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ABSTRACT  22 

 23 

People perceive hand position in horizontal workspace more precisely in radial than in azimuth 24 

directions and closer to the body than farther away. Current explanations for this position sense non-25 

uniformity include spatial asymmetry in arm proprioceptive activities and/or cortex maps, experience-26 

dependent learning, arm posture, and others. Here we investigated contributions to this non-uniformity 27 

of a posture-dependent transformation from arm joint angles, sensed by arm proprioceptors, to hand 28 

position. We measured precision of hand position sense in a bimanual hand mirror-position matching 29 

task at four horizontal targets forming a square in front of the body in 11 blindfolded individuals. We 30 

found lower hand precision in azimuth than in radial direction, higher azimuth precision at close 31 

targets, and higher radial precision at distant targets. We then theoretically analyzed the transformation 32 

of random angle errors at shoulder and elbow into hand position random errors in a horizontal plane 33 

and obtained similar distributions of hand position errors. The predicted and experimental hand-34 

precision ellipse orientations, but not ellipse shapes or sizes, were highly correlated and were nearly 35 

orthogonal to arm stiffness ellipse orientations reported in the literature. We concluded that the joint-36 

to-hand coordinate transformation is responsible for the non-uniform precision of hand position sense.  37 

 38 
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1. Introduction 45 

 46 

Position sense of the body limbs is critical for the accurate control of posture and movement 47 

and for the appropriate responses to sudden external perturbations. The lack of position sense due to 48 

illness has devastating consequences for the performance of even simplest motor tasks (Cole & Paillar, 49 

1998; Sainburg, Poizner, & Ghez, 1993; Sarlegna, Gauthier, Bourdin, Vercher, & Blouin, 2006). 50 

Although many sensory systems (visual, vestibular, tactile, and proprioceptive) and voluntary motor 51 

commands contribute to limb position sense, the muscle spindle and cutaneous afferents appear to be 52 

the major contributors to perception of joint angles and position of limb segments with respect to each 53 

other (Aimonetti, Hospod, Roll, & Ribot-Ciscar, 2007; Collins, Refshauge, Todd, & Gandevia, 2005; 54 

Feldman, 2011; Matthews, 1988; Plooy, Tresilian, Mon-Williams, & Wann, 1998; Proske, 2015; 55 

Proske & Gandevia, 2012). 56 

Hand position sense, which requires a transformation from perceived joint angular positions 57 

to hand Cartesian position, has been the focus of extensive studies. It has been shown experimentally 58 

that precision (random errors) of hand position sense is not uniform in a horizontal workspace. 59 

Specifically, the hand position is perceived more precisely in the radial than in the azimuth direction 60 

and closer to the body than farther away (Kuling, van der Graaff, Brenner, & Smeets, 2017; Rincon-61 

Gonzalez, Buneo, & Helms Tillery, 2011; Rossetti, Meckler, & Prablanc, 1994; Slinger & Horsley, 62 

1906; van Beers, Sittig, & Denier van der Gon, 1998; Wilson, Wong, & Gribble, 2010). Several 63 

explanations for the observed non-uniform precision of hand position sense have been suggested. 64 

Based on a qualitative graphical analysis of uncertainty of angular position at the shoulder and elbow 65 

joints in two arm postures (Figure 1), a seminal study by van Beers and colleagues (van Beers, et al., 66 

1998) suggested that arm posture might be partially responsible for the non-uniform precision of hand 67 
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position sense. Although that analysis seemed to provide some intuition for the experimentally 68 

obtained shape, orientation and size of the error distribution ellipse of the hand position at an extended 69 

and flexed arm posture (Figure 1, black ellipses), it lacked rigor and employed questionable geometric 70 

manipulations. To show how the joint angular position uncertainties contribute to the hand error 71 

distribution, the authors fitted the experimentally obtained hand error distribution (hand precision 72 

ellipse) within the ranges of the shoulder and elbow joint uncertainties. To do that they placed the 73 

shoulder uncertainty range around the vertical line instead of placing it around the distal segment (the 74 

upper arm), as was done for the uncertainty range of the elbow (Figure 1). As a result, the authors 75 

concluded that variation in the shoulder and elbow angles could explain the distribution of random 76 

hand position errors found experimentally and that the hand error distribution depended on arm 77 

posture (black ellipses in Figure 1). As can be seen in Figure 1B, this conclusion is inaccurate. Using 78 

the same graphical method and the proper placement of the shoulder angle uncertainties along the 79 

upper arm, one obtains a hand precision ellipse with a much larger area and different orientation and 80 

shape (compare the black and gray ellipse). In addition, one should expect that a single hand precision 81 

ellipse should fit into the shoulder and elbow uncertainty ranges in a plane. Figure 1A (color ellipses) 82 

demonstrates that it is possible to fit multiple ellipses into the same joint uncertainty ranges by 83 

manipulating orientation, shape and size of the ellipses in a graphics software.  84 

Scott and Loeb (Scott & Loeb, 1994) have also demonstrated effects of arm posture on the 85 

hand error distribution along a single line connecting the shoulder joint and hand using a 86 

musculoskeletal model of the arm and different assumptions about muscle spindle sensitivity and 87 

spindle distributions in one- and two-joint muscles. Besides analyzing hand errors along a single line, 88 

the authors obtained theoretical estimates of joint random errors and the corresponding hand position 89 

errors that were an order of magnitude smaller than found experimentally. 90 
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As no convincing explanations for the non-uniform precision of hand position sense were 91 

available, subsequent studies attempted to address this issue. Two of later studies (I. S. Howard, 92 

Ingram, Kording, & Wolpert, 2009; Rincon-Gonzalez, et al., 2011) have proposed that the non-93 

uniform precision of hand position sense in the arm workspace (i.e., higher precision near the body 94 

than farther away) is experience-dependent and results from the more frequent daily use of hands in 95 

close proximity to the body. Other proposed explanations for the non-uniform precision of hand 96 

position sense include arm posture comfort (Rossetti, et al., 1994), the spatial biases of muscle spindle 97 

and cutaneous afferent activity (Aimonetti, Roll, Hospod, & Ribot-Ciscar, 2012; Ribot-Ciscar, 98 

Bergenheim, Albert, & Roll, 2003; Wilson, et al., 2010), the asymmetric spatial structure of the cortex 99 

proprioceptive map of the arm (Rincon-Gonzalez, et al., 2011), and muscle spindle distribution in and 100 

interactions among one- and two-joint muscles (Scott & Loeb, 1994; Sturnieks, Wright, & Fitzpatrick, 101 

2007).   102 

Since hand position perception without vision requires a nonlinear transformation from joint 103 

coordinates to hand Cartesian coordinates, we hypothesized that the non-uniform precision of hand 104 

position sense in a horizontal workspace results from a nonlinear transformation of random errors in 105 

arm joint angles to errors in hand position. To test this hypothesis, we measured distributions of 106 

random errors of hand position sense in a horizontal plane in a group of blindfolded subjects and 107 

compared the experimental error distributions with errors distributions derived theoretically from the 108 

transformation of joint errors to hand position errors in a geometric arm model. 109 

 110 

2. Methods 111 

 112 

2.1. Hand Mirror-Position Matching Experiment 113 
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 114 

We conducted a hand mirror-position matching experiment to determine the precision of 115 

hand mirror-position sense at four locations in a horizontal space in front of the body (Figure 2A) 116 

and compared the experimentally found precision with the precision of the hand position predicted 117 

by the arm geometric model.  118 

 119 

2.1.1. Subjects 120 

All subjects in this study were right-handed, as determined based on the Edinburgh 121 

Handedness Inventory (Oldfield, 1971), over the age of 18 years, and had no known history of 122 

neurological or musculoskeletal disorders. We recruited 11 individuals (seven males and four females; 123 

age 27.2±11.4 years; Table 1). The experimental procedures of this study were consistent with the 124 

Ethical Principles for Medical Research Involving Human Subjects described in the Declaration of 125 

Helsinki and were approved by the Institutional Review Board of the Georgia Institute of Technology 126 

(protocol number H11212). All subjects read and signed written informed consent to participate in the 127 

study. 128 

 129 

2.1.2. Experimental task 130 

The subjects performed a bilateral hand mirror-position matching task while they were seated 131 

in the chair of the Kinarm exoskeleton robot (BKIN Technologies Ltd., Kingston ON, Canada) with 132 

both arms supported by the exoskeleton arms in a horizontal workspace. Before the task, the subject’s 133 

arms were secured in a pronated position in the Kinarm robotic arms, and the vertical axis of the 134 

rotation of the shoulder and elbow joints of each arm was aligned with the corresponding joints of the 135 

