Downloaded from https://www .pnas.org by UNIVERSITY OF MICHIGAN HARLAN HATCHER GRAD LIB on August 1, 2023 from IP address 141.211.97.20.

PHYSICS

PNAS

Check for
updates

Mechanism of superconductivity in the Hubbard model at

intermediate interaction strength

Xinyang Dong*'(@®, Lorenzo Del Re"¢, Alessandro Toschi?, and Emanuel Gull®'

Edited by Douglas J. Scalapino, University of California, Santa Barbara, CA; received March 23, 2022; accepted July 1, 2022

We study the fluctuations responsible for pairing in the d-wave superconducting
state of the two-dimensional Hubbard model at intermediate coupling within a clus-
ter dynamical mean-field theory with a numerically exact quantum impurity solver.
By analyzing how momentum- and frequency-dependent fluctuations generate the
d-wave superconducting state in different representations, we identify antiferromag-
netic fluctuations as the pairing glue of superconductivity in both the underdoped
and the overdoped regime. Nevertheless, in the intermediate coupling regime, the
predominant magnetic fluctuations may differ significantly from those described by
conventional spin fluctuation theory.

Superconductivity | Strongly correlated system | Spin fluctuation theory

The microscopic mechanism of unconventional high-temperature superconductivity has
been one of the most controversially debated topics in condensed matter physics since the
discovery of superconductivity in layered copper-oxides in 1986. While several aspects of
the observed physics, such as the d-wave symmetry of the order parameter and the proxim-
ity to an antiferromagnetic Mott phase, clearly suggest that superconductivity must emerge
from strongly correlated electronic processes, the intrinsic quantum many-body nature
of the problem has hitherto prevented a rigorous identification of the pairing glue. To
explicitly address this point, we present a focused study of the origin of superconductivity
in the two-dimensional single-band Hubbard model. The Hubbard Hamiltonian, which
includes a kinetic term describing the hopping between neighboring sites on a lattice and
a potential energy term encoding a local electrostatic repulsion, is a minimal theoretical
model believed to capture the salient aspects of cuprate superconductivity.

Among the theoretical explanations proposed for the origin of the high-temperature
superconductivity in this context, spin fluctuations have been a prominent scenario since
the beginning (1-4). In particular, within the weak-coupling regime of the Hubbard
model, renormalization group techniques (5-8) find d-wave superconductivity in qualita-
tive agreement with spin fluctuation exchange studies (1, 8), consistent with diagrammatic
Monte Carlo calculations (9). At the same time, other qualitatively different microscopic
pictures of superconductivity exist besides the spin fluctuations, including the resonating
valence bond theory (10), nematic fluctuations (11), loop current order (12), or the
intertwining of orders of different types (13). In fact, to what extent the weak-coupling
spin fluctuation results apply to the much stronger interaction values, which are typical
of cuprate materials, and whether there are other competing or intertwining fluctuations
driving the superconductivity remain unresolved.

To provide a conclusive answer, we perform an analysis of the anomalous self-
energy in the d-wave superconducting state within the method of fluctuation diagnostics
(14). We note that unlike other diagrammatic approaches, which postulate a specific
physical mechanism, analyze its consequences, and then compare to experiments, the
fluctuation diagnostics procedure treats fluctuations of all kinds, including those possibly
driving superconductivity, on equal footing and is applicable in all parameter regimes,
independent of the degree of correlation. However, the fluctuation diagnostics procedure
as derived in ref. 14 was only applicable to the highly symmetric normal state and thus
cannot be used to analyze superconductivity. Hence, we will first generalize this approach
to the case of phases with spontaneously broken symmetries and then apply it to identify
the dominant fluctuations driving the anomalous self-energy in the superconducting
state.

Method
The Hamiltonian of the two-dimensional single band Hubbard model is

H= Z(Ek - u)c[ack(, + UZ NirNiy, (]
ko i

I
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Fig. 1.
anomalous Green'’s function. (B) Low-order anomalous self-energy diagrams. (C) Explicit representation of index combinations of F. (D) Some of the low-order
diagrams contributing to F.

with i being a lattice site, k being momentum, c{™) being annihilation (creation)
operators, and n being the density. e, = —2t(cos kx + cos ky) is the dispersion
with hopping t, U is the interaction strength, and y is the chemical potential. We
use the dynamical cluster approximation (DCA)(15) on a cluster with size Nc = 8
with a numerically exact continuous time auxiliary field (16, 17) impurity solver
to enter the superconducting state nonperturbatively (18) and obtain Green's
functions, self-energies, and vertex functions.

