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Universal optical polarizability for plasmonic nanostructures
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We develop an analytical model for calculation of optical spectra for metal nanostructures of arbitrary
shape supporting localized surface plasmons (LSPs). For plasmonic systems with characteristic size below the
diffraction limit, we obtain an explicit expression for optical polarizability that describes the lineshape of optical
spectra solely in terms of the metal dielectric function and LSP frequency. The amplitude of the LSP spectral
band is determined by the effective system volume that, for long-wavelength LSPs, can significantly exceed
the physical volume of metal nanostructure. Within the quasistatic approach, we derive the exact LSP Green’s
function and establish general spectral properties of LSPs, including the distribution and oscillator strength of the
LSP states. These results can be used to model or interpret the experimental spectra of plasmonic nanostructures
and to tune their optical properties for various applications.
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I. INTRODUCTION

Localized surface plasmons (LSPs) are collective elec-
tron excitations resonantly excited by incident light in metal
nanostructures with characteristic size below the diffrac-
tion limit [1-3]. Optical interactions between the LSPs and
excitons in dye molecules or semiconductors underpin nu-
merous phenomena in the plasmon-enhanced spectroscopy,
such as surface-enhanced Raman scattering [4], plasmon-
enhanced fluorescence and luminescence [5-12], strong
exciton-plasmon coupling [13-23], and plasmonic lasers
(spasers) [24-27]. Optical properties of metal nanostruc-
tures of various sizes and shapes are of critical importance
for numerous plasmonics applications [28-30], and were
therefore extensively studied experimentally and theoretically
[31-37]. The optical polarizability tensor «(w) of a plasmonic
nanostructure determines its response to an incident electro-
magnetic (EM) field Ej,e™, where o is the incident field
frequency and, at the same time, defines the optical inter-
actions between the LSPs and excitons. If the characteristic
system size is much smaller than the radiation wavelength, so
that E;, is nearly uniform on the system scale, the induced
dipole moment of a plasmonic nanostructure has the form
p(w) = a(w)E;,, where a(w) can be calculated, with a good
accuracy, within the quasistatic approach [3]. Fully analytical
models for a(w) have long been available for systems of
highly symmetric shapes, such as spherical, ellipsoidal, or
cylindrical structures [32]. For example, a metal nanosphere
of radius a placed in the air is characterized by the scalar
polarizability:

—_’ (1)
€

where ¢(w) = ¢'(w) + ie” (w) is a complex dielectric function
of the metal. For more complicated shapes, several models
have been suggested as well which, however, contain some
parameters to be calculated numerically [32-36].
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On the other hand, due to uncertainties in the shape and
size of actual structures explored in the experiment, the analyt-
ical or numerical models describing both the LSP frequency
and the lineshape of optical spectra, as Eq. (1) does, are not
even necessary. Typically, the spectral position of the LSP
resonance peak is measured with a reasonably high accuracy,
and so the main challenge is to describe or interpret the spec-
tral lineshape [37,38]. Here, we present an analytical model
describing accurately the optical spectra of plasmonic nanos-
tructures of arbitrary shape with LSP frequencies treated as
input parameters.

Specifically, the optical polarizability tensor of a small
metal nanostructure supporting LSP resonance at a frequency
w,, has the form «,(w) = o, (w)e,e,, where

(@) =V, D=L @)

g(w) — &' (wn)

is the scalar polarizability, e, is the unit vector for LSP mode
polarization, and V,, = Vi, | x'(wy)|s, is the effective volume.
Here, V;, is the metal volume, x'(w) = [¢'(w) — 1]/47 is the
real part of susceptibility (we use Gaussian units), and the
parameter s, < 1 depends on the system geometry. Thus, for
any geometry, the lineshape of optical spectra is determined
only by the metal dielectric function and the LSP frequency,
while the spectral peak amplitude depends on the system ef-
fective volume. The polarization (2) can be extended to larger
systems by including the LSP radiation damping.

To obtain Eq. (2), we employed the LSP Green’s-function
approach in the quasistatic regime [39-42]. Within this ap-
proach, we have also established several exact relations
characterizing the distribution of LSP states.

II. LSP GREEN’S FUNCTION

We consider a metal nanostructure supporting a LSP that
is localized at a length scale much smaller than the radiation
wavelength. In the absence of retardation effects, each region
of the structure, metallic or dielectric, is characterized by the
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dielectric function &;(w), so that the full dielectric function is
e(w,r) =), 6:(r)ei(w), where 6;(r) is the unit step function
that vanishes outside of the region volume V;. We assume
that dielectric regions’ permittivities are constant, and adopt
&(w) for the metal region. The LSP modes are defined by the
lossless Gauss equation as [3]

V- [€'(0y, )V O, ()] = 0, 3)

where ®,(r) and E,(r) = —V®,(r) are the mode’s po-
tential and electric field, which we chose real. Note that
the eigenmodes of Eq. (3) are orthogonal in each re-
gion (see Supplemental Material [39]): f dVE,(r) -E,(r) =
Suw [ AViER(r).