Kinarm. The wrist joints were fixed. The Kinarm was calibrated according to established procedures.  136 
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 At the beginning of each trial, the Kinarm moved both hands of the subject to the initial 137 

positions in front of the corresponding shoulder to make the elbow angle 90o (Figure 2A). After a 138 

short delay (1 s), the Kinarm moved the right hand of the subject to one of the four target positions 139 

over a period of 1 sec in random order. The target locations for the right arm were: (1) 45o from the 140 

left-right axis in a counterclockwise direction, T1; (2) 135o, T2; (3) 225o, T3; and (4) 315o, T4. The 141 

subject had to match the distance and mirror direction of the right index finger motion from the initial 142 

position to the target with the left index fingertip (hand mirror-position matching). Figure 2A 143 

demonstrates the corresponding targets for the left, matching, arm as mirror images of the right, 144 

reference, arm targets. For example, when the right index fingertip was moved to target T2 (cyan T2 145 

target in Figure 2A), the subject would match this right-hand position by moving the left index 146 

fingertip in the mirror direction by the same distance (red T2 target in Figure 2A). Note that for a two-147 

joint arm in the horizontal plane, there is a one-to-one correspondence between the two joint angles 148 

and the corresponding two Cartesian coordinates of the hand. To account for differences in the subjects’ 149 

arm length, the target distance for each subject (𝐷𝑇) was normalized based on the distance between 150 

the hand (the index finger tip) and shoulder at the initial hand position: 151 

 𝐷𝑇 = 14.14(
𝑥

50.7
).                                                                (1) 152 

In the equation, x is the distance in cm between the index fingertip initial position and the shoulder of 153 

a given subject; 50.7 is the same distance in cm for the subject from a preliminary study whose 154 

forearm+hand length and upper arm lengths were 40.86 cm and 30.01 cm, respectively. For that 155 

subject the distance to the targets from the initial position was 14.14 cm with targets located at the 156 

corners of a 20-cm x 20-cm square. Because of this normalization, the absolute target distances from 157 

the initial hand position for all subjects ranged from 11.5 cm to 16.6 cm. 158 
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 When the right index fingertip moved by the robot reached a target and stopped, the Kinarm 159 

generated a 200-ms beeping sound, indicating that the subject could start moving the left arm to 160 

perform hand mirror-position matching. The assigned time for performing the matching task was 2.5 161 

sec. The subjects were instructed to hold the position of the left hand when they reached the matching 162 

mirror position until the Kinarm moved both arms back to the initial positions. Hand mirror-position 163 

matching was repeated 72 times (18 times for each target) with a 5-min break after every 24 repetitions. 164 

During the experiment, the targets and arms were hidden from the subject’s view by a non-transparent 165 

screen and cloth. 166 

 167 

2.1.3. Analysis of experimental data 168 

To evaluate the precision (random errors) of the hand mirror-position matching, we analyzed 169 

position errors of the left, matching index fingertip with respect to the mirror position of the 170 

corresponding right, reference index fingertip, which were recorded in each trial. Random errors at 171 

each target of each subject were obtained by subtracting the mean coordinates of the left hand along 172 

the left-right and backward-forward axes obtained across 18 trials for each target and subject from the 173 

left-hand coordinates recorded in each trial. The obtained differences represented random errors of 174 

arm mirror-position matching for a given target and subject. The experimental distribution of these 175 

errors was fitted by the tolerance ellipse (Johnson & Wichern, 2007). 176 

Each ellipse was characterized by 3 independent parameters: the direction of the major axis, 177 

size (area), and elongation (shape), i.e., the ratio of the lengths of the major and minor axes. The ellipse 178 

direction was defined as the angle between the ellipse major axis and the left-right axis and had a 179 

range of 0o – 90o. The positive and negative orientation angles corresponded to the counterclockwise 180 

and clockwise rotations of the major axis from the left-right axis, respectively. 181 
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To compare the results of our experiments with the literature, e.g. (Haggard, Newman, 182 

Blundell, & Andrew, 2000; Rincon-Gonzalez, et al., 2011; Rossetti, et al., 1994; Slinger & Horsley, 183 

1906; von Hofsten & Rosblad, 1988; Wilson, et al., 2010), we also computed the mean of the absolute 184 

values of the radial and azimuth random hand mirror-position errors from the projections of random 185 

errors on the line connecting the left shoulder and the left hand and on the line perpendicular to the 186 

shoulder-hand line, respectively, for each subject across all targets, and for distant targets (T1 and T2) 187 

and close targets (T3 and T4; Figure 2A). Similarly, we computed the mean of the absolute values of 188 

backward-forward and left-right random errors from the projections of random errors on the forward-189 

backward and left-right axes, respectively.  190 

 191 

2.2. Geometric analysis of transformation from joint position errors to hand position errors 192 

 193 

We conducted a Jacobian-based geometric analysis of a planar, two-joint kinematic chain 194 

representing the human arm (Figure 2B). In this geometric model, the relationship between the hand 195 

position (𝑋𝐻 , 𝑌𝐻)𝑇 and the joint angles at the shoulder and the elbow (𝜃𝑠, 𝜃𝑒) could be expressed as 196 

follows:  197 

[
𝑋𝐻

𝑌𝐻
] = 𝑓(𝜃𝑠, 𝜃𝑒) = [

𝑓𝑥(𝜃𝑠, 𝜃𝑒)
𝑓𝑦(𝜃𝑠, 𝜃𝑒)

],                                                        (2) 198 

where 𝑓(𝜃𝑠, 𝜃𝑒) is a forward kinematic transformation function that was computed using the four 199 

Denavit-Hartenberg parameters (Denavit & Hartenberg, 1955; Spong & Vidyasagar, 1989). 200 

 If the shoulder coordinate frame is set as shown in Figure 2B (Z axis is perpendicular to the 201 

XY plane), the transformation from the shoulder coordinates to the hand coordinates 𝑇(𝜃𝑠, 𝜃𝑒) can be 202 

represented as the product of several rotation (Rot) and translation (Trans) matrices: 203 

𝑇(𝜃𝑠, 𝜃𝑒) = 𝑅𝑜𝑡(𝑍𝑠, 𝜃𝑠)𝑇𝑟𝑎𝑛𝑠(𝑋𝑠, 𝐿𝑢𝑎)𝑅𝑜𝑡(𝑍𝑒 , −𝜋 + 𝜃𝑒)𝑇𝑟𝑎𝑛𝑠(𝑋𝑒, 𝐿𝑓𝑎) = 204 
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[

cos (𝜃𝑠) −sin (𝜃𝑠)
sin (𝜃𝑠) cos (𝜃𝑠)

0 0
0 0

0               0
0               0

1 0
0 1

] [

1
0

0 0 𝐿𝑢𝑎

1 0 0
0
0

0 1 0
0 0 1

] [

cos (−𝜋 + 𝜃𝑒) −sin (−𝜋 + 𝜃𝑒)
sin (−𝜋 + 𝜃𝑒) cos (−𝜋 + 𝜃𝑒)

0 0
0 0

0              0
0                               0

1 0
0 1

] [

1
0

0 0 𝐿𝑓𝑎

1 0 0
0
0

0 1 0
0 0 1

],        (3)                                                               205 

where 𝑋𝑠 and 𝑍𝑠 are the axes of the shoulder coordinate frame; 𝑋𝑒 and 𝑍𝑒 are the axes of the elbow 206 

coordinate frame; and 𝐿𝑢𝑎 and 𝐿𝑓𝑎 denote the length of the upper arm and forearm with hand. In the 207 

4x4-matrix 𝑇(𝜃𝑠, 𝜃𝑒), the first three elements of the fourth column are the x, y, and z coordinates of 208 

the hand position expressed as functions of the shoulder and elbow angles. Therefore, the position of 209 

the hand in the horizontal workspace can be expressed as: 210 

[
𝑋𝐻

𝑌𝐻
] = [

𝑓𝑥(𝜃𝑠, 𝜃𝑒)

𝑓𝑦(𝜃𝑠, 𝜃𝑒)
] = [

𝑇(𝜃𝑠, 𝜃𝑒)(1,4)

𝑇(𝜃𝑠, 𝜃𝑒)(2,4)
] = 211 

  = [
𝐿𝑓𝑎 cos(𝜃𝑠) cos(−𝜋 + 𝜃𝑒) − 𝐿𝑓𝑎 sin(𝜃𝑠) sin(−𝜋 + 𝜃𝑒) + 𝐿𝑢𝑎 cos(𝜃𝑠)  

𝐿𝑓𝑎 sin(𝜃𝑠) cos(−𝜋 + 𝜃𝑒) + 𝐿𝑓𝑎 cos(𝜃𝑠) sin(−𝜋 + 𝜃𝑒) + 𝐿𝑢𝑎 sin(𝜃𝑠)
].                   (4) 212 

 From equation 4, one can derive the relationship between small changes in joint angles 213 

(∆𝜃𝑠, ∆𝜃𝑒)𝑇and the corresponding changes in hand position (∆𝑋𝐻 , ∆𝑌𝐻)𝑇: 214 

[
∆𝑋𝐻

∆𝑌𝐻
] = 𝑱 [

∆𝜃𝑠

∆𝜃𝑒
],                                                            (5a)    215 

[
∆𝜃𝑠

∆𝜃𝑒
] = 𝑱−𝟏 [

∆𝑋𝐻

∆𝑌𝐻
]                                                               (5b) 216 

where J is the Jacobian matrix: 217 

  𝑱 = [

𝜕𝑓𝑥

𝜕𝜃𝑠

𝜕𝑓𝑥

𝜕𝜃𝑒

𝜕𝑓𝑦

𝜕𝜃𝑠

𝜕𝑓𝑦

𝜕𝜃𝑒

].                                                                 (6) 218 

The changes in hand position caused by small changes in shoulder and elbow angles can be quantified 219 

by singular values of 𝑱, which are the square roots of eigenvalues of 𝑱∗𝑱, where  𝑱∗ is the conjugate 220 

transpose of 𝑱; e.g., (Bretscher, 2013). For example, the maximum singular value of 𝑱, or the Euclidean 221 

norm of 𝑱, is the maximum change that occurs in the hand position given small changes in the joint 222 

angles (see eq. 5a): 223 
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‖𝑱‖ = 𝑚𝑎𝑥𝑖=1,𝑛√𝜆𝑖(𝑱∗𝑱).                                                       (7) 224 

where 𝜆𝑖(𝑱∗𝑱) is the 𝑖-th eigenvalue of  𝑱∗𝑱 and n is the rank of 𝑱. In other words, the Euclidean norm 225 

of the Jacobian matrix provides the measure of the maximum displacement of the hand caused by the 226 

combination of small angular displacements at the shoulder and elbow within a unit circle: 227 