In the DCA, the momentum structure of the Hubbard model self-energy is
approximated by N¢ basis functions which retain the full frequency dependence
(15).To enter the superconducting phase, we allow for order and provide a super-
conducting bias field at the first iteration, removing it in subsequent iterations to
converge to the equilibrium state. Within the eight-site DCA approximation, the
model exhibits a large and stable d-wave superconducting region (18, 19). The
model is known to also exhibit a stripe phase (20-24), to which our calculation
is not sensitive, since its periodicity is larger than the Nc = 8 cluster. Recent
accurate calculations on different system geometries (22) find that the ground
state of the model is charge ordered, rather than superconducting, indicating that
the state found by DCA may be competing with a stripe state nearby in energy.
Based on the closeness of the energetics, it is reasonable to assume that both
statesare important(25)and that one or the other will be selected based on minor
variations of system geometries, approximations, and model parameters.

To identify the superconducting glue, we apply the fluctuation diagnostics
scheme (14) to the anomalous self-energy in the superconducting state. This
approach, which so far has been derived (14) and applied (14, 26, 27) only
in the paramagnetic normal state, allows for a rigorous identification of the
dominant scattering mechanisms responsible for the observed self-energy. Fluc-
tuation diagnostics exploits symmetries in the Hamiltonian that lead to different
expressions for the Schwinger-Dyson (SD) equation of the self-energy

$(18) — Soo = —U(1234)G(25)F(5678)G(63)G(74),  [2]

where we have used the Einstein summation notation and introduced the
shorthand notation i = (Ki, oy, 7i) for momentum, spin, and time indices.
The two indices on the self-energy 3(12) and the Green's functions G(12)
represent their normal (1 = 2) and anomalous (1 = —2) components, with
—i= (=Ki, —0j, 7i). X is the static Hartree contribution for the normal self-
energy, and F is the full two-electron scattering amplitude. U(1234) denotes the
antisymmetrized interaction which, in the Hubbard model, is proportional to the
local interaction U. This expression is exact and relates two-particle fluctuations
to single-particle quantities.

Fig. 1A shows a diagrammatic representation of the anomalous self-energy
of Eq. 2 in frequency space, with k = (K, iw,) representing fermionic and g =
(Q, ivy) representing bosonic indices. A choice of ky =k, o1 =1, ko = k + g,
o=t ks=k +q,03=\, ks =k, 04 =], and ks = —k, o5 =] satisfies
momentum, energy, and spin conservations. Fig. 1B shows two low-order terms.
F, in the case of superconducting order, can have eight possible combinations of
incoming or outgoing legs, as illustrated in Fig. 1C. It then contains all allowed
scattering processes, some of which are illustrated in Fig. 1D.

As F contains all fluctuations of the system, the different expressions of
the SD are equivalent when all internal summations are performed. Important
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Anomalous self-energy diagrams. (A) SD equation (Eq. 2). Shaded box denotes vertex F with one fixed outgoing leg. Dotted lines indicate normal or

additional information about the role played by the different scattering channels
can be gained by comparing the expressions of the SD equation after partial
summations over the internal variables k’, but not g, are performed.

From a physical point of view, each expression can be associated to one of
the possible collective modes (e.g., density, magnetic, and singlet/triplet pairing)
of the electronic system. A large contribution to the final sum over g at low
transfer frequency and at a definite momentum signifies a dominant collective
mode, in contrast to contributions more evenly distributed over a wide range of
frequencies and momenta.

We now derive Eq. 2 in more detail. To have access to all the single- and two-
particle quantities in the SD equation, we introduce the Bogoliubov-de Gennes
(BAG) spinors in momentum space (28)

Oy = (CKT Cky cT_KT c*_,Q)T. [3]
The single-particle Green's function in the singlet superconducting state is
Gy(r) = —(Te(r)2{(0)) [4]
CKTCZT 0 0 ey

CKJ/CIIL Cky Ckp 0

(7, 0)>,

where 7 is the (imaginary) time-ordering operator. SU(2) symmetry reduces the
number of independent terms in Eq. 4 to four, such that Eq. 4 can be written in a
compact form as

7= — CKT(T)C/IT(O) e (T)c—k1(0) ) >
Qk( ) <T (CTKL(T)CZT(O) (1“(7-)(7'@(0)

R
o (Gﬁ* ") ) el

0
.
< 0y, docrr 0
oy 0 0 clen

—GALK(—T)

