discretize it using 120×120×4 = 57,600
-node hexahedral finite elements. To model the feedback force of the actuator, we assign springs to the control
OFs with constant stiffness values kout. The objective function f2(·) (Eq. (19)) is used to maximize the actuated
isplacements at the control DOFs. This example considers two scenarios: (1) optimization of a single-mode
ctuator, which produces one unique out-of-plane deformation mode, and (2) optimization of a multi-mode actuator,
hich produces both in-plane and out-of-plane deformations under different applied magnetic fields. In both

cenarios, the nonlinear elastic behavior of the material is modeled by a compressible LP model with parameters
1 = 1.1913, α2 = −1.8503, µ1 = 0.0359 MPa, and µ2 = 0.0038 MPa (the shear modulus is µ = 0.0397 MPa).
he Poisson’s ratio is set as ν = 0.49. A total of Nm = 8 candidate magnetization vectors are distributed in the

x–y plane with 45◦ separation, with a magnitude of 100 mT. The initial guesses of the density and magnetization
istribution for each finite element are set as ρe = vmax = 0.3 and ξ

( j)
e = 1/Nm, j = 1, . . . , 8, respectively. The

lter radii (Eq. (9)) for both density and magnetization design variables are set as Rρ = Rm = 2 mm. The stress
constraint is applied to reduce thin members and hinge-like connections with a p-norm factor of pn = 16.

4.3.1. Single-mode magneto-active actuators
In this subsection, we consider three design cases with different out-of-plane deformation modes. The boundary
conditions and the corresponding target actuation modes are shown in Fig. 6(b) Cases 1–3. For all the cases, the
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applied magnetic field Ba is prescribed as perpendicular to the design domain with a magnitude of 50 mT. The
springs are connected to the control DOFs in the thickness direction with kout = 0.002 N/mm for Case 1 and
kout = 0.003 N/mm for Case 2 and Case 3. Based on our numerical experience, the stress limit is set as σmax = 1 MPa
for Case 1 and σmax = 0.04 MPa for Case 2 and Case 3. The maximized actuation performance is evaluated by the
average of the absolute value of displacements at the control DOFs, which is given by

|u|
(ℓ)
=

1

N (ℓ)
α

N (ℓ)
α∑

α=1

|u(ℓ)
α |, ℓ = 1, . . . , Nℓ. (21)

Fig. 6(b) shows the optimized single-mode designs and their deformation configurations. In Case 1, the
agnetization directions of all the members are pointing toward the center control point. Under the applied magnetic
eld, the magnetized members are actuated to align with the direction of the applied field through magnetic torque
nd bending, resulting in an upward movement of the center part with a displacement of |u|

(1)
= 4.844 mm.

The magnetization direction and the orientation of the members tend to be the same, which is an efficient way to
maximize the output actuation displacement. In Case 2, the design domain is fixed at the center, and 8 control
DOFs are considered. The optimized design shows that every control DOF is connected to the boundary via
members whose orientation is parallel to the embedded magnetization direction, leading to a displacement of
|u|

(1)
= 4.353 mm. In Case 3, the design domain is fixed at the bottom at 4 different locations in the center.

he control DOFs are prescribed at the four corners of the design domain. The optimized design shows a similar
rend where the control DOFs are connected to the boundaries with the magnetization distributed along the member
irections. Actuated by magnetic torque and member bending, the output displacement is |u|

(1)
= 6.947 mm. From

the generated actuator designs, we find that the out-of-plane deformation is mainly due to the bending of members
induced by local magnetic torque. To maximize the out-of-plane actuation performance, it is effective to align the
magnetization directions with the member orientations.

