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Abstract

In the Ge-Sr mass region, isotopes with neutron number N < 40 are known to feature rapid shape changes with
both nucleon number and angular momentum. To gain new insights into their structure, inelastic proton scattering
experiments in inverse kinematics were performed on the rare isotopes ’+’6Kr. This work focuses on observables
related to the J® = 47 states of the Kr isotopes and, in particular, on the hexadecapole degree of freedom. By
performing coupled-channels calculations, hexadecapole deformation parameters 54 were determined for the J* =
47 states of 476K from inelastic proton scattering cross sections. Two possible coupled-channels solutions were
found. A comparison to predictions from nuclear energy density functional theory, employing both non-relativistic
and relativistic functionals, clearly favors the large, positive 84 solutions. These B4 values are unambiguously linked
to the well deformed prolate configuration. Given the 8, — B4 trend, established in this work, it appears that 54 values

could provide a sensitive measure of the nuclear shell structure.
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The neutron-deficient, even-even Ge, Se, Kr, and
Sr isotopes exhibit rapid shape changes with both nu-
cleon number and spin of the system [1]. Generally,
the ground-state shapes appear to change from prolate
to oblate towards the end of the deformed region [2—
4]. Current experimental data suggest that the prolate-
oblate ground-state shape transition for even-A nuclei in
the Ge-Kr region occurs around neutron number N = 36
[5-10]. The exact location of the shape transition is
still under debate and its details challenge state-of-the-
art theoretical models as triaxial degrees of freedom are
expected to contribute [11, 12]. Additional complexity
gets added as nuclei in this mass region display com-
plex shape coexistence of oblate, prolate, spherical and
triaxial configurations at low excitation energy [13, 14].
Many models (see Refs. [15-19]) predict predomi-
nantly oblate-deformed ground states for nuclei around
N = 36, with the yrast structure changing from oblate
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to prolate with angular momentum. This has been dis-
cussed in Ref.[8], which showed that the models that
incorporate mixing between oblate and prolate con-
figurations were able to describe both the experimen-
tally measured B(E2;2{ — 07) and B(E2;4] — 27)
strengths in 7>Kr. Interestingly, a good description of
the B(E2;2} — 07) strength in "?Kr has been offered by
several models while predicting different ground-state
structures [8]. The 4{ state and associated observables
as, e.g., y-decay probabilities or excitation cross sec-
tions could, therefore, be extremely effective discrimi-
nators between competing model descriptions.

To further investigate the sensitivity of observables
associated with the 4] state to the structure of nuclei in
the Ge-Sr mass region, we report on B(E4;47 — 07)
strengths and associated 4 hexadecapole deformation
parameters in 747°Kr. These quantities were derived
from inelastic proton scattering cross sections measured
in inverse kinematics at the Coupled Cyclotron Facil-
ity of the National Superconducting Cyclotron Labo-
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Figure 1: Doppler-corrected, in-beam y-ray spectra for '°Kr (top) and
74Kr (bottom). Data are shown in black. Geant4 simulations per-
formed with ucGrReTINA [25] are presented in red. A prompt back-
ground consisting of two exponential functions was included in the
simulation. Besides transitions from the J* = 2? and 31‘ states, ob-
served transitions of the populated 4* states are highlighted.

ratory (NSCL) at Michigan State University [20] with
the NSCL/Ursinus Liquid Hydrogen (LH;) Target, the
GRETINA y-ray tracking array [21, 22], and S800
magnetic spectrograph [23]. Data from low-energy
Coulomb excitation (CoulEx) experiments had previ-
ously provided strong evidence for prolate ground states
but also indicated significant mixing between prolate
and oblate configurations [24]. Using two-state mix-
ing arguments, a large quadrupole deformation has been
attributed to the prolate configuration [24]. As will be
discussed in this Letter, large intrinsic quadrupole defor-
mations of the prolate configurations are consistent with
the hexadecapole deformation parameters for +7°Kr,
thus supporting the sensitivity of 54 to the quadrupole
shape of the nucleus.

