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Abstract— Due to the rapid development of technologies for
small unmanned aircraft systems (sUAS’s), the supply and
demand market for sUAS’s is expanding globally. With the great
number of sUAS’s ready to fly in civilian airspace, an sUAS
aircraft traffic management system that can guarantee the safe
and efficient operation of sUAS’s is still absent. In this paper,
we propose a control protocol design and analysis method for
sUAS traffic management (UTM) which can safely manage a large
number of sUAS’s. The benefits of our approach are two-fold: at
management level, the effort for monitoring sUAS traffic (author-
ities) and control/planning for each sUAS (operator/pilot) are
both greatly reduced under our framework; and at operational
level, the behavior of individual sUAS is guaranteed to follow the
restrictions. Mathematical proofs and numerical simulations are
presented to demonstrate the proposed method.

Index Terms— Unmanned aircraft system traffic management,
automatic control, artificial potential field.

I. INTRODUCTION

W ITH vast investments of financial support and research
effort, sUAS’s are envisioned to achieve autonomy

based on the rapid development of their technologies including
guidance, communication, sensing, and control. Commercial
sUAS’s have been developed for a variety of tasks, such
as package delivery, rescue operations, photography, surveil-
lance, infrastructure monitoring, etc. The market for sUAS’s
for civilian purposes is expanding rapidly among potential
users including companies, governments, and hobbyists. With
expectation of a great number of sUAS’s operating in the
airspace system, especially in urban environments, the control
of sUAS behavior and management of their traffic are crucial
for safety and efficiency [1]. With the above concerns, some
rules and laws to regulate the operation of sUAS’s in the
civil domain have been published by the Federal Aviation
Administration (FAA) [2]. However, a traffic management
system that can ensure the enforcement of the rules and the
efficiency of the system is absent.

The need for a sUAS Traffic Management (UTM) System
has long been recognized with the increasing number of
registered sUAS’s. The FAA and NASA are leading efforts
to make the rules and conduct the research on the large
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scale sUAS operations. A build-a-little-test-a-little strategy
is currently used to address the UTM’s scalability [3]. The
UTM research is divided into four Technology Capability
Levels (TCL) [4]:

• achieve rural sUAS operations for agriculture, firefighting
and infrastructure monitoring.

• realize beyond-visual line-of-sight operations in sparsely
populated areas, and provide flight procedures and traffic
rules for longer-range applications.

• include cooperative and uncooperative sUAS tracking
capabilities to ensure collective safety of manned and
unmanned operations over moderately populated areas.

• involve sUAS operations in higher-density urban areas for
tasks such as news gathering and package delivery, and
large-scale contingency mitigation.

The flight tests for TCL 1 and TCL 2 have been successfully
conducted in NASA’s test sites, and basic requirements for
sUAS operation in less populated areas have been proposed
based on the test results [3], [5]. The discussions and tests
on airspace design, corridors, geofencing, severe weather
avoidance, separation management, spacing, and contingency
management are the main focuses and most challenging parts
in TCL 3 and TCL 4 research. However, no results on TCL
3 and TCL 4 have been reported, to the best of our knowledge.
On the other hand, a few works have conceptually discussed
the architecture of the UTM system and identified its basic
elements [6]–[8]. These works envision UTM based on the
existing Air Traffic Management (ATM) system for crewed air-
craft. Nevertheless, such a design may not be feasible for large
scale operation or dense traffic in the sense that it requires
features like flight authorizations, flight plan review/approval,
external data services (weather, intruder), which may suffer
from the curse of dimensionality.

To improve the scalability of the UTM, we note some
key characteristics differentiating the sUAS operation from
the existing crewed aircraft operation. For crewed aircraft,
the human pilot is capable of directly controlling the behavior
of an aircraft. In contrast, the human operator for sUAS with
the remote control has to rely on the system’s autonomous
control and/or decision supporting tools to cope with the large
scale operation and complicated operational environment [9].
Although this autonomous nature brings more challenges to
sUAS hardware/software requirements and risk evaluation,
it brings an opportunity for the UTM to administrate the
sUAS’s from a control systems perspective. The fact that the
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behavior of an sUAS is more governed by the autopilot instead
of the human operator reveals that the UTM may regulate the
collective sUAS traffic behavior by adopting certain control
protocols: if the sUAS’s can agree on predefined control
protocols in certain airspace, then collective safety/efficiency
assurance for sUAS traffic can be converted to a control
protocol design problem. By directly regulating the sUAS
traffic behavior at the control level, UTM can reduce the effort
for trajectory planning and reviewing significantly.

With the aforementioned idea in mind, we propose a control
protocol design and analysis method to improve the scalability
for the UTM. In this framework, we envision that the UTM
is responsible for publishing control protocols for sUAS’s
operating in each basic traffic element such that the desirable
collective traffic behavior is assured without reviewing the
high dimensional trajectories of all sUAS’s explicitly. The
basic element of sUAS traffic network considered here is
called a single link, which is an abstraction of “road” or
“lane”, proposed by NASA [10]. The main ingredient of
our framework is the artificial potential field (APF) approach
for the control of the behaviors of sUAS’s in each link,
which is motivated by successes of the APF approach in
various aerospace applications such as aircraft guidance law
design [11], conflict resolution [12], and multi-agent con-
trol [13]. Upon the agreement of a set of APF functions in the
control protocol, sUAS’s can achieve the desired collective
behaviors, such as collision avoidance, boundary clearance,
and speed regularization. Our framework, at its core, converts
the problem of sUAS traffic control to an APF-based decen-
tralized control protocol design problem, which is similar to
flocking control. A commonly accepted definition for flocking
behavior is given by Reynolds rules [14]: 1) stay close to
nearby flockmates, 2) avoid collision with nearby flockmates,
and 3) attempt to match the velocity with nearby flockmates.
For safe UTM operation, collision avoidance is crucial, and the
velocity of each sUAS should conform to the desired/reference
speed associated with the link. A representative design of
APF-based flocking control has been introduced by Olfati-
Saber [15]. Following this work, variants of distributed flock-
ing algorithms have been proposed, i.e., the flocking algorithm
under time varying communication network topology [16],
the flocking algorithm that considers complex robotics models
with non-holonomic constraints [17]–[21], and the hybrid
flocking algorithm for fixed-wing aircraft [22]. Given the
feedback nature of APF-based control design, the APF-based
control law offers more robustness to model and environmental
uncertainty in practice. For more rigorous treatment of robust
APF-based control, we refer to [23], [24].

