
1.  Introduction
The spectrum of the radio sky in the 50–200 MHz frequency band is relatively smooth because there are no 
strong spectral lines. When the sky is observed with a small antenna with a large smooth beam on an infinite 
ground plane the observed spectrum is the average of many continuum radio sources and will be smooth over 
frequency if the receiver and antenna reflection coefficient are well calibrated. However, in practice, sky noise 
from compact sources will be scattered from objects like trees, bushes, rocks, uneven ground, and other antennas 
surrounding the ground plane. Raised areas of the ground plane also act as scatterers. In this case the signals from 
the radio sources that are not excluded by a zero response in the antenna beam in the direction of the scattering 
object can also enter the antenna from a separate path as shown in Figure 1. In this case the correlations between 
the signals in the direct and scattered paths form ripples in the total power spectrum as in the Sea Interferometer 
(Bolton & Slee, 1953). These spectral ripples can cause problems for inference of the 21-cm signal, which relies 
on the a priori assumption of foregrounds remaining spectrally smooth. We derive simple analytic expressions 
that approximate this scattering effect, which should be useful in modeling the expected systematics of global 
experiments but electromagnetic modeling software is needed for the inclusion of significant objects in the beam 
calculation.

2.  Algorithms
In this section we derive an analytic approximation for the ripple fraction induced by a single source. The power, 
Psource, received directly from the source is given by

𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝐹𝐹� (1)

where Asource is the effective aperture area of the antenna on its ground plane in the direction of the radio source 
with flux F.

The power, Pobject, scattered from an object with radar cross section (RCS), σ, is
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𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 = 𝐹𝐹𝐹𝐹� (2)

While the RCS of a scattering object is usually approximated by its physical cross section the scattering cross 
section is more accurately estimated using the Rayleigh scattering analysis. For example, an object the size of the 
EDGES (Bowman et al., 2018) electronics hut at the Murchison Radio Observatory (MRO), which is about 5 m 2 
in physical cross section, has a RCS (Knott et al., 2004) that is about four times larger than the physical cross 
section at 75 MHz because the hut circumference is close to a wavelength which is the peak of the Rayleigh scat-
tering region. For more complex objects of several wavelengths in size, like trees and bushes, the RCS is closer 
to the physical cross section and power is scattered more isotropically.

If the power is scattered isotropically the power, Pscat, received by the antenna is

𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

(

𝐹𝐹𝐹𝐹

4𝜋𝜋𝜋𝜋2

)

� (3)

where d is the distance of the scatterer from the antenna and Ascat is the effective aperture (area) of the antenna in 
the direction of the scattering object. On the assumption that the direct and scattered signals are perfectly corre-
lated the combined complex voltage, 𝐴𝐴 𝐴𝐴 , is given by

𝑣𝑣 = 𝑃𝑃

1

2

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑒𝑒
𝑖𝑖𝑖𝑖𝑖𝑖

𝑃𝑃

1

2

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
� (4)

Figure 1.  Diagram of the geometry of the antenna, source, and object, showing the direct path from the radio source and 
the indirect path via the scattering object to the antenna. The antenna is at the origin and the object is a distance d away at 
(elevation, azimuth) = (θo, ϕo). The radio source is at infinity at (θs, ϕs). The angle, α, between the direction to the source and 
the direction to the object is given by 𝐴𝐴 𝐴𝐴 = arccos (𝐫̂𝐫𝐬𝐬 ⋅ 𝐫̂𝐫𝐨𝐨) where 𝐴𝐴 𝐫̂𝐫𝐬𝐬 and 𝐴𝐴 𝐫̂𝐫𝐨𝐨 are vectors from the antenna to the source and object.
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and the total received power Ptotal = 𝐴𝐴 𝐴𝐴𝐴𝐴 *. When Pscat is small relative to Psource, then to first order Ptotal is given by

𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

{

1 + 2𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔)

