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We study bosonic topological phases constructed from electrons. In addition to a bulk excitation energy gap,
these bosonic phases also have a fermion energy gap, below which all local excitations in the bulk and on the
edge are even combinations of electrons. We focus on chiral phases, in which all low-energy edge excitations
move in the same direction, that arise from the short-range entangled E8 quantum Hall state, the bosonic analog
of the filled lowest Landau level of electrons. The E8 edge-state theory features an E8 Kac-Moody symmetry that
can be decomposed into GA × GB subalgebras, such as SU(3) × E6, SO(M ) × SO(16 − M ), and G2 × F4. (Here,
{SO(M )}, {SU(N )}, and {E8, G2, F4} denote orthogonal, unitary, and exceptional Lie algebras.) Using these
symmetry decompositions, we construct exactly solvable coupled-wire model Hamiltonians for families of long-
range entangled GA or GB bosonic fractional quantum Hall states that “partially fill” the E8 state and are pairwise
related by a generalized particle-hole symmetry. These long-range entangled states feature either Abelian or
non-Abelian topological order. Some support the emergence of nonlocal Dirac and Majorana fermions, Ising
anyons, metaplectic anyons, Fibonacci anyons, as well as deconfined Z2 gauge fluxes and charges.
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I. INTRODUCTION

Of all the topological phases of matter in two spatial di-
mensions, the integer quantum Hall effect (IQHE) of electrons
is particularly special [1,2]. The IQHE was the first topo-
logical phase to be recognized experimentally; it furthermore
provides a basis for understanding more general topological
states, such as the fractional quantum Hall effect (FQHE).
The IQHE is observed when all single-electron states of an
integer number of Landau levels are occupied; the fractional
effect occurs when a Landau level is partially filled. Due to
the extensive degeneracy of a partially filled Landau level, the
FQHE ground state is determined by the underlying micro-
scopic electron interactions (and disorder in realistic systems).
Empirically, the most “attractive” states are found in the
lowest Landau level at filling fractions ν = p/(2p + 1) (with
integer p) and the particle-hole conjugate filling fractions
1 − ν. Both the IQHE and FQHE are stable against weak
external perturbations.

To what extent is this picture unique to electron systems? In
particular, what are the analogous families of states composed
out of fundamental bosons? In this paper, we report progress
on answering these questions.

To begin, we first need to understand what it means for
a bosonic system to exhibit an integer quantum Hall effect.
The IQHE of electrons is characterized by the absence of
any topological order, i.e., there are no anyonic quasiparti-
cle excitations [3] and the topological entanglement entropy
[4] vanishes. Furthermore, the IQHE of electrons has robust
gapless edge modes that do not require symmetry for their
stabilization. These properties can only be reproduced by
bosonic states with 8k chiral edge modes (k is a non-negative
integer) [5,6], the simplest example occurring when k = 1—
the so-called E8 state. We will therefore identify the E8 state
as the bosonic analog of the ν = 1 IQHE of electrons. (The

primary distinction between the E8 state and the bosonic QH
state proposed in Ref. [7] is that the edge modes of the E8
state do not require symmetry for their stability.) As its name
suggests, the E8 state (reviewed in Sec. II) is based on the E8
Lie algebra; for instance, the K matrix in its Chern-Simons [8]
field theory description is the E8 Cartan matrix.

Unlike the IQHE of electrons, the E8 state does not have
a single-particle interpretation. The bosonic state is inherently
interacting. For example, the primitive low-energy excitations,
the E8 bosons, are all even combinations of electrons. This
makes the general description, let alone a specific construc-
tion, of a bosonic analog of the FQHE of electrons less clear.
We attack this problem following the earlier work of Lopes
et al. [9], where it was shown: (1) how the E8 state can
be constructed from interacting electrons in a coupled-wire
model (an anisotropic 2d array of coupled Luttinger liquids
that serves as the normal state for a large variety of distinct
topological phases, e.g., Refs. [10,11], among many others);
and (2) within this construction, the E8 state is the parent
state of states with G2 or F4 Fibonacci topological order.
(Other constructions of a state with Fibonacci topological
order are given in Refs. [12–14].) These and the other phases
considered in this paper are bosonic in the sense that there is
a fermion energy gap, which can be made arbitrarily large,
below which all local excitations in the bulk and on the edge
are even combinations of electrons.

Within this construction [9], the G2 and F4 symmetries
arise from the Lie algebraic factorization G2 × F4 ⊂ E8. The
theory of conformal embeddings [15] allows this symmetry
factorization to be realized within the E8 edge-state theory.
This factorization allows the E8 quasiparticle excitations (cre-
ated, for instance, along any boundary by operators in the
edge-state theory) to be decomposed into G2 and F4 Fibonacci
components, in such a way that the product is a boson. This
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is a generalization of spin-charge separation in the theory of a
1D spin-1/2 electron [16].

The bulk-boundary correspondence [17,18] implies this
edge-state symmetry factorization can be used to construct
states with either G2 or F4 topological order as follows. The
E8 state is equivalent to a collection of wires—each hosting
nonchiral conformal field theories with E8 symmetry—that
are glued together via interactions that gap out nearby counter-
propagating modes. The G2 × F4 ⊂ E8 conformal embedding
allows for an alternative set of interactions that gap out the
nonchiral E8 wires in such a way that at low energies only
chiral G2 or F4 edge states remain. The relative dominance
of the different sets of interactions can be tuned by an ex-
ternal magnetic field (proportional to ν−1) transverse to the
plane of the wires and/or short-ranged density-density inter-
actions between modes on a finite number of nearby wires.
Importantly, the various gap-generating interactions are local,
being constructed from products of the fundamental E8 boson
creation/annihilation operators.

Here, we show how this picture can be generalized to a
large class of conformal embeddings GA × GB ⊂ E8 [19,20]:

GA × GB =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

SU(3) × E6

SU(2) × E7

SU(5) × SU(5)
SO(M ) × SO(16 − M )
G2 × F4

U(1)8 × SU(8)
SU(2)4 × Sp(8)

(1)

for M = 1, . . . , 8. Above, SO(1) refers to a state—described
in detail in the main text—with Ising topological order. The
levels of the Wess-Zumino-Witten (WZW) [21–23] theories
are k = 1 unless specified otherwise. By the mechanism out-
lined in the previous paragraph, we show how the above
embeddings give rise to states with either GA or GB topological
order. We refer to the GA or GB topological states as bosonic
fractional E8 states.

We catalog the possible bosonic fractional E8 states in
Fig. 1 according to their filling number ν and chiral central
charge c. Recall that ν and c determine the electrical (σxy)
and thermal (κxy) [24,25] Hall conductance via the relations:

σxy = ν
e2

h
, κxy = c

π2k2
B

3h
T, (2)

where T is the temperature. In general, the chiral central
charges cA and cB of the GA and GB states are not integers;
this is the case for the G2 and F4 states, for instance. When
this occurs, the GA and GB states have non-Abelian topological
order.

The filling numbers of the GA and GB states associated
with the conformal embedding GA × GB ⊂ E8 satisfy νA +
νB = νE8 = 16. Similarly, the chiral central charges cA + cB =
cE8 = 8. These constraints are reminiscent to the relations
between the filling numbers and chiral central charges of
particle-hole conjugate states in the lowest Landau level,
upon the replacements 16 → 1 and 8 → 1. (The relative
factor of 2 between νE8 and cE8 arises from the construc-
tion of the E8 state from a collection of electron wires,
in which the E8 bosons are formed from electrons of unit

FIG. 1. Bosonic fractional quantum Hall (bFQH) states with fill-
ing number ν and chiral central charge c. Particle-hole conjugation
flips (ν, c) ↔ (16 − ν, 8 − c). The particle-hole symmetric point lies
at (ν, c) = (8, 4). The metaplectic states and the Abelian states are
overlapping at (ν, c) = (0, 2), (16, 6).

charge.) To emphasize this analogy, we refer to GA and
GB topological states—associated with a particular embed-
ding GA × GB ⊂ E8—as particle-hole conjugates. Indeed, this
identification can be made precise with the particle-hole sym-
metry operation given in Ref. [9]. This mapping—reviewed in
Appendix C—relates GA and GB degrees of freedom in such
a way that particle-hole conjugate states are obtained from
Hamiltonians that are conjugate with respect to the particle-
hole symmetry operation.

It is worth noting that, for a fixed conjugate pair GA and
GB, there are, in general, multiple inequivalent ways they
can be embedded in E8, with distinct electrical responses. In
other words, a bosonic fractional quantum state with GA/B

topological order can occur at different filling numbers (see
Fig. 1) and have distinct quasiparticle charge assignments. In
this paper, we exhaust these charged phases with topological
orders appearing in (1) [perhaps except the metaplectic phases
SU(2)4 and Sp(8)1]. We present the electric charges carried by
the quasiparticle primary fields on the edge in all these phases
in Appendix F. The various bosonic fractional quantum Hall
phases encountered in this paper can be summarized by the
family tree in Fig. 2.

The remainder of this paper is organized as follows. In
Sec. II, we review the topological properties of the E8 state
and its coupled-wire construction [9]. This section intro-
duces the technical tools we later apply to construct various
fractional E8 states. In Sec. III, we show how the confor-
mal embedding approach leads to Abelian (Sec. III A) and
non-Abelian (Sec. III B) fractional E8 states. In Sec. IV, we
summarize and discuss possible directions of future work.
There are a number of Appendixes that describe details used
in the main text. Appendix A exhausts all nonlocal Dirac
fermion presentations of the E8 WZW algebra, and conse-
quently accounts for all the fermion charge vectors used in
the construction of the E8 state. In Appendix B, we derive
an explicit formula for electron Fermi momenta that ensures
translation invariance is preserved in the various coupled-wire
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FIG. 2. Family tree of bosonic fractional quantum Hall states that
descend from the E8 state, and their topological orders. States on the
same line are pairwise related by particle-hole conjugation. Vertical
down arrows represent Z2 gauging (or orbifolding).

constructions of the GA and GB states. In Appendix C we
review the particle-hole symmetry with respect to the E8 state.
Appendix D details the topological order of the SU(8)1 state.
In Appendix E, we discuss the current and primary operators
of the metaplectic Sp(8)1 and SU(2)4 conformal field theories.
Appendix F contains charge assignment tables for the quas-
particle primary fields of the bosonic fractional quantum Hall
states in (1) and Fig. 2.

II. THE BOSONIC E8 QUANTUM HALL STATE

In this section, we review the coupled-wire construction of
the E8 quantum Hall state [9] at filling fraction ν = 16.

A. Review of the E8 state

The E8 state is a bosonic topological state of mat-
ter. “Bosonic” means that its fundamental excitations have
bosonic self and mutual statistics. The state is insulating,
possessing a finite bulk excitation gap E (0)

g > 0. The topo-
logical order of the E8 state is trivial: All bulk and boundary
excitations are local integral combination of the fundamental
bosons. One consequence of this is that the ground state is
nondegenerate. These properties are summarized by saying
that the E8 state is a short-range entangled bosonic topological
state. The state supports eight gapless, chiral edge modes.
These edge states are responsible for the quantized (in appro-
priate units) electric σxy and thermal κxy Hall conductivities

σxy = νE8
e2

h and κxy = cE8

π2k2
B

3h T , where νE8 = 16 and cE8 = 8.
These conductivities distinguish the E8 state from the topo-
logically trivial insulator, for which both σxy and κxy vanish.
In contrast to the IQHE of electrons, for which both the
filling number and the chiral central charge equal one, the E8

state has an unconventional Wiedemann-Franz law [26] since
cE8 �= νE8 . The E8 state is adiabaticlly connected by stable
equivalence to eight copies of the IQHE of electrons [27,28].

In general, the chiral central charge c of a bosonic topolog-
ical phase is related to its anyon quasiparticle content through

the Gauss-Milgram formula [29],

e2π ic/8 = 1

D
∑

x

d2
x e2π ihx . (3)

Here, the sum is over anyon classes x, with quantum dimen-
sions dx and spins hx, and is normalized by the total quantum
dimension D = √∑

x d2
x . For trivial topological order, the

chiral central charge of a bosonic short-range entangled state
must be c ≡ 0 modulo 8. Up to the addition of unprotected
nonchiral edge modes, the E8 state is therefore the simplest
fully chiral short-range entangled topological state.

The Chern-Simons theory for the E8 state is [6]

Sbulk = 1

4π

∫
2+1

(
KE8

)
IJaI ∧ daJ + e

2π

∫
2+1

tI A ∧ daI . (4)

Here, aI (I = 1, . . . , 8) are dynamical U(1) gauge fields, A is
the external electromagnetic gauge potential, and (KE8 )IJ is
the Cartan matrix of the E8 Lie algebra:

KE8 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 −1
−1 2 −1

−1 2 −1
−1 2 −1

−1 2 −1 −1
−1 2 −1

−1 2
−1 2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(5)

with elements not shown equal to zero, tI is the charge vec-
tor (in the electron basis), and repeated indices are summed
over. The wedge product aI ∧ daJ = εμνρaI

μ∂νaJ
ρ , where εμνρ

is the totally antisymmetric symbol and μ, ν, ρ ∈ {0, 1, 2} =
{t, x, y}.

Positive-definiteness of KE8 implies the topological state
is fully chiral, i.e., all eight edge modes move in the
same direction. The state is bosonic since there are only
even entries along the diagonal. Excitations are defined by
eight-dimensional integer vectors lI , l ′

I : the self and mu-
tual statistics, π lI (K−1

E8
)IJ lI and 2π lI (K−1

E8
)IJ l ′

I , are integer
multiples of 2π . Unimodularity of KE8 , i.e., | det KE8 | = 1,
ensures E8 is short-range entangled. KE8 is the unique eight-
dimensional matrix (up to equivalence by GL(8,Z) similarity
transformation) with these properties. All excitations of the
E8 state are even combinations of electrons and therefore
carry even electric charge. Given an eight-dimensional in-
tegral vector lI , representing an E8 excitation, its charge is
lI q̃I ≡ lI (K−1

E8
)IJtJ (in units of e). The charge vector and K ma-

trix together determine the filling fraction ν = q̃I (K−1
E8

)IJ q̃J .
These considerations imply that ν must be an integral multiple
of 8.

B. Coupled-wire construction of the E8 state

The coupled-wire construction of the E8 state given in
Ref. [9] begins with a 2d array of metallic wires, each con-
sisting of 11 channels of nonrelativistic fermions (electrons).
Near the Fermi level, the electron operator cσ

ya(x) decomposes
in terms of left (L) and right (R) propagating chiral Dirac elec-
trons that can be represented by vertex operators of bosonized
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variables 	σ
ya(x) [16]:

cσ
ya(x) ∼ exp

[
i
(
	σ

ya(x) + kσ
yax

)]
, (6)

where a = 1, . . . , 11; y is an integer that labels a given wire;
x is the continuous spatial coordinate along the wire; σ =
R, L = +1,−1 signifies the direction of propagation. A di-
mensionful factor 1/

√
l0 (where l0 is a microscopic length

scale) that ensures the electron operators have the correct en-
gineering dimensions is suppressed under the proportionality
sign ∼ in (6). The Fermi momentum in the x direction is

kσ
ya = eB

h̄c
y + σkF,a, (7)

where y = yd is the vertical location of the yth wire and
d is the separation between adjacent wires. The first term
in (7) shifts the electron momentum in the presence of an
out-of-plane magnetic field B = Bẑ, written in Landau gauge
Ax = −By. The bare momentum kF,a is model dependent and
will be determined by momentum conservation of backscat-
tering interactions presented below. The filling number, which
counts the electron number per magnetic flux quantum φ0 =
hc/e, is

ν = Ne

NB
=

l
2π

∑
a 2kF,a

Bdl/φ0
= h̄c

eBd

∑
a

2kF,a, (8)

where l is the length of each wire.
The bosonized variables 	σ

ya are described by the Luttinger
liquid Lagrangian density,

L =
∑

y

11∑
a=1

∑
σ=±

1

4π
σ∂x	

σ
ya∂t	

σ
ya − H, (9)

and obey the equal-time commutation relations,[
	σ

ya(x), ∂x′	σ ′
y′a′ (x′)

] = 2π iσδσσ ′
δyy′δaa′δ(x − x′). (10)

Before introducing any backscattering interactions, the
Hamiltonian H equals the bare Hamiltonian density,

H0 =
∑

y

11∑
a,a′=1

∑
σ,σ ′=±

vaa′
σσ ′∂x	

σ
ya∂x	

σ ′
ya′ . (11)

H0 includes the single-body massless Dirac Hamiltonian
HDirac = ivσcσ

ya
†∂xcσ

ya = v
4π

(∂x	
σ
ya)2, as well as the intrawire

density-density interactions Hint = uaa′
σσ ′nσ

yanσ ′
ya′ , where nσ

ya =
cσ

ya
†cσ

ya = σ∂x	
σ
ya/(2π ) is the electron number density for

given y, a, σ .
On each wire, a nonchiral bosonic E8 Wess-Zumino-Witten

(WZW) conformal field theory (CFT) [15] can be singled out
by introducing a set of many-body backscattering interactions
within the wire that gaps out all fermionic excitations with odd
fermion parity. To do this, we first perform a basis transforma-
tion that decomposes the 11 counterpropagating pairs of Dirac
electrons into E8 bosons and three decoupled “integrated”
Dirac fermions f σ

yn, for n = 1, 2, and 3. This corresponds to
the symmetry decomposition:

U(11)1 = (E8)1 ⊗ U(3)1. (12)

The basis transformation from the electron to the “Chevalley”
basis,

	̃σ
yI =

∑
a,σ ′

U σσ ′
Ia 	σ ′

ya, k̃σ
yI =

∑
a,σ ′

U σσ ′
Ia kσ ′

ya, (13)

uses the integral unimodular U matrix,

U =
(

U ++ U +−
U −+ U −−

)
,

(U ++|U +−) = (U −−|U −+)

=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

−1 −1 −1 −1
1 1

−1 1
−1 1

−1 −1
1 1

−1 1
−1 1 1 1 1 −1

1 1 1
3 −5 −2 −1 −2 2 2 2 −2 2 2

2 1 −1 −1 −1 1 −1 −1 −1 3

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

(14)

where the rows and columns of U σσ ′
are labeled by I, a =

1, . . . , 11. The Lagrangian density (9) in the “Chevalley” ba-
sis is

L =
∑

y

⎛⎝ 8∑
I,J=1

∑
σ=±

1

4π
σ
(
K−1

E8

)IJ
∂x	̃

σ
yI∂t	̃

σ
yJ

×
3∑

n=1

∑
σ=±

1

4π
σ∂x	̃

σ
y,n+8∂t	̃

σ
y,n+8

)
− H, (15)

where KE8 is the Cartan matrix defined in (5). Since KE8 has
unit determinant, its inverse K−1

E8
is also integral.

For each chiral sector σ = R, L = +,−, the first eight
bosonized variables 	̃σ

yI , I = 1, . . . , 8, generate the E8 WZW
CFT at level 1. The vertex operators[

EE8 (x)
]σ

yI
= exp

[
i
(
	̃σ

yI (x) + k̃σ
yIx
)]

(16)

correspond to the simple roots of the E8 algebra. These oper-
ators all have spin |h| = 1 and are (each the exponential of)
integral linear combinations of the bosonized electrons (6).
The electric charges q̃J (in units of e) of the simple roots
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[EE8 (x)]σyI can be read off by summing over the entries in each
of the first eight rows of the U matrix:

q̃J=1,...,8 =
11∑

a=1

(U ++
Ja + U +−

Ja )

= (−4, 2, 0, 0,−2, 2, 0, 2). (17)

The last three elements of 	̃σ
y,I+8+n define the “inte-

grated” Dirac fermions: f σ
yn = exp[i(	̃σ

y,8+n + k̃σ
y,n+8x)], for

n = 1, 2, and 3. These bosons generate the U(3)1 symmetry,
which is decoupled from the (E8)1 symmetry. The “inte-
grated” Dirac fermions have spin |h| = 1/2 and carry electric
charges q̃n=1,2,3 = (3, 1, 1).

The electron density-density interactions uaa′
σσ ′— equiva-

lently, the velocity matrix vaa′
σσ ′ in (11)—can be tuned so that

the bare Hamiltonian density in the “Chevalley” basis is

H0 = ṽ

4π

∑
y

∑
σ=±

⎡⎣ 8∑
I,J=1

(
K−1

E8

)IJ
∂x	̃

σ
yI∂x	̃

σ
yJ

+
3∑

n=1

(
∂x	̃

σ
y,n+8

)2

]
. (18)

At this fixed point, the E8 bosons and the three integrated
Dirac fermions are completely decoupled and their theories
are conformally symmetric. The fine tuning of the density
interactions can be relaxed after a bulk excitation energy gap is
established by backscattering terms. The 2D topological phase
thus constructed is robust against all gap preserving perturba-
tions, including small deviations of the density interactions
away from their fine-tuned values.

The three integrated Dirac fermions can be gapped out by
the intrawire backscattering interactions

H f
intra = uintra

∑
y

3∑
n=1

f R
yn

†
f L
yn + H.c.

= 2uintra

∑
y

3∑
n=1

cos
(
	̃L

y,n+8 − 	̃R
y,n+8

)
. (19)

These interactions conserve charge because f R
yn and f L

yn carry
the same charge. In addition, if the L and R “integrated” Dirac
fermions have equal momentum, k̃R

y,8+n = k̃L
y,8+n, then the x-

dependent oscillation factors eikx in (19) cancel. The intrawire
interaction strength sets the fermion gap energy scale E1

g ∼
uintra. We take this to be the largest energy scale for all of the
bosonic topological states constructed using the coupled-wire
models in this paper.

The (E8)1 Kac-Moody (KM) [30,31] current algebra is
spanned by the eight Cartan generators [HE8 ]I and 240 roots
[EE8 ]α [eight of which have already been given in (16)]. On
any given wire y and in chiral sector σ = R and L, the Cartan
generators are [

HE8 (x)
]σ

yI = ∂x	̃
σ
yI (x), (20)

where I = 1, . . . , 8. These operators, which are proportional
to the normal ordered product [EE8 ]†

I [EE8 ]I , are bosonic com-
bination of electrons. The roots are spin-1 vertex operators of

integral combinations of 	̃I :[
EE8 (x)

]σ
y,α = exp

[
iα̃I

(
	̃σ

yI (x) + k̃σ
yIx
)]

, (21)

where the root vector α̃ = (α̃1, . . . , α̃8) (in the “Chevalley”
basis) has integral entries and length |α| = √

KIJ α̃I α̃J = √
2.

It will become clear below that there are 240 root vectors.
Since the eight simple roots in (16) are bosonic combinations
of electrons, so are all the 240 roots.

Introducing the complex Euclidean space-time parameters
z = e2π (ṽτ+ix)/l and z̄ = e2π (ṽτ−ix)/l (i.e., mapping space-time
to the cylinder), where τ = it is the Wick rotated time and l
is the length of a wire, the chiral operators evolve as holo-
morphic and antiholomorphic fields 	̃L(x, τ ) = 	̃L(z) and
	̃R(x, τ ) = 	̃R(z̄) at the conformal fixed point H0 + H f

intra.
Focusing on the L sector on any given wire, the Cheval-
ley bosonized operators obey the operator product expansion
(OPE):

〈	̃I (z)	̃J (w)〉 = −(KE8

)
IJ ln(z − w) + . . . , (22)

up to finite nonsingular factors, including those that are re-
sponsible for the anticommutation between electron operators
of different channels. The (E8)1 KM currents obey the OPEs
(up to finite nonsingular terms):

[H(z)]I [H(w)]J =
(
KE8

)
IJ

(z − w)2
+ . . . ,

[H(z)]I [E(w)]α =
(
KE8

)
IJ α̃

J

z − w
[E(w)]α + . . . ,

[E(z)]α[E(w)]−α = 1

(z − w)2
+ α̃I

z − w
[H(w)]I + . . . ,

[E(z)]α[E(w)]β = Zαβ

z − w
[E(w)]α+β + . . . , (23)

if (KE8 )IJα
IβJ = −1. The cocycle coefficients Zαβ ensure the

last equality is unchanged under the exchange z ↔ w and
α ↔ β. They can be determined from the nonsingular pieces
in (22) that guarantee electron mutual anticommutation. The
exact form of Zαβ is inconsequential to this paper and will not
be presented.

The E8 current algebra, as well as its subalgebras
discussed in the following sections, is sometimes more
conveniently presented using a nonlocal Dirac fermion
basis

dσ
y j (x) = ψ2 j−1(x) + iψ2 j (x)√

2
∼ eiφσ

y j (x)+ikσ
y jx, (24)

for j = 1, . . . , 8, where the “Cartan-Weyl” bosons φσ
y j and

Fermi momenta kσ
y j are defined by the (nonunimodular) basis

transformation:

	̃σ
yI = R j

I φ
σ
y j, k̃I = R j

I k j . (25)

The electric charge q j carried by d j is related to the charge
q̃I of the E8 simple roots in (17) using the same trans-
formation: q̃I = R j

I q j [see also (B4)]. The R transformation
obeys R j

I Rl
Jδ jl = (KE8 )IJ . The vectors αI = (R1

I , . . . , R8
I ) rep-

resent the eight simple roots of E8 in Euclidean space, and
their entries R j

I are integers or half-integers. (Explicit exam-
ples are presented in Appendix A.) It can bety shown that,
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depending on the choice of the R matrix, the electric charge
vector q = (q1, . . . , q8) of the nonlocal Dirac fermions are
entry-wise permutations of one of the following vectors: (i)
(±4, 0, 0, 0, 0, 0, 0, 0), (ii) (2s1, 2s2, 2s3, 2s4, 0, 0, 0, 0) for
s1,2,3,4 = ±1, or (iii) (3s1, s2, s3, s4, s5, s6, s7, s8) for s1,...,8 =
±1 and

∏8
j=1 s j = −1. The possible q have the same length

squared:

νE8 = |q|2 =
8∑

J,J ′=1

q̃J
(
K−1

E8

)JJ ′
q̃J ′ = 16. (26)

In cases (i) and (ii), the nonlocal Dirac fermions all have even
electric charges, and in case (iii), the fermions all have odd
charges. The condition on the product of the s j in case (iii) en-
sures the E8 current operators, which are even combinations of
electrons, have even charge. Ignoring the integrated fermions
that are gapped out by H f

intra (19), the low-energy parts of the
Lagrangian (15) and bare Hamiltonian (18) densities, which
only retain the E8 degrees of freedom, become in the “Cartan-
Weyl” basis:

LE8 =
∑

y

8∑
j=1

∑
σ=±

1

4π
σ∂xφ

σ
y j∂tφ

σ
y j − H,

HE8
0 = ṽ

4π

∑
y

8∑
j=1

∑
σ=±

(
∂xφ

σ
y j

)2
. (27)

(Recall the full Hamiltonian H includes HE8
0 and various

to-be-discussed backscattering interactions.) Although this
looks identical to the theory of eight free Dirac fermions, the
fermion nonlocality dictates that the Hilbert space must be
changed so that only the bosonic E8 current operators (and
their combinations) are integral and local. Below we express
the 248 E8 currents JE8 as fermion bilinears or spinor combi-
nations.

On each wire y and in chiral sector σ = R and L, the eight
Cartan generators of (E8)1 in (20) are equal to the fermion
densities, [

HE8

]
j = ∂xφ j ∼ d†

j d j, j = 1, . . . , 8. (28)

Each one of these is a linear combination of Cartan generators
in (20). The 240 (E8)1 roots in (21) can be expressed in the
Cartan-Weyl basis as[

EE8 (x)
]
α

= eiα̃I (	̃I (x)+k̃I x) = eiα j (φ j (x)+k jx), (29)

where the Chevalley and Cartan-Weyl root vectors and mo-
menta are related by α j = α̃I R j

I and k̃I = R j
I k j . The roots

consist of (i) the 112 SO(16)1 roots and (ii) the 128 SO(16)1

even spinors. The SO(16)1 roots are the fermion bilinears
d j1 d j2 , d†

j1
d j2 , d j1 d†

j2
, or d†

j1
d†

j2
, for 1 � j1 < j2 � 8:[

EE8 (x)
]
α

= ei(±φ j1 (x)±φ j2 (x))+iα j k jx, (30)

where the SO(16) root vectors in the Cartan-Weyl basis are the
integral vectors α = ±e j1 ± e j2 . Here, e j is the unit 8-vector
with a 1 in the jth entry and 0 elsewhere. Together with the
Cartan generators, they form the SO(16)1 WZW subalgebra,
whose current operators are Jpq = iψpψq, 1 � p < q � 16
[see (24)]. The (E8)1 theory extends SO(16)1 by including its
even spinors, [

EE8 (x)
]
α

= eiε j (φ j (x)+k jx)/2. (31)

The E8 root vectors α = ε/2 here have half-integer entries
ε j/2 = ±1/2, where

∏8
j=1 ε j = +1. Since the root vectors in

(30) and (31) both have length |α| = √
2, they all correspond

to bosonic vertex operators eiα jφ j with spin |h| = 1. Moreover,
(30) and (31) are both local integral operators by construction
since they both originate from (16) and (21), which are even
combinations of electrons. The distinction of SO(16) roots
and even spinors is artificial and depends on the choice of the
Cartan-Weyl basis Ra

I . The SO(16) embedding in E8 is not
unique. In the physical theory, all E8 bosons, including both
SO(16) roots and even spinors, can be rotated into one another
by the E8 symmetry and should be treated impartially.

The “Chevalley” bosons �̃ = (	̃1, . . . , 	̃8) take values in
the torus R8/2πZ8: 	̃I ≡ 	̃I + 2πnI , for any integer nI . This
equivalence may alternatively be described as an invariance
(of operators constructed out of the “Chevalley” bosons) un-
der large gauge transformations. Using the R-transformation,
the “Cartan-Weyl” bosons φ = (φ1, . . . , φ8) have the equiv-
alence φ j ≡ φ j + 2π (R−1)I

jnI , where the vector r = R−1n
lives inside the lattice R that contains the E8 root vectors
α as primitive lattice vectors. R consists of vectors r =
(r1, . . . , r8) with all integral or all half-integral entries and
even trace

∑8
j=1 r j . A vertex operator eim jφ j is local if and only

if it is invariant under all large gauge transformations, i.e.,
m · r is integral. Since the lattice R is self-dual, eim jφ j is local
and integral if and only if m lives in R. Therefore the “Cartan-
Weyl” bosons φ = (φ1, . . . , φ8) live in the compactified torus
TE8 = R8/2πR. If the theory (27) were eight free local Dirac
fermions, φ would live in a different torus TU(1)8 = R8/2πZ8.
TE8 and TU(1)8 are not related by unimodular transformation
and therefore the corresponding Hilbert spaces are different.
Consequently, the bosonic (E8)1 theory is inequivalent to the
theory of eight free (local) Dirac fermions, and the (E8)1

Hilbert space is spanned by fermion bilinear or even spinor
excitations.