It should be noted that our problem of APF-based control
protocol design and analysis for the UTM is different from any
existing flocking control problems. For the flocking algorithm
design, even though the collective system of interest has a
multi-agent nature, the system consists of a fixed group of
sUAS’s. However, in our problem, the system of interest
consists of sUAS’s in a certain traffic link, which is time
varying in the sense that some sUAS’s may enter the link and
some sUAS’s may leave the link at some time instances. From
the traffic management perspective, it is desired to investigate

the sufficient conditions for the sUAS’s to enter the traffic
link without causing collision. The answer to such a problem
is related to the analysis of the APF-based control protocol
design using the Hamiltonian function (which is commonly
used as an analogue to the concept of “energy” [15]). Since
it is known that the collision avoidance can be guaranteed
by limiting the “energy”, a convergence rate of the “energy”
can be used to estimate the upper bound of the “energy”
at given a time instance, which estimates the incremental
“energy” allowable to enter the traffic link at a given time
to avoid collision. The incremental “energy” can be related to
the entry rate or capacity of a traffic link. Indeed, the most
challenging part of our theoretic analysis lies in establishing
the convergence rate of the proposed control protocol, which
has not been discussed in general flocking control problems.

The contributions of this work are: 1) We develop a control
protocol design and analysis method which can safely manage
sUAS traffic, while improving the scalability of the UTM.
The problem of the collective behavior regularization and
safety assurance is formally defined based on control theory;
2) After a formal definition of the sUAS traffic regularization,
we design a distributed control protocol for sUAS in a single
traffic link. Based on the convergence property of our con-
trol algorithm, we propose conditions on sUAS’s for safely
entering a traffic link; and 3) Based on our control protocol,
we propose hardware/software requirements on sUAS’s oper-
ating in the large scale traffic system.

The rest of the paper is organized as follows. Section II
identifies the roles and responsibilities of each element in the
sUAS traffic system in our framework. Section III formally
introduces the formulation of the sUAS traffic regularization
in a single traffic link and offers theoretical results. Section IV
demonstrates the results via illustrative numerical simulations.
Finally, Section V draws the conclusions.

II. ELEMENTS IN THE SUAS TRAFFIC SYSTEM

We consider a basic network structure of the future large
scale sUAS traffic. A network is a fundamental structure of
the ground traffic and the air traffic, and thus the usage of such
structure in the sUAS traffic has been envisioned by NASA [4].
The traffic network is defined as a set of nodes and links, and
each link connects two nodes with specified locations. Each
link commits a specified altitude block and corridor width
where sUAS’s can be flown from one location to the other.
For each link, the authority may specify the desired speed,
top speed, desired separation, and minimum separation for
collision avoidance. One way to ensure all requirements are
satisfied is to review every filed flight plan and make sure every
restriction is satisfied. The flight plan is often a time-position
4D trajectory, and a certain resolution of the trajectory is
required to achieve safety assurance. Such high-dimension,
high-resolution trajectory checking can be overburdening for
the UTM, which should be responsible for managing large
scale sUAS operations. Another way to efficiently manage the
traffic is to assign sUAS’s control protocols to each individual
traffic link, by which the collective safety of sUAS’s traffic
within each link can be guaranteed and restrictions can be
satisfied via theoretical analysis.
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Our framework redefines the roles and responsibilities of
four main roles in the future sUAS traffic system, which are
sUAS operators, the infrastructure, sUAS’s, and the UTM.
We explain each component in the order of design process:

1) UTM design

• Network Definition:A traffic network need to be
first defined in the construction of the UTM system.
The network must include elements such as nodes,
links, and virtual boundaries of each link. Each
traffic link has regulations/rules for sUAS’s traveling
in it, e.g., the speed limit, minimum separation
between sUAS’s, minimum distance to the virtual
boundaries, and feasible landing areas. Those regu-
lations may or may not be shared through all links.
Separated networks will be necessary for sUAS’s
of different types. For example, fixed-wing sUAS’s
and multi-copters will need different networks due
to their distinct flight dynamics, cruising speeds and
take-off/landing processes. The construction of the
networks needs to be done in collaboration with law
makers, such as the FAA.

• Control Protocol Design: A set of control protocols
can be designed for each link once the rules are
defined. In order to have control protocols that
are feasible for all sUAS’s traveling in the net-
work, a basic physical dynamics of sUAS’s will
be assumed. One can assume that the sUAS’s are
equipped with low level autopilot system such that
a multi-copter can be viewed as a single integra-
tor model [25], and a fixed-wing sUAS follows
a Dubins car model on the horizontal plane and
a double integrator in the vertical direction [22].
It is desired that under a common control proto-
col, sUAS’s can achieve collective safety assurance
and operational efficiency. During the operation,
the control protocols are broadcast for each link, and
sUAS’s follow the control protocols after entering
the links. Based on the control protocols, the UTM
can propose hardware/software requirements on the
on-board measurement/estimation or communica-
tion for sUAS’s.

• Control Protocol Selection: Different sets of control
protocols need to be designed for each link to
take into account different factors, such as weather,
human activities, emergencies, etc [2]. During the
operations, the best suited control protocols are
selected for links and broadcast.

2) Operator

• Low Level Control Design: The operators design
the low level controllers, such as from thrust/voltage
to accelerations, in order to follow the high level
control protocols broadcast by the UTM.

• Equipment: Each sUAS should be equipped with
necessary sensors and filters to estimate its states
and relative information such as the distance to
neighboring sUAS’s or obstacles so that the high
level control protocol from UTM can be properly

implemented. The sUAS’s will need to equip with
ports that can receive supervisory command from
the UTM broadcast.

• Operation: An operator will need to specify the
origin, destination, and the sequence of links an
sUAS will travel during a task.

3) Infrastructure
• Broadcast: It is envisioned that broadcasting will be

a good practice to share the control protocols for
its benefits in contingency management [26]. In the
event of contingency, a suitable set of control pro-
tocols can be broadcast across the affected airspace
timely, and thus sUAS’s in the airspace can have
a safe and immediate response to the unexpected
event.

• Monitor: Cameras, LIDAR, and/or radars can also
be equipped in the infrastructure to monitor the
sUAS traffic and send alerts in the event of intruder
attack or malfunction.