The EM dyadic Green’s function D(w;r,r’) satisfies (in
the operator form) V x V x D — (w?/c*)eD = (4nw?/c?),
where I is the unit tensor, while the longitudinal part of D
is obtained by applying the operator V to both sides. In the
near field, we switch to the scalar Green’s function for the
potentials D(w;r, r'), defined as D(w;r, ) = VV'D(w;r, '),
which satisfies [compare to Eq. (3)]

V - [e(w, )VD(w;r, r)] = 4ns@r — 7). 4)

We now adopt the decomposition D = Dy + Dy sp, where
Do(r —r) = —|r —r|7! is the free-space Green’s function
and Disp(w;r,r) is the LSP contribution. The latter is ex-
panded over the eigenmodes of Eq. (3) as [39-42]

Disp(@;r,F) = Y Dy(@) D ()0, (), )
where the coefficients D,(w) have the form
4 4

PO VBN T [avet kL

(6)

The first term in Eq. (6) ensures the boundary condition for
& =1 and will be omitted in the following. While the ex-
pansion in Eq. (5) runs over the eigenmodes of the lossless
Gauss equation (3), the coefficients D, depend on com-
plex e(w, r) = &'(w, r) + ie"(w, r) [39]. Accordingly, the LSP
dyadic Green’s function for the electric fields has the form
Dy sp(w;r, 1) = Zn Dy(0)E ,(NE ,(r).

We now note that, in the quasistatic regime, the frequency
and coordinate dependencies in the LSP Green’s function can
be separated out. Using the Gauss equation (3) in the integral
form f dve'(w,, r)E i(r) = 0, the volume integral in Eq. (6)
can be presented as

/ dVe(w,NEX(r) = [e(w) — &' (w,)] / dVnE2(r), (7)

where integration in the right-hand side is carried over the
metal volume V;,,, while the dielectric regions’ contributions,
characterized by constant permittivities, cancel each other out.
The LSP Green'’s function takes the form

J/
Disp(w;r,r') = — Z i 5 En(r)En/(r) . (®)
- demEn e(w) — €'(wy)

which represents the basis for our further analysis of the
optical properties of metal nanostructures. Note that near
the LSP pole the denominator of Eq. (8) can be expanded
as e(w) — &'(w,) = [0€' (wy)/dw,)(w — w, + iy, /2), where

Yo = 26" (w,)/[0€' (w,)/dw,] is the LSP decay rate [3], and
we recover the Lorentzian approximation for the LSP Green’s
function [40-42].

III. LDOS, DOS, AND MODE VOLUME

Using representation (8) for the LSP Green’s function, we
can establish some general spectral properties of LSPs. In
the following, we consider metal nanostructures of arbitrary
shape in a dielectric medium with permittivity ¢, (we set g, =
1 for now). We assume that w lies in the plasmonics frequency
domain, i.e., |¢"(w)/&'(w)| < 1, and so the LSP quality factor
O = wn /Yy = wplde' (wy)/dw,]/26" (w,) is sufficiently large
[3]. An important quantity that is critical in many applica-
tions is the local density of states (LDOS), which describes
the number of LSP states in the unit volume and frequency
interval:

plo,r) =

S M TDisp(@ir, r) = anpn(w,r» ©)

Here, p,(w,r) is the LDOS for an individual LSP mode
which, using the Green’s function (8), takes the form

2 EXr) -1

— m

Tw demE,% s(w) — &'(w,)

pn(@, 1) = } (10)
Integration of the LDOS over the volume yields the LSP
density of states (DOS) p,(w) = f dV p,(w, r), describing the
number of LSP states per unit frequency interval. To elucidate
the distribution of LSP states in the system, let us compare the
LSP DOS inside the metal, p™(@) = [ dVmpu(w,r), and in
the surrounding dielectric medium, pg(a)) = f dVyp,(w, r).
From Eq. (10), o, (w) is readily obtained as

() = iIm[ (11)
Tw

-1
e(w) — 8/(wn)]'
To evaluate pl(w), we use the Gauss equation to present

the integral over the dielectric region outside the metal as
[AV4E? = —¢'(w,) [ dVnE2, yielding

El(wil) ]

e(w) — &'(wy) (12)

q 2
pl(@) = ——Im
Tw
Since for typical LSP frequencies |&¢'(w,)| > 1, we have
pa(@) = |&'(wn)| P (@) > pi(w), implying that the LSP
states are primarily distributed outside the metal. The full LSP
DOS p,(w) = p™(w) + pd(w) has the form

8/(0)11) -1 :|

(@) — &'(wy) 1

2
pn(w) = —1Im
Tw
which is valid for any nanostructure shape.
Let us now evaluate the number of LSP states per mode,
N, = f dwpy,(w). Performing the frequency integration in the

Lorentzian approximation, we obtain
21" (wy) — 1
o Aeted) — 11 (14)
W 0€"(wy)/ Dy

For the Drude form of ¢(w), Eq. (14) yields N,, = 1, implying
that the LSP states saturate the mode’s oscillator strength.
However, for the experimental dielectric function, N, can be
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substantially below its maximal value, which has implications
for the optical spectra (see below).

