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We construct the four-derivative supersymmetric extension of (1, 0), 6D supergravity

coupled to Yang-Mills and hypermultiplets. The hypermultiplet scalars are taken to

parametrize the quaternionic projective space Hp(n) = Sp(n, 1)/Sp(n) × Sp(1)R.

The hyperscalar kinetic term is not deformed, and the quaternionic Kähler struc-

ture and symmetries of Hp(n) are preserved. The result is a three parameter La-

grangian supersymmetric up to first order in these parameters. Considering the case

of Hp(1) we compare our result with that obtained from the compactification of

10D heterotic supergravity on four-torus, consistently truncated to N = (1, 0), in

which the hyperscalars parametrize SO(4, 1)/SO(4). We find that depending on how

Sp(1) ⊂ Sp(1, 1) is embedded in SO(4), the results agree for a specific value of the

parameter that governs the higher derivative hypermultiplet couplings.
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1 Introduction

There exists a class of matter coupled gauged supergravities in six dimensions which are anomaly

free in a highly nontrivial fashion, and yet they do not seem to follow from string/M theory [1–3].

The anomaly cancellation in these theories requires Green-Schwarz mechanism in which the 3-

form field strength needs to be modified to include a Lorentz Chern-Simons term which breaks

supersymmetry. Restoring supersymmetry in this on-shell supergravity leads to a derivative

expansion in its own right, without necessarily having a connection to string theory. As such,

it is natural to study the higher derivative extensions of supergravity in the context of effective

theory of quantum supergravity, as well as the swampland program, in which it would be useful

to determine if such an effective theory passes the tests for providing consistent couplings of

matter to supergravity.

In this paper, we study the four-derivative extension of N = (1, 0) supergravity in six-

dimensions coupled to Yang-Mills and hypermultiplets. We use the terminology of N = (1, 0)

supergravity for short, to mean minimal supergravity coupled to a single tensor multiplet. Taking

advantage of the fact that the N = (1, 0), 6D supergravity is known off-shell [4], two independent

curvature-squared off-shell invariants have been constructed [5–7].

It has been shown that a specific combination, upon dualization gives the 6D analog of the

Riemann-squared extension of heterotic supergravity in 10D which we refer to as Bergshoeff-de

Roo (BdR) supergravity [8] (see also [9]). Here, we shall consider this theory in 6D, referring to

it as BdR supergravity as well, since it has the same form as the corresponding supergravity in

10D, together with Yang-Mills and hypermultiplet couplings. The YM coupling is straightfor-

ward, since the two derivative YM action arises at the same order as the Riemann-squared term,

as in 10D supergravity as considered as low energy limit of heterotic string. The two-derivative

coupling is also known. The challenge is to construct the four-derivative couplings in the hy-

permultiplet sector, and it seems that it has not been addressed adequately in the literature so

far. Part of the difficulty stems from the fact that the hypermultiplets do not lend themselves

to a simple off-shell description. In this paper we shall not rely on superspace and we will con-

struct the higher-derivative hypermultiplet couplings to Einstein-Yang-Mills supergravity with

Riemann-squared extension by employing the Noether procedure.

As was first shown in [10], locally supersymmetric coupling of hypermultiplets to supergravity

requires that hyperscalars parametrize a quaternionic Kähler (QK) manifold of negative constant

scalar curvature. We shall recall basic facts about such manifolds in the next section. In this

paper we shall take the QK manifold to be the symmetric quaternionic projective space Hp(n) =

Sp(n, 1)/Sp(n) × Sp(1)R, where Sp(1)R denotes the R-symmetry group. Denoting by L the

representative of this coset space, the Maurer-Cartan form L−1dL = P + QSp(n) + QSp(1)R ,

defines, as usual, the covariant derivative of the scalars, and the composite connections denoted

by Q. In this paper, we shall consider the construction of a Lagrangian of the form