4) sUAS
• State Estimation: During a mission, an sUAS needs

to take measurements and estimate the states of
itself and relative information with respect to other
sUAS’s or obstacles.

• Control Execution: An sUAS receives and executes
the control protocol from broadcast.

• Control Protocol Switching: When arriving at a
junction, multiple control protocols will be avail-
able. An sUAS selects the one specified by the oper-
ator before the mission and complete the transition
from one link to another.

The overall framework of our design is summarized
in Figure 1. It can be seen that in our framework, the oper-
ators will only need to determine the sequence of transitions
between links. the UTM will only need to monitor the real
time traffic situations during the daily operations. Collision
free, speed limits and other requirements are fulfilled by the
design of control protocols. The shift of control design from
operators to the UTM allows the UTM to have a high authority
over the behaviors of the sUAS’s traveling in the network, and
thus safety and efficiency can be guaranteed by the collective
behavior of sUAS’s in each link resulting from the common
control strategy.

Each element of the future sUAS traffic system discussed
above can be extensively studied. In this article, we limit
our attention to one of the most important and challenging
elements: the control protocol design and analysis. We develop
models and theoretical frameworks for analyzing the sUAS
traffic behavior in a single link from a control systems per-
spective. Our results can be applied to more common and
complicated traffic network elements such as merge links
and split links [27]. We present our results in details in the
following section.

III. PROBLEM FORMULATION AND CONTROLLER DESIGN

In this section, we formulate the problem of sUAS traffic
regularization and present details about how to design and
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Fig. 1. Proposed UTM framework.

analyze control protocols to regulate the sUAS’s behavior
in a link using artificial potential functions. The objective
of this section is to offer a guideline about how to design
the APF for each link in an sUAS traffic network and what
condition sUAS’s should satisfy at entry of the link under a
certain communication protocol structure such that the speed
of all sUAS’s in the link is regulated and there is no collision
or boundary violations. The basic models for sUAS’s and
APF based control design are extensions from out previous
work [22].

A. Dynamic Model for sUAS

In this section, we formally introduce the problem of
regularization of sUAS traffic in a single link model. Let I
be the index set of all the sUAS’s in the traffic system. We
consider a fixed-wing sUAS whose kinematics is described as:

ẋi = vi cos θi

ẏi = vi sin θi

żi = wi

v̇i = ai

θ̇i = φi

ẇi = δi , (1)

where xi and yi are the horizontal coordinates, zi is the
vertical coordinate, θi is the horizontal heading angle, vi is
the horizontal velocity, wi is the vertical speed, and ai , φi and
δi are control inputs. By feedback linearizion, the horizontal
dynamics can be converted to a double integrator model.
Define vxi ! vi cos θi , and vyi ! vi sin θi . Then, we have:

[
v̇xi
v̇yi

]
=

[
cos θi −vi sin θi
sin θi vi cos θi

] [
ai
φi

]
. (2)

Let [uxi , uyi ] = [v̇xi , v̇yi ] be our new control input.
We then have the following relation between the new and
original control inputs:

[
ai
φi

]
=




cos θi sin θi

− sin θi

vi

cos θi

vi




[

uxi
uyi

]
. (3)

The transformation is not defined for vi = 0, which will not
be the case for the fixed-wing sUAS. Now we have a double
integrator dynamics for the fixed-wing sUAS:

ẍi = uxi

ÿi = uyi

z̈i = δi . (4)

Finally we let qi ! [xi , yi , zi ]T be the state vector, ui !
[uxi , uyi , δi ] be the control input vector. We call the stack
vector q ! col(q1, q2, . . . ) the configuration of the group
sUAS’s. The above model simplifies our process for design-
ing control protocols. This also admits that our following
approaches can be easily adopted in control protocol design
for multi-copters whose dynamics can be approximated by a
double integrator.

B. Problem Formulation

Here we introduce the problem formulation for traffic
regulation for a single link. A single link is defined as a
tuple L ! ($, v̂, v, v, d̂, d, d̂b, db), where $ is the physical
space the link takes, v̂ is the desired velocity for all sUAS’s
in $, v , v are the top speed and lowest speed respectively,
d̂ is the desired separation between the sUAS’s, and d is
the minimum separation allowed between sUAS’s. d̂b is the
desired distance to the boundaries of the link, and db is the
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minimum separation to the boundary of the link. Note that v̂ is
a velocity vector. We assume that $ is a convex polyhedron,
i,e., $ = {x |Ax ≤ b, ∂Ax ≤ ∂b}, where A ∈ Rm×3 and
b ∈ Rm representing m walls/boundaries; ∂A ∈ Rm′×3 and
∂b ∈ Rm′

denote m′ entrances/exit. When the link is described
by a rectangular tube, then m = 4, and m′ = 2. Let An and
bn be the nth row of A and b, respectively. Then, An is on
the normal direction of the nth wall. Denote the distance from
the ith sUAS’s to the plane An x = bn as din . Then, din can
be given as:

din = Anqi − bn

An AT
n

. (5)

We assume that the set

A !
m⋂

n=1

{x | Anx − bn

An AT
n

≤ d̂b}
⋂

{x |∂Ax ≤ ∂b} (6)

is not empty. A represents the desired flying space within a
link. It is clear that the reference velocity should be parallel
to each plane, i.e., ∀n, v̂T An = 0. We define the set:

I$(t) ! {i ∈ I|∃τ ∈ [t0, t], qi (τ ) ∈ $} (7)

as the set of all the sUAS’s which entered the link up to time
t . We assume that the link is sufficiently long, which implies
that all sUAS’s that have entered the link $ before t0 stay in
$. This allows us to formulate our first problem: if there is
no sUAS entering $ after t0, i.e., ∀t > t0, I$(t) = I$(t0),
we have the following objectives in the asymptotic sense:

O1 : ∀i ∈ I$(t0), q̇i (t) → v̂ as t → ∞,

O2 : ∀i, j ∈ I$(t0), ||qi (t) − q j (t)|| ≥ d̂ as t → ∞,

O3 : ∀i ∈ I$(t0), ∀n = 1 . . . m, din ≥ d̂b as t → ∞,

subject to the following constrains:
C1 : ∀i ∈ I$(t0), ||q̇i (t) − v̂|| ∈ [v, v] ∀t ≥ t0,

C2 : ∀i, j ∈ I$(t0), ||qi − q j || ≥ d ∀t ≥ t0,

C3 : ∀i ∈ I$(t0), ∀n = 1 . . . m, din ≥ db ∀t ≥ t0.

