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We formulate a Bayesian framework to analyze ringdown gravitational waves from colliding binary
black holes and test the no-hair theorem. The idea hinges on mode cleaning—revealing subdominant
oscillation modes by removing dominant ones using newly proposed “rational filters.” By incorporating the
filter into Bayesian inference, we construct a likelihood function that depends only on the mass and spin of
the remnant black hole (no dependence on mode amplitudes and phases) and implement an efficient
pipeline to constrain the remnant mass and spin without Markov chain Monte Carlo. We test ringdown
models by cleaning combinations of different modes and evaluating the consistency between the residual
data and pure noise. The model evidence and Bayes factor are used to demonstrate the presence of a
particular mode and to infer the mode starting time. In addition, we design a hybrid approach to estimate the
remnant black hole properties exclusively from a single mode using Markov chain Monte Carlo after mode
cleaning. We apply the framework to GW150914 and demonstrate more definitive evidence of the first
overtone by cleaning the fundamental mode. This new framework provides a powerful tool for black hole

spectroscopy in future gravitational-wave events.
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Introduction.—The final stage of a binary black hole
coalescence corresponds to the formation of the remnant
black hole (BH) and its ringing down to a stationary state.
The BH linear perturbation theory predicts that the gravi-
tational wave (GW) emitted during this ringdown stage is a
superposition of exponentially damped sinusoids called
quasinormal modes (QNMs) at complex frequencies @,
[1-4], labeled by two angular numbers (/,m) and an
overtone index n. These complex frequencies @y, are
fully determined by the mass and spin of the remnant BH
due to the no-hair theorem [5-8], thereby leading to the
program of “BH spectroscopy” [9—12]: the mass and spin
of the remnant BH can be measured from the frequency and
decay rate of any single QNM in the ringdown regime [9];
detecting multiple modes allows tests for the no-hair
theorem [10-12].

A few decades after the conception of BH spectroscopy
[9-38], the first GW detections of binary black hole
mergers [39] made by Advanced LIGO [40-43] allowed
the measurement of QNMs from real GW events, such as
GW150914 [29,31-36] and GW 190521 [37,38,44]. At late
enough times, the fundamental QNM was detected in
GW150914 [31,45], with the inferred mass and spin of
the remnant BH consistent with the ones obtained from the
full inspiral-merger-ringdown (IMR) signal. Giesler et al.
[46] showed that in a waveform produced by numerical
relativity, the ringdown regime starts as early as the time
when the strain reaches its peak, if enough overtones are
included. Motivated by Giesler et al. [46], Isi et al. [32]
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extended the ringdown analysis to earlier times, showing
the evidence for the first overtone in GW150914 with a
significance of 3.60. Studies by Bustillo et al. [29] and
Finch et al. [36] with different methods also support the
existence of the first overtone but with weaker evidence.
The conclusion was challenged by Cotesta et al. [34] and
then further clarified and discussed by Isi et al [35].
Recently, the existence of the (I = m = 3,n = 0) mode in
the ringdown of GW190521 [37,38,44] is under debate.
A major complication in BH spectroscopy is the non-
orthogonality of QNMs, which at low SNRs lead to much
ambiguity regarding the existence of modes. Proposals
[33,36] have been put forward to solve this issue, including
using posteriors of the remnant mass and spin, posteriors of
the overtone amplitude, the Bayes factor as a function of
analysis start time, and deviations from the overtone
frequencies predicted by general relativity. We propose
to address this by “mode cleaning,” which highlights the
weaker QNMs of interest by removing stronger modes.
This approach has proven fruitful for theoretical waveforms
obtained from numerical relativity [47]. In this Letter, a
Bayesian framework allows us to apply these filters to real
data, leading to more definite evidence for weaker QNMs.
We will use GW150914 as an example for its application.
The rational filter.—In Ref. [47], we showed that QNM
(s) can be removed using the so-called “rational filters.”
Moreover, the presence of weaker modes in numerical-
relativity ringdown waveforms, e.g., the second-order
QNMs (also see [48,49]) and retrograde modes, becomes
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more pronounced after removing the most dominant mode
(s). Let us now clean a w,,,,, QNM from time-series data d,
that contains both signal and noise. We first transform d, to
the frequency domain via fast Fourier transform, producing
frequency-domain data d . Note that we typically take
longer d, than the full IMR signal to avoid spectral leakage.
We then apply a rational filter [47,50],

_ 2nf — oy, 2nf + @j,,,

f— ,M’ ) — )
lmn(f f )(j) 2ﬂ_f_w>;mn 27Tf+wlmn

(1)

to d +. Here, the filter 7, implicitly depends on M, and
x p—the value of w,, is fully determined by the two
properties due to the no-hair theorem [5-8]. Finally, we
transform the filtered frequency-domain data back to the
time domain, given by

dF = / Af 8, F (), 2)

