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Abstract

The transport of gases across cell membranes plays a key role in many different cell functions, from
cell respiration to pH control. Mathematical models play a central role in understanding the factors
affecting gas transport through membranes, and are the tool needed for testing the novel hypothesis of
the preferential crossing through specific gas channels. Since the surface pH of cell membrane is
regulated by the transport of gases such as CO, and NH3, inferring the membrane properties can be
done indirectly from pH measurements. Numerical simulations based on recent models of the surface
pH support the hypothesis that the presence of a measurement device, a liquid-membrane

pH sensitive electrode on the cell surface may disturb locally the pH, leading to a systematic bias in the
measured values. To take this phenomenon into account, it is necessary to equip the model with a
description of the micro-environment created by the pH electrode. In this work we propose a novel,
computationally lightweight numerical algorithm to simulate the surface pH data. The effect of
different parameters of the model on the output are investigated through a series of numerical

experiments with a physical interpretation.

1. Introduction

Gas transport through cell membranes is one of the
essential processes supporting life. To understand how
central cross-membrane gas transport is, it suffices to
follow the pathway of oxygen molecules as they move
from the alveoli to erythrocytes, travel with the blood
flow, are released, and once they reach the tissue, enter
the cells. Once inside the cell, oxygen molecules must
cross the mitochondrial outer member to participate in
the oxidative phosphorhylation. Carbon dioxide follows
a similar pathway in the reverse direction. Traditional
models of gas transport through cell membrane, based
for the most part on the classical work of Overton [1],
assume that gases cross the phospholipid bilayer consti-
tuting cell membranes by dissolving into the lipid phase
of the membrane and diffusing along a concentration
gradient. The discovery of cell membranes that are
practically impermeable to gases such as ammonia and
carbon dioxide [2] required a revision of this diffusion
model, and pointed to the need for a better explanation
for the mechanism of gas transport through membranes.
Further studies on this topic [3] provided some evidence

that certain proteins bound to the membrane, most
notably different isoforms of aquaporins (AQP) and
rhesus proteins (Rh), can provide plausible pathways for
gases. For a comprehensive overview of the history and
current understanding of the gas transport through
membranes, we refer to [4].

Another important function where gas transport
plays a key role is pH regulation. Several vital cell func-
tions require that the intra- and extracellular pH remain
within a range of normal values. One of the ways in
which cells can control the acid-base balance is the trans-
port of acids and bases across the membrane. The mem-
brane permeability to protons H* and ions such as
bicarbonate HCO3; may be too limited for effective
pH control, making shuttle mechanisms based on gas
transport an important factor of pH regulation: see
figure 1 for a schematic illustration.

Because of the important role of gas transport across
cell membrane for the pH control, it has been suggested
that pH measurements could be used to infer indirectly
on the cell membrane permeability to gases [5]: If the
pH on the outer surface of the cell membrane and inside
the cell depends on membrane permeability to gases,

© 2022 10P Publishing Ltd
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Figure 1. Shuttle mechanism for the virtual passage of a proton through cell membrane: The proton H* outside the cell (yellow)
associates with bicarbonate HCOj to form carbonic acid H,COj3, which dissociates into CO, and water. The carbon dioxide
concentration gradient across the membrane causes the passage of the gas through the membrane, and a reverse reaction inside the
cell (purple) frees a proton, lowering pH as if the proton had crossed the membrane.

the estimation of the permeability based on
pH measurements requires the solution of an inverse
problem that links the quantities through a mathema-
tical model. In turn, the solution of the inverse problem
requires a computational forward model that takes into
account all pertinent factors contributing to the data.
Mathematical models for gas transport through cell
membranes of different complexity have been proposed
in the literature, see, e.g. [6]. The basis for a spatio-tem-
poral distributed reaction-diffusion model taking into
account the geometry, possible buffers and distribution
of carbonic anhydrase was laid in [7] and the model pre-
dictions were compared with experimental data on the
oocytes of African clawed frog Xenopus laevis [8]. This
spherical cell, ideal for physiological studies because of its
large size, approximately 1.3mm in diameter, allows
experimental manipulations such as measurements of
surface pH, and it is an outstanding system for the het-
erologous expression of the membrane proteins encoded
by injection of foreign RNA [9].

In the experimental setup, an oocyte expressing
membrane proteins of interest is exposed to elevated
CO, concentration by placing it in a liquid whose
composition can be externally controlled. The tip of a
liquid-membrane pH-sensitive electrode, about
10 pm in diameter, is placed on the cell membrane
and the time trace of the surface pH, denoted by pH
s(?), is recorded. Because of the spherical symmetry of
the oocyte, the reaction-diffusion model in spherical
coordinates reduces to a system of one space dimen-
sion that is relatively straightforward to time integrate
numerically. In [7], using a computational scheme
based on a finite difference discretization in the radial
coordinate, it was demonstrated that the model cor-
rectly describes the qualitative behavior of the surface
and interior pH. The dynamical range and the time
constants of the surface pH curve, however, did not
match the measured values, even when a moderate
enhancement by the enzyme carbonic anhydrase (CA)
was added to the model, suggesting that some impor-
tant details might be missing. The hypothesis that the

measurement device itself could affect the outcome by
creating a microenvironment under the pH electrode
was formulated and tested with a computational
model in [10]. In that contribution it was shown that a
model for partial clamping, created by pushing the
electrode tip against the membrane, was able to pro-
duce a dynamic behavior in line with the measured
surface pH. The computational model in [10], which is
based on a detailed finite element method (FEM) dis-
cretization of the domain around the electrode tip,
leads to a large time-dependent system with hundreds
of thousands degrees of freedom, and requires special
implicit/explicit iintegrators to address the singular
perturbation problem arising from the multiscale nat-
ure of the problem in the time domain.

