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Abstract

We construct non-unique Leray—Hopf solutions for some forced dyadic models for
magnetohydrodynamics (MHD) when the intermittency dimension § is less than 1.
Conventionally, the interaction of the velocity and magnetic fields is a major challenge
in the context of MHD. However, in the dyadic MHD model scenario, we exploit to our
benefit certain symmetries in the interactions of the fields to obtain a non-uniqueness
result. In contrast, uniqueness of the Leray—Hopf solution to the dyadic MHD models is
established in the case of § > 1. Analogous results on uniqueness and non-uniqueness
of Leray—Hopf solution are also obtained for dyadic models of MHD with fractional
diffusion.
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1 Introduction
1.1 Magnetohydrodynamics

In geophysics and astrophysics, incompressible magnetohydrodynamics (MHD) gov-
erned by the equations

ur+ w-Vyu —(B-V)B+ VP =vAu+ f, (1.1a)
B+ w-V)B—(B-V)u=uAB, (1.1b)
V.u=0, V-B=0, (1.1c)

is a fundamental model in the investigation of electrically conducting fluids. The
system is posed on the spatial domain R? or T>. The vector fields u and B represent
the fluid velocity and magnetic field, respectively; the scalar function P denotes the
pressure; the parameters v and u denote, respectively, the viscosity and the magnetic
resistivity; and f stands for an external force acting on the fluid. When B = 0,
system (1.1a)—(1.1c) becomes the Navier—Stokes equation (NSE) (1.4) which will be
discussed later.

Itis evident that the MHD system inherits challenges from the NSE, but also exhibits
its own complexity which is mainly caused by the nonlinear interactions between the
fluid velocity field and the magnetic field. The unsolved problems for the NSE usually
also hang in the air for the MHD system. In particular, it is not clear whether either
the NSE or MHD has a classical solution for all the time, given arbitrary initial data.
The concept of Leray—Hopf solution for the NSE was introduced by Leray (1934) and
Hopf (1951). A Leray—Hopf solution is a weak solution in the standard distributional
sense, which satisfies the basic energy inequality. Such a concept is naturally adapted
to other partial differential equations. Since the pioneering work of Leray, the well-
posedness problem for the Leray—Hopf solutions to the NSE in three-dimensional
(3D) space is not completely understood yet. In particular, the uniqueness of a Leray—
Hopf solution to the 3D NSE without external forcing remains unsolved. However, in
the recent remarkable work (Albritton et al. 2022) of Albritton, Brué and Colombo,
the authors constructed non-unique Leray—Hopf solutions for the forced 3D NSE,
building on the seminal works of Vishik (2018a,b) for the 2D Euler equation. On the
other hand, the well-posedness problem of Leray—Hopf solutions for the 3D MHD
(1.1a)—(1.1c) is largely open. Nonetheless, wild weak solutions have been constructed
for the ideal MHD, i.e.v = u = 0and f = Oin (1.1a)—-(1.1c) by Beekie et al. (2020).
The weak solutions constructed in Beekie et al. (2020) have finite total energy, but
do not conserve the magnetic helicity which is an invariant quantity for smooth solu-
tions. Interestingly, Faraco et al. (2021) constructed infinitely many bounded solutions
which violate conservation of the total energy and cross helicity but preserve magnetic
helicity. In a more recent work (Faraco et al. 2021), the same authors further showed
the sharpness of the L3 integrability condition for the conservation of the magnetic
helicity. For the 3D hypoviscous incompressible elastodynamics which is similar to
the MHD, Chen and Liu (2021) constructed weak solutions with finite kinetic energy.
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The main objective of this paper is to investigate the problem of uniqueness/non-
uniqueness of Leray—Hopf solution for the forced diffusive dyadic models of the MHD
system (1.1a)—(1.1c). The following dyadic model for the MHD system was proposed
in Dai (2021):

d 2 0 0 2
aaj + vkjaj + k1 (Ajajaj+1 — kj_laj_1>
— 2 (Mbsbj1 = 25_1b2,) = 1. (1.2a)

d
by + a3, + i (Masbys1 = A5bjaj41) =0 (1.2b)

forj >0,A; = A7/ with a fixed constant A > 1, and a_; = b_; = 0. The variables
(aj, bj) are quantities related to the energy in the sense that %ajz. and %b? are the
kinetic energy and magnetic energy in the j-th shell, respectively. The parameter 6
1s defined as 0 = %, where § € [0, 3] is the intermittency dimension for the 3D
turbulent vector field (cf. Cheskidov and Dai 2019). Naturally, 6 € [1, %]. Notice that
smaller § corresponds to larger 6, and hence stronger nonlinearity. The parameters «
and «7 placed in front of the nonlinear terms represent the energy transfer direction
and strength among shells. Similar dyadic models have been presented by physicists
for the MHD system, for instance, see Gloaguen et al. (1985), Plunian et al. (2013).
Denote the total energy by

E(t) =

| =

o0
Z (ajz- + b?)
j=0

and the flux through the j-th shell by
IT; = k? (/qa]z. — /czb?)ajﬂ, j=0.
The energy balance for the j-th shell of the system (1.2a)—(1.2b) is

1d

2, 12 2.2 2,2
§a<aj+bj):—vkj j—uijj+n,-_1—nj+fjaj.

Thus, system (1.2a)—(1.2b) obeys the formal energy law

d o0 o0 o0
O W I S SRS ST
j=0 j=0 j=0

It is clear to see that the energy is invariant for (1.2a)—(1.2b)if v =u =0and f; =0
for j > 0. We will consider the four particular cases of the general model (1.2a)—(1.2b)
with k1 = %1 and kp = %1.
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We will provide a definition of Leray—Hopf solution for the dyadic models (1.2a)—
(1.2b) in analogy with the Leray—Hopf solution for the original MHD equations (1.1a)—
(1.1c). The main goal is to: (i) establish global in time existence of Leray—Hopf
solutions for the dyadic models; (ii) show the uniqueness of Leray—Hopf solution
when 1 < 6 < 2; (iii) construct non-unique Leray—Hopf solutions in the case of
2 <6 < % Philosophically, the process of constructing non-uniqueness resembles
the convex integration method in the sense that it takes advantage of the forcing term
in the construction. Technically, it is much simpler than convex integration since no
iteration or approximation is involved.

1.2 Main Results for Dyadic MHD Models

In this part, we lay out the results regarding Leray—Hopf solutions for the dyadic MHD
model (1.2a)—(1.2b). First, for any initial data with finite total energy, we show the
existence of global Leray—Hopf solutions.

Theorem 1.1 Let 0 € [1,3], a° = {a%jz0 € 1> and b° = (b9} ;=0 € 1% For any
T > 0, assume

0 T
ZA;Z/ f7@)dr < oo,
j=0 70

ie. f € L?>(0,T; H™Y). Then, there exists a Leray—Hopf solution to system (1.2a)—
(1.2b) accompanied with the initial data a®, %) on [0, T1.

The next result concerns the weak-strong type of uniqueness.

