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Hořava-Lifshitz gravity is an alternative theory to general relativity which breaks Lorentz invariance in
order to achieve an ultraviolet complete and power-counting renormalizable theory of gravity. In the low-
energy limit, Hořava-Lifshitz gravity coincides with a vector-tensor theory known as khronometric gravity.
The deviation of khronometric gravity from general relativity can be parametrized by three coupling
constants: α, β, and λ. Solar system experiments and gravitational wave observations impose stringent
bounds on α and β, while λ is still relatively unconstrained (λ≲ 0.01). In this paper, we study whether one
can constrain this remaining parameter with neutron star observations through the universal I-Love-Q
relations between the moment of inertia (I), the tidal Love number (Love), and the quadrupole moment (Q),
which are insensitive to details in the nuclear matter equation of state. To do so, we perturbatively construct
slowly-rotating and weakly tidally-deformed neutron stars in khronometric gravity. We find that the I-Love-
Q relations are independent of λ in the limit ðα; βÞ → 0. Although some components of the field equations
depend on λ, we show through induction and a post-Minkowskian analysis that slowly-rotating neutron
stars do not depend on λ at all. Tidally deformed neutron stars, on the other hand, are modified in
khronometric gravity (though the usual Love number is not modified, as mentioned earlier), and there are
potentially new, non-GR Love numbers, though their observability is unclear. These findings indicate that it
may be difficult to constrain λ with rotating/tidally-deformed neutron stars.
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I. INTRODUCTION

General relativity (GR) is the current benchmark for
gravitational theories, and it has continually passed all tests
to date [1–3]. However, it is still worthwhile to develop
new theories to test GR and develop a theory of gravity
beyond GR. Current interests include finding a valid
theory of quantum gravity as well as explaining cosmo-
logical phenomena such as dark energy and dark matter
[4–7]. The problem with the former is that GR is not
power-counting renormalizable.
Hořava proposed a theory of gravity beyond GR that is

renormalizable and ultraviolet complete [8]. The theory
breaks Lorentz invariance in the ultraviolet regime by
introducing a Lifshitz-type anisotropic scaling between
space and time (and thus the theory is called Hořava-
Lifshitz gravity). In the low-energy limit, the theory coin-
cides with khronometric gravity [9]. The latter contains a
khronon scalar field whose constant hypersurfaces provide a
time foliation of spacetime. Thus, the gradient of the
khronon indicates a preferred direction in spacetime that
violates Lorentz invariance, and khronometric gravity is an
example of a vector-tensor theory. Though Lorentz violation
is heavily constrained in the matter sector [10–13], it is
not as stringently constrained in the gravity sector [14–16].
Khronometric gravity corresponds to a broader vector-tensor

theory called Einstein-Æther theory [17,18] whose vector
field (æther field) is hypersurface orthogonal [19]. Other
vector-tensor theories include many classes of general Proca
[20–27] and beyond general Proca theories [28,29].
Khronometric gravity is characterized by three coupling

constants, ðα; β; λÞ. Previous work on testing the theory
has stringently constrained two of these three coupling
parameters. From the comparison of gravitational waves
from GW170817 and its associated gamma-ray burst
GRB170817A [30], along with considerations of para-
metrized post-Newtonian constraints from solar system
experiments [2,31], one can find a stringent constraint on
α and β [16,32]. This, along with theoretical considerations
of stability [33], helium abundance from big bang nucleo-
synthesis [16,34,35], and cosmological constraints [36],
imposes a constraint on the remaining parameter λ; the latter
constraint, however, is still relatively weak in comparison to
the constraint on the other two constants. There has been
recent work to test this remaining parameter [37,38], but no
new bounds have been found beyond those mentioned
above. As such, the focus of this work is to study whether
tests of this remaining parameter can be carried out with the
I-Love-Q universal relations of neutron stars [39,40].
Due to their compactness, neutron stars are excellent

testbeds to probe strong-field gravity, and I-Love-Q is an
excellent framework to do so [39–43]. The latter refers to
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universal relations between the moment of inertia (I), the
tidal Love number (Love) and the quadrupole moment (Q)
that are insensitive to the nuclear matter equation of state.
The Love number has been constrained with GW170817
[30,44,45] while the moment of inertia has been con-
strained with NICER observations [46], and it is also
expected to be measured with the double pulsar binary PSR
J0737-3039 [47–49]. Since the relations depend on the
underlying gravitational theory and deviate from the GR
ones as one considers non-GR theories, they allow us to
study gravity beyond the limits of our current under-
standing of nuclear physics [39]. As an example of this,
Silva et al. [46] recently combined the gravitational-wave
constraints of the neutron star Love number using LIGO/
Virgo data [30,44,45] with the x-ray constraints of the
stellar compactness using NICER data [50,51], together
with the universal relation between the moment of inertia
and compactness, to carry out the first multi-messenger
tests of gravity with the universal I-Love relations. A
followup analysis has been recently carried out using the
universal relation between the tidal deformability and
compactness [52].
In this paper, we study whether one can use such a test to

constrain khronometric gravity. Previous works have
shown that asymptotically-flat, physical metrics in khrono-
metric gravity coincide with GR in vacuum [38,53], but to
apply the multimessenger test, we must study nonvacuum
spacetimes, such as neutron stars. This paper therefore
studies the structure of slowly-rotating and tidally-per-
turbed neutron stars in khronometric gravity, focusing in
particular, on how the moment of inertia, the Love number
and the quadrupole moment depend on λ. To achieve this,
we follow the same procedure as in GR to construct slowly-
rotating or weakly tidally-deformed neutron stars pertur-
batively in rotation and tidal deformation. We then use
these solutions to extract the moment of inertia, the Love
number and the quadrupole moment from the asymptotic
behavior of the metric at a large distance from the star [40].
The analysis is similar to finding slowly-moving neutron
stars in khronometric gravity to extract the stellar sensi-
tivities [14,15]. We also study other components of the
metric perturbations, which are not needed to extract the I-
Love-Q relations, but that do determine whether neutron
stars in khronometric gravity are the same as in GR. We do
so through a post-Minkowskian (PM) analysis in which we
assume that the stellar compactness is small and solve the
field equations order by order in compactness. A similar
PM analysis has recently been used to find neutron star
sensitivities in Einstein-Æther theory [54] and scalar-tensor
theories [55].
Our main findings are as follows. First, we find that the

field equations relevant for extracting the I-Love-Q rela-
tions are completely independent of λ in the ðα; βÞ → 0

limit. Thus, the relations are the same as in GR, which
implies they cannot be used to constrain λwith an I-Love-Q

test. Second, we find that some components of the field
equations do contain λ-dependence, although they do not
affect the moment of inertia, the Love number or the
quadrupole moment. Third, through the method of induc-
tion and a PM analysis, we show that even the solutions to
these components of the field equations in the case of
slowly-rotating neutron stars do not present khronometric
gravity modifications, and thus, such stars in this theory are
identical to those in GR when ðα; βÞ → 0. On the other
hand, tidally-deformed neutron stars acquire khronometric
corrections that depend on λ. These corrections lead to new
“species” of Love numbers that are absent in GR; two types
are from the vector field of khronometric gravity (which we
call “vector Love numbers”), while the third type is from
perturbations to the shift in the metric tensor (which we call
“shift Love number”). The observability of these new Love
numbers is not yet clear.
The rest of the paper is organized as follows. In Sec. II, we

summarize the details of khronometric gravity and introduce
the vector field as well as the field equations. We also discuss
previously-found bounds on the theory. In Sec. III, we
summarize the ansatz for the spacetime metric, the vector
field, and the matter stress-energy tensor used throughout the
rest of the paper. In Sec. IV, we present our results in
analyzing the I-Love-Q trio in khronometric gravity and
show that the values coincide with those of GR in the limit
ðα; βÞ → 0. In Sec. V, we focus on the remaining compo-
nents of the metric perturbations that are irrelevant to
extracting the I-Love-Q trio and analyze them within a
PM framework. In particular, we here derive new shift and
vector1 Love numbers for khronometric gravity. In Sec. VI,
we conclude and discuss future directions. In Appendix A,
we discuss how khronometric gravity can be regarded either
as a scalar-tensor or vector-tensor theory, and we show that
either viewpoint leads to the same conclusion in terms of
perturbations. In Appendix B, we present the full field
equations for neutron stars, keeping all the coupling
constants.Throughout this work, we use the metric signature
ðþ;−;−;−Þ, and we use geometric units c ¼ 1 ¼ GN ,
where GN is the local Newtonian gravitational constant.

II. KHRONOMETRIC GRAVITY

In this section we present the action and equations of
motion for khronometric gravity. We also discuss some
previous bounds on the theory, which indicate what values
we consider for the coupling constants that parametrize the
theory.
First, we present the khronometric action, which is given

by [9,37]

1We note that Ref. [56] finds a Love number which is called a
“vector Love number,” but they are referencing the vector
harmonic sectors of metric perturbations, as opposed to the
vector field perturbations considered in this paper.

