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Abstract
The structural battery composite (SBC) is a novel class of multifunctional materials with the ability to work as a lithium-ion 
battery that can withstand mechanical loads. The motivation of this study is to address one of the major challenges in the 
development of SBCs, which is a strong conflict in the structural and electrical demands for its electrolyte (i.e., high stiffness 
and high ionic conductivity). Furthermore, there is a design requirement that the electrochemical cycling should not result 
in overheating of the SBC. The novelty of this study is the development of an efficient multi-objective multiphysics density-
based topology optimization framework that considers electrochemical/thermal/structural physics to identify the optimized 
design of a structural battery electrolyte (SBE). The optimization methodology is defined as solving a multi-objective problem 
of maximizing effective ionic conductivity and minimizing compliance of SBE. The problem is subjected to constraints on 
volume fraction and the maximum allowable temperature. The normalized-normal-constraint approach is utilized to generate 
a Pareto-front curve for this multi-objective problem. The proposed method is computationally efficient owing to utilizing 
a low-fidelity resistance network approach, for the electrochemical module and parallelizes the workload using portable, 
and extendable toolkit for scientific computing and message-passing interface. Several numerical examples are solved to 
demonstrate the applicability of the proposed methodology under different loading scenarios. The results reveal that the 
proposed methodology provides a better understanding of the required microstructural design of SBE for the performance 
improvement of structural battery composites.
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1  Introduction

The structural battery composite (SBC) is a new class of 
multifunctional materials that combines the load-bearing 
capacity of a carbon fiber composite with the energy-storing 
capabilities of a lithium-ion battery (Wetzel 2004; Snyder 
et al. 2007, 2008; Wong et al. 2007; Liu et al. 2009; Ekstedt 
et al. 2010; Asp and Greenhalgh 2014). The SBC1 shows 
promising potential in addressing the issue of “low specific 
energy" in lithium-ion batteries (Johannisson et al. 2019; 
Carlstedt and Asp 2020). In these materials, carbon fiber 
works both as a high-performance structural reinforcement 

and a lithium-ion battery electrode. The composite poly-
meric matrix (typically referred to as structural battery elec-
trolyte (SBE)) is also in charge of two tasks: (1) transferring 
the structural load and (2) working as a lithium-ion battery 
electrolyte.

Similar to most multifunctional materials, the physical 
property demands for multifunctionality in SBE (i.e., high 
stiffness and high ionic conductivity) are intrinsically con-
flicting as shown in Fig. 1 (Asp 2013). In the figure, the 
shaded area indicates desired properties of the SBE for a 
high-performance structural battery. Any modification of the 
constituents to enhance one function results in a substantial 
reduction in the other function. For this reason, the design 
of SBE for high-performance structural batteries is men-
tioned as one of the most challenging aspects of this research 
field (Asp and Greenhalgh 2015). Moreover, as indicated by 
Shirshova et al. (2013), the key to alleviating such a conflict 
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is through better control of SBE microstructures. Thus, there 
is an absolute need for a systematic design framework for the 
microstructural design of SBE.

One of the major concerns in the development of poly-
meric SBE is related to the high amount of heat generation. 
The ionic conductivity of solid polymer electrolytes used in 
structural batteries is several orders of magnitudes smaller 
than the ionic conductivity in ordinary liquid electrolytes 
used in lithium-ion batteries (Xu 2004; Willgert et al. 2011;  
Ihrner et al. 2017). As a result, the ohmic heat generation 
rate will be substantially higher in the structural batteries in 
comparison with lithium-ion batteries (Carlstedt and Asp 
2019; Pejman et al. 2021; Pejman et al. 2022). It is essential 
to consider this matter while designing the SBEs microstruc-
ture. Thus, we are dealing with a multiphysics problem that 
includes structural, electrochemical, and thermal physics.

In general, polymeric electrolytes are composed of two 
phases: (1) solid phase for providing structural integrity and 
(2) compliant phase for enhancing ionic conductivity. The 
solid phase has high stiffness and thermal conductivity and 
low ionic conductivity, while the compliant phase has low 
stiffness and thermal conductivity, and high ionic conduc-
tivity. The goal is to determine the ideal microstructures for 
these two phases to address the aforementioned conflicting 
physical demands.

Several studies in the literature proposed potential micro-
structures for structural electrolytes (Beringer et al. 2018; 
Maskery et al. 2018; Panesar et al. 2018). For instance, 
truss-like lattice structures, body-centered cubic lattices, 
and Schwarz’s primitive minimal surface have been pro-
posed as interesting potential microstructures for structural 

electrolytes. Structural and electrochemical analyses have 
been performed on these suggested options (Beringer et al. 
2018; Maskery et al. 2018; Panesar et al. 2018). However, 
there is a need to develop a systematic optimization frame-
work for SBE. In recent years, there has been noticeable 
progress in the systematic design optimization approaches 
(Khatir and Wahab 2019; Khatir et al. 2019, 2020, 2021; 
Tran-Ngoc et al. 2021; Cuong-Le et al. 2021) making it a 
powerful tool for solving challenging design problems.

To the best of our knowledge, there is only one study that 
presents a rigorous design optimization framework for SBE. 
In this study, Lee et al. proposed a multi-objective topol-
ogy optimization approach to optimize the microstructure 
of SBE (Lee et al. 2019). They used the weighted average 
multi-objective scheme to simultaneously maximize electri-
cal power and minimize compliance for a unit cell. However, 
in their study, they have not considered the thermal physics 
as well as the effect of the presence of carbon fibers on the 
optimized microstructure of SBE. As it is highlighted in Asp 
and Greenhalgh (2015), introducing reinforcement fibers is 
expected to result in a different matrix microstructure from 
that in the bulk condition.

In this study, we present a multiphysics, multi-objective 
gradient-based topology optimization framework to maxi-
mize the ionic conductivity and stiffness of SBE. We con-
sider constraints on the maximum allowable temperature 
as well as void volume fraction. The topology optimization 
approach has shown a profound ability for material designs 
in structural (Larsen et al. 1997; Bruns and Tortorelli 2001; 
Rozvany 2001; Guest 2009; Le et al. 2010; Holmberg et al. 
2014), thermal (Borrvall and Petersson 2003;  Gersborg-
Hansen et al. 2006; Matsumori et al. 2013; Zhao et al. 2018; 
Pejman et al. 2021), electrochemical (Yaji et al. 2018; Oni-
shi et al. 2019), and also multiphysics problems (Guest and 
Prévost 2006; Dede 2009; Zhu et al. 2019; Kambampati et al. 
2021). Our method of choice for the multi-objective scheme 
is the normalized-normal-constraint (NNC) approach which 
shows superior performance over the weighted-average 
scheme as reported in Messac et al. (2003).