Theorem 1.2 Let9 € [1, %]. Let (a(t), b(t)) and (u(t), v(t)) be Leray—Hopf solutions
to (1.2a)—(1.2b) with the same initial data (a°, b°) € I? x I?. Assume in addition that
there is a number J such that

laj()] < Cori~", 1bj(] < CoaT™" for j=J, 1€l0,T] (1.3)
with a constant Cqy depending on A and 6. Then,
aj=uj, bj=v;, on [0,T] forall j>DO0.

As a consequence of Theorem 1.2, the uniqueness of the Leray—Hopf solution in
the case of 6 < 2 follows immediately.

Theorem1.3 Let 1 < 6 < 2. Let a¥ = {a?}jzo e 2,0 = {b‘}}jzo e I? and
f e L*>0,T: H™Y). Then, the Leray—Hopf solution to (1.2a)—(1.2b) is unique.

When 6 > 2, we adapt the construction strategy of Filonov and Khodunov (2021)
for the forced dyadic NSE model and show that the forced dyadic MHD models have
more than one Leray—Hopf solutions. Specifically, we prove:
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Theorem 1.4 Let 6 € (2,31 Leta® = 0 and b° = 0, i.e. a) =19 =0forall j = 0.
There exists T > 0 and functions { f;(t)} satisfying [ = {fj}j>0 € L?>0,T; H™Y
such that system (1.2a)—(1.2b) with initial data (@®, b%) has at least two Leray—Hopf
solutions (a(t), b(t)), one of which has non-vanishing a(t) and b(t) on [0, T].

Remark 1.5 The solutions constructed in Theorem 1.4 satisfy the energy identity.

Remark 1.6 We see that the threshold value of 6 that separates the uniqueness and
non-uniqueness results is § = 2. Notice that since 6 = %, 6 = 2 corresponds to the
intermittency dimension § = 1. In fact, there is evidence that § = 1 is critical for 3D
turbulent flows, see Cheskidov and Shvydkoy (2014).

1.3 Weak Solutions for Dyadic NSE
The incompressible Navier—Stokes equation

ur+w-VYu+ VP =vAu+ f,

Vou—o0 (1.4)
is a central topic in the study of fluids. Although there has been much progress in the
past century concerning fundamental properties of the NSE, many significant ques-
tions remain open. Partly for this reason various so-called dyadic models have been
proposed. One such model for oceanographic turbulence was presented by Desnyan-
skiy and Novikov (1974) and later with motivation from harmonic analysis by Katz
and Pavlovié¢ (2005). This model takes the form:

%aj + v)»?aj + )\gajajﬂ — X?_la?_l = fj, (1.5)
for j > 1 and ap = 0. A crucial property of this particular model is the persistence of
positivity, namely that with nonnegative forcing a solution starting from positive initial
data remains positive for all time. This attribute of the system (1.5) was essential for the
proof of many interesting results, for example, see Barbato et al. (2011), Barbato et al.
(2011), Cheskidov (2008), Cheskidov and Friedlander (2009), Cheskidov et al. (2007),
Cheskidov et al. (2010). However, as was recently observed by Filonov and Khodunov
(2021), the energy cascade in a turbulent fluid is a random process with no physical
reason for the conservation of positivity. Hence, there is an intrinsic desirability for
techniques that do not depend on positivity. In Filonov and Khodunov (2021), the
authors introduced a novel approach that does not depend on positivity. Filonov (2017)
proved for (1.5) existence and uniqueness of Leray—Hopf solution with 6 < 2. In
Filonov and Khodunov (2021), they proved that there exist more than one Leray—
Hopf solutions with 6 > 2. Specifically, they proved the following theorem:

Theorem 1.7 (Filonov and Khodunov 2021) Let 6 € (2, %] and a° = 0. There exists
T > 0 and functions f;(t) satisfying f = {fj}j>0 € L%(0, T; H™YY such that the
dyadic NSE model (1.5) with initial data a® has at least two Leray—Hopf solutions.
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It is interesting to point out that this non-uniqueness result for the forced dyadic
NSE shares some superficial similarity with that of Albritton et al. (2022) for the
original NSE. Both constructions start from zero initial data, and the forcing term is
critical in both cases.

Returning to the dyadic MHD model (1.2a)-(1.2b), the delicate interactions
between the velocity and the magnetic fields preclude the possibility of making a sign
choice of the parameters that ensures the persistence of positivity. The techniques that
we use to prove the results stated in Theorems 1.2—-1.4 are motivated by the approach
used for the NSE in Filonov and Khodunov (2021) which does not depend on posi-
tivity. We observe that in the MHD model context the complexity and symmetry of
the nonlinear coupling of the two fields are actually benefits that give us additional
freedom in constructing the scheme used to prove non-uniqueness.

1.4 Dyadic Models with Fractional Laplacian Scaling

We note that the dyadic MHD equations (1.2a)—(1.2b) can also be rescaled to

d a2y Nid:a: A 1a2
& T vAaptaajajen = Ajaaj )

—ka(Ajbjbjy1 — hj1bi_)) = fj, (1.6)

d
bt UMb + i (hjajbji — Ajbjajir) =0,

for j > 1,a0=bp=0and @ = é.
The analogous dyadic model for the fractional MHD with diffusion terms (—A)%*u

and (—A)P B is

v, rjajajiy — hj_1a3
g % T vAaj tiaajaje — Ajaj )

—1a(hjbjbji1 — hj_1bi_) = fi, (1.7)

d 2
ot W»J-ﬂbj +r2(hjajbjyi —Ajbjaji1) =0,

with j > 1,a9 = by = 0,and o > 0, 8 > 0. Obviously (1.6) is a special case of (1.7)
with « = B. We mention that fractional dissipation in the context of dyadic models
may be physically relevant for the hydrodynamics and MHD, see the discussion in
Mailybaev’s work (Mailybaev 2015).

With slight modifications of the proof for Theorem 1.1, we can prove that:

Theorem 1.8 Let > O and f > 0. Let a° = {a))}j=0 € > and b° = {bY)} >0 € I*.

Assume f € L*>(0, T; H™%) forany T > 0. Then, there exists a Leray—Hopf solution
to system (1.7) accompanied with the initial data @®, 6% on [0, T.

In analogy with Theorem 1.2, we can prove the following weak-strong type of
uniqueness for a Leray—Hopf solution to (1.7).
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Theorem 1.9 Leta > 0 and B > 0. Let (a(t), b(t)) and (u(t), v(t)) be Leray—Hopf
solutions to (1.7) with the same initial data (a°, b°) € 1> x [%. Assume in addition that
there is a number J such that

261

la; 01 = Co (137 43771) 101 = Ccoas ™! (1.8)

forall j > J andt € [0, T], with a constant Cy depending on A and 6. Then,
aj=uj, bj=v;, on [0,T] forall j>0.

The following uniqueness of a Leray—Hopf solution to (1.7) with o« > % and 8 > %
is an immediate consequence of Theorem 1.9.

Theorem 1.10 Let o > 5 and B > 3. Let a® = (a9} =0 € 12, b0 = {b%} ;>0 € I* and
f € L*(0, T; H™%). Then, the Leray—Hopf solution to (1.7) is unique.