SIDDARTH AJITH, KENT YAGI, and NICOLÁS YUNES PHYS. REV. D 106, 124002 (2022)

124002-2



S ¼ −1

16πGbare

Z
d4x

ffiffiffiffiffiffi
−g

p ðRþ LÞ þ SðmatÞ; ð1Þ

with

L≡ λϑ2 þ β∇μU
ν∇νU

μ þ α _Uμ
_Uμ: ð2Þ

Here g is the metric determinant, R is the Ricci scalar, SðmatÞ

is the matter action, _Uμ ≡Uν∇νUμ and ϑ≡∇μU
μ with ∇μ

representing the covariant derivative. The quantities α, β,
and λ are coupling constants for khronometric gravity, and
we can recover GR by taking the limit ðα; β; λÞ → 0. In the
action, Gbare is the bare gravitational constant, which
satisfies

Gbare ¼ GN

�
1 −

α

2

�
¼

�
1 −

α

2

�
; ð3Þ

whereGN is the Newtonian gravitational constant, measured
locally in the solar system [18,35]. We shall set GN ¼ 1

throughout this work. The quantity Uμ is a fundamental
vector of the theory (that would correspond to the æther
vector in Einstein-Æther theory). This is defined in terms of
a “khronon” scalar T whose constant hypersurfaces define
time foliations of spacetime, and is found to be

Uμ ¼
∇μTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∇νT∇

νT
p : ð4Þ

Uμ is also subject to the normalization conditionUμUμ ¼ 1.
Thus, we find Uμ is a unit timelike vector specifying a
preferred time direction that classifies khronometric gravity
as one that violates Lorentz symmetry. From the above
equation, we see that khronometric gravity could be con-
sidered to be either a scalar-tensor theory or a vector-tensor
theory. This is a result of Forbenius’ theorem being bijective.
On the one hand, one can start with a scalar that foliates
spacetime with its constant hypersurfaces and from this
define a hypersurface orthogonal vector field. One the other
hand, one can instead start with a vorticity-free vector field
and then find a scalar field that foliates spacetime with its
constant hypersurfaces [57]. We give a more detailed
analysis of this dual interpretation in Appendix A.
We next present the equations of motion for khrono-

metric gravity. The modified Einstein field equations in this
theory, found by varying the action with respect to the
metric, are given by [37]

Eμν ≡ Gμν − 8πGbareT
ðmatÞ
μν − T

ðkÞ
μν ¼ 0: ð5Þ

Here, Gμν ¼ Rμν − Rgμν=2 is the Einstein tensor with Rμν

representing the Ricci tensor and TðmatÞ
μν is the matter stress-

energy tensor while TðkÞ
μν is the stress-energy tensor for the

vector field Uμ defined by

T
ðkÞ
μν ¼∇ρ½JðμρUνÞ−JρðμUνÞ−JðμνÞU

ρ�þα _Uμ
_Uν

þðUρ∇σJ
σρ−α _Uρ

_UρÞUμUνþ
L

2
gμνþ2ÆðμUνÞ; ð6Þ

with

Jμν ≡ λϑδ
μ
ν þ β∇νU

μ þ α _UνU
μ; ð7Þ

Æμ ≡ ðgμν − UμUνÞð∇ρJ
ρν − α_Uρ∇

νUρÞ: ð8Þ

The vector field satisfies an æther equation of motion,

∇μ

�
Æμ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∇νT∇νT

p
�

¼ 0; ð9Þ

which can be obtained by varying the action with respect to
the khronon scalar T. One can equivalently derive this
equation by varying the Einstein-Æther theory action with
respect to the vector field with five Lagrange multipliers, one
to enforce the unit timelike constraint and four to enforce the
zero-vorticity condition [14].
Let us now review existing bounds on the theory [16]. The

propagation speed of tensor modes is given by 1=ð1 − βÞ,
whose deviation from the speed of light has been constrained
to be ∼10−15 from the gravitational-wave observation of
GW170817 and its electromagnetic counterpart [30,58].
This leads to the constraint jβj≲ 10−15. From other obser-
vations and theoretical requirements, such as the stability of
the theory, solar system experiments, Big Bang nucleosyn-
thesis, and cosmological constraints [16,36], the remaining
coupling constants are constrained to be jαj≲ 10−7 and
jλj≲ 0.01. Therefore, we can see that λ remains relatively
unconstrained while the magnitude of α and β are more
stringently bounded. The main interest of this paper is to
study the I-Love-Q relations in khronometric gravity in the
ðα; βÞ → 0 limit, while keeping λ free. This is in fact the only
parameter choice that makes black holes nonpathological at
the universal horizon for all propagation modes [32].
Additionally, we note that the order in which one takes α

and β to zero does not alter the results throughout this work.

III. METRIC, VECTOR, AND MATTER

PERTURBATIONS

In the following sections, we consider neutron star
perturbations due to slow rotation and tidal deformation.
We first present the general metric and vector field ansatz,
which can be reduced to the slow rotation case or the tidal
deformation case by keeping the relevant free functions and
spherical harmonic modes for each case. We next show the
matter contribution.
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A. Metric and vector ansatz

Using the generic, static, and spherically-symmetric
metric as a background with additional terms from appro-
priate parity perturbations in the Regge-Wheeler gauge
[59,60], we start with the following ansatz [39] that
includes l ¼ 1 odd and l ¼ 2 even perturbations,

ds2 ¼ eνðrÞ½1þ ε2κH0ðrÞY2mðθ;ϕÞ�dt̃2

− eμðrÞ½1 − ε2κH2ðrÞY2mðθ;ϕÞ�dr2

− r2½1 − ε2κKðrÞY2mðθ;ϕÞ�
× fdθ2 þ sin2 θ½dϕ − ε½Ω⋆ − ωðrÞP0

1ðcos θÞ�dt̃�2g
þ 2ε2½κH̃1ðrÞY2mðθ;ϕÞ�dt̃drþOðε3Þ: ð10Þ

Here, ε is a bookkeeping parameter denoting the order of
the perturbation, Y2mðθ;ϕÞ is the l ¼ 2 spherical harmonic
function, P0

1ðcos θÞ ¼ dP1ðcos θÞ=dðcos θÞ, Ω⋆ is the
(constant) angular velocity, and κ ¼ 2

ffiffiffiffiffiffiffiffi
π=5

p
[chosen so

that κY20ðθ;ϕÞ ¼ P2ðcos θÞ]. For vector perturbations, we
follow Eq. (13) in [61] to form our ansatz,

Uμdx̃
μ ¼ eν=2f½1þ ε2κXðrÞY2mðθ;ϕÞ�dt̃

þ ε2κWðrÞY2mðθ;ϕÞdrþ ε2κVðrÞ∂θY2mðθ;ϕÞdθ
þ ½εSðrÞ sin2 θ þ ε2κVðrÞ∂ϕY2mðθ;ϕÞ�dϕg
þOðε3Þ: ð11Þ

By normalizing the vector’s magnitude to be unity, we find
X ¼ H0=2. We only consider perturbative terms up to
quadratic order in ε in this paper. The above ansatz may
also be used for tidal perturbations by only considering
even parity perturbations; there is no tidal perturbation at
OðεÞ and the leading perturbation enters at Oðε2Þ.
We can further modify this general framework by using

the zero-vorticity condition of khronometric gravity to
find an appropriate coordinate transformation that sim-
plifies the ansatz [14]. In khronometric gravity, there is a
required hypersurface orthogonality condition which can
be expressed as requiring the vorticity vector, wμ, to
vanish [14],

wμ ≡ εμνρσUν∂ρUσ ¼ 0; ð12Þ

where εμνρσ is the Levi-Civita tensor. Using this condition,
we can find a coordinate transformation such that there is
only one nonvanishing component in the vector ansatz.
For the ansatz shown in Eqs. (10) and (11), we find the
nontrivial vorticity vector components to be

wr ¼ ε
2e

ν−μ

2

r2
S cos θ þOðε3Þ; ð13Þ

wθ ¼ −ε
e
ν−μ

2

r2 sin θ
½sin2 θ∂rSþ εm sinðmϕÞ

× Pm
2 ðcos θÞðW − ∂rVÞ� þOðε3Þ; ð14Þ

wϕ ¼ ε2
e
ν−μ

2

r2 sin θ
cosðmϕÞPm

2
0ðcos θÞðW − ∂rVÞ þOðε3Þ;

ð15Þ

where Pm
2 ðcos θÞ is the l ¼ 2 associated Legendre poly-

nomial and Pm
2
0ðcos θÞ ¼ dPm

2 ðcos θÞ=dðcos θÞ. We can
then conclude that S ¼ 0 and WðrÞ ¼ ∂rVðrÞ in order to
eliminate the nonvanishing vorticity terms.
This allows us to rewrite the vector field as

Uμdx̃
μ ¼ eν=2

��
1þ ε2κ

H0

2
ðrÞY2mðθ;ϕÞ

�
dt̃

þ ε2κ∂rVðrÞY2mðθ;ϕÞdrþ ε2κVðrÞ∂θY2mðθ;ϕÞdθ

þ ε2κVðrÞ∂ϕY2mðθ;ϕÞdϕ
�
þOðε3Þ: ð16Þ

Now, we choose the coordinate transformation given by

t ¼ t̃þ ε2κVðrÞY2mðθ;ϕÞ; ð17Þ

where, upon differentiating both sides, solving for dt̃, and
substituting the expression into Eq. (16), all but the t
component of the vector field is eliminated. We note that
this transformed time coordinate corresponds to the per-
turbed khronon scalar, which is discussed in Appendix A.
We now present the metric and vector forms used

throughout this paper. After performing the coordinate
transformation above, the metric and æther vector ansatz
are given by

ds2 ¼ eνðrÞ½1þ ε2κH0ðrÞY2mðθ;ϕÞ�dt2 − eμðrÞ½1 − ε2κH2ðrÞY2mðθ;ϕÞ�dr2

− r2½1 − ε2κKðrÞY2mðθ;ϕÞ�fdθ2 þ sin2 θ½dϕ − ε½Ω⋆ − ωðrÞP0
1ðcos θÞ�dt�2g

þ 2ε2κfH1ðrÞY2mðθ;ϕÞdtdr − eνðrÞVðrÞ½∂θY2mðθ;ϕÞdtdθ þ ∂ϕY2mðθ;ϕÞdtdϕ�g þOðε3Þ; ð18Þ
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Uμdx
μ ¼ e

νðrÞ
2

�
1þ ε2κ

H0ðrÞ
2

Y2mðθ;ϕÞ
�
dtþOðε3Þ; ð19Þ

where we define

H1 ≡ H̃1 − eν∂rVðrÞ: ð20Þ

Notice that the vector field only has a t component while
there are additional ðt; rÞ and ðt; θÞ components in the
metric.
We now summarize which field functions and spherical

harmonic modes are considered at each order of perturba-
tion in the slow rotation or tidal deformation case. We can
see that the only radial functions atOðε0Þ are ν and μ, while
at OðεÞ we have ω, and at Oðε2Þ we have H0, H1, H2, K,
and V. For metric perturbations due to slow rotation, we
only have ðl; mÞ ¼ ð1; 0Þ modes at OðεÞ and both ðl; mÞ ¼
ð2; 0Þ and ðl; mÞ ¼ ð0; 0Þ modes at Oðε2Þ. Tidal deform-
ability only enters at Oðε2Þ with l ¼ 2 and all m modes, so
when solving the tidal field equations, we neglect OðεÞ
terms in Eq. (18) [39]. Thus, the free field functions are
fν; μ;ω; H0; H1; H2; K; Vg in the slow rotation case and
fν; μ; H0; H1; H2; K; Vg in the tidal deformation case.