The single-particle Green's function matrix contains both normal (N) and
anomalous (A) entries, with the normal terms defined as Gg7(r) =
—(Ttxo ()l (0)), o =1, |, and the anomalous terms defined as Gf (1) =
Gyt (r) = —(Taer(r)e-xu(0)), 6 (1)=6¢" (1) =—(T L (1)t (0)).
Fourier transforming to frequency space and introducing shorthand notations
k = (K, iwn), we can define G} = G] T = Gy*. For d-wave superconductivity on
a lattice with inversion symmetry, the anomalous Green's function can be chosen
tobe real (29), such that G4, , = G‘:‘gk.The self-energy can then be computed with

(k) =G, (k) —g7'(k) [6]
where
o h )
(k)= , (7]
<Eﬂ -y
—1y _ [iwn — e+ 0
G, (k)= ( 0 iwn + £4 —M)' [8]
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The two-particle Green's function takes the form

6% (1234) = (T 010,0304), 9]
where we use j as a shorthand notation for momentum, spin, and imaginary time
indices (K;, o, 7;). 01 is eithera creation operator ¢/ oran annihilation operator .

In the paramagnetic state, the number of creation and annihilation operators
in the two-particle Green's function must be equal to preserve charge conser-
vation. In the superconducting state, the broken U(1) symmetry gives in total
2% = 16 combinations of different creation or annihilation operators, which can
be written in matrix form as

C1TC2C;[C4 CIC2C3C4 C}LCQC;r 1 CICZC}CT
tetde, ot fidd  detead
¢® (i = (7| a%aa ddaa qdde qdad
= C1C2C;rC4 C16C3c ciqdc) c1CZC3c£
achda  achesa achdd  cichesd
[10]
withi = (K// agi, TI)/ —i= (7KI‘1 —0i, TI)

Fach term G)(1234) in the two-particle Green's function matrix can be
decomposed into connected (G§z>)and disconnected parts as

G (1234) = 6 (1234) — (T0102) (T 0301)

+ (T 0103)(T0204) — (T0104)(T0203).  [11]
This relation can be written in matrix form

G (1234) = G (1234) — X (1234) — x(1234),  [12]
where x~(1234) includes terms of the form (7°0102) (7 0304),and x * (1234)
includes terms of the form (770103)(70204) and (770104) (7 0,03). The full
vertex F can be computed from the connected part of the two-particle Green's
function (30, 31)
6P (1234) = —G(15)G(26)F(5678)G(73)G(84). [13]
Due to momentum and energy conservation and following the particle-hole
convention (31) of the Fourier transform, the momentum and frequency indices
in the matrix above can be assigned as k; = k, k, = k + q, ks = k' + ¢, and
ks = k', with shorthand notations k = (K, iw,) for fermionic and q = (Q, ivy)
for bosonic indices. Three spin combinations are possible in an SU(2) symmet-
ricsystem,m =07 =03 =04, (0’1 = O’z) 7& (03 = m;),and (01 = 0'4) 7&
(02 = o3), with o; =1 or | (31). We can then define

GP (kK q) =GP, (kk+qK +qK) [14a]
G2 (K q)=G2, . (kk+qk +q.K), [14b]

where quantities in Eq. 14b can be obtained from those in Eq. 14a via SU(2)
and crossing symmetries (31). Introducing the full vertex matrix ., Eq. 13 can
be written in matrix form as

gﬁ?a (kk/ - ﬁ?Nz ZXOUU(kk1q

 lak

Foor(kikeq) X, (keK'q).
[15]

In order to extend fluctuation diagnostics to the superconducting state, we
identify all scattering channels in the symmetry broken state and derive the
corresponding equivalent expressions of the SD equation. We emphasize that
the full information about all scattering processes is contained in all channels
and that different channels are related by crossing relations. In the basis of BdG
spinors, the creation of pairs of particles and holes in the spin singlet state is then
described by the 4 x 4 matrices X = (io¥) ® o+, £ = (io”) ® o~ [¢"=*
being the Pauli matrices, o & = 1(0" £ io”)], while the corresponding terms
forthe triplet state are given by T = 0" @ o and T = 0" ® o~ Thetwo 4 x
4 matrices p = I, ® Py and p = I, ® Py [with Pyiy = 0o (070 ™)

PNAS 2022 Vol. 119 No.33 e2205048119

the projector in the particle (hole) subspace] define the density operator of
particles and holes. Analogously, S = o’® P, and § = o?® Py yield the spin
operator, from which magnetic fluctuations originate. With these definitions, the
two-particle Green's function in different physical channels can be defined as

(TOS) (71, 72)0, g (73, 70)), [16]

where the two time-dependent operators on the right-hand side are defined as
O,((/a,z_,'_o(ﬂ,Tz) =} (r1)-0,- Dy o(72), with O, corresponding to one of
the eight 4x 4 matrices X2, &, T, T; p, 5; S, S. All terms defined by Eq. 16
can be computed from the linear combination of terms in g(z) (kk'q) and
G2 (kk'q).