For the experiments, the secondary "°Kr (79 % purity;
~ 4740 pps) and "*Kr (51 % purity; ~ 3060 pps) beams
were produced from a 150 MeV/u 7Kr primary beam
in projectile fragmentation on a 308-mg/cm? thick °Be
target. To select "#’6Kr in flight, two separate A1900
magnetic settings and a 240-mg/cm” Al degrader were
used. Both secondary beams were unambiguously dis-
tinguished from other components in the cocktail beam
via the time-of-flight difference measured between two
plastic scintillators located at the exit of the A1900
and the object position of the S800 analysis beam line.

At the chosen proton center-of-mass energies of about
100 MeV, both proton and neutron matrix elements
are probed [26]. The NSCL/Ursinus Liquid Hydrogen
(LH;) Target with the 8.5-mm thick cell was installed at
the target position of the S800 spectrograph. The S800
magnetic spectrograph and its focal-plane detection sys-
tem were used to identify the projectile-like reaction
residues event-by-event from their energy loss and time
of flight [23]. vy rays, which were emitted by the reac-
tion residues in flight, were detected with the GRETINA
y-ray tracking array [21, 22]. Eight GRETINA mod-
ules, containing four, 36-fold segmented HPGe detec-
tors each, were mounted in the north half of the mount-
ing shell to accommodate the LH; target. In this config-
uration, two modules are centered at 58°, four at 90°,
and two at 122° with respect to the beam axis. At
beam velocities of v/c = 0.4, event-by-event Doppler
reconstruction of the residues’ y-ray energies is neces-
sary. This reconstruction was performed based on the
angle of the y-ray emission determined from the main-
interaction point and including trajectory reconstruc-
tion of the residues through the S800 spectrograph [22].
Doppler-corrected in-flight y-ray spectra are presented
in Fig. I. The y-ray yields were obtained by fitting y-
ray spectra, simulated with UcGRETINA [25], to the ex-
perimentally observed ones. For these fits, the rooT [27]
MINUIT2 minimizer with the default minimization algo-
rithm MIGRAD was used [28]; as done in previous studies,
see, e.g., Refs. [29-31]. Known decay branching for ex-
cited states of "#7Kr [32-34] was explicitly taken into
account by using the Geant4 photo-evaporation database
format [35] implemented in ucGRETINA. This procedure
also allowed for the correction of the y-ray yields for
observed feeders (see also Ref.[31]). Inelastic scatter-
ing cross sections were calculated from the experimen-
tal y-ray yields by normalizing these to the number of
incoming beam particles and the number of target nu-
clei. Pressure differences across the Kapton entrance
and exit windows of the LH, cell cause them to bulge
outwards. As first described in Ref. [29], the LH, tar-
get thickness was determined via a comparison of the
measured kinetic-energy distribution of the reacted out-
going beam to a detailed GeanT4 simulation performed
with UCGRETINA [25]. The simulation also uses the in-
dependently measured kinetic-energy distribution of the
incoming beam through the empty target cell as input.
The comparison is shown in Fig.2. Excellent agree-
ment was obtained and an areal target density of 69(3)
mg/cm? was determined.

Reaction calculations were performed with the
coupled-channels program cHuck3 [36] using the
optical-model parameters of [37]. For one-step pro-
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Figure 2: Measured kinetic-energy distributions of the outgoing
746K r beams (black) compared to results of detailed Geant4 simula-
tions (red) performed with ucGRETINA [25] to determine the LH; target
thickness. Both simulations provided consistent results for the target
thickness.