The goal of the current contribution is to address
the computational challenges of the numerical simula-
tions aimed at studying the effect of the electrode on
pH. Regardless of whether optimization-based or sta-
tistical sampling-based methods are used to address
the inverse problem of retrieving the membrane prop-
erties from the pH data, the forward model needs to be
solved repeatedly. Unfortunately the model with a
detailed description of the electrode tip is too slow for
these purposes, each forward solve requiring several
hours of computer time, highlighting the need for a
proxy model capable of approximating the detailed
model output with reasonable accuracy at a fraction of
the computing time, while depending on parameters
amenable to a clear physical interpretation. In this
article we propose such model and we demonstrate
that it produces quantitatively correct pH dynamics
on the outer surface of the cell membrane and inside
the cell. The convenience of having a nimble reduced
model is demonstrated in this article by investigating
systematically the effect of different parameters on the
predicted output, a task that with the detailed FEM
model would be prohibitively time consuming. The
model predictions are compared to measured values
reported in the literature. We also show that the
approximate model can be used to design a non-linear
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gain functional that represents the measurement
device, mapping the free membrane concentrations to
the measured surface pH, thus breaking the proposed
algorithm into two conceptually separate parts.

2. An overview of the underlying reaction-
diffusion model

We assume that a spherical oocyte of radius R is placed in
an infinite liquid environment, with the origin of the
coordinate system coinciding with its center. A reaction-
diffusion equation is set up for concentration distribu-
tions of carbon dioxide (CO,), bicarbonate (HCO3),
carbonic acid (H,CO;) and protons (H"), and possible
pH buffers inside and outside the cell membrane,
coupled through physiological parameters such as mem-
brane permeability. Consider the following set of
chemical reactions taking place both in the extracellular
liquid and in the cytoplasm,

k;
CO; + H,0 = H,CO;, (1)
ko
k
H,CO; = HCO; + H*, Q)
k,
ke
HA, = A, +HY, 1<¢<I, 3)
k- 2+2)

where A, is a buffer different from the bicarbonate
HCOj3. For simplicity we only consider the case of one
non-specified buffer, that is, L =1, so that the total
number of chemical species is N =4 4+ 2L = 6. We use
the following numbering for the concentrations,

up = [CO,], up = [HCO;5], uz = [HCO;],

ug = [HT], us = [HA], ue=[AT]. (€]
The concentrations are functions of the position x € R?
and time t>0, that is u® = uF(x, t), where the
superscript %+ specifies whether we refer to values outside
(+) or inside (—) of the cell membrane. The concentra-

tions satisfy the coupled system of reaction-diffusion
equations,

aui

e =V - (kiVu, )+st r

pn=1

1 <v <N,

(€)

where & € R** is the diffusion tensor of the vth
species inside or outside the membrane. The coeffi-
cients S,,, are the components of the stoichiometric
matrix, and <I>f is the flux of the uth reaction, modeled
by using mass action laws, see appendix A for details.
The inside and outside reaction-diffusion models are
coupled through the flux of CO, through the mem-
brane. In the lack of a better model, in [7], we resorted
to a Robin boundary condition based on Fick’s law,

n-&Vu |p, = A" —u), =n- &Vu, |,
(6)

where I',,, is the cell membrane, 7 is the unit normal of
the membrane pointing in the exterior domain, and
A > 0is the membrane permeability, which is assumed

A Bocchinfuso et al

to be constant. In the light of experimental evidence, it
is reasonable to assume that the membrane layer is
practically impermeable to H* [11] and bicarbonate
HCOj; [12], and therefore the flux of other substances
through the membrane is ignored in the model. For
the initial condition, we assume that the concentra-
tions both inside and outside the cell are in chemical
equilibrium, and that the exterior concentration of
CO, is higher than inside,

u (x, 0) = ugly > uj g = u; (x', 0), |x| >R > [|x/|.
()

The forward problem is to compute the time trace of
the exterior surface pH for given A,

pH(t) = —logou™(x, t)|ixj=r+> 8)

the concentration given in moles per liter. The inverse
problem that is beyond the scope of this article, would
be to estimate the permeability from observed pHg(?).

Because of the spherical symmetry, if we write the
problem in spherical coordinates (r, 6, ¢) the model
(5) reduces to a one-dimensional radial reaction-dif-
fusion model,

ouF 1 0 4 28u
L= - + Sl/ > 9
ot 28r( or ,LZI wbi O

which can be semidiscretized and solved by the
method of lines. Above, the scalar «: is the coefficient
of the radial diffusion. In [7], the semidiscretization
was done by finite differences, while here we use the
finite element method (FEM); the details of the FEM
can be found in appendix B.

The radial model reproduces correctly the quali-
tative behavior of the surface pH: At the beginning
of the experiment, a strong influx of CO, into the
cell causes a decrease of the intracellular pH with a
concomitant increase of the pH on the outside. Over
time, as the CO, concentration inside the cell
increases, the CO, influx slows down, while its con-
centration outside the membrane is replenished by
diffusion. This causes the surface pH curve to first
peak and then to decrease, eventually returning
asymptotically to the original equilibrium value.
However, the peak value of pHg computed by the
model is significantly lower than the measured
value, and the time constant of the pH dynamics
does not correspond to the data, reported, e.g., in
[8]. A slightimprovement was obtained by adding to
the model the enzyme carbonic anhydrase (CA)
which is known to be present in cytosol and on the
cell membrane, albeit in unknown quantities. The
effect of CA is to speed up the reactions (1). The pre-
sence of CA is included in the model by modifying in
the reaction fluxes ®; and ®, corresponding to (1),
see appendix A,
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0.6 mm

obtained from the radial model.

