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ABSTRACT: Advances in quantum computation for electronic
structure, and particularly heuristic quantum algorithms, create an
ongoing need to characterize the performance and limitations of
these methods. Here we discuss some potential pitfalls connected
with the use of hardware-e!cient Ansaẗze in variational quantum
simulations of electronic structure. We illustrate that hardware-
e!cient Ansaẗze may break Hamiltonian symmetries and yield
nondi"erentiable potential energy curves, in addition to the well-
known di!culty of optimizing variational parameters. We discuss
the interplay between these limitations by carrying out a
comparative analysis of hardware-e!cient Ansaẗze versus unitary
coupled cluster and full configuration interaction, and of second-
and first-quantization strategies to encode Fermionic degrees of
freedom to qubits. Our analysis should be useful in understanding potential limitations and in identifying possible areas of
improvement in hardware-e!cient Ansaẗze.

■ INTRODUCTION
Recent years have witnessed remarkable research in the
simulation of many-body quantum systems by quantum
computing algorithms.1−6 A prominent application targeted
by quantum algorithms is the electronic structure (ES)
problem, namely solving for the ground or low-lying
eigenstates of the electronic Schrödinger equation for atoms,
molecules, and materials. Research in this direction has
delivered important results in the calculation of potential
energy curves, ground- and excited-state energies, and
correlation functions7−10 for various electronic systems.
Variational quantum simulations are among the most

widespread strategies to carry out ES calculations on quantum
computers today.6,11 These include the variational quantum
eigensolver (VQE) algorithm.11 Within VQE, one defines an
Ansaẗz approximating the ground state of a target Hamiltonian,
i.e., a set of wave functions obtained by applying a
parametrized quantum circuit to an input state. Central to
the accuracy and computational cost of a variational quantum
simulation is the construction of an Ansaẗz with which to
explore the space of approximate solutions to the target
problem.
Hardware-e!cient Ansaẗze8 are families of wave functions

designed with the primary goal of being compatible with the
budget of near-term quantum hardware in terms of qubit

number and connectivity, native gates of the device, and circuit
depth. While hardware-e!cient Ansaẗze are a useful support in
the demonstration of VQE and other variational quantum
algorithms, their application to the ES problem remains to be
fully understood and established.
In this study, we explore some potential pitfalls in the use of

quantum computing hardware-e!cient Ansaẗze in ES theory,
using deviations between the computed and exact (or full
Configuration Interaction, FCI) properties as an indicator of
algorithmic quality. We observe that hardware-e!cient Ansaẗze
can break Hamiltonian symmetries, a conceptually important
but often overlooked aspect of quantum simulations.
Furthermore, shallow Ansaẗze can yield nondi"erentiable
potential energy curves, leading to ill-defined nuclear forces.
Furthermore, the optimization of variational parameters is a
challenging and expensive operation. Indeed, it is well-known
that hardware-e!cient Ansaẗze can exhibit barren plateaus,
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where under certain conditions the gradient of the cost
function vanishes exponentially with system size.12
The remainder of this work is organized as follows: after

describing the methods used in this work, we present and
discuss the results of this study. Supporting Information
(Supporting Information) contains additional computational
and algorithmic details, together with the schema of a
repository which can be used to store results from this study
and other studies that evaluate the properties of new hardware
Ansaẗze.

■ METHODS
In this section, we describe the systems and methods studied in
this work, the potential pitfalls of hardware-e!cient Ansaẗze in
the study of ES, and the metrics used to assess them.
Target Molecules. In this work, we focused on a set of five

molecular species, namely, LiH, BH, HF, BeH2, and H2O. The
LiH, BH, HF, BeH, and OH bond lengths R varied 0.9−5.3,
0.7−3.5, 0.7−4.5, 0.7−4.5, and 0.7−3.3 Å, respectively. These
molecular species, proposed in previous work,8,10,13 allow
testing of hardware-e!cient variational Ansaẗze along the
breaking of one (LiH, BH, and HF) or two (BeH2 and H2O)
covalent bonds, and in the presence of dominant dynamic
(small R) or static (medium to large R) electronic correlation.
For each species, a restricted closed-shell Hartree−Fock

calculation was performed, as specified in section II of the
Supporting Information. The Born−Oppenheimer Hamilto-
nian

H E h c c
qs

c c c c
(pr )

2pq p q

pqrs

p q s r0
pr

= + + |† † † † † †

(1)

was computed, along with auxiliary operators X̂, i.e., the
number (of electrons), spin-z, and total spin operators
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where Nf is the number of electrons in frozen (closed-shell)
orbitals. In this study, we used a minimal STO-6G basis. While
these problems are notoriously modest in size, they allow us to
observe and discuss important potential limitations of
hardware-e!cient variational Ansaẗze.
Qubit Encodings. In the majority of quantum algorithms

for contemporary devices, the Hamiltonian eq 1 and the
auxiliary operators eq 2 are mapped onto linear combinations