  √∆𝜃𝑠
2 + ∆𝜃𝑒

2 < 1.                                                              (8) 228 

Similarly, the minimum hand displacement caused by small joint angle changes is determined as the 229 

square root of the minimum eigenvalue of 𝑱∗𝑱 (Bretscher, 2013). In addition, eigenvectors 𝝂 satisfying 230 

(9) were computed for given arm configurations. The eigenvectors corresponding to the maximum 231 

and minimum eigenvalues indicate the directions of the maximum and minimum displacements of the 232 

hand for a given input of small joint angle deviations (∆𝜃𝑠, ∆𝜃𝑒)𝑇:  233 

𝑱∗𝑱𝝂 = 𝜆𝝂.                                                                    (9) 234 

 The computed eigenvectors were multiplied by 𝑱, so that they expressed the directions of small 235 

displacements in the hand coordinates (Bretscher, 2013). The eigenvalues and eigenvectors were used 236 

to construct a precision ellipse of hand position with the center at the left-hand location (𝑋𝐻 , 𝑌𝐻). The 237 

length and direction of the semi-major axis of the ellipse corresponded to the maximum singular value 238 

of 𝑱 and 𝑱𝝂𝒎𝒂𝒙, respectively (𝝂𝒎𝒂𝒙 is the eigenvector of the maximum eigenvalue). The length and 239 

direction of the semi-minor axis corresponded to the minimum singular value of 𝑱  and 𝑱𝝂𝒎𝒊𝒏 , 240 

respectively (𝝂𝒎𝒊𝒏 is the eigenvector of the minimum eigenvalue). With these ellipse parameters, 241 

precision ellipses were plotted for given arm configurations using Matlab function ellipse1 (Matlab 242 

R2016a, MathWorks Inc., Natick, MA, USA). 243 

 Another geometric parameter characterizing the relationship between small changes in joint 244 

angles and the corresponding changes in hand position (see eq. 5a) is the condition number 𝜅(𝑱), i.e., 245 

the square root of the ratio between the maximum and minimum eigenvalues of 𝑱∗𝑱. The condition 246 
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number can be thought of as an error amplification factor since it reflects how errors in the joint angle 247 

space induce errors in the hand position (Merlet, 2006): 248 

𝜅(𝑱) = ‖𝑱‖‖𝑱−1‖.                                                             (10) 249 

Since the condition number is defined as the ratio of the lengths of the major and minor axes of the 250 

precision ellipse, condition numbers that differ from a value of one indicate that there is a preferred 251 

error direction at a given arm posture, as opposed to equal errors in all directions. 252 

 To derive hand precision ellipses corresponding to physiologically relevant random angle 253 

errors at the shoulder and elbow, (𝑒𝑠, 𝑒𝑒)𝑇, a modified Jacobian matrix was used: 254 

𝑱𝑚 = 𝑱 ∗ [
𝑒𝑠 0
0 𝑒𝑒

].                                                            (11) 255 

This matrix scales joint angle errors and changes the unit circle input in the space of joint angle errors 256 

(see eq. 8) into an elliptical input: 257 

√Δ𝜃𝑠
2

𝑒𝑠
2 +

Δ𝜃𝑒
2

𝑒𝑒
2 < 1.                                                             (12) 258 

The deviations in the joint angle space in eq. 12, (∆𝜃𝑠, ∆𝜃𝑒)𝑇,  can be thought of as the precision 259 

(random errors) of joint angle position sense within the detection thresholds (𝑒𝑠, 𝑒𝑒)𝑇.  The detection 260 

threshold has been shown to depend on the joint, the imposed joint rotation speed, and whether the 261 

joint movement is passive or active, i.e., imposed on the joint by external forces or produced 262 

voluntarily (Hall & McCloskey, 1983). Hall and McCloskey (1983) measured detection thresholds for 263 

imposed rotations of elbow and shoulder joints as a function of the angular speed between 0.156 o/s 264 

and 80 o/s. Since our hand mirror-position matching tasks were static (see above), we estimated the 265 

shoulder and elbow detection thresholds at zero angular speed by extrapolating the data from Hall and 266 

McCloskey using least-squares fit regressions: 267 

𝑒𝑠
𝐻𝑀 = 3.0145 ∙ 𝑒−4.8969∙𝜃𝑠̇ + 0.1245,                                            (13a) 268 
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𝑒𝑒
𝐻𝑀 = 3.8299 ∙ 𝑒−4.5809∙𝜃𝑒̇ + 0.1414,                                             (13b) 269 

where 𝜃̇𝑠 and 𝜃̇𝑒  are shoulder and elbow angular speeds in o/s. The computed angle detection 270 

thresholds for the shoulder and elbow at zero speed were 𝑒𝑠
𝐻𝑀 = 3.14o and 𝑒𝑒

𝐻𝑀 = 3.97o, respectively 271 

(Table 2). These values were used as the limits of random joint errors in the derivations and plotting 272 

of the hand precision ellipses for a single arm (see eqs. 5a, 11, and 12). 273 

To compare predicted precision ellipses with ellipses obtained in the hand mirror-position 274 

matching experiment (see above), we considered that joint position errors in the matching arm should 275 

also depend on joint position errors in the reference arm (Cohen, 1958; Hakuta, et al., 2014; Lackner, 276 

1984; Simani, McGuire, & Sabes, 2007; von Hofsten & Rosblad, 1988). Since we do not know how 277 

perceived joint angles in the two arms are processed and combined by the brain, we computed two 278 

sets of random errors (standard deviations) of perceived angular positions at shoulder and elbow of 279 

the matching arm with two assumptions. These assumptions corresponded to the most precise (Model 280 

1) and the least precise (Model 2) evaluation of matching arm joint positions, respectively. The actual 281 

precision of the matching arm joint positions should be somewhere between these two extremes. For 282 

the first set of joint errors (Model 1), we assumed that joint angular positions of the reference and 283 

matching arm are perceived simultaneously (in parallel). In this case the variance of a perceived joint 284 

position in the matching arm should be equal to the sum of the reciprocals of the corresponding 285 

variances of the perceived joint position in the two arms, e.g. (I. P. Howard, 1997; van Beers, Sittig, 286 

& Denier van der Gon, 1996). This estimate gives the smallest variance (Maybeck, 1979). Thus, 287 

assuming the same precision of joint angular position estimation in the two arms, the corresponding 288 

standard deviations of perceived joint position at shoulder (𝑒𝑠
𝑝𝑎𝑟) and elbow (𝑒𝑒

𝑝𝑎𝑟
) of the matching 289 

arm were computed as (I. P. Howard, 1997; Maybeck, 1979; van Beers, et al., 1996): 290 
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  𝑒𝑠
𝑝𝑎𝑟

= √
(𝑒𝑠_𝑟𝑒𝑓

𝐻𝑀 )
2

∙ (𝑒𝑠_𝑚𝑎𝑡𝑐ℎ
𝐻𝑀 )

2

(𝑒𝑠_𝑟𝑒𝑓
𝐻𝑀 )

2
+ (𝑒𝑠_𝑚𝑎𝑡𝑐ℎ

𝐻𝑀 )
2 =

𝑒𝑠
𝐻𝑀

√2
 ,                                                (14a)                         291 

 𝑒𝑒
𝑝𝑎𝑟

= √
(𝑒𝑒_𝑟𝑒𝑓

𝐻𝑀 )
2

∙ (𝑒𝑒_𝑚𝑎𝑡𝑐ℎ
𝐻𝑀 )

2

(𝑒𝑒_𝑟𝑒𝑓
𝐻𝑀 )

2
+ (𝑒𝑒_𝑚𝑎𝑡𝑐ℎ

𝐻𝑀 )
2 =

𝑒𝑒
𝐻𝑀

√2
 ,                                               (14b) 292 

where 𝑒𝑠_𝑟𝑒𝑓
𝐻𝑀 = 𝑒𝑠_𝑚𝑎𝑡𝑐ℎ

𝐻𝑀 = 𝑒𝑠
𝐻𝑀 correspond to the standard deviation of perceived shoulder position 293 

in the reference and matching arm, estimated from the study of Hall and McCloskey (1983) (see above); 294 

𝑒𝑒_𝑟𝑒𝑓
𝐻𝑀 = 𝑒𝑒_𝑚𝑎𝑡𝑐ℎ

𝐻𝑀 = 𝑒𝑒
𝐻𝑀  correspond to the standard deviation of perceived elbow position in the 295 

reference and matching arm, estimated from the study of Hall and McCloskey (1983). 296 