L = L(R) + L(P 2) + βL(F 2) + αL(R2) + Lα,γ(P
4) , (1.1)
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where the first three terms denote the two derivative couplings of hypermultiplets and Yang-Mills

to supergravity, L(R2) denotes the BdR action in 6D discussed above, and Lα,γ(P
4) denotes the

four-derivative hypermultiplet couplings. The parameter β ≡ 1/g2Y M , α and γ are arbitrary

parameters, which go like the inverse string tension α′, if a string theory embedding of the

model would exist. The main result of this paper is the determination of Lα,γ(P
4). We shall

do so by Noether procedure, implementing supersymmetry up to first order in α, β, γ. To that

end, we parametrize the most general dimension four couplings of the hypermultiplet field to

supergravity, requiring 33 parameters. As a result of Noether procedure we find that all of these

parameters depend on α and γ, and supersymmetry is established up to first order in these

parameters. The reason for presence of α dependent terms in Lα,γ(P
4) is due the fact that the

fermionic fields of supergravity necessarily couple to Sp(n)×Sp(1)R connections, and as a result

the supersymmetry variations of some of the α dependent terms conspire with some of the γ

dependent term to cancel. As a result, there will be some terms in the α dependent part of the

Lagrangian that depend on the higher derivative hypermultiplet couplings (see, comments below

(5.1)).

The paper is organized as follows. In section 2, we recall the properties of quaternionic Kähler

manifolds, and focus on the quaternionic projective spaces. In section 3, we describe the Noether

procedure strategy we follow, and a general ansatz for the higher derivative hypermultiplet

couplings. We also explain the construction of the Riemann-squared extension of 6D,N = (1, 0)

supergravity, which brings in an arbitrary parameter, α. The Yang-Mills couplings are at the

two-derivative level, and have the independent overall parameter β = 1/g2Y M . In section 4, we

carry out the Noether procedure, and determine all the parameters appearing in the ansatz for

the total Lagrangian, and show that the hypermultiplet couplings bring in a single new constant,

γ. In section 5, we compare the Hp(1) truncation of our results with that of Riemann-squared

extension of 10D heterotic supergravity on T 4, followed by suitable truncations. Our notations

and conventions are given in appendix A, the lowest order field equations in appendix B, and

several useful identities used in the Noether procedure in appendices C and D.

2 Hypermultiplets and quaternionic Kähler manifolds

2.1 Generalities

In 1983 Bagger and Witten [10] showed that arbitrary number of hypermultiplets coupled to

N = 2 supergravity in 4D parametrise a quaternionic Kähler (QK) manifold with constant

negative scalar curvature. A year later a similar result for the couplings of hypermultiplets to

N = (1, 0) supergravity in 6D was presented in [15]. The QK in question can be noncompact

Wolf spaces, all of which are symmetric coset spaces, or Alekseevsky spaces [11, 12] which are

homogeneous by non-symmetric cosets G/H where G is not simple, or more general QK manifolds

which are not homogeneous1 [13,14]. The result for the full N = (1, 0), 6D supergravity coupled

1We thank Guillaume Bossard for pointing these references to us.
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to arbitrary number of hypermultiplets parametrizing an arbitrary QK manifold can be found

in [15, 16], where the gauging of full isotropy group in the case of the noncompact Wolf space

Sp(n, 1)/Sp(n) × Sp(1), was also given.

In this section, we recall the result of [15, 16] for N = (1, 0), 6D supergravity, which has the

field content

{eµr, Bµν , ϕ ;ψA
µ , χ

A} , (2.1)

coupled to nH number of hypermultiplets with fields

{φα, ψa} , a = 1, ..., 2n, α = 1, ..., 4n . (2.2)

The fermions (ψA
µ , χ

A, ψa) are symplectic-Majorana-Weyl, and A = 1, 2. The rest of the notation

should be self-explanatory. Let us denote the vielbeins on the QK manifold by V aA
α and its inverse

by V α
aA. They satisfy the relations [10]

gαβV
α
aAV

β
bB = ΩabǫAB , V αaAV β

aB + α ↔ β = gαβδAB , (2.3)

where gαβ is the metric, and Ωab, ǫAB are the antisymmetric invariant tensors of Sp(n) and

Sp(1), respectively. The vielbeins are covariantly constant, and the triplet of complex structures

J i, i = 1, 2, 3 obeying the quaternion algebra [J i, J j ] = ǫijkJk can be expressed as

J i
αβ = T i

A
B
(
V aA
α VβaB − α ↔ β

)
, (2.4)

where T i = −iσi/2 are the SU(2) generators. The integrability condition [Dα,Dβ]V
γ
aA = 0

gives [10]

RαβγδV
δ
aAV

γ
bB = ǫABQαβab +ΩabQαβAB , (2.5)

where Qαβab and QαβAB are the Sp(nH) and Sp(1) valued curvatures, respectively. The cyclic

identity for Rαβγδ and (2.4) imply that

Qαβab = κ2
(
VαaAVβb

A − α ↔ β
)
+ΩabcdV

dA
α Vβ

c
A , (2.6)

where Ωabcd is a totally symmetric Sp(n) tensor, and QαβA
B = −2V[α

BaVβ]aA.