We also construct non-unique Leray—Hopf solutions to (1.7) for appropriate values
of o and 8. Namely, we will show:

Theorem 1.11 Let 0 <@ < B < % and 38 — o < 1. Let a® = 0 and b° = 0. There
exists T > 0 and functions { f;(t)} satisfying

o T
ZA;ZO‘/ f7(0)dr < oo,
Jj=0 0

such that system (1.7) with initial data (a°, b°) has at least two Leray—Hopf solutions.

When0 <o =8 < %, we automatically have the same result for system (1.6).

Remark 1.12 In view of Theorem 1.10 and Theorem 1.11, the value of % for o and
B is a sharp threshold to separate uniqueness from non-uniqueness result for system
(1.6). On the other hand, for (1.7) the additional conditions of ¢ < fand 38 —« < 1
leave some gap where neither uniqueness nor non-uniqueness is known to hold.

1.5 Organization of the Paper

We provide an outline of the rest of the paper.

e Section 2 introduces notations and definitions of solutions for dyadic systems.

e Section3 is devoted to a proof of Theorem 1.1 on the existence of Leray—Hopf
solutions.

e Section4 addresses the weak-strong uniqueness and uniqueness of Leray—Hopf
solution for system (1.2a)—(1.2b) with 1 <6 < 2.

e In Sect.5, we construct non-unique Leray—Hopf solutions for (1.2a)—(1.2b) with
0 € (2. 3]

e Section 6 outlines constructions to establish firstly conditions for uniqueness and
secondly conditions for non-uniqueness of Leray—Hopf solutions to the dyadic
model for MHD with fractional diffusion.
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2 Notations and Notion of Solutions
2.1 Notations

The space [? is endowed with the standard scalar product and norm,
e}
(U, 0) =) unva, ul =/, u).
n=1

It is regarded as the energy space in this paper. We use H*® to represent the space of
sequences equipped with the scalar product

(0e]
. 2
(u,v)g := E Al un vy
n=1

and norm

llulls := v/ (u, u)s.

Notice that H? = 2.

2.2 Notion of Solutions

In the following, we introduce the concept of solutions for dyadic systems.

Definition 2.1 A pair of [2-valued functions (a(¢), b(t)) defined on [0, co) is said to
be a weak solution of (1.2a)—(1.2b) if a; and b; satisfy (1.2a)—(1.2b) and a;, b; €
C([0, 00)) forall j > 0.

Definition 2.2 A Leray—Hopf solution (a(t), b(t)) of (1.2a)—(1.2b) on [0, T') is a weak
solution satisfying

aj,bj € L0, T);I>) N L*([0,T); H"), V j >0,

and

t t
la@)1I72 + 1B@)I[7; + 2v fo la(@)]1%, dt +2p fo Ib(T)13,: dz
< a(O)[I7 + I1bO)[I7,

forall0 <t < T.

Definition 2.3 A Leray—Hopf solution (a(t), b(¢)) of (1.6) on [0, T) is a weak solution
satisfying

aj,bj € L([0, T); 1*) N L*([0, T); H*), V j =0,
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and

t t
la®)l15 + 16115 + 2v fo la(T) |13« dT + 2 fo I15(T) 137« dT
< la )l + 1bO)II};
forallO0 <t < T.

Weak solution and Leray—Hopf solution of other dyadic systems in the paper can
be defined analogously.

To reduce the number of parameters, we take v = p = 1 in the rest of the paper
since they do not affect the estimates or constructions.

3 Existence of Leray-Hopf Solutions
In this section, we apply the Galerkin approximating approach to show the existence
of Leray—Hopf solutions to (1.2a)—(1.2b). Since the value of x1 and «, does not play
a role in the proof, without loss of generality, we set k1 = —k; = 1. Fix any integer
N > 1. Denote the sequences
a¥ (1) ={a] }jz0. b (1) = (b} (O}jz0. with af =b} =0. ¥ j=N+1.
That is,

") = (a0, al' 0. a) ..., a}(©,0,0,0,...).

bV (1) = <b6v(t), bN (), bY (1), ... bY(1).0.0,0, .. ) .

Consider the truncated system for @™ (1), bN (1)),

d N 2 N 6 N _N (% N 2 01N N

% =M A At A @ )T = Ay by
+A0 B )P+ S 0<j<N o

d v 2N | 260 NpN 9N N . '

30 = b Fhjai by —Agbiag,, 0<j<=N

New — 0 1Ny — 1.0 .
aj(O)_aj, bj(())—bj, 0<j=<N.

By convention, afl = bfl =0.

In the following, we proceed with the standard Galerkin approximating framework:
(i) for any N > 1, there is a solution (a™ (r), b" (r)) to (3.1) with a™ (r) and b (1)
in the space L>°(0, T;1?) N L*>(0, T; H') and satisfying the corresponding energy
inequality; (i1) we pass the sequence {(aN 1), bV (1)) } N>1 (or a subsequence of it) to
a limit (a(z), b(¢)); (iii) the limit (a(t), b(t)) is shown to be a Leray—Hopf solution of
(1.2a)—(1.2b).
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The integral form of (3.1) is
t
)= af+ /0 (—13a) @) — 1Y a0 + 2 @) ()2
—ASBN @b, (1) + 20 (Y () + £() dr (3.2)
t
Y (1) = b +/0 (—A?bj.v(r) +2%a (@b, (0) —A?bj.v(r)aﬁl(r)) dr,
for 0 < j < N. Denote

FN@N, Y1) = (R @ b 0 FY @ oY o, Y @b ),

G @V, oY) =Gy @™ bM), GY @V, bY), ... G @Y M),

with
FN @, bV, 1) = =23 (1) = Mal ()al, (1) + 25 _ (@} ()
— MDY bY@ + 25 B 0) + fi @),
Gl @, bVy = =236 (1) + 2al b)Y (1) — MY )al, (@),
for 0 < j < N. Denote aON = (ag,a?, .. .,ag,), pON = (bo,b(l), ...,b?v) and

fN = (fo, f1, ..., fn). Thus, system (3.2) can be written as:

t
aV () = a®" +f FN@" (0),bN (v), 1) dr,
0 (3.3)

t
bN (1) = bON +/ GN@" (v), b" (1)) dr.
0

Denote the map

MN(aN bN)(t) _ (ao,N +fol FN(CZN(T),bN(‘[), 7) d‘L’) .

bON + [ GN @V (1), bV (1)) dt
Notice that there exists a constant C depending on N such that
PG b 0| < O (laV + 1@V P+ YR) + 1Y G4
GV @bV, 0| = cy (161 +1a P+ 1Y), (3.5)
and moreover
’FN(aN,bN, 0 — FN(&N,BN,t)‘
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< Oy (1+1a" + 1@+ 161+ 15V) (la¥ =@V + Y = BV1), (36)
‘GN(aN,bN)—GN(&N,l;N)‘
< Cy (1+|aN|+|bN|+|aN|+|EN|) <|aN—aN|+|bN—BN|). 3.7)

Choose
T
Ry = 20a®N | + 2150V +2/ ‘fN(t)‘ dt, (3.8)
0

and
1

— . (3.9)
2CNQ2RN + 1)