4.3.2. Multi-functional magneto-active actuators
In this subsection, we aim to design multi-functional magneto-active actuators that can achieve both in-plane

and out-of-plane target actuation modes under different applied magnetic fields B(ℓ)
a , ℓ = 1, . . . , Nl (Nl = 2). The

oundary conditions and the two actuation modes are shown in Fig. 6(c) Case 4. In the first actuation mode, the
ut-of-plane deformation of the central point is maximized under the applied magnetic field B(1)

a pointing upward
in the positive z-direction) with a magnitude of 50 mT. A spring is attached to the control DOF in the out-of-plane
irection with a stiffness of kout = 0.002 N/mm. In the second actuation mode, we assign the control DOFs at the
entral layer of the design domain. The displacements along the y-direction are controlled to generate maximized

expansion. The stiffness of the attached springs is kout = 0.002 N/mm. The external magnetic field B(2)
a is applied

along the positive x-direction with a magnitude of 50 mT. It is important to note that we restrict the displacement in
the z-direction by assigning rollers on the edge boundaries along the x-direction to prevent unexpected out-of-plane
deformations in the first actuation mode. The stress upper bound is set as σmax = 0.04 MPa.

In Fig. 6(c), we show the optimized design and the deformation modes under the corresponding applied magnetic
fields. It can be observed that the magnetization directions of the four inclined inner members and the central
horizontal member point toward the central control point. Similar to the actuation mechanism in Section 4.3.1,
under the out-of-plane magnetic field B(1)

a , these members bend in the z-direction driven by the magnetic torque,
resulting in an out-of-plane deformation of |u|

(1)
= 4.508 mm at the central control DOF. For the in-plane

ctuation mode, the magnetization directions of the two pairs of horizontal members at the top and bottom sides are
erpendicular to the applied in-plane magnetic field B(2)

a . Under B(2)
a , these members bend to align the magnetization

direction with the applied magnetic field direction, pushing the actuator to deform in the target expansion mode
with |u|

(2)
= 3.949 mm, similar to the actuation mechanism of in-plane designs reported in [4]. The magnetized

members contributing to the out-of-plane and in-plane deformation modes are somewhat separated, but all make
use of the bending mechanism. Due to the remote and wireless actuation strategy, this multi-mode actuator design
has great potential for biomedical applications such as drug delivery and minimally invasive interventions [58–60].

To validate our numerical results, we fabricate and conduct experiments on the optimized multi-functional
ctuator as shown in Fig. 7(a). The fabrication process and experimental setup are detailed in Appendix C. The

oundary condition is the same as the numerical design shown in Fig. 6(c) Case 4. The magnitudes of the applied
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Fig. 7. Experimental validation of optimized multi-functional magneto-active actuator: (a) Post-processed numerical design; Hard-magnetic
soft material fabrication; Experiment set-up; (b) Validation of experimental demonstration and numerical simulation.

external magnetic fields are |B(1)
a | = |B

(2)
a | = 50 mT. To ease the manufacturing difficulty, the magnetization of

the design is post-processed as shown in Fig. 7(a), and the dimension is scaled up to 60 mm × 60mm × 4 mm.
The material parameters we adopted for the numerical simulation are determined from experimental material
characterization (see Appendix B). As shown in Fig. 7(b), when the applied magnetic field B(1)

a is in the positive
z-direction, the central point deforms upward due to the bending of the surrounding members. When the applied
magnetic field is switched to B(2)

a in the positive x-direction, the manufactured design demonstrates an expansion
mode, which is in good agreement with the finite element prediction. To evaluate the accuracy of the experimental
validation, we define the comparison error as

Experimental error =
⏐⏐⏐ |u′|(ℓ)

− |u|
(ℓ)

|u|
(ℓ)

⏐⏐⏐, (22)

here u′ represents the experimentally measured displacement. According to Eq. (22), the experimental errors for
ctuation mode 1 and mode 2 are quantified as 7.21% and 3.94%, respectively. The experimental validation shows
hat the programmed 3D magneto-responsive deformations can be physically realized with high accuracy.
17
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5. Conclusions

