Belief Propagation with Quantum Messages
for Symmetric Classical-Quantum Channels

S. Brandsen, Avijit Mandal, and Henry D. Pfister

Abstract—Belief propagation (BP) is a classical algorithm
that approximates the marginal distribution associated with a
factor graph by passing messages between adjacent nodes in the
graph. It gained popularity in the 1990’s as a powerful decoding
algorithm for LDPC codes. In 2016, Renes introduced a belief
propagation with quantum messages (BPQM) and described
how it could be used to decode classical codes defined by tree
factor graphs that are sent over the classical-quantum pure-state
channel. In this work, we propose an extension of BPQM to gen-
eral binary-input symmetric classical-quantum (BSCQ) channels
based on the implementation of a symmetric “paired measure-
ment”. While this new paired-measurement BPQM (PMBPQM)
approach is suboptimal in general, it provides a concrete BPQM
decoder can be implemented with local operations. Finally,
we demonstrate that density evolution can be used to analyze
the performance of PMBPQM on tree factor graphs. As an
application, we compute noise thresholds of some LDPC codes
with BPQM decoding for a class of BSCQ channels.

I. INTRODUCTION

Low-density parity-check (LDPC) codes and iterative de-
coding were introduced by Gallager in 1960 [1] but they
did not attract widespread interest until the introduction of
Turbo codes [2] and the rediscovery of LDPC codes [3] four
decades later. Belief propagation (BP), in its general form,
was introduced by Pearl in 1982 [4] as an efficient algorithm
to exactly compute marginals for tree-structured probability
models. BP works by passing messages between neighboring
nodes and it was subsequently shown that BP includes both
Gallager’s iterative decoding and turbo decoding as special
cases [5], [6].

Starting in the 1990s, there has been a growing interest
in generalizing concepts from classical coding to the case
of classical quantum (CQ) channels. Holevo, Schumaker,
and Westmoreland identified the maximum rate of classical
information transfer over a CQ channel [7]. Subsequent works
described code constructions and decoding strategies that
achieve this optimal rate [8], [9]. At the same time, advances in
photonic communication underscored the need for developing
low-complexity decoding protocols [10], [11], [12], [13]. In
particular, there is a significant gap between the information
rate achievable by a receiver with individual pulse-by-pulse
detection and the rate possible with optimal joint quantum
receiver (i.e., measurement of the full output system) if the
mean number of photons per received optical pulse is smaller
than one.

A key question is whether generalizations of BP can also be
used to efficiently decode codes transmitted over CQ channels.
Just as direct computation of the marginal probability distri-
bution is computationally infeasible for large factor graphs in

the classical case, it is experimentally infeasible to naively
implement the optimal (Helstrom) measurement for decoding
a code defined by a large factor graph. This is because it would
require many quantum operations involving all the qubits. The
idea of generalizing BP to decode a classical binary code
transmitted over a CQ channel was introduced by Renes [14]
and it offers an alternative to experimentally infeasible collec-
tive measurements. The described approach is restricted to the
pure-state channel (PSC) and codes whose Tanner graphs are
trees. It is described based on a channel-combining perspective
that also adopted in this work. Following [15], we will refer
to this general decoding method as belief-propagation with
quantum messages (BPQM). In [15], simulation results are
presented for a simple 5-bit code (whose Tanner graph is a
tree) and compared to a classical decoding approach. For the
5-bit code, it is observed in [15] (and proved in [16]) that
bit-optimal decoding is actually block optimal in this context.
However, this version of BPQM had exponential complexity
due to the need for controlled unitary operations which grow
with the size of the tree.

Piveteau and Renes significantly advanced the understand-
ing of BPQM in [17], where they prove that BPQM is si-
multaneously optimal both for bit-error probability and block-
error probability for binary linear codes with tree factor graphs
on the PSC. They additionally reduce the overall decoding
complexity from exponential to quadratic by introducing the
idea of using a quantum reliability register for each qubit
message.

In this work, we introduce a paired-measurement BPQM
(PMBPQM) protocol which is the first extension of BPQM to
more general symmetric binary-input CQ (BSCQ) channels.
This extension is based on a lemma that shows any BSCQ
channel can be approximated by an orthogonal mixture of
BSCQ channels that output a single qubit. In some ways, this
is similar to the fact that any symmetric binary-input classical
channel can be represented as a stochastic mixture of binary
symmetric channels (BSCs). For classical bit-flip channels,
it is easy to verify that PMBPQM is optimal and we also
demonstrate that it is optimal for the pure-state channel.

For more general BSCQ channels, we also have an example
(see [18]) that shows any approach involving binary-outcome
measurements will be suboptimal relative to the collective
Helstrom success probability. However, by comparing the
performance of PMBPQM to the Helstrom measurement for a
variety of factor graphs with up to 13 qubits, we observe that
PMBPQM is near optimal for the chosen instances. One inter-
esting open question is “What is the worst-case gap between


