The coupled-wire model of the E8 state is completed
by including interwire E8 current backscattering interactions
Hinter. Summarizing, the full Hamiltonian density (includ-
ing for completeness the “integrated” fermion modes) H =
H0 + Hintra + Hinter consists of the bare Hamiltonian H0 (18),
the “integrated” fermion gap-generating term H f

intra (19) that
removes all local fermion excitations below the energy scale
E1

g ∼ uintra, and the E8 backscattering interactions,

Hinter = uinter

∑
y

JR
y · JL

y+1 = uinter

∑
y

⎛⎝ 8∑
j=1

[
HE8

]R

y, j

†[
HE8

]L

y+1, j +
∑

α

[
EE8

]R

y,α

†[
EE8

]L

y+1,α

⎞⎠
= uinter

∑
y

⎡⎣ 8∑
j=1

∂xφ
R
y, j∂xφ

L
y+1, j −

∑
α

cos(α · θy+1/2)

⎤⎦. (32)
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The interactions in (32) are analogous to those in the
O(N ) Gross-Neveu model [32,33]. The entries of θy+1/2 =
(θy+1/2,1, . . . , θy+1/2,8) are the sine-Gordon angle variables
θy+1/2, j = φR

y, j − φL
y+1, j , and the sum over α ranges over all

240 roots of E8. Like H0 and H f
intra, the interwire interactions

are combinations of integral products of electron operators
because [HE8 ]σya and [EE8 ]σyα are. Because the roots ER

α

† and
EL

α have opposite electric charge, Hinter conserves charge. The
last identity of (32) holds when the Fermi momenta appearing
in the E8 roots (21), (30), and (31) cancel, i.e., kR

y, j = kL
y+1, j

in the “Cartan-Weyl” basis (or equivalently k̃R
y,I = k̃L

y+1,I in
the “Chevalley” basis). These momentum conservation con-
ditions of Hinter and the ones from H f

intra, k̃R
y,n+8 = k̃L

y,n+8 for
n = 1, 2, 3, require the electron bare Fermi momenta kF,a [see
(7)] to take a particular form:

kF,a = 1

2

eBd

h̄c

8∑
J,J ′=1

(U ++
Ja + U +−

Ja )
(
K−1

E8

)JJ ′
q̃J ′ , (33)

where U is the unimodular matrix (14) that defines the E8

simple roots, and q̃J are the electric charges (17) of the simple
roots. The Fermi momentum solution (33) is a special case
discussed in Appendix B [see (B17)]. The momentum conser-
vation condition (33) also guarantees that the filling number
(8) agrees with (26).

With uinter > 0, the sine-Gordon potentials in (32) are
marginally relevant in the renormalization group sense at
the 1-loop level due to the E8 current OPE (23) and gen-
erate a mass gap [9]. The potentials simultaneously pin the
angle variables θy+1/2 = (θy+1/2,1, . . . , θy+1/2,8). The ground-
state expectation value 〈θy+1/2〉 sits inside the lattice 2πR
so that 〈α · θy+1/2〉 are integers multiple of 2π , for all E8

roots, and minimize the sine-gordon potentials. The angle
variables can be shifted by the large gauge transformation
φR

y, j → φR
y, j + 2πr j for any lattice vector r in R. Therefore,

up to the large gauge transformation, there is a unique po-
tential minimum and ground state. The interwire E8 current
backscattering strength sets the finite energy scale E0

g ∼ uinter

of bulk excitations of the E8 state. Throughout this paper, we
assume the excitation energy gap is much smaller than the
fermion gap E1

g ∼ uintra. For the E8 quantum Hall state, all
excitations between E0

g and E1
g are bosonic even combinations

of electrons.
If the coupled-wire model is defined on a closed torus

where x ≡ x + l and y ≡ y + L are both periodic, the sum-
mation of the interwire interactions in (32) runs over all wires
y = 1, . . . , L. The unique ground state is separated from all
excitations by the bulk gap E0

g ∼ uinter. On the other hand,
if the model is defined on a cylinder where the y direction
is open, the summation in (32) runs from y = 1, . . . , L − 1.
Hinter leaves behind the gapless left (right) propagating chi-
ral E8 level 1 WZW CFTs on the open boundaries at y =
1 (respectively y = L). All low-energy edge excitations are
bosonic and have even electric charge. This can in principle be
experimentally verified by shot-noise tunneling at a quantum
point contact.

Lastly, we remark that certain subcollections of sine-
Gordon potentials in the interwire interaction (32) are
sufficient to introduce the bulk excitation energy gap. For

example, instead of backscattering the entire E8 current al-
gebra, a gap opens if only the eight E8 simple roots are
backscattered,

∑8
I=1 cos(αI · θy+1/2). This is because the eight

independent terms obey Haldane’s nullity condition [34],
[αI · θy+1/2,αJ · θy+1/2] = 0, and completely gap the eight-
component boson theory. Alternatively, instead of summing
over all the 240 E8 roots α in (32), one can restrict the sum
to include only the 112 SO(16) roots. Despite only involving
the SO(16)1 currents, the model will still leave behind the
chiral E8 level 1 WZW CFTs on the edges, and the quantum
Hall state constructed will still carry the same short-ranged
entangled (E8)1 topological order, i.e., an absence of fraction-
alization. This is because the even spinors of SO(16)1 are still
local operators that are integral combinations of electrons and
extend SO(16)1 to (E8)1. In other words, the even spinors
are “condensed” in the anyon condensation picture [35,36].
The SO(16)1 topological order is killed. This is because the
odd spinor and odd fermion excitations, which carry mutual
semionic braiding statistics with the even spinor, are confined
by the locality of the even spinor. Moreover, the SO(16)1 sine-
Gordon potentials pin the angle variables θy+1/2, j to the same
minimum since the large gauge transformation θy+1/2, j ≡
θy+1/2, j + 2πr j , for any r in R, are still set by the locality
of the (E8)1 current operators. Therefore the ground state
remains unique and is identical to that of the (E8)1 state.

III. FRACTIONAL BOSONIC STATES

In the previous section, we reviewed the sense in which
the E8 state is the bosonic analog of the completely filled
lowest Landau level of electrons. In this section, we present
a family of bosonic fractional quantum Hall (bFQH) states
that “partially fill” this E8 state. These bFQH states can be
viewed as bosonic analogues of the fermionic fractional quan-
tum Hall (fFQH) states that occur when the Landau level is
partially filled. Examples of fFQH states include the Abelian
Laughlin states [37] at filling ν = 1/m, for m odd, and their
particle-hole conjugates at filling ν = 1 − 1/m, as well as
the non-Abelian Moore-Read Pfaffian state [38,39] at filling
ν = 1/2 and its particle-hole conjugate, the anti-Pfaffian state
[40,41]. These states are topologically ordered and long-range
entangled. They support fractional quasiparticle excitations
that are not local integral combinations of electrons and that
must exist nonlocally in conjugate pairs (or multiplets). These
excitations can carry fractional electric charge and exhibit
anyonic (i.e., not bosonic or fermionic) statistics.

The bFQH states constructed in this section are also
topologically ordered and support fractionalization. Like the
parent E8 state, the bFQH states differ from the fFQH states
by the presence of a fermionic energy gap E1

g , below which
all local bulk and edge excitations are even (i.e., bosonic)
combinations of electrons. Excitations of the bFQH states
have a minimum energy gap 0 � E0

g < E1
g above the ground-

state energy (taken here to be zero). As long as the energy of
an excited state is below the fermion gap E1

g , the excitation
must have the same fermion parity as the ground state. This
requirement excludes the filled Landau level, the Laughlin
states, and the Pfaffian states from our constructions because
the gapless edge of these fermionic states (where E0

g = 0)
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support odd-electron excitations with arbitrarily small energy
in the thermodynamic limit.

There are two related senses in which the bFQH states
considered in this section “partially fill” the E8 state. The first
is simply that filling fractions of the bFQH states are less than
or equal to the E8 filling fraction νE8 = 16. The second is that
the bFQH edge states are described by WZW theories with
a KM symmetry G that is a subalgebra of (E8)1 symmetry.
This G symmetry is generated by KM current operators Ji

G ,
which are even combinations of electrons and together form
a subcollection (of linear combinations) of the E8 currents.
Similar to the E8 algebra [cf. (23)], the G subalgebra has a
closed OPE (up to nonsingular terms),

Ji
G (z)J j

G (w) = kδi j

(z − w)2
+ i f i jk

z − w
Jk
G (w) + . . . , (34)

where the integer k, known as the level of the WZW algebra,
is 1 unless specified otherwise, f i jk are the structure constants
of the Lie algebra of G, and z = e2π (ṽτ+ix)/l (similarly for w)
is the complex space-time coordinate along the edge. Since
G sits inside E8, the filling number and central charge that
determine the electric and thermal transport (2) of the cor-
responding bFQH state must be less than or equal to the E8

values:

ν � νE8 = 16, c � cE8 = 8. (35)

Moreover, we restrict our focus to subalgebras G whose
“particle-hole conjugate” coset E8/G is also a subalgebra of
E8. In other words, the edge WZW theory G of the bFQH state
must be one of the two components of a bipartite conformal
embedding into E8,

GA × GB ⊆ E8. (36)

This implies the energy momentum tensors combine as TGA +
TGB = TE8 , and the two sectors decouple from each other so
that the OPE of currents belonging to the A and B subalge-
bras JA(z)JB(w) are nonsingular. Equation (36) implies the
particle-hole pair have conjugate electrical and thermal trans-
port:

νA + νB = 16, cA + cB = 8. (37)

These relations generalize those in the lowest Landau level of
electrons, νX + νX̄ = 1 and cX + cX̄ = 1, where X is a fFQH
state, X̄ is its particle-hole conjugate, and the filling number
and central charge of the filled lowest Landau level are νLLL =
cLLL = 1.

In this paper, we consider the following (bipartite) confor-
mal embeddings of E8 at level 1:

GA × GB =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

SU(3) × E6,

SU(2) × E7,

SU(5) × SU(5),
SO(M ) × SO(16 − M ),
G2 × F4,

U(1)8 × SU(8),
SU(2)4 × Sp(8),

(38)

for M = 1, . . . , 8, where all the KM algebras are level 1
except the two orbifold theories, U(1)8 = SU(2)1/Z2 and
SU(2)4 = SU(3)1/Z2. The exceptional E6 and E7 algebras at

level 1 and their particle-hole conjugates, SU(3)1 and SU(2)1,
the D-series Dr = SO(2r) at level 1 for r = 1, . . . , 7, and
the orbifold theory SU(8)1 = (E7)1/Z2 and its particle-hole
conjugate U(1)8 = SU(2)1/Z2 are Abelian states, where all
anyonic excitations have quantum dimension d = 1 and ex-
hibit single-channel fusion rules. The B-series Br = SO(2r +
1) at level 1, for r = 1, . . . , 6, have non-Abelian Ising
topological orders and support Ising anyons [42] σ with
quantum dimension dσ = √

2 and the two-channel fusion rule
σ × σ = 1 + ψ . The Sp(8)1 = (E6)1/Z2 orbifold theory and
its particle-hole conjugate SU(2)4 = SU(3)1/Z2 have non-
Abelian topological order and host metaplectic anyons [43]
� with quantum dimension d� = √

3 and the multichannel
fusion rule � × � = 1 + E + E2. The exceptional G2 and F4

algebras at level 1 host non-Abelian Fibonacci anyons [44],
whose fusion rule τ × τ = 1 + τ and non-Abelian braiding
allow for universal topological quantum computation [45].

In Sec. II, we reviewed the coupled-wire construction of
the E8 state, based on a 2d array of wires each carrying
11 Dirac electron channels with kinetic Hamiltonian H0 in
(11). The fermion gap E1

g was introduced by the intrawire

many-body backscattering H f
intra in (19), while the bulk exci-

tation energy gap was introduced by the interwire E8 current
backscattering Hinter in (32). Given a conformal embedding
GA × GB ⊆ E8, the GA bFQH state can be constructed using
the Hamiltonian,

H[GA] = H0 + H f
intra + HB

intra + HA
inter, (39)

that only backscatters the GA currents between adjacent wires
by

HA
inter = uinter

∑
y

JR
y,A · JL

y+1,A (40)

and backscatters the GB currents within each wire by

HB
intra = uintra

∑
y

JR
y,B · JL

y,B. (41)

In an open cylinder geometry of L wires, while (41) sums over
all wires, the interwire interaction sum in (40) only involves
y = 1, . . . , L − 1. The model gaps all bulk excitations, but
leaves behind chiral GA WZW CFTs on the boundary edges.
The particle-hole conjugate GB phase can be constructed sim-
ilarly by exchanging the A and B sectors.

In the following, we construct (i) the conformal embed-
dings in (38) and present the (ii) the charge assignments of
the KM currents and primary fields of the respective WZW
theories. Similar to the E8 state, the coupled wire models are
exactly solvable when the backscattering interactions preserve
momentum conservation. In each model studied below, we
detail (iii) the the electron Fermi momenta that ensures mo-
mentum along the wire is conserved and connect the edge
electric transport σxy = νe2/h to the bulk electron filling num-
ber ν = Ne/NB. We begin with the SU(3) × E6 decomposition
of E8; this construction is then straightforwardly generalized
to all other the Abelian states in (38). After this, we then con-
struct non-Abelian bFQH states of E8 with Ising, Fibonacci,
and metaplectic topological orders.
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A. Abelian states

1. The Abelian Z3 SU(3) and E6 states

We begin with the GA × GB = SU(3) × E6 decomposition
of the E8 WZW algebra at level 1. We present in detail
the inequivalent SU(3) × E6 conformal embeddings in E8

and the corresponding SU(3)1 and (E6)1 bosonic fractional
quantum Hall states. This decomposition demonstrates most
features that appear in general Abelian bipartitions GA × GB ⊆
E8 using simpy-laced WZW algebras GA/B. We rely on the
Cartan-Weyl representation of E8 using the eight nonlocal
Dirac fermions dσ

y j (x) = eiφσ
y j (x)+ikσ

y jx, for j = 1, . . . , 8, de-
fined in (24). Recall the chiral E8 algebra is generated by
the eight Cartan generators ∂xφ j in (28) and the 240 roots
eiα j (φ j (x)+k jx) in (29). (The wire index y and chiral sector label
σ = R and L are fixed and suppressed.) The E8 root vectors
α = (α1, . . . , α8) all have length |α| = √

2. The set of E8 root
vectors �E8 consists of 112 SO(16) root vectors, where α j =
0,±1, and 128 SO(16) even spinors, where α j = ε j/2 =
±1/2 with

∏8
j=1 ε j = +1. An SU(3) × E6 embedding in E8

is a particular assignment of SU(3) and E6 current operators
inside the E8 algebra.

We start by choosing a particular subset of E8 current
operators that generate an SU(3) subalgebra. The SU(3) Lie
algebra has rank 2 and dimension 8. It is generated by two
Cartan generators and six roots. It suffices to choose, from the
E8 root lattice, two simple root vectors α1 and α2 of SU(3),
so that the inner products KIJ = αI · αJ are the entries of the
SU(3) Cartan matrix,

KSU(3) = (KIJ )2×2 =
(

2 −1
−1 2

)
. (42)

Roots α1 and α2 generate the SU(3) root lattice �SU(3),
which consists of the 6 root vectors αSU(3) = ±α1, ±α2 and
±(α1 + α2). It can be shown from properties of a root system
that each of these roots is an E8 root vector. For example,
α1 + α2 = α1 − 2( α2·α1

α2·α2
)α2 is the reflection of α1 on the hy-

perplane normal to α2. It lies in the E8 root lattice because a
root system, in general, is invariant under the reflection about
the hyperplane normal to any root vector.

In general, the six root operators of SU(3) are the vertex

operators [ESU(3)(x)]αSU(3) = eiα j
SU(3) (φ j (x)+k jx), corresponding to

the six SU(3) root vectors. The two Cartan generators of
SU(3) are [HSU(3)(x)]a = β

j
a∂xφ j , for a = 1, 2, where β1,β2

is an orthonormal basis of the space spanned by α1,α2. We
take β1 = α1/

√
2 and β2 = (α1 + 2α2)/

√
6. The Cartan gen-

erators and the real and imaginary parts of the root operators
are the current operators JSU(3) that generate the (real) SU(3)
WZW algebra at level 1 and obey the OPE (34).

We choose the two simple root vectors of SU(3) to be

α1 = e1 − e2, α2 = e2 − e3. (43)

These simple roots define the rows of a 2 × 8 matrix ASU(3).
The root operators of SU(3) are then

[ESU(3)(x)]αSU(3) = ei(φa (x)−φb(x))+i(ka−kb)x, (44)

where αSU(3) = ea − eb are the 6 SU(3) roots, and a, b are
distinct integers that range from 1 to 3. Given the simple roots

(43), the Cartan generators are

[HSU(3)(x)]1 = ∂xφ1 − ∂xφ2√
2

,

[HSU(3)(x)]2 = ∂xφ1 + ∂xφ2 − 2∂xφ3√
6

. (45)

It can be shown that any alternative choice of simple root
vectors α′

1,2 of SU(3) inside the E8 root lattice is related to
the one above, α′

J = wαJ , by a rotation or reflection w inside
the automorphism group of the E8 root lattice �E8 ,

Aut(E8) = {
w ∈ O(8) : w

(
�E8

) = �E8

}
. (46)

This automorphism group is identical to the Weyl group [46],
W (E8) of E8 that is generated by reflections about hyperplanes
perpendicular to the E8 root vectors. Consequently, all SU(3)
root embeddings �SU(3) ⊆ �E8 are equivalent up to the Weyl
symmetry.

The E6 sector is the orthogonal complement of SU(3) in
E8. The E6 Lie algebra has rank 6 and dimension 78. It is
generated by six Cartan generators and 72 roots. The Car-
tan generators [HE6 (x)]b = γ

j
b ∂xφ j , for b = 1, . . . , 6, can be

chosen using an orthonormal basis γ1, . . . , γ6 of the subspace
perpendicular to the SU(3) root system �SU(3). The E6 roots[

EE6 (x)
]
αE6

= eiα j
E6

(φ j (x)+k jx) (47)

are the E8 roots whose root vectors are perpendicular to those
in SU(3): αE6 · αSU(3) = 0. Specifically, the set of E6 root vec-
tors �E6 consists of (i) 40 integral vectors of the form αE6 =
(0, 0, 0, α4, . . . , α8), where two of α4,...,8 are ±1 and the rest
are 0, and (ii) 32 half integral vectors αE6 = (ε1, . . . , ε8)/2,
where ε j = ±1, ε1 = ε2 = ε3, and

∏8
j=1 ε j = +1. The E6

root system �E6 can be generated by the six simple root
vectors αJ=1,...,6 that are the rows of the following matrix:

AE6 =

⎛⎜⎜⎜⎜⎜⎜⎝

1 −1
1 −1

1 −1
1 −1

1
2

1
2

1
2 − 1

2 − 1
2 − 1

2 − 1
2

1
2

1 1

⎞⎟⎟⎟⎟⎟⎟⎠. (48)

The inner products KIJ = αI · αJ are identical to the entries of
the Cartan matrix of E6

KE6 = AE6 AT
E6

=

⎛⎜⎜⎜⎜⎜⎜⎝
2 −1

−1 2 −1
−1 2 −1 −1

−1 2 −1
−1 2

−1 2

⎞⎟⎟⎟⎟⎟⎟⎠.

(49)

The Cartan generators [HE6 ]b=1,...,6 and the real and imaginary
parts of the root operators [EE6 ]αE6

are the current operators JE6

that generate the (real) E6 WZW algebra at level 1 and obey
the OPE (34). Since the SU(3) and E6 root systems are or-
thogonal, the current operators have nonsingular mutual OPE
JSU(3)(z)JE6 (w) and the current modes mutually commute.
Because the SU(3) (E6) theory is generated by 2 (respectively
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6) independent bosonized variables, their central charges are
cSU(3)1 = 2 and c(E6 )1 = 6. Not only do the central charges
add up to c(E8 )1 = 8, the Sugawara energy-momentum tensors
obey TSU(3)1 + T(E6 )1 = T(E8 )1 . Equivalently, the two CFTs are
(E8)1 coset duals of each other,

SU(3)1 = (E8)1

(E6)1
, (E6)1 = (E8)1

SU(3)1
. (50)

Moreover, as all SU(3) root embeddings �SU(3) ⊆ �E8 are
equivalent up to the Weyl symmetry (46), the same equiva-
lence holds for the E6 root embeddings �E6 = �⊥

SU(3).
Having completed the definition of the conformal embed-

ding SU(3) × E6 ⊆ E8, the SU(3) and E6 level 1 quantum
Hall states can be constructed using the coupled-wire Hamil-
tonians in (39). For example, the SU(3)1 model Hamiltonian
H[SU(3)] contains the interwire (intrawire) backscattering of
SU(3) (respectively E6) currents:

HSU(3)
inter = uinter

∑
y

⎡⎣ 2∑
a=1

[HSU(3)]
R
y,a

†
[HSU(3)]

L
y+1,a −

∑
αSU(3)

cos(αSU(3) · θy+1/2)

⎤⎦,

HE6
intra = uintra

∑
y

⎡⎣ 6∑
b=1

[
HE6

]R

y,b

†[
HE6

]L

y,b
−
∑
αE6

cos
(
αE6 · θy

)⎤⎦, (51)

where the entries of θy+1/2 = (θy+1/2,1, . . . , θy+1/2,8) and θy =
(θy,1, . . . , θy,8) are the interwire and intrawire sine-Gordon
variables θy+1/2, j = φR

y, j − φL
y+1, j and θy, j = φR

y, j − φL
y, j , re-

spectively. With the density interactions in H0 + H f
intra that

give rise to the conformal E8 fixed point, the current backscat-
tering interactions in (51) are marginally relevant in the RG
sense if uinter/intra > 0. The sums of roots αSU(3) and αE6 in
the sine-Gordon potentials in (51) can be restricted to only
include the simple roots α

SU(3)
1,2 in (43) for the SU(3) sector

and αE6
J=1,...,6 in (48) for the E6 sector. This restricted set

of sine-Gordon potentials pins the ground-state expectation
values of the angle variables �

SU(3)
y+1/2,I=1,2 = α

SU(3)
I · θy+1/2 and

�
E6
y,J=1,...,6 = αE6

J · θy to lie at an integral multiple of 2π . Since
all roots are integral combinations of simple ones, the other
sine-Gordon potentials in (51) with nonsimple roots do not
compete, as they share the same minima. On a closed torus
geometry, the angle variables �

SU(3)
y+1/2,I=1,2 and �

E6
y,J=1,...,6 form

a maximal set of independent commuting bosonized operators
and therefore the sine-Gordon potentials in (51) introduce a
finite bulk excitation energy gap.

Unlike the E8 quantum Hall state, H[SU(3)] has three
degenerate ground states on a torus. To see this, we recall
from Sec. II that the bosonized variables are compactified
and identified by large gauge transformations φσ

y, j ≡ φσ
y, j +

2πrσ
y, j , where rσ

y = (rσ
y,1, . . . , rσ

y,8) is a vector inside the lat-
tice R = spanZ(�E8 ) generated by the E8 roots. Up to large
gauge transformations, all ground-state expectation values
〈�E6

y,J=1,...,6〉 that minimize HE6
intra are equivalent. On the other

hand, there are three gauge inequivalent sets of ground-state
expectation values 〈�SU(3)

y+1/2,I=1,2〉 that minimize HSU(3)
inter . They

correspond to the three anyon classes of bulk quasiparticle
excitations,

Z3 = {1, E, E}, (52)

and the three primary fields in the chiral edge CFTs when
the model is defined on an open cylinder with boundaries.
Nontrivial primary fields and anyons E and E cannot appear
alone and must come in conjugate pairs E × E = 1, triplets
E × E × E = E × E × E = 1, or any multiplets that fuse to

the trivial sector 1. On the chiral edge, each nontrivial primary
field E is a superselection sector of vertex operators E p that ro-
tate irreducibly under the SU(3) WZW algebra. Specifically,
E is spanned by three nonlocal fields

E = span{ei(φ1+φ2−2φ3 )/3, ei(φ1−2φ2+φ3 )/3, ei(−2φ1+φ2+φ3 )/3}.
(53)

Fields inside the same superselection sector obey the current
OPE

Jg(z)E p(w) = ρ(g)p
q

z − w
Eq(w) + . . . , (54)

where g is a Lie algebra element, Jg(z) is its corresponding
WZW current operator, and ρ(g) is a matrix representation
of g. For example, the SU(3) root operator [ESU(3)(z)]α1 =
ei(φ1(z)−φ2(z)) rotates eim·φ = ei(−2φ1+φ2+φ3 )/3 into

[ESU(3)(z)]α1 eim·φ(w) = ei(α1+m)·φ(w)−〈α1·φ(z),m·φ(w)〉+...

= ei(φ1(w)−2φ2(w)+φ3(w))/3−ln(z−w)+...

∝ 1

z − w
ei(φ1(w)−2φ2(w)+φ3(w))/3 + . . .

(55)

(up to nonsingular terms and oscillations factors in-
volving eik f x) using the correlation 〈φi(z)φ j (w)〉 = −δi j

ln(z − w) + . . . [cf. (22)]. The exact constant phase in “∝”
depends on the nonsingular pieces in the above correlator
that guarantee the fermion fields d j = eiφ j mutually anticom-
mute. These phases are unimportant in this paper and will
be omitted. The primary supersector E transforms under the
fundamental 3D irreducible representation of SU(3), while
its conjugate sector E = E† transforms under the conjugate
representation. They both carry fractional spin (i.e., conformal
scaling dimensions) hE = hE = 1/3. Fields within the same
primary sector differ from each other by the local SU(3)
currents, which are integral combinations of electrons. On the
other hand, fields belonging to different primary sectors are
not related by any local integral product of electrons.

The particle-hole conjugate coupled-wire model H[E6] can
be constructed by reversing the role of SU(3) and E6 so
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that the former (latter) is gapped by an intrawire (interwire)
backscattering interaction. The E6 quantum Hall state also has
three degenerate ground states on a closed torus geometry.
They correspond to the three anyon classes of bulk quasiparti-
cle excitations and primary field superselection sectors 1, E, E
on the chiral edge CFT. Specifically, the primary supersector
E is spanned by 27 nonlocal fields

E = span{ei2(φ1+φ2+φ3 )/3}
∪ {

ei(φ1+φ2+φ3 )/6+∑8
j=4 ε jφ j/2

}
ε j=4,...,8=±1,

∏8
j=4 ε j=−1

∪ {e−i(φ1+φ2+φ3 )/3±φ j } j=4,...,8. (56)

These fields transform irreducibly under the OPE of the E6

current algebra [see (54)]. The conjugate primary supersector
E = E† forms another irreducible representation. They both
carry spin hE = hE = 2/3. The product of primary fields
ESU(3) × EE6 and ESU(3) × EE6 generate the remaining 162 E8

roots in the complement �E8\(�SU(3) ∪ �E6 ). Therefore, if
both SU(3) and E6 were gapped by interwire backscattering
interactions, their anyons would pairwise condense as local
bosons and the resulting quantum Hall phase would be identi-
cal to the topologically trivial E8 state.

We complete the construction of the SU(3) and E6 models
by presenting their charge fractionalization and the momen-
tum arrangement of electrons on each wire. For this, there are
two issues to address in our coupled-wire construction. First,
the R matrix used in (25)—that enables the nonlocal Dirac
fermion presentation of E8 in (24) by providing the trans-
formation �̃ = Rφ between the Chevalley and Cartan-Weyl
basis—has not been specified. Second, the root operators in
(44) and (47) carry oscillation factors eiα j k jx. Like the E8

model, the exact cancellation of these factors in the sine-
Gordon interactions in (51) requires a specific arrangement
of electron Fermi momentum.

The construction of the E8 quantum Hall state in Sec. II
did not depend on the choice of the nonlocal Dirac fermions
d j = eiφ j presented in (24). This is because the E8 current
operators in (20) and (21), and in particular, the simple roots
ei	̃I in (16) are fixed by their electronic origin. Here, however,
the SU(3) and E6 models are constructed using a preferred set
of simple roots in (43) and (48) based on a particular choice
of nonlocal Dirac fermions, or equivalently, their Cartan-Weyl
bosonized variables φ j . While different choices are related by
symmetries in the E8 Weyl group (46), they lead to distinct
bFQH states with inequivalent charge fractionalizations. This
is because the fixed electric charges q̃I in (17) of the E8 simple
roots ei	̃I are not preserved by all E8 Weyl symmetries. Given
a specific choice of the nonlocal Dirac fermions dj , their
electric charges q j define a charge vector q = (q1, . . . , q8).
The collection of charge vectors for the various choices of
d j was exhaustively presented above equation (26). Among
them, they generate four inequivalent sets of SU(3) and E6

bFQH states with distinct filling numbers ν and quasiparticle
charge assignments.