B. Matter contribution

In this subsection, we develop the form of the matter
stress-energy tensor. First, we discuss the four-velocity of
the neutron star. We assume the neutron star is a perfect
fluid, with its four-velocity given by

uμ∂μ ¼ ut̃ð∂t̃ þ εΩ⋆∂ϕÞ; ð21Þ

where Ω⋆ is the neutron star angular velocity. Using the
normalization condition uμuμ ¼ 1, we find

ut̃ ¼ e
ν
2 þ ε2

2
e−

3ν
2 ½ðωr sin θÞ2 − κeνH0Y2m� þOðε3Þ: ð22Þ

Before proceeding, let us make two observations. First,
note that one does not need to perturb the fluid four-
velocity more generally because of the same arguments
used in GR to construct rotating stars [62]. We have here
assumed that the matter fields are barotropic, since neutron
stars are expected to be “cold” (i.e., the star’s temperature
is much lower than the Fermi temperature). We can also
use the fact that the timelike killing vector ξα ¼ ð∂tÞα and
the axisymmetric killing vector ψα ¼ ð∂ϕÞα are both also
symmetries of the matter fields, given explicitly by the
conditions

£ξu
α ¼ 0; £ξϵ ¼ £ξp ¼ 0; ð23Þ

£ψu
α ¼ 0; £ψϵ ¼ £ψp ¼ 0: ð24Þ

Here, ϵ is the energy density, p is the pressure, and £v

denotes the Lie derivative along a vector vα. Barotropic
stars with these symmetries can be modeled with a circular
four-velocity, which is precisely the form in Eq. (21) [62].
The inclusion of a stationary and axisymmetric æther
vector field would not change any of the above, so we
maintain the same four-velocity as in GR.
Second, note that the coordinate transformation given

in Eq. (17) does not change the form of the fluid four-
velocity, as can be shown by the vector transformation
law. Let tilde indices denote the coordinates used before
the transformation given in Eq. (17), explicitly given
by xμ̃ ¼ ft̃ ¼ t − ε2κVðrÞYlmðθ;ϕÞ; r; θ;ϕg. Thus, we find
that

uμ∂μ ¼
∂xμ

∂xμ̃
uμ̃∂μ ¼

�
∂xμ

∂t̃
ut̃ þ ∂xμ

∂ϕ̃
uϕ̃

�
∂μ

¼ ut̃
�
δ
μ
t þ εΩ⋆

�
δ
μ
t

∂t

∂ϕ̃
þ δ

μ
ϕ

∂ϕ

∂ϕ̃

��
∂μ

¼ ut̃ð∂t þ εΩ⋆∂ϕÞ þOðε3Þ; ð25Þ

where we have here used the fact that ∂t=∂ϕ̃ ¼ Oðε2Þ.
With this in mind, the stress-energy tensor up toOðε2Þ is

given by

T
ðmatÞ
μν ¼ ½ϵ̃0 þ p̃0 þ ε2κðϵ̃2 þ p̃2ÞY2m�uμuν

− ðp̃0 þ ε2κp̃2Y2mÞgμν þOðε3Þ; ð26Þ

where eϵi and epi are the ith-order energy densities
and pressures, respectively. We rescale these matter fields
via [14]

ϵi ≡
2 − α

2
eϵi; pi ≡

2 − α

2
epi; ð27Þ

which absorbs the overall factor introduced by Gbare ¼
1 − α=2 in Eq. (1).

IV. I-LOVE-Q

In this section, we prove that the I-Love-Q trio in
khronometric gravity are not modified from their GR values
when ðα; βÞ → 0. To do so, we use the ansatz in the previous
section and consider slowly-rotating or weakly-tidally-
deformed neutron stars. The moment of inertia, quadrupole
moment and tidal Love number can be computed from the
first order in rotation, second order in rotation and first order
in tidal deformation solutions, respectively [39]. The back-
ground, modified Tolman-Oppenheimer-Volkoff (TOV)
equations with no rotation and tidal deformation are given
in Eqs. (B1)–(B3), and they only depend on α. Thus, the
TOV equations are identical to the GR ones in the α → 0

limit. We study below slow rotation and small tidal
deformation in turn in the limit of ðα; βÞ → 0. The full

I-LOVE-Q RELATIONS IN HOŘAVA-LIFSHITZ GRAVITY PHYS. REV. D 106, 124002 (2022)

124002-5



field equations without this restriction can be found in
Appendix B.

A. Moment of inertia

We begin by studying how λ enters the field equations at
first order in spin. From the action in Eq. (1), we see that λ
always enters multiplied by ϑ≡∇μU

μ. However,

ϑ ¼ ∇μU
μ ¼ ∂μð

ffiffiffiffiffiffi
−g

p
UμÞ

ffiffiffiffiffiffi
−g

p

¼ 1
ffiffiffiffiffiffi
−g

p ½∂tð
ffiffiffiffiffiffi
−g

p
UtÞ þ ∂ϕð

ffiffiffiffiffiffi
−g

p
UϕÞ� þOðϵ2Þ

¼ Oðϵ2Þ: ð28Þ

In the second equality, we used the fact that the only
nonvanishing components on Uμ (not to be confused with
Uμ) are t and ϕ atOðεÞ, while the third equality holds from
the vector field being stationary and axisymmetric. Because
the divergence of Uμ is the expansion (i.e., the rate of
change of the cross sectional area of vector field con-
gruences Uμ) [19], physically, the λ dependence is absent
because the expansion of Uμ is zero for a rotating
configuration, at least to first order in spin. Since the field
equations atOðϵÞ do not depend on λ, the moment of inertia
is the same as in GR in the ðα; βÞ → 0 limit. One can also
check this finding by looking at the field equations
explicitly. The only nonvanishing component of the field
equations is given in Eq. (B4) which only depends on α and
β. Therefore, it reduces to the GR one when these constants
are set to zero.

B. Quadrupole moment

We next consider the field equations at second order in
spin to find the λ dependence on the quadrupole moment.
In this subsection, we use the metric exactly as shown in
Eq. (18). Note that since gtr and gtθ are nonvanishing, the
contravariant form of the vector Uμ acquires an r and θ

dependence in the Ur and Uθ components, respectively.
This means that the divergence of the vector is nonzero and
thus λ enters into the vector field equations. The modified
field equations now depend on the following set of
functions; fH0; H1; H2; V; K; p2; ϵ2g, which depend only
on r.
Let us examine the modified field equations analytically

in order to discuss the nontrivial appearances of λ. When
considering the ðα; βÞ → 0 limit in Eq. (6), we obtain

T
ðkÞ
μν ¼ ∇ρ½JðμρUνÞ − JρðμUνÞ − JðμνÞU

ρ� þ L

2
gμν

þ Uρ∇σJ
σρUμUν þ 2ÆðμUνÞ; ð29Þ

where

Jμν ¼ λϑδ
μ
ν ; ð30Þ

L ¼ λϑ2; ð31Þ

ϑ ¼ ∇ρU
ρ ¼ ∇rU

r þ∇θU
θ: ð32Þ

Since Jμν ¼ Jν
μ, we can see clearly

Jðμ
ρUνÞ − JρðμUνÞ ¼ 0: ð33Þ

Next, we note that Jμν ¼ λϑgμν, which gives Æμ ¼
ðgμν −UμUνÞ∇ρJ

ρν. Using these equations, we find

T
ðkÞ
μν ¼ λ

�
ðUμUν − gμνÞ£Uϑþ ϑ2

2
gμν

�
þ 2ÆðμUνÞ; ð34Þ

Æμ ¼ λð∇μϑ −Uμ£UϑÞ: ð35Þ

Here, £U denotes a Lie derivative with respect to the
vector field.
Let us now analyze each term of TðkÞ

μν to reveal the λ

dependence. Taking a closer look at the Lie derivative term,
we find

£Uϑ ¼ Uμ∇μϑ ¼ Ur∇rϑþ Uθ∇θϑ ¼ Oðε4Þ; ð36Þ

where we used the fact that ϑ is independent of t and ϕ and
that Ur, Uθ, and ϑ are all Oðε2Þ. Therefore, we can neglect
all terms containing the Lie derivative of ϑ with respect to
the vector field. Similarly, we see the last term in the
brackets of Eq. (34) is proportional to ϑ2 ¼ Oðε4Þ. Thus, at
this order of perturbation, we are left with

T
ðkÞ
μν ¼ 2λ∇ðμϑUνÞ: ð37Þ

Again using the static and axisymmetric property of ϑ, the
only nonvanishing components of ∇μϑ are μ ¼ ðr; θÞ.
Keeping in mind that Uμ only has a nonvanishing t

component, we only find λ terms in the ðt; rÞ and ðt; θÞ
terms of TðkÞ

μν . This means that only Etr ¼ 0 and Etθ ¼ 0

contain λ in the modified field equations.
Let us now discuss how the quadrupole moment depends

on λ. Such a moment can be derived by looking at the
asymptotic behavior of gtt at large r, which is determined
through H0 and K. As we discuss in more detail in
Appendix B 3, it turns out that the diagonal components
of Eμν ¼ 0 and Erθ ¼ 0 give coupled equations for H0, K
and H2. Based on the discussion earlier in this subsection,
these components do not depend on λ. Hence, the quadru-
pole moment reduces to that of GR in the ðα; βÞ → 0 limit.
We have confirmed this result by directly deriving equations
forH0,K andH2, which are given in Eqs. (B5)–(B7). These
equations only depend on α and β, and thus reduce to the
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GR field equations when we set these coupling constants
to zero.