IN1

Consider the map My (a”, b™) on the following closed subset of the space of contin-
uous functions C ([0, ty 11; RM)

By = [, v) € €0, 1y 11 RY) x €10, 1y 11 RY) : ulle < R, Ivllc < Ry}

We claim that My is a contraction mapping on By . Indeed, for any @",b") e By,
it follows from (3.4), (3.8) and (3.9) thatfor0 <t <ty 1 < T

t
aO’N+/ FN(aN(t),bN(t),t)dr
0

< (a‘“v‘ + fol ‘FN(aN(t),bN(t), r)) dr

T
< ‘QO,N‘_i_tCN (RN+2R12\,>+/ |fN(t)|dt
0

1 1
< -R C (R 2R2)
=2 N+2CN(2RN+1) v Ry + 2Ry
= Ry;

and similarly, by (3.5), (3.8) and (3.9)

t
bO’N+/ GY @ (v), b (1)) dt
0

< ‘bO’N‘ + fot ‘GN(aN(T), bN(‘E))‘ dr

< [p"V] + rew (Ry +2R3)

1 1
< -R C (R 2R2>
= 2Vt o @Ry + OV v 2Ry
— Ry.
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Thus, My maps By to itself. On the other hand, the property of contraction follows
from (3.6), (3.7) and the choice of time ¢y 1 in (3.9). Therefore, system (3.3) has a
solution (™ (¢), bN (1)) on [0, tn.1], and so does system (3.1). Next, we show that the
solution satisfies the energy inequality. Multiplying the first equation of (3.1) by a ;V

and the second one by bj.v , taking the sum for 0 < j < N and integrating over [0, 7]
for0 <t <1y, we obtain
N N ot
> (@ @+ b 0)?) +2 Z/O 12 () @+ Y (0)?) dr
, )

J=0

N 2 2 A
=> ((G?N) + (b?yN) ) + 22/0 fi(@a¥ (r)dr.
j=0 j=0

(3.10)

Applying the Cauchy—Schwarz inequality, we have

N o ot N o ot Nt
22[ fi(mal () dr < Zf 272 f7(r)de +Z/ 25a¥ (1)* dr.
j=0"0 j=0"0 j=0"0

Hence, it follows from (3.10)

N

N o et
> (a6 0?) + Z(:) /O 12 () @ +bY (0?) de
=

j=0

N 5 5 N ¢
(@) +0)) + 2 [
j=0 j=0

(3.11)

We can iterate the process above to construct the solution on time intervals [y 1, tn 2],
[tn 2, tN 3]sy [IN ks EN k+1],-.., and finally reach the time 7. Indeed, repeating the
contraction argument above starting from 7y 1, we obtain a solution on a time interval
[N .1, ty 2] with 1y 2 satisfying

1
2Cy (4a™ ()1 + 416N (0l +4 i [FY 0] de 1)
(3.12)

IN2 —IN1 =

Note that (3.12) is obtained in analogy with (3.8) and (3.9). Iteratively, the time #y k1
for any k > 1 is given by
1
2C (Ha™ (w0l + 416N (0] +4 fi [ ¥ 0] dr+ 1)
(3.13)

INk+1 —INKk =
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On the other hand, we observe the energy inequality (3.11) holds on [y x—1, tn & ] for
any k > 1,1.e.fort € [ty k-1, tN k]

(af (@2 + Y (0)?) ar

N
> (e 0? + b (v ,0? +Zf

j=0 IN k-1

(3.14)
< Z((ajN (i) + (B v i) ) Z / 32 @) dr.
j=0 IN k-1
Taking the sum of (3.14) over k > 1 yields
N
> (@l w0 + b v i0?)
j=0
o 0.N)? 0.N)? = (T
52((%’ )+ (o5Y) )—l—kZ/ 12 fH ) de
=0 =070
which implies
1
N T
[t 0|+ [pV v 0| = 1]+ N+ VRS /0 22 [ de
j=0
(3.15)

Combining (3.13) and (3.15) gives

IN k+1 — IN k
1 -1

T N .1
> | Cy 8|a0~N|+8|b0~N|+8/ |fN(z)|dt+2+8\/%(Z/ kizsz(r)dt)
0 ; 0 :
j=0

.
vk

Therefore, the sum ), (ty k41 —tn k) diverges and will reach T after a certain number
of iterations. In conclusion, we obtain a solution (a” (¢), bV (¢)) of (3.1) on the interval
[0, T'], which satisfies the energy inequality (3.11) for all # € [0, T'].

The next step is to extract a limit from the sequence {(a” (¢), bV (1))} N>1. In view
of the energy inequality (3.11), we know aV,bpN e L0, T;1*)NL%*0, T; H') for
any N > 1. Moreover, by a standard analysis (see Cheskidov 2008), we can show
that {(a" (1), bN(t))}Nzl is equicontinuous on C([0, T']; lg)) x C([0, T1; 13)) where
llzu denotes the space [* equipped with a certain weak topology. As a consequence,
there exists a subsequence {(aMk (1), b (t))}k>1 which converges to (a(t), b(t)) in
C[0, T] such that (by employing a diagonal process)
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a* - aj, b* - bj, in C(0,T) as k> o0, ¥ j>0.

The last step is to show that the limit (a(¢), b(¢)) is a Leray—Hopf solution of
(1.2a)—(1.2b). Replacing N by Ny in (3.2) and taking the limit k — oo, we see that
(a(t), b(t)) satisfies the integral system

t

aj(t) = af +/O (—A?aj(r) —Maj(@ajii(t) + 2 (@j1(0))
255 (D)b41(T) + X_y (bj-1 () + f;(D)) dr,
t
bj(t) = b9 +f0 (-x?bj(f) + Aa;(T)bjy1(7) —k?bj(r)a_/H(T)) dr,

for all j > 0. Hence, (a(?), b(r)) satisfies system (1.2a)—(1.2b). Moreover, a;, b; €
C'[0, T] for all j > 0. In addition, taking the limit in the energy inequality (3.11)
yields

a,be L0, T;I)NL*0,T: HY.
Notice that a™V¢ € L°°(0, T; 12) N LZ(O, T; Hl) for all k and Ni. Thus, the sequence

{aj.v"}kzl converges weakly in L0, T) for any fixed j > 0, and the limit coincides
with a ;. Consequently, we have

0 t 00 ¢
Z/ fj(r)aj.v"(t)dr — Z/ fi(Maj(r)dr, as k - o0, V1 €[0,T].
j=0"" j=0""

(3.16)

Passing the limitin (3.10) and applying (3.16), it leads to the energy inequality satisfied
by the limit (a(z), b(t))

00 00
;)(aj(t)2+bj(t)2) +2Z%/O 32 (aj(@? +b;(0)?) dr
j= j=

> ((”9>2 " (b?)z) +23 /0 fj(maj(o)dr.
j=0 j=0

A

It completes the proof of Theorem 1.1.