[

𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝜎𝜎

4𝜋𝜋𝜋𝜋2

]
1

2

}

� (5)

where ω = 2πf, f is frequency and τ is the delay of the scattered signal relative to the direct signal. The geometry 
of the source, antenna, and scattering object is shown in Figure 1, which shows that � = �

�
(1 − cos �) , where c is 

the speed of light, and α is the angle subtended by the arc from source to object as seen from the antenna. In terms 
of the (elevation, azimuth) of the source, (θs, ϕs), and object, (θo, ϕo), the delay τ can be expressed as

� = �
�
[1 − cosΔ cos � + sin �� sin ��(cos � − 1)]� (6)

where Δ = θs − θo and δ = ϕs − ϕo. When the elevation angle, θo, is small, then � ≈ �
�
(1 − cosΔ cos �) and reaches 

a maximum of 𝐴𝐴
2𝑑𝑑

𝑐𝑐
 when the antenna is in the direction of the source as seen from the object.

The fractional ripple r = (Ptotal − Psource)/Psource is given by

𝑟𝑟 = 𝜋𝜋
−

1

2 cos(𝜔𝜔𝜔𝜔)

(

𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

)
1

2

(

𝜎𝜎
1

2

𝑑𝑑

)

� (7)

where Gscat/Gsource is the ratio of the antenna gain in the direction of the scattering object and the source which is 
equivalent to and has been substituted for the ratio of effective areas Ascat/Asource.

3.  Examples
As an example the flux of Cas A at 100 MHz is 1.4 × 10 4 Jy which results in an antenna temperature of 23 K for 
Gsource = 8 dB typical at a high elevation. Then the substitution of Gscat = −23 dB for the antenna gain in the direc-
tion of a scattering object, which is a typical gain at less than 10° elevation, with RCS of σ = 10 m 2 at d = 75 m 
results in a peak to peak ripple of 31 mK using Equation 7. It is noted that the ripple magnitude decreases in 
proportion to the inverse of the distance but at large distances the source may be resolved by the projected inter-
ferometric baseline, which has length dsin(α), thereby reducing the correlation. In addition the ripple period 
in frequency will be shortened so that it may be appreciably smoothed by the spectral resolution bandwidth. It 
should also be noted that scattering by multiple objects will generate a more complicated structure in frequency. 
The ripple frequency period which is the inverse of τ given in Equation 6 can become very long for a radio source 
which is low in elevation at the azimuth of the scattering object. In this case the scattering effects are more spread 
out over frequency and Galactic Hour Angle (GHA).

The example shown in Figure 2 is the result of the scattering of the Galactic center region by the electronics 
hut which is about 50 m from the EDGES (Bowman et al., 2018) lowband-1 antenna. This observation consists 
of data from day 250 in 2016 to day 95 in 2017, averaged over 10 min blocks of GHA from 03:00 to 04:10 hr. 
These data have been corrected using an antenna beam model (Mahesh et al., 2021) using the FEKO Method of 
Moments software (https://altairhyperworks.com/product/FEKO) without the effects of the hut, and is compared 
to simulated data (solid line curves) produced using a FEKO beam model that includes the hut. In each case the 
Haslam sky map at 408 MHz (Haslam et al., 1982) scaled by a spectral index of −2.5 from 55 to 95 MHz was 
used for the convolution of the sky (Mozdzen et al., 2019) with the beam. The dashed line curves are obtained 
by adding the product of the ripple fraction from Equation 7 by the value of each pixel of the Haslam map in 
the convolution with the FEKO beam model without the hut. Alternatively and equivalently every gain value 
of the FEKO beam without the hut can be multiplied by one plus the ripple fraction to create a beam that when 
convolved with the sky map yields the same dashed line curves. While the model using the ripple fraction does 
not agree precisely with the data, this is because the analytic approximations do not account for the full details, 
especially the phase, of the scattering. However, they do have roughly the same root mean square (rms) magni-
tude as the solid line curves, and are therefore useful for estimating the order of magnitude of the ripple system-
atic in complicated geometries that would be too difficult to model with electromagnetic software.
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The fine frequency structure of the residuals in Figure 2 are the result of the fine frequency structure in the beam 
which is introduced by the correlations which change with the delay of the scattered signals from the hut in the 
same manner as the “fringes” of the Sea Interferometer. The effect of a different spectral index from different 
point sources in the sky map is relatively small because the spectral index is a spectrally smooth function which 
is taken out by the five-physical terms. The relatively large effect on the observed spectrum which results from 
scattering from objects in the environment of the antenna is the result of the fine frequency structure that is added 
to the beam. The ripple fraction in Equation 7 provides a means of approximation of the fine frequency structure 
added to the beam in the presence of scattering objects with minimal additional computation but ability to accu-
rately model and remove the effects of the fine structure introduced by the scatter depends on a sky map with 
an accurate frequency dependence of the point sources and an accurate beam which includes the objects which 
produce significant scatter.