In general, electric charge splits in the SU(3) × E6 ⊆ E8

decomposition. From the electric response on the edge, σ =
νe2/h, the filling numbers of the SU(3) and E6 bFQH states
can be read off from the length of the charge vector when

projecting it onto the SU(3) and E6 subspaces [cf. (26) for the
E8 state]:

νSU(3) = |PSU(3)q|2 = qSU(3) · K−1
SU(3)q

SU(3),

νE6 = |PE6 q|2 = qE6 · K−1
E6

qE6 . (57)

Here, PSU(3) and PE6 = 18 − PSU(3) are the projection matrices
(each obeying P2 = P) onto subspaces spanned by the SU(3)
and E6 roots, respectively:

PSU(3) = AT
SU(3)K

−1
SU(3)ASU(3),

PE6 = AT
E6

K−1
E6

AE6 , (58)

where the rows of ASU(3) and AE6 are the the simple roots in
the Euclidean 8-space chosen in (43) and (48). The electric
charge of the simple roots of the two algebras are the en-
tries of the charge vectors qSU(3) = (qSU(3)

M=1,2) = ASU(3)q and

qE6 = (qE6
N=1,...,6) = AE6 q. Since the SU(3) and E6 roots are

orthogonal, PSU(3)q ⊥ PE6 q. Thus the filling numbers in (57)
obey the particle-hole conjugation relation:

νSU(3) + νE6 = |q|2 = νE8 = 16. (59)

Let’s see specifically how this works for the charge
vector q = (4, 0, 0, 0, 0, 0, 0, 0) of a set of nonlocal Dirac
fermions chosen using the R matrix in (A3). In this case,
the bFQH models constructed have filling numbers νSU(3) =
32/3 and νE6 = 16/3. The charge vector q also dictates the
charge assignments of a vertex field operator, Q(eim·φ ) =
m · q. This decomposes the SU(3) and E6 WZW current
algebras and their primary field superselection sectors into
subspaces with different electric charges. For example, with
the same charge vector as above, the eight-dimensional
SU(3) WZW algebra—which is spanned by the two Car-
tan generators (45) and the six roots (44)—splits into 8 =
4(0) ⊕ 2(+4) ⊕ 2(−4), a four-dimensional neutral subspace,
a two-dimensional subspace of charge 2 currents and a
two-dimensional subspace of charge −2 currents. The three
dimensional SU(3) primary sector E in (53) decomposes
into 3 = 2(4/3) ⊕ 1(−8/3), a two-dimensional subspace of
charge 4/3 fields and a one-dimensional subspace of charge
−8/3 fields. For the particle-hole conjugate E6 state, its 78-
dimensional WZW current algebra splits into 78 = 46(0) ⊕
16(+2) ⊕ 16(−2), and its primary sector E in (56) decom-
poses into 27 = 1(8/3) ⊕ 16(2/3) ⊕ 10(−4/3). As above,
the numbers in each term ∗ (�) specify the dimension ∗ of
the subspace consisting of fields with charge �.

Under an E8 Weyl symmetry, the set of reflected/rotated
nonlocal Dirac fermions obtain a new charge vector. The
SU(3) and E6 subalgebras are subsequently reflected/rotated
and may lead to different electric responses from before. The
four distinct classes of SU(3) and E6 bFQH states can be
represented by the following four charge vectors:

q = (0, 0, 0, 0, 0, 0, 0, 4), (4, 0, 0, 0, 0, 0, 0, 0),

(2, 0, 0, 0, 2, 2, 2, 0), (2,−2, 0, 0, 2, 2, 0, 0).

(60)

The bFQH coupled-wire models constructed have, respec-
tively, the distinct filling numbers

νSU(3) = 0, 32
3 , 8

3 , 8, νE6 = 16, 16
3 , 40

3 , 8, (61)
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FIG. 3. The filling numbers ν and central charges c of bosonic
fractional quantum Hall (bFQH) states involving the exceptional Lie
algebras G2, F4, E6,7,8 as well as A4 = SU(5).

as summarized in Fig. 3 along with central charges of SU(3)1

and (E6)1. The charge assignments of the WZW current alge-
bras and primary field superselection sectors are summarized
in Tables II and V. The E8 Weyl inversion that flips q → −q
corresponds to the Z2 anyonic symmetry [47,48] (also re-
ferred to as outer automorphism) of the topological phases
that relabels the anyon classes E ↔ E . Since E = E†, the two
conjugate classes carry fields with conjugate electric charges.
The charge assignment pattern of each primary field sector is
invariant (changed) under the Z2 inversion flip for the bFQH
states with integral (fractional) filling numbers. Therefore the
Z2 symmetry is preserved (respectively broken) by the electric
charge assignment. Since switching the anyon labels E ↔ E
does not alter the fusion and statistics data, the bFQH states
constructed from opposite charge vectors are indistinguish-
able in the absence of other physical symmetries.

Next, we address the momentum conservation in the
coupled-wire model. The SU(3) and E6 root operators (44)
and (47) carry oscillation factors eiα j k jx. The same goes for the
integrated fermions fn=1,2,3. These factors cancel and do not
appear in the sine-Gordong interactions (51) and (19) when
the bare Fermi momenta kF,a of the electron channels [see (7)]
take a set of specific values. A detailed discussion for how

this cancellation can be arranged is presented in Appendix B.
Given any fixed R matrix (25), the momentum conserving
SU(3)1 model is constructed with bare Fermi momenta,

kF,a = 1

2

eBd

h̄c

8∑
j, j′,J=1

(U ++
Ja + U +−

Ja )(R−1) j
JP j j′

SU(3)q j′ , (62)

where only the first eight rows of the U +± matrices in
(14) are summed. (A general equation can be found in
(B17).) The E6 model is constructed with a different set of
kF,a, which are obtained by replacing the projection matrix
PSU(3) → PE6 in (62). Using these kF,a, the filling number
(8) reproduces the value (57) predicted from the edge-state
response.

2. The Abelian Z2 SU(2) and E7 states

We now construct the SU(2)1 and (E7)1 bFQH states. The
construction method is identical to the SU(3)1 and (E6)1 states
presented above. Here, we highlight the essential features
and results. First, these bFQH states rely on the SU(2) × E7

conformal bipartition of E8. The SU(2)1 and (E7)1 WZW
subalgebras can be chosen by fixing two decoupled subsets
of current operators inside (E8)1. Using the nonlocal Dirac
fermions d j ∼ eiφ j (see (24)), we fix the SU(2)1 by choosing
its generators

[HSU(2)(x)] = ∂xφ1 − ∂xφ2√
2

,

[ESU(2)(x)]± = e±i(φ1(x)−φ2(x)+(k1−k2 )x). (63)

The SU(2) root system �SU(2) contains the positive root
αSU(2) = e1 − e2 and the negative one −αSU(2). They cor-
respond to the raising and lowering operators [ESU(2)]± =
e±iαSU(2)·φ. The Cartan matrix of SU(2) is KSU(2) = αSU(2) ·
αSU(2) = 2. Since the SU(2)1 WZW CFT is generated by
a single bosonized variable, it is identical to U(1)2. The
(E7)1 theory is the subalgebra in (E8)1 that commutes with
the SU(2)1. The E7 root system �E7 consists of root vec-
tors in E8 that are orthogonal to αSU(2). It is the union of
the following three sets: (i) the 2 vectors ±(e1 + e2), (ii)
the 60 integral vectors of the form (0, 0, α3, . . . , α8), where
two of the α3,...,8 are ±1 and the rest are 0, and (iii) the
64 half-integral vectors (ε1, . . . , ε8)/2, where ε j = ±1, ε1 =
ε2, and

∏8
j=1 ε j = +1. �E7 can be generated by the set

of simple root vectors that form the rows of the following

matrix:

AE7 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1
1 −1

1 −1
1 −1

1 1
−1/2 −1/2 −1/2 −1/2 −1/2 −1/2 −1/2 −1/2

1 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(64)
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and produce the Cartan matrix

KE7 = AE7 AT
E7

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 −1
−1 2 −1

−1 2 −1
−1 2 −1 −1

−1 2 −1
−1 2

−1 2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(65)

The (E7)1 WZW subalgebra is spanned by the 126 root oper-
ators, [

EE7 (x)
]
αE7

= eiα j
E7

(φ j (x)+k jx)
, αE7 ∈ �E7 (66)

and the seven Cartan generators [HE7 ]b=1,...,7 = γ
j

b ∂xφ j , where
γb=1,...,7 = (γ 1

b , . . . , γ 8
b ) is an orthonormal basis of the E7 root

subspace.
The coupled-wire Hamiltonians of the SU(2)1 and (E7)1

bFQH states are constructed in a similar fasion as the SU(3)1

and (E6)1 states. The model Hamiltonian (39) contains the
intrawire backscattering H f

intra of the integrated fermions de-
fined in (19), and the intrawire and interwire backscattering
of the two current algebras [cf. (51) for the SU(3)1 state].
For the SU(2) state, the interwire backscattering interactions
involve the SU(2) currents, whereas the intrawire ones in-
volve the E7 currents. For the particle-hole conjugate E7 state,
the backscattering pattern of the two current algebras are
switched. The resulting topological phases have a finite bulk
excitation energy gap and chiral gapless boundary edges de-
scribed by corresponding SU(2)1 or (E7)1 CFTs. The thermal
responses κxy (2) of the bFQH states are determined by the
central charges cSU(2)1 = 1 and c(E7 )1 = 7, which are identical
to the ranks of the simply laced Lie algebras.

The two bFQH states have a Z2 = {1,S} topological or-
der and each supports a semion quasiparticle excitation S .
It obey the fusion rule S × S = 1 and therefore is its own
antipartner. S has spin h = 1/4 in the SU(2)1 state or h =
3/4 in the (E7)1 state. The semion primary field superselec-
tion sector in SU(2)1 is spanned by the two nonlocal vertex
fields e±iαSU(2)·φ/2, which together rotate irreducibly under the
SU(2)1 algebra [see (54)]. The semion primary supersector in
(E7)1 is spanned by 56 nonlocal fields

S = span{e±i(φ1+φ2 )/2±iφ j } j=3,...,8

∪ {
ei
∑8

j=3 ε jφ j/2
}

ε j=3,...,8=±1,
∏8

j=3 ε j=−1, (67)

which irreducibly represent E7. Like in the previous SU(3) ×
E6 case, if both the SU(2) and E7 currents were gapped by in-
terwire backscattering interactions, the 2 × 56 = 112 semion
pairs from SU(2) × E7 would anyon condense [35,36] to form
the remaining E8 root currents outside of SU(2) × E7. The
resulting state would have trivial bosonic topological order
equivalent to (E8)1. We notice in passing that semion primary
supersectors S in SU(2)1 as well as (E7)1 are closed under
the Z2 involution symmetry φ j → −φ j in the Weyl group

Aut(E8). The involution acts differently on the SU(3)1 and
(E6)1 states where the nontrivial anyon classes are flipped,
E ↔ E , under the symmetry.

The filling numbers and electric charge assignments of the
bFQH states depend on the R matrix that specifies the E8

simple roots ei	̃J = eiR j
J φ j in Euclidean 8-space and defines

the nonlocal Dirac fermions dj ∼ eiφ j [see (24)]. The allowed
charge vectors q = (qj=1,...,8) of the fermions were presented
above (26). There are three inequivalent classes of the SU(2)1

and (E7)1 states, where the filling numbers are

νSU(2) = 0, 2, 8, νE7 = 16 − νSU(2). (68)

The three classes can be respectively represented by three
particular charge vectors

q = 4e8, 2e1 + 2e3 + 2e5 + 2e7, 4e1. (69)

The electric charge assignments of the WZW currents and the
primary fields are summarized in Tables II and IV.

Lastly, the coupled-wire models are exactly solvable when
the bare electron momenta kF,a [see (7)] take a set of specific
values. These values are computed in (B17) in Appendix B by
applying the projection matrix PA = PSU(2) or PE7 on the Eu-
clidean 8-space. Small deviations away from these fine-tuned
values are perturbations that should not alter the topological
phases, assuming they are not strong enough the overcome
the bulk excitation energy gap.

3. The Abelian Z5 SU(5) states

Next we consider the Abelian Z5 SU(5) bFQH states.
These bFQH states are based on the conformal embedding of
SU(5)A × SU(5)B in E8. Starting with the A sector, the simply
laced Lie algebra is spanned by its four Cartan generators and
20 root operators

[HSU(5)A (x)]b=1,...,4 = 1√
b(b + 1)

[
b∑

a=1

∂xφa − b∂xφb+1

]
,

[ESU(5)A (x)]αSU(5) = eiα j
SU(5) (φ j (x)+k jx). (70)

The SU(5) root system �SU(5)A is composed of root vec-
tors αSU(5) = ±(ea − eb) where 1 � a < b � 5. The simple
roots e j − e j+1, for j = 1, . . . , 4, form the rows of the 4 × 8
matrix ASU(5)A . The Cartan matrix of SU(5) is the Gram
matrix

KSU(5) = ASU(5)A AT
SU(5)A =

⎛⎜⎜⎝
2 −1

−1 2 −1
−1 2 −1

−1 2

⎞⎟⎟⎠. (71)

The SU(5)B algebra is the complement of SU(5)A in E8.
The Cartan generators [HSU(5)B (x)]b = γ

j
b ∂xφ j in the B sector

can be chosen with orthonormal vectors γb=1,2,3,4 perpendic-
ular to the SU(5)A root system. For example, one can set γ1 =
e6, γ2 = e7, γ3 = e8 and γ4 = ∑5

i=1 ei/
√

5. The SU(5)B root
system �SU(5)B consists of the E8 roots that are perpendicular
to �SU(5)A . �SU(5)B contains ±ea ± eb for 6 � a < b � 8 and
εaea/2 where εa = ±1,

∏
a εa = +1, and ε1 = . . . = ε5. The
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simple roots of SU(5)B can be chosen to be the rows of

ASU(5)B =

⎛⎜⎜⎝
1 −1

1 −1
1/2 1/2 1/2 1/2 1/2 −1/2 −1/2 1/2

−1/2 −1/2 −1/2 −1/2 −1/2 −1/2 −1/2 −1/2

⎞⎟⎟⎠, (72)

so that their scalar product recovers KSU(5) = ASU(5)B AT
SU(5)B

in (71). The mutual OPEs between current operators in the
A and B sectors are nonsingular while OPEs within the same
sector obey the SU(5) WZW current algebra at level 1 (cf.
(34)). The two sectors are decoupled. Their Sugawara energy-
momentum tensors add up to TSU(5)A

1
+ TSU(5)B

1
= T(E8 )1 and

thus the central charges are cSU(5)A = cSU(5)B = 4, which is
half of that of (E8)1.

The SU(5) bFQH states can be constructed by the
coupled-wire Hamiltonians H[SU(5)] that contain the inter-
and intrawire current backscattering interactions HSU(5)A

inter +
HSU(5)B

intra . The interactions are analogous to those in (51). They
are noncompeting sine-Gordon interactions that create a finite
excitation energy gap in the bulk, but leave behind gapless
chiral edge states on the boundaries described by the SU(5)1

WZW CFT. The model conserves x momentum when the
electron Fermi momenta kF,a obey (B17) under the projection
matrix PA = PSU(5)A . Like the previous Abelian models, the
SU(5) bFQH state depends on the choice of the nonlocal Dirac
fermions d j ∼ eiφ j and their electric charges q j . These choices
give rise to different SU(5)1 bFQH states at various fillings
with distinct charge assignments.

The topological phase carries |KSU(5)| = 5 primary field
superselection sectors. Each sector, labeled by Em=−2,−1,0,1,2,
forms a C5

|m| = 5!/(|m|!(5 − |m|)!) dimensional irreducible
representation of SU(5). E0 is the trivial vacuum sector. In
SU(5)A

1 , for m > 0,

Em = span
{
e−i

∑m
i=1 φ ji +im

∑5
l=1 φl /5

}
1� j1<...< jm�5. (73)

For m < 0, Em = (E−m)†. The vertex fields in Em all carry
spins (scaling dimensions) hm = |m|(5 − |m|)/10. Primary
fields in the same supersector can be rotated irreducibly into
one another under the SU(5) current OPE [cf. (54)]. These
bFQH states have the Abelian Z5 topological order. Their
anyon classes follow the fusion rules Em × Em′ = E [m+m′]

where [m + m′] = −2, −1, 0, 1, 2 and [m + m′] ≡ m + m′
modulo 5.

The possible Hall conductivities of the SU(5) bosonic
states can be exhausted by applying the projection operator
PSU(5)A = ASU(5)A K−1

SU(5)ASU(5)A to the possible charge vectors
q = (qi=1,...,8) that were presented above (26). The resulting
filling numbers of the SU(5)1 states are

νSU(5)1 = |PSU(5)A q|2 = 4

5

5∑
j=1

q2
j − 2

5

∑
1�i< j�5

qiq j

= 0,
16

5
,

24

5
, 8,

56

5
,

64

5
, 16. (74)

Pairs of bFQH states with fillings ν and 16 − ν are related by
particle-hole conjugation. The SU(5)1 state at filling ν = 8 is

particle-hole symmetric. The electric charge assignments of
the SU(5) WZW currents and the primary fields are summa-
rized in Tables VI and VII. Since E−m = (Em)†, the primary
fields in the conjugate sectors E1,2 and E−1,−2 carry opposite
electric charges. At the same time, the E8 Weyl inversion
that flips φ j → −φ j corresponds to the Z2 anyonic symmetry
(or outer automorphism) [47,48] of SU(5)1 that switches the
anyon classes Em ↔ E−m. Similar to the SU(3)1 and (E6)1

states, the charge assignments of Em and E−m, for m �= 0,
are opposite (identical) when the filling number νSU(5) is
fractional (respectively integral). Thus, at fractional fillings,
the Z2 anyonic symmetry is broken by the primary field charge
assignments. Although there are opposite charge patterns in
each of these fractional cases, the two bFQH states are physi-
cally indistinguishable and can be identified by relabeling the
anyon classes m ↔ −m.

The fractional filling ν = 64/5 is special. There are multi-
plicities in the charge patterns of the WZW current operators
as well as the primary fields that are not mutually related by
the Z2 charge flip. [Similar multiplicities of charge assign-
ments will also later appear in SU(8)1 and SO(N )1, for N =
9, . . . , 15.] In case (i), the 24 WZW currents decompose into
24 = 16(0) ⊕ 4(+4) ⊕ 4(−4), where the numbers inside the
parentheses indicate the electric charge. In case (ii), the charge
decomposition is 24 = 10(0) ⊕ 4(+2) ⊕ 4(−2) ⊕ 3(+4) ⊕
3(−4). The charge decompositions of the primary fields of
cases (i) and (ii) are also Z2 inequivalent (see Table VII).
Despite the charge differences, these two cases belong in the
same bFHQ phase. When juxtaposing states (i) and (ii), the
shared 1D edge is gappable by charge-preserving higher-order
interactions. Since the SU(5) currents in (i) and (ii) have
unequal charges, they cannot all backscatter on the shared
edge without violating charge conservation. Alternatively, the
shared edge can be gapped by the charge-conserving sine-
Gordon interactions

U = −u
3∑

�=1

cos
(
φR

� − φR
�+1 − φL

� + φL
�+1

)
− u cos

(
4∑

�=1

φR
� − 4φR

5 +
4∑

�=1

φL
� − 4φL

5

)
. (75)

Here, we assume the Dirac fermions dR
j ∼ eiφR

j in case (i)
carries charge q j = (0, 0, 0,−4, 0, 0, 0, 0), and the fermions
dL

j ∼ eiφL
j in case (ii) carries q j = (2, 2, 2,−2, 0, 0, 0, 0). The

last sine-Gordon potential backscatters a nonprimitive boson
with scaling dimension h = 10. It becomes relevant in the RG
sense given a sufficiently strong density-density interaction.
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4. The Abelian SO(2r) states and emergent Dirac fermions

We now construct the SO(2r)1 bFQH states, for r =
1, . . . , 7. The construction relies on the SO(2r) × SO(16 −
2r) conformal decomposition of E8. Given a particular choice
of nonlocal Dirac fermions d j ∼ eiφ j , for j = 1, . . . , 8, in
each wire [see (24)], the splitting is set by generating
the SO(2r)1 by dl=1,...,r and d†

l=1,...,r and its particle-hole

conjugate SO(16 − 2r)1 by dm=r+1,...,8 and d†
m=r+1,...,8. The

WZW current operators of SO(2r)1 are the fermion bilinears
dl dl ′ , dl d

†
l ′ , d†

l dl ′ and d†
l d†

l ′ for 1 � l � l ′ � r. They can be
bosonized into r Cartan generators and 2r(r − 1) root opera-
tors:

[HSO(2r)(x)]l = dl (x)†dl (x) = ∂xφl (x),

[ESO(2r)(x)]αSO(2r) = eiα j
SO(2r) (φ j (x)+k jx). (76)

The root system �SO(2r) contains the integral length
√

2
vectors αSO(2r) = ±el ± el ′ , where 1 � l < l ′ � r. They are
integral combinations of a set of simple roots α1 = e1 −
e2, . . . ,αr−1 = er−1 − er , and αr = er−1 + er that produce

the Cartan matrix by scalar product:

KSO(2r)
ll ′ = αl · αl ′

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 −1
−1 2

. . .

2 −1
−1 2 −1 −1

−1 2
−1 2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(77)

The conjugate SO(16 − 2r)1 sector commutes with SO(2r)1.
The root system �SO(16−2r) consists of E8 root vectors that are
perpendicular to �SO(2r). In other words, αSO(16−2r) = ±em ±
em′ , where r + 1 � m < m′ � 8.

The coupled-wire model of the SO(2r)1 state is con-
structed in a similar fashion as the previous Abelian quantum
Hall states. The interwire and intrawire current backscatter-
ing terms in the exactly solvable model Hamiltonian (39)
involve the SO(2r)1 and SO(16 − 2r)1 sectors, respectively.
Generically, they are the two-fermion backscattering Gross-
Neveu-type interactions:

HSO(2r)
inter = uinter

∑
y

∑
1�p<q�2r

ψR
ypψ

R
yqψ

L
y+1,pψ

L
y+1,q (for r = 2, . . . , 7)

= uinter

∑
y

⎡⎣ r∑
l=1

dR
yl

†
dR

yl d
L
y+1,l

†
dL

y+1,l +
∑

1�l<l ′�r

(
dR

yl d
R
yl ′d

L
y+1,l

†
dL

y+1,l ′
† + dR

yl
†
dR

yl ′d
L
y+1,l d

L
y+1,l ′

† + H.c.
)⎤⎦

= uinter

∑
y

⎡⎣ r∑
l=1

[HSO(2r)]
R
yl [HSO(2r)]

L
y+1,l −

∑
αSO(2r)

cos(αSO(2r) · θy+1/2)

⎤⎦, (78)

HSO(16−2r)
intra = uintra

∑
y

∑
2r+1�p<q�16

ψR
ypψ

R
yqψ

L
ypψ

L
yq (for r = 1, . . . , 6)

= uintra

∑
y

⎡⎣ 16∑
m=r+1

dR
ym

†
dR

ymdL
ym

†
dL

ym +
∑

r+1�m<m′�16

(
dR

ymdR
ym′dL

ym
†
dL

ym′
† + dR

ym
†
dR

ym′dL
ymdL

ym′
† + H.c.

)⎤⎦
= uintra

∑
y

⎡⎣ 16∑
m=r+1

[HSO(16−2r)]
R
ym[HSO(16−2r)]

L
ym −

∑
αSO(16−2r)

cos(αSO(16−2r) · θy)

⎤⎦. (79)

Here, ψ are the real and imaginary Majorana components
of the complex Dirac fermions d j = (ψ2 j−1 + iψ2 j )/

√
2,

θy+1/2 = φR
y − φL

y+1, and θy = φR
y − φL

y . Similar to the SU(3)1

and (E6)1 states previously presented in (51), the sine-Gordon
interactions here are marginally relevant when u > 0. They
introduce a finite excitation energy gap in the bulk and leave
behind the chiral gapless SO(2r)1 WZW CFTs on boundary
edges. The thermal response κxy (2) is determined by the
central charge cSO(2r)1 = r, which is the rank of the simply
laced SO(2r) Lie algebra. The model Hamiltonian of the

particle-hole conjugate SO(16 − 2r)1 state can be constructed
by interchanging the intrawire and interwire gapping pattern
between the SO(2r) and SO(16 − 2r) sectors.

Cases involving SO(2)1 when r = 1 or 7 are special. This is
because the SO(2) algebra is Abelian and the SO(2)1 = U(1)4

WZW algebra is generated by a single current operator ∂xφ.
The current backscattering interaction ∂xφ

R∂xφ
L is a density

interaction that does not open an energy gap by itself. Instead,
the SO(2)1 interwire or intrawire gapping potential is

USO(2) = u∂xφ
R
y ∂xφ

L
y′ − u′ cos (4θ ), (80)
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where 2θ = φR
y − φL

y′ (the factor of 2 is adopted here to match
with the usual convention in Luttinger liquid theory) and
y′ = y (y′ = y + 1) for an intrawire (respectively interwire)
interaction. The sine-Gordon potential here backscatters the
spin-2 local bosons ei2φσ

rather than spin-1 currents in (78)
and (79). It becomes relevant when the density interaction u
becomes “repulsive” (i.e., negative) enough so that the Lut-

tinger parameter g =
√

1+2πu/ṽ

1−2πu/ṽ
is smaller than 1/2, where ṽ is

the velocity of the fermions dj appeared in (27). Odd fermion
backscattering terms, such as the single fermion backscat-
tering cos(2θ ) ∼ (dR)†dL + H.c., are nonlocal for both the
inter and intrawire cases, and do not have an integral elec-
tron origin. Higher order even terms cos(4nθ ), for n � 2, are
irrelevant or less relevant.

The SO(2r)1 WZW CFT has four primary field superse-
lection sectors. The nontrivial ones consist of the spin h =
1/2 fermion sector f spanned by the Dirac fermions dl=1,...,r

and d†
l=1,...,r , and the spin h = r/8 even (+) and odd (−)

spinor sector s± spanned by the vertex operators eiεl φl /2, where
εl=1,...,r = ±1 and

∏r
l=1 εa = ±1. Fields within the same su-

perselection sector differ from each other by local bosons
and can be rotated into each other by the WZW algebra [cf.
(54)]. For even r, they follow the Z2 × Z2 fusion rules, where
(s±)2 = f 2 = 1 and s± × f = s∓. For odd r, they follow the
Z4 fusion rules, s± × s∓ = f 2 = 1 and s± × f = s∓. Un-
like the previously considered SU(2)1, SU(3)1, and (E6,7,8)1

states, the nonlocal Dirac fermions da=1,...,r now emerge as
quasiparticle excitations in SO(2r)1 and exist in the form
of deconfined anyons in the bulk and primary fields on the
edge.

The SO(2r)1 WZW CFT is generically symmetric under
a twofold outer automorphism and the topological phase has
the corresponding Z2 anyonic relabelling symmetry. The outer
automorphism can be generated by the involution symme-
try w in Aut(E8) that flips φr → −φr and φ8 → −φ8 while
keeping the rest of the bosonized variables φ j �=r,8 unchanged.
The involution acts as a reflection on the SO(2r) root sys-
tem. However, the mirror plane is not perpendicular to any
SO(2r) root and the reflection falls outside of the Weyl group
of SO(2r). The reflection flips the simple roots αr−1 ↔ αr

and leaves αl=1,...,r−2 unchanged. It can be represented by
the matrix M = 1r−2 ⊕ σx, which commutes with the Car-
tan matrix (77). The fermion primary sector f of SO(2r)1

is closed under the Z2 symmetry, but the even and odd
spinor sectors are switched, s+ ↔ s− [cf. the switching action
E ↔ E in SU(3)1 and (E6)1]. The SO(8)1 theory is special
and carries a triality S3 symmetry. This is because, when
r = 4, in addition to the w symmetry, the SO(8) × SO(8)
root system is also preserved by another twofold symmetry
w′ = (H4 ⊕ H4)/2 in Aut(E8), where H4 is the Hadamard
matrix

H4 =

⎛⎜⎜⎝
1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

⎞⎟⎟⎠. (81)

Combining the two, ww′ is a threefold symmetry that rotates
the primary field sectors f → s− → s+ → f . It is not a co-
incidence that all three nontrivial primary sectors in SO(8)1

FIG. 4. Bosonic fractional quantum Hall (bFQH) states SO(N )1.
All SO(2r)1 states are Abelian (blue dots) and all SO(2r + 1)1 states
have non-Abelian Ising topological orders (red dots). The bFQH
states are related under the particle-hole conjugation (ν, c) ↔ (16 −
ν, 8 − c) about the PH symmetric SO(8)1 at (ν, c) = (8, 4).

have identical spin h = 1/2 and interchangeable fusion rules
so that the theory is symmetric under the permutation group
S3 of three elements.

The electric response of the SO(2r)1 bFQH states depend
on the choice of the eight nonlocal Dirac fermions in (24),
d j ∼ eiφ j , which are specified by the R matrix that corresponds

to the E8 simple roots ei	̃J = eiR j
J φ j . The allowed charge vec-

tors q = (q j=1,...,8) of the fermions were presented above (26).
The filling numbers of the SO(2r)1 state and its particle-hole
conjugate SO(16 − 2r)1 are

νSO(2r)1 =
r∑

j=1

q2
j , νSO(16−2r)1 =

8∑
j=r+1

q2
j , (82)

which add up to νE8 = 16. Figure 4 summarizes the pos-
sible filling numbers and central charges of the Abelian
SO(2r)1 and SO(16 − 2r)1 bFQH states. The electric charge
assignments of the WZW currents and the primary fields are
summarized in Tables XIII and XIV. The SO(2)1 algebra does
not contain any roots. Instead of listing the trivial electric
charge of its only current operator ∂xφ1, the SO(2) column
in Table XIII counts the electric charges ±q1 of the smallest
local boson e±i2φ1 .

We highlight two observations in our results. First, there
are two distinct states at filling fraction ν = 16 for SO(2r)1 =
SO(10)1, SO(12)1, or SO(14)1, where the WZW current op-
erators either (i) carry electric charges 0,±4 or (ii) carry
charges 0,±2,±4 (see Table XIII). The coupled-wire mod-
els of case (i) are constructed with the charge vector q =
(qj=1,...,8) of nonlocal Dirac fermions that contains one and
only one nonzero entry q j = 4 and is within the SO(2r)
subspace. Models in case (ii) are constructed with q that
contains four nonzero entries q j = ±2 in the SO(2r) sub-
space. The two cases also have unequal charge assignments
for their primary fields. For case (i), the fermion sector f
contains fields with charges 0,±4 and the spinor sectors s±
carry charges ±2. For case (ii), f has charges 0,±2 and s±
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have charges 0,±2,±4 (see Table XIV). Despite the distinct
charge assignments, the two cases belong in the same bFQH
phase at ν = 16. When juxtaposing the two states, the shared
edge is gappable. Because the WZW currents in cases (i) and
(ii) have different charge assignments, current backscattering
interactions (that include all currents) on the shared edge
generally violate charge conservation. To gap the shared edge
in a way that preserves charge conservation, an alternative
set of interactions needs to be considered: there exist sine-
Gordon potentials that backscatter higher-spin bosons with the
same charges between the (i) and (ii) boundaries. To demon-
strate this, we consider SO(2r)1 = SO(10)1 where the shared
edge carries five counter propagating pairs of nonlocal Dirac
fermions dσ

j=1,...,5 ∼ eiφσ
j . The fermion charges are qR

j=1,...,5 =
(0, 0, 0, 0, 4) and qL

j=1,...,5 = (2, 2, 2, 2, 0). The shared edge
can be gapped by the charge-preserving, local sine-Gordon
potentials:

U = − u
3∑

l=1

cos
(
φR

l − φR
l+1 − φL

l + φL
l+1

)
− u cos

(
2φL

5 +
4∑

l=1

φR
l

)
− u cos

(
2φR

5 −
4∑

l=1

φL
l

)
.