Figure 2. Geometry of the electrode tip model. The rectangular gray area on the left is approximated by assuming that the cell
membrane is planar as shown in the right panel. In the FEM model, the boundary values around the computational domain are

O (r, t) = Akju; (r, t), ®F(r, 1)
{Aklur(r, ), R<r<R+6,

(10)

k1u1+(r, t), r>R+ 0,
and, similarly for the reverse reaction,

¢E(r> t) - Ak*luzi(r) t)) (I);(T, t)
B {Akluj(r, ), R<r<R+6,

11
k,lu;(r,t), r>R+ 0, ()

Here A > 1 is the enhancement factor caused by the
CA, and 0>0 is a parameter defining the thin
boundary layer beyond which the enzyme is not
present. The addition of CA in moderate amounts to
the model increases the peak value of the surface pH,
but the new value is still below the measured one. We
refer to [7] for a detailed discussion of the values of the
factor A and its effect on pH dynamics.

2.1. Electrode tip microenvironment

The numerical simulations in [10] support the
hypothesis that the pH electrode tip itself may
significantly affect the outcome of the measurement,
as the dynamics of the pH concentration curve
computed by the model corresponds well to the
measured data. When the tip is pushed against the cell
membrane, a pocket under the tip forms, with limited
access of the substances from the exterior domain to
this pocket. Since the readings of the electrode come
from the microenvironment, they may not correspond
to the pH on the free membrane. In the numerical
simulations in [10], the computational domain of the
reaction-diffusion model was a cylindrical region
around the electrode tip, discretized using a finite
element mesh with angular symmetry around the
electrode axis, see figure 2. The values along the
cylinder exterior boundaries were computed by using
the radial model discussed above, and the access to the
space under the tip was limited by reducing the
diffusion coefficient under the rim of the electrode tip
by a multiplicative factor, kK — e~ k. The parameter
q > Owas referred to as the quench parameter.

While the detailed electrode tip model satisfacto-
rily explains the discrepancy between the simulated
surface pH values and the measurements, it depends
on model parameters that effectively are impossible to
measure, such as the thickness of the clamped pocket
and the quenching parameter, and its high computa-
tional complexity makes it unsuited for inversion
algorithms. In fact, because of the combination of
hundreds of thousands degrees of freedom and the
need to address the singular perturbation issues rela-
ted to the temporal multiscale nature of the problem,
each single forward solve requires hours of computing
time. In the following discussion, a simple approx-
imate reduced model is developed.

2.2. Lumped compartment model

In this subsection we derive a lower complexity model
that is able to account for the presence of the electrode
tip that partially clamps the pocket between the tip and
the cell membrane dimple created by it. We assume
that a spherical oocyte of radius R > 0 is placed in an
infinite liquid that originally is in constant chemical
equilibrium. The dynamics of the concentrations, in
the absence of the electrode, are described by a radial
reaction-diffusion model similar to the one in [7]. We
modify the model to account for the presence of the
electrode tip against the outer membrane of the oocyte
by locally perturbing the spherical model near the
location of the electrode tip. More specifically, let
P> 0 be the radius of the electrode tip, which we
assume to be circular, and let 1 > 0 be the distance of
the tip from the membrane, with the axis of the
electrode normal to the membrane. While the mem-
brane in reality is originally close to spherical, and in
the presence of the electrode pushed agains it the
spherical shape may be slightly perturbed, we assume
here for simplicity that locally, the membrane can be
approximated by a plane parallel to the electrode tip.
We denote by €2 the pillbox domain between the tip
and the electrode, and by |(2| its volume,
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1| = 7P (12)

We denote by u) the concentrations in €,

1<v<6=N, satisfying the reaction-diffusion
equations

Ou,) 07,0 = 0

- = V- kyVu, + > 5,90 (13)

pn=1

Let 7 be the mean concentration of vth substance
over 2, defined as

1

—0 0

u, = u, dx
oo Je

Averaging equation (13) over €2 leads to an ordinary

differential equation,
di! 1 f N
—~ = _— | V- -k, Vuldx + Su®,,
& o > S,

pn=1

where 52 is the average of the pth reaction flux to be
discussed later. To simplify the integral term, we
denote by B the circular membrane patch under €2, by
By, the circular electrode tip above €2, and by S, the
cylindrical peripheral surface of €2, and use cylindrical
coordinates (p, 6, z) with the axis of symmetry normal
to the cell membrane coinciding with the electrode
axis, with z < 0 corresponding to the interior of the
cell. Integrating by parts and assuming that there is no
flux into the electrode,

fﬂ V - kOVuldx

v

= (fBJFfBﬁfs,,)” - kOIVu0ds (14)