Another important quantity that characterizes the field con-
finement is the LSP mode volume V,, which is related to
the LDOS as V! = p,(r) = [dwp,(o,r), where p,(r) is
the LSP spatial density [40,41]. Performing the frequency
integration, we obtain

2E2(r)
[@,08' (,)/d0,] [ dVimE

1 / dwopa(e,r) = (15)

Va
While the LSP mode volume is a local quantity that can be
very small [i.e., the density p,(r) can be very large] at hot
spots, its integral is bound as [ dV/V, =N, < 1.

IV. OPTICAL POLARIZABILITY

Consider now a metal nanostructure in the incident EM
field Ei,e™™ that is nearly uniform on the system scale.
The system’s induced dipole moment is obtained by vol-
ume integration of the electric polarization vector, p(w) =
X (w) f dVywE(w, r), where E (w, r) is the local field inside the
metal, given by

E(.r) = En + x(@) / V' Disp(@:rr)En.  (16)

Using the LSP Green’s function (8), we obtain

e(w)—1
E(w,r) =Ei, — nEn(r) ——————, 17
(@, 1) ;c " o= (17)
where the coefficient ¢, is given by
demEn : Ein
Cp = —2. (18)
[dVwE;,

Expanding the incident field E;, in Eq. (17) over the LSP
eigenmodes as Ej, = >, ¢,E,(r), we obtain the local field
inside the metal as

&' (wn) —

ch n(r) ——— (w)_g( = a9

Integrating Eq. (19) over the system volume, multiplying the
result by x (w) = [e(w) — 1]/4m, and using Eq. (18), we ob-
tain the plasmonic system’s induced dipole moment as p(w) =
>, n(w)Eiy, where

([ dVaE,)( [ dVnE,)

[ dVinE?

E(w,r) =

e(w)—1

e(w) — &'(wy)

oy = |X/(wn )| (20)

is the LSP mode polarizability tensor [here, &' (w,) — 1 =
—47|x'(w,)|]. We now introduce the LSP mode polarization
unit vector as e, = f dVaE, /| f dVnE | and the effective sys-
tem volume V), as

(f V)’

V, = Valx (0)|Sn, Sp = .
mlX (@) Voo [ dVoE?

(21
Then, using Egs. (20) and (21), we obtain the polarizabil-
ity tensor a,(w) = o, (w)e,e,, where the scalar polarizability
a,(w) is given by Eq. (2).

The parameter s, in the effective volume (21) depends on
the system geometry and characterizes the strength of LSP
coupling to the external EM field. Namely, it describes the
relative variation of the LSP mode field inside the metal
structure, while being independent of its overall amplitude.
For the dipole LSP modes, which have no nodes inside the
nanostructure, s, is nearly independent of the metal volume.
For nanoparticles of spherical or spheroidal shape, its exact
value is s, = 1 [39], while smaller values s, < 1 are expected
for other geometries. For higher-order LSP modes, whose
electric fields oscillate inside the structure and, hence, have
small overlap with the incident field, the parameter s,, is small.

The polarizability (2) is valid for small nanostructures
characterized by weak LSP radiation damping as compared
to the Ohmic losses in metal. For larger systems, to sat-
isfy the optical theorem, the LSP radiation damping must
be included by considering the system’s interaction with the
radiation field, which leads to the replacement o, — «,[1 —
QQiw?/3¢3)ar, 17!, where ¢ is the speed of light [43,44]. For
such systems, after restoring the permittivity of surrounding
medium &4, the scalar polarizability takes the form

e(w) — &4
e(w) — &'(wn) — 2KV, [e(0) — &4]

ap(w) = . (22

where k = /e w/c is the light wave vector, while the system
effective volume is now given by

Vi = Vile'(@n)/ea — sy /47 (23)

The optical polarizability (22) is the central result of this
Letter which permits accurate description of optical spectra
for diverse plasmonic structures, including those of irregular
shape, using, as input, only the basic system parameters and
the LSP frequency. In terms of ¢, the extinction and scatter-
ing cross sections have the form [44]

4
e, €|t (@)1,

(24
where €, = e, - Eiy/|Eiy| is the LSP polarization relative to
the incident light.