H c ,
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q

k k

= =
= = (3)

of Pauli operators acting on a certain number nq of qubits. In
eq 3, σ00,01,10,11 = 1, X, Z, Y is a single-qubit Pauli operator, ci is
a real-valued coe!cient, and the summation ranges over np
terms. The rationale behind this choice is that a Pauli operator
acting on k qubits can be exponentiated with a circuit of up to
4k − 1 gates and measured using a single layer of k single-qubit
gates, which makes the representation eq 3 suitable for near-
term quantum devices.
In this study, we employed both first-quantization and

second-quantization encodings. First-quantization establishes a

one-to-one mapping between the Hilbert space spanned by a
set of K space- and spin-adapted configuration-state functions
(CSFs) and the Hilbert space of nq = ⌈log2 K⌉ qubits. Second-
quantization establishes a one-to-one mapping between the
Fock space of electrons in M spatial orbitals and the Hilbert
space of nq = 2M qubits. First-quantization encodings
automatically ensure access to symmetry-adapted many-
electron wave functions and require fewer qubits than their
second-quantization counterparts since ⌈log2 K⌉ ≤ 2M.
Furthermore, first-quantization encodings lead to sparse
operators which can be e!ciently exponentiated,14 and the
exponential operators can then be used to measure their
expectation values with the quantum phase estimation
algorithm.15 Notwithstanding these desirable features of first-
quantization encodings, the exponentiation of sparse operators
and the use of such exponentials inside quantum phase
estimation or variational algorithms are expensive operations,
beyond the capabilities of near-term quantum devices. On
these devices, operators are more conveniently expressed as
linear combinations of a certain number np of Pauli operators
acting on nq qubits. However, such first-quantization
representations lead to an np that scales exponentially with
nq. This translates to a polynomial scaling with K, which in turn
increases combinatorially with system size. Additional technical
details are provided in the following subsection.
Second-quantization encodings give rise to a compact

representation of the Hamiltonian and of auxiliary operators
eq 2 as linear combinations of a polynomial number of Pauli
operators16,17 but allow the possibility that Hamiltonian
symmetries are broken (vide infra). The issue of symmetry-
breaking can be alleviated in various ways. For example, one
can restrain the expectation value of a target observable (e.g.,
spin) to a desired value by performing a variational
optimization that includes a penalty term. While this strategy
does not ensure access to an eigenstate of the target
observable, deviations from an eigenstate can be assessed by
computing variances, for example. Another way to alleviate
symmetry-breaking is to project a wave function inside a target
subspace of the Hilbert space. This projection removes
symmetry-breaking by construction and allows assessment of
the severity of symmetry-breaking by computing the expect-
ation value of the projector.
In this work, in second-quantization simulations, we

alleviated symmetry-breaking by combining the parity mapping
with the two-qubit and tapering techniques.18,19 The former
removes two qubits to ensure the conservation of the parity
operators ( 1)N and ( 1)N , and the latter identifies a
subgroup of the molecular orbital symmetry group isomorphic
to k

2
◊ and removes k qubits to ensure the simulated wave

functions lie in a target irreducible representation of the
identified abelian subgroup.18,19 The species studied here have
molecular orbital symmetry groups (C∞v for LiH, BH, and HF,
D∞h for BeH2, and C2v for H2O) isomorphic to 2 2◊ so
that the combined use of two-qubit reduction and tapering
leads to nq = 2M − 2 for LiH (since the calculations on LiH
used only 4 spin orbitals arising from 2s and 2pz), nq = 2M − 5
for BeH2, and nq = 2M − 4 otherwise.

First-Quantization Encoding. To carry out simulations in
first-quantization, we employ20−24 a basis of Slater determi-
nants xi i

n
0
1c{ } = of ne = Nα + Nβ electrons in M spatial orbitals

(specifically the MOs from a restricted closed-shell HF
simulation). The number of such determinants is
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( )( )n M
N

M
Nc = . We then select determinants in the same

irreducible representation (irrep) of the molecular orbital
symmetry group to which the HF state belongs, i.e., the totally
symmetric irrep in the Abelian point group relevant to the
present work. On the basis of such determinants, we construct
the Hamiltonian and total spin matrices

H H S Sx x x x,
ij i j ij i j

2= | | = | | (4)

We diagonalize the total spin matrix obtaining a basis of
configuration-state functions (CSFs), Sijϕjμ = sμϕiμ, out of
which we select singlet CSFs (μ such that sμ = 0). Finally, we
project the Hamiltonian matrix in the singlet subspace,
constructing the operator
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where K is the number of singlet CSFs in the target irrep. In
some cases, K 2nq= for some number of qubits nq, in which
case H̃ can be represented as a qubit operator by expanding it
on the Hilbert−Schmidt basis,

H
HTr

2nvw
vw

vw
q

= [ ]
(6)

In general, K2 2n n1q q< < for some integer nq, and H̃ can
be represented as a qubit operator in at least two ways:

1. by “trimming” the matrix H| | removing a subset of
K 2n 1q CSFs. In the present work, we chose to
compute the ground-state wave function of H̃, |ψ0⟩ =
∑μcμ|ϕμ⟩ and to retain the 2n 1q CSFs with the largest
coe!cients in magnitude |cμ|.