=— f e, KOVu?
B

2=0dS + j; e, KOVu!
h

p=P
(15)

where e, and e, are the coordinate unit normal vectors.
We assume that the cell membrane is permeable only
to carbon dioxide, implying that we may write

f e,  KOVu,.
B

For carbon dioxide, we use the model similar to (6),
and by approximating the concentration of u at the
membrane boundary by 7, we write

f e,  k\Vu.
B

where u;” is the concentration inside the cell at the
membrane boundary. Along the cylindrical peripheral
surface Sy, the integral corresponds to the flux across
Si- We assume that the flux is driven by the concentra-
tion gradient across S;, and write an approximate
model

ds =0,

z=0

2<v<N. (16)

s ~ )\7rP2(ﬁ10 —uy In,), (17)
0

z=

0 0
e,  k,Vu,

dS =~ 2ymPh(u, |, — @),
Sh p=P

1<v <N,
(18)

where we implicitly assumed that 4 is small, and on the

peripheral surface, we use the fact that the approxi-

mately radially symmetric exterior concentration u,"

A Bocchinfuso et al

is well approximated by the boundary value at the
membrane. Here, v > 0 is a parameter modeling the
limited mobility of substances between the free liquid
space and the compartment €2 partly clamped by the
rim of he electrode tip pushing against the membrane.
Combining (16)—(18), we arrive at the ordinary
differential equation model for the average concentra-
tions under the electrode tip,
du
dt

A/ —0 — 2y —0
= _6111;(“1/ — U |Fm) + %(u;lpﬂ, - uV)

N =0
+ Z Sl/p, (I)/,, >

p=1
(19)

where 0, is the Kronecker symbol.

The average reaction fluxes 52 are approximated
by writing the standard mass balance equations in
terms of the average concentrations. To address the
fact that at least a part of the domain under the elec-
trode tip is affected by the carbonic anhydrase attached
to the cell membrane, while part may be unaffected by
it, we modify the hydration/dehydration reactions
fluxes of carbon dioxide by writing

3 = Akad, B = A%kl (20)
where A° is the parameter accounting for the CA
acceleration, with 1 < A° < A.

We may now summarize the lumped electrode
model: Find the functions (u, (r, t), u, (r, t), 7 (t))
satisfying the equations (9) and (19), with the coupling
condition (6), the initial values

uj(x, 0) = uS(O) = ulfo, u, (x, 0) = u,,
1 <v <N, @2n

and the asymptotic value

Cim w () =uj, 1<Vv<N,  (22)

where the limiting values coincide with the exterior
initial values. The formula for the surface pH function
is

pH(t) = —log, @/ (t), t=>0. (23)

Observe that although the equations (9) and (19)
are coupled, it is reasonable to assume that, due to the
small size of the compartment €2, the effect of the solu-
tion 7Z° on the radial functions " is negligible. There-
fore, a viable approximation is obtained by the
following steps:

1. Solve the radial model (9),

2. using the solutions thus obtained as an input in
(19), solve for the concentrations under the
electrode.

Hence, the solver of the equation (19),
F: (uy (R, - )ty = (@) ))oty (24)

can be viewed as an electrode correction, or a gain
function for the inclusion of the device in the radial

5



10P Publishing

Biomed. Phys. Eng. Express 8 (2022) 045006

A Bocchinfuso et al

€O,

equilibrium value.

Figure 3. Left: When the concentration gradient of CO, across the membrane is high, the gas transport into the membrane induces a
strong conversion flux of bicarbonate to CO,, causing an increase of surface pH (transport-dominated phase). Center: At some time

t = t*, the gradient has decreased enough so that as the conversion of bicarbonate to CO, and thus the depletion of H slows down,
and the diffusion of H* from the unlimited equilibrium pool at infinity starts to dominate, causing the pH to drop towards the original

transport-dominated

pH
diffusion-dominated

t*

time

model. In this manner, the algorithm separates the
electrode effect into a separate step in the process, and
it is easy to test the effect of the electrode-dependent
parameters v and h. This observation can be used
effectively if several exchangeable measurements with
the same oocyte are performed.

3. Analysis of the model

From the point of view of practical applicability of the
model to estimate the membrane properties as well as
the CA activity inside the cell and on the cell
membrane, it is important to understand the effect of
the parameters on the model predictions, as well as to
test how the lumped model compares with the finite
element model of [10]. The analysis presented in this
section focusses on the following four parameters: the
cell membrane permeability A, the quench factor ~,
and the carbonic anhydrase enhancement factor A
inside and on the cell membrane, together with the
enhancement A° in the electrode tip minicompart-
ment. All other parameters will be held fixed at their
default values.

We start with a short summary of the computed
experiments on which the analysis is based, with a
qualitative explanation of the expected outcomes of
the pH simulations. For simplicity, the non-bicarbo-
nate bulffer is ignored in the discussion. At the begin-
ning of the experiment, a strong gradient of CO,
concentration across the membrane leads to sig-
nificant depletion of CO, near the cell membrane out-
side of the cell, causing the association of H"™ with
bicarbonate, and concomitant increase of surface pH.
This phase is referred to as transport-dominated phase.
As the across membrane gradient of the CO, con-
centration decreases, so does the transport flux across
the membrane, and the H" concentration starts to
increase again fueled by the diffusion from the unlim-
ited equilibrium pool at infinity. Consequently, the
surface pH starts to decrease again, eventually
approaching the original equilibrium value. We refer

to this phase as diffusion-dominated phase. The switch
from the first to the second occurs at the time ¢* when
the surface pH reaches its peak value, see figure 3.
Figure 4 shows the computed CO, profiles at the
beginning of the experiment, at the time t = " and at a
significantly later time towards the final equilibrium.
The decrease of the concentration gradient across the
membrane is clearly visible in these profiles.