The complete action that describes the coupling of an arbitrary QK sigma model to 6D,N =

(1, 0) supergravity was constructed in [16]2 in a fashion similar to that of Bagger and Witten [10].

The geometrical ingredients described above are key to this construction, even though it should

be noted that the Sp(n) tensor Ωabcd arise only in the quartic fermion term

− 1
18Ωabcd ψ̄

aγµψ
bψ̄cγµψd . (2.7)

2Only in the context of gauging isometries of the QK space that the quaternionic projective space G/H =

Sp(n, 1)/[S(n) × Sp(1)] was picked in particular, and the group H was gauged.
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2.2 The case of Hp(n)

In this section we shall take the QK manifold parametrized by the hyperscalars to be the quater-

nionic projective space Hp(n) with n > 1, which can be realized as the coset Sp(n, 1)/[Sp(n) ×
Sp(1)], that has real dimension 4n. In this case the tensor

Ωabcd = 0 . (2.8)

Using the (2n+ 2)× (2n+ 2) matrix L of Sp(n, 1) as a representative of the coset, the Maurer-

Cartan form can be written as

L−1dL =




Qa
b Pa

B

PA
b QA

B


 , (2.9)

where Qab = Qba, QAB = QBA, PAb = −PbA and

P aA
µ = ∂µφ

α V aA
α , QAB

µ = ∂µφ
α QAB

α , Qab
µ = ∂µφ

α Qab
α . (2.10)

Note that X := L−1dL is a general element of the Lie algebra Sp(n, 1), and therefore it satisfies

the condition (ΩX)T = ΩX where

Ω =




ǫab 0

0 −ǫAB


 . (2.11)

The Maurer-Cartan equation d(L−1dL) + L−1dL ∧ L−1dL = 0 gives

Qµνa
b := 2∂[µQν]a

b + 2Q[µ|a
cQ|ν]c

b = 2P[µ|a
CP|ν]

b
C ,

QµνA
B := 2∂[µQν]A

B + 2Q[µ|A
CQ|ν]C

B = 2P[µ|
c
AP|ν]c

B ,

D[µPν]a
B := ∂[µPν]a

B +Q[µ|a
cPν]c

B +Q[µ
BCPν]aC = 0 . (2.12)

With this building blocks, the locally supersymmetric two derivative QK sigma model [15, 16]

can be adapted to Hp(n), and with field redefinitions (3.22) can be applied, to pass to the string

frame.

3 The Noether procedure

3.1 Strategy

We adopt the following strategy for the Noether procedure. For the purposes of the present

discussion, it is convenient to write the total Lagrangian as L = L0+L1 where L0 represents the
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two-derivative3 part of supergravity coupled to hypermultiplets, and L1 is the four-derivative

extension plus the two-derivative couplings of the Yang-Mills multiplet (AI
µ, λ

I). Putting a

generic small parameter in front of L1, the supersymmetry variation of the action up to first

order in that parameter takes the form

δI =

∫
d6x

(
δ0L0 + δ0L1 + δ1L0

)

=

∫
d6x

(
δ0L1 +

δL0

δφ
δ1φ

)
=

∫
d6x

(
δ0L1 + Eφδ1φ

)
, (3.1)

where φ schematically denotes the set of fields in the theory, Eφ denotes their field equations that

follow from the lowest order action, and we have used the fact that
∫
d6x δ0L0 = 0. Thus the

invariance of the action at first order requires that
∫
d6x δ0L1 vanishes up to lowest order field

equations, to wit ∫
d6x δ0L1 =

∫
d6x f(ǫ, φ)Eφ , (3.2)

where f(ǫ, φ) is a functional of the fields, possibly containing Eφ factors, and the supersymmetry

parameter, possibly including its derivative. It then follows that supersymmetry is ensured by

letting

δ1φ = −f(ǫ, φ) . (3.3)