2. by introducing a set of K2nq additional basis
functions, called unphysical basis function, “padding”
the matrix H to produce a 2 2n nq q◊ matrix, and
introducing a projector onto the span of physical basis
functions,

In this work, we chose λ = 104 Eh. When first-quantization
calculations are carried out within the “padding” scheme, qubit
wave functions may have a component outside the “physical”

subspace (the image of the projector Π̂). To remove such
unphysical wave functions, two schemes can be deployed:

1. Variation-after-projection (VAP).25,26 The following
cost function is optimized,

E J( ) ( ) ( ) ( ) ( )vap = | | | | (8)
(i.e., the wave function |Ψ(θ)⟩ is first projected in the
physical subspace), and the energy is then optimized.

2. Projection-after-variation (PAV).27−29 The cost function

E J( ) ( ) ( )pav = | | (9)
is optimized, and the energy is then computed with eq 8,
i.e., over a projected wave function.

In this study, we employ the VAP scheme, as it yields more
accurate results than the PAV scheme.25,26 It should be noted
that both schemes may yield very inaccurate results when the
qubit wave function lies predominantly outside the physical
subspace, i.e., when P ( ) ( ) 1= | | .

Target Variational Ansätze. In this study, we elected to
explore the behavior of the variational quantum eigensolver
(VQE) algorithm,11 due to its widespread adoption in the
community. This method defines a set of Ansaẗz states
approximating the ground state of a target Hamiltonian, of the
form

U( ) ( ) 0| = | (10)

where θ ∈ [0, 2π) is an array of angles that define a
parametrized quantum circuit Û(θ), applied to a register of nq
qubits prepared in a standard initial state |Φ0⟩, for example.

n0 q0| = | . The best approximation to the ground state in
the set of Ansaẗz states is found by minimizing the energy

E H( ) ( ) ( )VQE = | | (11)

as a function of the parameters θ using a classical optimization
algorithm. Once the parameters are optimized, the auxiliary
observables eq 2 can be measured, yielding results

X X X N S S( ) ( ) ( ) , , ,e zVQE
2= | | = (12)

This algorithmic workflow, termed variational quantum
eigensolver (VQE) in the quantum simulation literature, is a
technique for ground-state wave function approximation. Its
accuracy, computational cost, and potential pitfalls are
determined by the details of the circuit Û(θ). We now outline
the three hardware-e!cient Ansaẗze studied in this work.

Hardware-E!cient Ry. Hardware-e!cient Ansaẗze are
families of wave functions designed with the primary goal to be
compatible with the budget of near-term quantum hardware in

Figure 1. Quantum circuits implementing the linear- and full-connectivity Ry Ansaẗz, with nq = 4 qubits and nl = 2 layers (left, right respectively).
The illustrated circuits have a computational basis state or a bit-string, i.e., a tensor product of the form xx k

n
k0

1q| = |= with xk ∈ {0, 1}, as initial
state. |0⟩ is the ground state of a single qubit, and |1⟩ can be prepared starting from a qubit in |0⟩ by applying a single-qubit rotation of an angle π
around the x axis of the Bloch sphere, Rx(π) = exp(−iπX/2).
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terms of available qubits, connectivity, native gates, and circuit
depth. An example is the following Ry Ansaẗz,8

R
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where |Φ0⟩ is an initial wave function (here, the restricted
closed-shell Hartree−Fock state), nq is the number of qubits,
Ry,i(θ) = exp(−iθYi/2) is a Y-rotation (i.e., a rotation of an
angle θ around the y axis of qubit i’s Bloch sphere), ciNOTj is a
CNOT gate with control qubit i and target qubit j, and nl is an
integer denoting the number of times a layer of entangling
gates followed by a layer of Y-rotations is repeated.
In this study, we focused on the linear-connectivity and full-

connectivity Ry Ansaẗze, given by

C i i i n

C i j i j n i j

( , 1), 0 ... 2 ,

( , ), , 0 ... 1,

q

q

linear

full

= { + = }

= { = } (14)

respectively. Examples of linear- and full-connectivity Ry
Ansaẗze are shown in Figure 1. We note that other choices
of connectivity are possible and that eq 14 exemplifies two
opposite regimes.
Cascade. In standard qubit representations, the Hartree−

Fock state is mapped onto a computational basis state, or a bit-
string, x xi

n
i0 0

1q| = | = |= . When applied to an initial state
of the form |Φ0⟩ = |x⟩, the Ry Ansaẗz with θ = 0 returns a bit-
string |x′⟩ potentially with di"erent properties than |x⟩, e.g.,
higher energy and higher/lower particle number. In some
situations, it is desirable to employ Ansaẗze with the property
that Û(0) = 1, so that the starting point of the optimization is
the energy of the initial state (usually the Hartree−Fock state).
An example is the following Ansaẗz, which we term “cascade”,
illustrated in Figure 2 and defined by the equation

C C( ) ( ... ) ( ... )

( ... )
k

n

k
n

k
n

k
n

k

n
1

2 1 1 0

0
1

0
0

0

l
q q q

q

| = [ ]

|
=

†

(15)

where C c NOT ... c NOTn n2 1 0 1q q
= is a ladder of CNOT gates

applied to adjacent qubits and is a product of Y-rotations,
exactly as in the Ry Ansaẗz. As seen, the presence of C and C†

ensures that Û(0) = 1. Furthermore, as in other Ansaẗze,30,31
given a wave function with nl repetitions and optimized
parameters nl, a wave function with nl + 1 repetitions can be
initialized from the parameter configuration 0( , )n n1l l

=+ so

that the VQE energy, unlike that from the Ry Ansaẗz, decreases
monotonically with nl.