C. Tidal Love number

Finally, we study tidal perturbations and how the tidal
Love number depends on λ. We focus on the leading, even-
parity perturbations. This amounts to neglecting terms that
are OðεÞ and keeping those at Oðε2Þ in Eq. (18). In
practice, one can achieve this by taking the field equations
at second order in spin and setting ω ¼ 0 Doing so, we find
that the discussion in Sec. IV B still holds for tidal
perturbations and, in particular, λ does not enter the
diagonal components of Eμν or Erθ.
The tidal Love number is defined as the ratio between the

tidally-induced quadrupole moment and the external tidal
field. Similar to extracting the (rotation-induced) quadru-
pole moment described in Sec. IV B, both of these
quantities can be read off by looking at the asymptotic
behavior of gtt at large r. The only difference is that one
does not impose asymptotic flatness to extract the tidal field
strength, since the expansion is formally done in an
intermediate buffer zone (i.e., in a spatial region that is
not too close to the neutron star surface but also not too
close to the object causing the tidal deformation). Given
that H0 and K are independent of λ, the tidal Love number
is the same as the GR one in the limit ðα; βÞ → 0. Once
again, we checked this result explicitly by looking at the
field equations for H0 directly. For tidal perturbations, we
find that H0 ¼ H2 ≡H due to the absence of the OðεÞ
perturbation; the equation forH is given in Eq. (B8), which

only depends on α (unlike the field equations at second
order in spin which also depend on β). This equation,
therefore, reduces to the GR one in the limit α → 0.

V. ELECTRIC-TYPE PERTURBATION

TO THE SHIFT

Are slowly-rotating neutron stars or tidally-perturbed
neutron stars in khronometric gravity the same as those in
GR when ðα; βÞ → 0? The answer to this question is not
trivial as there are some components in the modified
Einstein equations (not relevant for extracting I-Love-Q)
that have λ dependence and that do not explicitly vanish in
the ðα; βÞ → 0 limit. Below, we study slowly-rotating stars
and tidally-deformed ones in turn.

A. Slow rotation

We begin by focusing on slowly-rotating neutron
stars to second order in spin and focus on solving the
λ-dependent part of the equations analytically within the
PM approximation.

1. Field equations

We first derive the equations for metric perturbations that
depend on λ. As we showed in Sec. IV B, it is the ðt; rÞ and
ðt; θÞ components of the modified Einstein equations that
contain the λ dependence. These two equations give a
coupled system for H1 and V. When taking the ðα; βÞ → 0

limit [see Eqs. (B8) and (B14) for the full equations],
we find

d2H1

dr2
¼ 2

rðr − 2MÞ ð2πr
3p0 þ 6πr3ϵ0 þM − rÞ dH1

dr
−
3eνð2λþ 1Þ
λrðr − 2MÞ

dV

dr
−
6eνð4πr3p0 þ 5M − 2rÞ

r2ðr − 2MÞ2 V þ
�

4πr2

r − 2M

dϵ0

dr

þ 9λM2 þ 2rð6πλr2p0 þ 18πλr2ϵ0 þ 4λ − 3ÞM þ r2½8πλr2ð2πϵ0r2 − 1Þp0 − 16πr2λϵ0 − 2λþ 3�
λr2ðr − 2MÞ2

�
H1; ð38Þ

d2V

dr2
¼ 4πr3ðϵ0− 3p0Þ− 4M

rðr− 2MÞ
dV

dr
−

12λ

rðr− 2MÞVþ 2e−ν
ð3λ− 1ÞMþ 2πr3½ð2λþ 1Þϵ0−p0�− 2λr

rðr− 2MÞ H1− ð2λþ 1ÞdH1

dr
: ð39Þ

Here, MðrÞ is defined as

MðrÞ≡ r

2
½1 − e−μðrÞ�: ð40Þ

Before solving the above equations, let us discuss taking
the GR limit. When taking the limit λ → 0, Eq. (38) has an
apparent divergence. However, by multiplying both sides
by λ, we find the condition

H1 ¼ −eν
dV

dr
þOðλÞ; ð41Þ

when λ ≪ 1. This condition identically satisfies Eq. (39) in
the limit λ → 0, making it vanish at Oðλ0Þ. This indicates
that the system loses a degree of freedom in the GR limit,
since the pair of coupled differential equations collapses into
one condition that leavesH1 and V undetermined. However,
in GR there is no vector field to give a condition on V, which
originated as a vector perturbation in Eq. (11). Therefore, the
GR limit is actually H̃1 ¼ 0 in Eq. (10), which describes the
metric before the time coordinate transformation in Eq. (17).
Thus, V in the metric ansatz in Eq. (18) is simply an artefact
of the coordinate transformation we performed in Eq. (17).
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By comparing Eqs. (20) and (41), we see that H̃1 ¼ 0, and
transforming back to the original time coordinate removes
all terms dependent on V. Thus, we recover the correct GR
limit, and we find that V becomes purely a gauge artefact
from the transformation given by Eq. (17).

2. PM expansion

We wish to solve Eqs. (38) and (39) both in the interior
and exterior of neutron stars under the boundary conditions
of regularity at the center and asymptotic flatness at infinity.
Since the system is composed of two second-order differ-
ential equations, there are four integration constants for
each region. Two of them are associated with terms that
grow in r, while the other two correspond to solutions that
decay in r. Imposing asymptotic flatness at infinity
eliminates the first two modes in the exterior, while the
regularity at the center removes the other two in the interior.
Given that Eqs. (38) and (39) are homogeneous, there is no
other contribution to the solution, and upon matching the
solutions at the surface, we find H1 ¼ V ¼ 0.
To show the above argument explicitly, we consider

solving Eqs. (38) and (39) analytically within the PM
approximation [54,55]. We expand the TOV equations
along with Eqs. (38) and (39) in orders of compactness
C ¼ M⋆=R⋆, where M⋆ and R⋆ are the stellar mass and
radius, respectively. The leading contribution of each back-
ground function is as follows: M ¼ OðC0Þ, ν ¼ OðC0Þ and
p0 ¼ OðC02Þ [54,55]. Here C0 is a bookkeeping parameter
which denotes the order of a term in compactness. For H1

and V, we use the following ansatz,

H1ðrÞ ¼
X

j¼0

ηjðrÞC0j; VðrÞ ¼
X

j¼0

vjðrÞC0j: ð42Þ

We substitute the above ansatz in Eqs. (38) and (39) and
expand in powers of C0. We solve the equations for ηj and vj
order by order, both in the interior and exterior regions. We
impose regularity at the center and infinity, together with the
following boundary conditions at the surface for the
continuity and smoothness of the solutions,

η
ðintÞ
j ðR⋆Þ ¼ η

ðextÞ
j ðR⋆Þ; ð43Þ

η0j
ðintÞðR⋆Þ ¼ η0j

ðextÞðR⋆Þ; ð44Þ

v
ðintÞ
j ðR⋆Þ ¼ v

ðextÞ
j ðR⋆Þ; ð45Þ

v0j
ðintÞðR⋆Þ ¼ v0j

ðextÞðR⋆Þ; ð46Þ

where the primes indicate a derivative with respect to r.
We now show that H1 and V vanish through the method

of induction. We take the following steps: (i) show that
H1 ¼ V ¼ 0 when j ¼ 0; (ii) assume that H1 ¼ V ¼ 0 for
j ≤ n − 1 and show that H1 ¼ V ¼ 0 holds for j ¼ n.

Let us start by looking at the first step. When j ¼ 0, the
equation for η0 and v0 are given by

η000 ¼
12λv0 − r½ð3 − 2λÞη0 þ ð3þ 6λÞv00 þ 2λrη00�

λr3
; ð47Þ

v000 ¼ −
12λv0 þ 4rλη0 þ r2ð1þ 2λÞη00

r2
; ð48Þ

where we assume λ ≠ 0.
For the interior, by requiring regularity at the center we

find

η
ðintÞ
0 ¼ −2A0rþ B0r

3; ð49Þ

v
ðintÞ
0 ¼ A0r

2 −
ð3þ 10λÞB0

12ð1þ λÞ r3; ð50Þ

while for the exterior, by requiring regular solutions in the
limit r → ∞, we obtain

η
ðextÞ
0 ¼ C0

r2
þ 3D0

r4
; ð51Þ

v
ðextÞ
0 ¼ C0

rð1þ 6λÞ þ
D0

r3
: ð52Þ

Here A0, B0, C0, and D0 are integration constants.
Imposing continuity and differentiability of η0 and v0 at
the surface yields A0 ¼ B0 ¼ C0 ¼ D0 ¼ 0, showing that
H1 ¼ V ¼ 0 at OðC00Þ.
Next, we study the second step. We assumeH1 ¼ V ¼ 0

for j ≤ n − 1 and consider the equations for ηn and vn at
OðC0nÞ. Given that ηn and vn are already ofOðC0nÞ, we only
need coefficients at OðC00Þ. This means that the equations
for ηn and vn are the same as Eqs. (47) and (48). Then, we
can repeat the process explained in the first step and this
leads to H1 ¼ V ¼ 0 at OðC0nÞ. This concludes our proof
that H1 ¼ V ¼ 0 to all orders in the PM expansion. Notice
that this proof does not depend on the choice of the
equation of state.