In the Noether procedure, consideration of the H = dB and ϕµ ≡ ∂µϕ independent variations

of the action to begin with is motivated by the expectation that supersymmetry is powerful

enough to establish L1 even by consideration of such variations alone. In constructing L1, we

shall parametrize the most general four-derivative terms that include hypermultiplet fields, such

that we omit terms proportional to EOM’s that follow from L0, since they automatically satisfy

(3.2). Once the vanishing of H and ϕµ independent variations are established, we then turn to

the H and ϕµ dependent variations as well, and determine if new terms need to be added to the

Lagrangian.

3.2 The ansatz

An action with the two derivative couplings of hypermultiplets and Yang-Mills multiplets [16]

can be extended readily by introducing the Riem2 terms similar to the one in 10D [20]. Let us

denote the Lagrangian for this system as

L = L(R) + L(P 2)︸ ︷︷ ︸
L0

+βL(F 2) + αL(R2) , (3.4)

where L(R) is the (1, 0) supergravity Lagrangian, L(P 2) is the Lagrangian that describes the two-

derivative couplings of hypermultiplets, L(F 2) describes the couplings of Yang-Mills multiplets,

and L(R2) is the Bergshoeff-de Roo type higher derivative extension, derivation of which will be

3In referring to n-derivative couplings, we mean the bosonic sector, while it is (n − 1)-derivative coupling in

the fermionic sector.
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given at the end of this section. In the spirit of heterotic supergravity, we will treat the constant

parameters α and β to be at the same footing in an expansion scheme in these parameters. The

Lagrangians L0,L(F 2) and L(R2) are given below in (3.8), (3.9) and (3.10), respectively.

Our goal is to extend this Lagrangian to describe four derivative couplings of the hypermul-

tiplets. Thus we consider a Lagrangian of the form

L = L0 + βL(F 2) + αL(R2) + Lα,γ(P
4) , (3.5)

where L(P 4) represents the higher derivative couplings of the hypermultiplets. The fact that the

higher derivative hypermultiplet couplings turn out to depend only on γ and α is a nontrivial

consequence of the Noether procedure. In L(P 4) we have allowed dependence on not just a new

coupling constant γ but also dependence on α because αL(R2) has gravitino curvature terms

in which the covariant derivative contains the composite connection which is a function of the

hyperscalars. The hypermultiplet dependent terms in the variation of L(R2), given below in

(3.10), add up to

δ0L(R2)
∣∣∣
hypers

= ee2ϕ
[
− 2(ǭA /DψB

µν)Q
µν

AB +
(
1
2 ǭ

AγµντψB
τ − ǭAγµψνB + ǭAγµνχB

)
Rµν

ρσQρσAB

]
.

(3.6)

Using (B.7) in this expression, which is a consequence of the gravitino field equation, gives

δ0L(R2) = ee2ϕ
[
− (ǭγµψµ)Q

2 − 2(ǭχ)Q2 − 4(ǭAγµψ
B
ν )

(
QµρQν

ρ

)
(AB)

+ 2(ǭγµψν)
(
QµρQν

ρ
)
+ 4(ǭAγµψ

B
ν )(P

2)µρQν
ρAB + 8(ǭADµψ

a)Pνa
BQµν

AB

]
, (3.7)

where Q2 := QµνABQ
µνAB , and we have set to zero the equations of motion Eµν , EA

µ and EA,

discussed in appendix B. These terms trigger the Noether procedure which requires the addition

of higher derivative hypermultiplet dependent terms. We have opted for adding the most general

such terms as detailed in the section below.