One of the difficulties in solving multiphysics optimiza-
tion problems is the typical high computational costs asso-
ciated with solving several physics in each iteration of the 
optimization process. To alleviate this issue, we implement 
a low-fidelity resistance network (ResNet) approach for the 
electrochemical module (Rhazaoui et al. 2013; Rhazaoui 
et al. 2014). This method has been previously validated via 
an experiment in Rhazaoui et al. (2015). There are also high-
fidelity models available in the literature for evaluating ionic 
conductivity (Mu et al. 2007; Choi et al. 2011), however, 
they often deal with the complex electrochemical mecha-
nisms of ion migration which come at a high computational 
cost. Moreover, due to the complexity of the multiphysics 
optimization problem, the only feasible way to obtain a 

Fig. 1   Schematic of the ion conductivity vs. stiffness for structural 
battery electrolyte. The shaded area indicates desired properties of 
the SBE for a high-performance structural battery. Reproduced figure 
from Asp (2013) by permission of Taylor & Francis Ltd (copyright 
© Institute of Materials, Minerals, and Mining, reprinted by permis-
sion of Taylor & Francis Ltd, http://​www.​tandf​online.​com on behalf 
of Institute of Materials, Minerals, and Mining.)

http://www.tandfonline.com
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solution with a reasonable computational cost is to use par-
allel computations. To this end, we developed our code in 
C++ language utilizing the portable and extendable toolkit 
for scientific computing (PETSc) (Balay et al. 2021), and the 
parallelization is performed with aid of the Message-Passing 
Interface (MPI) that allows for distributing the computa-
tional memory and workload over several processors. It has 
been shown previously that performing topology optimiza-
tion using C++ and PETSc reduces the computational cost 
extensively (Aage et al. 2015; Kambampati et al. 2020).

The main contribution of this study is as follows: (1) to 
the best of our knowledge, there is not any study in the lit-
erature to present a systematic multi-objective topology opti-
mization framework for the design of SBE microstructure 
by simultaneously considering electrochemical, structural, 
and thermal physics, and (2) this study is the first to attempt 
addressing the issue of designing SBE microstructure by 
considering carbon fibers in the design space as mentioned 
in Asp and Greenhalgh (2015).

The remainder of the paper is organized as follows: 
Sect. 2 presents the multiphysics model and finite element 
discretization. We introduce the multiphysics topology 
optimization scheme and perform the sensitivity analysis in 
Sect. 3. A few numerical optimization examples are solved 
in Sect. 4 including the design of matrix microstructure for 
the bulk condition and also for the situation that we incorpo-
rate reinforcement fibers in the design space. Finally, Sect. 5 
summarizes the contribution of this research, limitations of 
the proposed approach, and suggestions for future studies.

2 � Multiphysics model

The problem setup is shown in Fig. 2. A laminated struc-
tural battery is considered. In the negative and positive elec-
trodes, carbon fibers are embedded in a porous matrix (i.e., 
SBE). The separator2 is assumed to be made from SBE. The 
domain Ω consists of SBE material that is represented by 
domain ΩSBE and the carbon fibers that are indicated by Ωcf  . 
The boundary of the domain Ω is divided into four comple-
mentary subsets: ΓV , ΓU , ΓF , and Γh . Voltage vp , displace-
ment up , and structural load sp are prescribed over ΓV , ΓU , 
and ΓF , respectively. And convection heat transfer with the 
ambient environment is considered over Γh.

The multiphysics model considered in this study includes 
electrochemical, structural, and thermal physics. In the 
electrochemical module, we aim to compute the effective 
ionic conductivity of the SBE. To do so, we use the ResNet 
approach suggested in Rhazaoui et al. (2013), (2014). For 

completeness, we summarize the governing equations asso-
ciated with the ResNet model in Sect. 2.1. In the structural 
module, the goal is to find the compliance of the SBE by 
solving a linear elasticity problem. The governing equations 
related to structural physics are presented in Sect. 2.2. And 
finally, we solve the convection-diffusion thermal energy 
equation to find the temperature distribution in the SBE. 
Note that the thermal module is weakly-coupled to the elec-
trochemical module since the amount of generated heat in 
the SBE is computed using the ohmic heat generation equa-
tion. The governing equations associated with the thermal 
module are summarized in Sect. 2.3.

2.1 � Electrochemical module

In this model, the 3D microstructure needs to be discretized 
into voxels (i.e., small cubic elements), and then, a resistor 
network is drawn for the voxelized structure as shown in 
Fig. 3. By applying a potential difference to the network, 
the corresponding currents are computed, allowing for 

Fig. 2   Schematic of the problem setup for multiphysics model of 
SBE. Note that ΓU is applied on the plane parallel to XY-plane with 
Z = Zmax∕2 , Γh is applied to the top and beneath surfaces, and ΓF is 
applied to the front and back surfaces

Fig. 3   Equivalent resistor network of a 2 × 2 × 3 voxel structure, with 
the nodes positioned at the center of each voxel

2  The existence of a separator lamina assures that the active electrode 
materials in the two electrodes do not come in contact.
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calculating the equivalent resistance and consequently, the 
ionic conductivity of the entire structure. Note that in this 
study, we consider each finite element as a voxel.

The resistance of voxel k can be defined as

where �k is the conductivity of the material in voxel k. The 
length of a voxel along the direction of current flow is shown 
by lvox and the cross-sectional area of a voxel perpendicular 
to current flow is indicated by Avox.

The resistance between two face-sharing voxels is given 
by

where Ri and Rj denote the resistances of the ith and jth ele-
ments, respectively. And Rij shows the equivalent resistance 
between the two voxels that share a common face.

By writing Kirchhoff’s law of current conservation, a sys-
tem of linear equations ( ℤ𝕍 = 𝕀 ) will be obtained, where ℤ is 
the global ionic conductivity matrix, �  is the global potential 
vector, and � is the global current vector.

The components of the global ionic conductivity matrix 
are defined as:

where Zii and Zij denote the diagonal and non-diagonal com-
ponents of the global ionic conductivity matrix, respectively. 
Ni is a set of voxels that share a face with the ith voxel.

In terms of the boundary conditions, we assume that 
the potential at the inlet ( Vin ) and outlet ( Vout ) voxels (i.e., 
the locations where current connectors are introduced) are 
known. In order to compute the potential vector, we need to 
solve the following equation:

where all the components of � ∗ are zero except the ones that 
are coincident with the current connectors and they have 
either Vin or Vout values. Note that ℤ∗ is the ionic conductivity 
matrix after applying the boundary condition.