This paper presents a topology optimization framework for the inverse design of magneto-active metasurfaces
and robots which realize complex target shapes, deformation modes, and actuated responses in 3D space. To ensure
maximal design freedom and programming precision, we propose novel schemes to parameterize the full design
space of topology, remnant magnetization distribution, and external magnetic field. Specifically, the topology is
designed to program the stiffness distribution, while the magnetization and applied magnetic field are designed
to distribute the magnetic torque over the structures. By simultaneously optimizing all three design variables,
the structure’s programmability is significantly improved. Additionally, we present a scheme for interpolating the
Helmholtz free energy function from the three sets of design variables, which together contribute to the nonlinear
mechanical response of the design. Three design examples are presented to demonstrate the effectiveness and ability
of the proposed topology optimization framework to generate designs that can achieve various complex 3D target
deformations with high precision. The first example designs the Kirigami metasurfaces to achieve different pre-
scribed out-of-plane deformations by optimizing the magnetization distributions under different prescribed magnetic
fields. The second example generates spider-inspired soft robots by optimizing the magnetization distribution and
the applied magnetic fields simultaneously. The optimized robots are able to achieve different locomotion modes,
including “swimming”, “steering”, “walking”, and “climbing”, under varying optimized external magnetic fields.
The last example explores magneto-active actuators with target and maximized deformation modes by optimizing
both topology and magnetization distributions. The optimized designs are capable of achieving both programmable
out-of-plane and in-plane deformations under different magnetic fields. Furthermore, two representative designs
are fabricated via a hybrid manufacturing approach and experimentally tested to validate that the programmed 3D
deformations can be physically achieved with an error of less than 8%. We envision that the proposed framework
could lead to the design of magneto-active metasurfaces for various applications, such as biomedical devices [58–60]
and energy harvesting devices [61,62].

While the current results are promising, there is substantial scope for improvement in future studies. From the
modeling perspective, adopting a more accurate and fully-coupled magneto-mechanical model [27,29,30] that is
capable of: (1) considering the coupling of magnetic particle interactions [27], (2) solving the magnetic field from
Maxwell equation instead of prescribing it, and (3) modeling the heterogeneous and non-uniform external magnetic
field [63,64] are important directions of our future work. Developing analytical methods for designing magneto-
active soft materials is also an important direction to explore [65]. Moreover, to minimize the influence of the
deformation induced by the magnetic interaction between adjacent members, we could formulate constraints to
avoid the formation of opposite magnetization directions in close regions that may cause severe self-interaction and
include constraints to restrain the level of deformation in the absence of an actuating magnetic field. To expand
the design space and enhance programmability in magneto-active designs, another direction is to develop advanced
parameterization schemes allowing for continuous variation of remnant magnetization distributions. The designs
can be further improved by considering manufacturing constraints [55] or buckling constraints [66,67] to improve
the manufacturability and stability, respectively. Finally, we plan to explore different manufacturing methods for
fabricating optimized hard-magnetic soft materials with more complex geometries and magnetization distributions.
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Appendix A. Sensitivity analysis

We solve the optimization problem Eq. (17) using the gradient-based algorithm. The sensitivities (gradients) of
the objective and constraint functions with respect to the design variables are calculated using the adjoint method [9]
and chain rule. Assuming a general function J that can represent objective or constraint functions, gradients with
respect to the design variables of the density ρ, magnetization ξ , and the applied magnetic field A(ℓ)
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where j = 1, . . . , Nm and l = 1, . . . , Nℓ.
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The sensitivities with respect to the physical density, magnetization and applied magnetic field variables ρ, m( j),
and B(ℓ)

a are calculated by
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where λ(ℓ) is the adjoint vector solved by the following adjoint system:[
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= ∂R/∂u(l) being the tangent stiffness matrix associated with the lth magnetic field B(ℓ)

a when u(l) is
solved in the equilibrium equation. The expressions of ∂R/∂ρe, ∂R/∂m( j)
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where V represents the voigt notation, B is the strain–displacement matrix and We is given in Eq. (14). For brevity,
the explicit expressions for ∂We/∂ρe, ∂We/∂m( j)

e , and ∂We/∂ B(ℓ)
a are not provided here.