O1 requires the velocities of all the sUAS’s in the link con-
verge to the desired velocity. O2 requires that the separations
of all the sUAS’s are greater than the desired separation given
sufficiently long time. O3 requires that the positions of all the
sUAS’s in the link converge to the desired separation from the
boundary. C1 requires the boundedness of the velocities of all
the sUAS: the upper bound is given from traffic authority,
and the lower bound is required for the flyable trajectory for
a fixed-wing sUAS. C2 requires that the separations between
sUAS must be greater than or equal to the minimum separation
to ensure collision free. C3 requires that all the sUAS’s in the
link must stay away from the boundary greater than or equal
to minimum distance.

Second, if there are sUAS’s entering$ at time t1, let I$(t−1 )
denote the set of the sUAS’s already in the link up to time t1,
i.e.,

I$(t−) ! {i ∈ I|∃τ ∈ [t0, t), qi (τ ) ∈ $}. (8)

Then we have I$(t−1 ) ! I$(t1), and I$(t1) \ I$(t−1 ) is the
set of entering sUAS’s. In this case, only C1, C2, and C3 need

to be guaranteed under some conditions on the entry states
which will be discussed. It should be remarked that sUAS i
might be in the link initially and leaves the link at t∗ > t0,
but by our definition of I$(t), i ∈ I$(t) for any t > t0. It is
equivalent to assumption that the link is infinitely long such
that whenever an sUAS enters it, it stays in it. This assumption
facilitates the problem formulation and analysis without loss
of generality, and it can be relaxed based on the approach in
this work.

C. Control Protocol Design and Analysis

According to the control objectives and constraints,
an APF-based control protocol is introduced in this subsection,
which ensures O1-O3 and C1-C3 are satisfied assuming no
sUAS enters the link $, i.e.,

I$(t) = I$(t0), ∀t > t0. (9)

The convergence rate of the control protocol will be dis-
cussed, based on which the entry condition that is established
in the next subsection.

For a smooth artificial potential field design, the σ -norm
function || · ||σ : Rn → R+ is commonly considered [15]:

||z||σ = 1
ε
(
√

1 + ε||z||2 − 1), (10)

where ε > 0 is a parameter, and ||·|| is the Euclidean norm. σ -
norm is an approximation for the Euclidean norm but equipped
with the differentiability at z = 0. The gradient of σ -norm is
given as:

∇||z||σ = z
√

1 + ε||z||2
. (11)

For a nonzero vector d , denote dσ = ||d||σ , and it can
be shown that ||d|| > dσ . We let the monotone decreasing
function ψ : R+ → R+ be the repulsive potential function for
collision avoidance, and φ : R+ → R be the gradient of ψ .
ψ and φ satisfy:

ψ(d) = 0 ⇐⇒ d ≥ d̂

φ(d) = 0 ⇐⇒ d ≥ d̂

ψ(d) > 0 ⇐⇒ 0 ≤ d < d̂. (12)

Let Vp be the accumulated collision potential energy:

Vp = 1
2

∑

i

∑

j /=i

ψ(||qi j ||σ ), (13)

where

qi j = qi − q j , (14)

then Vp achieves the global minimum of 0 at ∀i, j,∈ I$(t0)
with i /= j , ||qi j ||σ ≥ d̂ , thus, ||qi j || > d̂ . Similarly, we let
ψb be the potential function for boundary clearance and φb be
the gradient of ψb such that (12) is satisfied with d̂ replaced
by d̂b. Let Vb be the accumulated boundary potential energy:

Vb =
∑

i

∑

n

ψb(din). (15)
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Vb achieves the global minimum of 0 when ∀i ∈ I$(t0),
∀k ∈ {1, . . . , m}, din ≥ d̂b. We define the accumulated kinetic
energy as:

Vk = 1
2

∑

i

(q̇i − v̂)T (q̇i − v̂). (16)

It is clear that Vk achieves the global minimum of 0 if
∀i ∈ I$(t0), q̇i = v̂. Then, the feedback control protocol is
designed as:

ui = −
∑

j /=i

φ(||qi j ||σ )q̂i j −
m∑

n=1

φb(din)AT
n

An AT
n

− Ki (vi − v̂),

(17)

where:
q̂i j = qi j√

1 + ε||qi j ||2
, (18)

where Ki is a tuning parameter whose design needs to address
the physical capability of the sUAS. The first two terms of (17)
are gradient-based terms [15] which act like repulsive forces
for inter-sUAS collision avoidance and boundary clearance.
They are the derivatives of the potential functions Vp and Vb
with respect to qi j and qi respectively. The last term is the
velocity regulation term which acts like a damper.

We can define the positive semi-definite Hamiltonian
function:

H = Vp + Vk + Vb. (19)

Note that the value of the Hamiltonian function H (t) can
measure the distance between the configuration of sUAS’s sys-
tem at t and the desired configuration. The following theorem
shows O1, O2 and O3 are achieved given that constraints C1,
C2 and C3 are satisfied all the time under the case where the
H (t0) is not too large, assuming no sUAS enter the link after
t0.

Theorem 1: Consider a fixed group of sUAS’s (1) in the
link $, with the initial configuration in the sublevel set of the
Hamiltonian $c = {(q(t0), q̇(t0))|H (t0) ≤ c} applied with the
control protocol (17) for t ≥ t0. The following holds:

(i) Ḣ (t) ≤ 0, ∀ t ≥ t0.
(ii) Almost every solution of the multi-sUAS system (1)

converges to the desired configuration, i.e., an equilibrium
where ∀i, j ∈ I$(t0) with i /= j , q̇i = v̂, din ≥ d̂b, ||qi j || ≥
d̂ .

(iii) If c ≤ c∗
1 ! ψ(||d||σ ), no pair of sUAS’s violate the

minimum separation, i.e., ∀i, j ∈ I$(t0), i /= j , t > t0,
||qi j (t)|| ≥ d.

(iv) If c ≤ c∗
2 ! 1

2 ṽ2, where ṽ = min{v−||v̂||, ||v̂||−v}, then
there is no speed violation, i.e., ∀i ∈ I$(t0), t > t0, ||q̇i || ∈
[v, v].