4 Weak-Strong Uniqueness
In order to show the weak—strong uniqueness, a standard argument involving Gron-

wall’s inequality will be applied to the difference (a(t) — u(t), b(t) — v(t)) of the two
solutions (a(t), b(t)) and (u(t), v(r)).
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Proof of Theorem 1.2 As in the previous section, we set k| = —«p = 1. We start with
the energy balance through the j-th shell

d

T ((aj — uj)2 + (b — vj)2>

= (aja} +2b,b}) + Quju; +200))) (4.1)
— (@aju; +2ajuj) + @bjv} +25)))

and continue to estimate the four groups on the right-hand side. In view of equations
(1.2a)—(1.2b) satisfied by (a;, b;) and (u;, v;), respectively, we have

w4818, = G+ B~ + B A+ B G
iy + v = =153 +v]) — A5 @F +vDujp + A5 @G+ v Duj + fiug 4.3)
(ajuj)’ = —2)»§ajuj — A?ajujajﬂ — A?ajujuj_,_l

0 0 0 2 0 .2
—Ajbjujbjry = Ajajvjvipn +A;_aj_quj+ A by qu;

o 2 o 2
+Aj71uj_1aj+)»j71vj_1aj+fj(aj+uj), 4.4)

(ijj)/ = —Zk?ijj +A?ajvjbj+1 —|—)»?bjujvj+1 - )\(jijjajH - )»?ijjuj_H. (45)
Combining (4.1)—(4.5) and grouping the terms appropriately gives

% (@) = up)? + by = v)?) +222@) — up)* + 22 b; - v))?
= —A(a; +bDaj + 15 (@i +b5_a;

— A?(u% + vf)u,url + k§_1 (u§_1 + vf_l)uj

+ (-Xgajujam — Mjajujuge + 25 ya;_quj + K?qﬂ?-ﬂj) o
+ (—)\gbjbljbj_i_l — )x?ajijJq_l +)»§-ajvjbj+1 + ?»?bjujvjﬂ)

0 2 0 2 0 0

We further rearrange the terms in the last three parentheses of (4.6) to create terms in
differences, for instance, a; — u; and b; — v;. Shifting the sub-index j to j + 1 in the
last two terms of
0 6 6 2 6 2
(—kjajujaj+1 — Ajajujuj+1 + Aj_laj_luj + kj_luj_laj) s
we have

O . O . 0 2 , 0 2 )
—AjAjUjAj = AU A A U A U 4

0 0 6.2 0. 2
= —Ajajujajiy —Ajajujujy +Aaujey + Auiagy

— 2% (q:u: o u) —usas oy
= Aj (ajujrilaj —uj) —ujajri(a; —u;))
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0
= )‘j(aj — uj) (ajuj+1 —ajaj41 +ajajy — ujaj+1)

2
= —A?aj(aj —uj) (aj+1 — uj+1) +)\.§ (aj — I/tj) ajiq. “4.7)

Similarly, with a shift of sub-index in the first two terms of

0 2 0 2 0 0
()»j_lbj_luj tAjvjaaj —Ajbjvjajen — )‘jijju.i-i‘l) :

we obtain

A?b?ujH +X§v?aj+1 — A?ijjajﬂ - )\.?ijjuj_H
= )‘?bj”jﬂ(bj —v)) — )\ﬁvjam(bj —vj) 4.8)
= k?(bj —vj)(bjujt1 —bjaj+1 +Dbjaj1 —vjajt)

= —k?bj(bj —vj)aj41 —ujyr) + )‘ﬁ(bj - Uj)zaj"'l‘

We rearrange the terms of

% % % 0
(—)»jbjujbj_H —Ajajvjvj+1 +)»jajvjbj+1 +)»jbjujvj+1>
as

— A?bjujbjﬂ — k?ajvjij +)»§ajvjbj+1 +)»§bjujvj+1

= Ajajvi(bjr1 —vjt1) = 25bjuj(bjy1 — vjg1) 49)
= Mi(ajvj —ajbj +ajb; —bjuj)(bjs1 — vj41) '
= —1aj(bj —v))(bjs1 —vj41) + Abj(aj —uj)(bjy1 — vjs1).

Since (a(t), b(t)) and (u(¢), v(t)) are Leray—Hopf solutions, we have that the fol-
lowing two series with telescope sums vanish,

o ot
Zfo (—A?(af +bNaj1 + A @+ bﬁ_l)aj) dr =0,
=0
© ot (4.10)
Z/o (—A?(u? + oD+ A W+ ”?—1)“]') dr — 0.
j=0

Integrating (4.6) over [0, ¢], taking the sum for j > 0, using the facta_| = b_| =
u_1 = v_1 = 0, shifting the sub-index in the terms with sub-index j — 1, and applying
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(4.7)-(4.10), we deduce

o0

> (@0 = ) + by (1) = ;1))
j=0
o0 t
+ 2Zx§/() (@j(t) —uj(0)* + (bj(r) — v;(r))dr
j=0
o0 t
= - Z/o )L?aj(f)(aj(f) —uj(0) (aj41(x) —ujyi(v))dr
Jj=0
o0 t
- Z/O Wb (D) (bj(r) = vj (D)) (aj11(x) — uj41(7)) dr
o @.11)
Y /0 A (aj (1) — (1) a1 (Dde
j=0
o0 t
+ Z/O 2(bj(1) — vj (1)) a1 (1)de
j=0
o0 t
- Z/o )»gaj(f)(b_/(f) — (1) (bj+1(r) — vj41(v))drT
j=0

X ot
+> /0 29bj(0)(aj (1) — uj (D)) (bj1(1) — vj41()) dr.
j=0

We claim that the series on the right-hand side of (4.11) are well defined. Indeed, since
(a(t), b(t)) and (u(t), v(t)) are Leray—Hopf solutions, it is clear that

o0 t e ¢} t

Zxﬁf a?(r) +b§(r)dr < 00, Zxﬁf u?(t)—l—v?(r)dt < 0.
3 0

j=0

0 =

As a consequence, applying the assumption (1.3), we infer

o0 t

4C E A? / a]2~(t) + b?(l’) + u?(t) + U?(T)dl’
. 0
j=J

Ma;(©)(@;(0) = u;(0) ()41 () = ujs1 (D) | de

A

13(a;(0) = u(0) (@41 (D) = 1 (0) | de

A

< 0
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for a constant C. Other series can be shown to converge analogously. Next, we estimate
these series starting from the J-th shell. We only need to show details for one of them,
for instance, thanks to the assumption (1.3)

o t
3 /0 19, (D)0 (0) = 0 (@) (@41 (1) = uj1 ()| dr
j=J

IA

R2(b(0) = 0(0) (a1 () = uj1 ()| de

0 t
oy [
=170

Co — [ 2 2 Co — [ 2 2
2 Zfo 32, (1) — vy (2)dr + ﬁz/o 321 (1) — up (o) de.
j=J j=J

Similarly, the other series have the estimates

o]

/t
j=J 0
= 20 /t /'Kz-(a'(r) —u '(T))zdl + - Z /t }\2' (a‘—&-l(f) u '+1(Z))2dt
j=J 0 A / j=J 0 S ’ 7

22
o0 t
oy

j=J

Ma; (0@ (1) = 1,(0) (a1 () = uj1 (0) | de

3ai () (bj(r) = v (D) (b1 (v) = v,»+l<r))’ dr
Co < [! Co .t
< 7‘)2[0 A?(b;<r)—vj(r)>2dr+2—;22fo 11 (b1 (1) = v (1)),
j=J j=J
>
j=1""
<Cooo 'kz 24, 4 0 — [ .2 b ' 24
< 72 A iaj(t) —uj(r) r+m2 | Aip1(Bjs1(T) —vjq1(v)7dr,
Jj=J j=J

o0 t 0 t
Zfo 46 () = v (0 aj1 (0] dr < Co2>° Z/O 23 (b; (1) — v (1) dr.
j=J i=J

)Lgbj(f)(aj(f) —u;j(0) (bjr1(r) — Uj+l(1'))‘ dr

o t
M(aj() —u ,~<r>)2a,,-+1(r>} dr < oAy /0 2(aj(x) —uj(x)’ds,
j=7

Combining the estimates above and (4.11), we obtain

> (@) = ) + By 0) = v;)?)