To compute the second set of standard deviations of perceived joint positions in the matching 297 

arm (Model 2), we assumed that joint angular positions of the reference and matching arm are 298 

perceived independently (in series), in which case the variances of perceived joint positions in the two 299 

arms should be added, e.g. (I. P. Howard, 1997; Maybeck, 1979; van Beers, et al., 1996). This estimate 300 

gives the largest variance. The corresponding standard deviations of perceived joint positions at 301 

shoulder (𝑒𝑠
𝑠𝑒𝑟) and elbow (𝑒𝑒

𝑠𝑒𝑟) of the matching arm were computed as: 302 

𝑒𝑠
𝑠𝑒𝑟 = √(𝑒𝑠_𝑟𝑒𝑓

𝐻𝑀 )
2

+ (𝑒𝑠_𝑚𝑎𝑡𝑐ℎ
𝐻𝑀 )

2
= √2 ∙ 𝑒𝑠

𝐻𝑀,                                   (15a) 303 

𝑒𝑒
𝑠𝑒𝑟 = √(𝑒𝑒_𝑟𝑒𝑓

𝐻𝑀 )
2

+ (𝑒𝑒_𝑚𝑎𝑡𝑐ℎ
𝐻𝑀 )

2
= √2 ∙ 𝑒𝑒

𝐻𝑀.                                   (15b)                      304 

We also computed standard deviations of perceived shoulder and elbow positions in the 305 

matching arm from experimental hand precision ellipses (see eq. 5b) for each subject and target and 306 

then averaged them (Model 3), see Table 2. These estimates corresponded to the assumption that hand 307 

precision depends exclusively on the random joint errors and the joint-to-hand coordinate 308 

transformation.  309 

 310 
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2.3. Statistical analysis 311 

 312 

We used a repeated measures ANOVA (IBM SPSS v21 software; Chicago, IL, USA) to test if 313 

precision of hand position sense was the same (uniform) at 4 different locations of the hand in the 314 

horizontal plane. We determined the effect of Target location (independent factor) on the parameters 315 

of the hand precision ellipses (dependent variables) – precision ellipse orientation, area, and shape. 316 

We also tested if parameters of predicted hand precision ellipses were closely related to the ellipse 317 

parameters obtained experimentally for each subject and target by computing the Pearson correlation 318 

coefficient between the predicted and measured ellipse parameters. We performed this correlation 319 

analysis for predictions obtained for each of 3 sets of estimated random joint errors (Table 2, Models 320 

1-3). In addition, we compared the mean random errors between the radial and azimuth directions, 321 

backward-forward and left-right directions, and between distant (T1 and T2) and close (T3 and T4) 322 

targets for the experimental data and model predictions. A two-way repeated measures ANOVA with 323 

two independent factors of Method (Experiment and Model) and Target Distance was performed for 324 

each dependent variable (the mean random error computed for specific conditions). The Games-325 

Howell test with Bonferroni adjustments was used for pairwise comparisons. Descriptive statistics 326 

values are reported as the mean ± standard deviation (SD). The significance level for all tests was set 327 

at an alpha level of 0.05. 328 

 329 

3. Results 330 

 331 

3.1. Precision of arm position sense in hand mirror-position matching  332 

 333 
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The hand precision ellipses obtained experimentally for each subject demonstrated target 334 

specific orientations (F(3,240) = 27.5, p < 0.001; Figure 3, black ellipses). For example, ellipses at the 335 

right targets T2 and T3 typically had a negative orientation angle that was greater for T3 (-46.6o ± 336 

31.3o) than for T2 (-12.6o ± 12.2o); p < 0.001). The ellipses at the left targets were either nearly parallel 337 

to the lateral-medial axis (T1: 4.0o ± 12.8o) or had the opposite orientation (T4: 13.5o ± 26.7o). Ellipse 338 

orientations at these targets were not statistically different (p = 1.0); ellipse orientations at T1 and T2 339 

were not different (p = 0.122) and the orientation at T4 was different from that of T2 and T3 (p < 340 

0.002). The experimentally determined ellipse size (area) and shape were not affected by the target 341 

position (F(3,240 = 0.725, p =  0.538 and F(3, 240) = 0.860, p = 0.462, respectively). The ellipse areas 342 

ranged from 29.1 cm2 ± 11.7 cm2 to 41.1 cm2 ± 19.6 cm2 and ellipse shapes (condition numbers, eq. 343 

10) ranged from 2.0 ± 0.69 to 2.5 ± 0.78.  344 

To further quantify non-uniform precision of hand position sense in hand mirror-position 345 

matching, we computed the mean absolute random errors in the radial and azimuth, backward-forward 346 

and left-right directions for distant (T1 and T2) and close (T3 and T4) targets (see Methods). A 347 

repeated measures ANOVA revealed that the mean random error in the azimuth direction was greater 348 

at distant targets than at close targets (4.50 ± 1.33 cm vs 3.53 ± 1.12 cm, F(1,21) = 6.5, p=0.019; 349 

Figure 4A1, Experiment). Similar results were obtained for the random errors in the left-right direction; 350 

the mean random error was greater at distant targets than at close ones (4.50 ± 1.13 cm vs 3.47 ± 1.33 351 

cm, F(1,21) = 13.1, p = 0.002); Figure 4A3, Experiment).  352 

The mean error in the radial direction had a tendency to be smaller at distant targets compared 353 

to the close targets but the difference did not reach the significance level (2.93 ± 1.07 cm vs 3.41 ± 354 

0.89 cm, F(1, 21) = 3.4, p = 0.080); Figure 4A2, Experiment. Similar results were obtained for the 355 

mean random error in the backward-forward direction, although in this case the difference in random 356 
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errors between distant and close targets reached significance level (2.26 ± 0.50 cm vs 2.70 ± 0.71 cm, 357 

F(1, 21) = 6.2 p = 0.021; Figure 4A4, Experiment).  358 

The comparison between the mean precision errors in the azimuth and radial directions across 359 

all targets revealed that the azimuth random error was greater (4.02 ± 1.31 cm vs 3.17 ± 1.00 cm, 360 

F(1,43) = 14.7, p<0.001; Figure 4B1, Experiment. Similarly, the random errors in the left-right 361 

direction were greater than those in the backward-forward direction (3.99 ± 1.33 cm vs 2.48 ± 0.65 362 

cm, F(1, 43) = 45.4, p<0.001; Figure 4B2, Experiment).  363 

 364 

3.2. Effects of joint-to-hand coordinate transformation on hand position precision 365 

 366 

3.2.1. Geometric analysis of hand position precision 367 

The results of Jacobian-based geometric analysis revealed how the transformation of 368 

random errors in joint coordinates to random errors in external hand coordinates contributed to the 369 

non-uniform distribution of random errors in hand position. We evaluated the distribution of 370 

random errors of hand position using parameters of the hand precision ellipse. For this geometric 371 

analysis we used joint random errors estimated from (Hall & McCloskey, 1983) (Table 2, 𝑒𝑠
𝐻𝑀 and 372 

𝑒𝑒
𝐻𝑀). The computed maximum random error of the hand position, represented as the norm of the 373 

Jacobian matrix (eq. 7) and related to the length of the major axis of the precision ellipse, increased 374 

monotonically with the distance of the hand from the shoulder (Figure 5A1, A2). 375 

 The condition number, indicating the precision ellipse shape and presence of a preferred error 376 

direction (eq. 10), was close to 2 at an intermediate distance from the body (between approximately 377 

30 and 50 cm), whereas it was relatively high in the vicinity of the body (~15 cm), and extremely high 378 

in the most distant region where the arm was close to full extension (Figure 5B1, 5B2). 379 
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The orientation and shape of the precision ellipses varied with the hand position in the 380 

horizontal workspace (Figure 5C1). The major axis of the ellipses was oriented almost parallel to the 381 

backward-forward axis at extreme left and right hand positions, and nearly parallel to the lateral-382 

medial axis for hand positions of ~0–25 cm to the left of the shoulder and farther than ~20 cm in front 383 

of the shoulder.  384 

The size (area) of the precision ellipses also varied with the hand position. The ellipse area 385 

increased as a linear function of the distance from the shoulder except at the most distant hand position 386 

(Figure 5C2).   387 

 388 

3.2.2. Random errors at shoulder and elbow of the matching arm 389 

The random errors of shoulder and elbow angular positions in the geometric model of the 390 

matching arm depended on our assumptions of how perceived joint positions of the reference and 391 

matching arms are processed and combined. The assumption that joint positions of the two arms were 392 

perceived simultaneously (in parallel) gave the following random errors: 𝑒𝑠
𝑝𝑎𝑟 = 2.22o and 𝑒𝑒

𝑝𝑎𝑟
= 393 

2.80o (Table 2, Model 1). The assumption of independent (in series) perception of shoulder and elbow 394 

joint position of the two arms resulted in higher estimates of random errors: 𝑒𝑠
𝑠𝑒𝑟 = 4.44o and 𝑒𝑒

𝑠𝑒𝑟 = 395 

5.62o (Table 2, Model 2). The random shoulder and elbow joint errors computed from the mean hand 396 

precision ellipse obtained experimentally (see above) using eq. (5b) (3.45o ± 0.97o and 4.41o ± 1.18o, 397 

respectively; Table 2, Model 3) were in the middle of the range of the minimum and maximum errors 398 

of Model 1 and 2 and close to the errors derived from the data of Hall and McCloskey (Hall & 399 