(83)

U breaks the SO(10) symmetry. The last two terms in U
backscatter spin-2 bosons; these terms are relevant for suffi-
ciently strong density-density interactions. Therefore the two
states (i) and (ii) are only distinguishable when the SO(10)
symmetry is preserved.

Second, in Table XIV, we observe that a SO(2r)1 state
may carry multiple distinct charge assignment patterns for its
anyons or edge primary fields at the same filling number. For
example, for SO(4)1 at filling ν = 2, the charges of the even
spinors q(s+) = ±1 while the odd ones are neutral q(s−) = 0
in one state, but the charge pattern is reversed with q(s+) = 0
and q(s−) = ±1 in another state. For SO(6)1 at filling ν = 3,
the charges of the spinors are q(s±) = ∓3/2,±1/2 for one
state, but are flipped to q(s±) = ±3/2,∓1/2 for another. This
degeneracy stems from the Z2 outer automorphism (anyonic
symmetry) of SO(2r)1 that switches between the s+ ↔ s−
anyon classes. Each state in the above examples illustrates a
weak Z2 symmetry breaking by electric charge in the sense
that the charge assignments of two anyon classes related
by the Z2 symmetry are not identical (even up to charge 2
local bosons). In addition, the spinors s± are self-conjugate
(s±)2 = 1 when r is even, and are antipartners of each other
s+ × s− = 1 when r is odd. This requires the charges of each
of s± to be closed under q → −q when r is even or requires
s± to have opposite charges when r is odd. For SO(8)1, the
S3 symmetry that permutes the fermions f , s+, s− gives rise
to the three charge patterns for some filling numbers. For
example in any given SO(8)1 state at ν = 4, one fermion class
carries odd charges while the other two carry even charges.
The S3 symmetry is weakly broken down by the charge assign-
ments into Z2, which switches the two even-charged fermion
classes. There are filling numbers where the charge pattern
is nondegenerate and the anyonic symmetry of the state is
preserved by electric charge. In particular, the particle-hole

symmetric SO(8)1 state at filling ν = 8 fully preserves its S3

triality symmetry where the three fermion classes f , s+, s−
have identical charges.

Lastly, we address the momentum conservation of the
backscattering interactions in the coupled-wire models. They
conserve x-momentum when the bare electron momenta kF,a

[see (7)] take a set of specific values. These values are com-
puted in (B17) in Appendix B by applying the projection
matrix PA = 1r ⊕ 08−r for SO(2r)1 or PB = 0r ⊕ 18−r for the
particle-hole conjugate SO(16 − 2r) state. This allows the L
and R nonlocal Dirac fermions to have the same x momentum
if they are pairwise backscattered within a wire, or differ-
ent momenta that are commensurate with the magnetic field,
kR

j − kL
j = eBd

h̄c q j , if they are pairwise backscattered between
wires.

5. The Abelian orbifold U(1)8 and SU(8)1 states

We demonstrate the concept of symmetry “gauging”
[49,50] by constructing the Abelian orbifold bFQH states

U(1)8 = SU(2)1

Z2
, SU(8)1 = (E7)1

Z2
. (84)

These are the simplest examples originating from the Z2

symmetry that flips the signs of the eight nonlocal Dirac
fermions, d j → −d j . It is an internal symmetry because all
local operators, including the WZW currents in E8 and any
of its subalgebras, are unchanged under the symmetry. In
Sec. III A 2, we constructed the SU(2)1 and (E7)1 bFQH
states. The corresponding WZW theories contain U(1)8 and
SU(8)1 as subalgebras. Together, U(1)8 × SU(8)1 confor-
mally splits (E8)1. The two sectors can be gapped within a
wire or in between wires by sine-Gordon potentials or current
backscattering interactions. However, the coupled-wire mod-
els constructed this way do not carry the U(1)8 and SU(8)1

topological orders. This is because both subalgebras carry
spin-1 bosonic primary field sectors that are local integral
combinations of electrons. These spin-1 local fields “anyon
condense” [35,36] and then extend the WZW algebras from
U(1)8 to SU(2)1 and from SU(8)1 to (E7)1. Therefore the
bFQH states still carry the SU(2)1 and (E7)1 topological order.

Here, we will construct U(1)8 and SU(8)1 bFQH states by
designing a conformal embedding U(1)8 × SU(8)1 ⊆ (E8)1

that cannot be extended to SU(2)1 × (E7)1 without violating
electron locality. The spin-1 bosonic primary fields will be
nonlocal and therefore will not be able to “anyon condense.”
These bosons will be odd under the Z2 symmetry and will
be identified as Z2 gauge charges. Deconfined gauge fluxes
will emerge in the topological phases as anyons that exhibit π

monodromy with the gauge charges.
We begin by defining a mixed set of nonlocal Dirac

fermions. Starting with d j ∼ eiφ j , j = 1, . . . , 8, in (24),
we consider the following basis transformation of the
Cartan-Weyl bosonized variables:

φ̃2l−1 = φ2l−1, φ̃2l = 1

2

4∑
l ′=1

(H4)l ′
l φ2l ′ (85)

where l = 1, 2, 3, 4 and H4 is the Hadarmard matrix
(81). The new bosonized variables φ̃ are still described by
the same free theory (27) as the old ones, and obey the
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same equal-time commutation relations [φ̃σ
j (x), ∂φ̃σ ′

j′ (x)] =
2π iσδσσ ′

δ j j′δ(x − x′). However, the basis transformation is
not a Weyl group symmetry in Aut(E8). Not all E8 root
vectors α in �E8 correspond to local vertex operators eiα j φ̃ j .
In particular, the Z2 gauge transformation φ j → φ j + π (i.e.,
d j → −d j), for all j = 1, . . . , 8, now only alters the signs
of the new fermions d̃ j = eiφ̃ j → (−1) j d̃ j with odd indices
because

Z2 : φ̃ j → φ̃ j + πg j, (86)

for g j=1,...,8 = (1, 2, 1, 0, 1, 0, 1, 0). Operators such as d̃1d̃2 ∼
ei(φ̃1+φ̃2 ) are no longer local because they are odd under Z2. A
root operator eiα j φ̃ j is a local integral electronic combination
only when α has even product with g, i.e., α jg j ≡ 0 mod
2. There are 112 such even root vectors, and they form a
root system for SO(16). We caution that the SO(16)1 algebra
generated by these local roots is a subalgebra sitting inside the
(E8)1. One of the spinor sectors of the SO(16)1 contains local
fields that extend SO(16)1 back to the original (E8)1. Conse-
quently, a coupled-wire model that backscatters the SO(16)1

between wires would still belong in the (E8)1 phase with
trivial topological order. On the other hand, if the SO(16)1

is split by some conformal embedding GA × GB ⊆ SO(16)1,
which we are going to perform in this subsection, the coupled-

wire models of GA and GB may exhibit an orbifold structure in
which a deconfined Z2 gauge theory emerges.

First, we consider the SU(2) × E7 algebra by replacing φ

in Sec. III A 2 by the mixed variables φ̃ defined in (85). Since
φ and φ̃ are described by the same Lagrangian density, the
SU(2) and E7 currents still obey the same OPEs. However,
only the root operators that are invariant under Z2 are local.
The Z2 even current operators span the U(1)8 and SU(8)1

subalgebras of SU(2)1 and (E7)1, respectively. To see this,
we begin with the substitution φ → φ̃ in the SU(2)1 currents
in (63). While the Cartan generator H0 = ∂x(φ̃1 − φ̃2)/

√
2 is

even under (86), the raising and lowering operators,

E± = e±i(φ̃1−φ̃2 ) = e±i[φ1−(φ2+φ4+φ6+φ8 )/2], (87)

are Z2 odd and no longer local. Instead, the primitive local
bosons are e±2i(φ̃1−φ̃2 ), which have spin 4. It generates the
U(1)8 CFT, which we will later identify as the SU(2)1/Z2

orbifold.
Performing the same substitution φ → φ̃ for the (E7)1

currents in (66), the Z2 symmetric root operators eiα j φ̃ j are
associated with the even root vectors αSU(8) that form the root
system,

�SU(8) = {
α ∈ �E7 : α jg j ≡ 0 mod 2

}
. (88)

A set of simple root vectors αl=1,...,7 can be chosen to be the
rows of the rectangular matrix,

ASU(8) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1
1 −1

1 −1
−1/2 −1/2 −1/2 1/2 −1/2 1/2 1/2 1/2

−1 −1
1 −1

1 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (89)

The scalar products,

KSU(8)
ll ′ = αl · αl ′ = 2δll ′ − δl,l ′+1 − δl,l ′−1, (90)

are the entries of the Cartan matrix of SU(8). The local roots
eiα j

SU(8)φ̃ j and the Cartan generators H1 = ∂x(φ̃1 + φ̃2)/
√

2,
H2 = ∂xφ̃3, . . ., H7 = ∂xφ̃8 span the SU(8)1 WZW algebra.
We will identify this CFT with the (E7)1/Z2 orbifold after
constructing the coupled-wire models.

Like all models in this paper, the Hamiltonian begins with
H0 + H f

intra that reduces the electron wires to counterpropa-
gating pairs of E8 CFTs [see (11), (19), and (39)]. Ignoring
the gapped integrated fermions fn=1,2,3, the free theory is
described by (27). Since the basis transformation (85) is or-
thogonal, the form of the free Lagrangian density (27) is
unchanged under the substitution φ → φ̃. Using the splitting
U(1)8 × SU(8)1 ⊆ (E8)1, the two decoupled sectors can be
gapped by backscattering interactions in different sectors. To
construct the U(1)8 state, the interactions are

HSU(8)1
intra = uintra

⎡⎣ 7∑
l=1

HR
l,yH

L
l,y −

∑
αSU(8)

cos
(
α

j
SU(8)θy, j

)⎤⎦,

HU(1)8
inter = uinterH

R
0,yH

L
0,y+1 − u′

inter cos
(
2θ

U(1)8
y+1/2

)
, (91)

where θ
U(1)8
y+1/2 = φ̃R

y,1 − φ̃R
y,2 − φ̃L

y+1,1 + φ̃L
y+1,2 and θy, j =

φ̃R
y, j − φ̃L

y, j . The intrawire SU(8)1 current backscattering
interaction is marginally relevant when uintra > 0. The
sine-Gordon potential simultaneously pins the ground-state
expectation values 〈αSU(8) · θy〉 and gaps the SU(8)1 sector
on all wires. The interwire U(1)8 sine-Gordon interaction
backscatters the spin-4 local boson e±2i(φ̃1−φ̃2 ). Because of
its higher spin h > 1, this interaction is only relevant when
the density interaction uinter is negative enough so that the

Luttinger parameter g =
√

1+2πu/ṽ

1−2πu/ṽ
is smaller than 1/4. Under

this condition, the interwire sine-Gordon interaction pins
〈θU(1)8

y+1/2〉 and gaps all U(1)8 sector modes except the right
and left moving ones on the top and bottom boundary edges.
The particle-hole conjugate SU(8)1 state can be constructed
by a coupled-wire model that exchanges the interwire and
intrawire backscattering roles of U(1)8 and SU(8)1.

Next, we justify the orbifold identifications (84). From
Sec. II, we see that electron locality implies the large
gauge invariance is φ j ≡ φ j + 2πr j , where r = (r1, . . . , r8)
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lives inside the lattice R = spanZ(�E8 ) generated by the
E8 root vectors in Euclidean 8-space. This allows the
bosonized variable φ1 − φ2 that generates SU(2)1 [see (63)
in Sec. III A 2] to be shifted by any integer multiple of
2π . The substitution φ → φ̃ in (85) imposes the additional
identification:

φ̃1 − φ̃2 ≡ φ̃1 − φ̃2 + π. (92)

Hence, the U(1)8 bosonized variable φ̃1 − φ̃2 is compactified
on the circle R/πZ, which has half the circumference of
the closed circle R/2πZ, where the SU(2)1 variable φ1 − φ2

lives. A similar distinction of compactifications applies to
(E7)1 and SU(8)1. The bosonized variables (AE7 ) j

l φ j that gen-
erate the simple roots of E7 in (64), for l = 1, . . . , 7, are left
unchanged under the large gauge transformation (AE7 ) j

l φ j ≡
(AE7 ) j

l φ j + 2πnl , for any integers nl . However, with the sub-
stitution φ → φ̃, the large gauge transformation rules are
modified to include(

AE7

) j

l φ̃ j ≡ (
AE7

) j

l φ̃ j + π, (93)

for all l , in addition to the ones above. Thus, while the (E7)1

bosonized variables (AE7 ) j
l φ j are compactified on the torus

R7/2πZ7, the new ones (AE7 ) j
l φ̃ j that generate SU(8)1 live

on the torus R7/2πBCC of half the size. Here, BCC is the
seven-dimensional lattice containing vectors with all integral
or all half-integral entries. The new compactifications (92) and
(93) are associated with the orbifold CFTs SU(2)1/Z2 and
(E7)1/Z2, where Z2 is the quotient groups Z/2Z and BCC/Z7

that differentiate the new large gauge transformations from the
old ones.

The orbifolding of the CFTs corresponds to the gauging
of anyon structures. Both the U(1)8 and the SU(8)1 topo-
logical states support eight Abelian anyon classes Em, for
m = −3, . . . , 4. Their total quantum dimension is

√
8, which

is larger than that of SU(2)1 and (E7)1 by a factor of 2, the
order of the gauge group Z2. For U(1)8, the anyons correspond
to the the fractional vertex operators Em = eim(φ̃1−φ̃2 )/4 of the
edge CFT. They carry spins hm = m2/16. The spin-1 vertex
E4 is exactly the raising operator E+ of SU(2)1; it carries
unit Z2 gauge charge. For SU(8)1, the anyons correspond to
eight primary field superselection sectors on the edge. Each
supersector is spanned by a collection of vertex fields that
irreducibly “rotate” under the SU(8)1 current OPE [cf. (54)].
They have spins hm = m(8 − m)/16. The exact forms of the
primary fields can be deduced using (D1) in Appendix D.
In particular, the supersector E4 has 70 spin-1 primary fields
that are odd under Z2. They are the Z2 gauge charges and
are nonlocal boson fields that would extend SU(8)1 to (E7)1

had they been integral. The anyon classes in both U(1)8 and
SU(8)1 follow the Z8 fusion rules

Em × Em′ = E [m+m′], (94)

where [n] puts n back in the range −3, . . . , 4 by subtracting or
adding an integer multiple of 8. The anyons Em with odd index
m = ±1,±3 all carry a Z2 flux because of their π monodromy
with the Z2 charge E4. The remaining anyons E±2 are semions
with spin 1/4 for U(1)8 or 3/4 for SU(8)1. They have trivial
monodromy with the Z2 charge and therefore have a trivial

FIG. 5. SU(8)1 bFQH states with central charge c = 7 and U(1)8

with central charge c = 1.

flux component. They are associated with the semions S in
the un-gauged theories SU(2)1 and (E7)1. Each Z2 gauge flux
must square under fusion into a semion instead of the trivial
vacuum class. This property reflects the “nonsymmorphic”
nature of the quantum Z2 symmetry [49] and is captured as a
nontrivial element in the group cohomology H2(Z2,A) = Z2,
where A = Z2 = {1,S} is the fusion group of Abelian anyons
in SU(2)1 and (E7)1.

Now we present the electric responses of the U(1)8 and
SU(8)1 bFQH states. The coupled-wire model depends on
the particular choice of the eight nonlocal Dirac fermions in
(24), d j ∼ eiφ j , which are related to the local E8 simple roots

by ei	̃J = eiR j
J φ j for some R matrix. The allowed charge vec-

tors q = (qj=1,...,8) of the fermions d j were presented above
(26). Since the U(1)8 is in the φ1 − (φ2 + φ4 + φ6 + φ8)/2
direction, its filling number can be deduced by the length
square of the projection the q vector along this direction. The
filling number of SU(8)1 is the length square of the orthogonal
projection. We have

νU(1)8 (q) = 1
8 (2q1 − q2 − q4 − q6 − q8)2,

νSU(8)1 (q) = 16 − νU(1)8 (q). (95)

Figure 5 summarizes the possible filling numbers and central
charges of the Abelian orbifold U(1)8 and SU(8)1 states. The
electric charge assignments of the SU(8)1 WZW currents are
summarized in Table VIII. Like the SO(2)1 algebra in the
previous subsection, the U(1)8 algebra also does not contain
any roots, and the U(1)8 column in the same table counts the
electric charges ±(2q1 − q2 − q4 − q6 − q8) of the smallest
local boson e±i(2φ1−φ2−φ4−φ6−φ8 ). The electric charges carried
by the primary fields Em of U(1)8 and SU(8)1 are summarized
in Table IX. In particular, we notice that the charge and anyon
data for the U(1)8 bFQH state at ν = 1/2 agrees with the
strongly paired state that theoretically may occupy the half-
filled Landau level.

We observe that there are multiplicities in the charge as-
signments. First, primary fields in the conjugate sectors Em

and E−m carry opposite charges. Therefore, unless the set
of primary fields’ charges within a superselection sector Em
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is closed under q → −q, fields in the conjugate sector E−m

must carry unequal charges. This imbalance occurs for all
primary sectors in U(1)8 in all filling numbers and in most
cases in SU(8)1. Thus the electric charge assignment weakly
breaks the conjugation symmetry Em ↔ E−m. Conversely, the
conjugation φ j → −φ j inverts the charge for each individual
primary sector and leads to the double degeneracy of charge
assignments in all filling numbers in Table IX. The same
phenomenon was observed for the previous SU(3)1, (E6)1,
and SO(2r)1 states.

Second, an additional multiplicity arises for SU(8)1 at
filling numbers 14 and 31/2. Table VIII shows two distinct
charge patterns for the SU(8)1 WZW currents at each of these
fillings. The two states also have unequal charge assignments
for their primary fields that cannot be attributed to the conju-
gation symmetry. Similar degeneracy was seen for SO(10)1,
SO(12)1 and SO(14)1 at filling 16. Like the previous cases,
the two SU(8)1 states still belong in the same bFQH phase.
When juxtaposing the two states, the shared boundary edge is
gappable by interactions that backscatter higher spin bosons
and break the SU(8) symmetry. The details can be found in
(D3) in Appendix D.

B. Non-Abelian states

We now construct non-Abelian bosonic fractional quantum
Hall (bFQH) states that partially fill the E8 state. The construc-
tion is similar to the previous examples [cf. (39)] and relies on
the bipartite conformal embeddings GA × GB ⊆ E8 [see (38)].
Here, the topological states GA/B support non-Abelian quasi-
particle excitations. They exhibit multichannel fusion rules
and carry nonunit quantum dimensions, d > 1. The anyon
braiding operations do not all mutually commute. We focus on
three classes of non-Abelian bFQH states: Ising, Fibonacci,
and metaplectic topological orders. The chiral CFTs on the
boundary edges of all but one of these states are affine WZW
simple Lie algebras G at level 1 that are not simply laced. The
exceptional case is the metaplectic orbifold state SO(3)2 =
SU(2)4 = SU(3)1/Z2. Each long root current operator in G
is an E8 root, but each short root in G is a linear combination
of multiple E8 roots. Consequently, the inter/intrawire current
backscattering interactions (40) and (41) consist of competing
sine-Gordon potentials that collectively gap degrees of free-
dom carrying fractional central charges c.

1. The SO(2r + 1) Ising states and emergent Majorana fermions

We now construct the SO(2r + 1)1 bFQH states, for r =
0, 1, . . . , 7. They all carry an Ising-like topological order
[29,42]. In the generic range for r = 1, . . . , 6, the bFQH state
has an edge-state theory described by the SO(2r + 1) WZW
theory at level 1. SO(15)1 and its particle-hole conjugate the
Ising CFT, which we denote by SO(1)1, require a special
treatment (because the Ising CFT is not a WZW theory) and
will therefore be presented last.

The generic construction for r = 1, . . . , 6 relies on the
SO(2r + 1) × SO(15 − 2r) conformal bipartition of E8. A

particular decomposition is chosen by fixing a set of nonlocal
Dirac fermions d j=1,...,8 ∼ eiφ j [see (24)] that represent the E8

WZW CFT in each chiral sector σ = R and L on each wire.
Each Dirac fermion can be formally split into real and imag-
inary Majorana components, d j = (ψ2 j−1 + iψ2 j )/

√
2. The

SO(2r + 1)1 sector is generated by the first 2r + 1 Majorana
fermions ψp=1,...,2r+1. The (real) WZW algebra is spanned by
the current operators Jpq = iψpψq, for 1 � p < q � 2r + 1.
Similarly, the SO(15 − 2r)1 sector is generated by the remain-
ing fermions ψp=2r+2,...,16.

The (complexified) SO(2r + 1)1 algebra can be obtained
by first bosonizing the SO(2r)1 subalgebra generated by
ψp=1,...,2r . The Cartan generators and root operators of
SO(2r)1 were presented in (76). These operators coincide
with the Cartan generators and long root operators of SO(2r +
1)1. Because the SO(2r + 1)1 algebra extends SO(2r)1, we
must also include the following current operators:

[ESO(2r+1)(x)]±e j = iψ2r+1e±i(φ j (x)+k jx), (96)

which pair the Majorana fermion ψ2r+1 with one of the Dirac
fermions d j=1,...,r or d†

j=1,...,r in SO(2r)1. Each of the addi-
tional currents in (96), referred to as a short root operator, is a
linear combination of two E8 root operators:

[ESO(2r+1)(x)]±e j e
i(±φ j (x)+φ2r+1(x))±ik jx

+ ei(±φ j (x)−φ2r+1(x))±ik jx, (97)

because ψ2r+1 = (dr+1 + d†
r+1)/

√
2. In order for the short

root current backscattering to preserve charge and momentum
conservation, the two E8 roots must carry identical charge and
momentum; this ensures the linear combination transforms
homogeneously. This requires dr+1 ∼ eiφr+1 to be electrically
neutral and have trivial momentum:

qr+1 = kr+1 = 0. (98)

The conjugate SO(15 − 2r)1 algebra can be organized in a
similar manner. It contains the bosonized SO(14 − 2r)1 sub-
algebra, which is generated by ψp=2r+3,...,16 and is associated
with the long root vectors αSO(14−2r) = ±e j ± e j′ , for r + 2 �
j < j′ � 8. SO(15 − 2r)1 extends SO(14 − 2r)1 by including
the short roots

[ESO(15−2r)(x)]±e j = iψ2r+2e±i(φ j (x)+k jx), (99)

for j = r + 2, . . . , 8.
The coupled-wire model of the SO(2r + 1)1 bFQH state

follows the recipe given in (39). Each 11-channel electron
wire is turned into the bosonic E8 CFT by the intrawire
backscattering interaction H f

intra from (19) that gaps all odd
fermion excitations. The (E8)1 WZW algebra is split into
SO(2r + 1) × SO(15 − 2r), and the two decoupled sectors
are gapped by interwire and intrawire current backscattering
interactions (40) and (41). Similar to the SO(2r) theory [cf.
(78) and (79)], these current backscattering terms are quartic
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in the fermions, as in the Gross-Neveu model [32,33],

HSO(2r+1)
inter = uinter

∑
y

∑
1�p<q�2r+1

ψR
ypψ

R
yqψ

L
y+1,pψ

L
y+1,q (for r = 1, . . . , 6)

= uinter

∑
y

[
r∑

l=1

[HSO(2r)]
R
y,l [HSO(2r)]

L
y+1,l −

∑
αSO(2r)

cos(αSO(2r) · θy+1/2) − 2iψR
y,2r+1ψ

L
y+1,2r+1

r∑
j=1

cos(e j · θy+1/2)

]
,

(100)

HSO(15−2r)
intra = uintra

∑
y

∑
2r+2�p<q�16

ψR
ypψ

R
yqψ

L
ypψ

L
yq (for r = 1, . . . , 6)

= uintra

∑
y

[
8∑

m=r+2

[HSO(14−2r)]
R
y,m[HSO(14−2r)]

L
y,m −

∑
αSO(14−2r)

cos(αSO(14−2r) · θy) − 2iψR
y,2r+2ψ

L
y,2r+2

8∑
j=r+2

cos(e j · θy)

]
.

(101)

The sine-Gordon vector variables have entries θy+1/2, j =
φR

y, j − φL
y+1, j and θy, j = φR

y, j − φL
y, j , for j = 1, . . . , 8. There

is no sum over long roots αSO(2r) = ±e j ± e j′ (αSO(14−2r))
when r = 1 (r = 6) because SO(2) does not have a root
system. The second line of (100) is identical to the interwire
interactions HSO(2r)

inter encountered in (78). They are marginally
relevant when uinter > 0 and simultaneously pin the ground-
state expectation values 〈θy+1/2, j (x)〉 = πn j , for j = 1, . . . , r,
where nj=1,...,r are either all even integers or all odd integers.
Terms in the last line of (100) backscatter the short roots.
At low energies, they effectively become the single-fermion
backscattering interaction,

− 2uinter

∑
y

iψR
y,2r+1ψ

L
y+1,2r+1

r∑
j=1

〈cos(θy+1/2, j )〉

= −2ruinter

∑
y

(−1)ny+1/2, j iψR
y,2r+1ψ

L
y+1,2r+1, (102)

which gaps the remaining Majorana fermions and pins
〈iψR

y,2r+1(x)ψL
y+1,2r+1(x)〉 ∼ (−1)ny+1/2, j . The intrawire inter-

actions (101) similarly gaps all degrees of freedom in
SO(15 − 2r)1. Together, HSO(2r+1)

inter and HSO(15−2r)
intra produce a

state with a finite bulk excitation energy gap and leave behind
the gapless chiral SO(2r + 1)1 WZW CFT on the edge.

The SO(2r + 1)1 topological phase has an Ising topolog-
ical order that corresponds to the SO(2r + 1)1 WZW CFT
on any boundary edge. There are three superselection sectors
of primary fields (anyons) 1, f , and σ . The fermion sector
f has spin h = 1/2 and is spanned by the 2r + 1 Majorana
fermions ψp=1,...,r+1. The Ising twist field (also known as Ising
anyon) σ has spin h = (2r + 1)/16. The Ising sector consists
of spinor fields

σ = span

⎧⎨⎩σ2r+1 exp

⎛⎝ i

2

r∑
j=1

ε jφ j

⎞⎠ : ε j=1,...,r = ±1

⎫⎬⎭.

(103)

Here, the vertex field eiε jφ j/2 is the spinor field s± of SO(2r)1.
There is a π monodromy between this field and any of the first
2r Majorana fermions ψp=1,...,2r . It corresponds to a π kink

in 〈θ j (x)〉 where the ground-state expectation value jumps
by an odd integer multiple of π from one side to another.
The Majorana mass 2r(−1)n j uinter of ψ2r+1 in (102) therefore
changes sign at the kink, and traps a Majorana zero mode at
the domain wall. This corresponds to the Ising twist field σ2r+1

that has a π monodromy with ψ2r+1. Since the fermion pairs
ψpψ2r+1 are local on any given wire in each chiral sector,
the Ising twist field σ2r+1 and the spinor field s± = eiε jφ j/2

are confined together. σ2r+1 has spin 1/16 while s± has spin
r/8. They add up to the total spin hσ = (2r + 1)/16. The three
anyon sectors have the fusion rules:

f × f = 1, f × σ = σ, σ × σ = 1 + f . (104)

Next, we address the charge and momentum conservation
of the SO(2r + 1)1 coupled-wire model. The model relies
on a particular set of nonlocal Dirac fermions dj ∼ eiφ j (see
(24)) that are defined using a R matrix that specifies the
E8 simple roots ei	̃J = eiR j

J φ j in Euclidean 8-space. Unlike
the previous Abelian models, in order for dr+1 to split into
Majorana components ψ2r+1 and ψ2r+2 that backscatter in
different direction, the R matrix must be chosen so that dr+1

is electrically neutral, i.e., qr+1 = (R−1)J
r+1q̃J = 0 where the

simple root electric charges q̃J were presented in (17). The
model conserves momentum when the electron Fermi mo-
menta kF,a are set by (B17) under the projection P j j′

A = 1
if 1 � j = j′ � r and 0 otherwise. This ensures (i) dR

y, j and
dL

y+1, j have identical momenta for j = 1, . . . , r, (ii) dR
y, j and

dL
y, j have identical momenta for j = r + 2, . . . , 8, and (iii)

dσ
y,r+1 has vanishing momentum. Since ψ2r+1 is electrically

neutral, d j=1,...,r are responsible for the charge response of
the chiral SO(2r + 1)1 WZW CFT on the boundary edge.
Therefore the filling number is

νSO(2r+1) =
r∑

j=1

q2
j . (105)

Moreover, as qr+1 = 0 and νE8 = ∑8
j=1 q2

j = 16, the particle-
hole conjugate SO(15 − 2r) carries the conjugate filling
number νSO(15−2r) = 16 − νSO(2r+1). Figure 4 summarizes the
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possible filling numbers and central charges cSO(2r+1) = (2r +
1)/2 of the various SO(2r + 1)1 bFQH states.

The allowed electric charges q j of the nonlocal Dirac
fermions were presented above (26). With the additional
charge neutral condition qr+1 = 0, the electric charge of the
WZW currents and primary fields of SO(2r + 1)1 can be
read-off from their SO(2r) components. The charge assign-
ments are summarized in Tables XI and XII. Similar to the
Abelian SO(10)1, SO(12)1, and SO(14)1, we notice that there
are two distinct charge patterns at filling ν = 16 for each of
SO(9)1, SO(11)1, SO(13)1, and SO(15)1. The two cases cor-
respond to the two charge vectors q = (4, 0, 0, 0, 0, 0, 0, 0)
and (2s1, 2s2, 2s3, 2s4, 0, 0, 0, 0), for s j = ±1, of the nonlocal
Dirac fermions. When the two states are put side by side so
that they share a boundary, the distinct WZW current charge
patterns forbid all currents to be backscattered from one state
to another without violating charge conservation. On the other
hand, there may exist alternative gapping interactions on the
shared edge that involve the backscattering of higher-spin
bosons. For example, this has been seen in (83) for the two
SO(10)1 states at filling 16.