=0
o0 t

+2Zk§f0 (aj(t) — uj(t))2 +bj(r) — Uj(f))zdf
j=0

J ot
<G Zfo (aj(®) —uj(0))* + (bj(r) — v;(1))*dr
j=0
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o0 t
+Co (1 +2270 rz) Y03 fo (aj(r) —u;j(r))* + (bj(r) — v(r))’de
j=J
4.12)

where the constant C7 is given by

C1=325 sw (lajllc+1bjlc) =322 (Ialp + 16%12) .
0<j<J+1

We take Cy such that Cy (1 + A2 4 k‘z) < 2. Hence, it follows from (4.12) that

> (@i = ) + by (1) = v;1))?)

j=0

o0 t
<C )y /O (aj(v) —uj(0))* + (bj(r) — v;(1)dr.
j=0

Therefore, Gronwall’s inequality implies that
aj=uj, bjEUJ', V]ZO

O

Proof of Theorem 1.3 Since 1 < 6 < 2, for any Leray—Hopf solution (a(t), b(t)), there
exists J > 0 such that

laj ()] < CorS ™, 1bj() < CorZ™%, ¥ j= .

That is, assumption (1.3) is satisfied and hence uniqueness follows. O

5 Non-uniqueness of Leray-Hopf Solutions for @ € (2, g]

We prove Theorem 1.4 in this section. We adapt the construction scheme for the dyadic
NSE in Filonov and Khodunov (2021) in order to construct a solution (a(t), b(t)) of
(1.2a)—(1.2b) with zero initial data such that both a(¢) and b(¢) are non-vanishing.

We first present the proof for the special case k<1 = —k3 = 1 and then point out
modifications to prove other cases when changing the signs of k1 and «3.
FixT = ﬁ Define

tj=1;°T, j=0.
We note
ti—1—1tj =)»;2, Jj =1,
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(0. 7) = U2, [t 1;-1).

For p,q € C2°(0, 1) (class of smooth functions compactly supported on [0, 1]) and
constant p > A?, we construct a j and b; as follows:

0, I <tjy1,
)61911? (K?H(f - fj+1)), tiv1 <t <tj,
aj(t) = 0 5 (5.1)
—)\.j q()»}-(t—tﬂ), <t <tjy,
0, t>1tjq.
0, I <tji1,
p_j_lhl (k?+l(t—tj+1)>, tiy1 <t <tj,
bi(t) = o~ hy (k%(t—tj)), 1<t <tj, (5.2)
p~ I hs <)»§_1(l - tj—l)) , tiog <t <tjy,
=t s (1)e ), t> 1,
such that i, hy and hj satisfy the ODE system on [0, 1]
d -2 -6 -6
Ehﬁu(x — A q)h1 2 phy =0, (5.32)
d
Ehz 4+ hy +qhs =0, (5.3b)
d 2
—h3 +A°hy =0, (5.3¢)
dr
h1(0) =0, h2(0) =co, h3(0) =dp. (5.3d)
In addition, we assume
hi(1) = pco, ha(1) = pdp. (5.4)

With (a;, b;) constructed in (5.1)—~(5.2), we define the forcing by
d 2 0 0 6 2 0 12
forall j > 0.

Lemma 5.1 Leta; and b be constructed as in (5.1)~(5.2). Then, the following prop-
erties hold:
(i) aj € CX(0,T) forall j > 0;
(ii) b; are piecewise smooth and b; € H'(0,T) forall j > 0;
(iii)

aj(0)=b;0)=0, V j>0
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(iv)
aj(t)=005"), d;)=005"), bjt)=0(p""), j— o0,

Proof Since p,q € CZ°(0, 1), we only need to verify the values of the functions at
tjt+1,tj,tj—1and t; 5. The functions b; are piecewise smooth and continuous at these
times; hence, b; € H (0, T). It is obvious to see (iii) and (iv) from (5.1)—(5.2). O

Lemma 5.2 The functions aj and b defined in (5.1)—(5.2) satisfy

d 2 6 6
5bj +)ijj — Ajajbj+1 +)ijjaj+1 =0

forall j > 0.

Proof Denote
d
Aj0) = —bj(0) + Wibj(t) = Maj(Obj1 (1) +25bj(Daj1(1).

Fort <tj1q,weseea;(t) =bj(t) =0 from(5.1) and (5.2), and hence A;(r) = 0.
For tj41 < t < tj, we denote T = )%H(t —tjy1) € (0, 1). It follows from
(5.1)—(5.2) that

i d i
Ajy = pT 75 @ + T T
—p T AT p(@ha(t) — p TN A (0 (T)
i d . _ .
= p 7N (d—rhlmﬂ *hi(1) = 2% (@)hi () — A 9p(r>hz<r>)
=0

thanks to (5.3a).
Fort; <t < tj—1, we denote T = A%(t —tj) € (0,1). Wenote a;1(r) = 0 by
(5.1). Moreover, we have

. d . .
Aj) = pI35 (@) + pT M (D) + p 7 A5 (0h3(7)

_j,2( d
= p A\ g7+ k(D) +q(0hs(T)

=0
where we applied (5.3b).

Fortj | <t <tj_», wedenote T = A;_l(t —tj—1) € (0, 1). On this interval, we
have a;(t) = ajy1(t) =0, and by (5.2) and (5.3¢)

. d )
Aj() = pI 5 —h3(0) + p AT hs(0) = 0.