Having the potential vector allows for solving the system 
of linear equations ℤ𝕍 = 𝕀 to find the current vector. The 
inlet and outlet current values can be computed by

(1)Rk =
lvox

�kAvox

(2)Rij = �iRi + �jRj, � =

{
1∕2 For internal elements

1 For boundary elements

(3)Zii = −
∑
j∈Ni

1

Rij

(4)Zij =

{
1

Rij

j ∈ Ni

0 j ∉ Ni, i ≠ j

(5)ℤ
∗
𝕍 = 𝕍

∗

where Nin and Nout are the set of boundary voxels at the inlet 
and outlet, respectively. Potential difference is given by 
ΔV = Vout − Vin . Note that Iin = −Iout . The equivalent resist-
ance can be computed as Req =

ΔV

Iout
 . And finally, the effective 

ionic conductivity is defined as follows:

where tec is the thickness of SBC, parallel to the current flow, 
and Aec is the surface area perpendicular to the current flow. 
Note that we assume the current flow is in the +Y direc-
tion as shown in Fig. 2. The accuracy of the ResNet model 
obtained in this study is checked and confirmed against the 
test cases provided in Rhazaoui et al. (2013).

2.2 � Structural module

Three-dimensional linear static formulation under the 
assumption of small deformation is considered. The com-
putational domain is discretized by 8-node hexahedron finite 
elements. Implementation of the finite element method 
(FEM) leads to the following system of linear equations:

where �S is the global stiffness matrix, � is the global nodal 
displacement vector, and �S represents the global nodal force 
vector.

Using isoparametric formulation, the elemental stiffness 
matrix Ke

S
 and the elemental force vector Fe

S
 are given by

and

respectively. SP is the linearized Piola–Kirchoff stress tensor 
and b is the body force. Further details regarding defining the 
terms used in Eqs. (9) and (10) are provided in Appendix A. 
ℂ is the elasticity tensor for isotropic materials defined in 
Eqs. (A5). �e

S
 and �e

S
 are introduced in Eqs. (A2) and (A4), 

respectively. Note that in this study, we do not consider body 
force; hence the first term in Eq. (10) is zero (see Fig. 2). As 
usual, �S and �S are assembled from �e

S
 and �e

S
 , respectively. 

The compliance is then computed by

(6)

Iin =
∑
i∈Nin

�i,

Iout =
∑
i∈Nout

�i

(7)Keff =
Iouttec

ΔVAec

(8)�S� = �S

(9)Ke
S
= ∫Ωe

Be
�

S
ℂBe

S
dΩ

(10)�e
S
= ∫Ω̂

�e�

S
�dΩ + ∫ΓF

�e�

S
��dΓ
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We verify the structural module against ANSYS in 
"Appendix C".

2.3 � Thermal module

The thermal module deals with solving the energy equation 
in a steady-state condition. Note that in terms of the bound-
ary condition, we assume convection heat transfer bound-
ary condition on Γh and insulated boundary condition on all 
other boundaries (see Fig. 2).

Per usual, implementing FEM results in the following 
system of linear equations:

where �T is the global stiffness matrix, �  is the global nodal 
temperature vector, and �T is the global nodal force vector.

The elemental stiffness matrix Ke
T
 and the elemental force 

vector Fe
T
 are given by

and

respectively. k is the thermal conductivity tensor, h is the 
convection coefficient, Qgen is the heat generation rate, and 
Tamb is the ambient temperature. More details regarding 
defining the terms used in Eqs. (13) and (14) are provided 
in Appendix B. �e

T
 and �e

T
 are introduced in Eqs. (B7) and 

(B9), respectively.
Having the elemental stiffness matrix and force vector 

allows for assembling �T and �T , respectively. The accu-
racy of the thermal module is verified against FLUENT in 
Appendix C. It is worth mentioning that in this study, the 
same domain discretization is used for all analysis modules 
(i.e., electrochemical, structural, and thermal).

3 � Multiphysics topology optimization 
scheme

In this study, we aim to solve a multi-objective design opti-
mization problem to find the ideal microstructure for SBE. 
The competing objectives are to minimize compliance (cf. 
Eq. (11)) and maximize the effective ionic conductivity (cf. 
Eq. (7)) of the SBE (i.e., �(�(X,ddd), �(X,ddd),X,ddd) , where ddd 
is the vector of design parameters). The design problem 
is considered to be subjected to a set of constraints such 

(11)c = �
�

S
�

(12)�T� = �T

(13)�e
T
= ∫Ω

�e�

T
��e�

T
dΩ + ∫Γh

h�e�

T
�e

T
dΓ

(14)�e
T
= ∫Ω

�e�

T
QgendΩ + ∫Γh

h�e�

T
TambdΓ,

as maximum allowable temperature and volume fraction. 
Note that instead of maximizing the ionic conductivity of the 
SBE, we can minimize the negative of ionic conductivity. 
Let’s denote the vector of objective functions as ��� = {�1, �2} , 
where �1 indicates the negative of ionic conductivity and 
�2 denotes compliance. The multiphysics, multi-objective 
optimization problem can be formulated as

where g is the inequality constraint associated with the maxi-
mum allowable temperature, and h is the equality constraint 
representing the volume fraction of the solid component. 
Note that since maximizing ionic conductivity means hav-
ing a more compliant phase and maximizing stiffness means 
having a more solid phase, an equality constraint on the 
volume fraction is imposed for this multi-objective design 
problem. However, in general, this is not a limitation of the 
proposed design approach in this study. It is also possible 
to use a range for the volume fraction with the proposed 
method.

Let S  denote the set of feasible solutions to the multi-
objective optimization problem Eq. (15). To generate the 
Pareto front, we use the normalized normal constraint 
(NNC) method introduced in Messac et al. (2003). The cen-
tral idea in this method is to sequentially restrict S  to gener-
ate the solutions along the Pareto optimal front as schemati-
cally shown in Fig. 4. The process of generating the Pareto 
optimal front can be summarized in the following steps:

Step 1: Finding the anchor points shown by the blue cir-
cles in Fig. 4a by performing single-objective optimizations 
on �1 and �2 to obtain �1(d∗1) and �2(d∗2) . Note that the opti-
mized solution of single-objective optimizations with �1 is 
denoted by d∗

1
 and the optimized solution of single-objective 

optimizations with �2 is represented by d∗
2
 . And then evaluate 

the value of other objective function at d∗
1
 and d∗

2
 , i.e., �1(d∗2) 

and �2(d∗1) . In the case of using a range for solid-phase vol-
ume fraction constraint, it is expected that the optimizer uses 
the lower-bound value of that range for finding the anchor 
point that maximizes the ionic conductivity and the upper-
bound value for obtaining the anchor point that minimizes 
the compliance.