We now present such an alternative gapping interaction on
the shared edge of the two SO(11)1 states at filling 16:

U ′ = U + iuψR
11ψ

L
11 cos

(
φR

3 + φR
4 + φR

5 − φL
3 − φL

4 + φL
5

)
,

(106)

where the potential U was defined in (83). U gaps the SO(10)1

subsector consisting of the Dirac fermions dL/R
j=1,...,5 = eiφL/R

j=1,...,5 .
The last term in (106) is an integral electronic combination
because it is proportional to the four-body backscattering
(ψR

11dR
3 dR

4 dR
5 )(ψL

11dR
3

†dR
4

†dR
5 ) and any fermion pair from the

same edge is local. The sine-Gordon variable combination
〈φR

3 + φR
4 + φR

5 − φL
3 − φL

4 + φL
5 〉 takes a finite ground-state

expectation value in πZ because it can be expressed as a half-
integral linear combination of the five sine-Gordon variables
in potential U defined in (83). Therefore, at low energies,
the last term of (106) is effectively the Majorana fermion
backscattering ±iψR

11ψ
L
11, which gaps the remaining Majorana

sector in SO(11)1.
Similar to (106), alternative gapping potentials on the

shared edges of the two ν = 16 SO(13)1 states and the two
ν = 16 SO(15)1 states exist. The two SO(9)1 states at filling
16 are special. The SO(9)1 shared edge with distinct charge
patterns between the left and right WZW currents cannot be
gapped while preserving charge conservation. There is no
even-body fermion backscattering involving ψR

9 and ψL
9 that

preserves charge. However, the shared edge is gappable under
an edge reconstruction that extends SO(9)1 and includes addi-
tional counterpropagating fermion channels without changing
the bulk topological order. For example, the R edge, consisting
of ψR

p=1,...,9, can be extended to ψR
1 , . . . , ψR

10, ψ
L
10, where any

fermion pair within the set is local. The shared edge can
then be gapped after extending both the L and R edges by
a potential similar to (106). To summarize, the two distinct
charge patterns at filling 16 for each of the SO(9)1, SO(11)1,
SO(13)1, and SO(15)1 state belong in the same bFQH phase.
They are distinguishable only when the SO(2r + 1) symmetry
is preserved.

Lastly, we address the coupled-wire construction of the
SO(15)1 and SO(1)1 states. Recall that SO(1)1 refers to the
c = 1/2 Ising minimal model CFT M(4, 3) [15], which con-
sists of a single Majorana fermion. This CFT is not a WZW
theory. Although SO(1)1 × SO(15)1 still conformally embeds
into (E8)1, in the sense that the energy-momentum ten-
sor decomposes TE8 = TSO(15) + TSO(1), a coupled-wire model
cannot be constructed based on the splitting. This is because
the Ising sector cannot be gapped by backscattering local cur-
rents. Single Majorana fermion backscattering ψLψR within
the same wire or between wires is not local because the Majo-
rana fermion is not an integral combination of electrons. Here,
we present an alternative construction for the SO(15)1 bFQH
state at filling 16 and the electrically neutral SO(1)1 = Ising
states. They support anyon quasiparticle excitations f and σ

in the bulk that follow the fusion rules (104). They have spins
h f = 1/2 and hσ = 15/16 or 1/16 for SO(15)1 or SO(1)1,
respectively.

The coupled-wire models are based on the same 11-
channel electron wire arrays, as before. The intrawire
backscattering H f

intra in (19) gaps the three integrated fermions
and leave behind the E8 WZW CFTs on each wire. To con-
struct the SO(1)1 state, the model Hamiltonian H[SO(1)1] =
H0 + H f

intra + Hinter + Hintra in (39) consists of the following
interwire and intrawire backscattering interactions:

Hintra = − uintra

∑
y

∑
4�p<q�16

ψR
y,pψ

R
y,qψ

L
y,pψ

L
y,q,

Hinter = − uinter

∑
y

[
ψR

y,1ψ
R
y,2ψ

L
y+1,1ψ

L
y+1,2

+ λ2
0ψ

R
y,1ψ

R
y+1,3ψ

L
y+1,1ψ

L
y,3ψ

R
y,4ψ

L
y,4ψ

R
y+1,4ψ

L
y+1,4

+ λ2
0ψ

R
y,2ψ

R
y+1,3ψ

L
y+1,2ψ

L
y,3ψ

R
y,4ψ

L
y,4ψ

R
y+1,4ψ

L
y+1,4

]
.

(107)

The model preserves charge and momentum conservation
when (i) the R matrix is chosen so that the Dirac fermion d2 =
(ψ3 + iψ4)/

√
2 has zero electric charge, q2 = (R−1)J

2q̃J = 0,
and (ii) the electron Fermi momenta kF,a are set by (B17)
under the projection P j j′

A = 1 if j = j′ = 1 and 0 otherwise.
Hintra contains local SO(13)1 current backscattering terms
that collectively gap the fermions ψ4,...,16 within a wire. At
low energy, fermion pairs iψR

y,pψ
L
y,p, for p = 4, . . . , 16, can

be replaced by their ground-state (mean-field) expectation
values 〈iψR

y,pψ
L
y,p〉 = (−1)sy/λ. Here, the sign is uniform and

independent from p, and λ is some finite positive scalar with
units of length.

The interwire interactions Hinter are a combination of prod-
ucts of local fermion pairs ψσ

y,rψ
σ
y,p. The two four-body terms

in (107) consist of products of the form:(
ψR

y,rψ
R
y,4

)(
ψR

y+1,3ψ
R
y+1,4

)(
ψL

y+1,rψ
L
y+1,4

)(
ψL

y,3ψ
L
y,4

)
, (108)

for r = 1 and 2, where the two fermions in each parentheses
have the same wire and chiral labels and thus the pair is
a local integral combination of electrons. The scalar λ0 has
units of length so that the two four-body terms share the same
dimension as the two-body one. Although the four-body terms
are by themselves irrelevant, they become marginally relevant
when uinter > 0 in the presence of Hintra. This is because, at
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low energy, the fermion bilinears ψR
4 ψL

4 take finite expectation
values, and in the mean-field approximation, Hinter becomes
the two-body interaction,

Hmf
inter = − uinter

L−1∑
y=1

[
ψR

y,1ψ
R
y,2ψ

L
y+1,1ψ

L
y+1,2

+ λ2
0ψ

R
y,1ψ

R
y+1,3ψ

L
y+1,1ψ

L
y,3

〈
ψR

y,4ψ
L
y,4

〉〈
ψR

y+1,4ψ
L
y+1,4

〉
+ λ2

0ψ
R
y,2ψ

R
y+1,3ψ

L
y+1,2ψ

L
y,3

〈
ψR

y,4ψ
L
y,4

〉〈
ψR

y+1,4ψ
L
y+1,4

〉]
= − uinter

L−1∑
y=1

[
ψR

y,1ψ
R
y,2ψ

L
y+1,1ψ

L
y+1,2

+ (−1)1+sy+sy+1
λ2

0

λ2
ψR

y,1ψ
R
y+1,3ψ

L
y+1,1ψ

L
y,3

+ (−1)1+sy+sy+1
λ2

0

λ2
ψR

y,2ψ
R
y+1,3ψ

L
y+1,2ψ

L
y,3

]
. (109)

It is crucial to recognize that the last two terms in Hmf
inter are

not local because the four fermions in each term all have
different wire and chirality indices. Therefore Hmf

inter cannot
be directly used in the electron-based coupled-wire model,
and instead has to originate from the full many-body in-
teractions in (107). The signs (−1)1+sy+sy+1 depend on the
ground states of Hintra. When (−1)1+sy+sy+1λ2

0/λ
2 = 1, the

mean-field Hamiltonian is identical to the current backscatter-
ing Hmf

inter = uinterJR
SO(3)1

· JL
SO(3)1

, where the R-chiral (L-chiral)
SO(3)1 currents are generated by fermion pairs within the
chiral set ψR

y,1, ψ
R
y,2, ψ

R
y+1,3 (respectively ψL

y+1,1, ψ
L
y+1,2, ψ

L
y,3).

It gaps the three counterpropagating pairs of Majorana
fermions. In general, by bosonizing (ψR

y,1 + iψR
y,2)/

√
2 ∼ eiφR

y,1

and (ψL
y+1,1 + iψR

y+1,2)/
√

2 ∼ eiφL
y+1,1 , the mean-field Hamilto-

nian (109) can be expressed as

Hmf
inter = uinter

∑
y

[
∂xφ

R
y,1∂xφ

L
y+1,1

− (−1)1+sy+sy+1
λ2

0

λ2
iψR

y+1,3ψ
L
y,3 cos θy+1/2,1

]
, (110)

where θy+1/2,1 = φR
y,1 − φL

y+1,1. Similar to (102), in order to
minimize the energy (110), the sine-Gordon angle parameter
and Majorana mass must have correlated ground-state expec-
tation values:

〈θy+1/2,1(x)〉 = πmy+1/2,
〈
iψR

y+1,3(x)ψL
y,3(x)

〉 ∼ (−1)my+1/2 ,

(111)

where my+1/2 is an integer. The sine-Gordon term fixes the
same sign (−1)my+1/2 for 〈iψR

y,1ψ
L
y,1〉 and 〈iψR

y,2ψ
L
y,2〉.

We now see that Hinter + Hintra gaps all bulk Majorana
fermions in a closed torus geometry. On the other hand, in an
open geometry with boundary edges at y = 1 and y = L, the
sum of wires in Hinter only runs over y = 1, . . . , L − 1. There
remains gapless Majorana fermions ψL

y=1,1, ψL
y=1,2, ψR

y=1,3 on
the bottom edge and ψR

y=L,1, ψR
y=L,2, ψL

y=L,3 on the top edge
as indicated in Fig. 6(a). At neutral filling ν = 0 when the
Dirac fermion dσ

y,1 = (ψσ
y,1 + iψσ

y,2)/
√

2 is electrically neutral,

FIG. 6. Fermion bilinears take finite ground-state expectation
values 〈ψR

ypψ
L
y′ p〉 in the (a) SO(1)1 and (b) SO(15)1 coupled-wire

models. The chiral Majorana fermions in red near the boundary edges
remain gapless.

the edge states are unstable to the local edge perturbation,

Uedges = −uψR
1,3ψ

R
1,4ψ

L
1,2ψ

L
1,4 − uψR

L,3ψ
R
L,4ψ

L
L,2ψ

L
L,4

→ uψR
1,3ψ

L
1,2

〈
ψR

1,4ψ
L
1,4

〉+ uψR
L,3ψ

L
L,2

〈
ψR

L,4ψ
L
L,4

〉
. (112)

The pair 〈ψR
y,4ψ

L
y,4〉 takes finite ground-state expectation val-

ues from Hintra. Uedges introduces a Majorana mass for ψσ
2

and ψ−σ
3 on the top and bottom edges. This leaves behind the

single chiral Ising CFT SO(1)1 on the boundaries, generated
by the lone ψL

y=1,1 on the bottom edge and ψR
y=L,1 on the top

edge.
On the other hand, at nonzero fillings ν = 1, 4, 9, 16

when dσ
y,1 carries electric charge q1 = ±1,±2,±3,±4, re-

spectively, (112) does not preserve charge conservation. The
edge CFT U(1)4 × Ising—consisting of the charge carry-
ing forward moving d1 = (ψ1 + iψ2)/

√
2 ∼ eiφ1 and neutral

backward moving ψ̄3—cannot be reduced. The fermions
ψ1,2 and ψ̄3 differs from each other by local bosons (up to
the ground-state expectation value 〈ψR

4 ψL
4 〉) and belong to

the same fermion anyon class f . The spinor fields e±iφ1/2

(spin 1/8) and the Ising twist field σ̄3 (spin −1/16) of ψ̄3

are confined together and can only appear simultaneously.
The combinations belong in the Ising anyon class σ , which
has spin hσ = 1/8 − 1/16 = 1/16. This recovers the SO(1)1

topological order. Unlike the electrically neutral case, the
superselection sectors f and σ now each contain a col-
lection of fields with mixed chirality and electric charges,
Q f = {±q1, 0} and Qσ = {±q f /2}. These charged SO(1)1

bFQH states are not included in Figs. 1 and 4 and Tables XI
and XII.

Moving on to the construction of the SO(15)1 bFQH state,
we apply the particle-hole conjugation on the SO(1)1 state by
shifting the wire and chiral labels in the Hamiltonian (107)
from ψL

y,p → ψR
y,p and ψR

y,p → ψR
y+1,p. The model Hamilto-

nian H[SO(15)1] = H0 + H f
intra + Hinter + Hintra consists of

the following shifted interwire and intrawire backscattering
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terms [see also Fig. 6(b)]:

Hintra + Hinter

= −u
∑

y

∑
4�p<q�16

ψL
y+1,pψ

L
y+1,qψ

R
y,pψ

R
y,q

− u
∑

y

[
ψL

y,1ψ
L
y,2ψ

R
y,1ψ

R
y,2

+ λ2
0ψ

L
y+1,1ψ

L
y+2,3ψ

R
y+1,1ψ

R
y,3ψ

L
y+1,4ψ

R
y,4ψ

L
y+2,4ψ

R
y+1,4

+ λ2
0ψ

L
y+1,2ψ

L
y+2,3ψ

R
y+1,2ψ

R
y,3ψ

L
y+1,4ψ

R
y,4ψ

L
y+2,4ψ

R
y+1,4

]
.

(113)

The model preserves charge and momentum conservation
when (i) the R matrix is chosen so that the Dirac fermion d2 =
(ψ3 + iψ4)/

√
2 has zero electric charge, q2 = (R−1)J

2q̃J = 0,
and (ii) the electron Fermi momenta kF,a are set by (B17) un-
der the projection P j j′

A = 1 if 3 � j = j′ � 8 and 0 otherwise.
Using a similar mean-field analysis as in (109), the model gaps
all fermions in the bulk but leaves behind gapless Majorana
fermions on the boundary. Since the model involves second
nearest wire interactions, the Majorana fermions that remain
gapless near the bottom edge are ψL

y=1,p=1,...,16, ψR
y=1,p=1,2,

and ψL
y=2,p=3. Two pairs of Majoranan fermions can further

be gapped by the edge potential at y = 1:

Uedge = u∂xφ
R
1 ∂xφ

L
1 − u′ cos

[
2
(
φR

1 − φL
1

)]
, (114)

for a sufficiently strong “repulsive” interaction u < − 3ṽ
10π

, so
that the sine-Gordon potential is relevant. There remains 15
chiral Majoranan fermions ψL

y=1,p=3,...,16 and ψL
y=2,p=3 (see

Fig. 6(b)). They generate the chiral SO(15)1 WZW CFT on
the edge. All 15 fermion fields belong to the same anyon
class f . For instance, ψL

y=1,p and ψL
y=2,3 differ from each

other by local bosons and ground-state expectation values
〈ψL

y=2,4ψ
R
y=1,4〉. The Ising twist fields of each of the 15

fermions must appear simultaneously due to electron locality.
Therefore the bFQH state carries the SO(15)1 topological
order. Although the possible filling numbers of the SO(15)1

bFQH models are ν = 16, 15, 12, 7, 0, depending on the elec-
tric charge q1 = 0, 1, 2, 3, and 4 of the Dirac fermion
d1 = (ψ1 + iψ2)/

√
2, we only include the filling 16 case in

Figs. 1 and 4 and Tables XI and XII. This is because it is the
only bFQH state that is particle-hole conjugate to the neutral
ν = 0 SO(1)1 Ising state.

2. The G2 and F4 Fibonacci states

We now construct bosonic fractional quantum Hall (bFQH)
states with Fibonacci topological order. These phases support
Fibonacci anyon excitations [44,51]. The gapless edge modes
are described by either the G2 or F4 WZW CFT at level
1. These states were first constructed by the coupled-wire
approach in Ref. [9] at filling ν = 8. We begin by briefly
reviewing this construction. Then, we present the following
newly discovered properties of these (and related) Fibonacci
states: (i) the explicit charge assignments of the G2 and F4

currents and Fibonacci primary fields, (ii) the new Fibonacci
states at filling ν = 0 and 16, and (iii) the realization of
bulk Fibonacci anyons using an open string of local boson
operators.

The coupled-wire models begin with the embedding of the
(G2)1 and (F4)1 WZW subalgebras in (E8)1. With the help
of the eight nonlocal fermions d j ∼ eiφ j that represent the E8

[see (24)], the embedding makes use of the “parafermion”
decomposition of the current algebra [52],

(G2)1 � SU(3)1 × Z3, (115)

where “Z3” stands for the Z3 parafermion CFT [53] with
central charge c = 4/5. G2 has two Cartan generators, six
long roots, and six short roots. The Cartan generators and
long roots of G2 coincide with those of SU(3)1, presented
in (44) and (45) in Sec. III A 1. The (G2)1 WZW algebra
extends SU(3)1 by the Z3 parafermion CFT, which is the
coset SU(2)3/U(1)6 (or equivalently, (G2)1/SU(3)1). The Z3

parafermion primary field � and its hermitian conjugate �†

carry spin h = 2/3 and obey the 3-nilpotent fusion rule. The
latter means that �3 = (�†)3 = � × �† = 1 belong in the
trivial primary sector of local fields. The parafermion field can
be chosen to be the linear combination of vertex operators

� = 1√
3

[−e−i2(φ1+φ2+φ3 )/3 + 2ei(φ1+φ2+φ3 )/3 sin φ4] (116)

for each wire y and chiral sector σ = R and L. The coefficients
of the linear combination are chosen so that, according to the
bosonized variables correlations (A5), the parafermion fields
obey the OPE

�(z)�†(w) = 1

(z − w)4/3

[
1 + 5

3
(z − w)2TZ3 (w)

]
+ . . . ,

�(z)�(w) = 2/
√

3

(z − w)2/3
�†(w) + . . . , (117)

where TZ3 (z) is the energy-momentum tensor of the Z3

parafermion CFT. The six short roots of (G2)1 are the decou-
pled products E†� and E�†, where E is the SU(3)1 primary
field triplet defined in (53). We choose the positive short roots
to be [

EG2

]
1 = e−i(φ1+φ2−2φ3 )/3�,[

EG2

]
2 = e−i(φ1−2φ2+φ3 )/3�,[

EG2

]
3 = ei(−2φ1+φ2+φ3 )/3�†. (118)

The negative short roots are the Hermitian conjugates of
the positive ones. These operators have spin h = hE + h� =
1/3 + 2/3 = 1, appropriate for a boson. Moreover, each of
them is a linear combination of three E8 roots and therefore is
an even integral combination of local electrons. The locality
of the G2 short roots means the bosonic pairs E�† and E†�

in the tensor product (115) are “anyon condensed” [35,36].
Together with the SU(3)1 currents, they span the closed G2

WZW algebra at level 1. In the coupled-wire model, in order
for the short root current backscattering to conserve charge
and momentum, all three vertex operator components of each
short root must have identical charge and x-momentum. This
requires d1d2d3 ∼ ei(φ1+φ2+φ3 ) and d4 ∼ eiφ4 to both have zero
charge and vanishing momentum.

We define the (F4)1 WZW subalgebra as the complement
subalgebra of (G2)1 in (E8)1. The (F4)1 WZW algebra has four
Cartan generators, 24 long roots, and 24 short roots. It is an
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extension of SO(9)1,

(F4)1 � M(5, 4) × SO(9)1, (119)

where M(5, 4) is the tricritical Ising CFT [15] with cen-
tral charge c = 7/10. Here, we have taken SO(9)1 to be
generated by ψ8, . . . , ψ16. (F4)1 contains the simply laced
algebra SO(8)1, which is generated by d j=5,...,8 = (ψ2 j−1 +
iψ2 j )/

√
2 ∼ eiφ5,...,8 . The four Cartan generators of (F4)1 are

those of SO(8)1: [HF4 ]l = ∂xφ4+l , for l = 1, . . . , 4. The 24
long roots of (F4)1 are the SO(8)1 roots:[

EF4 (x)
]
αSO(8)

= eiαSO(8)·(φ(x)+kx), (120)

where the long root vectors are αSO(8) = {±(ei ± e j ) : 5 �
i < j � 8} and φ = (φ5, . . . , φ8). The 24 short roots pair the
eight vector fermions e±iφ5,...,8 and 16 spinors eiε·φ/2 of SO(8)1

with Majorana fermions ψ8 and ψ±, respectively [9]:[
EF4 (x)

]
± j = ψ8(x)e±i(φ4+ j (x)+k4+ jx), j = 1, . . . , 4,[

EF4 (x)
]
ε±

= ψ±(x)eiε j
±(φ4+ j (x)+k4+ jx)/2, (121)

where ε
j
± = 1 or −1 and

∏4
j=1 ε

j
± = ±1. The eight short roots

in the first line of (121) are the short roots of SO(9)1 [cf. (96)
in Sec. III B 1]. The remaining 16 short roots in the second
line extend SO(9)1 to (F4)1. The Majorana fermions ψ± are

ψ± = 1√
2
ω±ei(φ1+φ2+φ3±φ4 )/2 + H.c., (122)

where ω+ = ei3π/8 and ω− = e−iπ/8. The F4 short roots are
linear combinations of E8 roots. In the coupled-wire model,
the current backscattering conserves charge and momentum
when all vertex components in a given short root have identi-
cal charge and momentum. Like the G2 case, this condition is
satisfied when d1d2d3 and d4 both have vanishing charge and
momentum.

The fermions ψ± are clearly decoupled from SO(8)1

because they involve disjoint sets of bosonized variables.
Moreover, ψ± are also decoupled from SU(3)1, which is
generated by the traceless combinations φ1 − φ2, φ2 − φ3 and
φ3 − φ1 that have nonsingular correlations with φ1 + φ2 +
φ3. The phases ω± are chosen so that the OPE �(z)ψ±(w)
and �†(z)ψ±(w) with the Z3 parafermion � in (116) are
nonsingular according to the bosonized variables correla-
tions (A5). This ensures the (G2)1 and (F4)1 currents have
nonsingular mutual OPE. It is essential to recognize that, al-
though ψ8, ψ± each has self-fermionic statistics and obeys the
two-nilpotent fusion rules, ψ2

8 = ψ2
± = 1, the three fermions

have mutual semionic statistics due to the cross fusion rule,
ψ8 × ψ± = ψ∓, that is due to the OPE, ψ8(z)ψ±(w) ∼ (z −
w)−1/2ψ∓(w) + . . . The short roots [EF4 ]ε± in (121) can be de-
composed in terms of primary fields in M(5, 4) and SO(9)1:[

EF4

]
ε±

∼ [
7

16

]⊗ [
9
16

]
ε±

. (123)

[7/16] is the primary field with spin h = 7/16 at posi-
tion (r, s) = (2, 1) on the conformal grid of the tricritical
Ising CFT M(5, 4) [15]. [9/16]ε± is the spinor field σε± =
σ8eiε j

±φ4+ j/2 with spin h = 9/16 in SO(9)1, where σ8 is the
Ising twist field associated to ψ8. The locality of [EF4 ]ε± means
the bosonic pairs (123) in the tensor product (119) are “anyon
condensed” [35,36].

Having defined the WZW algebra embedding (G2)1 ×
(F4)1 ⊆ (E8)1, we are ready to review the coupled-wire con-
struction of the Fibonacci bFQH states [9]. Following (39), the
electron-based models begin with the intrawire backscattering
H f

intra of the integrated fermions [see (19)]. This gaps all
local odd fermion degrees of freedom and leaves behind the
counterpropagating (E8)1 bosons on each wire. The Fibonacci
states are constructed by backscattering the (G2)1 currents and
(F4)1 currents in complementary ways.

For example, the (G2)1 model consists of the interwire and
intrawire interactions HG2

inter + HF4
intra:

HG2
inter = uinter

∑
y

JR
y,G2

· JL
y+1,G2

= HSU(3)
inter + uinter

∑
y

(
OSU(3)

y+1/2�
R
y

†
�L

y+1 + H.c.
)
,

(124)

HF4
intra = uintra

∑
y

JR
y,F4

· JL
y,F4

= HSO(9)
intra + uintra

∑
y

∑
ε±

[
EF4

]R

y,ε±

†[
EF4

]L

y,ε±
, (125)

where HSU(3)
inter and HSU(3)

inter were defined in (51) and (101),
respectively. The operator OSU(3)

y+1/2 is the combination of the
sine-Gordon vertex operators,

ei(θ1+θ2−2θ3 )/3 + ei(θ1−2θ2+θ3 )/3 + ei(−2θ1+θ2+θ3 )/3,

where θ j = φR
y, j − φL

y+1, j . It is the singlet nonchiral product

ER
y · EL

y+1/2
† of SU(3)1 primary fields in (53); it is pinned at

a finite ground-state expectation value under HSU(3)
inter . At low

energies, the short root part of HG2
inter is approximated by the

Z3 parafermion backscattering terms,

HG2
inter → uinter

∑
y

〈
OSU(3)

y+1/2

〉
�R

y
†
�L

y+1 + H.c. (126)

This gaps the counterpropagating Z3 parafermion sectors [54].
Next, we focus on the F4 sector. The Gross-Neveu interac-

tion HSO(9)
intra in (125) gaps the counterpropagating SO(9)1 CFT

on each wire [cf. (101) in Sec. III B 1]. On any given wire y,
the nonchiral singlet combination,∑

ε±

σ R
ε±σ L

−ε± =
∑
ε±

σ R
8 σ L

8 eiε j
±(φR

4+ j−φL
4+ j ), (127)

takes a finite ground-state expectation value [33]. Therefore,
using the identification (123), the backscattering terms for
the remaining F4 short roots [EF4 ]ε± are approximated at low
energy by

HF4
intra → uintra

∑
y

[∑
ε±

〈
σ R

y,ε±σ L
y,−ε±

〉]
σ ′

y, (128)

where σ ′ = 	 7
16 , 7

16
is the diagonal nonchiral product

[7/16]R[7/16]L. The field σ ′ is identical to the (subleading)
magnetization operator in the tricritical Ising model. Pertur-
bation by this term is known to deform the model away from
its critical point into a gapped phase [55].
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HG2
inter + HF4

intra together introduce a finite excitation energy
gap in the bulk of the coupled-wire model. In an open cylinder
geometry, chiral G2 WZW CFTs at level 1 are left behind
on the two boundaries. The particle-hole conjugate F4 bFQH
state can be constructed by switching the interwire and in-
trawire backscattering patterns between G2 and F4. Charge
conservation requires d1d2d3 and d4 to be electrically neutral.
Hence, the charge vector q = (q1, . . . , q8) of the eight nonlo-
cal Dirac fermions [see above (26)] must be further restricted
by q1 + q2 + q3 = q4 = 0. This forces (q1, q2, q3) = (0, 0, 0)
or (±2,∓2, 0). The filling numbers of the Fibonacci bFQH
states are

νG2 =
3∑

j=1

q2
j = 0 or 8,

νF4 =
8∑

j=5

q2
j = 16 − νG2 . (129)

The quantized thermal Hall conductances are determined by
the chiral central charges of the level 1 WZW algebras cG2 =
14/5 and cF4 = 26/5. The G2 coupled-wire model conserves
momentum along the x direction when the Fermi momenta of
the electron channels obey (B17) under the projection matrix
PA = PSU(3)1 [see (58)]. The same goes for the F4 model by
substituting PA = PSO(8)1 = 04 ⊕ 14 in (B17).

Both G2 and F4 states have Fibonacci topological order:
these states support Fibonacci anyons that follow the fusion
rule τ × τ = 1 + τ and carry the golden ratio quantum di-
mension dτ = (1 + √

5)/2. The Fibonacci primary fields of
the (G2)1 and (F4)1 WZW CFTs can be found in Ref. [9]. They
can be summarized as follows. The G2 Fibonacci superselec-
tion sector is the seven-dimensional irreducible representation
of the G2 algebra spanned by

[τ ] = (1 ⊗ τ ) ⊕ (E ⊗ τ�†) ⊕ (E† ⊗ τ�)

= span

⎧⎪⎪⎨⎪⎪⎩
τ, ei(φ1+φ2−2φ3 )/3τ�†,

ei(φ2+φ3−2φ1 )/3τ�†, ei(φ3+φ1−2φ2 )/3τ�†,

e−i(φ1+φ2−2φ3 )/3τ�, e−i(φ2+φ3−2φ1 )/3τ�,

e−i(φ3+φ1−2φ2 )/3τ�

⎫⎪⎪⎬⎪⎪⎭.

(130)

Here, the tensor product splits each field in the Z3 parafermion
CFT sector and SU(3)1 sector [see (115)]. τ is the spin 2/5
primary field in the Z3 parafermion CFT. τ� and τ�† are the
two primary fields with spin 1/15. The vertex operators are
SU(3)1 primary fields in E and E† [see (53)]. The F4 Fibonacci
superselection sector is the 26-dimensional irreducible repre-
sentation of F4 algebra spanned by

[τ̄ ] = (	(1,3) ⊗ 1) ⊕ (	(1,2) ⊗ f ) ⊕ (	(2,2) ⊗ σ ), (131)

where the fields are split in the tricritical Ising sector and
SO(9)1 sector [see (119)]. Here, 	(r,s) are the primary fields
located at the (r, s) entry in the conformal grid of the CFT
minimal model M(5, 4). 	(1,3) = τ̄ , 	(1,2), and 	(2,2) have
spins 3/5, 1/10, and 3/80, respectively. f is the SO(9)1 vector
spanned by ψ8 and e±iφ j=5,...,8 . σ is the SO(9)1 spinor spanned
by σ8eiε jφ4+ j , for ε j=1,...,4 = ±. The electric charges of the
fields in (130) and (131) are completely determined by their

vertex component. The charge assignments of the G2 and F4

currents and their Fibonacci primary fields are summarized in
Tables II and III.