McCloskey, 1983), i.e.  𝑒𝑠
𝐻𝑀 = 3.14o and 𝑒𝑒

𝐻𝑀 = 3.97o. Note that in all estimates, the random errors 400 

were greater at the elbow than at the shoulder. 401 

 402 
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3.2.3. Comparison between predicted and experimental random errors of hand position sense 403 

The predicted hand precision ellipses assuming in parallel (Model 1) and in series (Model 2) 404 

processing of perceived joint angles of the reference and matching arms (Figure 3, blue and red 405 

ellipses, respectively) were qualitatively similar to the experimental precision ellipses (Figure 3, black 406 

ellipses). Note that ellipses predicted by Model 2 were approximately 2 times longer and wider than 407 

those of Model 1; the major and minor axes of ellipses predicted by both models were parallel to each 408 

other. To quantitatively compare the predicted and experimental random errors of hand position sense 409 

in the radial and azimuth, backward-forward and left-right directions for distant (T1 and T2) and close 410 

(T3 and T4) targets, we applied a two-way repeated measures ANOVA with independent factors 411 

Method (Experiment and Model) and Target Distance (Distant and Close); see Methods. 412 

The azimuth errors predicted by Models 1, 2 and 3 were greater at distant targets than at close 413 

ones (predicted error ranges: 1.88 cm – 3.34 cm vs 0.97 cm – 2.41 cm, p < 0.001, respectively), as 414 

was found experimentally (Figure 4A1). However, the predicted errors were smaller than the 415 

experimental ones by 25-73%, p < 0.001). Similarly, the predicted left-right errors were greater at 416 

distant than at close targets (predicted error ranges: 2.34 cm – 4.59 cm vs 1.71 cm – 3.39 cm, p<0.001, 417 

respectively), reproducing the experimental results (Figure 4A3). There was no significant difference 418 

in the left-right errors between the experiment and predictions of Model 2 for both distant and close 419 

targets (p = 1.0), whereas predicted errors by Models 1 and 3 were significantly smaller (p < 0.001). 420 

The predicted radial errors at distant targets were smaller than at close targets for all models 421 

(predicted error ranges: 0.75 cm – 1.50 cm vs 1.20 cm – 2.41 cm, respectively), the result that was 422 

similar to the experiment (Figure 6A2). The experimental radial errors were greater than the errors 423 

predicted by all models, p < 0.001). Predicted errors in the backward-forward direction were likewise 424 

smaller at the distant than close targets for Models 1-3 (predicted error ranges: 0.61 cm – 1.23 cm vs 425 



20 
 

1.03 cm – 2.05 cm, p<0.001, respectively), matching the experimental results (Figure 4A4). The 426 

predicted errors for distant and close targets were significantly smaller than the corresponding 427 

experimental backward-forward errors (p < 0.001). 428 

Comparisons between the predicted azimuth and radius errors across all targets revealed that 429 

the azimuth errors were larger for all models (predicted error ranges: 1.42 cm – 2.87 cm vs 0.88 cm – 430 

1.77 cm, p<0.001, respectively), matching the experimental results (Figure 4B1). Similarly, the 431 

predicted left-right errors were greater than the predicted backward-forward errors (predicted error 432 

ranges: 2.03 cm – 3.99 cm vs 0.82 – 1.64 cm, p<0.001, p<0.001) in agreement with the experimental 433 

results (Figure 4B2).  434 

In summary, precision of hand position sense determined in bimanual hand mirror-position 435 

matching tasks and predicted by the arm geometric model and transformation from the joint to hand 436 

coordinates was non-uniform. Both measured and predicted azimuth and left-right precision was lower 437 

than radial and backward-forward precision, azimuth and left-right precision was greater at close 438 

targets, and radial and backward-forward precision was greater at distant targets.  439 

 440 

3.2.4. Correlation between parameters of predicted and experimental precision ellipses 441 

The Pearson correlation coefficients between parameters of the predicted and experimental 442 

precision ellipses (orientation, shape, and area) computed across all targets and subjects are shown in 443 

Table 3 and Figure 6. The correlation coefficients between the predicted and experimental precision 444 

ellipse orientations were rather high and significant for all three Models of joint error estimations (r = 445 

0.617 – 0.635, p<0.001; Table 3). Correlation coefficients computed between the ellipse orientations 446 

predicted by the three models were close to 1.0 (r = 0.979 – 0.997, p<0.001; Table 3; Figure 3, Models 447 

1 and 2). Scatter plots and linear regression lines for the experimental ellipse orientations and the 448 
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orientations predicted by Models 1, 2 and 3 (Figure 6A-C) demonstrated a greater range for the 449 

experimental orientation (between approximately -90o and +70o) than for the predictions (between       450 

-50o and +10o).  451 

The next best predicted parameter of the precision ellipse was ellipse shape. The ellipse shape 452 

predicted by Model 2 correlated moderately with the experimental ellipse shape (r = 0.393, p = 0.008; 453 

Table 3). Correlation coefficients between the experimental ellipse shape and the predicted shape by 454 

Models 1 and 3 were low and insignificant (r = 0.200, p = 0.192 and r = 0.146, p = 0.346, respectively). 455 

Correlation coefficients computed between the ellipse shapes predicted by the three models were high 456 

and significant (r = 0.688 – 0.973, p = 0.001). The scatter plots and linear regression lines between 457 

the experimental ellipse shape and ellipse shape predicted by Models 1, 2 and 3 demonstrated a much 458 

greater range of values for the predictions (~ 2.5 – 12 for Models 1 and 3 and ~ 2.5 – 7 for Model 2) 459 

than for the experiment (between 1.1 and 4.0); see Figure 6D-F.  460 

The area of the hand precision ellipse was not well predicted by the arm geometric model. The 461 

Pearson correlation coefficients between the experimental and predicted ellipse areas were close to 462 

zero and not significant for Models 1, 2 and 3 (r = -0.038, p = 0.809; r = 0.068, p = 0.662; r = -0.075, 463 

p = 0.630; Table 3). Correlation coefficients computed between the ellipse areas predicted by Models 464 

1 and 2 (r = 0.217, p = 0.157) and Models 2 and 3 (r = 0.129, p = 0.406) were insignificant, whereas 465 

predictions of Model 1 and 3 were highly correlated (r = 0.959, p < 0.001). The range of predicted 466 

ellipse areas by Models 1, 2 and 3 was much smaller (~ 3 – 36 cm2) than the range of experimental 467 

areas (~ 10 – 75 cm2; Figure 6G-I). 468 

In summary, despite qualitative similarities between predicted and experimental precision 469 

ellipses, such ellipse parameters as the ellipse shape and area were poorly predicted by the arm 470 
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geometry and all three estimates of joint random errors (Models 1 – 3). Only the predicted ellipse 471 

orientation was significantly correlated with the experimental ellipse orientation. 472 

 473 

4. Discussion 474 

The goal of this study was to test the hypothesis that the non-uniform precision of hand position 475 

sense in a horizontal workspace results from the arm posture-related transformation of random errors 476 

of the arm joint positions to the hand position random errors. The random errors of hand position sense 477 

determined experimentally and predicted by a geometric analysis of the joint-to-hand position 478 

transformation demonstrated similar non-uniformities in the middle of the horizontal workspace. 479 

Specifically, random errors in the radial and forward-backward directions were smaller than in the 480 

azimuth and left-right directions and in locations closer to the body than further away, see Figures 3 481 

and 4. Our results on the non-uniform precision of hand position sense are in complete agreement with 482 

previous reports (Rincon-Gonzalez, et al., 2011; Rossetti, et al., 1994; Slinger & Horsley, 1906; van 483 

Beers, et al., 1998; Wilson, et al., 2010). 484 

We also found that the experimentally obtained and predicted orientations of precision ellipses 485 

were highly correlated irrespective of the assumptions about how joint angular positions in the 486 

reference and matching arms are perceived (Table 3 and Figure 6A-C). Note that Models 1, 2 and 3 487 

did not predict the precision ellipse orientation with exactly the same accuracy (the correlation 488 

coefficients were slightly different: r = 0.617 – 0.635). A likely reason for these discrepancies is that 489 

we obtained numerical rather than analytical solutions of a nonlinear eq. 9 to determine the orientation 490 

of the precision ellipse. On the other hand, correlations between the experimental and predicted ellipse 491 

shapes and areas were low, although the predicted ellipse shape was elongated (condition number 492 

𝜅(𝑱) > 1), in accordance with the experiment (Figures 3, 5B2, C1, 6D-F). This suggests that the 493 



23 
 

orientation of the precision ellipse and ellipse elongated shape, both predicted by the model, 494 

predominantly determine the non-uniform precision of the hand position sense reported in the 495 

literature and found in this study. 496 

 497 

4.1. Transformation of random errors in joint coordinates to hand external coordinates explains the 498 

non-uniform precision of hand position sense in the horizontal workspace 499 

 500 

The geometric arm model demonstrated an overall increase in the length of the major axis of 501 

the hand precision ellipse and in ellipse area with increasing distance from the shoulder to the hand 502 

(Figure 5A1, A2, C2). This result is consistent with the decrease in the precision of hand position 503 

sense with increasing distance from the body reported in the literature (Rincon-Gonzalez, et al., 2011; 504 