Next we examine the effect of each of the para-
meters of interest through a series of computed experi-
ments. Throughout the experiments, the geometric
constants are given in table 1, and the reaction rate
constants in table 4. The initial values for the experi-
ment are listed in table 3, and the diffusion coefficients
in table 2. All values are the same as in [7], where the
literature reference for each value is given.

Measured data and parameter range of CA activ-
ity: In [13], experimental data of the surface
pH measured on Xenopus oocytes are reported. In
the cited articles, the main interest is to analyze
the role of the aquaporin gas channels on the mem-
brane permeability for CO,, and therefore, surface
pH measurements are performed using oocytes that
express the aquaporins and CA, and for comparison,
oocytes expressing CA only. For details of the treat-
ment of the oocytes and the experiment, we refer to
the cited articles. In the experiments, it was found that
the increase in surface pH is of order ApHg =2 0.13 for
water injected oocytes, and ApHg = 0.25 for oocytes
expressing aquaporins, resulting in peak pH values
pHs~7.63 and pHg ~ 7.75, respectively. It is known
[14] that the CA activity has a strong effect on the peak
surface pH value, and that the observed peak values
can be reached in simulations by increasing the value
of the CA enhancement factor A by orders of magni-
tude. While the CA activity is believed to reach values
of the order of magnitude A= 10000 and beyond,
e.g., in erythrocytes [15], in our discussion below, we
limit the CA enhancement to moderate values, A < 50.
The motivation here is twofold: First, we show that
observed peak values can be explained by the

6
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Figure 4. Three snapshots of the CO, profiles during the experiment. At t = 0, the concentrations inside and outside the cell are
constants, and the concentration gradient decreases as a result of the transport of CO, through the membrane, convergingtoa

Table 1. Geometric parameters and membrane
permeability corresponding to non-resistant

membrane hypothesis.

R Oocyte radius 650 pm
Ry External radius 800 pm
w Radius of the electrode tip 10 pm

A Membrane permeability 34.2 um/s

introduction of the electrode tip model without
increasing significantly the CA activity, and second,
the model predictions are directly comparable with
the earlier simulations in [7] where the same variable
range was used.

Experiment 1: To set the reference, and to better
understand the effect of each parameter in the elec-
trode model, we start by running the one-dimensional
radial model without the presence of the electrode,
varying the membrane permeability only. In all
experiments, the spatial discretization is refined near
the membrane, the discretization points in the exterior
domain being defined as

n=R=650pum, rj=rj_+ 7 *Ar,
ji=2,3...n",

where Ar = 0.1pum is the length of the first discretiza-
tion interval near the membrane, and 7=1.01 is a
coarsening factor that increases as one moves away
from the membrane. The last discretization point is set
equal the outer radius of the computational domain,
R, =800 um, that is, we assume that the oocyte is
surrounded by a layer of thickness of 150 um of
diffusive unstirred layer, outside which the concentra-
tions are kept at the constant equilibrium values. The
effect of the thickness of the unstirred layer was
analyzed in [7], and will not be discussed further here.
Similarly, we discretize the interior domain,

Table 2. Diffusion coefficients x of the substances.

Substance Inside [(1 m)?/s] Outside [(1x m)?/s]
CO, 1.71 x 10° 1.71 x 10°
H,CO; 1.11 x 10° 1.11 x 10°
HCO5~ 1.11 x 10° 1.11 x 10°
H™ 8.69 x 10° 8.69 x 10°
HA 1.56 x 10° 1.56 x 10’
A~ 1.56 x 10° 1.56 x 10°

Table 3. Initial values of the concentrations in the standard
experiment. The model assumes that at t = 0, the oocyte is
added to the bath with the pH electrode already in place.

Substance Inside [mM] Outside [mM]
CO, 0 0.4720
H,CO; 0 0.0013
HCO;~ 0 9.901
H' (pH) 6.310 x 107°(7.2) 3.162 x 107>(7.5)
HA 12.09 2.500
A~ 15.22 2.500
/ / ! —
fpo =650 pm, r;=rj — 7" JAr,

j=m —1),(n —2),n —3)..,1,

the last point r/ being rounded to zero. With this
discretization, we have n™ =88, n~ =118, and the
number of unknown concentration values n = 205, as
at the outmost point the value is given.

We run the free membrane radial model, assum-
ing that the carbonic anhydrase enhancement factor
inside the cell and at the outer surface of the mem-
brane is A = 20. In the first experiment, we compute
the surface pH curve over the time interval [0, T],
T=1200s, letting the membrane permeability take
on the values
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Figure 5. Surface pH on the exterior of free cell membrane (no electrode included) with varying membrane permeabilities.

Table 4. Reaction rates. Observe that we have two fast time scale parameters, € and &', whose precise values
in the fast/slow propagation scheme used in [3] are not important, since only the ratios defining the
equilibrium conditions are needed in the model. When carbonic anhydrase is present, the reaction rates k.

are enhanced by an acceleration factor, denoted by A.

Reaction ke k_, K=k/k_,

CO, + H,0 =} H,COs 0.0302[1/s] 10.9631[1/s] 2.7547 x 107
H,CO; =2, HCOj + H* e=10""[1/s] /K, K, = 0.2407 [mM]
HAi =2, AL + Hip g =10[1/s] €'/ Kua Kija = 7.9433 x 10° [mM]
HAqu =, Agy + Hiy ¢ =10"%[1/s] €'/Kua Kua = 3.1623 x 107> [mM]

Aj=10"% x 34.2 um/s, a; =j x 0.3,
j=0,1,..,10,

where the baseline value )\ is based on the hypothesis
of non-resistive membrane layer. The results are
shown in figure 5.