The first three terms in (3.5) are known and, up to quartic fermion terms, they are given by

(see appendix A for the definitions of notations)

L0 = ee2ϕ
[

1
4R(ω) + ∂µϕ∂

µϕ− 1
12HµνρH

µνρ − 1
2P

aA
µ Pµ

aA

− 1
2 ψ̄µγ

µνρDνψρ + 2χ̄γµνDµψν + 2χ̄γµDµχ− 1
2 ψ̄

aγµDµψa

− 1
24HµνρOµνρ − ∂µϕ

(
ψ̄µγνψν + 2ψ̄νγ

µγνχ
)
− PµaA

(
ψ̄A
ν γ

µγνψa + 2χ̄Aγµψa
)]

,

(3.8)

L(F 2) = ee2ϕ
[
−1

4F
I
µνF

Iµν − λ̄IγµDµλ
I − 1

12Hµνρλ̄
IγµνρλI + 1

2F
I
µν λ̄

I (γργµνψρ + 2γµνχ)

+ ωYM
µνρ

(
Hµνρ + 1

4Oµνρ
)]

, (3.9)
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L(R2) = ee2ϕ
[
−1

4Rµν
rs(Ω−)R

µν
rs(Ω−)− ψ̄rsγµDµ(ω,Ω−)ψrs

− 1
12Hµνρψ̄

rsγµνρψrs +
1
2Rµν

rs(Ω−) ψ̄rs (γ
ργµνψρ + 2γµνχ)

+ ωL
µνρ

(
Hµνρ + 1

4Oµνρ
)]

, (3.10)

Lα,γ(P
4) = e e2ϕ

[(
b1Q

2 + b2(P
2)µν(P

2)µν + b3(P
2)2

)

+
(
c1 ψ̄

A
ρ γ

ρψµνB + c2 χ̄
AψµνB + c3 ψ̄

A
ρ γ

µψρνB
)
QµνAB + c4 ψ̄ργ

µψνρ(P 2)µν

+ c5ψ̄
aγµDνψ

b(P 2)µνab + c6 ψ̄γµDνψ(P
2)µν

+
(
c7 ψ̄

A
µ γ

µνρψB
ρ + c8 ψ̄

A
µ γ

µνχB + c9 ψ̄
νAχB

)
(PDP )νAB

+
(
c10 ψ̄

νγµψρ + c11 ψ̄
µγνρχ

)
(PDP )µ,νρ + c12 ψ̄

aγµψ
b(PDP )µab

+ c13 ψ̄
A
ρ γµνχ

B DρQµν
AB +

(
c14 ψ̄

µγνψν + c15 ψ̄
µχ

)
∂µP

2

+ χ̄Aγ
µψa

(
c16 Q

AB
µν P νa

B + c17 (P
2)µνP

νaA + c18 P
aA
µ P 2

)

+ ψ̄A
µψa

(
c19 Q

µν
ABP

aB
ν + c20 (P

2)µνP a
ν A + c21P

µa
AP

2
)

+ ψ̄µAγ
µνψa

(
c22 Qνρ

ABP ρ
aB + c23 (P

2)νρP
ρ
a
A + c24Pνa

AP 2
)

+ ψ̄A
µ γνρψa

(
c25 Q

µν
ABP

ρaB + c26 Q
νρ
ABP

µaB + c27 (P
2)µνP ρa

A + c28 R
µνρσPσ

a
A

)

+ c29 χ̄
AγµνρψaQµν A

BPρaB + c30 ψ̄
A
µ γ

µνρσψaQνρA
BPσaB

+ γωQ
µνρ

(
Hµνρ + 1

4Oµνρ
)]

, (3.11)

where

Hµνρ = 3∂[µBνρ] ,

Ω±µrs = ω̂µrs ± Ĥµrs ,

ω̂µrs = ωµrs +
1
2

(
ψ̄µγrψs − ψ̄µγsψr + ψ̄rγµψs

)
,

Ĥµνρ = Hµνρ +
3
2 ψ̄[µγνψρ] ,

ψA
µν =

( (
∂µ + 1

4Ω+µrsγ
rs
)
ψA
ν +Qµ

ABψνB

)
− µ ↔ ν . (3.12)

Furthermore we have the Chern-Simon forms

ωYM
µνρ = tr

(
A[µ∂νAρ] +

2
3A[µAνAρ]

)
,
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ωL
µνρ = tr

(
Ω−[µ∂νΩ−ρ] +

2
3Ω−[µΩ−νΩ−ρ]

)
,

ωQ
µνρ = tr

(
Q[µ∂νQρ] +

2
3Q[µQνQρ]

)
,

=
(
QµA

B∂νQρB
A + 2

3QµA
BQνB

CQρC
A
)
[µνρ]