cesses, deformation parameters 3, can be calculated by
scaling the theoretical to the experimentally determined
inelastic scattering cross sections. Excellent agreement
with the adopted values [38, 39] was obtained for the
B> quadrupole deformation parameters of the 27 states,
B2 = 040 + 0.02 (stat.) + 0.03 (sys.) for 7°Kr and
B2 = 0.35+0.06 (stat.)+0.02 (sys.) for 7*Kr, benchmark-
ing both the reaction calculations and feeding correction
(see also Ref.[31]). For possible multi-step processes,
we followed the approach of Ref. [40] for the stable
Kr isotopes. In particular, coupled-channels calcula-
tions were performed to determine the hexadecapole
deformation parameter, B4, from the inelastic scatter-
ing cross sections measured for the 47 states of #"°Kr.
The inelastic scattering cross sections to the 4] state
are 5.1(5) mb for 7°Kr and 6.1(11) mb for *Kr, respec-
tively. Additional feeding contributions coming from
unobserved feeders cannot be ruled out entirely. For the
two-step contribution via the intermediate 2} state, the
adopted B, values were chosen [38, 39]. In principle,
this leaves (4 as the only free parameter to match the
experimental cross section. Using this approach, val-
ues of By = 0.201 + 0.009 (stat.) + 0.016 (sys.) for "°Kr
and 84 = 0.23 + 0.02 (stat.) + 0.02 (sys.) for 7*Kr were
determined. Systematic uncertainties include the uncer-
tainty of the adopted 3, value [38, 39] and uncertainties
in the reaction kinematics due to the target thickness.
Systematic uncertainties due to unobserved feeders can-
not be estimated reliably. It is, however, important to
state that if there existed a single feeder or even sev-
eral feeders leading to a further feeding-subtracted B4
value of around +0.1 as in "3Kr [40], then we should

have been able to observe the corresponding y-ray tran-
sitions up to an energy of at least 2 MeV. We also note
that there exist alternative coupled-channels solutions
corresponding to negative B4 values. These values are
Ba = —0.127 £ 0.009 (stat.) + 0.022 (sys.) for 76Kr and
Bs = —0.17 = 0.02 (stat.) = 0.02 (sys.). Positive and
negative 34 solutions from inelastic scattering cross sec-
tions were also reported in the rare-earth region [41];
they correspond to constructive and destructive interfer-
ence between one-step and two-step processes. In this
context, we want to stress that two-step excitation alone
would only provide cross sections of ~ 0.8 mb for °Kr
and ~ 0.5 mb for "Kr, respectively. A significant di-
rect (one-step) contribution is therefore needed to ex-
plain the experimental data. As we will discuss later,
the positive solutions for S, are preferred. We note,
however, that the measured inelastic scattering cross
sections have no sensitivity to the sign of 84. There-
fore, both values, which were determined through the
coupled-channels analysis, are reported in this Letter.
The S, deformation parameters determined in our ex-
periments [31], the adopted values [38, 39], as well as
the calculated B3, values for the unperturbed prolate con-
figuration are shown in Fig.3 (a). The latter were de-
termined by Clément et al. through a two-state mix-
ing calculation as described in Ref.[24]. The posi-
tive B4 deformation parameters for "*7°Kr are shown
in Fig. 3 (b), which also includes the data of Ref. [40]
for isotopes with A > 78. A significant increase of
By is observed in "#75Kr. Fig.3(c) shows the evo-
lution of the B(E4;4] — 0f) strength along the Kr
isotopic chain. Consistent with Ref. [40], the B(E4)
strengths for 74’Kr were calculated from the 84 pa-
rameters by assuming a uniform mass distribution of
radius R = 1.2 fm x A'3 [42]. Using the posi-
tive B4 values, significant B(E4;4] — 07) strengths
of 22.7 + 1.0 (stat.) + 1.8 (sys.) W.u. for "Kr and
29+2 (stat.)+2 (sys.) W.u. for 7*Kr are determined. The
B(E4) strengths, determined from the negative 84 solu-
tions, are also shown in Fig. 3 (b). The B(E4;4f — 01+)
strengths (and B4 values) of the corresponding Se and
Ge isotones are significantly smaller [43, 44]. It is worth
noting that strengths larger than 10 W.u. were also ob-
served in the A = 100 region [45] as well as in the
Nd isotopes [46] in inelastic light-ion scattering experi-
ments. Besides the J* = 4Ir state of "°Kr, the 1957-keV,
J* = 43 state was also populated in our (p, p’) exper-
iment (see Fig. 1). As this state does not belong to the
ground-state band of "0Kr, single-step excitation was as-
sumed and B4 = 0.151 £ 0.011 (stat.) £ 0.012 (sys.) de-
rived. This B4 value corresponds to a B(E4) strength of
12.9 £ 0.9 (stat.) = 2.0 (sys.) W.u., which brings the to-
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Figure 3: (a) Experimental 8, values [new data (black circles),
adopted values [38, 39] (gray circles), and values determined by
Clément et al. for the unperturbed prolate configuration [24] (white
squares)], (b) B4 values [new data (black diamonds) and previous
(p, p’) data [40] (gray diamonds)], and (c) experimental B(E4; 47 —
07) strengths in neutron-deficient Kr isotopes. Alternative values,
obtained for the negative 84 values discussed in the text, are pre-
sented with white diamonds in panel (c). Theoretical DFT predic-
tions for the corresponding observables are shown in panels (a) and
(b). These were obtained using the energy density functionals SkM*
(black longer dashed line) and UNEDF1 (red solid line), as well as
two covariant energy density functionals DD-PC1 (orange dotted line)
and NL3* (blue short dashed line). For 3, predictions are shown for
the prolate minimum only. In addition, predictions for the oblate min-
imum made with SkM* are shown (green dotted-dashed line) in (b).