(v) If c ≤ c∗
3 ! ψb(db), then minimum wall clearance is

guaranteed, i.e., ∀i ∈ I$(t0), t > t0, din ≥ db.
Proof: (i) Denote δvi ! q̇i − v̂. We then have:

Ḣ (q, q̇) =
∑

i

δvT
i ui + d

dt

[1
2

∑

j /=i

ψ(||qi j ||σ ) +
m∑

n=1

ψb(din)
]

(20)

By definition, we have:
d
dt
ψ(||qi j ||σ ) = φ(||qi j ||σ )q̂T

i j (q̇i − q̇ j )

d
dt
ψb(din) = φb(din)AT

n q̇i

An AT
n

. (21)

Substituting the control protocol (17) into (20) yields:
Ḣ =

∑

i

−Kiδv
T
i δvi . (22)

(ii) Statement (i) implies that Ḣ ≤ 0 given that H is positive
semidefinite. From LaSalle’s invariance principle [28], all the
solutions converge to the largest invariant set contained in
I = {(q, q̇)|Ḣ = 0}. Starting from almost every initial
configuration, the positions of all sUAS’s eventually satisfy
the desired separation and their velocities match the reference
velocity.
(iii) By contradiction, suppose there exists t1 > t0, sUAS’s i∗

and j∗ collide, i.e., ||qi∗ j∗(t1)||σ ≤ ||d||σ , and then given the
monotonicity of ψ and ||qi∗ j∗||σ = ||q j∗i∗ ||σ , we have:

H (t1) ≥ ψ(||qi∗ j∗||σ ) + 1
2

∑

i /=i∗ , j∗

∑

j /=i,i∗ , j∗
ψ(||qi∗ j∗||σ )

≥ c∗
1 > c. (23)

By Statement (ii), ∀t > t0, Ḣ (t) ≤ 0, therefore H (t1) ≤
H (t0) = c < c∗

1. Hence, we have produced a contradiction.
The proof for Statement (iv) and (v) follows the same argu-
ment as the proof for Statement (iii), therefore omitted.

Remark 1: The proof for the convergence of the group
behavior of sUAS’s is rather standard [15]. The convergence
of the sUAS’s configuration to the desired configuration is
given by the monotonicity of the Hamiltonian function and
the fact that invariant set I is contained in the set of
desired configuration. To achieve the constraints satisfaction,
we define c1, c2, and c3 as the minimum possible values
of Hamiltonian under the corresponding constraint violation.
By limiting the Hamiltonian for the initial configuration under
c1, c2, or c3, we argue that the corresponding constraint
would not be violated due to the monotonicity of both the
Hamiltonian and the potential functions. By letting the level set
for initial configuration as {(q(t0), q̇(t0)|H (t0) ≤ c∗}, where
c∗ = min{c∗

1, c∗
2, c∗

3}, one can achieve O1, O2, O3 for almost
every initial configuration while C1, C2, C3 are satisfied.

It can be seen that under the adoption of LaSalle’s invariance
principle, the asymptotic convergence is given but without a
convergence rate. The convergence rate of the Hamiltonian
can be crucial for designing the entry condition for a link
or estimating the behaviors of sUAS in a link for any
given time instance. Now we study the convergence prop-
erty for a fixed group of multi-sUAS system (4) with the
control protocol (17). We start with the augmented system
dynamics:

q̈ + K q̇ + ∇*(q) = 0, (24)

where K is the collective damping ratio/time constant, * is
the positive semi-definite collective potential function, and
∇* is the gradient of * . In the scope of sUAS regulation,
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*(q) is simply Vp(q) + Vb(q). It can be seen from (17)
that K is a diagonal matrix with positive diagonal entries.
Without loss of generality, we assume the diagonal elements
of K are the same, such that K can be reduced to scalar.
We will refer K as a scalar in the proceeding without further
notification. Such a system is often referred as a gradient
Hamiltonian system. The asymptotic convergence of (24)
of different types has been extensively discussed; however,
the convergence rate is rarely given [29]–[33]. It is noted that
system (24) can also be viewed as a second order differen-
tial equation method for solving the following optimization
problem:

minipage
q

*(q). (25)

The convergence rate is still rarely discussed under the
continuous time optimization framework or flocking control
framework. Motivated by the lack of convergence rate analysis,
we develop the following convergence result for the general
Hamiltonian systems. We start with following assumptions on
the smoothness of the potential function:

Assumption 1: ∇* is differentiable and Lipschitz with con-
stant L.

Assumption 2: L ≥ K 2

8 .
Assumption 1 is a general smoothness condition. It is equiva-
lent that ∇2* exists and ∇2* ≤ L I , where I is the identity
matrix. Assumption 2 is not restrictive either. If a function
satisfies Assumption 2 with constant L, then it must satisfy
Assumption 2 with L ′ ≥ L. Thus, there always exists L ′ such
that Assumptions 1 and 2 are both satisfied.

We provide the following lemma that will be used to
establish the convergence rate for (24) in proceding theorem:

Lemma 1: For system (24), if Assumptions 1 and 2 hold
and *(q(0)),∇*(q(0)), and q̇(0) are finite, then:

inf
τ∈(0,t)

p∇*(q(τ ))T ∇*(q(τ )) + r q̇(τ )T q̇(τ )

≤ 1
t

(1
2
||α∇*(q(0)) + q̇(0)||22 + (αK + 1)*(q(0))

)
(26)

where p = 8K L−K 3

8L2 , r = K
4 , and α = K

2L .
Proof: Given the dynamic system (24), let Lyapunov-like

functions be:

V1 = 1
2
||α∇*(q) + q̇||22

V2 = (αK + 1)*(q)

V3 =
∫ t

0
p∇*(q)T ∇*(q) + r q̇T q̇dt .