I=ldr

@ Springer



10 Page 22 of 31 Journal of Nonlinear Science (2023) 33:10

Fort > t; >, wenote a;(t) =ajy1(t) =0, and

. 2 . . 22+,
Aj(0) = —p T 2R3 (e M7 4 p I T2 pa(1)e M) = 0,

O
Lemma 5.3 The forcing f = {f;(t)}j>0 constructed in (5.5) satisfies
00 T
ZA;Z/ f7 ) dt < oco.
j=0 70
Proof It follows from (5.1)—(5.2), (5.5) and straightforward computations that
0, I <tj41,
fi@) = 0()»;1-_9), tiv1 <t <tjp,
-
O(Aj ), t>1tj ).
Hence,
T tji—2 T
xfzf (1) dt =Af2/ 0(x3—29)dz+x72/ 0072y de
J J j J J J
0 tit1 tj—2
_ O(A‘J‘._ZQ) i 0()\;2—29)‘
Since4 — 20 <0Ofor2 <6 < %, it is clear that
00 T 00
Zx;zfo HOLEDD (0@‘]‘.—29) + 0(x;2—29)) < 00,
j=0 Jj=0
O

Lemma 5.4 There exist functions p,q € CZ°(0, 1) and constants co and doy with
2 + d? # 0 such that there exists a unique solution h = (hy, ha, h3) of system
0 0

(5.32)—(5.3d) satisfying (5.4) and h € C*®([0, 1]; R?).

Proof 1t is obvious from (5.3c) and the initial data 43(0) = dj that
ha(t) = doe "
It then follows from (5.3b) and /4, (0) = cg that

t t
ha(t) = cpe™ " — fo e g (s)hz(s)ds = cpe™" — doe_t/o e(l_)‘z)sq(s) ds.
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Since h; (1) = pdy, we have the constraint
1 2
co — dof U254 (s) ds = epd. (5.6)
0
In the end, we solve (5.3a) with 21(0) = O as:
: 20 d 0
h(t) = / e~ [ 0T =2 0@ dT) =0 1 () s () ds.
0
The assumption /1 (1) = pcg gives another constraint,
1 1,,— _
/ e Js 02270 a@) ATy =0 s (5) ds = pey. (5.7)
0

We note that in the case of constant p and g, equations (5.6)—(5.7) have a unique
solution (cg, dp). Thus, by a continuity argument, we know that there exist functions
p.q € C2°(0, 1) such that (5.6) and (5.7) are satisfied for some constants cq, dy with
c(z) + dg # 0. Since p, g € C°(0, 1), it is clear that iy, hp, h3 € C*(0, 1). O

Proof of Theorem 1.4 Let a = (a;) >0 and b = (b;) j>0 be constructed as in (5.1)—
(5.2). According to Lemma 5.2, we have shown (a, b) satisfies the model (1.2a)—(1.2b)
with k1 = —«, = 1 and with forcing f; defined in (5.5). It is shown in Lemma 5.1
thatb € H(0, T). We are left to show thata € I2N H' and (a, b) satisfies the energy
estimate.

Since2 < 0 < %,

0, t<tjt1,
2-6
aj(t) =3 0R;), tiv1 <t <tj_q,
0, r>1tq,

which implies

o0
sup Za?(r) < 00.
tel0.71 520

Hence, we have a € 2.
Notice

-2 -2 1 1 1
tj_l—l‘jZ)\.j, tj—tj+1=)»j+1, T_tj_lzm 1—)\2 <)»2—1'
j—1
As a consequence, we have

T Lj—1 tj—1
/ aj (0 di = / aj (1) dt = f 004 dr = 0027,
0 t: ¢ J J

J+1 J+1
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Hence,
o0 T o0
2 2 _ 4-260
Z/ Waiyde =Y 00 < o0
=079 =0

provided 6 € (2, 3]. Thatis,a € H'(0, T).
Next, we show that (a, b) satisfies the energy identity. Since (a(t), b(t)) is a solution
of (1.2a)—(1.2b), it follows

d > 2 2 2 2,2 0 2 6 2
2d (a2 +020) = =3a? = 3207 = Afadaji + a3 a
— MbTajer + A5 b5 _ya; + fja;

and hence

1
S GIORLAO)

t t t t
- /O 32a2dr — /0 A2b2dr — /O Aalajr di + /0 A0 \a2_a;dt (5.8)

t t t
—fo xﬁbfamdwfo Aﬁ_lbf_la,-dwrfo fia;dt.

% (af(t) + b?(r)) —~

Again, notice

0, t<tjq1,
2—6
aj(t) = 0()»]. ), fiy1 <t <tjq,
0, r>tj_q,
and
0, I <tjya,
2—0
aj1(t) =y O, tita <1t <tj,
0, r>1;.

Thus, we have

t tji-1
/ A ‘af.ajH‘ dr =/ 2005730 dr = 0007267 < 00
0 t J J

j+2

since 6 € (2, %]. Obviously, we also have

t
0 2
/0 kj_l ‘aj_laj‘ dr < oo.
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On the other hand, we note

0, I <tjq1,
bit) = O(p~/71h, tiv1 <t <tj,
/ O(p™), [ <t <tjy,

O(p~/*h, t>tj1.

Thus, we have

! Zj . lj-1 .
/Oxg ‘bﬁaﬁl‘ dt=/ﬁ A§0(p—21—2x§+§)dt+/ K0 a0 ) dr

j+1 lj

T
6 —2j+24—0
+fr ])»jO(p 0 de
-

= 0™ )+ 0™ + 0(p™27?)

< Q.

Similarly,

t
0 2

Therefore, we can take the sum of (5.8) over j > 0 and obtain

% > (@ +p20) - % i CHOERAO)

j=0 j=0
o o0 0
S [ 2a-3 [2ra S [ faa
- 0 77 0 i 0 T
j=0 j=0 j=0

Thus, we conclude (a, b) is a Leray—Hopf solution of (1.2a)—(1.2b) with zero initial
data; however, a # 0 and b # 0. Non-uniqueness then follows. Indeed, for such
forcing f(¢) as in (5.5), considering b(t) = 0 in (1.2a)—(1.2b), the forced dyadic
model of the NSE has a solution a(¢). Hence, (a(z), 0) is a trivial solution for the
dyadic MHD model (1.2a)—(1.2b). O

Remark 5.5 When k| and «; take different signs, we can choose the same constructions
for (a;(t), b;(t))asin(5.1) and (5.2). The difference comes in the ODE system (5.3a)—
(5.3d) for the profile functions &1, 2 and h3. Forinstance, if k1 = k2 = 1, the functions
h1, ho and hj satisfy the following system:

d 2, -0 -0

5hl+<x + q)h1+x phy =0, (5.92)
d
Ehz + hy —qghz =0, (5.9b)
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d
—h3 4+ A%hs =0, 5.9
g (5.9¢)
accompanied Wlth h](O) - O’ hZ(O) = CO’ h3(0) = dO’ (59d)
hi(1) = pco,  ha(l) = pdp. (5.10)

We note that the structure of system (5.9a)—(5.9d) remains similar to that of system
(5.32)—(5.3d). Thus, in analogy with Lemma 5.4, it is not hard to show the existence
of a solution (&1, ha, h3) to system (5.9a)—(5.9d) satisfying (5.10). The rest analysis
of Sect. 5 also holds for system (1.2a)—(1.2b) with x| = kp = 1.

Remark 5.6 We expect the framework of the non-uniqueness construction presented
here may also be appropriate for other shell models, such as L’vov et al. (1998),
GOY (Gledzer 1973; Ohkitani and Yamada 1989) and Hall MHD dyadic models (Dai
2021). The framework is flexible as it does not require unidirectional energy cascade
mechanism. The analysis would lead to ODE systems analogous to the system (5.3a)—
(5.3d). The examination of such ODE systems will be left for future work.