Step 2: Mapping the design metric space to the normal-
ized coordinate system ( ̄𝜃1𝜃̄2)-plane as shown in Fig. 4b. To 
do so, we need to define the normalized objective functions 
as

(15)

min
ddd

���(𝕌(X,ddd), 𝕀(X,ddd),X,ddd),

such that ∶ 0 ≤ di ≤ 1,

g(𝕋 (𝕀(X,ddd),X,ddd),X,ddd) ≤ 0,

h(X,ddd) = 0,

and ℤ𝕍 = 𝕀,

𝕂S𝕌 = 𝔽S,

𝕂T𝕋 = 𝔽T
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where 𝜃̄1(�∗�) = 0 , 𝜃̄1(�∗�) = 1 , 𝜃̄2(�∗�) = 1 , and 𝜃̄2(�∗�) = 0.
Step 3: Selecting N evenly spaced points on the Utopia 

line as shown in Fig. 4c. We can write the Utopia line’s 
equation as 𝜃̄2 = 1 − 𝜃̄1 and the coordinate of each point 
selected on the Utopia line in the ( ̄𝜃1𝜃̄2)-plane as ( N−j

N−1
, j−1
N−1

 ), 
where j = 2, ...,N − 1.

Step 4: In this final step, we solve the following optimiza-
tion problem to obtain the jth Pareto point:

(16)

𝜃̄1(d) =
𝜃1(d) − 𝜃1(�

∗
�
)

𝜃1(�
∗
�
) − 𝜃1(�

∗
�
)
,

𝜃̄2(d) =
𝜃2(d) − 𝜃2(�

∗
�
)

𝜃2(�
∗
�
) − 𝜃2(�

∗
�
)

(17)

min
ddd

𝜃̄2(𝕌(X,ddd),X,ddd),

such that ∶ 0 ≤ di ≤ 1,

g((𝕋 (𝕀(X,ddd),X,ddd),X,ddd)) ≤ 0,

h(X,ddd) = 0,

𝜃̄1(𝕀(X,ddd),X,ddd) − 𝜃̄2(𝕌(X,ddd),X,ddd)

−
j − 1

N − 1
+

N − j

N − 1
≤ 0,

and ℤ𝕍 = 𝕀,

𝕂S𝕌 = 𝔽S,

𝕂T𝕋 = 𝔽T

where the third constraint enforces the solution to be in �′
j 

as shown in Fig. 4d. Note that the optimization problem Eq. 
(17) needs to be solved for each j, (i.e., a total of N-2 times), 
to generate the required points on the Pareto optimal front 
curve. In this study, 𝜃̄1 and 𝜃̄2 are assumed to be normalized 
ionic conductivity and normalized compliance, respectively.

Density-based topology optimization is selected to 
perform the optimization process. Let us discretize the 
domain with m equi-size hexahedron elements. We asso-
ciated the density ( � ) of zero to the compliant phase 
of the SBE, and the density of one to the solid phase. 
The vector of elemental densities can be represented by 
��� = {�e} ∈ [0, 1] , for e = 1, 2, ...,m . In general, ��� can be 
partitioned into active elements (design variables) ���a and 
passive elements ���p . Passive elements are indeed parts of 
the structure where the density is pre-defined and they are 
not part of the design space for optimization.

Using the relaxed Heaviside projection proposed in 
Guest et al. (2004); Wang et al. (2011), the set of physical 
variables 𝜌̂𝜌𝜌 can be defined as

where � and � are threshold and sharpness factors, respec-
tively. 𝜌̃̃𝜌𝜌 = H𝜌𝜌𝜌 is the filtered field (Bruns and Tortorelli 
2001), and H is a linear operator given by

w h e r e  Ne = {i ∣ dist(elemi, eleme) ≤ rmin}   , 
he,i = max(0, rmin − dist(elemi, eleme)) , and dist(elemi, eleme) 
denotes the Euclidean distance between the centroids of ele-
ment e and i.

The projected density ( 𝜌̂e ) can be incorporated in the 
Solid Isotropic Material with Penalization (SIMP) inter-
polation equation to relate the modulus of elasticity, ionic 
conductivity, and thermal conductivity of SBE to projected 
densities as shown in Eq. (20).

where Ee , �e , and ke are the modulus of elasticity, ionic con-
ductivity, and thermal conductivity of element e. Emin , �max , 
and kmin are the modulus of elasticity, ionic conductivity, 
and thermal conductivity of the compliant phase, and Emax , 
�min , and kmax are the modulus of elasticity, ionic conduc-
tivity, and thermal conductivity of the solid phase. � is the 
penalization power.

(18)𝜌̂e =
tanh(𝛽𝜂) + tanh(𝛽(𝜌̃e − 𝜂))

tanh(𝛽𝜂) + tanh(𝛽(1 − 𝜂))

(19)H(�e, rmin) =

∑
i∈Ne

he,i�i∑
i∈Ne

he,i

(20)

Ee(𝜌̂e) = Emin + 𝜌̂�
e
(Emax − Emin),

𝜎e(𝜌̂e) = 𝜎max + 𝜌̂�
e
(𝜎min − 𝜎max),

ke(𝜌̂e) = kmin + 𝜌̂�
e
(kmax − kmin)

Fig. 4   Normalized normal constraint (NNC) method: a schematic 
of the feasible region and Pareto Frontier and obtaining the anchor 
points (blue circles), b transformation to the normalized coordinate 
system, c set of evenly spaced points on the Utopia line, and d mini-
mization of 𝜃

2
 in the new feasible region S

′

j
 to obtain the black circle 

on the Pareto Frontier
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3.1 � Sensitivity analysis

Since the optimization method used in this study is gra-
dient-based, we need to perform a sensitivity analysis of 
the objective and constraints function with respect to the 
design variables.

The objective function in the structural module is com-
pliance which can be defined as

where (⋅)� denotes transpose. The derivative of compliance 
with respect to the projected density is given by

where 𝜕�S

𝜕𝜌̂e
 can analytically be computed using the following 

equations:

and

The sensitivity of compliance with respect to the design 
variables ( �e ) is recovered by

where

Effective ionic conductivity computed in the electrochemical 
module is considered as one of the objective functions. We 
can re-write Eq. (7) as

where C =
tec

ΔVAec

 is a constant, and ℤ̄ =
∑

i∈Nout
ℤ(i, ∶).