The first terms in Eqs. (A.14)–(A.16) and ∂ J
(
ρ, m(1), . . . , m(Nm ), B(ℓ)

a , u(ℓ)
)
/∂u(ℓ) in Eq. (A.17) are determined

by the specific form of the general function J . For example, with respect to the objective function in Eq. (18), these
four terms are given as
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with ℓ = 1, . . . , Nℓ, k = argmax f1 u , . . . , u .
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Fig. B.8. Uniaxial tension test of hard-magnetic soft materials: (a) Fabricated hard-magnetic soft material dog-bone samples; (b) Comparisons
of the measured uniaxial stress–stretch response and the corresponding predictions by the LP hyperelastic model.

Appendix B. Material characterization of mechanical properties of hard-magnetic soft materials

The hard-magnetic soft material is fabricated by mixing polydimethylsiloxane (PDMS) elastomer according to a
ertain base-agent ratio with embedded neodymium–iron–boron (NdFeB, Magnequench, Singapore) microparticles
y hand stirring for 20 min. The mixture is degassed under a −80.0 kPa atmosphere for 60 min for bubble removal.

Dog-bone samples are fabricated through a mold casting process for the uniaxial tension test. Specifically, the liquid
mixture is poured into 3D-printed Polyvinyl Alcohol (PVA) mold and cured at 175◦ F for 120 min. The sample
imensions are determined according to ASTM D412-16. A total of 6 dog-bone samples are tested for the hard-
agnetic soft material made of PDMS with 25:1 base-agent ratio and embedded magnetic particles of 15% volume

atio. All samples are tested on a loading machine (Instron 68TM-30) using a 500 N load cell with a 5.0 mm/min
verhead speed.

The characterization of the hard-magnetic soft material is based on the uniaxial tension test. The uniaxial
ension test data are demonstrated in Fig. B.8. The tested nominal stress–stretch curve is fitted using the isotropic,
ompressible Lopez-Pamies (LP) hyperelastic model (Eq. (2)). This study uses a two-term model, i.e., n = 2. Based
n least-square fit, the four material parameters are obtained as α1 = 1.4121, α2 = 1.3368, µ1 = 0.0772 MPa, and
2 = 0.0771 MPa.

ppendix C. Fabrication of the optimized design and experiment setup

The optimized designs are obtained through a mold casting process. We divide the optimized geometries into
everal components according to the magnetization direction (Fig. 7(a)). The geometries of different components
re then input used to generate the STL files ready for 3D printing. The molds are then 3D printed using fused
eposition modeling printers (Original Prusa i3 MK3S+ 3D printer) with Polyvinyl Alcohol (PVA) filament. The
ard-magnetic soft material is made by mixing the PDMS (the base-agent ratios are 10:1 and 25:1 in Sections 4.2.2
nd 4.3.2, respectively) with embedded magnetic particles of 15% volume ratio. The liquid mixture is then poured
nto the 3D-printed molds after degassing and cured at 175◦ F for 120 min. After curing and demolding, the modular
omponents are magnetized to the desired magnetization direction by an impulse magnetic field at 2T using an
mpulse magnetizer. To guarantee the accuracy of the remnant magnetization direction, we utilize 3D-printed PLA
uides that ensure the proper placement of the structural components within the magnetizer. The remnant magnetic
ux density of the cured hard-magnetic soft material is measured as 100 mT using a Quantum Design MPMS3

QUID Magnetometer. The integrated optimized designs are assembled by bonding separate components at the
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interface using the Sil-poxy adhesive (Smooth-On Inc., USA). 3D-printed support frames are fabricated to fix the
designs. In Section 4.2.2, the support is made of Polylactic Acid (PLA) printed via a fused deposition modeling
printer. In Section 4.3.2, the support is made of translucent Acrylonitrile Butadiene Styrene (ABS) resin using a
stereolithography 3D printer (Elegoo Saturn S). The external magnetic fields are generated by a pair of Helmholtz
coils and measured using a magnetic meter to ensure the metasurfaces and robots are positioned within a range of
nearly uniform magnetic field.

Appendix D. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.cma.2023.116065.
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