As X decreases, so does the CO, flux across the
membrane, reducing the depletion rate of H™ during
the transport-dominated phase. Consequently, the
peak surface pH becomes lower, approaching asymp-
totically the original equilibrium value as A — 0 +.
Moreover, as A decreases, it takes increasingly longer
time to reach the equilibrium where the CO, con-
centration inside and outside of the cell are equal, flat-
tening the pH curve in the diffusion-dominated phase.
This causes an increase of the half width of the
pH curve, defined as the time that it takes to reduce the
pH increase to half of its value,

HW = 1, — t%,
where
t* = argmax{pHq(t)}, 1,2
= min{r > t*|pH,(t) — pH(0)
< 0.5(pHg(t*) — pH(0))}.

We conclude that the predictions of the current FEM
model agree with those of the finite difference model

in [7]. According to the model, moderate CA activity
values are not sufficient to produce the observed
increase in surface pH, the maximum increase being
only approximately 3%-6% of the measured
increases.

Experiment 2: In this experiment, we introduce the
electron tip microenvironment, solving the same pro-
blem as is Experiment 1 with the addition of the elec-
trode compartment, and we assume no carbonic
anhydrase activity under the electrode tip, which is
achieved by setting A° = 1 in (20), while assuming that
the CA enhancement factor on the membrane and inside
the cell in the radial model is A = 20. The assumption of
no CA activity under the electrode is unrealistic because
of the presence of the cell membrane, but the purpose of
this experiment is to test if the model predictions are in
line with what is expected.

We run the lumped electrode model with the same
discretization, and reductions of the membrane per-
meability as in the previous experiment, using two dif-
ferent values for the quench factor,

y=10pum/s, ~v,=1pm/s.

The results are shown in figure 6. We observe that
when the value of 7y is decreased, the diffusion from the
equilibrium pool to the minicompartment becomes
weaker. Consequently, the transport of CO, becomes

8
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Figure 6. Surface pH on the exterior of cell membrane under the electrode tip for different values of the membrane permeability, and
two values of the quench factor . In this computer experiment, there is no CA enhancement in the minicompartment under the
electrode tip.
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Figure 7. Surface pH on the exterior of the cell membrane under the electrode tip with varying carbonic anhydrase activity in the
electrode compartment corresponding to two different values of the quench parameter 7.
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Figure 8. Surface pH under the electrode with different values of the CA activity under the electrode.

more dominant, leading to a higher peak value of the pH in the diffusion-dominated phase becomes slower,
surface pH. Moreover, with decreasing diffusion from leading to a significant increase in the half width.

the exterior domain into the compartment under the Summarizing, we observe that by introducing the
electrode where the pH is measured, the decrease of microenvironment, the surface pH peak value
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Figure9. Left: Surface pH on the exterior of the cell membrane under the electrode tip with varying membrane permeability. Right:
The peak surface pH as a function of .

increases from the value obtained without the elec-
trode, however, without introducing the CA enhance-
ment under the electrode tip, the maximum
pH increase remains at 4%—8% of the measured values
with v=10 u m/s, and 9%—-18% with y=1 g m/s.
The conclusion is that the CA enhancement under the
electrode is necessary to obtain realistic values.

Experiment 3: In the previous experiment, we
assumed that the CA was not present in the electrode
compartment, while it was assumed to affect the reac-
tions inside the cell as well as at the free membrane. The
absence of CA in the electrode tip compartment is likely
to make the conversion of bicarbonate to CO, unrealisti-
cally slow, affecting in particular the transport-domi-
nated phase. We expect that if carbonic anhydrase is
included in the compartment, the pH peak value will be
significantly higher.

To test this hypothesis, we fix the membrane perme-
ability to the default value of A = 34.4 um/s, and vary the
CA enhancement coefficient A° from A° =1 up to the
value assumed inside the cell, A°=20. We run this
experiment with two different values of the quench fac-
tor,y= 10 um/sand v =1 um/s. The results are shown
in figure 7. As expected, the peak value of the surface
pH increases with increasing CA activity. Moreover, the
growth is more significant when the quench factor is
smaller, limiting more the diffusion process that feeds
the conversion of bicarbonate to carbonic acid and fur-
ther to carbon dioxide.

The increase of the surface pH at the peak is 0.038
with v=10 & m/s, amounting to 15%-29% of the
observed increase. With v=1 u m/s, the increase is
0.17, enough to explain the measured increase in the
absence of the aquaporins, and arriving at 68% of the
peak value in the presence of the aquaporins.

Experiment 4: The previous experiment demon-
strated that the introduction of the microenvironment
under the electrode combined with moderate CA
activity can explain the surface pH peak value in the
absence of aquaporins. The current experiment shows
that only a slight increase in the CA activity, in fact,

suffices to cover the dynamical range of the experi-
ment with aquaporin-injected oocyte. In this experi-
ment, we increase the CA-induced enhancement to
A =50 inside the cell and on the membrane, and let
the enhancement factor A° under the electrode vary
from 20 to 50. The quenching parameter is fixed at
v=1pu m/s. The surface pH curves are shown in
figure 8. The simulation shows that the model can
reproduce the dynamical range of the measured peak
values without increasing disproportionally the CA
activity enhancement.