To perform the sensitivity analysis, we need to take the 
derivative of Eq. (27) with respect to the projected density 
as follows:

(21)c(𝜌̂̂𝜌𝜌) = �
�

S
�(𝜌̂̂𝜌𝜌)

(22)
𝜕c

𝜕𝜌̂e
= −�

� 𝜕�S

𝜕𝜌̂e
�

(23)
𝜕�e

S

𝜕𝜌̂
e

= ∫Ω

�e
�

S

𝜕ℂ

𝜕𝜌̂
e

�e
�

S
dΩ

(24)
𝜕ℂ

𝜕𝜌̂e
= 2

𝜕𝜇

𝜕𝜌̂e
ℙSym +

𝜕𝜆

𝜕𝜌̂e
I⊗ I

(25)
𝜕c

𝜕𝜌𝜌𝜌
=

𝜕𝜌̂̂𝜌𝜌

𝜕𝜌̃̃𝜌𝜌
⊙ (H

� 𝜕c

𝜕𝜌̂̂𝜌𝜌
)

(26)
𝜕𝜌̂̂𝜌𝜌

𝜕𝜌̃̃𝜌𝜌
= 𝛽

1 − tanh(𝛽(𝜌̃̃𝜌𝜌 − 𝜂))2

tanh(𝛽𝜂) + tanh(𝛽(1 − 𝜂))

(27)
Keff = C

∑
i∈Nout

ℤ(i, ∶)𝕍

= Cℤ̄
�

𝕍

(28)
dKeff

d𝜌̂i
=

(
𝜕Keff

𝜕ℤ̄

)�

𝜕ℤ̄

𝜕𝜌̂i
+

(
𝜕Keff

𝜕𝕍

)�

𝜕𝕍

𝜕𝜌̂i
+

𝜕Keff

𝜕𝜌̂i

Note that 𝜕Keff

𝜕𝜌̂i
 is zero since Keff  is not explicitly function of 

𝜌̂i . We can simplify Eq. (28) as

The only unknown on the right-hand side of Eq. (29) is 𝜕�
𝜕𝜌̂i

 . 
We can use the adjoint sensitivity analysis approach to per-
form the sensitivity analysis. The central idea in the adjoint 
sensitivity analysis is to annihilate 𝜕�∕𝜕𝜌̂i from Eq. (29) 
instead of directly computing it. To do so, we first rearrange 
the terms in the pseudo-problems (

) and then add those terms to Eq. (29). Note that the pseudo-
problems are obtained by differentiating the primal problem 
Eq. (5) with respect to 𝜌̂i.

where �E is the arbitrary adjoint variable, and

. Note that the last term that we added to Eq. (30) is actually 
zero. We then rearrange the terms in Eq. (30) to isolate 𝜕�

𝜕𝜌̂i
.

We need to select the arbitrary adjoint variable �E in such a 
way that it makes the coefficient of 𝜕�

𝜕𝜌̂i
 zero:

Computing �E from Eq. (32) allows for performing the sen-
sitivity analysis of effective ionic conductivity with respect 
to the design variables by solving the following equation:

where 𝜕ℤ̄
𝜕𝜌̂i

 and 𝜕ℤ
∗

𝜕𝜌̂i
 can explicitly be found.

In the thermal module, the p-mean temperature of the 
domain, which is a differentiable alternative for the maximum 
temperature (Yang and Chen 1996; Pejman et al. 2019), is 
considered as the constraint function. We can formulate the 
p-mean temperature as

(29)
dKeff

d𝜌̂i
= C

(
𝕍

� 𝜕ℤ̄

𝜕𝜌̂i
+ ℤ̄

� 𝜕𝕍

𝜕𝜌̂i

)
.

(30)

dKeff

d𝜌̂i
= C

(
𝕍

� 𝜕ℤ̄

𝜕𝜌̂i
+ ℤ̄

� 𝜕𝕍

𝜕𝜌̂i

)
+ 𝜆

�

E

(
ℤ

∗ 𝜕𝕍

𝜕𝜌̂i
+

𝜕ℤ∗

𝜕𝜌̂i
𝕍

)

(31)

dKeff

d𝜌̂i
= C

(
𝕍

� 𝜕ℤ̄

𝜕𝜌̂i

)
+ 𝜆

�

E

(
𝜕ℤ∗

𝜕𝜌̂i
𝕍

)
+
(
Cℤ̄

�

+ 𝜆
�

E
ℤ

∗
) 𝜕𝕍
𝜕𝜌̂i

(32)ℤ
∗
�

E = −Cℤ̄ = −
∑
i∈Nout

Cℤ(i, ∶)

(33)
dKeff

d𝜌̂i
= C

(
𝕍

� 𝜕ℤ̄

𝜕𝜌̂i

)
+ 𝜆

�

E

(
𝜕ℤ∗

𝜕𝜌̂i
𝕍

)
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where ∣ Ω ∣ is the volume of the domain. Taking the deriva-
tive of Eq. (34) with respect to the projected density yields

where �‖T‖p∕��  can explicitly be found, and 𝜕‖T‖p∕𝜕𝜌̂i is 
zero. The only unknown in Eq. (35) is temperature sensitiv-
ity 𝜕�∕𝜕𝜌̂i.

Using the adjoint sensitivity analysis method, we annihilate 
𝜕�∕𝜕𝜌̂i from Eq. (35). To do so, we write

where �T  is the arbitrary adjoint variable. Note that the 
last term in Eq. (36) is zero coming from rearranging the 
pseudo-problems ( ). And the pseudo-

problems are obtained by differentiating the primal prob-
lem Eq. (12) with respect to 𝜌̂i . Note that the pseudo-
force is .

To determine the adjoint response �T , we need to first rear-
range the terms in Eq. (36) as follows:

We select the adjoint response �T in Eq. (37) arbitrarily such 
that it makes the coefficient of 𝜕�∕𝜕𝜌̂i zero:

Hence, by solving Eq. (38), �T can be obtained. Conse-
quently, the gradient of ‖T‖p with respect to 𝜌̂i is given by

where 𝜕�T∕𝜕𝜌̂i and 𝜕�T∕𝜕𝜌̂i can be obtained by assembling 
the element quantity 𝜕Ke

T
∕𝜕𝜌̂i and 𝜕Fe

T
∕𝜕𝜌̂i , respectively.

and

(34)‖T‖p =
�

1

∣ Ω ∣ ∫�

(ℕ𝕋 )pd�

�1∕p

(35)
d‖T‖p
d𝜌̂i

=

�
𝜕‖T‖p
𝜕�

��

𝜕�

𝜕𝜌̂i
+

𝜕‖T‖p
𝜕𝜌̂i

(36)

d‖T‖p
d𝜌̂i

=

�
𝜕‖T‖p
𝜕�

��
𝜕�

𝜕𝜌̂i
+ 𝜆�

T

�
−�T

𝜕�

𝜕𝜌̂i
+T �

i
pseudo

⊖

�

(37)
d‖T‖p
d�̂i

=

(

(�‖T‖p
��

)
′

− ′

T�T

)

(

��
��̂i

)

+ ′

T (−
��T

��̂i
� +

��T
��̂i

).