We conclude this section by showing Fibonacci anyon pairs
can be created in the bulk by applying an open string S of
electron operators on the ground state. This operator string
makes use of the E8 currents that lie outside of the G2 × F4

subalgebra. The E8 algebra has dimension 248, while G2 × F4

has dimension 14 + 52 = 66. The complement (G2 × F4)⊥ is
spanned by 182 = 7 × 26 current fields that can be decom-
posed into the Fibonacci pair [τ ][τ̄ ] from (130) and (131). The
operator string is a product S = ∏y2

y=y1
OR

y (x0)OL
y (x0), where

O is a current operator in (G2 × F4)⊥. For example, we take
O = ∂x(φ1 + φ2 + φ3). This operator is a SU(3)1 × SO(9)1

singlet and has trivial OPE with the SU(3)1 and SO(9)1 cur-
rents. Therefore it splits into the product O ∼ τ τ̄ , where τ is
the primary field with spin 2/5 in the Z3 parafermion CFT and
τ̄ = 	(1,3) is the primary field with spin 3/5 in the tricritical
Ising CFT. The string operator becomes

S ∼
y2∏

y=y1

τR
y (x0)τ̄R

y (x0)τ L
y (x0)τ̄ L

y (x0). (132)

To demonstrate this, we will now apply this operator to
the ground state of the G2 model. (The F4 model has a sim-
ilar structure.) The interwire Z3 parafermion backscattering
interaction (126) introduces the finite ground-state expecta-
tion value 〈τR

y (x0)τ L
y+1(x0)〉. At the same time, the intrawire

σ ′ = 	 7
16 , 7

16
interaction in (128) pins the ground-state expec-

tation value 〈τ̄R
y (x0)τ̄ L

y (x0)〉. To see this, we use the effective
Landau-Ginzburg description of minimal CFT models [15]:

L2D = 1
2 (∇Φ)2 + V (Φ). (133)

The relevant minimal models here are the tricritical Ising
model M(5, 4) with

V (Φ) = Φ6 − λ3Φ
3 (134)

and the three-state Potts model M(6, 5) with

V (Φ) = Φ8 − λ6Φ
6. (135)

When λ3,6 = 0, the models are at their conformal critical
points. The λ3 term in (134) deforms the tricritical Ising
model by the subleading magnetization operator Φ3 ∼ σ ′ =
	 7

16 , 7
16

that appears in (128). (Here, “subleading” means that
σ ′ is the next-most-relevant, in the renormalization group
sense, magnetization operator of the tricritical Ising model
[15]. A similar definition of “subleading” applies below.)
For nonzero λ3 > 0, the Landau-Ginzburg variable takes a
nonzero ground-state expectation value, and consequently, so
too does the (tricritical Ising) subleading thermal operator
〈Φ4〉 ∼ 〈ε′〉 = 〈	 3

5 , 3
5
〉 = 〈τ̄Rτ̄ L〉. The λ6 term in (135) corre-

sponds to the Z3 parafermion backscattering Φ6 ∼ 	 2
3 , 2

3
=

�R†
�L in (126). It pins the Landau-Ginzburg field and in-

troduces the finite ground-state expectation value for the
(three-state Potts) thermal operator 〈Φ4〉 ∼ 〈ε〉 = 〈	 2

5 , 2
5
〉 =

〈τRτ L〉.
By replacing τR

y τ L
y+1 and τ̄R

y τ̄ L
y by scalar ground-state ex-

pectation values, the operator string S in (132) at low energy
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becomes

S → τR
y2

(x0)τ L
y1

(x0)

×
y2−1∏
y=y1

〈
τR

y (x0)τ L
y+1(x0)

〉 y2∏
y=y1

〈
τ̄R

y (x0)τ̄ L
y (x0)

〉
. (136)

The Fibonacci field operators τR
y2

(x0)τ L
y1

(x0) create a pair of
gapped excitations, one between y2 and y2 + 1 and another
between y1 − 1 and y1.

3. The SU(2)4 and Sp(8)1 metaplectic states

We construct the non-Abelian orbifold bFQH states

SU(2)4 = SU(3)1

Z2
, Sp(8)1 = (E6)1

Z2
(137)

by gauging the Z2 outer automorphism symmetry of SU(3)1

and (E6)1. The concepts of orbifolding and gauging were
introduced in the contexts of CFTs [56–61] and topological
field theories [49,50]. In Sec. III A 5, we discussed the Abelian
orbifold bFHQ states, U(1)8 = SU(2)1/Z2 and SU(8)1 =
(E7)1/Z2, where the Z2 symmetry is an inner automorphism
that does not alter the anyon classes of SU(2)1 and (E7)1. In
contrast, the Z2 symmetry in SU(3)1 and (E6)1 in (137) is an
outer automorphism [48,62] that conjugates the anyon classes
E ↔ E†. When such a symmetry is gauged, the topological
phase is promoted to a non-Abelian orbifold phase, referred
to as a twist liquid [49]. The edge-state theory of a twist liquid
is an orbifold CFT. Ref. [63] considered the coupled-wire
construction of non-Abelian dihedral twist liquids, such as the
SU(2)4 = SO(3)2 = SU(3)1/Z2 states. Here, we study bFQH
symplectic Sp(8)1 and SU(2)4 states that arise from the E8

state.
The origin of the Z2 symmetry is the internal gauge sym-

metry in the nonlocal Dirac fermion presentation (24) of the
E8 state. The symmetry, for any give wire y and chiral sec-
tor σ = R and L, flips the signs of all eight nonlocal Dirac
fermions, d j → −d j , through a shift of the bosonized vari-
ables φ j → φ j + π . All local operators must be even under
this Z2 symmetry. This includes, in particular, all E8 cur-
rent operators. In (85) (see Sec. III A 5), we defined a new
set of bosonized variables φ̃2l−1 = φ2l−1, φ̃2l = (H4)l ′

l φ2l ′/2,
where H4 is the Hadamard matrix (81). These bosons were
associated with the nonlocal Dirac fermions d̃ j = (ψ̃2 j−1 +
iψ̃2 j )/

√
2 ∼ eiφ̃ j that transformed according to the Z2 sym-

metry as d̃ j → (−1) j d̃ j . Here, in addition, we assume that
fermions d̃1,2,3,4 carry zero electric charge and zero x momen-
tum. This allows us to introduce a different basis of fermions:

d̄1 = ψ̃3 + iψ̃1√
2

, d̄2 = ψ̃4 + iψ̃2√
2

,

d̄3 = ψ̃7 + iψ̃5√
2

, d̄4 = ψ̃8 + iψ̃6√
2

,

d̄5 = d̃5, d̄6 = d̃7, d̄7 = d̃6, d̄8 = d̃8. (138)

These fermions are bosonized as d̄ j ∼ eiφ̄ j . The local Z2 sym-
metry acts as follows:

d̄1,2,3,4 → d̄†
1,2,3,4, φ̄1,2,3,4 → −φ̄1,2,3,4,

Z2 : d̄5,6 → −d̄5,6, φ̄5,6 → φ̄5,6 + π,

d̄7,8 → d̄7,8, φ̄7,8 → φ̄7,8. (139)

We now revisit the SU(3)1 and (E6)1 WZW algebras (stud-
ied in Sec. III A 1) to show how the SU(2)4 and Sp(8)1

symmetries arise. These algebras are generated by current
operators ∂xφ̄ j and eiα j φ̄ j , obtained from those in Sec. III A 1
by replacing the bosonized variables φ j → φ̄ j . Not all current
operators are local because they may not be even under the
internal Z2 symmetry (139). For example, the Cartan genera-
tors ∂φ̄1,2,3,4 are now odd under Z2 and therefore are not local
integral combinations of electrons. The local (E8)1 currents
constructed by electrons are still the original ones associated
with the old bosonized variables φ j . The local subalgebras
of SU(3)1 and (E6)1—consisting of current operators that are
even under the internal Z2 symmetry and lie inside the local
(E8)1 algebra—are SU(2)4 and Sp(8)1, respectively. To see
this, we start with the SU(3)1 algebra, which is generated by
H1 = ∂x(φ̄1 − φ̄2)/

√
2, H2 = ∂x(φ̄1 + φ̄2 − 2φ̄3)/

√
6, and the

roots e±i(φ̄a−φ̄b) for 1 � a < b � 3. Its Z2 even subalgebra is
spanned by J1 = 2

√
2 cos(φ̄2 − φ̄3), J2 = 2

√
2 cos(φ̄3 − φ̄1),

and J3 = 2
√

2 cos(φ̄1 − φ̄2). [The presentation of J1,2,3 using
the φ̃ variables can be found in (E1) in Appendix E.] J1,2,3

obey the SU(2)4 current OPE,

Ja(z)Jb(w) = 4δab

(z − w)2
+ i

√
2εabc

z − w
Jc(w) + . . . , (140)

where εabc is the Levi-Civita symbol for a, b, c = 1, 2, 3, and
the coefficient of the most singular term specifies the level
k = 4 of the SU(2) WZW algebra.

Next, we consider the (E6)1 algebra. Among its Cartan
generators Hb = γ

j
b ∂xφ̄ j , only ∂xφ̄5,6,7,8 are even under the

Z2 symmetry (139). In addition, there are 32 root operator
combinations of E6 that are even under the Z2. They are

e±i(φ̄5+φ̄6 ), e±i(φ̄5−φ̄6 ), e±i(φ̄7+φ̄8 ), e±i(φ̄7−φ̄8 ),

χ0e±iφ̄7 , χ0e±iφ̄8 , η0e±iφ̄5 , η0e±iφ̄6 ,

η±ei
∑8

j=5 ε
j
±φ̄ j/2, if ε5

± = ε6
±,

χ±ei
∑8

j=5 ε
j
±φ̄ j/2, if ε5

± = −ε6
±, (141)

where ε
j=5,6,7,8
± = ±1 with

∏8
j=5 ε

j
± = ±1. The Majorana

fermions are

χ0 =
√

2 cos φ̄4, η0 =
√

2 sin φ̄4,

χ± =
√

2 cos[(φ̄1 + φ̄2 + φ̄3 ± φ̄4)/2],

η± =
√

2 sin[(φ̄1 + φ̄2 + φ̄3 ± φ̄4)/2]. (142)

[The presentations of the Majorana fermions χ0,± and η0,± in
terms of the φ̃ variables can be found in (E2) in Appendix E.]
While χ0,± and η0,± have neutral charge and zero momentum,
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d̄5,6,7,8 ∼ eiφ̄5,6,7,8 can carry charge and momentum, in general.
Thus φ̄ j in the vertex components in (141) are really abbre-
viations for φ̄ j (x) + k̄ jx for j = 5, 6, 7, and 8. The root
operators (141) can be put in a more familiar form using the
basis transformation,

⎛⎜⎜⎝
X1

X2

X3

X4

⎞⎟⎟⎠ = 1

2

⎛⎜⎜⎝
1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1

⎞⎟⎟⎠
⎛⎜⎜⎜⎝

φ̄5

φ̄6

φ̄7

φ̄8

⎞⎟⎟⎟⎠, (143)

after which these operators become

e±2iX1 , e±2iX2 , e±2iX3 , e±2iX4 ,

χ0e±i(X3±X4 ), η0e±i(X1±X2 ),

η+e±i(X1±X3 ), χ+e±i(X2±X4 ),

η−e±i(X1±X4 ), χ−e±i(X2±X3 ). (144)

The Z2 symmetry acts as

Z2 :
X1 → X1 + π, X2,3,4 → X2,3,4,

χ± → χ±, η± → −η±.
(145)

The vertex components eiαl Xl are associated with the root
vectors α = (α1, α2, α3, α4) of C4 = Sp(8). The operators in
the first line of (144) corresponds to the eight long roots,
α = ±2e1,2,3,4 of length 2. The remaining operators in (144)
correspond to the 24 short roots, α = ±el ± el ′ with length√

2, for 1 � l < l ′ � 4. Together with the 4 Cartan gener-
ators, Hl = √

2∂xXl , these operators span the Sp(8) WZW
current algebra at level 1.

The coupled-wire models of the SU(2)4 and Sp(8)1 states
follow the general strategy in (39). The models begin with the
intrawire backscattering H f

intra of the integrated fermions [see
(19)]. The remaining counterpropagating modes of the (E8)1

CFT on each wire are gapped by backscattering the SU(2)4

and Sp(8)1 currents in opposite directions. For example, for
the Sp(8)1 bFQH model, the backscattering interactions are
the sum of

HSU(2)4
intra = −uintra

∑
y

∑
1�a<b�3

cos
(
φ̄R

ya − φ̄R
yb

)
cos

(
φ̄L

ya − φ̄L
yb

) = −uintra

2

∑
y

∑
1�a<b�3

(
cos θ

y
ab + cos ϕ

y
ab

)
, (146)

HSp(8)1
inter = uinter

∑
y

{
4∑

l=1

HR
y,lH

L
y+1,l − 2

4∑
l=1

cos
(
2�

y+1/2
l

)
− 2iηR

y,0η
L
y+1,0

∑
s=±

cos
(
�

y+1/2
1 + s�y+1/2

2

)− 2iχR
y,0χ

L
y+1,0

∑
s=±

cos
(
�

y+1/2
3 + s�y+1/2

4

)
− 2iηR

y,+ηL
y+1,+

∑
s=±

cos
(
�

y+1/2
1 + s�y+1/2

3

)− 2iχR
y,+χL

y+1,+
∑
s=±

cos
(
�

y+1/2
2 + s�y+1/2

4

)

− 2iηR
y,−ηL

y+1,−
∑
s=±

cos
(
�

y+1/2
1 + s�y+1/2

4

)− 2iχR
y,−χL

y+1,−
∑
s=±

cos
(
�

y+1/2
2 + s�y+1/2

3

)}
, (147)

where θ
y
ab = φ̄R

ya − φ̄R
yb − φ̄L

ya + φ̄L
yb, ϕ

y
ab = φ̄R

ya − φ̄R
yb + φ̄L

ya −
φ̄L

yb, and �
y+1/2
l = X R

y,l − X L
y+1,l .

The gapping of the SU(2)4 = SO(3)2 sector by current
backscattering was shown in Ref. [63]. The interaction (146)
fixes the finite ground-state expectation values,

sy = 〈
sin

(
φ̄R

ya − φ̄R
yb

)
sin

(
φ̄L

ya − φ̄L
yb

)〉
, (148)

for 1 � a < b � 3, where Sab = sin(φ̄a − φ̄b) are nonlocal
spin-1 primary fields that are odd under the Z2 symmetry
and thus carry a nontrivial Z2 gauge charge. Applying the
Z2 symmetry to one of the two chiral sectors produces a new
ground state and flips the sign of sy. Depending on the sign of
the expectation value sy, either θ

y
ab or ϕ

y
ab is pinned.

sy > 0 :
〈
cos θ

y
ab

〉
> 0,

〈
cos ϕ

y
ab

〉 = 0,

sy < 0 :
〈
cos θ

y
ab

〉 = 0,
〈
cos ϕ

y
ab

〉
> 0. (149)

We now explain the gapping of the Sp(8)1 sector. The
first line of (147) introduces the finite ground-state ex-
pectation values 〈�y+1/2

l 〉 = πny+1/2
l , where ny+1/2

l is an

integer. Subsequently, the second line of (147) is ap-
proximately proportional to i(χR

y,0χ
L
y+1,0 + sy+1/2η

R
y,0η

L
y+1,0) =

2 cos(φ̄R
y,4 − sy+1/2φ̄

L
y+1,4), where the sign is

sy+1/2 = (−1)ny+1/2
1 +ny+1/2

2 +ny+1/2
3 +ny+1/2

4 = ±1. (150)

The terms in the second line therefore pin either θ
y+1/2
4 =

φ̄R
y,4 − φ̄L

y+1,4 or ϕ
y+1/2
4 = φ̄R

y,4 + φ̄L
y+1,4. The Z2 symmetry, say

in the R sector on wire y, shifts X R
y,1 → X R

y,1 + π , while leav-
ing X R

y,l=2,3,4 unchanged. Therefore it produces a new ground

state, changes ny+1/2
1 → ny+1/2

1 + 1, and switches the sign
sy+1/2. Similarly, depending on the sign sy+1/2, the last two
lines of (147) at low energies become

i
(
χR

y,±χL
y+1,± + sy+1/2η

R
y,±ηL

y+1,±
)

→ 2 cos
(
θ

y+1/2
123 ± 〈

θ
y+1/2
4

〉
/2
)

or 2 cos
(
ϕ

y+1/2
123 ± 〈

ϕ
y+1/2
4

〉
/2
)
, (151)
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where θ
y+1/2
123 = ∑3

a=1(φ̄R
y,a − φ̄L

y+1,a)/2 and ϕ
y+1/2
123 =∑3

a=1(φ̄R
y,a + φ̄L

y+1,a)/2.
The coupled-wire model (146) and (147) describes a bFHQ

state with Sp(8)1 topological order. Recall that the model
construction assumes d̃5,6,7,8 are the only Dirac fermions that
carry electric charge. They are responsible for the charge
response of the entire E8 sector. Since d̃5,6,7,8 are all within
the Sp(8)1 sector and are decoupled from the SU(2)4 sector,
the Sp(8)1 bFQH state must have the same filling number
as the full E8 state, νSp(8)1 = 16. The central charge of the
Sp(8)1 CFT is identical to its parents state (E6)1. Therefore
cSp(8)1 = 6. The intrawire and interwire current backscattering
interactions (146) and (147) preserve charge and momentum
conservation when the Dirac fermions d̃1,2,3,4 have vanish-
ing electric charge and x momentum. These assumptions are
realized when the model is constructed according to the fol-
lowing rules. (1) Recall that the eight electronic E8 simple
roots are related to the Dirac fermions dj by a R matrix
[see (24) and (25)]. The R matrix here needs to be chosen
so that after the Hadamard transformation d → d̃ , d̃1,2,3,4

have zero charge. Equivalently, the charges q j of the original
fermions d j are restricted by q1,3 = 0 and (H4)l ′

l=1,2q2l ′ = 0.
For example, one can choose a suitable R matrix with q =
(0, 2, 0,−2, 0,−2, 0, 2). (2) The fermions d̃1,2,3,4 have zero
momentum when the Fermi momentum kF,a of the electron
wire channels are chosen according to (B17), where the matrix
PA = M(04 ⊕ 14)M projects out φ̃1,2,3,4 and φ̃ j = M j′

j φ j′ is
the basis transformation defined in (85).

The coupled-wire model for the particle-hole conjugate
state with SU(2)4 topological order can be constructed by
reversing the intrawire and interwire backscattering patterns
of (146) and (147). It has trivial filling νSU(2)4 = 0 because
the SU(2)4 sector is electrically neutral. The chiral central
charge is cSU(2)4 = 3 and is the same as its parent CFT SU(3)1.
For the SU(2)4 state, the projection matrix in (B17) needs
to be trivial, PA = 0, in order for the model to conserve
momentum.

We now discuss the primary fields and anyon excitations
of the Sp(8)1 and SU(2)4 theory. We first present the pri-
mary field content of SU(2)4 = SU(3)1/Z2 state. The five
primary field superselection sectors [ j] can be labeled by
the SU(2) “spins” j = 0, 1/2, 1, 3/2, and 2. Each primary
sector [ j] is spanned by 2 j + 1 primary fields that irreducibly
rotate among each other under the SU(2)4 current algebra
[cf. (54)]. The conformal scaling dimensions (or spins) of the
primary fields are hj = j( j + 1)/6, where the denominator
6 = k + hSU(2) is set by the dual Coxeter number hSU(2) = 2
and level k = 4 of the WZW algebra. We begin with the free
field representation of the bosonic Abelian primary fields in
[2], which is identified as the pure Z2 gauge charge sector
in the orbifold theory. [2] is the complement of SU(2)4 in
SU(3)1:

[2] = span

{
∂φ̄1 − ∂φ̄2√

2
,
∂φ̄1 + ∂φ̄2 − 2∂φ̄3√

6

}
∪ {sin(φ̄a − φ̄b) : 1 � a < b � 3}, (152)

which consists of the current operators that are odd under the
internal Z2 symmetry (139). These fields obey the fusion rule

TABLE I. The spin h, quantum dimension d , and the number of
fields # of each nontrivial primary sector of Sp(8)1.

σ E τ S

h 3/8 2/3 7/8 1
d

√
3 2

√
3 1

# 8 27 48 42

[2] × [2] = [0] because any even combination is even under
Z2 and is local.

The SU(3)1 primary sectors E and E† [by replacing φ →
φ̄ in (53)] now becomes the primary sector [1]. Since E ↔
E† are flipped under the internal Z2 symmetry, they are now
the same primary sector in SU(3)1/Z2. They obey the fusion
rules

[2] × [1] = [1], [1] × [1] = [0] + [1] + [2]. (153)

The former originates from the SU(3)1 current OPE of E and
E†. The latter holds because (i) operator products from E × E†

produce both local bosons, such as SU(2)4 currents, as well as
Z2 charges in [2]; and (ii) pair products in E × E give fields
in E† that now also belong in [1]. [1/2] and [3/2] are twist
fields (also known as Z2 fluxes). They have spin 1/8 and 5/8
respectively, and follow the fusion rules

[1/2] × [1/2] = [0] + [1],

[1] × [1/2] = [1/2] + [3/2],

[2] × [1/2] = [3/2]. (154)

The twist fields in SU(2)4 do not have free field repre-
sentations. However, we will see below that they can be
paired with twist fields in Sp(8)1 to form local E8 currents.
Since SU(2)4 is electrically neutral, so are all of its primary
fields.

We now present the primary fields of Sp(8)1 = (E6)1/Z2.
Particle-hole symmetry dictates that Sp(8)1 and SU(2)4 have
the same number of primary field superselection sectors,
identical fusion rules, and conjugate spins. We label the 5
primary sectors of Sp(8)1 by 1, σ, E, τ, S, which are the
particle-hole conjugates of [0], [1/2], [1], [3/2], [2], respec-
tively. Each sector is spanned by # primary fields that rotate
irreducibly under the Sp(8)1 current algebra (cf. (54)). The
spin h, quantum dimension d , and the number of fields # in
each primary sector are listed in Table I. The fusion rules
mirror SU(2)4:

S2 = 1, S × σ = τ, S × E = E,

E × E = 1 + E + S, E × σ = σ + τ,

σ × σ = 1 + E. (155)

We begin with the free field representation of the Z2

charges in sector S, which is the complement of Sp(8)1 in
(E6)1. S is spanned by the 42 fields:

∂φ̄1 + ∂φ̄2 + ∂φ̄3√
3

, ∂φ̄4,

e±i(φ̄5+φ̄7 ), e±i(φ̄5−φ̄7 ), e±i(φ̄5+φ̄8 ), e±i(φ̄5−φ̄8 ),

e±i(φ̄6+φ̄7 ), e±i(φ̄6−φ̄7 ), e±i(φ̄6+φ̄8 ), e±i(φ̄6−φ̄8 ),
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χ0e±iφ̄5 , χ0e±iφ̄6 , η0e±iφ̄7 , η0e±iφ̄8 ,

χ±ei
∑8

j=5 ε
j
±φ̄ j/2, if ε5

± = ε6
±,

η±ei
∑8

j=5 ε
j
±φ̄ j/2, if ε5

± = −ε6
±. (156)

The electric charges of these operators can be read off from
that of the Dirac fermions d̄5,6,7,8 = eiφ̄5,6,7,8 : one possibility is
that all these fermions carry ±2 charge; another possibility
is to have one carry charge ±4 with the remaining fermions
neutral. Next, we move on to the E sector. It originates from
the (E6)1 primary field sectors E and E† by replacing φ → φ̄

in (56). Like the SU(2)4 primaries, these fields are flipped
and conjugated E ↔ E† under the internal Z2 symmetry, and
therefore both E and E† now belong in the same sector E.
It forms a 27 dimensional irreducible representation of the
Sp(8) Lie algebra, and is invariant under the encompassing
E6, which includes the Z2 charges in S. The electric charge
assignment is identical to the primary field E of E6 at filling
16. The charge pattern of the E and S sectors can be found in
Table X.

In Sec. III A 1, we noted the decomposition of the 248-
dimensional (E8)1 algebra into the eight-dimensional SU(3)1

algebra, the 78-dimensional (E6)1 algebra, and the two tensor
product spaces ESU(3) ⊗ EE6 and E†

SU(3) ⊗ E†
E6

, each with di-
mension 3 × 27 = 81. Any (E8)1 current operator is a linear
combination of a SU(3)1 current, a (E6)1 current, and pri-
mary field pair product in ESU(3) ⊗ EE6 and E†

SU(3) ⊗ E†
E6

. Here,
in this section, the conformal embedding (E8)1 ⊇ Sp(8)1 ×
SU(2)4 of orbifold theories splits the E8 algebra into the direct
sum:

(E8)1 ⊇ Sp(8)1 ⊕ SU(2)4

⊕ (σ ⊗ [3/2]) ⊕ (τ ⊗ [1/2]) ⊕ (E ⊗ [1]). (157)

The first line embeds the Sp(8)1 and SU(2)4 algebras, which
add up to dimension 36 + 3 = 39. The tensor space E ⊗ [1]
pairs the spin 2/3 and 1/3 primary fields together and it con-
tains 27 × 3 = 81 E8 currents that have integral monodromy
(i.e., trivial braiding) with the Z2 charges in S and [2]. The
twist fields (i.e., Z2 gauge fluxes) in the Sp(8)1 sectors σ and τ

can be paired with those in [3/2] and [1/2] in SU(2)4 to make
up the remaining 128 E8 currents that have π monodromy
with the Z2 charges. For instance, the spins of the paired
twist fields add up to 1 = 3/8 + 5/8 = 7/8 + 1/8, and the
dimensions of the two tensor spaces of twist fields add up to
8 × 4 + 48 × 2 = 128. (While not included in the E8 algebra,
the pair product of Z2 charges in S ⊗ [2] are spin-2 local
bosons.) The 128 E8 currents in (σ ⊗ [3/2]) ⊕ (τ ⊗ [1/2])
are presented in Appendix E. Knowing fields in [1/2] and
[3/2] are electrically neutral allows us to read off the electric
charge assignments of twist fields in σ and τ . The charge
pattern is listed in Table X. The Z2 fluxes σ and τ are referred
to as metaplectic anyons [43,64].

IV. DISCUSSION AND CONCLUSION

In this paper, we explored the analogy between the integer
quantum Hall state of electrons and the (bosonic) E8 quantum
Hall state. In particular, we gave explicit constructions of the
“partially filled” E8 state—summarized in Fig. 1 —using the

coupled-wire approach. The topological orders of the various
fractional E8 states include Abelian and non-Abelian varieties.
Our approach in this paper for finding fractional E8 states
relied on the theory of conformal embeddings. This theory
details the various possible (bipartite) symmetry decomposi-
tions GA × GB ⊆ E8. We then showed how the bulk-boundary
correspondence (through the coupled-wire construction) al-
lowed for the explicit construction of GA and GB fractional
E8 states. These states have edge-state theories with GA or GB

Kac-Moody symmetry. Furthermore, the GA and GB states are
related by a generalized “particle-hole” symmetry, reviewed
in Appendix C, similar to particle-hole conjugate states ν and
1 − ν in the lowest Landau level.

Our approach, using conformal embeddings, provides for a
systematic understanding of the various possible fractional E8

states. This approach relies on the E8 Kac-Moody symmetry
of the edge-state theory. This conformal embedding approach
may be straightforwardly applied to construct fractional states
of topological orders with edge-state theories possessing other
Kac-Moody symmetries, e.g., U(N )1 for N filled Landau lev-
els of electrons.

It is unclear whether the conformal embedding approach
might provide a complementary avenue for understanding
topological phases in the lowest Landau level. What sym-
metry group can be embedded into U(1)? One possibility
is to consider a dual description [65] of the ν = 1 integer
quantum Hall state of electrons. This dual description is in
terms of a U(N )1 × U(1)N+1 Chern-Simons gauge theory
(see Appendix B of Ref. [66]). Here N is an arbitrary inte-
ger; a physical interpretation of N can be given in terms of
partons [67]. We may then imagine applying the conformal
embedding approach to the U(N )1 Chern-Simons theory. It
would be interesting to know how such constructions might
be related to the composite fermion/boson approach to frac-
tional quantum Hall states (for a recent review and references
therein, [68]).

Related to this is the question of whether there might be a
gapless parent state for various fractional E8 states found in
this paper. Here, we (again) have in mind an E8 state analogy
for the composite fermion theory at ν = 1/2. Half-filling of
the E8 state occurs at ν = 8. We have shown both Abelian and
non-Abelian topological states can exist at ν = 8. We do not
yet have a candidate gapless parent state.

The bosonic topological states considered in this paper
[summarized in Fig. 2 and Eq. (1)] do not exhaust all frac-
tional states of E8. Below are some possible examples not
studied in this paper. (i) In this paper, we only considered
bipartitions GA × GB ⊂ (E8)1 where the WZW algebras GA

and/or GB have level k = 1. The E8 state can be decomposed
by into multipartitions GA × GB × GC × . . . of WZW theories
with levels k � 1. This may produce new bFQH states. (ii) In
Secs. III A 4 and III B 1, we constructed SO(N )1 bFQH states,
where N = 1, . . . , 15. The coupled-wire model construction
for SO(15)1, in particular, that includes longer-range interwire
interactions, may allow generalization to SO(N )1 states with
N � 16.

(iii) The exploration of orbifold bFQH states with twist
liquid topological orders is incomplete. First, in our con-
structions of the (E8)1 wires, we do not find any SO(16)1
subalgebras whose even and odd spinors are nonlocal. There-
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fore the SO(16)1 bFQH state, which is the orbifold state
(E8)1/Z2 is missing in this paper. The construction of this
state may be facilitated by introducing additional electron
channels on each wire or allowing longer-range interactions.
Second, in Sec. III B 3, we may not have exhausted all possible
variations of the metaplectic orbifold embedding SU(2)4 ×
Sp(8)1 ⊆ (E8)1. A more thorough investigation may dis-
cover more filling numbers with νSU(2)4 > 0 and νSp(8)1 < 16.
Third, in this paper, we only consider Z2 orbifold CFTs
that are also WZW theories, such as (E6)1/Z2 = Sp(8)1 and
(E7)1/Z2 = SU(8)1. There may be orbifold theories with
higher-order gauge groups G that are not WZW theories that
decompose (E8)1. Fourth, it is very likely that there are Z2
orbifold CFTs that are also WZW theories but are not cov-
ered in this paper. One probable example is the orbifold state
SU(5)1/Z2 = SO(5)2 = Sp(4)2. Spin liquid or superconduct-
ing SO(5)2 states have been constructed by coupled-wire
models in Ref. [63]. We anticipate charged SO(5)2 bFQH
states to occupy filling ν = 16. It would be interesting to see if
such state can also occupy the particle-hole symmetric filling
ν = 8. If so, such a metaplectic topological state can serve as
the bosonic anolog of particle-hole symmetric Pfaffian state at
ν = 1/2 that half-fills the Landau level.

Lastly, the E8 state is not the only short-range entangled
integer quantum Hall state. For example, the D+

16 lattice [46]
at c = 16, the Leech lattice and Niemeier lattices at c = 24 are
even unimodular lattices that can describe other bosonic short-
range entangled integer quantum Hall states with unequal
filling numbers and central charges, ν �= c. Just like the E8,
they also can be fractionally occupied by long-range entan-
gled states. There can also be fermionic short-range entangled
integer quantum Hall states corresponding to odd unimodular
lattices, such as the D+

12 lattice [46] at c = 12 and (E7 × E7)+
lattice at c = 14. They are postulated [69] to occupy filling
ν = 4 and 6, which are much closer to experimentally observ-
able regime than νE8 = 16.
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APPENDIX A: NONLOCAL DIRAC FERMION
CHARGE VECTORS

The eight bosonic E8 simple root operators ei	̃I (for each
chiral sector σ = R and L and on each wire y) are first con-
structed from integral combinations of electrons [see (13)
and (16)]. The E8 root system consists of the 240 operators,
which are products of the simple root operators and have
spin (scaling dimension) h = 1. These boson operators and
their electric charges are fixed. On the other hand, throughout
this paper, we often use the nonlocal Dirac fermion presen-
tation of the E8 WZW currents. This presents the E8 roots

as bilinears and even spinor combinations of a set of eight
nonlocal Dirac fermions d j ∼ eiφ j , where the “Chevalley” and
“Cartan-Weyl” bosonized variables are related to that of the E8

simple roots by the R matrix, 	̃J = R j
Jφ j [see (24) and (25)].