tal B(E4) strength up to 36 + 2 (stat.) = 4 (sys.) W.u.
in 7°Kr. No higher-lying, excited 4* states were ob-
served for 7#*Kr. In the following, we concentrate on
the J™ = 47 states of the Kr isotopes and associated ob-
servables.

To investigate the origin of the large S84 values in
476K r, nuclear density functional theory (DFT) calcu-
lations were performed using the Skyrme SkM* [47]
and UNEDF1 [48] energy density functionals, as well
as the covariant NL3* [49] and DD-PC1 [50] en-
ergy density functionals. As in Ref.[51], the mixed-
type density-dependent delta interaction [52] with
the Lipkin-Nogami approximate particle-number pro-
jection was used in the pairing channel for the Skyrme
functionals (SEDFs). The separable finite-range pair-
ing [53] with the strength defined as in Ref. [54] was
adopted for the covariant functionals (CDFTs). For the

SEDFs, calculations were performed with the parallel
DFT axial solver HFBTHO [55]. For the CDFTs, the
calculations were carried out employing an axial solver
of Ref. [54].

The charge multipole moments Q9 (1 = 2,4) and di-
mensionless deformation parameters 3, are defined as:
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where Ry = 1.2A'/3. For strongly deformed nuclei, de-
formation parameters §, defined through the linear re-
lation (1) can strongly deviate from commonly used de-
formation parameters entering the multipole expansion
of the nuclear surface [2, 56]. Consequently, one has to
exercise caution when comparing to experimental data.

The predicted trend of B4 with mass number A is
shown in Fig. 3(b). Keeping the linear approximation of
Eq. (1) in mind, all our models predict a significant in-
crease in f34 for the prolate minima of 7+7%78Kr. The re-
sults obtained with the functional SkM*, which predicts
prolate ground states with large quadrupole deformation
B2 = 0.46 — 0.49 for "*76Kr [see Fig. 3(a)], most closely
resemble the observed experimental trend for the posi-
tive 54 coupled-channels solution; also in absolute mag-
nitude [see Fig. 3(b)]. In fact, Clément et al. calculated
a 3, value of ~ 0.5 for the unperturbed prolate configu-
ration in "70Kr using two-state mixing with an unper-
turbed oblate configuration [24]. This value is in excel-
lent agreement with our DFT predictions for the prolate
minimum [see Fig. 3 (a)]. We note that UNEDF1, DD-
PC1, and NL3* yield an oblate ground state for "#Kr.
In conflict with both coupled-channels solutions, small
B4 values of ~ —0.02 are predicted at the oblate con-
figurations. The predictions made with SkM* for the
oblate minimum are shown in Fig.3 (b). They do not
describe the experimentally observed trend emphasiz-
ing that large, positive 84 values are associated with the
prolate minima.