Unitary Coupled-Cluster with Singles and Doubles.
To assess the accuracy of the hardware-e!cient Ansaẗze and
highlight their potential pitfalls, in this work, we will compare
them against full configuration interaction (FCI) and the
quantum unitary coupled-cluster (q-UCC) method.
The quantum unitary coupled-cluster (q-UCC) method is

based on the exponential Ansaẗz; i.e., the exact wave function
(within a chosen one- electron basis) is written as32−37

eT T
gs 0| = |

†

(16)

where Φ0 is typically an independent-particle function (here,
the Hartree−Fock state) and T̂ is a cluster operator which, at
the singles and doubles level (q-UCCSD), is truncated to

T T T T t c c

T t c c c c

, ,

1
4

ai
i
a

a i

abij
i j
a b

a b j i

1 2 1

2

= + =

=

† †

† † † †

(17)

where tiσaσ and tiσjτaσbτ are a set of unknown cluster coe!cients. We
have adopted the convention that i, j, k, l and a, b, c, d refer to
occupied and unoccupied orbitals in the reference state Φ0,
respectively.
Equation 17, presented in previous literature38 along with

the corresponding quantum circuit, is an unrestricted Ansaẗz,
which is not guaranteed to yield an eigenfunction of total spin.
If a closed-shell spin-adapted formalism is used, then, following
Paldus,39 Scuseria et al.,40 and Szalay et al.,41 one needs

t t ti
a

i
a

i
a= = (18)

since the two other possible spin combinations are vanishing.
Only 6 of the 16 possible spin combinations for the two-
electron amplitudes are nonzero, namely

t t t t t t

t t t

, ,i j
a b

i j
a b

ij
ab

i j
a b

i j
a b

ij
ab

i j
a b

i j
a b

ij
ab

= = = =

= = (19)

Using the relations

t t t t t t t,ij
ab

ij
ab

ij
ab

ij
ab

ji
ab

ij
ba

ji
ba= + = = = (20)

one is left with only one set of independent two-electron
amplitudes tij

ab with a ≤ b, i ≤ j, and (ai) ≤ (bj). In addition to
reducing the number of variational parameters, the use of a
closed-shell spin-adapted formalism ensures that the cluster
and total spin operators commute, T S, 02[ ] = .
Implementing the exponential in eq 16 on a quantum

computer is not straightforward. Here, we illustrate the e"ect

Figure 2. Quantum circuit implementing the cascade Ansaẗz, with nq = 4 qubits and nl = 2 layers.
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of operator order and Trotter approximation on the accuracy
and spin symmetry-breaking properties of q-UCCSD.42,43 It is
important to remark that the Trotterized form of q-UCC is not
exact and is order-dependent.37 Order independence and
exactness can be restored by Lie algebraic closure of the
generator set.44
Properties Studied. The quantum information science

community has already identified the variational optimization
of parameters as a bottleneck of hardware-e!cient (and other)
Ansaẗze, due to the presence of barren plateaus.12 In our study,
we illustrate that the limitations of hardware-e!cient Ansaẗze
in their application to ES are even more profound and
nuanced. Hardware-e!cient Ansaẗze can break Hamiltonian
symmetries, e.g., yielding wave functions that do not have a
well-defined spin or particle number. Furthermore, they can
lead to potential energy curves that are not di"erentiable with
respect to nuclear coordinates, leading to ill-defined forces.
Finally, even supplying adequate initial guesses for the
parameter optimization may be challenging. These pitfalls are
so pronounced that they are exhibited even by closed-shell
molecular species at the STO-6G level of theory. Furthermore,
their interplay is rather subtle. After illustrating the limitations
of hardware-e!cient Ansaẗze for a set of second-quantization
problems, we perform a comparative analysis of data, to
illustrate the interplay between nondi"erentiability, symmetry-
breaking, and challenging optimization.
For the small molecules studied here, the exact solution of

the Schrödinger equation can be accessed using FCI. A natural
metric45−48 to assess the accuracy of a variational simulation is
therefore the di"erence between the computed and exact
ground-state energy (in the same one-electron basis),

E E E( )VQE FCI= (21)