V = V1 + V2 + V3. (27)

Given Assumption 2, p is non-negative. Thus, V1, V2, and
V3 are positive semi-definite. The time derivative of V1 is:

V̇1 = (α∇*(q) + q̇)T (α∇2*(q)q̇ − K q̇ − ∇*(q))

= −q̇T (K I − α∇2*(q))q̇ − α∇*T ∇*(q)

+ ∇*(q)T (α2∇2*(q) − αK I − I )q̇. (28)

The time derivative of V2 and V3 are respectively:
V̇2 = (αK + 1)∇*(q)T q̇

V̇3 = p∇*(q)T ∇*(q) + r q̇T q̇. (29)

Adding the derivatives gives:
V̇ = −q̇T ((K − r)I − α∇2*(q))q̇

− (α − p)∇*(q)T ∇*(q) + α2∇*(q)T ∇2*(q)q̇ (30)

Given *(q) is L-smooth, we have ∇2* ≤ L I . Under
Assumption 2, by letting r = K

4 and α = K
2L , we have:

V̇ ≤ − K
4

q̇T q̇ − (α − p)∇*(q)T ∇*(q)

+ α2∇*(q)T ∇2*(q)q̇

= − K
4

(q̇T q̇ − K
L2 ∇*(q)T ∇2*(q)q̇

+ (
2
L

− p
K

)∇*(q)T ∇*(q)). (31)

By letting p = 8K L−K 3

8L2 , we have

(
2
L

− p
K

)I ≥ (
K

2L2 )2∇2*(q)T ∇2*(q). (32)

Thus,

V̇ ≤ − K
4

||q̇ + K
2L2 ∇2*(q)∇(q)||22 ≤ 0. (33)

Therefore:
V1(t) + V2(t) + V3(t) ≤ V1(0) + V2(0) + V3(0), ∀t ≥ 0.

(34)

By the positive semi-definiteness of V1 and V2, we have:
∫ t

0
p∇*(q)T ∇*(q) + r q̇T q̇dt ≤ V1(0) + V2(0). (35)

which implies (26).
Remark 2: Note that the RHS of inequality 26 is the scaled

magnitude of q̈(t). The LHS of inequality 26 is some quantities
depends on the initial configuration. Lemma 1 reveals that the
infimum of the scaled magnitude of q̈(t) converges to zero at
speed of 1/t .

Remark 3: The significance of Lemma 1 does not limit to
UTM applications. It is the first attempt for establishing the
convergence rate result for a general class of Hamiltonian
systems, as well as for the continuous time algorithm for
solving non-convex optimization problem. It is not surprising
that O( 1

t ) convergence is achieved, since such speed is well
established for the first order methods of solving non-convex
optimization problem. This result can be applied to the analy-
sis for the behavior of general classes of controlled system,
such as flocking control, nonlinear control for dissipative
systems, to name a few. It can offer more interpretations for
the system behavior under different contexts while specific
understanding or structure of the system is present.

Note that Lemma 1 is not directly useful in our problem
because it only provides an upper bound for the velocities
and gradient forces, not for the Hamiltonian function. The
following theorem provides an insight for convergence rate of
Hamiltonian function under a proper assumption:

Theorem 2: Consider system (24) with Assumptions 1
and 2. Suppose there are positive numbers α, α for the
trajectory q(t) such that

α*(q) ≤ ∇*(q)T ∇*(q) ≤ α*(q). (36)
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Then,

H (t) ≤ λ

t − t0
H (t0), (37)

where

λ = max
{
2, 1/α p

}
max

{
(ᾱ/α2 + αK + 1), 1

}
.

Proof:
Recall the definition of the Hamiltonian function and

using (36), we have

H (t) = 1
2

K q̇(t)T q̇(t)T +*(q(t))

≤ 2
K
4

q̇(t)T q̇(t)T + 1
α p

p∇*(q(t))T ∇*(q(t))

≤ λ1

(
K
4

q̇(t)T q̇(t)T + p∇*(q(t))T ∇*(q(t))
)

, (38)

where λ1 = max
{
2, 1/α p

}
. Taking infimum of both sides and

using the monotonicity of H (t), we have

H (t)= inf
τ∈(t0,t)

H (τ )

≤ inf
τ∈(t0,t)

λ1

(
K
4

q̇(t)T q̇(t)T + p∇*(q(t))T ∇*(q(t))
)

≤ λ1

t−t0

(
1
2
||α∇*(q(t0))+q̇(t0)||2+(αK +1)*(q(t0))

)
,

(39)

where we use the inequality (26) in Lemma 1. In addition,
with (36), we have
1
2

||α∇*(q(t0)) + q̇(t0)||2

≤ 1
2

||α∇*(q(t0)) + q̇(t0)||2 + 1
2

||α∇*(q(t0)) − q̇(t0)||2

≤ α2∇*(q(t0))T ∇*(q(t0)) + q̇(t0)T q̇(t0). (40)

Thus, we have
(

1
2

||α∇*(q(t0)) + q̇(t0)||2 + (αK + 1)*(q(t0))
)

≤ (ᾱ/α2 + αK + 1)*(q(t0)) + q̇(t0)T q̇(t0)

≤ λ2 H (t0), (41)

where λ2 = max
{
(ᾱ/α2 + αK + 1), 1

}
. Combining (39)

and (41), we have

H (t) ≤ λ1λ2

t − t0
H (t0), (42)

which concludes the proof.

Remark 4: It is clear that when the sUAS’s system is at a
desired configuration, condition (36) holds. For q near the
desired configuration, condition (36) can also be achieved
by choosing proper artificial potential functions (e.g., locally
quadratic functions near the desired configuration). The exis-
tence of α and α allows us to establish a direct convergence
bound on the total Hamiltonian of the system. The inequal-
ity (36) may not be necessary for the convergence rate to
hold, as one can see in the simulation results. Such results
allow us to offer theoretical completeness for the proceeding
results on sUAS entry condition design.

D. Entry Condition Design

In the last subsection, we have designed a control protocol
based on APF and we have shown that the configuration of
a fixed group of sUAS’s converges to an invariant set in
which all sUAS’s maintain the desired separation and track
the desired velocity for almost every initial configuration. The
convergence rate of the Hamiltonian is proved for a fixed
group of sUAS’s. The reason for deriving this rather stronger
convergence property is to quantify the speed of regulating
the behaviors of the sUAS’s in a link. For almost every initial
condition, we are able to bound the total energy/Hamiltonian
in a link at a given time instance. It allows us to derive the
time when the link is ready to accept more sUAS’s and to
estimate the total amount of energy the incoming sUAS’s
can bring into the link. By bounding the energy carried by
the incoming sUAS’s for each fixed time interval, we are
able to bound the total number of incoming sUAS’s under
assumptions. In this way, our framework can not only account
for the micro level regularization of the sUAS’s behaviors, but
also offer theoretical characterization to the macro level traffic
property, in particular, the flow rate of each traffic link. Such
characterization allows further evaluation of the efficiency of
the whole traffic network.