B. Tidal deformation

In this subsection, we study tidally-deformed neutron
stars in khronometric gravity in more detail. In particular,
we focus on the non-GR fields V and H1 that depend on λ

but do not affect the usual tidal Love number, computed
from the gtt perturbations discussed above. Unlike the
analysis for slowly-rotating stars in Sec. VA 2, we do
not impose asymptotic flatness on the metric and vector
fields (because the presence of the perturber prevents us
from doing so), and this allows us to extract tidal terms that
grow with r. We will find it more insightful to work with
ðV; H̃1Þ rather than ðV;H1Þ, where V originated as a vector
perturbation, while H̃1 is a metric perturbation before the
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coordinate transformation in Eq. (20). We consider the
following two cases and introduce three new Love numbers:
(i) two of them are obtained by imposing that the vector
field strength be zero (a shift and a vector Love number),
and (ii) one of them is found by letting the metric field
strength be zero (another vector Love number). Case (i) is
similar to previous work on I-Love-Q relations in scalar-
tensor theories [63], where the authors did not impose
asymptotic flatness on the metric but required the scalar
field to be regular as r → ∞ (see [52,64] for similar
analyses in different theories of gravity). We then discuss
the physical interpretation of these Love numbers briefly.

1. Khronometric Love number

We now detail the PM expansion for tidally-deformed
neutron stars in khronometric theory. The procedure is
similar to the PM analysis in Sec. VA 2, but we now retain
growing modes in the exterior to study tidal effects. We
note that since Eqs. (38) and (39) are independent of ω,
they apply to the tidal deformation case as well. At zeroth
order in compactness, this will yield an interior solution
still given by

η
ðintÞ
0 ¼ −2A0rþ B0r

3; ð53Þ

v
ðintÞ
0 ¼ A0r

2 −
ð3þ 10λÞB0

12ð1þ λÞ r4; ð54Þ

but the exterior solution will now take the form

η
ðextÞ
0 ¼ C0

r2
þ 3

D0

r4
− 2F0rþG0r

3; ð55Þ

v
ðextÞ
0 ¼ C0

rð1þ 6λÞ þ
D0

r3
þ F0r

2 −
ð3þ 10λÞG0r

4

12ð1þ λÞ ; ð56Þ

where F0 and G0 are additional integration constants
characterizing the growing mode. When matching the
solutions at the surface of the star, we will no longer be
able to show that these fields vanish.
To acquire a better physical meaning of each term in the

above solutions, we go back to the original coordinate
system in Eq. (10) before applying the time transformation
in Eq. (17). This can be accomplished by simply solving
Eq. (20) for H̃1, which is the ðt; rÞ component radial
perturbation in the original coordinates. In the exterior,
because νðrÞ is nonzero only at OðC0Þ, this corresponds to

η̃
ðextÞ
0 ¼ η

ðextÞ
0 þ ∂rv

ðextÞ
0 þOðC0Þ ¼ 6λC0

ð1þ 6λÞr2 −
7λG0r

3

3ð1þ λÞ ;

ð57Þ

η̃
ðintÞ
0 ¼ η

ðintÞ
0 þ ∂rv

ðintÞ
0 þOðC0Þ ¼ −

7λB0r
3

3ð1þ λÞ ; ð58Þ

As before, C0 is a bookkeeping parameter which denotes the
order of compactness. These expressions clearly show that
this field vanishes in the GR limit (λ → 0), as expected. We
see that this metric function only has two terms in the
exterior, and we can interpretC0 andG0 as originating from
the metric, while the remaining contributions in Eq. (55)
originate from the coupling of the metric and vector field.
We shall now provide a procedure to eliminate some of

the constants of integration, such that we may define a new
shift Love number, similar to the scalar Love number
defined in scalar-tensor theories [63]. As is, the system has
6 constants of integration (two in the interior ðA0; B0Þ, four
in the exterior ðC0; D0; F0; G0Þ) and four boundary con-
ditions (continuity of the field functions and their deriv-
atives). Reference [63] had the same number of constants
and boundary conditions in scalar-tensor theories, and so
the authors defined a scalar Love number by imposing (by
hand) that the scalar field be regular in the exterior region
(namely no tidal term in the scalar field), which eliminates
one of the integration constants. If we were to set all of the
growing modes of V to zero in the exterior in khronometric
gravity, one would need to eliminate two integration
constants (F0 and G0), and both V and H̃1 would vanish
since the system would match the slowly-rotating case.
Instead, it proves worthwhile to consider the cases in which
F0 ¼ 0 and G0 ¼ 0 separately. The former corresponds to
setting the vector field strength to zero while the latter
would set the metric field strength to zero. This will
confirm that C0 corresponds to the tidal response from
the metric field strength G0 [which is already apparent by
Eq. (57)] while D0 is the quadrupolar response due to both
field strengths. In either case, we will be left with one
undetermined constant, which will cancel upon taking
ratios to define new khronometric Love numbers. This
allows us to define a shift Love number from H̃1 and two
vector Love numbers from V.
We next discuss the tidal strength that is necessary to

compute the Love numbers. At zeroth order, matching the
solutions at the boundary yields only one nonvanishing
term, which is interpreted as a tidal field strength. Consider
first the case F0 ¼ 0, whereby we consider only the metric
field strength. We label this field E, and impose that the
tidal field strength term of H̃1 is fully captured by the
OðC0Þ contribution without loss of generality. Specifically,
we impose

E ¼
X

j

EjC
0j ¼ E0: ð59Þ

Thus, the solution at zeroth order for the fields given in
Eqs. (53)–(57) is G0 ¼ B0 ¼ −3ð1þ λÞE=7 with all other
constants vanishing. This choice of parametrization keeps
the λ dependence of H̃1 explicit and clearly shows that the
field will vanish in the GR limit (as expected). The G0 ¼ 0

case is analogous, where we may define
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V ¼
X

j

VjC
0j ¼ V0; ð60Þ

and the only nonzero constant is F0 ¼ A0 ¼ V in
Eqs. (53)–(57). Note that in this case we can show that
the metric field H̃1 vanishes altogether.
At higher orders of compactness, we must now consider

matter fields that couple to lower-order metric and vector
fields. To keep our analysis analytically tractable, we will
use the Tolman VII model [65], whose energy density
profile is given by

ϵðrÞ ¼ ϵc

�
1 −

r2

R2
⋆

�
¼ 15M⋆

8πR3
⋆

�
1 −

r2

R2
⋆

�
; ð61Þ

with ϵc representing the central energy density. This profile
allows one to solve the TOV equation analytically, and the
solution can accurately model realistic neutron solutions in
GR [66,67], scalar-tensor theories [55], and Einstein-
Æther theory [54].
Let us now discuss the three different quadrupole

moments induced on the metric and vector fields. At higher
orders of compactness, the system of differential equations
acquires a source term from lower-order fields. Due to this,
we find nonvanishing decaying modes, which include the
quadrupole moments of the system.We find that the constant
of integration Cj at all orders corresponds to the quadrupole
response of the metric field due to the metric field strength E.
This is clear from the zeroth-order expression of Eq. (57), but
it can be made explicit by matching all of the boundary
conditions at all orders, yielding Cj ∝ E. We thus label this

constantCj ¼ ð1þ 6λÞQðE;H̃1Þ
j =6, where the first superscript

indicates the tidal field strength that induces the moment,
while the other indicates to which field the multipole
belongs. However, Dj contains responses from both the
metric and vector field strengths, which can be seen from the
leading-order expression given in Eq. (56). When imposing
all of the boundary conditions, this decaying mode depends
on both V and E. The former corresponds to multipole
responses of the vector field due to the vector field strength,
labelled as QðV;VÞ, while the latter is the multipole response
of the vector field due to the metric field, labeledQðE;VÞ. We

thus take Dj ¼ Q
ðE;VÞ
j þQ

ðV;VÞ
j . We then construct the full

multipole moment by taking

QðE;H̃1Þ ¼
X

j

Q
ðE;H̃1Þ
j C0j; ð62Þ

QðE;VÞ ¼
X

j

Q
ðE;VÞ
j C0j; ð63Þ

QðV;VÞ ¼
X

j

Q
ðV;VÞ
j C0j: ð64Þ

Let us now present the quantities H̃1 and V, from which
we find three khronometric Love numbers. The three Love
numbers come from the three quadrupole moments which
are induced on the shift metric and vector fields discussed
above. Finding solutions order by order, we find that the
fields up to fourth order in compactness are given by the
expressions