The computation of total energies and deviations from FCI
across dissociation profiles also allows exploration of the
conditions under which hardware-e!cient Ansa ̈tze yield
nondi"erentiable potential energy curves.
As mentioned at the beginning of this section, symmetry-

breaking is a pitfall of hardware-e!cient Ansaẗze. The ES
Hamiltonian has several symmetries, i.e., operators X̂ such that
H X, 0[ ] = . In the presence of Hamiltonian symmetries, the
search for Hamiltonian eigenfunctions has to be restricted to
eigenspaces of X̂ with known eigenvalues. Relevant Hamil-
tonian symmetries are the auxiliary operators eq 2 and, for the
molecules studied in the present work, the ground state should
lie in the eigenspaces of Sz and S

2 with eigenvalue zero, and of
N̂ with eigenvalues 2 for LiH, 4 for BH and BeH2, 6 for H2O,
and 8 for HF. To assess whether a variational simulation leads
to symmetry-breaking, and to quantify its extent, we computed
the di"erences

N N N S S S

S S S

( ) , ( ) ,

( )

z z zVQE FCI ,VQE ,FCI

2
VQE

2
FCI

2

= =
= (22)

between the calculated and exact ground-state particle number,
spin-z, and total spin.

■ RESULTS AND DISCUSSION
The overall strategy for the calculations performed in this work
involved initial preprocessing by the classical quantum
chemistry code PySCF49,50 (as detailed in section II of the
Supporting Information) to generate optimized Hartree−Fock

orbitals, Hamiltonian coe!cients, and FCI energies and
properties, before performing computations with quantum
simulators. The restricted Hartree−Fock (RHF) singlet state
was chosen as the initial state for all of the calculations
described here, since experience has indicated that this state is
a good choice for various chemical problems.34 Details about
the molecular orbitals and the FCI natural orbitals are in
section II of the Supporting Information.
Having selected a set of single-electron orbitals for each

studied species, we performed VQE computations with
quantum simulators. We used IBM’s open-source Python
library for quantum computing, Qiskit.51 Qiskit provides tools
for various tasks, for example, creating quantum circuits and
performing quantum simulations. In particular, it contains an
implementation of the VQE algorithm.
Following the VQE protocol, we then minimized the

expectation value of the Hamiltonian with respect to the
parameters of the circuit, θ. To carry out the minimization, we
employed the classical optimization methods L_BFGS_B and
conjugate gradient.52,53 In many cases, to determine the lowest
energy along the dissociation path, we performed multiple
VQE calculations using di"erent initial parameters. Once the
VQE was complete, we obtained the optimized variational
form and the estimate for the ground-state energy. In addition,
we measured the set of auxiliary operators; see eq 2 to
investigate the degree of symmetry breaking.

Second-Quantization Simulations. In Figures 3 and 4,
we show the ground-state energy and auxiliary properties (as
indicators of symmetry-breaking) of the H2O molecule within
second-quantization encoding.
For the bond lengths and Ansaẗze studied here, energies

typically decrease monotonically with the number of Ansaẗz
layers nl. As naturally expected, hardware-e!cient Ansaẗze are
outperformed by q-UCCSD, since the latter is constructed

Figure 3. Total energy (top chart) and deviation between computed
and exact total energy (bottom chart) using the Ry (with linear- and
full-connectivity), cascade, and q-UCCSD Ansaẗze (left to right), for
the H2O molecule at the STO-6G level.
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starting from the natural excitations of the system (i.e.,
electronic transitions from occupied to virtual orbitals), rather
than from application-agnostic circuits.
Interestingly, the linear-connectivity Ry Ansaẗz typically

outperforms its full-connectivity counterpart, achieving more
accurate results with fewer quantum resources. Furthermore, a
cascade Ansaẗz with nl layers performs approximately as well as
a linear-connectivity Ry Ansaẗz with 2nl layers.
The most challenging regime is the intermediate dissociation

region (R ≃ 2−3 Å), where the energies from hardware-
e!cient Ansaẗze are more than 100 milliHartree above the FCI
value and clearly display cusps. Since calculations were
carefully converged, these cusps are likely not a product of
unconverged parameters but rather a genuine limitation of the
underlying Ansaẗze, which stands to impact the computation of
energy gradients and lead to nonphysical forces.
It should be noted that an inaccurate performance by

hardware-e!cient Ansaẗze and q-UCCSD is accompanied by a
pronounced breaking of the spin symmetry: the total spin of
low-depth Ry Ansaẗze evolves from S2 = 0 at short R toward a
mixture of singlet and triplet at large R. Ansaẗz inaccuracy and
symmetry-breaking; however, are not perfectly correlated. The
largest deviations between VQE and FCI energies occur in the
intermediate dissociation region, where symmetry-breaking
starts to develop due to a larger static correlation; on the other

hand, spin symmetry-breaking is most pronounced at
dissociation (R ≥ 3 Å), where the VQE energy is in better
agreement with FCI. In the dissociation limit, multiple excited
states with higher spin have the same energy as the singlet. We
attribute the combination of pronounced symmetry-breaking
and high accuracy of energies in the dissociation limits to the
fact that simulations target high-spin states nearly degenerate
with the singlet ground state. Note that symmetry-breaking
also occurs in q-UCCSD calculations (vide infra).
The pitfalls of hardware-e!cient Ansaẗze illustrated in