3.1.  Table of Scattering Ripple Amplitudes

In addition to comparing the analytic approximations with real data and electromagnetic simulations in Figure 2, 
FEKO simulations are compared with the analytic approximations using the horizontally polarized EDGES 
dipole on the 30 × 30 m ground plane in (Bowman et al., 2018) and a vertically polarized monopole antenna 
similar to that used by SARAS (Singh et al., 2022) consisting of an inverted cone of radius 1 m and height of 1 m 
over a circular plate of 1 m radius.

Table 1 shows the level of scattering for a single cubic scatterer at distance d from the antenna, representing a hut, 
with a physical cross section of 5 m 2 and a RCS of about σ ≈ 20 m 2 when the scattering effects in the Rayleigh 

Figure 2.  Comparison of the residuals (after a model with five-physical terms (Bowman et al., 2018) for the sky noise 
spectrum is removed) of beam corrected data and simulation. The simulation (in solid line curves) was produced using the 
lowband antenna beam modeled by FEKO assuming an infinite perfectly electrically conducting ground plane and the hut 
50 m west of the antenna which is pointed north. The lowband-1 data (solid jagged curves with Galactic Hour Angle time and 
rms listed on the right side of each plot) exhibits frequency structure consistent with scatter from the hut. The dashed lines are 
simulated using the ripple fraction from Equation 7—see text.
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regime are taken into account using the actual physical model of the cube in 
the FEKO model. The simulations using FEKO to obtain the average rms of 
the ripples for 24 1-hr blocks over all GHA from 55 to 95 MHz are given in 
rms1. The rms obtained by adding the product of the ripple fraction from 
Equation 7 by the value of each pixel of the Haslam map above the horizon, 
which has been scaled by a spectral index of −2.5, in a convolution with the 
FEKO beam model without the hut is used for the approximate estimate of 
the rms given in rms2. The rms residual for the effects of scatter averaged 
over all 24 hr from the FEKO estimate is listed in rms3 and shows that aver-
aging over 24 hr significantly reduces the net effects of the scattering.

The results are shown for different antennas at different sites. The third case 
is for the hut at 100 m from a vertically polarized antenna. While Equation 7 
shows that the rms should only drop by a factor of two for a distance of 
100 m, the result in Table 1 shows a drop of more than a factor of 4 for both 
the FEKO modeling and the estimate, owing to the increased angular reso-
lution of the longer projected baseline and a more rapid change with GHA. 
While different ground planes and the change of sky coverage with latitude, 
have some effect, in general the rms residuals from scattering are propor-
tional to the square root of the RCS and inversely proportional to the distance 