H̃1 ¼ λEr3
�
1þO

�
M⋆

r

��
þ λ

QðE;H̃1Þ

r2

�
1þO

�
M⋆

r

��
þO

�
M5

⋆

R5
⋆

�
; ð65Þ

V ¼ ð10λþ 3ÞE
28

r4
�
1þO

�
M⋆

r

��
þ Vr2

�
1þO

�
M⋆

r

��
þQðE;H̃1Þ

6r

�
1þO

�
M⋆

r

��

þQðE;VÞ þQðV;VÞ

r3

�
1þO

�
M⋆

r

��
þO

�
M5

⋆

R5
⋆

�
; ð66Þ

where

QðE;H̃1Þ ¼ M⋆R
4
⋆EF

28
; QðV;VÞ ¼ −

M⋆R
4
⋆VF

42
; F ¼ 1 −

652

143

M⋆

R⋆

þ 1805957

255255

M2
⋆

R2
⋆

−
1545158

373065

M3
⋆

R3
⋆

ð67Þ

QðE;VÞ ¼−
M⋆R

6
⋆λE

99

�
1−

6ð837λ− 4063Þ
15925λ

M⋆

R⋆

−
552882330λ3þ 4382218319λ2þ 2914707384λþ 18706545−232792560λð11λþ 6Þ logR⋆

246901200λ2
M2

⋆

R2
⋆

þ223219861326λ3þ 513253785137λ2þ 346830640200λþ 7552551699−93987310032λð11λþ 6Þ logR⋆

21863101260λ2
M3

⋆

R3
⋆

�
:

ð68Þ
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Above, the OðM⋆

r
Þ terms come from source terms coupling

to lower-order metric and vector fields. Notice that these
terms can contaminate the multipolar structure of lower-
order modes if they are not separated out like we do above.
Thus, we shall consider only the leading-order terms
because these give the pure multipolar response without
source coupling terms. To make this separation, one should
impose only boundary conditions given by Eqs. (43) and
(46) to solve for the constants in the interior, while keeping

theQð:;:Þ
j terms undetermined. Then, one can impose the two

remaining boundary conditions order by order to find the
above values. The above result confirms that the quantity E

is the metric field strength while the V term corresponds to a
vector field strength at higher orders in compactness as well;
in fact, if one were to take E → 0, the metric field vanishes
altogether. Thus, its appearance in V comes from the
coupling between the vector and metric field.
We now define three new Love numbers. Consider first

the case of V ¼ 0. We propose defining a shift Love
number by selecting the mode we identified above as
the moment induced by the metric tidal field. Namely, we
can define a shift Love number for H̃1 by taking the ratio of
the leading-order growing mode coefficient E and the
coefficient of the decaying mode QðE;H̃1Þ:

Λshift ≡
QðE;H̃1Þ

E
¼ M⋆R

4
⋆F

28
¼ M⋆R

4
⋆

28

�
1 −

652

143

M⋆

R⋆

þ 1805957

255255

M2
⋆

R2
⋆

−
1545158

373065

M3
⋆

R3
⋆

�
þO

�
M5

⋆

R5
⋆

�
: ð69Þ

This quantity also has consistent units when compared to the usual quadrupolar electric-type Love number from gtt. Doing
the same with the quadrupole moment induced on V, we define a vector Love number

ΛðE;VÞ ≡
28QðE;VÞ

ð10λþ 3ÞE ¼ −
28M⋆R

6
⋆λ

99ð10λþ 3Þ

�
1−

6ð837λ− 4063Þ
15925λ

M⋆

R⋆

−
552882330λ3 þ 4382218319λ2 þ 2914707384λþ 18706545− 232792560λð11λþ 6Þ logR⋆

246901200λ2
M2

⋆

R2
⋆

þ223219861326λ3 þ 513253785137λ2 þ 346830640200λþ 7552551699− 93987310032λð11λþ 6Þ logR⋆

21863101260λ2
M3

⋆

R3
⋆

�

þO

�
M5

⋆

R5
⋆

�
; ð70Þ

though this Love number will differ in units from the usual electric-type Love number. In the case where E ¼ 0, the metric
vanishes (and therefore we do not define the Love number on H1 induced by the vector tidal field), and we may define
another vector Love number, given by

ΛðV;VÞ ≡
QðV;VÞ

V
¼ −

M⋆R
4
⋆F

42
¼ −

M⋆R
4
⋆

42

�
1 −

652

143

M⋆

R⋆

þ 1805957

255255

M2
⋆

R2
⋆

−
1545158

373065

M3
⋆

R3
⋆

�
þO

�
M5

⋆

R5
⋆

�
: ð71Þ

Note ΛðV;VÞ will have consistent units with the usual Love
number as well. To summarize, we have defined three
additional Love numbers, one of which characterizes the
response of the metric field due to the metric field strength
and two of which characterize the response of the vector
field due to both the metric and vector field strengths.
We conclude this analysis by discussing the GR limit of

the fields and khronometric Love numbers. We find that the
solutions have two branches, one corresponding to the GR
limit (λ ¼ 0), and another that corresponds to constrained
khronometric gravity (λ ≠ 0). This happens because, as
discussed at the end of Sec. VA 1, the system defined by
Eqs. (38)–(39) loses a degree of freedom in the GR limit.

This is expected since there is no condition in GR to
determine V, which originated from a vector perturbation.
Thus, we see that the khronometric branch (λ ≠ 0) predicts
nonzero shift and vector Love numbers, as well as a V field,
while these quantities are not present in the GR (λ ¼ 0)
branch. Note that the above expression for V in Eq. (66)
diverges in the GR limit, but this is not an issue because the
khronometric branch assumes the condition λ ≠ 0.
Furthermore, notice that the shift and one of the vector
Love numbers in Eqs. (69) and (71) are independent of λ.
Although H̃1 in Eq. (65) still depends on λ and vanishes in
the limit λ → 0, such λ dependence cancels out when
computing the shift Love number. This is interesting
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because if these quantities were to be measured, we can
conclude the existence of a non-GR effect. An exact
method to measure these khronometric Love numbers
remains unclear and is left to future work.

2. Physical interpretation

We end this section by discussing the physical inter-
pretation and potential observability of the new Love
numbers. First, we note that these perturbations do not
seem to be a gauge artefact. As we already mentioned,
H̃1 ¼ 0 in GR. This is not the case in khronometric gravity
as H̃1 is coupled to the vector perturbation V, and these
fields cannot be removed through a coordinate trans-
formation. Namely, if we tried to eliminate V from the
vector field through a coordinate transformation, this
degree of freedom would now appear in the metric, and
vice versa.
If there are indeed nonvanishing tidal perturbations in

H̃1 and V, how would khronometric Love numbers enter
observable quantities? One possibility is through gravita-
tional waves from binary neutron star mergers. The LIGO/
Virgo Collaboration has measured the leading tidal Love
number with GW170817 [30,44]. There are other sub-
leading tidal Love numbers that are encoded in the
waveform and may be extracted with future observations.
In GR, tidal perturbations in the ðt; AÞ component of the
metric (with A ¼ ðθ;ϕÞ) are governed by magnetic-parity
perturbations. Such perturbations give rise to magnetic
tidal Love numbers. The leading quadrupolar magnetic
Love number enters at sixth post-Newtonian order in the
waveform (the leading electric-parity Love number enters
at the fifth order) [68]. The khronometric Love numbers
originating from H̃1 may enter at the same order in the
waveform, though a more detailed analysis needs to be
done to determine whether they actually impact observ-
ables or not, and this is beyond the scope of this paper.
Since V originates from the vector field, it is unlikely that
the Love numbers derived from V will enter in the
waveform as described above.

VI. CONCLUSION AND DISCUSSION

We investigated the I-Love-Q universal relations for
khronometric gravity in the limit ðα; βÞ → 0, keeping only
λ free. We find that λ is absent from the equations of
motion for the background and at first order in slow
rotation. When investigating second-order solutions in
slow rotation, we found that λ is absent from the field
variables that determine the quadrupole moment as well.
Similarly, when we considered a weakly tidally-deformed
perturbation, λ does not enter the field equation compo-
nents for the tidal Love number. Thus, we found that the
moment of inertia, the tidal Love number, and the quadru-
pole moment of neutron stars in khronometric gravity

match those of GR in the limit ðα; βÞ → 0 for all equations
of state. This means that the I-Love-Q relations cannot be
used to test the coupling constant λ in khronometric
gravity, as they will be identical to those in GR.
At second order in slow rotation and first order in

tidal deformation, however, we did find seemingly non-
vanishing λ dependence that couples to two field functions,
V and H1, which do not contribute to the calculation of
I-Love-Q. We showed that when imposing regularity at the
center and asymptotic flatness at spatial infinity, V and H1

must vanish for slowly-rotating neutron stars. We showed
this by analyzing the field equations with nonvanishing λ

dependence in a PM framework. The field variables were
expanded in powers of compactness, and the resulting
solutions for V and H1 were found in both the exterior and
interior of the star, where we imposed the appropriate
boundary condition. Wewere able to inductively prove that
the physical solution to this system is one where V and H1

vanish identically, indicating that there are no nonvanish-
ing fields with λ dependence. These results hold regardless
of the equation of state and shows that slowly-rotating
neutron stars in khronometric gravity are identical to those
in GR in the ðα; βÞ → 0 limit. On the other hand, the λ

dependence in H1 and V does not vanish for the tidally-
deformed case, and one could introduce new shift and
vector Love numbers as in Sec. V B, though further studies
are necessary to remove the ambiguity in its definition and
to investigate its observability.
This work can be extended in a few other ways. The

reason why λ only enters in the ðt; rÞ and ðt; θÞ components
of the field equations at second order in rotation is because
the metric and the vector field are functions of ðr; θÞ only.
One possible future research direction is to consider time-
dependent perturbations to extract oscillation frequencies
of neutron stars. Then, λ may enter in other components of
the field equations and e.g., the fundamental-mode
frequencies may depend on λ (though black hole quasi-
normal modes were shown to be the same as in GR when
ðα; βÞ → 0 [38]).
There are many new avenues to explore the additional