Experiment 5: The previous experiments illustrated
how the different parameters affect the surface pH, which
may be useful for the design of a strategy for estimating the
model parameters from measured data. While the effect of
varying one parameter at the time is fairly straightforward
to understand, the joint effect of changing several para-
meters at once may not be easily predictable, as there may
be effects that partially cancel each other. To elucidate this
point, we run an experiment in which the membrane per-
meability is reduced as in Experiments 1 and 2, but this
time in the presence of the electrode and with carbonic
anhydrase in the minicompartment. Observe that while in
the case of free membrane, the effect of reducing the
membrane permeability is predictable as explained in
Experiment 1, in the presence of the electrode, the situa-
tion is more complex as the membrane permeability
appears also in the auxiliary equation (19), and therefore
affects the gain functional as well. In the following exam-
ple, the quench factor is fixed at value y = 1 um/s, the car-
bonic anhydrase activity in the minicompartment is set to
A = 8.6, while the membrane permeability is reduced by
a multiplicative factor as in Experiments 1 and 2 from the
non-resistive value. The results in figure 9 show that while
the half width of the pH curve increases monotonically as
in the free membrane case, the peak pH value is no longer
monotonic as a function of the permeability reduction.
Starting from the non-reduced value A = 34.2 y m/s and
reducing the permeability by the factor 10~ as indicated
in the figure, the peak pH increases up to value A = 1.08
m/s, after which it starts to decrease, reaching the smallest
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Figure 10. The surface pH curve computed with two different values of the electrode tip distance from the membrane, h = 1 gmand

value A=0.034 ;x m/s at &« =3 in this simulation. The
effect of varying A in the presence of the electrode is pri-
marily not due to the term in (19) depending on the ratio
A/h, since numerical simulations reveal that varying / has
a minimal effect on the output. To verify the latter state-
ment, consider figure 10 in which we compute the
pH curve by varying h across an order of magnitude,
between & = 0.1 ymand & = 1 pum. The curves are almost
perfectly overlaying, only the peak value changes slightly.
Observe that making # significantly greater than h = 1 pym
is not meaningful for the present model, since we are
assuming that the sensor measures the pH right above the
surface of the cell, which means that it should be very close
to the surface, that is, h is the scale of gm which is one
tenth of the diameter of the electrode tip.

4, Discussion and conclusions

This article introduces a reduced complexity model for
following the dynamics of the pH inside and on the outer
membrane of an oocyte under the assumptions that the
pH dynamics arises from the transport of carbon dioxide
through the cell membrane driven by a concentration
gradient across the membrane. The proposed model is
based on the further assumption that the transport of acids
(H™")and bases (HCO3 ) is negligible, and assumes that the
gas transport is described by Fick’s law. The model takes
into account the effects of the presence of the pH electrode
itself, which is hypothesized to be the explaining factor of
the discrepancy between the pH predictions of the radial
free membrane model and the measured values. Numer-
ical evidence using a detailed finite element discretization
supports this hypothesis, however, at the moment a tool
for estimating properties of the membrane from the
surface pH data is still missing. Computer experiments
presented in this article indicate that the proposed model
can produce plausible pH time traces, with a dynamical
range covering well the measured pH values even with

moderate enhancement by the carbonic anhydrase activ-
ity. The next natural step in the study of cross membrane
gas transport is to develop efficient numerical methods for
estimating the model parameters from the measured data,
an endeavor that will be pursued in a forthcoming article.
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Appendix A

In this appendix we present some of the computational
details. The mass balance equations for a system that
does not include the enzyme carbonic anhydrase, are
of the form

k
CO, + H,0 —5 H,CO;,

O = kuy,
k_
H2CO3 —1) COZ + Hzo, @2 = k_luz,
k:
H,CO; —> HCO; + H', ®&; = ku,

k.
H' + HCO; —3 CO, + H,CO5, By = k_susuy,

k
HA —> A + H, & = ksus,

k_
H+ —+ A —3> HA, CDG = k731461/l4.

(25)

Carbonic anhydrase is accounted for by speeding up
the fluxes of the reactions involving carbon dioxide up
by a factor A > 1, thus replacing ki, by Aky;. The
stoichiometric matrix S € R®*® for the system is
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In this appendix we present some details of the radial
finite element model (9).

Consider first the exterior domain r > R. We trun-
cate the domain at some value R, > R, and assume
that the Dirichlet data at r = R are given,

U (Roos ) = 11,00, 1< v <N, (26)

We discretize the spatial part using the Galerkin
approximation with second order piecewise polyno-
mial basis functions. To this end, we divide the interval
[R, R..]in K intervals, or elements, denoted by T}, and
add to each interval an additional node. In this

manner, we obtain the nodes
n=R<n<..<r,=Ry,, n"=2K+1,

where Ty = [rar_1, raxr1], 1 < k < K. We define three
second order shape functions over [0, 1],

o (1) =2(t — 1/2)(t — 1),
0, (1) =4t(1 — 1),
o (1) =2t(t — 1/2).

For a given element T}, we define
F [0, 1] = Ty F() = (1 = Orop—1 + kit = 15

and subsequently we define the three non-vanishing
basis functions over T,

VYok—24e(r) = @ (F (), 1<¢<3.

The basis functions, defined elementwise, constitute a
second order Lagrange basis, satisfying the condition

wp(rq) = 6pqa 1 < P’ 6] g T’l+,

where 6, is the Kronecker symbol.