Let

{t|I$(t−) ! I$(t)} (43)

be the set of time instances when sUAS’s enter $. This set
is called the set of time instances of regular entry. Denote
the k-th entry instance as tk . To limit the entry frequency for
sUAS’s and to keep the Hamiltonian below desired threshold
h̄ (a natural selection of h̄ could be c∗ for safe operation),
we consider the following assumption:

Assumption 3: ∀k ∈ Z≥0, tk+1 − tk ≥ T .
According to Theorem 2, we have following proposition:

Proposition 1: Consider the sUAS’s in a link with Assump-
tion 3. Assume that the conditions in Theorem 2 hold. Suppose
H (t0) ≤ h̄ and for each entry instance tk , H (tk) − H (t−k ) ≤
hε ≤ h̄. If T given in the Assumption 3 satisfies

T ≥ λh̄

h̄ − hε
, (44)

then H (t) ≤ h̄, ∀t ≥ t0.
Such a result is desirable in the sense that if the entry rate
is bounded, the Hamiltonian function value is bounded such
that collision and boundary violations are excluded. Note that
our definition of entry event allows multiple sUAS’s enter the
link simultaneously and Proposition 1 still applies. However,
the result will be conservative considering the cases where
there may be multiple sUAS’s enter the link intermittently
in a short time period with relatively regulated configuration.
To address such cases, we consider the following definition
for the intermittent entry event of multiple sUA’sS in a short
time period.

tk is said to be a time instance for a multiple entry event
if there are multiple sUAS’s enter the link at tk and before
tk + tε , where tε is a design parameter that should be small.
Denote I∂$(tk) as the index set for the sUAS’s enter the link
during [tk, tk + tε). Let tk+1 −(tk + tε) ≥ T and T 0 tε. Since
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tε is small, it is of interest to establish entry conditions on
sUAS’s in I∂$(tk) such that the overall sUAS traffic behavior
satisfies the constraints during [tk + ε, tk+1). It is done by the
following proposition:

Proposition 2: Consider sUAS with dynamics (1) in the link
$ with conditions in Theorem 2 valid. Let tk , k ∈ Z≥0 be the
time instances of entry events (either regular entry or multiple
entry) with Assumption 3 valid. For all k ∈ Z≥0, assume ∀i ∈
I∂$(tk+1), j ∈ I$(t−k+1), ψ(||qi j (tk+1 + tε)||σ ) = 0. Let

κ = max
i∈I∂$(tk+1+tε )

1
2
||δvi (tk+1 + tε)||22 +

m∑

n=1

ψb(din)

γ = max
i /= j∈I∂$(tk+1+tε )

1
2
ψ(||qi j (tk+1 + tε))||σ ). (45)

If

Mκ + M(M − 1)γ ≤ c∗(1 − λ

T
), (46)

where M is the maximum possible number of UASs that can
enter the link between [tk, tk+ε ], and then ∀t ∈ ∪k[tk +
tε, tk+1), C1, C2, C3 are satisfied.

Proof: By the given conditions, we have:

H (tk+1 + tε) =
∑

i∈I$(t−k+1)

1
2
δvT

i δvi +
m∑

n=1

ψb(din)

+ 1
2

∑

j∈I$(t−k+1), j /=i

ψ(||qi j ||σ )

+
∑

i∈I∂$(tk+1+tε )

1
2
δvT

i δvi +
m∑

n=1

ψb(din)

+
∑

i∈I∂$(tk+1+tε), j /=i

ψ(||qi j ||σ ) (47)

for any k ∈ Z≥0. Given that H (tk) ≤ c∗, and by Theorem 2,
we have:

H (t−k+1) ≤ c∗λ
T

. (48)

Thus,

H (tk+1 + tε) ≤
∑

i∈I∂$(tk+1+tε)

1
2
δvT

i δvi +
m∑

n=1

ψb(din)

+ 1
2

∑

j∈I∂$(tk+1+tε ), j /=i

ψ(||qi j ||σ )

+ c∗λ
T

≤ Mκ + M(M − 1)γ + c∗λ
T

. (49)

Given Mκ + M(M − 1)γ ≤ c∗(1 − λ
T ), we conclude that

H (tk+1+tε) ≤ c∗. By Theorem 1, C1, C2, and C3 are satisfied
∀t ∈ ∪k[tk + tε, tk+1).

Remark 5: The above proposition assumes that the distance
between any sUAS entering the link at tk+1 and any sUAS
already in the link before tk+1 is greater than or equal to
the desired separation. Such assumption can be realized by

the design of T for any given v̂. It is also assumed that the
boundedness of the Hamiltonian is satisfied all the time before
the entry of the group of sUAS’s. This assumption shall not
be violated in practice to ensure safety.

We have established results for control-based single link
traffic management. We showed that a fixed group of sUAS’s
configuration is regularized under our control law (Theo-
rem 1). We also established the convergence rate of the
Hamiltonian of the sUAS system (Theorem 2). With the
convergence rate, we are able to estimate the allowable entry
condition for constraints satisfaction (Proposition 2). In any
traffic system, a traffic link is usually connected with one
or multiple links. The entry traffic of one link is the exit
traffic of the upstream link. We hereby assume that the
exit traffic is at desired configuration of the upstream link
and briefly discuss how Proposition 2 serves as a practical
tool for link transition design. It is intuitive that two very
“different” links should not be connected. The following
discussion quantifies the maximum difference between two
links in order to be connected. Let the upstream link and
downstream link be L1 = ($1, v̂1, v1, v1, d̂1, d1, d̂1b, d1b)
and L2 = ($2, v̂2, v2, v2, d̂2, d2, d̂2b, d2b), respectively. Let
ψ1, ψ1

b and ψ2,ψ2
b be the potential energy functions used

for the collision avoidance and the boundary clearance for L1
and L2, respectively. Assume that L1 is long enough such that
the exiting sUAS’s are at desired configuration of L1. We also
define the event of link transition. sUAS i is said to transit
from L1 to L2 if:

qi ∈ A1 ∩ A2. (50)

This admits that A1 ∩A2 /= ∅, and ψ1
b (din) = ψ2

b (din) = 0
for n = 1, . . . , m. After a transition, sUAS’s will start using
the control protocol defined on L2. Then κ and γ in (45) can
be quantified based on the definitions of L1 and L2, that is:

κ = 1
2
(v̂1 − v̂2)

T (v̂1 − v̂2)

γ = 1
2
ψ2(d̂1) (51)

It can be observed from (46) that if κ ≥ (1−λ/T )c∗, then no
more than one sUAS can enter L2 from L1 to ensure constrains
satisfaction. This phenomenon explains that a high speed link
should not be connected to a low speed link immediately, but
another transitional link will be necessary. The idea of the
transitional link resembles the on/off ramp of the highway in
ground traffic. The maximum number of sUAS’s that can enter
L2 from L1 in every [tk, tk + tε) is then the maximum integer
solution to inequality (46). This identity connects our analysis
on the entry condition to the macro flow control between two
connected links. It should be noted that our discussion on link
transition only applies when the entering sUAS’s are at desired
configuration of the upstream link. For more complicated cases
where the upstream link is too short for the sUAS’s to achieve
the desired configuration before exiting, it is of our interest to
propose new system design or mathematical formulation to
accommodate such a scenario in future research.
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Fig. 2. Configurations of sUAS in every 20s after the entry of a new group of sUAS’s.