Love numbers found above. For example, it would be
interesting to compute similar Love numbers for black
holes and use those as references to compute neutron star
Love numbers as done in GR [69,70] to eliminate some of
the ambiguities in their definition. It would also be
worthwhile to extend recent work that uses wave scattering
to compute Love numbers as another way to define Love
numbers free of ambiguities [70]. Another potential
avenue for future work is to study if a similar shift
Love number appears in GR when electromagnetic fields
are present. Tidal perturbations of Reisnner-Nordström
black holes have been studied in [71]. The authors found
that H1 ¼ 0, and thus, there are no shift Love numbers for
charged, nonrotating black holes. A similar analysis has
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been carried out for magnetized neutron stars in [72],
though the authors have focused on perturbations to the
diagonal components of the metric. It would be interesting
to extend their analysis to include perturbations to the off-
diagonal components of the metric and the electromag-
netic field.
One can easily apply the formulation presented in this

paper to other Lorentz-violating theories of gravity, such as
Einstein-Æther theory [18]. The most up-to-date bounds
(including those from binary pulsar and gravitational wave
observations) on coupling constants in this theory have
recently been derived in [54]. The authors showed that
there remains one constant associated to the vorticity of the
vector field congruence [19] that is unconstrained. It would
be interesting to study how the I-Love-Q relations depend
on this constant and whether one can use neutron star
observations to probe Einstein-Æther theory through the I-
Love-Q relations. Work along this direction is currently in
progress [73].
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APPENDIX A: KHRONOMETRIC GRAVITY

AS A VECTOR-TENSOR

OR SCALAR-TENSOR THEORY

In this section we take a closer look at how and why
khronometric gravity can be regarded as either a vector-
tensor or a scalar-tensor theory. We mentioned in the main
text that the æther equation of motion may be derived by
varying the action given in Eq. (1) with respect to khronon
scalar T. This may lead one to conclude that the theory
should be considered to be a scalar-tensor theory. However,
one could equivalently derive the appropriate equations of
motion by varying the Einstein-Æther action with respect to

vector field Uμ while imposing five Lagrange multipliers
[14], four of the form lαw

α and one of the form
l5ðUμUμ − 1Þ, where wμ is the vorticity vector defined
in Eq. (12). Note the subtlety that one must vary the action
with respect to the covariant æther vector Uμ before
imposing the zero vorticity condition wμ ¼ 0 to get correct
results [74]. This equivalence is a consequence of the
hypersurface orthogonality condition satisfied by the vector
field in khronometric theory. This condition is the result of
Frobenius’ theorem, which is bijective [57]. Hence,
whether one starts with a scalar or a vector is on equivalent
footing. However, the relationship between Einstein-Æther
theory and khronometric gravity is more straightforward if
one regards khronometric gravity as a vector-tensor theory,
as we do in this work.
To further illustrate this point, we shall show that one

would reach the same conclusions as we do in the main
body of this paper if one were to perturb the khronon scalar
instead of the vector field. Additionally, from the zero-
vorticity condition, we can explicitly prove why axial
sector perturbations to the vector field must vanish, as
we found above. To start, note that the khronon scalar T̃ is
given by the initial time coordinate that we consider, taken
to be the coordinate defined by the static Killing vector of
the spacetime. When considering the perturbative effect of
slow-rotation and tidal deformation, one must then perturb
the khronon scalar. Let us denote this perturbed quantity as
T ¼ T̃ þ ζδTðr; θ;ϕÞ, and let us form an ansatz for a
separable solution using spherical harmonics, yielding

δTðr; θ;ϕÞ ¼ τðrÞYlmðθ;ϕÞ: ðA1Þ

Here, ζ is a bookkeeping parameter for the order of the
perturbation and τ is an arbitrary function of r. Let us also
establish the following notation,

Uμ ¼ 0Uμ þ ζδUμ; ðA2Þ

gμν ¼ 0gμν þ ζδgμν; ðA3Þ

where the superscript zero denotes the static background
quantities and the delta terms denote perturbations. The
goal here is to find δUμ in terms of the other defined
quantities.
Let us now derive the vector perturbations from the

khronon scalar perturbation. By linearizing Eq. (4), we find
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Uμ ¼
∂μTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂νT∂

νT
p ¼ ∂μðT̃ þ ζδTÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

∂νðT̃ þ ζδTÞ∂νðT̃ þ ζδTÞ
p ¼ ∂μðT̃ þ ζδTÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

∂νT̃∂
νT̃ þ 2ζ∂νT̃∂

νðδTÞ
p þOðζ2Þ

¼ ∂μðT̃ þ ζδTÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂νT̃∂ρT̃ð0gνρþ ζδgνρÞ þ 2ζ∂νT̃∂ρðδTÞ0gνρ

q þOðζ2Þ

¼ ∂μðT̃ þ ζδTÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂νT̃∂ρT̃

0gνρ
q

�
1 −

ζ

2
½∂νT̃∂ρT̃δgνρ þ 2∂νT̃∂ρðδTÞ0gνρ�

�
þOðζ2Þ

¼ ∂μT̃ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂νT̃∂ρT̃

0gνρ
q þ ζ

�
∂μðδTÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂νT̃∂ρT̃

0gνρ
q −

∂μT̃½∂νT̃∂ρT̃δgνρ þ 2∂νT̃∂ρðδTÞ0gνρ�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂νT̃∂ρT̃

0gνρ
q

�
þOðζ2Þ

¼ 0Uμ þ ζδUμ þOðζ2Þ; ðA4Þ

where we have successfully split the above into background and perturbed vector field quantities. We can simplify the above
by noting that our spacetime and vector field are stationary, our background metric is diagonal, and our coordinates are
adapted to T̃ ¼ t̃. We then find

δUμ ¼
δiμ∂iðδTÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂t̃T̃∂t̃T̃

0gt̃ t̃
p −

δt̃μ∂t̃T̃½∂t̃T̃∂t̃T̃δgt̃ t̃ þ 2∂t̃T̃∂iðδTÞ0gt̃i�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂t̃T̃∂t̃T̃

0gt̃ t̃
p ¼ 1ffiffiffiffiffiffiffi

0gt̃ t̃
p

�
δiμ∂iðδTÞ −

δt̃μδg
t̃ t̃

2

�
: ðA5Þ

We can thus see that by plugging in the metric and khronon perturbation ansatz above while taking ζ ¼ ε2 and
τðrÞ ¼ κVðrÞ, we recover Eq. (16). We note that the coordinate transformation taken in Eq. (17) is essentially taking the
perturbed khronon scalar to be our new time coordinate.
The above indicates that odd-parity perturbations are eliminated by the vorticity-free condition, which we will explicitly

prove here. Consider an odd-parity perturbation, which has the form

δUμ ¼ τðrÞδμAεAB∂B½Ylmðθ;ϕÞ�; ðA6Þ

where capital Latin letters indicate coordinates on the 2-sphere and εAB is the corresponding 2D Levi-Civita tensor. Now,
keeping in mind that the vector field is stationary and that its background value is static and solely a function of r, we find
that the vorticity-free condition at first order in perturbation gives the following constraints,

δwμ ¼ 0 ¼ εμνρσ½δUν∂ρUσ þUν∂ρðδUσÞ� þ δεμνρσUν∂ρUσ ¼ εμνρσ½δUν∂ρUσ −Uσ∂ρðδUνÞ� þ δεμt̃it̃Ut̃∂iUt̃

¼ εμAit̃½δUA∂iUt̃ − Ut̃∂iðδUAÞ� ¼ δ
μ
Bε

BArt̃δUA∂rUt̃ − εμAit̃Ut̃∂iðδUAÞ
¼ δ

μ
Bε

BArt̃ðδUA∂rUt̃ −Ut̃∂rδUAÞ − δ
μ
rε

rABt̃Ut̃∂BδUA: ðA7Þ

Now consider the μ ¼ r component of this equation. Let the metric on the 2-sphere be hAB and the Levi-Civita symbol be
εAB ¼ 1ffiffi

h
p εAB ¼ 1

sin θ εAB and ε̄AB ¼
ffiffiffi
h

p
εAB ¼ sin θεAB, where h is the 2-sphere metric determinant. We then find that

δwr ∝ εAB∂BδUA ¼ τðrÞεAB∂B½hDCεAD∂CYlmðθ;ϕÞ� ¼
τðrÞffiffiffi
h

p εABεAD∂B½
ffiffiffi
h

p
∂
DYlmðθ;ϕÞ�

¼ τðrÞ
sin θ

δBD∂B½sin θ∂DYlmðθ;ϕÞ� ¼
τðrÞ
sin θ

∂D½sin θ∂DYlmðθ;ϕÞ� ¼ −τðrÞlðlþ 1ÞYlmðθ;ϕÞ ¼ 0; ðA8Þ

where we have used the Laplace equation and the fact that l is nonzero in the last line. From this, we can conclude that
τðrÞ ¼ 0, and thus δUμ ¼ 0 for odd-parity vector perturbations. We see this more general analysis supports the results we
found from Eq. (13).
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APPENDIX B: FIELD EQUATIONS

FOR NEUTRON STARS

Here we present the field equations for neutron stars in
khronometric gravity. We first present equations for back-
ground neutron stars with no rotation and tidal deformation.
We then present equations for slowly-rotating neutron stars
at first and second orders in spin, followed by weakly tidally-
deformed neutron stars at first order in tidal perturbation.