To show the connection between the large 8, and 84
values, both the experimentally determined and theoret-
ically predicted deformations are compiled in Fig. 4. It
is seen that large values of B4 correspond to large val-
ues of B, both in experiment and theory. In fact, non-
relativistic (SkM* and UNEDF1) and relativistic (DD-
PC1 and NL3*) functionals conform to a remarkably
similar trend [see Fig.4 (b)]. For nuclei with 8, > 0.3,
excellent agreement is observed between theory and
experiment. The deviation of the experimental data
for 77Kr from this trend, when using the adopted
B> values [38, 39], further supports the shape-mixing
hypothesis of Ref.[24]. Considering that the S8, val-
ues are smaller than 0.3 in the corresponding Ge and
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Figure 4: Hexadecapole deformation parameter 84 plotted against 8;:
(a) experimental values; (b) theoretical predictions. Earlier data for
B4 are from Ref. [40] (gray circles). The experimental 8, values were
taken from Ref.[38, 39]. The open circles in (a) correspond to the
2 values calculated from the quadrupole moments Q¢ of the unper-
turbed prolate configurations reported in Ref. [24]. The SkM* predic-
tions are marked in panel (a) with a dashed line.

Se isotones [38, 39], this connection also naturally ex-
plains why hexadecapole deformations are significantly
smaller [43, 44]. For instance, the N = 40 isotones of
"6Kr, ?Ge [, = 0.240(2)] and "*Se [8, = 0.290(8)]
have small 5, values below 0.05.

A simple interpretation of the positive hexadecapole
moments can be obtained by using the geometric idea
of the polar-gap model [57] developed to explain 5, de-
formations of rare-earth nuclei [58]. According to this
model, positive deformations 4 are expected at the be-
ginning of a shell and negative hexadecapole deforma-
tions are expected at the end of a shell (see also Refs.
[59-64]). The collective properties of A = 70 — 80
nuclei are governed by deformed orbitals originating
from the Ogg/> unique-parity shell [65]. At large prolate
quadrupole deformations 5, = 0.4 — 0.5, the Nilsson
levels [440]1/2 and [431]3/2 at the bottom of the 0gg/»
shell become occupied and this puts "7Kr right at the
beginning of the deformed shell with the low-K Nilsson
orbitals being at the Fermi surface [65]. As also dis-
cussed in Ref. [64], these low-K orbitals are primarily
concentrated in the equatorial plane of the quadrupole
deformed core; hence, their population contributes to a
positive hexadecapole moment.

In summary, we have performed inelastic proton scat-
tering experiments in inverse kinematics on the rare iso-

topes "#7®Kr with GRETINA, the S800 spectrograph
and NSCL/Ursinus LH; target. In this Letter, we report
B(E4) strengths and S, deformations of these nuclei.
Based on a coupled-channels analysis, two possible so-
lutions for the 84 hexadecapole deformation parameters
of the J™ = 4] states in "*7°Kr were determined, differ-
ing in sign because of the interference between one-step
and two-step excitations. However, the two-step contri-
butions are weak. Nuclear DFT calculations, employ-
ing both non-relativistic and relativistic energy density
functionals, strongly favor the solutions with large posi-
tive values of 4. For this scenario, very good agreement
between experiment and theory was obtained. This find-
ing supports the results of Ref. [24] suggesting predomi-
nantly prolate structures of the "*7°Kr ground-, J* = 27,
and J™ = 47 states. The large positive 84 values reported
in this Letter are unambiguously linked to the prolate
configurations. Given the remarkable correlation be-
tween 3, and B4 values predicted by our models for the
Kr isotopes, it suggests that 84 deformations could in-
deed be a sensitive indicator of prolate shapes. Since the
prolate-oblate ground-state phase transition presumably
happens at A = 72 (or N = 36), it is a valid question
what one might observe for the hexadecapole moments
of 7%72Kr and other nuclei in the neutron-deficient Ge-Sr
region. Future experiments at rare isotope beam facili-
ties will help answering this question.
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