These fermions are not fixed, and they depend on the choice
of the R matrix. In this Appendix, we exhaust these choices
and present the electric charges q j of the fermions.

The identification of the “pq̇” term of the Lagrangian
density, (

K−1
E8

)IJ
∂x	̃I∂t	̃J = δi j∂xφi∂tφ j, (A1)

requires the E8 Cartan matrix to agrees with the product
(KE8 )IJ = δi jRi

I R
j
J . In this paper, we group R j

J in an 8 × 8
matrix whose rows (R j=1

J , . . . , R j=8
J ) correspond to the E8

simple roots. Therefore KE8 = RRT . If there are two sets of
nonlocal Dirac fermions d j and d ′

j presenting the E8 simple

roots according to 	̃J = R j
Jφ j = R′ j

Jφ
′
j , then RRT = R′R′T

and thus w = R−1R′ is an orthogonal matrix in O(8) relat-
ing the two Cartan-Weyl bases. Moreover, since the E8 root
system is defined using the fixed simple roots and it does not
depend on the choice of the fermions, the w transformation
leaves the E8 root lattice invariant. In other words, w be-
longs in the E8’s automorphism group, which is identical to
its Weyl group, Aut(E8) = W (E8) (see (46) and Ref. [46]).
This group has finite order and its elements are generated
by products of the following primitive linear manipulations:
(i) permutations: φ j → φσ ( j) where σ is a permutation of
eight elements, (ii) sign flips: φ j → (−1)s j φ j , where s j =
±1, and (iii) Hadamard transformation: φ j → w

j′
j φ j , where

w = (H4 ⊕ H4)/2 and H4 is the Hadamard matrix (81). Con-
sequently, there are finitely many sets of nonlocal Dirac
fermions that present the E8. Starting with one such set d j ∼
eiφ j , any other set d ′

j ∼ eiφ′
j must be related to the first by

a Weyl group transformation φ′
j = w

j′
j φ j . Equivalently, any

particular choice of the R matrix can generate all possible ones
by applying R′ = Rw.

The E8 root operators carry electric charges. From
(17), the eight simple roots have charges q̃σ

I = U σσ ′
Ia tσ ′

a =
(−4, 2, 0, 0,−2, 2, 0, 2), where I = 1, . . . 8, a = 1, . . . , 11,
σ = R, L = +,−, and tσ ′

a = 1 is the charge of an electron
(in units of e). The charges q̃I do not depend on the chiral
sector, q̃R

I = q̃J
R, by the construction of the unimodular U

matrix in (14). Given a R matrix that defines a particular set
of nonlocal Dirac fermions, the electric charges q j of d j can
be calculated from the transformation q̃I = R j

I q j . Below, we
present some examples of R matrices and their corresponding
charge vectors q = (q1, . . . , q8).

We start with the following R matrix:

R =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1
1 −1

1 −1
1 −1

1 −1
1 1

− 1
2 − 1

2 − 1
2 − 1

2 − 1
2 − 1

2 − 1
2 − 1

2

1 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(A2)
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The corresponding charge vector q j = (R−1)I
j q̃I is

(−2, 2, 0, 0, 0, 2, 0,−2). By permuting the labels j and
flipping signs of some bosonized variables, other sets of Dirac
fermions can be constructed with charge vectors of the form
of (2s1, 2s2, 2s3, 2s4, 0, 0, 0, 0), where s1,2,3,4 = ±1, or with
any permuted entries.

The R matrix

R =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 0 0 1 0 0 0 0
1
2

1
2

1
2 − 1

2
1
2 − 1

2
1
2 − 1

2

0 0 0 0 −1 0 0 1
0 0 0 0 0 0 −1 −1

− 1
2 − 1

2
1
2 − 1

2
1
2

1
2

1
2

1
2

1
2

1
2 − 1

2
1
2 − 1

2
1
2

1
2 − 1

2

0 −1 0 0 0 −1 0 0
1
2

1
2 − 1

2
1
2

1
2 − 1

2 − 1
2

1
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(A3)

can be obtained by applying the primitive manipulations (i)
and (ii), followed by (iii) on (A2). The associated charge
vector is q = (4, 0, 0, 0, 0, 0, 0, 0). R matrices that give rise
to charge vectors with a single nonzero entry qj = ±4 can be
obtained by further label permutations (i) and sign flips (ii).

The R matrix

R =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1
1 −1

1 −1
1 −1

1 1
−1 1

−1 1
− 1

2 − 1
2 − 1

2 − 1
2 − 1

2 − 1
2 − 1

2 − 1
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(A4)

can be generated by rotating (A2) with a Weyl
group transformation w. Its charge vector is q =
(−3, 1,−1,−1,−1,−1, 1, 1). Any permutation and sign
flip of such an odd charge vector, (3s1, s2, s3, s4, s5, s6, s7, s8)
for s1,...,8 = ±1 and

∏8
j=1 s j = −1, can be obtained once

again by (i) and (ii).
Lastly, the time-ordered correlations of the Cartan-Weyl

bosonized variables are

〈φi(z)φ j (w)〉 = −δi j ln(z − w) + iπ

2
sgn(i − j), (A5)

where the sign function is sgn(x) = x/|x| for x �= 0 and
sgn(0) = 0. The last term ensures that Dirac fermions anti-
commute: eiφi eiφ j = −eiφ j eiφi , for i �= j.

APPENDIX B: MOMENTUM CONSERVATION

We determine the Fermi momenta of the electron channels
in all coupled-wire models. At the exactly solvable fixed
points, all backscattering interactions preserve momentum
conservation when the electron channels’ Fermi momenta
take a set of specific values. Since the exactly solvable models
have a finite bulk excitation energy gap, weak perturbations
that do not close the bulk gap will not alter the topological
data of the quantum Hall state. Therefore, despite spoiling the

exact solubility, small deviations of the Fermi momenta away
from the specific values presented below should not affect the
topological phase.

The couple-wire models are constructed from an array of
wires, each carrying 11 nonchiral electron channels cya(x) ∼
cR

ya(x) + cL
ya(x) ∼ ei(	R

ya (x)+kR
yax) + ei(	L

ya (x)+kL
yax) at the Fermi

level. These electrons carry Fermi momenta,

kσ
ya = eBd

h̄c
y + σkF,a, (B1)

[see (7) in Sec. II] in the presence of a magnetic field B.
A many-electron interaction (c†

yac†
yb . . .)(cy′a′cy′b′ . . .) splits

near the Fermi level into multiple scattering processes

ei(−	
σ1
ya −	

σ2
yb +	

σ ′
1

y′a′ +	
σ ′

2
y′b′+...)ei(−k

σ1
ya −k

σ2
yb +k

σ ′
1

y′a′ +k
σ ′

2
y′b′+...)x in a sum over

all possible σ1, σ2, . . . σ
′
1, σ

′
2, . . . = R, L = +,−. Terms with

nonunit oscillation factors ei(
∑

k)x make vanishing contri-
butions to the Hamiltonian after integrating over x in the
thermodynamic limit where the wires have infinite length
l → ∞. The nonzero terms are the momentum conserving
ones for which the oscillation factors vanish. In order for
the backscattering interactions in the coupled-wire model to
preserve momentum conservation at the Fermi level, the bare
Fermi momenta kF,a, for a = 1, . . . , N , must take specific
values. In this Appendix, we solve for these values.

There are three types of backscattering interactions con-
sidered in this paper: the intrawire gapping of the integrated
fermions H f

intra ∼ ∑
f R
yn

† f L
yn + H.c. in (19); the intrawire and

interwire current backscattering interactions HB
intra ∼ ∑

JR
y,B ·

JL
y,B and HA

inter ∼ ∑
JR

y,A · JL
y+1,A, where JA and JB are the

WZW current operators of the GA × GB decomposition of
E8. These interactions conserve momentum if the L and R
operators in each term have identically canceling momenta.
We first consider the Abelian cases where the WZW affine
Lie algebras are simply laced. In these cases, all operators
can be bosonized and they are either density operators of the
form of ∂x	, which carry zero momentum, or vertex operators
ei
∑

m(	+kx). The bosonized variables and momentum both
undergo a sequence of basis transformations, summarized
below:

	̃σ
yI =

∑
a,σ ′

U σσ ′
Ia 	σ ′

ya, I, a = 1, . . . , 11,

φσ
y j =

∑
J

(R−1)J
j	̃

σ
yJ , J, j = 1, . . . , 8,

	̃Aσ
yM = αA

M · φσ
y , M = 1, . . . , r,

	̃Bσ
yN = αB

N · φσ
y , N = 1, . . . , 8 − r. (B2)

First, the bosonized variables 	σ
ya of the electron operators

cσ
ya ∼ ei(	σ

ya+kσ
yax), for a = 1, . . . , 11, are transformed under

the integral unimodular U matrix in (14) into the Cheval-
ley bosonized variables 	̃σ

yI of the E8 simple root operators

[EE8 ]σyJ = ei(	̃σ
yJ +k̃σ

yJ x), for J = 1, . . . , 8, and the three inte-

grated fermions f σ
yn = ei(	̃σ

y,I=8+n+k̃σ
y,I=8+nx), for n = 1, 2, 3. Next,

using a R matrix [examples include (A2), (A3), and (A4) in
Appendix A] that specifies the E8 simple root vectors in Eu-
clidean 8-space, the Chevalley variables are transformed into
the Cartan-Weyl variables, φ = R−1�̃. These bosons are asso-

035136-32



PARTIAL FILLINGS OF THE BOSONIC E8 QUANTUM … PHYSICAL REVIEW B 108, 035136 (2023)

ciated with the eight nonlocal Dirac fermions dσ
y j ∼ ei(φσ

y j+kσ
y jx)

[see (24)]. Lastly, using a specific choice of simple roots
vectors αA

M and αB
N of the GA and GB Lie algebras, the last two

equations in (B2) give the bosonized variables of the root op-
erators [EA]σ

yαA
M

= ei(	̃Aσ
yM+k̃Aσ

yM x) and [EB]σ
yαB

N
= ei(	̃Bσ

yN +k̃Bσ
yN x). The

momenta kσ
ya, k̃σ

yI , kσ
y j, k̃Aσ

yM , k̃Bσ
yN of the various vertex operators

are related by the same transformations in (B2). The momenta
of the nonlocal Dirac fermions dσ

y j are

kσ
y j = eBd

h̄c
q jy + σkd

F, j,

kd
F, j =

8∑
J=1

(R−1)J
j

11∑
a=1

(U ++
Ja − U +−

Ja )kF,a, (B3)

where the charge vector q = (q1, . . . , q8)T of the nonlocal
Dirac fermions has entries,

q j =
8∑

J=1

(R−1)J
j q̃J =

8∑
J=1

(R−1)J
j

11∑
a=1

(U ++
Ja + U +−

Ja ). (B4)

The momenta of the integrated fermions f σ
yn are

k̃σ
y,I=8+n = eBd

h̄c
q̃ny + σk f

F,n

k f
F,n =

11∑
a=1

(U ++
I=8+n,a − U +−

I=8+n,a)kF,a, (B5)

where the charges of the integrated fermions are

q̃n=1,2,3 =
11∑

a=1

(U ++
I=8+n,a + U +−

I=8+n,a) = (3, 1, 1). (B6)

The momenta of the simple roots in GA and GB are related to
that of the nonlocal Dirac fermions by

k̃Aσ
yM = αA

M · kσ
y = eBd

h̄c
αA

M · qy + σαA
M · kd

F ,

k̃Bσ
yN = αB

N · kσ
y = eBd

h̄c
αB

N · qy + σαB
N · kd

F , (B7)

where qA
M = αA

M · q and qB
N = αB

N · q are the electric charges
of the simple roots, and the entries of kd

F = (kd
y,1, . . . , kd

y,8)T

are the bare momenta computed in (B3).
The coupled-wire Hamiltonian conserves momentum if the

L and R vertex operators in all backscattering processes have
canceling momenta. (Here, we are ignoring possible umklapp
processes which allow momentum cancellation up to an inte-
ger multiple of 2π .) This requires

k̃R
y,I=8+n − k̃L

y,I=8+n = k̃B,R
y,N − k̃B,L

y,N

= k̃A,R
y,M − k̃A,L

y+1,M = 0, (B8)

for n = 1, 2, 3, M = 1, . . . , r, and N = 1, . . . , 8 − r, where
r and 8 − r are the ranks (as well as the central charges) of
the GA and GB Lie algebras. Solving this system of 11 linear
equations produces the solution to the 11 electron bare Fermi
momenta kF,a in (B1). Using the basis transformations given

above, the conditions in (B8) become

αA
M · 2kd

F = eBd

h̄c
αA

M · q,

αB
N · 2kd

F = 0, 2k f
F,n=1,2,3 = 0. (B9)

Interwire backscattering interactions coupling A currents in
nearby wires acquire phases due to the magnetic field, when
written the Landau gauge Ax = −By. The intrawire inter-
actions that backscatter the B currents and the integrated
fermions fn within a wire are not affected by the magnetic
field. (B9) can be rewritten as a matrix equation in terms of
the electron bare momenta kF = (kF,1, . . . , kF,11)T :

X (U ++ − U +−)2kF = eBd

h̄c
�AX q̃tot. (B10)

Here, X is the 11 × 11 matrix,

X = (AGA×GB R−1) ⊕ 13 =
(

AGA×GB R−1 0

0 13

)
. (B11)

AGA×GB is the 8 × 8 matrix that combines the simple root
vectors in GA and GB,

AGA×GB =
(

AGA

AGB

)
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

−− αA
1 −−

...
...

...

−− αA
r −−

−− αB
1 −−

...
...

...

−− αB
8−r −−

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
8×8

. (B12)

�A is responsible for projecting to the A sector and is the 11 ×
11 projection matrix,

�A = 1r ⊕ 011−r =
(

1r 0
0 0

)
11×11

. (B13)

The charge vector q̃tot = (q̃J=1,...,8, q̃n=1,2,3)T contains the
electric charges of the E8 simple roots and the integrated
fermions [see (B4) and (B6)]. Since the GA × GB simple root
vectors are linearly independent, the AGA×GB matrix, and sub-
sequently, the X matrix are invertible. Using

AGA×GB AT
GA×GB

= KGA ⊕ KGB , (B14)

we find

X −1 = (
RAT

GA×GB

(
K−1

GA
⊕ K−1

GB

))⊕ 13. (B15)

The U matrix in (14) has unit determinant and is thus nonsin-
gular. In fact, U −1 can be computed using the relation

(U ++ − U +−)(U ++ + U +−)T = KE8 ⊕ 13, (B16)

where KE8 = RRT is the Cartan matrix of E8 [see (5)]. After
simplifying, (B10) has the unique solution:

kF,a = 1

2

eBd

h̄c

8∑
j, j′,J=1

(U ++
Ja + U +−

Ja )(R−1)J
j P

j j′
A q j′ . (B17)

Here, q j′ is the charge of the nonlocal Dirac fermion d j′ [see
(B4)] and

PA = AT
GA

K−1
GA

AGA (B18)
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is the projection matrix (obeying P2 = P) onto the GA sub-
space in the Euclidean 8-space, where KGA = AGA AT

GA
is the

Cartan matrix of GA. For the E8 integer quantum Hall state,
GA = E8 and GB = 0 is the trivial algebra. The projection PA

is the identity matrix PE8 = 18 in the Euclidean 8-space and
(B17) recovers the momentum solution in (33).

In Sec. II, we saw that the filling number ν = Ne/NB is
expressed in terms of the electron Fermi momenta kF,a in
(8). This equation holds for a general quantum Hall state
constructed by any coupled-wire model. For an Abelian state,
using the bare Fermi momentum solution (B17) and the
fermion charge vector q in (B4), the filling number of the GA

quantum Hall state is

ν = h̄c

eBd

11∑
a=1

2kF,a =
8∑

j, j′=1

q jP
j j′

A q j′ = |PAq|2

=
r∑

M,M ′=1

qA
M

(
K−1

GA

)MM ′
qA

M ′ = qA · K−1
GA

qA. (B19)

Here, qA = (qA
M=1,...,r )T = AGA q is the vector containing the

electric charges of the simple roots of GA. The second
line of (B19) agrees with the electric Hall response of the
(2 + 1)D Chern-Simons theory L = 1

4π
KMM ′αM ∧ dαM ′ +

e
2π

qMA ∧ dαM . For the E8 state, PA = 18 and ν = |q|2 = 16,
which recovers (26).

Lastly, we address the issue of stability of the quantum Hall
states. Momentum conservation only allows specific backscat-
tering interactions to be present. In a coupled-wire model
describing the GA state, the magnetic field and commensurate
electrons bare Fermi momenta kF,a force the GA currents that
carry finite electric charge to only scatter in between adjacent
wires, and the charged GB currents to only scatter within a
wire. Other interaction terms that scatter charged currents
in other directions violate momentum conservation and are
therefore eliminated. The quantum Hall state is stable because
most competing interactions that lead to a different topolog-
ical phase are forbidden. However, momentum conservation
does not eliminate all competing terms. Electrically neutral
currents have uniform x-momentum that does not couple to
the magnetic field or depend on the vertical y position. Both
intrawire and interwire backscattering interactions of neutral
currents preserve momentum. Alternative gapping interac-
tions in the neutral sector in general compete with the original
and may drive a topological phase transition while keeping the
filling number and electric Hall response unchanged. The in-
stability of neutral sectors is most dominant when the quantum
Hall state has trivial filling number. All GA current operators
in the ν = 0 GA state have zero x momentum and can scatter
in any direction. These neutral phases cannot be stabilized
by the magnetic field alone, and their emergence may require
separate mechanisms such as magnetism.

APPENDIX C: PARTICLE-HOLE CONJUGATION

In this Appendix, we discuss particle-hole symmetry with
respect to the E8 state, a symmetry first observed in Ref. [9]
as a relation between G2 and F4 Fibonacci states. In general,
the fillings of embedded theories GA × GB ⊆ E8 are particle-

hole conjugate: νGB = 16 − νGA . Particle-hole symmetry is
implemented by an antiunitary operator C. Generally, on the
electron operators cJ in (6) (here, J is a collective index
for {σ, y, a}), it acts as CcJC−1 = ∏

J ′ (cJ ′ )mJ
J′ , where mJ

J ′ are
integers. We are specifically interested in how particle-hole
symmetry acts on the Chevalley basis bosons 	̃σ

y,I , introduced
in (13), that generate the E8 symmetry. We define C to act as
follows:

C	̃R
y,IC−1 = 	̃L

y,I − q̃I

2
x,

C	̃L
y,IC−1 = 	̃R

y−1,I − q̃I

2
x. (C1)

According to the basis transformation (25), particle-hole sym-
metry acts on the Cartan-Weyl bosons as

CφR
y, jC−1 = φL

y, j − q j
x
2
,

CφL
y, jC−1 = φR

y−1, j − q j
x
2
. (C2)

Using these rules, the particle-hole transformation inter-
changes the inter and intra backscattering terms,

C
[
EGA

]R

y,α

†[
EGA

]L

y,α
C−1 = [

EGA

]R

y−1,α

†[
EGA

]L

y,α
,

C
[
EGB

]R

y,α

†[
EGB

]L

y+1,α
C−1 = [

EGB

]R

y,α

†[
EGB

]L

y,α
, (C3)

and thereby interchanges the Hamiltonians for the GA and GB

states: CH[GA]C−1 = H[GB] and CH[GB]C−1 = H[GA].

APPENDIX D: TOPOLOGICAL ORDER OF SU(8)1 STATE

The primary field superselection sectors of SU(8)1 can
be better represented using an alternative set of bosonized
variables, different from those introduced in Sec. III A 5. Here,
we consider the chiral U(8)1 theory L0 = 1

4π
δ jk∂xXj∂t Xk −

H0 with eight bosonized variables Xj=1,...,8. The theory split
into U(1)8 × SU(8)1. The U(1)8 subalgebra is the diagonal
sector generated by H0 = ∂x(X1 + . . . + X8)/

√
8. The SU(8)1

subalgebra is the off-diagonal sector spanned by the Cartan
generators Hl = (

∑l
j=1 ∂xXl − l∂xXl+1)/

√
l (l + 1), for l =

1, . . . , 7, and root operators e±i(Xj−Xk ), for 1 � j < k � 8.
The compactification of the bosonized variables Xj are defined
by declaring the above U(1)8 and SU(8)1 currents, as well as
the spin-4 bosons e±i(X1+...,X8 ), to be primitive local bosons.

Using this representation, the U(1)8 primary fields are
Em = eim(X1+...,X8 )/8, for m = −3, . . . , 4. The primary field su-
perselection sectors of SU(8)1 are

Em = span{eim(X1+...,X8 )/8−i(Xj1 +...+Xjm ) : 1

� j1 < . . . < jm � 8}, (D1)

for m = 0, . . . , 4, and Em=−1,−2,−3 = (E−m)†. The Em super-
sector carries C8

|m| = 8!/[|m|!(8 − |m|)!] primary fields that
irreducibly represent SU(8)1 [cf. the current OPE (54)]. The
Xj bosonized variables and the mixed variables φ̃ j defined in
(85) are related by a basis transformation, which identifies the
primitive local bosons in the two representations.

X1 + . . . + X8 = 2φ̃1 − 2φ̃2, Xl − Xl+1 = α
j
l φ̃ j, (D2)
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where αl=1,...,7 are the rows of (89). The first equation equates
the spin-4 primitive local boson in U(1)8. The second equa-
tion identifies the seven simple roots of SU(8). The linear
system of eight equations in (D2) specifies a basis transfor-
mation Xj = B j′

j φ̃ j′ and allows the primary fields in (D1) to
be expressed in terms of the mixed variables φ̃ j . Their explicit
forms are unimportant and will not be presented.

In Table VIII, we see that there are two distinct charge
patterns of the SU(8)1 WZW currents at each of the fillings
ν = 14 and 31/2. They originate from the different choices
of the nonlocal Dirac fermions d j ∼ eiφ j in constructing the
coupled-wire models. In the last paragraph in Sec. III A 5, we
claim that the two states belong to the same bFQH phase,
despite the difference in the electric charges of the WZW cur-
rents. When the two states are juxtaposed, the SU(8)1 currents
cannot all be backscattered from one edge to another because
some carry unequal charges. On the other hand, the shared
edge can be gapped while preserving charge symmetry by
an alternative sine-Gordon interaction [cf. (83) for SO(10)1,
SO(10)1, and SO(10)1]. Here, we present such gapping inter-
action in terms of the transformed bosonized variables X R/L

j
on the shared edge.

From the electric charges q j of d j , the charges of the
new fermions eiXj can be determined by applying the basis
transformations φ j → φ̃ j in (85) and φ̃ j → Xj in (D2). At
filling νSU(8)1 = 14, the two WZW current charge patterns in
Table VIII correspond to the fermion charges q(eiXj=1,...,8 ) =
(−3, 1, 1, 1, 1, 1, 1, 1) and (−3,−1,−1,−1,−1, 1, 1, 1) up
to permutations or an overall minus sign. At filling
νSU(8)1 = 31/2, the two WZW current charge patterns in
Table VIII correspond to the fermion charges q(eiXj=1,...,8 ) =
(1, 1, 1, 1, 1, 1,−3,−7) and (1, 1, 1, 5,−3,−3,−3,−3) up
to permutations or an overall minus sign. The gapping inter-
action on the shared edge can be chosen to be the sum of seven
local sin-Gordon terms

U = −u
7∑

l=1

cos (�l ), �l = (NR) j
l X R

j + (NL ) j
l X L

j . (D3)

The coefficients (NR/L ) j=1,...,8
l=1,...,7 form the entries of the 7 × 16

rectangular matrix N = (NR NL ). Charge conservation re-
quires (i) the vertex operators ei�l to be electrically neutral,
i.e.,

q(ei�l ) =
8∑

j=1

q(eiX R
j )(NR) j

l +
∑
j=1

q(eiX L
j )(NL ) j

l = 0, (D4)

where q(eiX R
j=1,...,8 ) and q(eiX L

j=1,...,8 ) are the two distinct charge
vectors written above at a given filling number. The U(1)8

sectors generated by the diagonal combinations X R/L
1 + . . . +

X R/L
8 are already gapped within a wire on individual sides.

The sine-Gordon potentials in U operates solely on the
off-diagonal SU(8) sectors when (ii)

8∑
j=1

(NR/L ) j
l = 0. (D5)

The sine-Gordon terms do not compete and simultaneously
gap the shared edge if [�l (x),�l ′ (x′)] = 0. This requires (iii)
N is a null matrix,

8∑
j=1

[
(NR) j

l (NR) j
l ′ − (NL ) j

l (NL ) j
l ′
] = 0, (D6)

i.e., NηNT = 0 where η = 18 ⊕ (−18) is the “K matrix” in
the X R/L

j basis. The seven sine-Gordon terms completely gap
the SU(8)1 edge if (iv) the null matrix has maximum rank,
rank(N ) = 7, so that the sine-Gordon variables are linearly
independent. Lastly, the sine-Gordon potentials should all be
local operators constructed by integral combinations of the
SU(8)1 current bosons. This requires (NR/L ) j

l Xj to be integral
combinations of the SU(8)1 simple roots Xl − Xl+1. With
condition (ii), locality simply requires (v) the entries (NR/L ) j

l
are integers. These five conditions (i)–(v) are satisfied by the
following two null matrices:

Nν=14 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 −1 0 0 −1 0 0 0 0 1 0 0
1 0 0 0 0 0 −1 0 −1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 −1 −1 0 0 0 0 0 0 1
0 1 −1 0 0 0 0 0 0 −1 1 0 0 0 0 0
0 0 1 −1 0 0 0 0 0 0 −1 1 0 0 0 0
0 0 0 1 −1 0 0 0 0 0 0 −1 1 0 0 0
1 0 −1 −1 0 0 1 0 0 −1 0 0 −1 1 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

Nν=31/2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 0 0 0 0 0 0 0 0 0 0 0 −1 1
0 1 −1 0 0 0 0 0 0 0 0 0 0 −1 1 0
0 0 1 −1 0 0 0 0 0 0 0 0 −1 1 0 0
0 0 0 1 0 0 0 −1 0 0 0 −1 1 0 0 0
0 0 0 0 0 0 −1 1 0 0 −1 1 0 0 0 0
0 0 0 0 1 −1 0 0 −1 1 0 0 0 0 0 0
0 0 0 1 −2 −1 1 1 2 1 0 0 0 −1 −1 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(D7)

at the respective filling numbers.
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APPENDIX E: CURRENTS AND PRIMARY FIELDS
OF Sp(8)1 AND SU(2)4

In this Appendix, we supplement the field operator pre-
sentations of the Sp(8)1 and SU(2)4 WZW algebras (in a
given wire and chiral sector) in Sec. III B 3. The algebras
were defined with the help of the basis transformation of
bosonized variables φ → φ̃ → φ̄ from (85) and (138). Here,
we will present the field operators using the mixed variables
φ̃ j . The local (E8)1 WZW currents constructed by electrons
are combinations of the eight Cartan generators ∂xφ̃ j and the
240 roots eiα̃ j φ̃ j . The E8 root lattice (in the φ̃ basis) consists
of vectors α̃ of one of the following forms: (i) α̃ = ±ei ± e j ,
where i ≡ j mod 2, (ii) α̃ = ±e2p−1 +∑4

q=1 εqe2q/2, (iii)

α̃ = ±e2q +∑4
p=1 εpe2p−1/2, where εl = ±1 and

∏4
l=1 εl =

+1, or (iv) α̃ = ∑8
j=1 ε je j , where ε j = ±1 and

∏4
p=1 ε2p−1 =∏4

q=1 ε2q = −1. The SU(2)4 currents J1 = 2
√

2 cos(φ̄2 −
φ̄3), J2 = 2

√
2 cos(φ̄3 − φ̄1), and J3 = 2

√
2 cos(φ̄1 − φ̄2) can

be re-expressed using bosonized variables φ̃ j or the fermions
d̃ j = eiφ̃ j = (ψ̃2 j−1 + iψ̃2 j )/

√
2:

J1(z) =
√

2i(ψ̃4(z)ψ̃7(z) + ψ̃2(z)ψ̃5(z)),

J2(z) =
√

2i(ψ̃3(z)ψ̃7(z) + ψ̃1(z)ψ̃5(z)),

J3(z) =
√

2i(ψ̃3(z)ψ̃4(z) + ψ̃1(z)ψ̃2(z))

=
√

2i(∂zφ̃1(z) + ∂zφ̃2(z)),

J−(z) = J1(z) − iJ2(z)√
2

= i(ei(φ̃1(z)+φ̃3(z)) − ei(φ̃1(z)−φ̃3(z)) + ei(φ̃2(z)+φ̃4(z))

− ei(φ̃2(z)−φ̃4(z)) ), (E1)

and J+ = (J1 + iJ2)/
√

2 = J†
−. The SU(2)4 sectors decouples

from the Majorana fermions η0 = ψ̃6, χ0 = ψ̃8, and ψ̃9,...,16.
In addition, the SU(2)4 currents J1,2,3 also have nonsingular
OPE with the following linear combinations of spinors:

χ+(z) = i√
2

(ei(φ̃1(z)−φ̃2(z)+φ̃3(z)−φ̃4(z))/2 − H.c.),

χ−(z) = 1√
2

(ei(φ̃1(z)−φ̃2(z)+φ̃3(z)+φ̃4(z))/2 + H.c.),

η+(z) = i√
2

(ei(φ̃1(z)−φ̃2(z)−φ̃3(z)+φ̃4(z))/2 − H.c.),

η−(z) = 1√
2

(ei(φ̃1(z)−φ̃2(z)−φ̃3(z)−φ̃4(z))/2 + H.c.). (E2)

Up to a sign, they are identical to the Majorana fermions χ±
and η± in (142). The above field operator presentation using
the φ̃ j variables shows that the 32 root operators of Sp(8)1 in
(141) are all linear combinations of the E8 currents and are
therefore local integral combinations of electrons.