(38)�
�

TT
=

�‖T‖p
��

.

(39)
d‖T‖p
d𝜌̂i

=
�

T
(−

𝜕�T

𝜕𝜌̂i
� +

𝜕�T

𝜕𝜌̂i
)

(40)
𝜕Ke

T

𝜕𝜌̂i
= ∫Ω

Be
�

T

𝜕k

𝜕𝜌̂i
Be

�

T
dΩ

(41)
𝜕Fe

T

𝜕𝜌̂i
= ∫Ω̂

Ne
�

T

𝜕Qgen

𝜕𝜌̂i
dΩ

where 𝜕k
𝜕𝜌̂i

 and 𝜕Qgen

𝜕𝜌̂i
 can explicitly be found. Note that Qgen is 

explicitly a function of ionic conductivity as there is a 
weakly coupling between the thermal and electrochemical 
modules.

The optimization problem is solved using a fully parallel-
ized implementation of the method of moving asymptotes 
(MMA) (Svanberg 1987; Aage and Lazarov 2013). Moreo-
ver, we take advantage of PETSc (Balay et al. 2021) and MPI 
to distribute the computational memory and workload over 
several processors and reduce the computational cost. Note 
that the accuracy of the derived sensitivity analysis against 
the finite difference method is confirmed in Appendix D.

4 � Numerical examples

Two sets of optimization problems are solved to examine the 
capability of the proposed methodology for designing struc-
tural battery electrolyte microstructure. In the first exam-
ple, the microstructural design of SBE is optimized under 
the assumption of bulk conditions (i.e., carbon fibers are 
not considered in the design space). In the second example, 
the same problem is solved; however, the carbon fibers are 
explicitly introduced in the design space. Note that in all 
examples solved in this section, the domain is discretized 
by ( 128 × 128 × 128 ) 3-dimensional 8-node hexahedral ele-
ments for all analysis modules.

4.1 � Problem set 1: bulk conditions

The schematic of the problem is shown in Fig. 5. A cubic 
SBE with a unit length is considered, and it is assumed to 
be made of a bi-continuous polymer network proposed in 
Ihrner et al. (2017) with the material properties summarized 
in Table 1. The pink circles located at the center of the top 
and beneath surfaces in Fig. 5 indicate the locations where 
current connectors will attach to the SBE. Note that we do 
not explicitly consider the current connectors in the problem 
setup. The radius of these two circles is considered to be a 
quarter of unit length. In terms of the boundary conditions, 
a voltage difference of 2.8 V  is applied to the SBE. And 
as mentioned earlier, the current flow is assumed to be in 
the +Y direction. SBE is considered to be under uniaxial 
load in the Z direction with the intensity of 10 N. The top 
and beneath surfaces are assumed to have a convection heat 
transfer with the ambient environment, and the rest of the 
surfaces are assumed to be insulated (see Fig. 5). The simu-
lation parameters are summarized in Table 1.

The optimization problem is to optimize the design of 
bicontinuous SBE, which minimizes compliance and maxi-
mizes the effective ionic conductivity. As mentioned earlier, 
the bicontinuous SBE is composed of two phases: solid and 



Multiphysics topology optimization of a multifunctional structural battery composite﻿	

1 3

Page 9 of 17     46 

compliant. The optimization problem is subjected to a con-
straint of considering equal volumes for these two phases 
(i.e., 0.5 volume fraction for each phase). The optimization 
problem is also subjected to a maximum p-mean tempera-
ture constraint of 45 °C. Based on the previous studies in 
Pejman et al. (2021), p in the p-mean is considered to be 
10. The p-mean temperature converges to the maximum 
temperature when p approaches infinity. However, small 
values of p can be problematic. Choosing a small value for 
p may not enable ||T||p to capture reliably the trend in Tmax . 
Moreover, using large values for p can also be problematic. 
Since the Gauss–Dunavant quadrature (Dunavant 1985) is 
used to calculate the integration of p-mean temperature, the 
larger values of p need more quadrature points which results 
in a high computational cost. The penalization power � is 
assumed to be 3. We have implemented the continuation 
approach to increase the sharpness factor � of Heaviside 
projection in Eq. (18) gradually from 0.1 to 10 during the 
optimization process. The threshold value in the Heaviside 

projection (c.f., Eq. (18)) is considered to be 0.5. rmin in 
Eq. (19) is assumed to be 0.015. The maximum number 
of design cycles is assumed to be 100. About 11 million 
degrees of freedom are considered for this problem to obtain 
a smooth solution.

NNC method with 9 evenly spaced points on the Utopia 
line is considered. Ionic conductivity and compliance are 
considered as �1 and �2 in Eq. (16), respectively. Note that 
instead of maximizing ionic conductivity, we minimize the 
negative of ionic conductivity.

The optimization result is shown in Fig. 6. The number 
of design cycles required for convergence of each one of 
the NNC’s 9 evenly spaced points in this example was less 
than 60. Furthermore, due to the non-convex nature of the 
gradient-based topology optimization method used in this 
study, the optimization problem is solved from 10 distinct 
initial guesses to increase the chance of reaching a better 
local optimized solution. However, obviously, the algorithm 
cannot guarantee to reach global optimal points. The Pareto 
front curve is generated as shown in Fig. 6a. Points A and 
C in Fig. 6a indicate the optimized designs for the electro-
chemical purpose (i.e., maximum ionic conductivity) and 
structural purpose (i.e., maximum stiffness), respectively. 
The design is gradually converging from the optimized elec-
trochemical design (Point A in Fig. 6a) to optimized struc-
tural design (Point C in Fig. 6a) as we increase the j value 
in Eq. (17). To better represent the details of the optimized 
solutions, the ISO-view and cross-sectional views of Points 
A, B, and C are shown in Fig. 6b–d, respectively.

The results reveal that the optimizer considers the com-
pliant phase (indicated by pink color in Fig. 6b) for top and 
beneath surfaces to facilitate the ion transfer. This leads to a 
higher effective ionic conductivity based on Eq. (7). In terms 
of minimizing compliance, as the structural performance 
gets dominant in the Pareto front curve, the optimizer con-
siders the solid phase (indicated by green color in Fig. 6c) 
for the surfaces where the structural load is applied. Note 
that Point B on the Pareto front curve represents a trade-off 
between the electrochemical and structural demands from 
SBE (i.e., showing both high ionic conductivity and high 
stiffness.).