Multiple QNMs can be cleaned simultaneously via a
product filter:

ftot = Hflmn' (3)

Imn

The filtered time-series data d! are still real-valued because
each filter satisfies F,,,(—f) = [Fimn (/)]

Since the filter F,,,, operates on the entire data segment,
we list its impact on different parts of the signal and noise.
For early inspiral, the filter introduces a trivial phase and
negative time shift [47], which has no influence on the
ringdown analysis. When using F,,, to clean ®,,, the
amplitude of a different mode, @y, ( @y, F @ppn)s 18
reduced by a factor of B/"" given by [50]

U'm'n’ i(pl’m’n’ .
Blmn e imn =flmn(a)l’m’n’)' (4)

The symmetry of F,, yields an identity B)™" = Bim" .
The start time and oscillation of the wy,,,, mode remain
unchanged. Finally, we emphasize that the filter has no
impact on the statistical properties of the noise, including
Gaussianity, stationarity, and the one-sided noise power
spectral density (PSD), because |F,,,(f)| = 1 for any real
frequencies [50].

Integrating the filter into Bayesian inference.—After
cleaning enough QNMs with F in Eq. (3), we expect the
ringdown portion of the filtered data df to be consistent
with pure noise. Thus, we introduce a likelihood in time
domain [33,50],

1
In P(d,|My. 7.0 Fio) = =3 D df Cild]. (5)

i.j>1,

where C;; is the autocovariance function, df = d*(t;)
denotes the samples of the filtered data after some trunca-
tion time f (¢; > ty), and I is the index associated with #,.
For any given f,, the likelihood depends only on two
parameters, M, and y,, which are used to construct the
filter. There is no additional dependence on the amplitudes
and phases of QNMs—the corresponding QNMs can be
removed from the ringdown regime regardless of their
amplitudes and phases. This is similar to the case where a
constant can be removed by taking the derivative regardless
of the constant value. In the Supplemental Material [51],
we discuss the relation between our new approach and the
usual full-ringdown (full-RD) Markov chain Monte Carlo
(MCMC) analysis that does not apply the rational
filter [32,33]. Especially, we show that the rational filter
eliminates the dependency on amplitudes and phases
through a new maximum likelihood estimator, correspond-
ing to an approximate marginalization over the mode
amplitudes and phases.

Since Eq. (5) is merely a two-dimensional (2D) function,
the direct evaluation of the likelihoods on a M s — y/ grid is
efficient enough such that we do not need random sampling
techniques, e.g., MCMC. In addition, the likelihoods can
be easily converted to the joint posteriors of M and y, via

lnP(va)(f‘dhtOv]:tot) oclnP(d,|Mf,)(f, t07~7:tot)

where InTI(My, y¢) is the prior.

We demonstrate the analysis using the LIGO
Hanford and Livingston data of GW150914 [39,52,53].
We set the inferred GPS time at geocenter when the signal
strain reaches the peak, f,e,x = 1126 259 462.4083 [32], and
parametrize the analysis starting time via Afy = fy — fpeqk-
We use the PYTHON package RINGDOWN [33,54] to
condition the data: (a) remove contents below 20 Hz via
a high-pass filter and (b) downsample the data to 2048 Hz.
We use the Welch method [55] to estimate the PSDs of the
two detectors with a 32-s segment of the conditioned data.
The PSDs are then converted to the autocovariance function
C;;. We align the signals at the two detectors using the sky
position of this event [32]: right ascension @ = 1.95 rad and
declination ¢ = —1.27 rad. The information about the
polarization and inclination angles is not needed. We fix
the width of the ringdown analysis window to 0.2 s.

The joint posteriors of M and y; evaluated with Eq. (6)
are shown in Fig. 1. We set Aty = 0.77 ms and choose flat
priors on a 2D grid. Here Aty = 0.77 ms is chosen such
that the time is late enough for the signal to be consistent
with a pure ringdown (Fig. 14 of [50]) and early enough for
the first overtone to show its significance (Fig. 8 of [50]).
We clean both the fundamental mode and the first overtone
using the product filter F; = F1y1F 2. With the poste-
riors computed over the whole parameter space, we
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FIG. 1. Joint posterior distribution of M ; and y ; for GW 150914
(Atg = 0.77 ms, F o = Fa1Fp)- We evaluate the posteriors
on a 2D grid: M, € [35 Mg, 100 Mg] and y, € [0,0.95],
with a resolution of AM; = 0.1 Mg and Ay, =5x 107>, The
red and white dashed contours indicate the 90% credible region
from the filtering and the full-RD MCMC analysis in [32,33],
respectively. The plus sign marks the full IMR estimates
(MMR = 68.5 Mg, x™® = 0.69). The 1D marginal distributions
obtained from filtering (red) and the conventional full-RD
MCMC analysis (gray) are shown in side panels.