E. Hardware/Software Requirement

In this section, we briefly discuss the hardware and software
requirements on sUAS’s for the implementation of the control
protocols we designed. First, under our current framework,
a receiver is required on an sUAS to receive the broadcast
control protocol in each traffic link. Certain encoding and
decoding protocols need to be designed in this process to
prevent any potential cyberattack. The control protocol (17)
first assumes that the position and velocity are estimated.
This can be achieved by the integration of inertia measure-
ment sensors, such as gyroscope, accelerometer, along with a
Global Positioning System, which are typical equipped on an
sUAS. Sensor fusion and state estimation techniques can be
applied to achieve accurate state information for each sUAS.
The subject of state estimation for highly non-linear sUAS
dynamics is non trivial, and we refer to [34], [35] for more
details. Second, for the inter-sUAS separation, the relative
distance measurement is required. Unlike classic formation
control or flocking control problems where a cooperative
information exchange protocol is assumed, it may not be
practical to assume that all sUAS’s traveling in a traffic
network can communicate the state information directly in
a communication network. Therefore, the relative position
measurement/estimation is required for our control protocol to
be implemented. The existence of other sUAS’s and obstacles
are not differentiated, and obstacle sensing techniques can be
used to achieve collision avoidance and desired separation.
Detection sensors like radar, LIDAR, or sonar can be used to
measure relative distances of approaching objects. It should
be noted that in our control law, the relative positions for all
other sUAS’s are taken. This is not necessary in practice. Since
the repulsive energy function ψ and repulsive force function
φ have finite support, which means that an sUAS needs to

TABLE I

PARAMETERS FOR SIMULATION

take only relative position measurements for sUAS’s/object in
the range of d̂ . This can greatly reduce the requirements for
measurements and computation for real-time sUAS control.
Third, for the boundary clearance, it should be noted that the
boundaries of traffic links are defined abstractly, taking factors
such as human activities, regional weathers, emergencies, etc.
The boundaries can vary in the day to day operations, and the
distances to the boundaries are not to be directly measured
by sensors. Instead, the boundaries data is stored in the A, b
matrices, and the distances to the boundaries are evaluated
by (5). Therefore, only self-position estimation is required in
each sUAS to achieve boundary clearance. The A, b matrices
are rather low-dimensional, and can be stored onboard before
operation or broadcast by traffic management system. Combi-
nations of sensors and data fusion techniques can be used to
get more accurate state estimations. A comprehensive survey
on sUAS sensing technologies can be found in [36].

IV. NUMERICAL EXPERIMENTS

In this section, we demonstrate the proposed control proto-
col for UTM with an illustrative numerical simulation. In the
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Fig. 3. Minimum pairwise separation.

simulation, the potential function we choose is:

ψ(x) =
{

log(cosh(x − d̂)) if x < d̂
0 otherwise

(52)

the gradient of ψ is given by:

φ(x) =
{

tanh(x − d̂) if x < d̂
0 otherwise

(53)

We let ψb = ψ and φb = φ. Let $ be the polyhedron whose
walls are defined by:

A =





1 0 0
−1 0 0
0 1 0
0 −1 0
0 0 1
0 0 −1




, b =





1000
0

40
−40
40

−40




. (54)

Other parameters for numerical simulation are given
in Table I. Based on the parameters, we can achieve the
feasible c∗ = 8.3069. The configurations of sUAS’s for
every 20 seconds after a new group of sUAS are presented
in Figure 2.

In this experiment, the set A ! {(x, y, z)| − 20 ≤ y ≤
20, −20 ≤ z ≤ 20, 0 ≤ x ≤ 1000}, and it be observed that the
configuration converges. We also plot the minimum pairwise
separation between sUAS’s in the traffic link in Figure 3. It can
can be observed that all the sUAS’s satisfy the minimum sepa-
ration rule at all time. Similarly, it can be seen in Figure 4 that
the minimum and maximum velocity constraints are always
satisfied. This simulation shows that with our designed control
protocol and entry condition, sUAS’s are able to enter a single
link safely and regulate their speeds and separations. The
fundamental benefit of our control protocol based sUAS traffic
management is not limited to achieve a collective behavior, but
increase the amount of traffic a single link can take in a short
period of time. Under our simulation, at least 2 sUAS can
enter the link at every 20 seconds, which allows 360 sUAS’s to
travel across this link per hour. Such a great amount of traffic
is formidable in the classical trajectory file/review process
for traffic management if all the operators file their trajectory

Fig. 4. Time history of minimum velocity and maximum velocity.

individually. The trajectory reviewing for this amount of traffic
can also be overburden for the UTM.

V. CONCLUSION

In this article, we have proposed a new control protocol
design and analysis method which can safely manage a
large number of sUAS’s, thereby improving scalability of the
UTM. By taking the benefits of the autonomous nature of
the sUAS’s, we reformulated the traffic management problem
as a distributed coordination control for multi-agent systems.
We formally defined the sUAS’s behaviors regularization prob-
lem in a single traffic link and proposed a control protocol to
achieve the control objectives without violating the operation
constraints. Further, we have analyzed the proposed control
protocol and developed the condition for sUAS’s entering a
traffic link. This entry condition can be successfully converted
to traffic management criteria/rules. In the numerical exper-
iments, the proposed control protocol has been shown to be
effective, and the entry condition is validated. This work offers
a fundamental framework and theoretical results for studying
a micro-scope traffic regularization problem in more complex
traffic network elements, such as merge links and split links.
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