of the scattering objects from the antenna. The effect of the soil on the antenna beam is accounted for in the FEKO 
model and has only a small effect on the antenna gain factors in Equation 7 so that the effect on the fractional 
ripple estimate is not significant. It is also found with FEKO model simulations that for a given antenna the ripple 
amplitude produced by a scattering object at a fixed location relative to the antenna has only small dependence on 
the ground plane size and soil. The scattering effects for vertical polarization are much larger than for horizontal 
polarization because the relative gain of a vertically polarized antenna near the horizon is much higher than for a 
horizontally polarized antenna. To limit the scattering effects when a vertically polarized antenna is used, a much 
larger ground plane and surrounding flat area are needed. Averaging over only 12 hr of GHA also reduces the 
rms but by a smaller amount. An analysis of the same FEKO simulation used for the first entry of Table 1 gave 
average values of 44 and 21 mK for 12 1-hr blocks centered at 0 and 12 hr GHA, respectively, compared with 
16 mK when averaging over 24 hr from the value of rms3 in the first entry of Table 1.

3.2.  Multiple Scatterers

The analytic expression for the ripple fraction in Equation 7 can be summed over multiple scattering objects as 
long as the terms τ and Gsource which are dependent coordinates of each pixel in the sky map are recomputed for 
each pixel. This allows the magnitude of the scattering effects of a complex environment surrounding the antenna 
and its ground plane to be easily computed in cases for which running FEKO or other electromagnetic software is 
impractical. This summation should be valid for the case that the scattered signals are from objects that are wave-
lengths apart so that the signals from each object are likely to be uncorrelated with each other. The last case in 
Table 1, which has a cube on east side of the antenna is repeated for a cube on the west side and then for the  sum 

of the ripple fraction of both cubes and the results are shown in Table 2. In 
order to assess a site for global 21-cm observations to avoid being limited by 
scattering the ripple fraction should be summed over all objects out to 100 m 
from the antenna.

4.  Summary and Conclusions
We derive simple analytic expressions to assess the level of systematics in 
the spectra from a single antenna to show that observations of the global 
21-cm signal require a ground plane or flat area which is large enough to 
avoid objects which produce fine structure in the spectra via scattering. These 
simulations and expressions show that a vertical polarized antenna is more 

Antenna ground 
plane

Latitude 
(deg) d (m)

rms1 
(mK)

rms2 
(mK)

rms3 
(mK)

MRO 30 × 30 m −27 50 84 78 16

Lake vert. pol −27 50 322 293 40

Lake vert. pol −27 100 47 64 9

Horiz. 30 × 15 m 68 30 121 116 22

Horiz. 30 × 15 m 42 30 112 98 16

Note. rms1 and rms2 are the average of the rms values for each of the 24 1-hour 
blocks of GHA using the FEKO simulation and analytic approximation, 
respectively. rms3 is the rms for the scattering averaged over all 24  hr of 
GHA. The FEKO simulations used dielectric 3.5 and conductivity 0.02 S/m 
for soil and 80 and 0.06 S/m for a lake.

Table 1 
Scattering Examples of a Cube With Face Area of 5 m 2 at Different 
Distances d From the Antenna on Different Ground Planes at Various 
Latitudes

Antenna ground 
plane

Latitude 
(deg) d (m)

rms1 
(mK)

rms2 
(mK)

rms3 
(mK)

Horiz. 30 × 15 m 42 30W 112 98 16

Horiz. 30 × 15 m 42 30E 86 94 16

Horiz. 30 × 15 m 42 30W + E 147 148 23

Note. The second case is a cube on the east and the last case is the FEKO and 
analytic approximation of both east and west cubes as an example of multiple 
scatterers.

Table 2 
The First Case is a Repeat of the Last Case in Table 1
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sensitive to scattering objects. As a result the ground plane or a flat area may have to extend out to 100 m from 
the antenna, depending on the radar cross-section of scattering objects and low angle gain of the antenna, to avoid 
being limited by scattering.

Data Availability Statement
The data used in Figure 2 for the comparison against the analytic approximation of the scatter is publicly available 
at https://loco.lab.asu.edu/edges/edges-data-release/.
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