As mentioned earlier, a weakly coupling between thermal 
and electrochemical physics is considered for the computa-
tion of the Ohmic heat generation rate. Thus, satisfying the 
temperature constraint is more concerning for all the points 
between A to B on the Pareto front curve that has larger 
ionic conductivity (leading to a higher Ohmic heat genera-
tion rate). It is also worth mentioning that the top and bottom 
surfaces have convection heat transfer with the ambient envi-
ronment, thus, their temperature is lower than the insulated 
surfaces (i.e., side surfaces). As a result, the optimizer can 

Fig. 5   Schematic of the problem setup for Problem 1

Table 1   Material properties and simulation parameters

Maximum ionic con-
ductivity of SBE, 
�
max

 ( S m
−1)

1.9(10−2) Ihrner et al. (2017); 
Pejman et al. (2021)

Maximum ther-
mal conductiv-
ity of SBE, k

max
 

( W m
−1

K
−1)

1 Svensson (2020)

Maximum elastic 
modulus of SBE, 
E
max

 (GPa)

0.5 Ihrner et al. 
(2017);Pejman et al. 
(2021)

Poisson’s ratio of 
SBE, �

0.3 Pejman et al. (2021)

Convection 
coefficient, h 
( W m

−2
K

−1)

18

Ambient tempera-
ture, T

amb
 ( ◦C)

25
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use more of the compliant phase that has a lower thermal 
conductivity on top and beneath surfaces as temperature rise 
is not a major concern over there.

4.2 � Problem set 2: explicit carbon fibers

4.2.1 � Tensile load

As mentioned earlier, the expectation is to see a different 

Fig. 6   a Pareto front curve 
obtained by using the NNC 
method for optimization 
problem 1. The ISO-view and 
cross-sectional views for Points 
b A, c B, and d C. Note that 
Point A is the optimized solu-
tion for having maximum ionic 
conductivity, and Point C is the 
optimized solution for having 
maximum stiffness

Fig. 7   a Schematic of the prob-
lem setup for Problem 2, b the 
base frame design considered 
for avoiding structurally unsup-
ported fibers in the optimized 
design
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optimized microstructure from that in the bulk condition 
when introducing reinforcement fibers. Thus, in this section, 
we solve the same optimization problem as the problem set 
1, however, we consider the carbon fibers in the problem 
setup as shown in Fig. 7a. All the material properties and 
simulation parameters are the same as in Problem 1. Carbon 
fibers are assumed to be made of T800 and it is treated as 
passive elements during the optimization process. The mate-
rial properties of carbon fiber are summarized in Table 2.

To make sure that the carbon fibers will be structurally 
supported in the optimized solution, we consider a base 
frame design as shown in Fig. 7b. The green frame indicates 
passive elements that are considered to be made of the solid 
phase of the bicontinuous SBE.

The NNC Pareto front curve associated with this opti-
mization problem is shown in Fig. 8a. Point A in Fig. 8a 
is the first anchor point in the NNC method that has 𝜃̄1 = 0 
and 𝜃̄2 = 1 . It is indeed the optimized design for having 
maximum ionic conductivity. The cross-sectional views of 
its design are represented in Fig. 8b. Point C in Fig. 8a is 
the other anchor point of the NNC method that indicates 
the optimized design obtained from the minimization of the 
compliance. Figure 8d shows the cross-sectional views of 
Point C design. And finally, Point B in Fig. 8a is one the 
middle Pareto front points that its detailed design is rep-
resented in Fig. 8c. As expected, comparing the solutions 
obtained in Problem sets 1 and 2 (Figs. 6 and 8) confirms 
that considering carbon fibers explicitly in the design space 
alters the obtained optimized solutions.

4.2.2 � Shear load

Uniaxial tensile and shear loads are often considered as 
practical load-bearing requirements for matrix/electrolytes 
in multifunctional composites (Shirshova et al. 2013; Lee 
et al. 2019). Thus, we also examine the proposed design 
framework for the same optimization problem but under 
shear load, as shown in Fig. 9.

The results related to this optimization problem are dem-
onstrated in Fig. 10. Figure 10a shows the optimized design 
obtained by solving the single-objective problem of maxi-
mizing ionic conductivity. Note that this design is exactly 
similar to the design obtained in Problem set 2 under tensile 
load (Fig. 8b). This behavior is completely expected as struc-
tural performance is not playing any role in this part of the 
optimization problem (i.e., the single-objective problem of 
maximizing ionic conductivity).

Figure 10b demonstrates the optimized design by solv-
ing the NNC multi-objective optimization problem with 
N−j

N−1
=

j−1

N−1
= 0.5 . And Fig. 10c represents the optimized 

design obtained by solving the single-objective problem of 
minimizing compliance. As opposed to the tensile load case, 
the optimizer makes the top and bottom surfaces completely 
solid phase for better structural performance.

5 � Contributions, limitations, and future 
directions

The major contributions of this study are as follows:

•	 To the best of our knowledge, this study is the first to 
develop a systematic multi-objective topology optimi-
zation framework for the design of SBE microstructure 
by simultaneously considering three physics (electro-
chemical, structural, and thermal). In this multiphysics 
problem, the thermal module is weakly-coupled to the 
electrochemical module since the amount of generated 
heat in the SBE is computed using the Ohmic heat gen-
eration equation.

•	 To the best of our knowledge, this study is the first to 
develop a sensitivity analysis for the ResNet approach to 
be used as the electrochemical module in the proposed 
design approach.

•	 This study addresses the issue mentioned in Asp and 
Greenhalgh (2015) (i.e., designing SBE microstructure 
by considering carbon fibers in the design space).

One of the current limitations of the proposed approach is 
that the two-way coupling between the electrochemical/
structural/thermal modules is not considered. Hence, in 
future work, the method can be extended to consider the 
two-way coupling between the electrochemical/structural/
thermal modules. For instance, damage in the microstructure 
impacts the effective ionic conductivity and stiffness. And 
the temperature rise in the microstructure results in thermal 
strains.

Table 2   Material properties of carbon fiber

Ionic conductivity 
of carbon fiber, �

cf
 

( S cm
−1)

714 Kjell et al. (2011); Pej-
man et al. (2021)

Thermal conductiv-
ity of carbon fiber, 
k
cf

 ( W m
−1

K
−1)

35.1 Fredi et al. (2018)

Elastic modulus of 
carbon fiber, E

cf
 

(GPa)

294 Fredi et al. (2018)

Poisson’s ratio of 
carbon fiber, �

cf

0.45 Pejman et al. (2021)
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Furthermore, in this study, the results reveal that consid-
ering carbon fibers explicitly in the design space leads to a 
different optimized microstructure than the bulk condition. 
As a future study, the shape optimization method can be 
used to optimize the location and shape of the carbon fiber 
structure incorporated in the SBC.