Figures 3 and 4 are especially pronounced for the H2O
molecule where two bonds are broken simultaneously.
However, they are general features: for example, as listed in
Table 1 and shown in section V of the Supporting Information,

they a"ect other molecules, albeit to di"erent extents. BeH2
exhibits pronounced symmetry-breaking as highlighted by S2,
Sz, and Ne (also in this case two bonds are broken). HF and
BH are also a"ected by symmetry-breaking and nondi"erenti-
ability of potential energy curves. Even LiH, a two-electron
system that has an exact solution from any classical method
with single and double excitations (e.g., CCSD), is a"ected by
symmetry-breaking.

Optimization of Cascade and Ry Ansätze. In Figure 5
we show the optimization of cascade and Ry-linear Ansaẗze for
H2O near the equilibrium geometry. Optimizations are carried
out using BFGS. In both cases, the nl = 1 calculation is
initialized from θ = 0. Given a set of optimized parameters for

Figure 4. Deviation between computed and exact electron number,
total spin, and spin-z (top to bottom) using the Ry (with linear- and
full-connectivity), cascade, and q-UCCSD Ansaẗze (left to right), for
the H2O molecule at the STO-6G level.

Table 1. Maximum Absolute Di!erences between
Computed and Exact Particle Number, Total Spin-z, Total
Spin, and Ground-State Energy for All the Molecules in
This Studya

molecule ΔNe ΔSz[ℏ] ΔS2[ℏ] ΔE[Eh] cusps
H2O 0.013 0.024 2.00 0.189 yes
BeH2 0.012 0.033 2.00 0.201 yes
BH 0.002 0.001 2.00 0.083 yes
HF 0.001 0.000 1.00 0.069 yes
LiH 0.002 0.001 1.00 0.018 no

aThe maximum is identified over all studied bond lengths, Ansaẗz, and
numbers of layers (see section V of the Supporting Iinformation). The
last column indicates whether potential energy curves by hardware-
e!cient Ansaẗz display cusps.

Figure 5. Energy (top) and energy gradient (bottom) during the
optimization of cascade (left) and linear-connectivity Ry (right) for
the H2O molecule at R = 1.1 Å.
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nl, the nl + 1 calculation is initialized initialing the extra
parameters with zeros. As seen, cascade features a monotoni-
cally decreasing energy with nl, whereas Ry optimizations do
not. However, the total number of iterations is roughly the
same for both Ansaẗze.
We note that, as nl increases, optimizations become noise-

dominated (see, e.g., small gradient of cascade for nl = 4). This
behavior makes very challenging to simultaneously converge
energy, and properties within 10−2, across dissociation.
Symmetry-Breaking in q-UCCSD Calculations. The q-

UCCSD calculations reported in Figures 3 and 4 are spin-
unrestricted, employ the primitive Trotter approximation to
exponentiate the cluster operator, with exponentials of singles
before exponentials of doubles. This choice led to a spin-
contaminated solution for H2O at large R, see Figure 4. It is
well-known that the Trotterized form of q-UCC is not exact
and order-dependent.37,44 The details of the algorithmic
implementation of a Trotterized q-UCC have an e"ect on its
ability to produce eigenstates of total spin. In Figure 6, we

compare the energies and total spins of restricted closed-shell
and unrestricted q-UCCSD, approximated with primitive
Trotter and second-order Suzuki product formulas and nl =
1 layers, with singles followed by doubles and doubles followed
by singles, for the H2O molecule at the STO-6G level. The
quantum circuits used to implement the q-UCCSD Ansaẗz in a
Jordan-Wigner representation are illustrated in section III of
the Supporting Information.
As seen, the unrestricted Ansaẗz yields lower energies at

large R, albeit with a significant spin contamination (a
phenomenon analogous to the Coulson−Fischer54 instability
of mean-field theories). The restricted Ansaẗz, though leading
to higher energies, features a modest spin contamination
entirely caused by the Trotter approximation,

Figure 6. Deviation between computed and exact energy (top) and total spin (bottom), for the restricted closed-shell (left) and unrestricted (right)
q-UCCSD Ansaẗze with nl = 1 layers, for the H2O molecule at the STO-6G level, using Trotter and Suzuki approximations (warm, cold colors) and
with singles followed by doubles and doubles followed by singles (light, dark colors).