, (3.13)

where Aµ := AI
µT

I and tr
(
T IT J

)
= −δIJ . We have anticipated that the Chern-Simons term

for the composite connection on Hp(n) will be needed in the Noether procedure. At this point

there is no loss of generality in doing so since we have introduced an arbitrary coupling constant

γ in front of it. Further definitions are the fermionic bilinear terms

Oµνρ = ψ̄σγ[σγ
µνργτ ]ψ

τ + 4ψ̄σγ
σµνρχ− 4χ̄γµνρχ+ ψ̄aγµνρψa , (3.14)

and the covariant derivatives which now contain the Sp(n)× Sp(1) connections,

Dµχ
A =

(
∂µ + 1

4ωµ
rsγrs

)
χA +Qµ

ABχB ,

Dµψ
a =

(
∂µ + 1

4ωµ
rsγrs

)
ψa +Qµ

abψb . (3.15)

The coefficients b1, b2, b3, c1, ..., c30 will turn out to be linear in γ and α. Note also that the

Chern-Simons terms in L(F 2),L(R2),Lα,γ can be absorbed into the definition of H = dB to

define H as follows

Hµνρ = 3∂[µBνρ] − 6βωYM
µνρ − 6αωL

µνρ − 6γ ωQ
µνρ . (3.16)

In the ansatz for Lα,γ(P
2), we have assumed that the derivative of the gravitino appears only

through the gravitino curvature. This is motivated by dimensional reduction of the R+αRiem2

action in 10D on T 4 that was carried out in [22]. This reduction also gives a term of the form(
DµP aA

ν

)2
. However, in this case we have opted to parametrize the four-derivative hyperscalar

terms as in (3.11), in view of the following identity
∫

d6x ee2ϕ
(
DµP aA

ν

)
(DµP

ν
aA) =

∫
d6x ee2ϕ

[
− 2(P 2)µν(P

2)µν − 1
2QµνabQ

µνab

− 1
2QµνABQ

µνAB − PµaADµD
νPνaA − (P 2)µνRµν

]
. (3.17)

Removing the last three terms by using the field equations, and using (C.6) as well, leads to the

ansatz (3.11) with redefined parameters.

Turning to the supersymmetry transformation rules, in accordance with the Noether proce-

dure strategy outlined above, we need to start with the following ones:

δeµ
m = ǭγmψµ ,

δψµ = Dµǫ+
1
4Hµρσγ

ρσǫ ,

δBµν = −ǭγ[µψν] + 2β AI
[µδA

I
ν] + 2αΩ−[µ

rsδΩ−ν]rs + 2γ Q[µ
ABδQν]AB ,

δχ = 1
2γ

µǫ∂µϕ− 1
12Hµνργ

µνρǫ ,

δϕ = ǭχ ,
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L−1δL =




0 −ǭBψa

+ǭAψ
b 0


 ,

δψa = −P aA
µ γµǫA ,

δAI
µ = −ǭγµλ

I ,

δλI = 1
4F

I
µνγ

µνǫ . (3.18)

Substituting the expression for L−1δL into the formula

δ(L−1dL) = d(L−1δL) + [L−1dL, L−1δL] , (3.19)

we find

δQµ
AB = 2ǭ(A|ψcPµ

c|B) ,

δQµ
ab = 2ǭAψ

(aPµ
b)A ,

δPµ
aA = −Dµ

(
ǭAψa

)
. (3.20)

The gravitino curvature transforms under supersymmetry as

δψA
rs =

1
4Rµνrs(Ω−)γ

µνǫA +Qrs
ABǫB , (3.21)

which contains hypermultiplet dependent terms. The requirement of cancelling this variations

triggers the Noether procedure for constructing the four-derivative couplings of the hypermulti-

plets to supergravity.

We end this section with some comments on the Lagrangians L0 and L(R2). The Lagrangian

L0 was given completely in [16] in Einstein frame. Here we have passed to the ‘string’ frame by

performing the field redefinitions

eµ
r −→ e

1
2
ϕeµ

r , ψµ −→ e
1
4
ϕ

(
ψµ +

1

2
γµχ

)
,

χ −→ e−
1
4
ϕχ , ψa −→ e−

1
4
ϕψa , ǫ −→ e

1
4
ϕǫ ,

δ(ǫ) + δL(λ) −→ δ(ǫ), λm
n =

1

2
ǭγmnχ . (3.22)

Note in particular the shift in the gravitino, and the Lorentz transformations with the field

dependent parameter given in the last equation. The latter is needed to put in to a canonical

form the supersymmetry transformation of the vielbein. We have also different conventions here,

which are related to those of [16], as described in appendix A.