calculate the 90% credible region (red contour) by inte-
grating the posteriors. The 1D distributions of M, and y
[by marginalizing Eq. (6)] are plotted as red curves in the
side panels. For comparison, we repeat the usual full-RD
MCMC analysis in Ref. [33] using the RINGDOWN package
[54]. The white contour shows the 90% credible region of
the joint posteriors from the full-RD analysis. The joint
distribution is also projected to the subspace of M, and y
(gray shades). The white plus sign marks the remnant mass
and spin inferred from the full IMR analysis (M}M® =

68.5 Mg, yM® = 0.69) [32]. Note that the mass is mea-

sured in the detector frame; the corresponding source-frame
mass is ~62 Mg [56]. Studies at various At, times are
discussed in our companion paper [S0]. All the results are
consistent with the conventional full-lRD MCMC analy-
sis [33].

Model evidence and Bayes factor.—We compute the
model evidence by integrating the likelihoods in Eq. (5)

P(d,|Aty. Fro) = // P(dM .z Aty. F)

Assuming a flat prior, the top panel of Fig. 2 shows the
evidence as a function of At, using F o, = F 1y (blue) and
Fror = Fa1F 0 (red). Both curves surge quickly around
Aty ~ 0, implying the onset of the ringdown regime, and
then level off, followed by oscillations around a plateau.
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FIG. 2. Model evidence (top) and Bayes factor (bottom) as a
function of Az,. Top: red (blue) curve indicates the results with
(without) the first overtone removed. Bottom: ratio between the
two is shown as the Bayes factor [Eq. (8)]. The green dashed line
indicates mean K,,, over Aty € [15,100] ms. The black dash-
dotted line marks unity.

Both curves start to rise before Afy, = 0 because the width
of the analysis window 0.2 s is much wider than the
ringdown signal; the full ringdown is already in the window
even when At is still slightly negative. The evidence
increases sharply as the inspiral signal slides off the
ringdown window. Such a generic trend of the evidence
around a ringdown signal naturally offers us an agnostic
estimate of the start time of a QNM.

In addition, we calculate the Bayes factor by taking the
ratio of the two evidence curves:

P(d,|Fo.1y, Aty)

K Aty) =
221(Ah0) P(d,|F 0, Aty)

(8)

The results are plotted in the bottom panel of Fig. 2. At
Aty <2 ms, Ky decreases sharply. Later, it fluctuates
around a mean value of 4.5 for Az, € [15 100] ms, when we
expect no ringdown signal remains. We find a Bayes factor
as high as 600 at the peak time Af, = 0, demonstrating a
strong preference for the existence of the first overtone.
MCMC analysis after mode cleaning.—Detecting a
subdominant QNM with the conventional MCMC
approach (without mode cleaning) is complicated by the
presence of the dominant mode(s), especially at a low-SNR
regime. We can take advantage of mode cleaning to
surmount such challenges. We first use the rational filter
to remove the dominant mode(s) and then use the estab-
lished criteria (in terms of the standard MCMC) to look for
the evidence of the subdominant QNM(s) in the filtered
data. This forms a hybrid approach for BH spectroscopy.
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FIG. 3. Posteriors of the fundamental (a) and first overtone
(b) mode amplitudes in GW150914 (Aty = 0.77 ms). The blue
regions are obtained from the full-RD MCMC analysis (without
filters). After cleaning the fundamental mode, the filtered data are
fitted with a two-QNM template (green) and an overtone-only
template (yellow). After removing the first overtone, the data are
fitted with a two-QNM template (black) and a fundamental-
mode-only template (red). Throughout these analyses we always
place a uniform prior on A ;.

We now demonstrate the hybrid approach using
GW150914 (Aty = 0.77 ms), where we always place uni-
form priors on the mode amplitudes. In Fig. 3, the
posteriors of the mode amplitudes from the unfiltered data
with the full-RD MCMC method [33,54] are shown in blue.
After cleaning the fundamental mode, with M ; and y / fixed
to the IMR-estimated values, we fit the filtered data using
MCMC with a two-QNM ringdown template including
both the fundamental mode and the first overtone, i.e.,
assuming we are agnostic of mode cleaning. The results are
shown as green dashed curves in Fig. 3. The posterior of the
fundamental mode amplitude is ~0. The distribution of the
first overtone amplitude remains unchanged (consistent
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FIG. 4. Posteriors of M and y inferred from the ringdown of
GWI150914 (Aty = 0.77 ms). The full-lRD MCMC approach
(without filters) yields the blue dashed contours using a two-
QNM model (@,y9 and @) and the gray contours using a
fundamental-mode-only template. After cleaning the first over-
tone, fitting the filtered data using a fundamental-mode-only
template leads to the red contours. The green plus sign marks the
IMR-estimated values.

with the blue distribution). Note that since the filter reduces
the amplitude of the first overtone by B33} = 0.487
[Eq. (4)], we compensate for this factor in the figure for
a fair comparison. The results demonstrate the successful
removal of the fundamental mode. We also fit the filtered
data with a one-QNM, overtone-only template, leading to
the yellow distribution in Fig. 3(b), consistent with both the
two-QNM fitting results (green) and the unfiltered data
fitting results (blue).