1. Background

We first calculate and present the field equations at
Oðε0Þ, which serve as background equations. After
inserting the metric and vector ansatz, given by taking
ε → 0 in Eqs. (18) and (19), into Eq. (5), we can use
Ett ¼ 0 and Err ¼ 0 along with the matter equation of

motion ∇μT
ðmatÞ
μr ¼ 0 to find

dM

dr
¼ ð4 − αÞM þ 2½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − 2MÞðr − 2M þ αM þ 4παp0r

3Þ
p

− r�
αr

þ 8πr2½ð2α − 1Þp0 þ ϵ0�
ð2 − αÞ ; ðB1Þ

dν

dr
¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − 2MÞðr − 2M þ αM þ 4παp0r

3Þ
p

þ 2M − r

αrðr − 2MÞ ; ðB2Þ

dp

dr
¼ −2

ðp0 þ ϵ0Þ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − 2MÞðr − 2M þ αM þ 4παp0r

3Þ
p

þ 2M − r�
αrðr − 2MÞ : ðB3Þ

One may think that the above equations diverge in the GR limit (α → 0), but if we expand them about α ¼ 0, the
equations become Eqs. (142)–(144) of [14] (with c14 replaced by α) and they correctly reduce to the GRTOVequations in
the α → 0 limit.

2. First order in rotation

Next, we derive an equation for slowly-rotating neutron stars at first order in spin. Keeping up toOðεÞ terms in Eqs. (18)
and (19), we find that the only nontrivial first-order field equation is obtained from Etϕ ¼ 0, which reduces to

d2ω

dr2
¼

�
8πr2½ð2α − 1Þp0 þ ϵ0�

ð2 − αÞðr − 2MÞ þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − 2MÞ½ðα − 2ÞM þ 4παp0r

3 þ r�
p

− ðαþ 1Þrþ 2ð3α=4þ 1ÞM
αrðr − 2MÞ

�
dω

dr

þ 16πrðp0 þ ϵ0Þ
ð1 − βÞðr − 2MÞω: ðB4Þ

Since this expression is independent of λ, the equation coincides with that in GR to linear order in ε after taking the
ðα; βÞ → 0 limit.

3. Second order in rotation

We nowmove on to deriving modified field equations at second order in rotation. Let us first derive the coupled equations
for H0, K, and H2. From the r and θ components of the matter equation of motion, we solve for ϵ2 and p2, respectively.
However, we note that ϵ2 does not enter in the calculation of the quadrupole moment since it appears in Ett ¼ 0, which is not
used to derive the following coupled differential equations. We then use Eθθ − Eϕϕ ¼ 0 to find

H2 ¼ H0 þ
r3e−ν

3

�
ðβ − 1Þðr − 2MÞ

�
dω

dr

�
2

− 16πrðp0 þ ϵ0Þω2

�
; ðB5Þ

Next, using Erθ ¼ 0 and Err ¼ 0, we find

dK

dr
¼ dH0

dr
þ
"
ðα− 2Þ
αr

− 2
ðα− 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4απp0r

3þαMþ r− 2M
p

αr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r− 2M

p
#
H0þ

"
ðα− 2Þ
αr

þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4απp0r

3þαMþ r− 2M
p

αr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r− 2M

p
#
H2; ðB6Þ
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dH0

dr
¼ 1

α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − 2MÞð4απp0r

3 þ αM þ r − 2MÞ
p

��
ðα − 2Þðr − 2MÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − 2MÞð4απp0r

3 þ αM þ r − 2MÞ
q �

dK

dr

− 2αK − α½4πr2ðp0 þ ϵ0Þ − 3�H0 þ ð8πr2p0 þ 1ÞH2 −
αe−νr3

6

�
ðβ − 1Þðr − 2MÞ

�
dω

dr

�
2

þ 16πrω2ðp0 þ ϵ0Þ
��

:

ðB7Þ

Next, we derive the coupled equations for H1 and V. From Etr ¼ 0 and Etθ ¼ 0, we find

d2H1

dr2
¼ 1

b0

�
b1

dH1

dr
þ b2H1 þ b3

dV

dr
þ b4V

�
; ðB8Þ

with

b0 ¼ α2ðα − 2Þðβ − λÞr2ðr − 2MÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4παr3p0 þ αM − 2M þ rÞðr − 2MÞ

q
; ðB9Þ

b1 ¼ −αðβ þ λÞrf2ðα − 2Þðα − 8ÞM þ 24παr3½ð2α − 1Þp0 þ ϵ0� þ 2ðαþ 4Þðα − 2Þrg

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4παr3p0 þ αM − 2M þ rÞðr − 2MÞ

q
þ 8ð4παr3p0 þ αM − 2M þ rÞ½αðα − 2Þðβ þ λÞrðr − 2MÞ�; ðB10Þ

b2 ¼ −f8πα2ðβ þ λÞr4 dϵ0
dr

þ 2½ðβ þ 3λþ 2Þα2 þ 2ð7β − 4þ 3λÞα − 24ðβ þ λÞ�ðα − 2ÞM

þ 8παr3½ð2β þ 6λþ 5Þα2 þ 2ð10β þ 9λ − 2Þα − 18ðβ þ λÞ�p0 þ 8παr3½α2 þ 2αð3β þ 4λÞ þ 2ðβ þ λÞ�ϵ0

− ðα − 2Þ½ð5β þ 2λ − 3Þα2 þ 4ðβ − λ − 2Þα − 24ðβ þ λÞ�rg
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4παr3p0 þ αM − 2M þ rÞðr − 2MÞ

q

þ ð4παr3p0 þ αM − 2M þ rÞf16½ðβ − 2Þα − 3ðβ þ λÞ�ðα − 2ÞM þ 48παr3ðβ þ λÞð2α − 1Þp0

þ 16παr3ðβ þ λÞð2α − 1Þϵ0 − ½ðβ − λ − 2Þα − 6ðβ þ λÞ�ðα − 2Þrg; ðB11Þ

b3 ¼ −3α2ðα − 2Þðβ þ 2λþ 1Þreν
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4παr3p0 þ αM − 2M þ rÞðr − 2MÞ

q
; ðB12Þ

b4 ¼ eνðα − 2Þðβ þ λÞ½12ðαþ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4παr3p0 þ αM − 2M þ rÞðr − 2MÞ

q
− 12αð4παr3p0 þ αM − 2M þ rÞ�; ðB13Þ

and

d2V

dr2
¼ −

1

c0

�
c1

dV

dr
þ c2V þ c3

dH1

dr
þ c4H1

�
; ðB14Þ

with

c0 ¼ αðα − 2Þðβ − 1Þrðr − 2MÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4παr3p0 þ αM − 2M þ rÞðr − 2MÞ

q
; ðB15Þ

c1 ¼ ðβ − 1Þðα − 2Þðr − 2MÞð4παr3p0 þ αM − 2M þ rÞ þ 2ðβ − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4παr3p0 þ αM − 2M þ rÞðr − 2MÞ

q

× fðα2 þ 2α − 8ÞM þ 4παr3½ð2α − 1Þp0 þ ϵ0� − 2αrþ 4rg; ðB16Þ

c2 ¼ −4αf4πr2½ðf2β − 3gαþ βÞp0 þ ð2β − αÞϵ0� þ 3ðα − 2Þðβ þ λÞg
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4παr3p0 þ αM − 2M þ rÞðr − 2MÞ

q
; ðB17Þ

c3 ¼ −αðα − 2Þðβ þ 2λþ 1Þrðr − 2MÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4παr3p0 þ αM − 2M þ rÞðr − 2MÞ

q
; ðB18Þ
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c4 ¼ e−νðβþ λÞðα− 2Þðr− 2MÞð4παr3p0 þ αM − 2Mþ rÞ þ e−ν
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4παr3p0 þ αM − 2Mþ rÞðr− 2MÞ

q

× f2ðα− 2Þ½ð3βþ 2λ− 1Þαþ 4βþ 4λ�M − 8παr3ðβþ 2λþ 1Þ½ð2α− 1Þp0 þ ϵ0�− 4rðαþ 1Þðα− 2Þðβþ λÞg: ðB19Þ

These equations reduce to Eqs. (38) and (39) after taking the limit ðα; βÞ → 0.

4. First order in tidal deformation

Let us now present the field equations for even-parity tidal perturbation at first order. As explained in Sec. IV C, we
can use the results at second order in spin by setting the contribution at OðϵÞ to 0. Setting ω ¼ 0 and dω=dr ¼ 0 in
Eqs. (B5)–(B7), we find H0 ¼ H2 ≡H and a system of coupled equations for H and K. One can further eliminate K from
this equation to find

d2H

dr2
¼ 1

a0

�
a1

dH

dr
þ a2H

�
; ðB20Þ

with

a0 ¼ α2ðr − 2MÞðα − 2Þr2frþ απr3p0 þ ðα − 2ÞM −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − 2MÞ½4παr3p0 þMðα − 2Þ þ r�

q
g; ðB21Þ

a1 ¼ 2α2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − 2MÞ½4παr3p0 þMðα − 2Þ þ r�

q
ðr½4πr2fϵ0 þ ð2α − 1Þp0g þ α − 2� −Mðα − 2ÞÞ

− 2α2r½rþ ðα − 2ÞM þ 4παr3p0�ðrf4ð2α − 1Þπr2p0 þ α − 2þ 4πr2ϵ0g − ðα − 2ÞMÞ; ðB22Þ

a2 ¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − 2MÞ½4παr3p0 þMðα − 2Þ þ r�

q

×

�
2ðα − 2Þ2ð3α − 8ÞM þ r

�
6αð4α2 − 19αþ 16Þπr2p0 − 10α2πr2ϵ0 −

3α3

2
þ 11α2 − 32αþ 32

�
− α3πr4

dϵ0

dr

�

− 2ðrf64 − 64αþ 4απr2½ð4α2 − 25αþ 16Þp0 − 5αϵ0� − 3α3 þ 22α2g þ 4ðα − 8Þðα − 2Þ2MÞ
× ½rþ ðα − 2ÞM þ 4παr3p0�: ðB23Þ

Notice that the above equation only depends on α, and reduces to the GR case when taking α → 0 as stated before.
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