Figure 7. (a) Total energy, deviation between computed and exact total energy using a first-quantization encoding and a trimming procedure for
qubit reduction, and energy error from the trimming procedure (top to bottom) for the H2O molecule at the STO-6G level using the cascade
Ansaẗz. (b) Total energy, deviation between computed and exact energy, and squared-norm of the physical component of the wave function (top to
bottom) for the H2O molecule at the STO-6G level using a first-quantization encoding with padding and a cascade Ansaẗz optimized with the
variation-after-projection scheme. (c) Same as (b), with a linear-connectivity Ry Ansaẗz.
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where nl is the number of Trotter steps and ci i vwi i
is a qubit

representation of O O
† (see section III of the Supporting

Information for details). Symmetry-breaking phenomena are
milder when a second-order Suzuki product formula is used,
and deviations with FCI are more modest when doubles are
followed by singles. This is not unexpected,42 since the mean-
field reference state only couples with doubles due to
Brillouin’s theorem.
In particular, a proper singlet wave function can be obtained

without any accuracy loss by using a restricted closed-shell
implementation of q-UCCSD, Suzuki approximation, doubles
before singles, and nl = 2 layers. We remark that q-UCCSD
does not feature barren plateaus in the parameter optimization;
this is a simple manifestation of the fact that symmetry-
breaking and di!cult parameter optimization are not perfectly
correlated.
First-Quantization Simulations. Second-quantization

make use of the full Fock space of electrons in m spatial
orbitals. As observed in the previous section, this choice can
lead to various symmetry-breaking phenomena, due to qubit
wave functions having a component outside the target
subspace (e.g., Ne = Nα + Nβ, Sz = (Nα − Nβ)/2, and S2 =
Sz(Sz + 1)ℏ).
A possible strategy to remedy such a pitfall of hardware-

e!cient data is to rely on a first-quantization encoding, which
automatically gives access to eigenfunctions of particle number,
spin, and molecular orbital point-group symmetry.
In Figure 7a,b, we computed ground-state potential energy

curves for H2O using the cascade Ansaẗz and the “trimming”
and “padding” schemes. In Figure 7c, we use instead the linear-
connectivity Ry Ansaẗz. In this framework, cascade simulations
with nl = 3 or greater agree with the exact ground-state energy
of the trimmed Hamiltonian within 25 microHartree.
However, the trimming itself leads to a deviation between
the FCI energy of the trimmed and that of the original first-
quantized Hamiltonian, which is up to 0.1 milliHartree. We
also remark that all potential energy curves exhibit cusps. The
squared-norm P of the physical component of the wave
function reaches values as small as 2 × 10−1 and 1 × 10−2 for
cascade and Ry, respectively. Such a phenomenon indicates
that, for both Ansaẗze, lowering the energy is accompanied by
leakage of the wave function outside the physical subspace.
The first-quantization data presented in this section indicate

that discontinuities in the potential energy curves can be
observed in the absence of symmetry-breaking; hence, the two
phenomena are not perfectly correlated.
Computational Cost. Agreement with FCI within 1.6

milliHartree (1 kcal/mol) and smoother potential energy
curves are only achieved, for second-quantization simulations,
by increasing nl to the values listed in Table 2. The energies of
such Ansaẗze are shown in Figure 8. As seen, 1 kcal/mol was
reached for all molecules except for BeH2 with the Ry Ansaẗz
and full-connectivity, where even nl = 10 leads to energies
more than 1.6 milliHartree above FCI. To achieve kcal/mol
accuracy, q-UCCSD calculations required nl = 1 layers for BH,

HF, and nl = 2 layers for BeH2 and H2O. This likely arises in
the latter cases since two covalent bonds are broken
simultaneously, and a second repetition of the q-UCCSD
Ansa ̈tz includes the e"ect of disconnected quadruple
excitations.
The computational cost of the circuits implementing the

hardware-e!cient Ansaẗze in Figure 8 is listed in Table 2,
along with first-quantization simulations in Figure 7 and
section V of the Supporting Information. The computational
cost is estimated considering the number of qubits nq, number
of layers nl, number of gates ng (both 1 qubit and 2 qubits),
depth d of the variational circuit, number of Pauli operators in
the Hamiltonian np, and number of variational parameters nθ.
Note that ng is the number of gates in the circuit diagram.
Many topologies of quantum architectures restrict interactions
to adjacent qubits, which in turn may increase the latency of
quantum circuits compiled to these architectures. More
practically, a network of SWAP gates has to be introduced in
the circuit to allow entangling gates between nonadjacent
qubits. The nature of such a SWAP network depends on the
device connectivity, the compiler used, and the circuit
structure (for example, linear-Ry and cascade benefit from
linear qubit connectivity whereas full-Ry benefits from all-to-all

Table 2. Computational Cost of Second-Quantization
(Top) and First-Quantization (Bottom, with Padding
Scheme) Simulations Carried out in This Worka

molecule nq Ansaẗz nl d nθ ng
H2O 6 Ry-linear 8 50 54 (54,40)

Ry-full 7 114 48 (48,112)
cascade 4 50 54 (54,40)

BeH2 7 Ry-linear 10 72 77 (77,60)
Ry-full 10 222 77 (77,220)
cascade 6 86 91 (91,72)

HF 6 Ry-linear 5 32 36 (36,25)
Ry-full 3 50 24 (24,48)
cascade 3 38 42 (42,30)

BH 6 Ry-linear 8 50 54 (54,40)
Ry-full 8 130 54 (54,128)
cascade 4 50 54 (54,40)