6 Uniqueness and Non-uniqueness Results for the Dyadic MHD Model
with Fractional Laplacian
6.1 Uniqueness
The weak-strong uniqueness stated in Theorem 1.9 under assumption (1.8) can be
proved by following the steps described in Sect.4. We briefly present the main steps
and emphasize why assumption (1.8) is required for the uniqueness.
Let (a(t),b(t)) and (u(t),v(t)) be two Leray—Hopf solutions of (1.7) with

(a(t), b(t)) satisfying (1.8). The difference of the two solutions satisfies the energy
estimate

>~ (@) = ) + b0 = v;1)?)
j=0
+22/ 2aj (1) —uj () + 25 (bj(r) — v (2))%dr
=070
& t
= _Z/o rjaj(t)(@j(r) —uj(v) (aj41(r) —ujp1(r))dr
j=0
o0 t
- Z/O Ajbj () (bj(T) = (1) (aj+1() — uj41(v)) dr
j=0

0 t 0 t
+ 3 [ h@@ —w@Pamdr+ 3 [ 10,0 - v a0
j=0 =0

o t
- Z/o Ljaj(r)(bj(t) — (1)) (bjr1() —vj41(7))dT
i=0
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o t
+ Z/o Ljbj(t)(a;(t) —uj(0)) (bjr1(r) —vjp1(1)) dr
=0
=h+Lb+L+1L+ 15+ I (6.1)

With (a(z), b(t)) and (u(t), v(t)) being Leray—Hopf solutions of (1.7), it holds

o0 1 00 1t

2 2
E /0 (X?“a?(r) + )»fb?(r)) dr < o0, E /o (X?“u?(t) + )»jﬂv?(r)) dr < 0.
j=0 j=0

Thus, combining assumption (1.8) we know that all of the series on the right-hand side

of (6.1) are well defined. Moreover, these series can be estimated in the following way
a+p—1

by using (1.8). For example, we estimate / thanks to the condition |b;| < CoA i

of (1.8),

o t
Z/O i |bi @B (0) = vj(0) (aj41 () —ujt1 ()] de
j=J
o0 t
C
= Oj;/o
C

Co — [ 2B 2 0 — [ 2 2
< 7;[() 1 b (@) = v e + o JZ;/O A% (@j1 (1) — ujy1(0) dr.

;1) = (1) (a1 () — 4 (f))‘ dr

The term /g can be handled similarly. The condition |a;| < Co)%“_l is posed to

estimate /1 and /3, and |a;| < Cokiﬁ_l is for I4 and /5. With the estimates, it follows
from (6.1) that

> (@ = i) + ;1) = v;1)?)
j=0
o0 t
+2) 27 /O (@j(t) —uj(0)* + (bj(r) — v;(v))dr
j=0
S et
<Ciy, /O (aj(®) = uj(0)* + (bj(x) = vj(v)*de (6.2)
j=0

o t
+ o (1422 427 3 [33% a0~y oar
j=J

0 t
+Co (1 LA A—Zﬁ) 3 fo K2 (bj(v) — v;(x) dr
i=J
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with a constant C; > 0. The constant Cy can be chosen small enough such that
Co (1 + a2y X_Z“) < 2 and Cy (1 + 2281 +A‘2ﬂ) < 2. Consequently, we
have from (6.2) that

Z <(aj(t) — uj(t))2 + (bj(t) — Uj(f))z)

Jj=0

o0 t
<oy fo (@5 (0) — () + (b (1) — v;(0))d.
=0

Gronwall’s inequality immediately implies thata; = uj and b; = v; forall j > 0.

6.2 Non-uniqueness

The construction scheme to prove Theorem 1.11 is similar to that presented in Sect. 5.
The main effort is to determine the scaling in constructing a; and b;. To be complete,
we specify the constructions as follows. For T = ﬁ, we take the partition

-2 .
=21, j=0,
with
p

2 .
tj—l_tj:)\j ., J=1 (O, T):U?il[tj’tj—l)‘

For p,q € CZ°(0, 1) and constant p > A, we choose ajand b; as:

0, I <tjq1,
261 2
)"jf_l p()‘jf_l(t_tj—i-l))a tit1 <t <tj,
aj(ny =" NI (6.3)
—)\j q(kj (t—tj)), <t <tj-q,
0, I >1j1.
O, < tj—|—lv
—j-1 2p . . .
o7 h <)¥j+1(t_tj+l)>’ iy <t <tj,
_; 2
byt = {70 (3w = 1p). t<t<ti, (6.4)
_; 2
p~ It hs <)»j€1(l - tj—l)), ti1 <t <tjo,
. 2,
p= it (e ™ =12, t>tj_a,

where A1, ho and A3 are functions satisfying the following ODE system on [0, 1]

d
R (,\—2/3 _ ,\—lq) hy — 2" phy =0, (6.52)
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d
ahz + hy +qh3z =0, (6.5b)
d
Eh3 +2%hy =0, (6.5¢)
h1(0) =0, h2(0) =co, h3(0) =do, (6.5d)
hi(1) = pco, ha(1) = pdp. (6.5¢)

We take the forcing f; as:

4 2 4 aa bt — a2
aj+2r"aj+rjajajr +Ajbibjy —Aj_rai_y — Aj- b2

fj:dt

i1 (6.6)
for all j > 0.

For f; defined by (6.6), we can show that (a(z), b(t)) with components constructed
as in (6.3)—(6.4) is a Leray—Hopf solution of system (1.7) with non-vanishing b(¢). We
state the main ingredients to prove Theorem 1.11 in the following lemmas, the proof
of which are omitted.

Lemma6.1 Letp > A >1and0 <o < B < % The following properties hold for
aj and b; as constructed in (6.3)—(6.4):

(i) aj € CX(0,T)andaj € H*(0,T) forall j > 0;

(ii) bj are piecewise smooth and b; € HB (O, T) forall j > 0;
(iii) aj(0) =b;0)=0, V j=>0;

(iv) aj(t) = 0@2’3 D, i) =006, bi =00, j— oo

Lemma 6.2 The functions aj and b; defined in (6.3)~(6.4) satisfy system (1.7) with
forcing f; defined by (6.6).

Lemma6.3 Letp > A > 1. Assume 0 < < B < %and3,3 —a < 1. The forcing f;
defined by (6.6) satisfies

A—Z“/ f7@)di < oo.
=0

j=

Lemma64d Let p > A > 1land ) < ¢ < B < % There exist functions p,q €

C2°(0, 1) and constants co, dy satisfying c(% + dg # 0 such that there exists a unique
solution h = (hy, ha, h3) € C*([0, 1]; R3) of system (6.5a)—(6.5¢).

Lemma6.s Letp > A > 1and 0 < a < B < % Then, (a(t), b(t)) satisfies the
energy identity

S (@0 +r0) - %Z( 2(0) +62(0))
Jj=0 Jj=0
=_Z/ )\Zaazdt Z/ ZﬂbZdt+Z/tf]a]dt
j=0"0 20
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with f; defined by (6.6).
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