Rossetti, et al., 1994; Slinger & Horsley, 1906; van Beers, et al., 1998; Wilson, et al., 2010) and 505 

experimentally found in this study for azimuth and left-right errors (Figure 4A1, A3). However, the 506 

predicted and experimental ellipse areas did not demonstrate significant correlation (Table 3, Figure 507 

6G-I). This could be partially explained by the fact that only a small portion of the horizontal 508 

workspace was experimentally tested in this study and in this portion, the predicted ellipse area did 509 

not change substantially (Figures 5C1 and 6G-I). The model also predicted and could explain the 510 

experimental fact that the precision of hand position sense is better in the radial and forward-backward 511 

directions than in the azimuth and right-left directions (van Beers, et al., 1998; Wilson, et al., 2010); 512 

also see the experimental results of this study (Figure 4B1, B2). This fact is explained by the elongated 513 

shape and orientation of the precision ellipses in the azimuth direction in the middle of the horizontal 514 

workspace (Figures 3 and 5C1). In the large workspace area lateral to the ipsilateral shoulder, in which 515 

the precision of hand position sense is often measured, the precision ellipses are oriented nearly 516 
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parallel to the left-right axis (Figure 5C1), explaining the greater precision in the backward-forward 517 

than in the left-right direction. Thus, our geometric model of the transformation of random errors at 518 

the shoulder and elbow angles to the hand position errors confirmed and generalized on the entire 519 

horizontal arm workspace previous conjectures about effects of arm geometric properties on precision 520 

of hand position sense (Scott & Loeb, 1994; van Beers, et al., 1998; Wilson, et al., 2010) obtained 521 

using less rigorous analysis (e.g., see Figure 1). 522 

As mentioned above, we tested precision of hand position sense in the small portion of the 523 

horizontal workspace. This, however, could not fully explain poor or no significant correlation 524 

between the experimental and predicted ellipse shape and area (Table 3, Figure 6D-I), as well as 525 

substantial differences in precision ellipse size and shape (length of major and minor ellipse axes, 526 

ellipse area, and mean random errors) between the predictions and experiment; Figures 3 and 4. These 527 

discrepancies could be expected if other factors besides the geometric arm properties affect the 528 

precision of hand position sense (see Introduction). One such factor could be the precision of angular 529 

position sense at the shoulder and elbow joints (see eqs. 5a and 12). We derived these values for our 530 

model by first extrapolating thresholds of joint rotation detection measured for a single arm at different 531 

speeds to zero speed from the study of (Hall & McCloskey, 1983). We selected this indirect approach 532 

because of generally higher perceptual sensitivity to joint motion than to joint position in humans 533 

(Proske & Gandevia, 2018), because measurements of motion perception avoid drift in perception of 534 

position (Brown, Rosenbaum, & Sainburg, 2003; Clark, Larwood, Davis, & Deffenbacher, 1995), and 535 

because it reflects the distal-to-proximal gradient in precision of joint position sense (Hall & 536 

McCloskey, 1983). We then computed the largest and smallest precision of perceived joint positions 537 

in the matching arm assuming the same joint precision in the reference and matching arms and the in-538 

parallel and in-series processing of the perceived joint positions in the two arms (Models 1 and 2, 539 
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respectively). We also computed joint precision from the mean experimental hand precision ellipse 540 

(Model 3, Table 2).  541 

Values of the precision of position sense at the shoulder and elbow measured more directly in 542 

unilateral or in bilateral joint angle matching experiments (Bevan, Cordo, Carlton, & Carlton, 1994; 543 

Darling, 1991; Fuentes & Bastian, 2010; Inglis, Frank, & Inglis, 1991; Lonn, Crenshaw, Djupsjobacka, 544 

& Johansson, 2000; Soechting, 1982; Soechting & Ross, 1984) are in the range of 3o–9o,  after 545 

correcting for joint position perception in both reference and matching arms (Fuentes & Bastian, 2010; 546 

van Beers, et al., 1998). Thus, all our estimates of the angular position precision at the shoulder and 547 

elbow, including those computed from the experimental hand precision ellipses (Model 3: 3.45o and 548 

4.41o, respectively), are in the lower half or in the middle of the range of values reported in the 549 

literature. Given that our largest estimated random errors (Model 2: 𝑒𝑠
𝑠𝑒𝑟 = 4.44o and 𝑒𝑒

𝑠𝑒𝑟= 5.62o) 550 

exceed those determined from the experiment (Model 3), our estimates of joint precision cannot 551 

account for generally much smaller predicted random errors compared to the experimental ones 552 

(Figures 4). A more likely reason for the smaller predicted errors and the lack of strong correlation 553 

between predicted and experimental precision ellipse shape and area (Figure 6) is that there are 554 

additional sources of random errors in hand position sense. These additional sources are likely related 555 

to tonic muscle activity, coactivation of antagonists and the dependence of joint sensory thresholds on 556 

joint angles. Tonic muscle activity and antagonist coactivation are not normally measured in studies 557 

of joint and hand precision of position sense. Coactivation of antagonists, however, has been reported 558 

to improve precision of reaching movements; e.g. (Gribble, Mullin, Cothros, & Mattar, 2003). A 559 

relatively large range of joint position precision (3o–9o, see above) has been reported for different arm 560 

postures and joint angles. Thus, it is possible that joint position precision is joint angle-depended (e.g., 561 

Fuentes, Bastian, 2010). We did not consider the above factors in our model. 562 
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Other theoretical models of joint position acuity based on general assumptions about arm 563 

musculoskeletal properties and the distribution of muscle spindles across muscles (Scott & Loeb, 1994) 564 

or on assumptions about probability distributions of errors in proprioceptive and visual sources of 565 

hand location and the convolution of the distributions (van Beers, et al., 1998) gave much lower 566 

uncertainty values of position sense at the shoulder and elbow (0.6o-1.1o). Using these estimates of 567 

joint random errors in our model would make the discrepancies between the model predictions and 568 

experimental results much larger.    569 

Taken together, our results demonstrate that the transformation of uncertainties in joint angular 570 

positions to uncertainties in the hand position could explain the orientation and elongated shape of the 571 

hand precision ellipse and thus the non-uniform precision of hand position sense in the horizontal 572 

workspace. The precision ellipse shape and area predicted by the geometric model are not well 573 

correlated with the experimentally obtained ellipse shape and area.  574 

      575 

4.2. Precision of hand position sense and arm stiffness 576 

 577 

There is another property of the arm that strongly depends on the joint-to-hand coordinate 578 

transformation – arm stiffness, which can be characterized in the horizontal workspace by the arm 579 

stiffness ellipse. A theoretical arm stiffness ellipse can be computed from shoulder and elbow 580 

stiffnesses using a joint-to-hand Jacobian-based transformation similar to our model; see our eqs. 5a 581 

and 6 and (Flash & Mussa-Ivaldi, 1990; Hogan, 1985; Mussa-Ivaldi, Hogan, & Bizzi, 1985). Mussa-582 

Ivaldi and colleagues (Mussa-Ivaldi, et al., 1985) measured arm stiffness in human subjects and found 583 

that the orientation and shape of the stiffness ellipses were practically invariant over time, across 584 

subjects, and in different postural tasks for given arm postures, whereas the ellipse size varied. They 585 
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also compared the experimental arm stiffness ellipses at different arm postures with the corresponding 586 

ellipses computed from constant joint stiffnesses obtained in the same experiment for a given arm 587 

posture. They concluded that arm posture had major effects on ellipse orientation and shape. Note that 588 

the procedure for comparing the experimental and computed arm stiffness ellipses and the obtained 589 

results closely resemble our comparison of the experimental and predicted by Model 3 precision 590 

ellipses and obtained results (Table 3). Subsequent studies have demonstrated a strong link between 591 

the measured arm stiffness ellipse and the hand precision ellipse in reaching and postural tasks with 592 

spatial accuracy requirements. Specifically, it has been shown that the major axes of the two ellipses 593 

are essentially orthogonal to each other and people can modify the orientation and area of the stiffness 594 

ellipse to improve performance of pointing or postural tasks (Franklin, et al., 2007; Frolov, 595 

Prokopenko, Dufosse, & Ouezdou, 2006; Itaguchi & Fukuzawa, 2012; Laboissiere, Lametti, & Ostry, 596 

2009; Lametti, Houle, & Ostry, 2007; Wong, Wilson, Malfait, & Gribble, 2009a, 2009b). Although 597 

reflexes, voluntary muscle activity, muscle moment arms, and limb configuration all affect the 598 

orientation, shape, and area of stiffness ellipse and thus variability of hand position (Franklin, et al., 599 

2007; Krutky, Trumbower, & Perreault, 2013; Lametti, et al., 2007; Prilutsky, 2000; Wong, et al., 600 

2009a), arm posture, musculoskeletal mechanics, and synergistic muscle control constrain possible 601 

changes in stiffness ellipse parameters, especially in the ellipse orientation (Hu, Murray, & Perreault, 602 

2012; Inouye & Valero-Cuevas, 2016; Lametti & Ostry, 2010). 603 

It appears from the above discussion that the precision of hand position sense and specifically 604 

the orientation of the precision ellipse should be closely related and orthogonal to the orientation of 605 

the stiffness ellipse at the same arm postures. The potential dependence of the precision of hand 606 

position sense on arm stiffness in position perception tasks and the extent to which such dependence 607 
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is related to the transformation of joint to hand coordinates have not been fully appreciated and 608 

understood (Franklin, et al., 2007; Itaguchi & Fukuzawa, 2012; Proske & Gandevia, 2018). 609 