LiH 4 Ry-linear 3 14 16 (16,9)
Ry-full 3 23 16 (16,21)
cascade 2 18 20 (20,12)

molecule nq Ansaẗz nl d nθ ng
H2O 6 Ry-linear 5 32 36 (36,25)

Ry-full 5 82 36 (36,80)
cascade 3 38 42 (42,30)

BeH2 6 Ry-linear 5 32 36 (36,25)
Ry-full 5 82 36 (36,80)
cascade 3 38 42 (42,30)

HF 3 Ry-linear 5 17 18 (18,10)
Ry-full 5 22 18 (18,20)
cascade 3 20 21 (21,12)

BH 5 Ry-linear 5 27 30 (30,20)
Ry-full 5 57 30 (30,55)
cascade 3 32 35 (35,24)

LiH 3 Ry-linear 5 17 18 (18,10)
Ry-full 5 22 18 (18,20)
cascade 3 20 21 (21,12)

anq and nl indicate the number of qubits and the highest studied
number of layers. nθ, ng, and d denote numbers of parameters, gates
(single- and two-qubit), and circuit depth.
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connectivity). We have chosen to base the calculation of the
computational cost on the circuit, which is agnostic to any
assumptions about hardware connectivity.
An important observation is that the number of variational

parameters is comparable with the dimension 2nq of the nq-
qubit Hilbert space. This is an indication that hardware-
e!cient Ansaẗze need to be highly expressive (which is
achieved by covering a significant portion of the Hilbert space)
so that a close approximation of the desired solution can be
accessed. On the other hand, the expressivity of these Ansaẗze
comes at the cost of flatter cost function landscapes and
therefore more di!cult parameter optimization.55
We remark that the circuits required to reach 1.6

milliHartree accuracy have depths up to 114 layers of gates,
which makes them challenging to implement on contemporary
hardware given the high fidelity required by electronic
structure.

■ DETAILS OF DATA AVAILABILITY
We outline the schema of a repository that stores the results to
provide value to other researchers and which can be extended
in future studies to illustrate the properties of other hardware
Ansaẗze.
The schema is illustrated in Figure 9. The results in this

study, organized with respect to this schema, can be publicly
accessed on GitHub.56 Details of the format of the data within

the folders can be found in section I of the Supporting
Information.

■ CONCLUSIONS
In this work, we discussed some potential pitfalls connected
with the use of variational quantum computing Ansaẗze in
electronic structure. We considered Ansaẗze routinely used for
simulations on contemporary hardware and studied their
behavior using noiseless simulations, i.e., assuming a perfect
device not a"ected by decoherence.
Along with the well-known issue of challenging parameter

optimization, we observed that hardware-e!cient Ansaẗze may
break Hamiltonian symmetries and yield potential energy
curves that are nondi"erentiable. A considerable number of
layers may also be required to give results within 1 kcal/mol of
FCI, thus making these calculations considerably more
expensive and thus less suitable for near-term quantum
hardware.
We observed that these phenomena are not perfectly

correlated with each other: the analysis of Trotterized q-
UCCSD data indicate that symmetry breaking may occur in
the absence of challenging parameter optimization or non-
di"erentiable potential energy curves; the analysis of first-
quantization data, that challenging parameter optimization, and
nondi"erentiable potential energy curves may be observed in
the absence of spin symmetry breaking.

Figure 8. Deviation between computed and exact total energy for the BH, HF, BeH2, and H2O molecules at the STO-6G level (counterclockwise)
using the Ry (with linear- and full-connectivity), cascade, and q-UCCSD Ansaẗze (red circles, orange squares, green crosses, and blue markers) with
the highest computed number of layers. The dotted black line refers to a di"erence with the FCI energy of 1 kcal/mol.

Figure 9. Organization of the repository accompanying this study. Data under hardware_ef f icient (red), qUCCSD (orange), trim (light green),
projection_af ter_variation (dark green), variation_af ter_projection (blue) and scf_fci (purple) were used to generate the figures shown in the main
text and the Supporting Information.
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We believe these issues are important; their analysis
constitutes an important criterion to design novel and refine
existing hardware-e!cient quantum computing algorithms, and
their mitigation is an important research activity at the
interface between ES and quantum computing.
While this study o"ers a concrete and numerical assessment

of computational cost and algorithmic performance, it should
only be regarded as the starting point of a broader
investigation. Extensions could include investigation of other
variational Ansa ̈tze31,57,58 and algorithms other than
VQE.57,59−62 The study of molecular systems could be
expanded to open-shells (e.g., radicals), nonminimal bases
(e.g., Pople63 and/or correlation-consistent64 bases), and
di"erent properties (e.g., dissociation energy curves and spin
for excited states). Finally, from a quantum computing
perspective, the evaluation of molecular observables (e.g.,
ground-state dissociation energies and spin) could be studied
using classical software to emulate decoherence and actual
quantum devices to assess the improvements brought by error
mitigation techniques.
The present study is accompanied by a repository to

integrate possible future extensions. We believe the present
study will be a useful contribution to the understanding and
development of quantum computing algorithms for electronic
structure problems.
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