Note that Eq. (22) reproduces the known analytical re-
sults for nanostructures of simple shapes. For a nanosphere
of radius a, we have s, = 1, ¢/(w,) = —2, and we recover
Eq. (1) with the effective volume V,, = a*, which is signif-
icantly smaller than the system volume. The polarizability
(22) also matches the known result for spheroidal nanoparti-
cles [39]. For metal structures with multiple LSP resonances,
including porous structures [45], the polarizability tensor is
oa(w) = Zn oy(w)e,e,, where V, can now be considered as
fitting parameters.

Finally, the universal form (22) for the optical polar-
izability is valid for metal nanostructures embedded in
dielectric medium. For more complex layered systems, in-
cluding core-shell structures, the corresponding expressions
for polarizability are more cumbersome and, importantly, no

T
Oext(@) = (w)s Osc(w) = 3ot

e,
C
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FIG. 1. (a) The number of LSP states for Au nanostructures is
plotted against the LSP wavelength. Inset: The LSP quality factor
wavelength dependence. (b) The normalized effective volume is plot-
ted against the LSP wavelength.

longer universal, i.e., the lineshape of optical spectra now
depends explicitly (not just via the LSP frequency) on the
system geometry.

V. NUMERICAL RESULTS

Below we present the results of numerical calculations for
small gold nanostructures to illustrate some general features
of the LSP optical spectra that are common for any system
geometry (we use the experimental gold dielectric function
and set s, = 1). In Fig. 1, we plot the number of LSP states per
mode N, and the effective volume V), against the LSP wave-
length ), in the interval from 550 to 1200 nm, i.e., for energies
below the interband transitions onset in gold. With increasing
An, as the system enters the Drude regime, N, increases, albeit
slowly, towards its maximal value [see Fig. 1(a)]. However,
for typical LSP wavelengths from 550 to 800 nm, N, remains
substantially below its maximal value, implying the important
role of interband transitions even for energies well below the
onset. Notably, N, does not follow the LSP quality factor
Q,,, shown in the inset, which peaks at A, &~ 700 nm due to
the minimum of ¢” for gold at this wavelength. To eluci-
date the effect of system geometry, in Fig. 1(b), we plot the
effective volume V,, normalized by the metal volume V;, in
the same LSP wavelength interval. The normalized effective
volume increases about fenfold from A, = 550 nm, roughly
corresponding to the LSP wavelength in the gold nanosphere,
to A, = 1200 nm, typical for LSPs in elongated particles

20 | L =10 nm A (a)

Normalized spectrum

0.0 -
500 550 60 650 700 750 800 850 . 900

FIG. 2. (a) The imaginary part of polarizability for various Au
structures is shown at different LSP wavelengths. (b) The normal-
ized extinction and scattering spectra are shown for L = 30 nm
structures.

with large aspect ratio. Since V,,/Vi, = |x'(w,)|, this implies
that, for nanostructures of different shape but the same metal
volume, both the lineshape and peak amplitude of the optical
spectra are determined by the LSP resonance position.

In Fig. 2, we show the optical spectra of gold nanostruc-
tures in water (g; = 1.77) for different values of characteristic
size L and, accordingly, of metal volume V;, = L3, calculated
using Eqgs. (22)—(24) at the LSP wavelength values 550, 610,
670, 730, and 790 nm. The imaginary part of polarizability
normalized by the metal volume increases sharply with the
LSP wavelength [see Fig. 2(a)], consistent with the effective
volume increase in Fig. 1(b). For larger structures, the LSP
peak amplitudes of «; (w)/ Vi, drop due to the radiation damp-
ing. Although for full o)/ (w) such a decrease would be masked
by larger V;, values, it is clear that, for the same metal volume,
radiation damping is stronger for long-wavelength LSPs since
it is determined by the effective volume V,, [see Eq. (22)].

In Fig. 2(b), we plot the extinction and scattering spectra,
normalized by their respective maxima, for L = 30 nm gold
nanostructures calculated for the same LSP wavelengths as in
Fig. 2(a). For shorter wavelengths (<700 nm), the scattering
spectra exhibit apparent redshift relative to the extinction
spectra. Note that, for such system size, the extinction is
dominated by the absorption, implying the prominent role of
non-LSP excitations in this frequency region. This behavior is
consistent with a relatively low fraction (about 50% at such
wavelengths) of the LSP states per mode [see Fig. 1(a)]. In
the Drude regime (larger LSP wavelengths), the difference
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between the extinction and scattering spectra disappears as the
LSP states saturate the oscillator strength.

In summary, we have developed an analytical model for
optical polarization of plasmonic nanostructures of arbitrary
shape whose characteristic size is below the diffraction limit.
For such systems, the lineshape of optical spectra is deter-
mined by the metal dielectric function and LSP frequency
while their amplitude depends on the system effective volume

that increases with the LSP wavelength. We have also estab-
lished some general spectral properties of the LSPs valid for
any system geometry.
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