To examine how the measured arm stiffness ellipses would be related to the hand precision 610 

ellipses predicted by our geometric arm model, we plotted them together (Figure 7) for the same 15 611 

hand locations, for which stiffness was measured by Flash and Mussa-Ivaldi (1990). Since the subjects’ 612 

arm segment lengths were not reported in that study, we used the following lengths of the 613 

forearm+hand and upper arm to compute the arm precision ellipses: 𝐿𝑓𝑎= 32 cm and 𝐿𝑢𝑎 = 33 cm. 614 

These segment lengths were measured in one subject in the study (Mussa-Ivaldi, et al., 1985), in which 615 

the same method of measuring arm stiffness was used. It can be seen that the arm precision and 616 

stiffness ellipses are nearly orthogonal to each other across the workspace. The mean difference in the 617 

direction of the major axis between the stiffness and precision ellipses was 78.0o ± 9.2o. The circular 618 

correlation coefficient (Jammalamadaka & SenGupta, 2001) between the two directions was 0.979. 619 

Interestingly, Lametti and Ostry (Lametti & Ostry, 2010) have reported the same average angle of 78o 620 

between the major axes of the hand variability ellipse and the stiffness ellipse measured at the end of 621 

pointing movement to targets in a horizontal plane. 622 

Thus, Figure 7 supports findings of Itaguchi and Fukuzawa (Itaguchi & Fukuzawa, 2012) who 623 

measured distributions of variable errors of hand position sense and demonstrated that the long axis 624 

of those distributions were nearly orthogonal to the orientation of the major axis of stiffness ellipse 625 

measured at 4 hand locations of a single participant in study (Mussa-Ivaldi, et al., 1985). They stressed 626 

importance of accounting for arm stiffness in evaluating results of proprioceptive assessments. Given 627 

the close association between the arm stiffness and hand precision ellipses, as demonstrated and 628 

discussed above, and the fact that arm stiffness parameters can be voluntarily modulated by changing 629 

arm posture and muscle activity (Franklin, et al., 2007; Frolov, et al., 2006; Itaguchi & Fukuzawa, 630 
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2012; Lametti, et al., 2007; Prilutsky, 2000; Trumbower, Krutky, Yang, & Perreault, 2009; Wong, et 631 

al., 2009a, 2009b), we suggest that the hand precision ellipse parameters likewise can be actively 632 

modulated to improve precision of limb position sense to satisfy demands of various limb-position 633 

perceptual tasks. For example, the minor axis of the hand precision ellipse can be oriented in the 634 

direction that requires high precision of hand position sense by selecting an appropriate posture of the 635 

kinematically redundant arm, similar to orienting the arm stiffness ellipse in the desired direction to 636 

approve the performance of tracking tasks by selecting the appropriate arm postures (Trumbower, et 637 

al., 2009). The size of the hand precision ellipse could be potentially decreased my muscle co-638 

activation to improve overall precision of position sense, similar to improving precision of pointing 639 

tasks (Gribble, et al., 2003). Thus, it appears possible to actively modulate precision of limb position 640 

sense through the process of active sensing that involves exploration and learning of the environment 641 

and constraints of the perceptual task, as well as motor planning and action (Yang, Wolpert, & Lengyel, 642 

2018). This hypothesis of active sensing of limb position appears novel and is different from the 643 

concept of the ‘fusimotor set’ (Prochazka, Hulliger, Zangger, & Appenteng, 1985) because it allows 644 

for modulation of precision of hand position sense by adjusting kinematically redundant arm posture 645 

without changing  stretch-sensitivity of the muscle spindles by the fusimotor action.    646 

 647 

4.3. Limitations of the study 648 

 649 

The results of our study are limited by the analysis of a simplified two degree-of-freedom 650 

(DOF) geometric model of the arm in a horizontal plane. The human arm has 7 major DOF (3 in 651 

shoulder, 2 in elbow, and 2 in wrist, if one does not count additional 7 DOF in the shoulder complex 652 

and over 15 DOF in the hand and digits), and all major DOF are involved in arm movement and 653 
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postural tasks in three-dimensional space; e.g. (Zatsiorsky, 1998). We deliberately selected to 654 

investigate effects of the joint-to-hand coordinate transformation in a simple two-joint kinematic chain 655 

and used the corresponding experimental paradigm (see below) to make theoretical predictions more 656 

intuitive and easier to compare with experimental data. Thus, our results cannot be generalized to the 657 

three-dimensional space, and the contribution of the coordinate transformation to the non-uniform 658 

precision of position sense in frontal and sagittal planes remain uncertain. However, computer 659 

simulations of three-dimensional comprehensive neuromechanical models of the human arm (Hu, et 660 

al., 2012; Inouye & Valero-Cuevas, 2016) have generally confirmed experimental findings (Krutky, 661 

et al., 2013) that the orientation of hand stiffness ellipsoid, and thus the orientation of hand variability 662 

ellipsoid, is largely constrained in the three-dimensional space at a given arm posture.    663 

In our experiments to test the precision of hand position sense, the participants matched the 664 

mirror position of the reference right hand by the matching left hand (Figure 2A) instead of matching 665 

the same spatial location of the reference hand as typically done in hand position matching 666 

experiments (Itaguchi & Fukuzawa, 2012; Rincon-Gonzalez, et al., 2011; Slinger & Horsley, 1906; 667 

van Beers, et al., 1998). Matching the mirror position simplified the analysis and interpretation of the 668 

posture-dependent effects of coordinate transformation on the precision of hand position sense as arm 669 

postures (joint angles) of the two arms were essentially the same during matching. The hand position 670 

of each two-joint arm in a horizontal plane is defined by two independent coordinates in either external 671 

space (e.g., by hand Cartesian coordinates with respect to the initial hand position, see Figure 2A) or 672 

in internal joint space (e.g., by shoulder and elbow angles). We explicitly instructed the participants 673 

“to match the distance and mirror direction of the right index finger motion from the initial position 674 

to the target with the left index fingertip”. These instructions correspond to hand mirror-position 675 

matching in the external space. However, we cannot know whether the subjects strictly followed these 676 
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instructions or they relied on matching the shoulder and elbow angles (posture matching) instead. 677 

Although the external and internal coordinates define the same hand position, the physiological 678 

mechanisms of matching the hand position in these two coordinate systems may be different. In the 679 

future, we intend to investigate potential differences in precision and accuracy of arm position sense 680 

between hand position matching in the external space and arm posture matching in internal joint 681 

coordinates. 682 

 683 

5. Conclusion 684 

 685 

The results of this study demonstrated that the nonlinear transformation of random errors in arm joint 686 

angles to random errors in hand coordinates contributed substantially to the non-uniform precision of 687 

hand position sense in the horizontal workspace. We investigated this transformation using a planar 688 

two-joint kinematic chain. This model predicted the orientation and elongated shape of hand precision 689 

ellipses that were consistent with those found experimentally in the hand mirror-position matching 690 

experiment. Although the model did not accurately predict the shape and area of the hand precision 691 

ellipse, it was still able to explain the non-uniform precision of hand position sense, i.e. higher 692 

precision in the radial (forward-backward) than azimuth (left-right) directions, as well as higher 693 

azimuth precision and lower radial precision for closer targets than for distant ones. Based on a close 694 

association between the orientation of hand precision and stiffness ellipses, we propose that precision 695 

of limb position sense can be improved by selecting an appropriate posture of the kinematically 696 

redundant arm and by setting specific muscle activity levels.    697 

 698 

 699 
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Table 1. Characteristics of subjects  881 

Subject Age, 

years 

Sex Height, cm Forearm + 

hand length, 

cm 

Upper arm length, 

cm 

1 21 F 155 38.9 29.9 

2 23 F 152 37.5 25.0 

3 19 M 165 39.8 29.3 

4 47 M 178 43.7 31.9 

5 25 M 181 46.7 31.5 

6 19 F 168 41.1 28.8 

7 29 F 156 38.9 32.1 

8 20 M 175 43.7 29.1 

9 22 M 170 47.7 33.1 

10 22 M 170 41.3 27.3 

11 52 M 188 47.2 26.3 

Mean 

SD 

27.2 

11.4 
- 

168.9 

11.4 

42.41 

3.62 

29.48 

2.56 
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Table 2. Estimated random errors at shoulder (𝑒𝑠) and elbow (𝑒𝑒) of matching arm 892 

 
Derivation method / assumption 
 

 
𝑒𝑠, deg 

 
𝑒𝑒, deg 

 
Extrapolation to zero joint velocity 
from experimentally obtained 
relationships between joint motion 
perceptual threshold and joint 
velocity (Hall & McCloskey, 1983) 
for a single arm (eqs. 13a, 13b): 𝑒𝑠

𝐻𝑀 
and 𝑒𝑒

𝐻𝑀 
 

 
 
 

3.14 

 
 
 

3.97 

Simultaneous (in parallel) 
perception of joint angular positions 
in the reference and matching arm 
(eqs. 14a,b; Model 1): 𝑒𝑠

𝑝𝑎𝑟 and  
𝑒𝑒

𝑝𝑎𝑟 
 

 
2.22 

 
2.80 

Independent (in series) perception of 
joint angular positions in the 
reference and matching arm (eq. 
15a,b; Model 2): 𝑒𝑠