Similarly, we repeat the procedure to remove the first
overtone. The black dashed curves and the red region
correspond to fitting the filtered data with a two-QNM and
a fundamental-mode-only template, respectively. This time,
the black curve indicates the removal of the first overtone,
whereas the fundamental mode is generally not impacted.

Next, we show the estimates of M, and y, for
GW150914 at Aty = 0.77 ms using the hybrid approach
(Fig. 4). Here, we clean the first overtone and then fit the
filtered data with the fundamental-mode-only template.
The resulting constraints are shown in red, consistent with
the IMR-estimated values (green plus sign) and the results
obtained from the full-RD MCMC analysis with a two-
QNM template (blue). On the contrary, the results are
biased when we fit the unfiltered data with the fundamental
mode alone (gray), i.e., with solely the fundamental mode,
the model is not good enough to describe the ringdown
at Aty = 0.77 ms.

Finally, we present the posteriors of M inferred from the
first overtone alone at different Az, times (Fig. 5). We set
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FIG. 5. Posteriors of M ’ inferred from the first overtone alone

at different starting times. We clean the fundamental mode using
F 0 and fit the filtered data with the first-overtone-only template.
We place a uniform prior in the range shown on the x axis:
M, € [35 Mg, 140 M;]. The vertical line indicates the IMR-
estimated mass. The colors of the curves correspond to different
At times (see legend). See Fig. 16 of [50] for the equivalent plot
for y ¢; the joint posteriors of M and y; are in Figs. 14(c) and (d)
of [50].

uniform prior in the range of 35 Mgy < M < 140 My. At
the signal peak (At, = 0), the maximum a posteriori value
of My is higher than the IMR-estimated value (vertical
line), which may indicate the existence of residual
signals in addition to the two QNMS (@, og1); see more
details in [50]. At later times, the maximum a posteriori
value shifts toward smaller M, and becomes more con-
sistent with the IMR value. In the end, the distribution
flattens and becomes less informative at Aty 2 1 ms when
most of the overtone signal disappears.

Discussions.—In this Letter, leveraging the rational
filters [47], we formulate a mode-cleaning-based Bayesian
framework for BH spectroscopy. More details are provided
in [50]. Some of our calculations are implemented in a
public PYTHON package, QNM_FILTER [57]. Comple-
mentary to the existing time-domain [33,45] and fre-
quency-domain studies [58], our new framework has a
few advantages. First, the rational filters offer a simple way
to remove particular QNM(s) from the ringdown data. After
cleaning the most dominant mode(s), the inferences for a
subdominant mode become more definitive, especially
when its SNR is low. Second, the filter adopts a new
maximum likelihood estimator to eliminate the dependency
on mode amplitudes and phases (an approximate margin-
alization). The resulting likelihoods depend only on the
remnant BH’s mass and spin. This feature allows a fully
parallelizable pipeline to efficiently evaluate the likelihoods
for a wide range of starting times without MCMC, free of
technical issues like convergence. Third, model evidence is
presented as a function of analysis start time. Although the
signal peak and the inferred start of ringdown can be

obtained from the full IMR analysis, the estimate might
degrade when the system configurations and parameters go
beyond the available regime of the corresponding IMR
waveform model, or when the inspiral signal is too short.
The information obtained from the evidence rising time
could contribute to the prior distribution of the start time in
other frameworks, e.g., Refs. [45,58]. On the other hand,
we adopt the fixed sky position throughout this analysis to
align the data from two LIGO detectors. The analysis may
be biased if the estimated sky position is inaccurate. Given
that the rising time of the evidence curve provides an
independent estimate of the ringdown start time, an alter-
native is to apply a ringdown-driven time lag between data
from two detectors based on the alignment of the evidence
curves. We leave relevant studies for future work.

This Letter is the first demonstration of an overtone
mode in GW 150914 after cleaning the fundamental mode.
Future application of our framework to other events, e.g.,
GW190521 [37,38], and new events in the forthcoming
fourth observing run, may lead to discovery and evidence
of other modes in BH ringdown. As demonstrated with
numerical-relativity waveforms [47], the rational filters
provide a powerful tool to reveal subdominant effects,
e.g., second-order nonlinearity and retrograde modes.
Future detectors will enable us to do BH spectroscopy
in a high-SNR regime. Our framework will allow us to test
general relativity and explore the nature of gravity in full
detail using real events.
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