6 � Conclusion

The motivation of this study is to address one of the chal-
lenges in the development of structural battery composites 
(SBC), which is associated with the existence of a conflict 
in the structural, electrical, and thermal demands for its 
electrolyte. To this end, a multi-objective multiphysics 

Fig. 8   a Pareto front curve 
associated with the optimization 
problem 2 under uniaxial tensile 
load. The ISO-view and cross-
sectional views for Points b A, c 
B, and d C. Note that Point A is 
the optimized solution for hav-
ing maximum ionic conductiv-
ity, and Point C is the optimized 
solution for having maximum 
stiffness

Fig. 9   Schematic of the problem setup for Problem set 2 under shear 
load
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gradient-based topology optimization methodology is pre-
sented to tailor the design of structural battery electrolytes 
(SBE). The SBE in a structural battery composite needs to 
both transfer the structural load and work as a lithium-ion 
battery electrolyte. SBE is expected to have high stiffness 
and ionic conductivity and it should not generate substan-
tial heat. The need to fulfill these disparate features gener-
ates intrinsically conflicting physical property demands. 
One possible strategy that is considered in this study is 
to optimize a bi-continuous architecture of two distinct 
phases for the electrolyte, each addressing different physi-
cal demands. Thus, the optimization approach is to solve 
a multi-objective problem of maximizing effective ionic 
conductivity and minimizing compliance of structural bat-
tery electrolytes. The problem is subjected to constraints 
on volume fraction and maximum allowable temperature 
to prevent it from overheating. The most important find-
ings of the study have been listed in the following:

•	 Utilizing the normalized-normal-constraint (NNC) 
approach, we generate a Pareto-front curve for the 
design of SBE.

•	 With reference to the verification studies performed 
in Appendix C and Appendix D, we conclude that the 
analysis and sensitivity analysis modules developed in 
this study showed acceptable accuracy.

•	 The obtained results reveal that as hypothesized in 
Asp and Greenhalgh (2015), considering carbon fib-
ers explicitly in the design space alters the obtained 
optimized solutions for SBE.

•	 Our results also confirm that having better control of 
the design of SBE can have a significant effect on the 
performance improvement of energy-harvesting battery 
composites.

•	 Using the proposed multi-objective multiphysics design 
approach in this study allows for designing an SBE 
microstructure that has high ionic conductivity and high 
stiffness while working at a safe operating temperature.

•	 The proposed design approach considers a weakly cou-
pling between the electrochemical and thermal modules. 
However, the method can be extended to consider the 
two-way coupling between the electrochemical/struc-
tural/thermal modules.

Fig. 10   Optimized designs of 
Problem set 2 under shear load 
obtained by solving a maxi-
mization of ionic conductiv-
ity, b NNC multi-objective 
optimization problem with 
N−j

N−1
=

j−1

N−1
= 0.5 , and c minimi-

zation of compliance
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Appendix A: Finite element discretization 
of structural module

For the structural module explained in Sect. 2.2, the approxi-
mation of the displacement field in each element is given by

where

⊙ is the Kronecker product, I is a 3 × 3 identity matrix, X 
is the spatial coordinates, ne

S
 is the number of finite element 

shape functions, Ni(X) is the finite element shape functions, 
and Ui is the nodal displacement. The notation (.)� denotes 
transpose.

As mentioned in Sect. 2.2, implementation of the FEM 
leads to Eq. (8), in which Ke

S
 is a function of �e

S
 and ℂ 

defined by

and

where ⊗ is dyadic product, � =
�E

(1+�)(1−2�)
 is Lamé moduli, 

� =
E

2(1+�)
 is the shear modulus, E is the modulus of elastic-

ity, � is the Poisson ratio, and ℙSym is the 4-tensor symmetric 
projection, i.e., ℙSym[A] = (A + A�)∕2.

Appendix B: Finite element discretization 
of thermal module

The temperature field approximation in each element can 
be written as

(A1)Uh
e
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ne
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(A5)ℂ = 2𝜇ℙSym + 𝜆I⊗ I

where

ne
T
 is the number of degrees of freedoms (dof) in each ele-

ment and Ti is the nodal temperature.
As mentioned in Sect. 2.3, implementing FEM results 

leads to Eq. (12), in which Ke
T
 is a function of �e

T
 defined by

Appendix C: Verification of analysis modules

The structural and thermal modules developed in this study 
are verified against ANSYS structural and ANSYS FLU-
ENT, respectively. The problem setup for this verification 
study is presented in Fig. 11. Thermal conductivity and mod-
ulus of elasticity of the sample are assumed to be 1 Wm−1K−1 
and 0.5 GPa , respectively. The boundary conditions are pre-
sented in Fig. 12. For the structural problem, the sample 
is assumed to be under a tensile load in the X-direction. 
And in the thermal problem, the sample is assumed to have 
convection heat transfer on front and back surfaces, and the 
rest of the surfaces are considered to be insulated. Constant 
heat generation of 24 W∕m3 is considered for this problem.

Figure 12 compares temperature and displacement dis-
tributions obtained from ANSYS and the analysis code in 
this study. The results are quite close to each other as the 
L2-norm difference between the in-house code and ANSYS 
for T, Ux , Uy , and Uz are 0.02◦C , 0.001 �m , 0.0004 �m , and 
0.0004 �m , respectively. Hence, we can conclude that the 
structural and thermal analysis modules developed in this 
study have acceptable accuracy. Note that the accuracy 
of the electrochemical module is checked and confirmed 
against the test cases provided in Rhazaoui et al. (2013).

Appendix D: Verification of sensitivity 
analysis

We perform a verification study of the analytic adjoint sensi-
tivity analysis developed in this study by comparing it with 
the central finite difference method. The error between the 
adjoint and finite difference sensitivity analysis is given by
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where Adj and FD indicate the adjoint method and finite dif-
ference approach, respectively. The error is plotted in Fig. 13 
for a sequence of perturbations from Δdi = 10−2 − 10−7 for 
all three physics of electrochemical, thermal, and struc-
tural. Note that � in Eq. (D10) indicates ionic conductivity, 

(D10)� =∣
(
d�

ddi
)Adj − (

d�

ddi
)FD

(
d�

ddi
)Adj

∣

compliance, and p-mean temperature for electrochemical, 
structural, and thermal physics, respectively. The relative 
error has a small value, which indicates that the sensitivity 
analysis is correctly derived and implemented.
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Fig. 11   Problem setup for veri-
fication study for a structural 
and b thermal modules

Fig. 12   Comparison between ANSYS and the multiphysics code for a 
temperature, b x-component of displacement, c y-component of dis-
placement, and d z-component of displacement distributions

Fig. 13   The relative error, � , between the adjoint sensitivity analysis 
and approximated central finite difference sensitivity versus the mag-
nitude of the perturbation in the design parameter, Δdi . The amount 
of error is quite small and we can conclude that the sensitivity analy-
sis is correctly derived and implemented in this study
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