We multiply the reaction-diffusion equation (5)
above the membrane by Tzi/Jp(T), 1 <p<n', andinte-
grate over the interval [R, R ], to get

9 fR P Hrdr

Rs o 4 ,0uf
= _— —I/ d
R 1/Jp(f) B (HV r 8?‘ ) r

R,
+ YN S, f; Up(NBE(r, rdr. (27)

Integrating by parts, the first term of the expression on
the right assumes the form

A Bocchinfuso et al

Reo O + ,0u
L wpg(/iyr o )dr

+
%y (R

= R ;Rgc
wp( VK or

+
~ @R (g
or

*f ﬁ njrz—au” dr
R dr or
Ou,’

or
R. d +
— f ﬂ Hﬁz% dr,
R dr or
where we used the fact that v,(Ry) = ¥, (r,) = 0

for p < n*. It follows from the conditions (6) on the
membrane boundary that

Re 9 4 ,0u
jl; ¢p§(ﬁpf B )dr

= 6,18 RPN, (R, 1) — u, (R, 1))

Ry d +
— f ﬂ K,;LTZ% dr.
R dr or

To discretize the problem, we write the approximation

— +p2
= — p]HVR

®)

uy (ry 1) = 3 Ug)y(r), (28)
q=1

where U (1) = u, (1, t). At r=r1"= Ry, we

assume a constant Dirichlet condition,
U () = u”

where the concentrations u,° satisfy an equilibrium
condition. In particular, the time derivative at the
boundary vanishes, and the left hand side of (27)
becomes

9 Ry, nt—1 qu‘;‘/
EJ; Up(r)u, (1, t)r2dr = qz::l M;, "

where M7 is the mass matrix with entries

Rm
M;q:j; ptyridr, 1<p<nt,1<q<n
(29)

Consider now the stiffness integral on the right
hand side of (27). Substituting the approximation (28),
we obtain

+
me _51/117 f{lfrz—au” dr
R Or or

= 0 K Uy + Wootts (30)

where the stiffness matrix K has the entries

Ry diy, d
KT —f /€+ﬂﬁ1’2d1’,
R

vha Yodr dr LSpa<nt

(3D
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and

w :f
j214 R

R +%d¢"+r2d

; r, 1<p<nt.
Ydr dr P

(32)
Finally, we approximate the reaction terms by
nt nt—1
Bir, ) = 3 BLOU() = 3 BB,
q=0 q=0

where we used the fact that the fluxes vanish at R
because of the assumed equilibrium. The reaction
term in the equation then becomes

N R
—+ 2
Elsw fR Up (B (r, 1)1 7dr

N nt—1 Ry
=SS Y B [ vy
pn=1 q=1 R
nt—1

M=

+ @t
S D M-
q=1

Before vectorizing the equation, consider the reac-
tion-diffusion equation inside the cell. This time, the
discretization points are

1

I

f=0<n<..<r =R,

and we define the second order basis functions as in
the exterior domain. With a slight abuse of notations,
we denote the basis functions by 7); as in the exterior
domain. Multiplying the reaction-diffusion equation
by *1), and integrating over [0, R], we obtain

%foR Yp(ryu,, (r, t)rdr
R T
[ vt

N R
+zmﬁ¢wmmm%

pn=1

l<p<n. (33)

As before, integrating by parts the first term on the
right, and using the condition that the radial derivative
of u™ atr = 0 must be finite,

RO ( _,0u,
‘/(\) ’lﬂpa(ﬁ]yr W)dr
_,0u,
= Uy (R, R (R)

r

— fR %(nrz—au”)dr
o dr " or

Ou,, R dwp( _ au)
14 R _ _r 2 v d
or ®) j(; dr ot or '

= 618pn RPA(uy (R, 1) — 1, (R, 1))
R 4 -
- f ﬂ(f@,,rz—au” )dr.
0o dr or
We may now define the mass and stiffness matrices
M~ e R"*" and K~ € R" *" as in the exterior
domain. To glue the interior and exterior solutions

together by the boundary condition at the membrane
boundary, we define

= Op ki, R?

A Bocchinfuso et al

Uo | oo L7
U, = U+ er”, ¢, = o eR",

v

n=n +nt—1, (34)

combine the mass and stiffness matrices as

M- O K, O
M = e RN, K, = € R,

[ 0 M+] [ 0 K;]
(35)
and define
w,= |0 [erm (36)
14 W/ b

where W, is a vector of length n™ — 1 with entries
given by (32). Furthermore, we define a coupling
matrix C € R"*" that accounts for the gas transport
with all zero entries except for four of them, which are

_ _ 2
Cov =Cuyrn+1= —R%,

Cn’,n’+1 = Cn’+1,n’ = RZ- (37)
and ,we define the matrix
O =[P - Py] € RN, (38)

With these notations, the Galerkin approximation of

the reaction-diffusion equations assumes the form

du,

dt
+ M(@S),,

M

=-K,U + )\61/,10U1/ + Wuuyoc
1<v<N. (39)

To complete the vectorization, we stack all the vectors
U, into a large vector,

U
U=]: |eRM, (40)
Un
and define the block diagonal matrices
[M
M = eRan nN’
| M
K,
H = ERMN>N, (41)
L KN
and
Wi
W = ERNn xN ,
Wy
Cc
€ = . €RnN>< nN_
)
This allows us to write the full system as
,//;—U = —AU + AU + #'U® + vec(MDS'),
t
(42)

where vec: R"™N — R™ is the operation of stacking
columns of a matrix into a single vector, and
U™ € RY is the boundary value vector containing the
equilibrium values at the outer boundary.
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The ODE system obtained in this manner is stiff,
but can be solved by using built-in stiff numerical time
integrators.
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