The physical channels of the full vertex function can be defined with the
same linear combinations as the two-particle Green's function. The underlying
symmetries of the system block-diagonalize the 8 x 8 matrix G% %, such
that each block identifies one scattering channel (32). In the paramagnetic
state, where both the (global) U(1) symmetry and the SU(2) symmetry hold,
only terms that conserve spin and particle number will be nonzero (31),
giving rise to four scattering channels: {p, p} define the density, {S, S}
the magnetic, {X, X'} the singlet-pairing, and {T,T} the triplet-pairing
channels.

In the superconducting state, the spontaneously broken U(1) symmetry al-
lows for processes violating particle number conservation and mix the scattering
channels found in the paramagnetic state. However, the SU(2) symmetry still
holds and allows us to identify two scattering channels: the density/spin-singlet
channel {p, 5, &, X} and the magnetic/spin-triplet channel {S,S,7,T}. In
particular, in the superconducting phase, Eq. 2 can be rewritten in two equivalent
ways as

0, 0
oo (T1, T2, T3, T8) =

Sh=5p =y, -
K % (5?\11[) kZ: [Gk+q Ts(kk/q)Gk'Jquk’ + Gk+qFr7(k/</q)Gk'+qu']
‘q
! % (ﬁltvjc)z % [G +af (K q) GGl GQI+qF7§(/</</CI)G’2/+qu/]
- % (BZC) % [Gﬁ+qF55(kk 9)6Gir + G ofsy (kK Q)Gk'+qu’]
) %(mlvj‘) Z Gleafsr (KK 0)Girqr — Gk+qF$5(kk/q)G/k]'+qu/},

[18]

Gk+qF2p(kqu)Gk’+qu’ + Gk+qF22(kk q)Gk’+qu’:|

VoFos (K q)Gh oGl — Gk”+quﬁ<kk/q>eﬁ/+qcf/]

Gy oF s (kK'q) Gl oGl — G‘k‘ﬂfﬁ,}(kk'q)cf,ﬂeﬁ/].
191

Eqs. 18 and 19 are the decompositions that enable application of the fluctu-
ation diagnostics scheme to the superconducting state.

Results

Fig. 2 gives the phase diagram of the two-dimensional Hubbard
model on the hole-doped side within the DCA approximation
at intermediate interaction strength (18) showing the pseudogap,
superconducting, and metallic regimes. The pseudogap regime is
characterized by a suppression of the single-particle spectral func-
tion, and the superconducting phase corresponds to the region

https://doi.org/10.1073/pnas.2205048119 3 of 6
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Fig. 2. Phase diagram sketch, with pseudogap (PG; orange), metal (M; red),

and superconducting (SC; blue) regimes. Black diamonds denote UD and
OD data points analyzed in detail. (/nset) Pie chart of |Re2’éﬂyo)yoy(iw0)| in
the density (p) and magnetic (S) channels. Counterclockwise from the top,
pieces represent contributions for momentum Q = (w, 7), Q= (0,0) and
summation over the remaining momenta in an eight-site cluster. In each slice,
separation indicates bosonic frequency v, withn =0, +1,... £ 7.

where the anomalous Green’s function is nonzero. We present
the results for two representative parameter sets without next-
nearest neighbor hopping on an eight-site cluster with U = 6¢,
Bt =45, ie., £ =0.031 (T, € (t/30,t/35], corresponding to
underdoped (UD) for this value of U) and z =0.075 (T, €
(¢/30, ¢/35], corresponding to overdoped (OD) for this value of
U); see ref. 18 for a phase diagram. In DCA, both cases considered
lie deep in the superconducting phase where the anomalous
Greens function Gf' is nonzero for K = (0,7) and (,0),
with relation G(‘%‘w) = _G(?r,o)' Cluster momentum points are
shown in Fig. 3, Inser. Fig. 2, Inset, shows the momentum ()
and frequency (v,,) distribution of |R€Ea,o),Qu(iw0) |, which is
computed by summing over fermionic indices &’ but not over ¢
in Eqgs. 18 and 19. The pie chart insets show that for both UD
and OD, there is a dominant contribution from @ = (, 7) and
vy, =0 in the magnetic/triplet channel S. In the density/singlet
channel p, contributions from different momenta and frequencies
are evidently distributed much more evenly.