Next, we present the 128 E8 currents that belong in the ten-
sor space (σ ⊗ [3/2]) ⊕ (τ ⊗ [1/2]) of paired twist fields in
Sp(8)1 × SU(2)4. These are current fields that carry nontriv-
ial Z2 flux components in Sp(8)1 = (E6)1/Z2 and SU(2)4 =
SU(3)1/Z2. They correspond to the internal Z2 symmetry that
flips the signs of d̃1,3,5,7 while keeping d̃2,4,6,8 unchanged.

These E8 current operators are

ei(
∑4

l=1 εl φ̃2l /2±φ̃2 j−1 ), ei(
∑4

l=1 εl φ̃2l−1/2±φ̃2 j ), (E3)

where j = 1, 2, 3, 4, ε1,2,3,4 = ±1, and
∏4

l=1 εl = +1. We
label these E8 currents by Eγ=1,...,128. They rotate among each
other under the Sp(8)1 × SU(2)4 current algebra. In particu-
lar, applying the SU(2)4 currents Ji=1,2,3 gives the OPE

Ji(z)Eγ (w) =
√

2(Si )γ
′

γ

z − w
Eγ ′ (w) + . . . , (E4)

where Si=1,2,3 are 128-dimensional matrices that represent
the SU(2) Lie algebra. The representation is reducible. The
quadratic Casimir S2 = S2

1 + S2
2 + S2

3 has eigenvalues s(s +
1) = 3/4 and 15/4 with eigenspace dimensions 96 and 32, re-
spectively. The two eigen-spaces are τ ⊗ [1/2] and σ ⊗ [3/2].
Since the SU(2)4 sector is electrically neutral, this allows
us to deduce the charge assignment pattern of the twisted
sectors σ and τ in Sp(8)1. For example, in the 32-dimensional
σ ⊗ [3/2], there are eight charge-4, eight charge-(−2), and
sixteen charge-neutral fields. Because [3/2] contains four neu-
tral fields, there must be two charge-4, two charge-(−2), and
four charge-neutral fields in σ .

APPENDIX F: TOPOLOGICAL DATA

In this Appendix, we collect the charge assignment in
Tables II–XIV for current operators and quasiparticle excita-
tions for the conformal embeddings GA × GB ⊂ E8 studied in
the main text. Except for SU(8)1 × U(1)8 ⊂ (E8)1, all confor-
mal embeddings involve algebras at level 1. Therefore, aside
from this case, we will not specify the levels of the algebras
in the tables below to simplify the notation. In these tables,
the numbers in each term ∗ (�) specify the dimension ∗ of the
subspace consisting of fields with charge �.

TABLE II. Current operator charge assignments for the confor-
mal embeddings GA × GB ⊂ E8, where GA or GB is an exceptional
group.

νG2 νF4 #QG2 #QF4

0 16 14(0) 22(0), 8(±2), 7(±4)

8 8 4(0), 4(±2), 1(±4) 22(0), 14(±2), 1(±4)

νSU(2) νE7 #QSU(2) #QE7

0 16 3(0) 49(0), 32(±2), 10(±4)

2 14 1(0), 1(±2) 49(0), 35(±2), 7(±4)

8 8 1(0), 1(±4) 67(0), 32(±2), 1(±4)

νSU(3) νE6 #QSU(3) #QE6

0 16 8(0) 30(0), 16(±2), 8(±4)

8/3 40/3 4(0), 2(±2) 28(0), 20(±2), 5(±4)

8 8 2(0), 2(±2), 1(±4) 36(0), 20(±2), 1(±4)

32/3 16/3 4(0), 2(±4) 46(0), 16(±2)
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TABLE III. Quasiparticle charge assignments for the conformal embedding G2 × F4 ⊂ E8. Below, τ refers to the nontrivial superselection
sector of the G2 topological phase and τ̄ refers to the nontrivial superselection sector of the F4 topological phase.

νG2 νF4 #(Qτ )G2 #(Qτ̄ )F4

0 16 7(0) 8(0), 8(±2), 1(±4)

8 8 3(0), 2(±2) 14(0), 6(±2)

TABLE IV. Quasiparticle charge assignments for the conformal embedding SU(2) × E7 ⊂ E8. Below, S refers to the nontrivial superse-
lection sectors of the SU(2) and E7 topological phases.

νSU(2) νE7 #(QS )SU(2) #(QS )E7

0 16 2(0) 20(0), 16(±2), 2(±4)

2 14 1(±1) 21(±1), 7(±3)

8 8 1(±2) 32(0), 12(±4)

TABLE V. Quasiparticle charge assignments for the conformal embedding SU(3) × E6 ⊂ E8. Below, E and E refer to the nontrivial
superselection sectors of the SU(3) and E6 topological phases.

νSU(3) νE6 #(QE )SU(3) #(QE )E6 #(QĒ )SU(3) #(QĒ )E6

0 16 3(0) 9(0), 8(±2), 1(±4) 3(0) 9(0), 8(±2), 1(±4)

8/3 40/3 1(− 4
3 ), 2( 2

3 ) 5(− 8
3 ), 10(− 2

3 ), 10( 4
3 ), 2( 10

3 ) 2(− 2
3 ), 1( 4

3 ) 2(− 10
3 ), 10(− 4

3 ), 10( 2
3 ), 5( 8

3 )

8/3 40/3 2(− 2
3 ), 1( 4

3 ) 2(− 10
3 ), 10(− 4

3 ), 10( 2
3 ), 5( 8

3 ) 1(− 4
3 ), 2( 2

3 ) 5(− 8
3 ), 10(− 2

3 ), 10( 4
3 ), 2( 10

3 )

8 8 1(0), 1(±2) 15(0), 6(±2) 1(0), 1(±2) 15(0), 6(±2)

32/3 16/3 1(− 8
3 ), 2( 4

3 ) 10(− 4
3 ), 16( 2

3 ), 1( 8
3 ) 2(− 4

3 ), 1( 8
3 ) 1(− 8

3 ), 16(− 2
3 ), 10( 4

3 )

32/3 16/3 2(− 4
3 ), 1( 8

3 ) 1(− 8
3 ), 16(− 2

3 ), 10( 4
3 ) 1(− 8

3 ), 2( 4
3 ) 10(− 4

3 ), 16( 2
3 ), 1( 8

3 )

TABLE VI. Current operator charge assignments for the conformal embedding SU(5)A × SU(5)B ⊆ E8.

νSU(5)A νSU(5)B #(Q)SU(5)A #(Q)SU(5)B

0 16 24(0) 8(0), 4(±2), 4(±4)

16/5 64/5 16(0), 4(±2) 16(0), 4(±4)

16/5 64/5 16(0), 4(±2) 10(0), 4(±2), 3(±4)

24/5 56/5 12(0), 6(±2) 8(0), 6(±2), 2(±4)

8 8 10(0), 6(±2), 1(±4) 10(0), 6(±2), 1(±4)
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TABLE VII. Charge assignments of the SU(5)1 primary fields in Em=−2,−1,0,1,2. Here, E0 is the vacuum and E−m = (Em )†. We only list the
charge assignments of fields in Em for m = 1, 2.

νSU(5) #(QE1 )SU(5) #(QE2 )SU(5)

0 5(0) 10(0)

16/5 1(−8/5), 4(2/5) 4(−6/5), 6(4/5)

16/5 4(−2/5), 1(8/5) 6(−4/5), 4(6/5)

24/5 2(−6/5), 3(4/5) 1(−12/5), 6(−2/5), 3(8/5)

24/5 3(−4/5), 2(6/5) 3(−8/5), 6(2/5), 1(12/5)

8 3(0), 1(±2) 4(0), 3(±2)

56/5 1(−12/5), 2(−2/5), 2(8/5) 2(−14/5), 3(−4/5), 4(6/5), 1(16/5)

56/5 2(−8/5), 2(2/5), 1(12/5) 1(−16/5), 4(−6/5), 3(4/5), 2(14/5)

64/5 1(−16/5), 4(4/5) 4(−12/5), 6(8/5)

64/5 4(−4/5), 1(16/5) 6(−8/5), 4(12/5)

64/5 1(−14/5), 1(−4/5), 3(6/5) 1(−18/5), 3(−8/5), 3(2/5), 3(12/5)

64/5 3(−6/5), 1(4/5), 1(14/5) 3(−12/5), 3(−2/5), 3(8/5), 1(18/5)

16 1(0), 2(±2) 4(0), 2(±2), 1(±4)

TABLE VIII. Current operator charge assignments for the conformal embeddings SU(8)1 × U(1)8 ⊆ (E8)1 and Sp(8)1 × SU(2)4 ⊆ (E8)1

that involve the orbifold theories. The charge assignment in U(1)8 is obtained from b = exp[±2i(φ̃1 − φ̃2)] = exp[±i(2φ1 − φ2 − φ4 − φ6 −
φ8)].

νSU(8)1
νU(1)8

#QSU(8)1 #QU(1)8

7/2 25/2 49(0), 7(±2) 1(±10)

8 8 31(0), 16(±2) 1(±8)

23/2 9/2 29(0), 15(±2), 2(±4) 1(±6)

14 2 25(0), 16(±2), 3(±4) 1(±4)

14 2 49(0), 7(±4) 1(±4)

31/2 1/2 37(0), 7(±2), 6(±4) 1(±2)

31/2 1/2 25(0), 15(±2), 4(±4) 1(±2)

16 0 23(0), 16(±2), 4(±4) 2(0)

νSp(8)1
νSU(2)4

#QSp(8)1 #QSU(2)4

16 0 14(0), 8(±2), 3(±4) 3(0)
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TABLE IX. Quasiparticle charge assignments for the conformal embedding SU(8)1 × U(1)8 ⊂ (E8)1. We denote the superselection sectors
of the SU(8)1 and U(1)8 topological phases by Em with m = −3, . . . , 4. Here, E0 is the vacuum. Because the charge assignments for Em and
E−m = (Em )† are opposite, we only list the charge assignments of Em sectors with m = 1, . . . , 4.

νSU(8) νU(1)8 #(QE1 )SU(8) #(QE1 )U(1)8 #(QE2 )SU(8) #(QE2 )U(1)8

7/2 25/2 7(− 1
4 ), 1( 7

4 ) 1(− 5
4 ) 21(− 1

2 ), 7( 3
2 ) 1(− 5

2 )

7/2 25/2 1(− 7
4 ), 7( 1

4 ) 1( 5
4 ) 7(− 3

2 ), 21( 1
2 ) 1( 5

2 )

8 8 4(±1) 1(1) 6(±2), 16(0) 1(2)

8 8 4(±1) 1(−1) 6(±2), 16(0) 1(−2)

23/2 9/2 1(− 9
4 ), 5(− 1

4 ), 2( 7
4 ) 1( 3

4 ) 5(− 5
2 ), 12(− 1

2 ), 10( 3
2 ), 1( 7

2 ) 1( 3
2 )

23/2 9/2 2(− 7
4 ), 5( 1

4 ), 1( 9
4 ) 1(− 3

4 ) 1(− 7
2 ), 10(− 3

2 ), 12( 1
2 ), 5( 5

2 ) 1(− 3
2 )

14 2 1(− 5
2 ), 4(− 1

2 ), 3( 3
2 ) 1(− 1

2 ) 4(−3), 9(−1), 12(1), 3(3) 1(−1)

14 2 3(− 3
2 ), 4( 1

2 ), 1( 5
2 ) 1( 1

2 ) 3(−3), 12(−1), 9(1), 4(3) 1(1)

14 2 7(− 1
2 ), 1( 7

2 ) 1(− 1
2 ) 21(−1), 7(3) 1(−1)

14 2 1(− 7
2 ), 7( 1

2 ) 1( 1
2 ) 7(−3), 21(1) 1(1)

31/2 1/2 6(− 3
4 ), 1( 5

4 ), 1( 13
4 ) 1( 1

4 ) 15(− 3
2 ), 6( 1

2 ), 6( 5
2 ), 1( 9

2 ) 1( 1
2 )

31/2 1/2 1(− 13
4 ), 1(− 5

4 ), 6( 3
4 ) 1(− 1

4 ) 1(− 9
2 ), 6(− 5

2 ), 6(− 1
2 ), 15( 3

2 ) 1(− 1
2 )

31/2 1/2 4(− 5
4 ), 3( 3

4 ), 1( 11
4 ) 1(− 1

4 ) 6(− 5
2 ), 12(− 1

2 ), 7( 3
2 ), 3( 7

2 ) 1(− 1
2 )

31/2 1/2 1(− 11
4 ), 3(− 3

4 ), 4( 5
4 ) 1( 1

4 ) 3(− 7
2 ), 7(− 3

2 ), 12( 1
2 ), 6( 5

2 ) 1( 1
2 )

16 0 2(±2), 4(0) 1(0) 1(±4), 8(±2), 10(0) 1(0)

νSU(8) νU(1)8 #(QE3 )SU(8) #(QE3 )U(1)8 #(QE4 )SU(8) #(QE4 )U(1)8

7/2 25/2 35(− 3
4 ), 21( 5

4 ) 1(− 15
4 ) 35(±1) 1(−5)

7/2 25/2 21(− 5
4 ), 35( 3

4 ) 1( 15
4 ) 35(±1) 1(5)

8 8 4(±3), 24(±1) 1(3) 1(±4), 16(±2), 36(0) 1(4)

8 8 4(±3), 24(±1) 1(−3) 1(±4), 16(±2), 36(0) 1(−4)

23/2 9/2 10(− 11
4 ), 20(− 3

4 ), 21( 5
4 ), 5( 13

4 ) 1( 9
4 ) 10(±3), 25(±1) 1(3)

23/2 9/2 5(− 13
4 ), 21(− 5

4 ), 20( 3
4 ), 10( 11

4 ) 1(− 9
4 ) 10(±3), 25(±1) 1(−3)

14 2 6(− 7
2 ), 16(− 3

2 ), 21( 1
2 ), 12( 5

2 ), 1( 9
2 ) 1(− 3

2 ) 4(±4), 19(±2), 24(0) 1(−2)

14 2 1(− 9
2 ), 12(− 5

2 ), 21(− 1
2 ), 16( 3

2 ), 6( 7
2 ) 1( 3

2 ) 4(±4), 19(±2), 24(0) 1(2)

14 2 35(− 3
2 ), 21( 5

2 ) 1(− 3
2 ) 35(±2) 1(−2)

14 2 21(− 5
2 ), 35( 3

2 ) 1( 3
2 ) 35(±2) 1(2)

31/2 1/2 20(− 9
4 ), 15(− 1

4 ), 15( 7
4 ), 6( 15

4 ) 1( 3
4 ) 15(±3), 20(±1) 1(1)

31/2 1/2 6(− 15
4 ), 15(− 7

4 ), 15( 1
4 ), 20( 9

4 ) 1(− 3
4 ) 15(±3), 20(±1) 1(−1)

31/2 1/2 4(− 15
4 ), 18(− 7

4 ), 18( 1
4 ), 13( 9

4 ), 3( 17
4 ) 1(− 3

4 ) 1(±5), 12(±3), 22(±1) 1(−1)

31/2 1/2 3(− 17
4 ), 13(− 9

4 ), 18(− 1
4 ), 18( 7

4 ), 4( 15
4 ) 1( 3

4 ) 1(±5), 12(±3), 22(±1) 1(1)

16 0 4(±4), 14(±2), 20(0) 1(0) 6(±4), 16(±2), 26(0) 1(0)

TABLE X. Quasiparticle charge assignments for Sp(8)1.

νSp(8)1 #Qσ #QE #Qτ #QS

16 4(0), 2(±2) 9(0), 8(±2), 1(±4) 16(0), 12(±2), 4(±4) 16(0), 8(±2), 5(±4)
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TABLE XI. Current operator charge assignments for the conformal embeddings SO(2r + 1) × SO(15 − 2r) ⊂ E8 for r = 1, 2, 3 and
Ising × SO(15) ⊂ E8.

νSO(7) νSO(9) #QSO(7) #QSO(9)

0 16 21(0) 22(0), 7(±4)

0 16 21(0) 16(0), 4(±2), 6(±4)

4 12 11(0), 5(±2) 12(0), 9(±2), 3(±4)

8 8 7(0), 6(±2), 1(±4) 14(0), 10(±2), 1(±4)

12 4 9(0), 3(±2), 3(±4) 22(0), 7(±2)

16 0 11(0), 5(±4) 36(0)

νSO(5) νSO(11) #QSO(5) #QSO(11)

0 16 10(0) 37(0), 9(±4)

0 16 10(0) 19(0), 12(±2), 6(±4)

4 12 4(0), 3(±2) 19(0), 15(±2), 3(±4)

8 8 4(0), 2(±2), 1(±4) 25(0), 14(±2), 1(±4)

16 0 4(0), 3(±4) 55(0)

νSO(3) νSO(13) #QSO(3) #QSO(13)

0 16 3(0) 56(0), 11(±4)

0 16 3(0) 26(0), 20(±2), 6(±4)

4 12 1(0), 1(±4) 30(0), 21(±2), 3(±4)

16 0 1(0), 1(±8) 78(0)

νIsing νSO(15) #QIsing #QSO(15)

0 16 N/A 79(0), 13(±4)

0 16 N/A 37(0), 28(±2), 6(±4)
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TABLE XII. Quasiparticle charge assignments for the conformal embeddings SO(2r + 1) × SO(15 − 2r) ⊂ E8 for r = 1, 2, 3 and Ising ×
SO(15) ⊂ E8. Below, f and σ denote the nontrivial superselection sectors of the SO(2r + 1) and SO(15 − 2r) topological phases.

νSO(7) νSO(9) #(Qf )SO(7) #(Qf )SO(9) #(Qσ )SO(7) #(Qσ )SO(9)

0 16 7(0) 7(0), 1(±4) 8(0) 8(±2)

0 16 7(0) 1(0), 4(±2) 8(0) 6(0), 4(±2), 1(±4)

4 12 5(0), 1(±2) 3(0), 3(±2) 4(±1) 6(±1), 2(±3)

8 8 3(0), 2(±2) 5(0), 2(±2) 4(0), 2(±2) 8(0), 4(±2)

12 4 1(0), 3(±2) 7(0), 1(±2) 3(±1), 1(±3) 8(±1)

16 0 5(0), 1(±4) 9(0) 4(±2) 16(0)

νSO(5) νSO(11) #(Qf )SO(5) #(Qf )SO(11) #(Qσ )SO(5) #(Qσ )SO(11)

0 16 5(0) 9(0), 1(±4) 4(0) 16(±2)

0 16 5(0) 3(0), 4(±2) 4(0) 12(0), 8(±2), 2(±4)

4 12 3(0), 1(±2) 5(0), 3(±2) 2(±1) 12(±1), 4(±3)

8 8 1(0), 2(±2) 7(0), 2(±2) 2(0), 1(±2) 16(0), 8(±2)

16 0 3(0), 1(±4) 11(0) 2(±2) 32(0)

νSO(3) νSO(13) #(Qf )SO(3) #(Qf )SO(13) #(Qσ )SO(3) #(Qσ )SO(13)

0 16 3(0) 11(0), 1(±4) 2(0) 32(±2),

0 16 3(0) 5(0), 4(±2) 2(0) 24(0), 16(±2), 4(±4)

4 12 1(0), 1(±2) 7(0), 3(±2) 1(±1) 24(±1), 8(±3)

16 0 1(0), 1(±4) 13(0) 1(±2) 64(0)

νIsing νSO(15) #(Qf )Ising #(Qf )SO(15) #(Qσ )Ising #(Qσ )SO(15)

0 16 1(0) 13(0), 1(±4) 1(0) 64(±2),

0 16 1(0) 7(0), 4(±2) 1(0) 48(0), 32(±2), 8(±4)

035136-41



LIM, MULLIGAN, AND TEO PHYSICAL REVIEW B 108, 035136 (2023)

TABLE XIII. Current operator charge assignments for the conformal embeddings SO(2r) × SO(16 − 2r) ⊂ E8 for r = 4, 3, 2, 1.

νSO(8) νSO(8) #(Q)SO(8) #(Q)SO(8)

0 16 28(0) 16(0), 6(±4)

4 12 16(0),6(±2) 10(0), 6(±2), 3(±4)

8 8 10(0),8(±2), 1(±4) 10(0), 8(±2), 1(±4)

12 4 10(0), 6(±2), 3(±4) 16(0),6(±2)

16 0 16(0), 6(±4) 28(0)

νSO(6) νSO(10) #(Q)SO(6) #(Q)SO(10)

0 16 15(0) 29(0), 8(±4)

0 16 15(0) 17(0), 8(±2), 6(±4)

3 13 9(0), 3(±2) 17(0), 10(±2), 4(±4)

4 12 7(0), 4(±2) 15(0), 12(±2), 3(±4)

8 8 5(0), 4(±2), 1(±4) 19(0), 12(±2), 1(±4)

11 5 5(0), 3(±2), 2(±4) 25(0), 10(±2)

12 4 9(0), 3(±4) 29(0), 8(±2)

16 0 7(0), 4(±4) 45(0)

νSO(4) νSO(12) #(Q)SO(4) #(Q)SO(12)

0 16 6(0) 46(0), 10(±4)

0 16 6(0) 22(0), 16(±2), 6(±4)

2 14 4(0), 1(±2) 26(0), 15(±2), 5(±4)

4 12 2(0), 2(±2) 24(0), 18(±2), 3(±4)

8 8 4(0), 1(±4) 32(0), 16(±2), 1(±4)

10 6 2(0), 1(±2), 1(±4) 36(0), 15(±2)

16 0 2(0), 2(±4) 66(0)

νSO(2) νSO(14) #(Q)SO(2) #(Q)SO(14)

0 16 2(0) 67(0), 12(±4)

0 16 2(0) 31(0), 24(±2), 6(±4)

1 15 1(±2) 37(0), 21(±2), 6(±4)

4 12 1(±4) 37(0), 24(±2), 3(±4)

9 7 1(±6) 49(0), 21(±2)

16 0 1(±8) 91(0)
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TABLE XIV. Quasiparticle charge assignments for the conformal embeddings SO(2r) × SO(16 − 2r) ⊂ E8 for r = 4, 3, 2, 1. Below, f ,
s+, and s− denote the nontrivial superselection sectors of the SO(2r) and SO(16 − 2r) topological phases.

νSO(8) νSO(8) #(Q f )SO(8) #(Q f )SO(8) #(Qs+ )SO(8) #(Qs+ )SO(8) #(Qs− )SO(8) #(Qs− )SO(8)

0 16 8(0) 6(0), 1(±4) 8(0) 4(±2) 8(0) 4(±2)

0 16 8(0) 4(±2) 8(0) 6(0), 1(±4) 8(0) 4(±2)

0 16 8(0) 4(±2) 8(0) 4(±2) 8(0) 6(0), 1(±4)

4 12 6(0), 1(±2) 2(0), 3(±2) 4(±1) 3(±1), 1(±3) 4(±1) 3(±1), 1(±3)

4 12 4(±1) 3(±1), 1(±3) 6(0), 1(±2) 2(0), 3(±2) 4(±1) 3(±1), 1(±3)

4 12 4(±1) 3(±1), 1(±3) 4(±1) 3(±1), 1(±3) 6(0), 1(±2) 2(0), 3(±2)

8 8 4(0), 2(±2) 4(0), 2(±2) 4(0), 2(±2) 4(0), 2(±2) 4(0), 2(±2) 4(0), 2(±2)

12 4 2(0), 3(±2) 6(0), 1(±2) 3(±1), 1(±3) 4(±1) 3(±1), 1(±3) 4(±1)

12 4 3(±1), 1(±3) 4(±1) 2(0), 3(±2) 6(0), 1(±2) 3(±1), 1(±3) 4(±1)

12 4 3(±1), 1(±3) 4(±1) 3(±1), 1(±3) 4(±1) 2(0), 3(±2) 6(0), 1(±2)

16 0 6(0), 1(±4) 8(0) 4(±2) 8(0) 4(±2) 8(0)

16 0 4(±2) 8(0) 6(0), 1(±4) 8(0) 4(±2) 8(0)

16 0 4(±2) 8(0) 4(±2) 8(0) 6(0), 1(±4) 8(0)

νSO(6) νSO(10) #(Q f )SO(6) #(Q f )SO(10) #(Qs+ )SO(6) #(Qs+ )SO(10) #(Qs− )SO(6) #(Qs− )SO(10)

0 16 6(0) 8(0), 1(±4) 4(0) 8(±2) 4(0) 8(±2)

0 16 6(0) 2(0), 4(±2) 4(0) 6(0), 4(±2), 1(±4) 4(0) 6(0), 4(±2), 1(±4)

3 13 3(±1) 4(±1), 1(±3) 1(− 3
2 ), 3( 1

2 ) 4(− 5
2 ), 5(− 1

2 ), 6( 3
2 ), 1( 7

2 ) 3(− 1
2 ), 1( 3

2 ) 1(− 7
2 ), 6(− 3

2 ), 5( 1
2 ), 4( 5

2 )

3 13 3(±1) 4(±1), 1(±3) 3(− 1
2 ), 1( 3

2 ) 1(− 7
2 ), 6(− 3

2 ), 5( 1
2 ), 4( 5

2 ) 1(− 3
2 ), 3( 1

2 ) 4(− 5
2 ), 5(− 1

2 ), 6( 3
2 ), 1( 7

2 )

4 12 4(0), 1(±2) 4(0), 3(±2) 2(±1) 6(±1), 2(±3) 2(±1) 6(±1), 2(±3)

8 8 2(0), 2(±2) 6(0), 2(±2) 2(0), 1(±2) 8(0), 4(±2) 2(0), 1(±2) 8(0), 4(±2)

11 5 2(±1), 1(±3) 5(±1) 1(− 5
2 ), 1(− 1

2 ), 2( 3
2 ) 5(− 3

2 ), 10( 1
2 ), 1( 5

2 ) 2(− 3
2 ), 1( 1

2 ), 1( 5
2 ) 1(− 5

2 ), 10(− 1
2 ), 5( 3

2 )

11 5 2(±1), 1(±3) 5(±1) 2(− 3
2 ), 1( 1

2 ), 1( 5
2 ) 1(− 5

2 ), 10(− 1
2 ), 5( 3

2 ) 1(− 5
2 ), 1(− 1

2 ), 2( 3
2 ) 5(− 3

2 ), 10( 1
2 ), 1( 5

2 )

12 4 3(±2) 8(0), 1(±2) 1(−3), 3(1) 8(±1) 3(−1), 1(3) 8(±1)

12 4 3(±2) 8(0), 1(±2) 3(−1), 1(3) 8(±1) 1(−3), 3(1) 8(±1)

16 0 4(0), 1(±4) 10(0) 2(±2) 16(0) 2(±2) 16(0)

νSO(4) νSO(12) #(Q f )SO(4) #(Q f )SO(12) #(Qs+ )SO(4) #(Qs+ )SO(12) #(Qs− )SO(4) #(Qs− )SO(12)

0 16 4(0) 10(0), 1(±4) 2(0) 16(±2) 2(0) 16(±2)

0 16 4(0) 4(0), 4(±2) 2(0) 12(0), 8(±2), 2(±4) 2(0) 12(0), 8(±2), 2(±4)

2 14 2(±1) 5(±1), 1(±3) 1(±1) 11(±1), 5(±3) 2(0) 10(0), 10(±2), 1(±4)

2 14 2(±1) 5(±1), 1(±3) 2(0) 10(0), 10(±2), 1(±4) 1(±1) 11(±1), 5(±3)

4 12 2(0), 1(±2) 6(0), 3(±2) 1(±1) 12(±1), 4(±3) 1(±1) 12(±1), 4(±3)

8 8 2(±2) 8(0), 2(±2) 1(±2) 16(0), 8(±2) 2(0) 16(0), 8(±2)

8 8 2(±2) 8(0), 2(±2) 2(0) 16(0), 8(±2) 1(±2) 16(0), 8(±2)

10 6 1(±1), 1(±3) 6(±1) 1(±2) 20(0), 6(±2) 1(±1) 15(±1), 1(±3)

10 6 1(±1), 1(±3) 6(±1) 1(±1) 15(±1), 1(±3) 1(±2) 20(0), 6(±2)

16 0 2(0), 1(±4) 12(0) 1(±2) 32(0) 1(±2) 32(0)

νSO(2) νSO(14) #(Q f )SO(2) #(Q f )SO(14) #(Qs+ )SO(2) #(Qs+ )SO(14) #(Qs− )SO(2) #(Qs− )SO(14)

0 16 2(0) 12(0), 1(±4) 1(0) 32(±2) 1(0) 32(±2)

0 16 2(0) 6(0), 4(±2) 1(0) 24(0), 16(±2), 4(±4) 1(0) 24(0), 16(±2), 4(±4)

1 15 1(±1) 6(±1), 1(±3) 1(− 1
2 ) 6(− 7

2 ), 21(− 3
2 ), 21( 1

2 ), 15( 5
2 ), 1( 9

2 ) 1( 1
2 ) 1(− 9

2 ), 15(− 5
2 ), 21(− 1

2 ), 21( 3
2 ), 6( 7

2 )

1 15 1(±1) 6(±1), 1(±3) 1( 1
2 ) 1(− 9

2 ), 15(− 5
2 ), 21(− 1

2 ), 21( 3
2 ), 6( 7

2 ) 1(− 1
2 ) 6(− 7

2 ), 21(− 3
2 ), 21( 1

2 ), 15( 5
2 ), 1( 9

2 )
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TABLE XIV. (Continued.)

νSO(2) νSO(14) #(Q f )SO(2) #(Q f )SO(14) #(Qs+ )SO(2) #(Qs+ )SO(14) #(Qs− )SO(2) #(Qs− )SO(14)

4 12 1(±2) 8(0), 3(±2) 1(−1) 24(±1), 8(±3) 1(1) 24(±1), 8(±3)

4 12 1(±2) 8(0), 3(±2) 1(1) 24(±1), 8(±3) 1(−1) 24(±1), 8(±3)

9 7 1(±3) 7(±1) 1(− 3
2 ) 7(− 5

2 ), 35(− 1
2 ), 21( 3

2 ), 1( 7
2 ) 1( 3

2 ) 1(− 7
2 ), 21(− 3

2 ), 35( 1
2 ), 7( 5

2 )

9 7 1(±3) 7(±1) 1( 3
2 ) 1(− 7

2 ), 21(− 3
2 ), 35( 1

2 ), 7( 5
2 ) 1(− 3

2 ) 7(− 5
2 ), 35(− 1

2 ), 21( 3
2 ), 1( 7

2 )

16 0 1(±4) 14(0) 1(−2) 64(0) 1(2) 64(0)

16 0 1(±4) 14(0) 1(2) 64(0) 1(−2) 64(0)
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