𝑠𝑒𝑟 and 𝑒𝑒
𝑠𝑒𝑟 

 

 
4.44 

 
5.62 

Computed from experimental 
precision ellipses (see eq. 5b) of 
each subject and 4 targets and 
averaged (mean ± SD); Model 3 
 

 
3.45 ± 0.97 

 
4.41 ± 1.18 
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 894 

 895 

 896 

 897 

 898 

 899 
 900 
 901 
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Table 3. Pearson correlation coefficients between parameters of experimental and predicted 902 
precision ellipse 903 
 904 
Ellipse direction 905 

 Experiment Model 1 Model 2 Model 3 
Experiment 1 0.635* 0.617* 0.623* 

Model 1  1 0.979* 0.997* 
Model 2   1 0.985* 
Model 3    1 

 906 
Ellipse shape 907 

 Experiment Model 1 Model 2 Model 3 
Experiment 1 0.200 0.393* 0.146 

Model 1  1 0.769* 0.973* 
Model 2   1 0.688* 
Model 3    1 

 908 
 909 
Ellipse area 910 

 Experiment Model 1 Model 2 Model 3 
Experiment 1 -0.038 0.068 -0.075 

Model 1  1 0.217 0.959* 
Model 2   1 0.129 
Model 3    1 

 911 
Model 1, in parallel perception of joint angular positions in the reference and matching arm; 912 
Model 2, in series perception of joint angular positions in the reference and matching arm; Model 913 
3, random joint angles computed from experimental precision ellipses; see Table 2. *, p < 0.001 914 
(2-tailed tests after Fisher’s z transformation, n = 44). 915 
 916 

 917 

 918 

 919 

 920 

 921 

 922 

 923 

 924 
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Figure captions 925 

 926 

Figure 1. Distribution of random errors of hand position sense (precision ellipses) in two arm 927 

postures derived by fitting ellipses into ranges of angular position uncertainties at the shoulder and 928 

elbow joints (modified with permission from Figure 8 in (van Beers, et al., 1998)). Black thick 929 

lines indicate arm segments; black thin straight lines indicate the angular uncertainty ranges at the 930 

shoulder and elbow joints as defined in (van Beers, et al., 1998); black ellipses are uncertainties in 931 

the hand position (hand precision ellipses) fitted into joint angle uncertainties (van Beers, et al., 932 

1998). A: An extended arm posture with assumed shoulder and elbow joint uncertainties and 933 

multiple hand precision ellipses. The black ellipse is taken from (van Beers, et al., 1998). The 934 

brown and green ellipses of different orientations and sizes are fitted in the same uncertainty ranges 935 

at the shoulder and elbow by manipulating the ellipse orientation, size and shape in the graphics 936 

software CorelDRAW 2018 (Corel Corporation, Canada). B: A flexed arm posture (thick black 937 

lines) with assumed shoulder and elbow joint uncertainties (thin continuous black lines) and a hand 938 

precision ellipse fitted into these joint uncertainties (black ellipse); reproduced with permission 939 

from (van Beers, et al., 1998). Note that the shoulder joint uncertainty range is oriented vertically, 940 

whereas the elbow uncertainty range is oriented along the distal segment (forearm). Thick gray 941 

lines depict two arm flexed postures obtained by placing the upper arm at the edges of the shoulder 942 

uncertainty range oriented along the upper arm. The thin dashed lines depict a half of the elbow 943 

uncertainty range added to the two forearm orientations obtained by placing the upper arm along 944 

the edges of the shoulder uncertainty range. The gray ellipse is fitted into the thus obtained joint 945 

uncertainty ranges. See text for more explanations. 946 

 947 
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Figure 2.  Schematic of experimental setup and geometric arm model. A: Bimanual hand mirror-948 

position matching experiment. The initial positions of the left and right index fingertips are marked 949 

as white diamonds. Red and cyan colored asterisks are the four targets for each arm (T1, T2, T3 950 

and T4). Cyan asterisks indicate targets to which the robot moved the right hand; red asterisks 951 

correspond to the mirror images of the cyan asterisks and indicate the targets reached by the subject 952 

with the left hand to match the corresponding right targets. B: Coordinates of arm joints and 953 

parameters of the arm model for computing the forward kinematics using the Jacobian matrix (eq. 954 

4). The origins of the shoulder, elbow and hand coordinate frames are at the shoulder, elbow and 955 

index fingertip, respectively. The positive directions of the corresponding x and y axes are 956 

indicated by the arrows; the direction of the z axes is perpendicular to the xy plane. s and e denote 957 

angles of the shoulder and elbow joints; Lua and Lfa are the lengths of the upper arm and 958 

forearm+hand segments. 959 

 960 

Figure 3. Measured (black lines) and predicted by the model (blue and red lines) hand precision 961 

ellipses for four targets of all subjects. Small black circles demonstrate results of multiple trials. 962 

The upper arm and forearm+hand are displayed as black lines. The black asterisks indicate target 963 

positions (T1, T2, T3, and T4); the black diamonds denote the initial hand position. The endpoint 964 

of the arm at each posture coincides with the mean hand position across multiple trials. For display 965 

purposes, the location of actual data and targets, arm segments lengths, and the distance from the 966 

left shoulder to the initial point of each subject were scaled so that all targets were at a distance of 967 

10 cm from the initial point. To reduce clatter, only predicted ellipses by Models 1 and 2 are shown; 968 

ellipses predicted by Model 3 have the same orientations; the length of the major and minor axes 969 

of ellipses predicted by Mode3 is between those of Models 1 and 2. 970 
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 971 

Figure 4. Comparisons of measured and predicted by the model mean random errors in different 972 

directions for distant (T1 and T2) and close (T3 and T4) targets (Figure 2A); mean ± SD. Asterisks 973 

indicate statistical difference between targets and types of error (p < 0.05). Models 1 and 2 974 

correspond to in parallel and in series perception of joint positions in the reference and matching 975 

arm; in Model 3, random errors at the shoulder and elbow were computed from experimental 976 

precision ellipses (see Table 2). A1: Azimuth random errors for distant and close targets. A2: 977 

Radial random errors for distant and close targets. A3: Random errors in the right-left direction for 978 

distant and close targets. A4: Random errors in the backward-forward direction for distant and 979 

close targets. B1: Comparison of random errors between Azimuth and Radial directions across all 980 

targets. B2: Comparison of random errors between left-right and forward-backward directions 981 

across all targets. 982 

 983 

Figure 5. Results of geometric analysis of the transformation of random joint angle errors to 984 

random errors of hand position in a two-segment arm model. Arm segment lengths were set at Lua 985 

= 30.01 cm and Lfa = 40.86 cm, where Lua is the upper arm length and Lfa is the forearm+hand 986 

length. The random errors at shoulder and elbow were set at 3.14o and 3.97o, respectively; Table 987 

1. In all left panels, the black circles indicate four target positions for the left arm (Figure 2A); the 988 

black diamond is the initial position of the left index fingertip. A1: Color map of the norm of 989 

Jacobian matrix (or maximum random error) (eq. 6) in the horizontal workspace within the reach 990 

of the index fingertip. The coordinates (0,0) correspond to the location of the left shoulder. The 991 

norm was computed and plotted for arm configurations corresponding to the elbow and shoulder 992 

angles in the ranges of 0.1–3.14 and 0.1–4.08 radians, respectively, with a step of 0.2 radian. The 993 
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white region in the vicinity of the shoulder indicates the region that could not be reached by the 994 

left index fingertip. A2: The Jacobian norm as a function of the distance between the index 995 

fingertip and shoulder. B1: Color map of the condition number (ratio of lengths of the major and 996 

minor axes of precision ellipse) in the horizontal workspace in logarithmic scale. B2: The condition 997 

number as a function of the distance between the index fingertip and shoulder. C1: Precision 998 

ellipses computed for different hand locations in the horizontal workspace assuming the perception 999 

thresholds of 3.14o and 3.97o for the shoulder and elbow joints (see text and Table 2 for details). 1000 

The center of each ellipse coincides with the corresponding index fingertip location. The ellipses 1001 

were plotted in the ranges of 0.1–3.14 and 0.1–4.08 radians for elbow and shoulder joints, 1002 

respectively, with a step of 0.2 radian. C2: Ellipse size (area) as a function of the distance between 1003 

the index fingertip and shoulder. 1004 

 1005 

Figure 6. Scatter plots and regression lines between predicted and experimental parameters of 1006 

precision ellipses for all subjects and four targets. Predicted ellipses were computed using three 1007 

sets of random errors at shoulder and elbow corresponding to Models 1, 2 and 3 (see Table 2). r is 1008 

the Pearson correlation coefficient (see Table 3); n = 44. A, B and C: Scatter plots between 1009 

experimental ellipse directions and ellipse directions predicted using Models 1, 2 and 3, 1010 

respectively. D, E and F: Scatter plots between experimental ellipse shape and ellipse shape 1011 

predicted using Models 1, 2 and 3, respectively. G, H and I: Scatter plots between experimental 1012 

ellipse area and ellipse are predicted using Models 1, 2 and 3, respectively. 1013 

 1014 
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Figure 7. Predicted hand precision ellipses and experimentally measured hand stiffness ellipses for 1015 

the left arm. Stiffness ellipses were measured at 15 hand locations by Flash and Mussa-Ivaldi (1990) 1016 

(see text for details). 1017 

 1018 
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