We first focus on the momentum distribution of
ReEér’O)’Q(iwn) within the two physical channels in Fig. 3,
computed by summing over all indices in Eqs. 18 and 19
except for the transferred momentum Q. Fig. 3, Upper Left,
Inset, shows the momentum points in an eight-site cluster and
the Fermi surface in the noninteracting system for dopings
of 0.2 (corresponding to hole doping), 0, —0.2, and —0.4
(corresponding to electron doping). Fig. 3, Left, shows the
contribution of different ) in the density channel. The weak
() dependence indicates the absence of a dominant mode in this
channel. Results for the magnetic/triplet channel are shown in
Fig. 3, Right. The transfer momentum @ = (7, ) associated with
antiferromagnetic (AFM) fluctuations is clearly the dominant
mode in both the UD and the OD regime. We note that a
subleading, although still sizable, negative contribution to the

40of 6 https://doi.org/10.1073/pnas.2205048119

anomalous self-energy is originated by a ferromagnetic mode
with @ = (0,0). The black lines with crosses are computed by
summing over all different momenta in the cluster, resulting in
$45 and £4* of Eq. 17.

Important insight can be gained by a complementary analy-
sis in frequency space: Fig. 4 shows the frequency dependence
of Rezér’o)’yn(iwo), corresponding to the result at the lowest

fermionic Matsubara frequency iwg = 7/ after summation over
all indices except for bosonic frequency v, in Eqs. 18 and 19.
The low-frequency peak in the magnetic channel identifies the
corresponding fluctuation as a well-defined and long-lived mode.
In the density representation, the same fluctuations are short range
and short lived. This indicates that the density representation is
not suitable for a simple interpretation of the superconducting
mechanism.

Discussion and Conclusion

By extending the fluctuation diagnostics approach to the super-
conducting phase, we have been able to unambiguously identify
spin fluctuations (1-4) as the dominant contribution to the
d-wave pairing in the Hubbard model at interaction strengths
believed to be relevant for the cuprates, i.e., beyond the weak-
coupling regime (1, 6, 8, 9). At the same time, consistent with
the existing work in the normal state (14, 33, 34), we do not find
any indication supporting the alternative scenarios mentioned in
the Introduction, such as nematic fluctuations (11), loop current
order (12), or intertwining of different orders (13). In order for
these scenarios to become relevant in larger systems or in other
areas of parameter space, superconductivity from spin fluctua-
tions would have to disappear while new mechanisms would

ub p ubs

. 00 - . e_s-c-p-g .
<
§ A
~ (m,0) (m, )
S -05F / : .
= . N
8 (m/2,7/2)
T(AIE
o -lof @y e .
4 N Ve
—— ReZ(iw,) 4

-0.8 ] ] ] ] ] -
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
wn wﬂ

Fig. 3. Rezf(‘w,(,),o(iw,,) for several transfer momenta Q in the density (p) and
magnetic (S) channels. OD and UD correspond to the diamonds in Fig. 2. Black
line with crosses indicates total anomalous self-energy after summation over
all Q. (Inset) Noninteracting Fermi surface and location of momentum points
corresponding to colors in main panels. w, = (2n + 1)= T indicates fermionic
Matsubara frequency. Top Left: UD, p. Top Right: UD, S. Bottom Left: OD, p.
Bottom Right: OD, S.
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Fig. 4. ReE*(‘mO),V(iwo) in density (p) and magnetic (S) channels. OD and UD
correspond to the two data points of Fig. 2. (Inset) ReX,4 ., (iwg) in density chan-
nel with rescaled y axis. v, = 2n=T indicates bosonic Matsubara frequency.
Top: UD. Bottom: OD.

have to emerge simultaneously, which we believe to be exceedingly
unlikely. In the case of intertwined orders, multiple fluctuations
such as density or magnetic ones would contribute synergistically
to the pairing, rather than compete, in contradiction with our
results. We emphasize that the fluctuation diagnostic is capable
of detecting the occurrence of this situation, when it is realized,
e.g., in the attractive Hubbard model (14).

Our identification of the superconducting glue agrees with
the findings of several experiments. Ref. 35 finds good quanti-
tative agreement between the spectral function computed from
conventional spin fluctuation theory with magnetic susceptibility
measured by inelastic neutron scattering and the spectral func-
tion measured from angle-resolved photoemission spectroscopy
in the superconducting phase of YBayCu3Og 6. Inelastic pho-
ton scattering experiments (36) on Hgl201 and Hgl212 infer
that the superconducting temperature T’ can be determined by
the strength of the magnetic interactions (paramagnon signals),
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supporting the theory of magnetically mediated high-temperature
superconductivity. Other experiments suggest a relation between
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