The Lagrangian L(R2) has already been discussed in [8,22], in the absence of hypermultiplets.

Here, we shall explain its derivation which is based on the observation that the fields (Ω−µ
rs, ψrs)

transform under supersymmetry (to lowest order in α) in fashion similar to the Yang-Mills

multiplet fields (AI
µ, λ

I). More precisely, one finds that under supersymmetry4

δΩ−µrs = −ǭγµψrs ,

4In obtaining δψrs , one uses the identity [6,20] Rpqrs(Ω+)−Rrspq(Ω−) = 4D[p(ω)Hqrs].
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δψrs =
1

4
Rµνrs(Ω−)γ

µνǫ , (3.23)

which shows that (Ω−µrs, ψrs) transform as the Yang-Mills multiplet fields (AI
µ, λ

I) valued in the

fundamental representation of the Lorentz algebra. The well known coupling of Yang-Mills mul-

tiplet to supergravity then makes it possible to immediately write down the supersymmetrization

of the R+ αRµνρσR
µνρσ up to order α by employing the map

YM to Lorentz map: (AI
µ, λI) → (Ω−µ

rs, ψrs) . (3.24)

This map applied to the well-known Yang-Mills coupled to supergravity, immediately yields

L(R2) given in (3.10). Note the somewhat unusual covariant derivative in which the connection

Ω− only acts on the vector index of the gravitino curvature as follows

Dµ(ω,Ω−)ψrs =
(
∂µ + 1

4ωµpqγ
pq
)
ψrs +Ω−µr

pψps +Ω−µs
pψrp . (3.25)

Despite the fact that the coupling of Yang-Mills multiplet is exactly supersymmetric, the map

(3.24) provides an action invariant only up to order α because unlike AI
µ the field Ωµ

rs is not

an independent field, but rather a function of the vielbein and the H-field. Note also that

introduction of the hypermultiplets requires the introduction of the Sp(n) × Sp(1)R composite

connections in the covariant derivatives of (ψµ, χ). Consequently, L(R2) as given in (3.10) is no

longer a supersymmetric extension of L(R) + L(P 2). By introducing appropriate α dependent

terms in Lα,γ the supersymmetry will be restored.

4 Supersymmetry variations of the total action

4.1 Variations independent of ϕµ and H

There is no unique way of choosing a basis for the independent structures that need to vanish for

supersymmetry. In what follows, the coefficients collected in front of the chosen basis, and they

all need to vanish. Of those, 16 of them contain the hyperino, 14 of them contain the dilatino,

and 28 of them contain the gravitino. All of these structures are displayed below. They must

vanish, and therefore the supersymmetry of the 35 parameter Lagrangian gives 58 equations for

the 35 parameters, which is a highly nontrivial over-constrained system to admit a solution. A

very long calculation yields the following results.

Collecting the independent structures, gives for the supersymmetry variations of (3.5) which

contain the hyperino the result

V (ψ) = (ǭAψa)
[(

16b1 +
1
2c5 − 2c7 − c12 + 2c19

)
Pµa

B(PDP )µAB

+
(
2b2 + 4b3 +

1
8c5 +

1
2c6 − 1

4c12 +
1
2c20 + c21 − 2c14

)
PµaA∂

µP 2

+
(
− c4 + 4b2 +

1
4c5 +

1
2c12 + c20

)
(P 2)µνD

µP ν
aA

]
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+ (ǭAγµνψ
a)
[(

1
8c5 − 1

4c12 + c26 +
1
2c22

)
P λ

a
BDλQ

µν
AB

+
(
1
4c5 + c3 +

1
2c12 − c25 + c22

)
Qµλ

ABD
νPλa

B

+
(
1
2c6 − 1

2c27 − c24

)
Pµ
aA∂

νP 2

+
(
− c4 +

1
4c5 +

1
2c12 + c27 − c23

)
(P 2)µλDνPλaA

+
(
1
4c5 − 1

2c12 − c23 + 2c28

)
PλaA(PDP )λ,µν

+
(
− 2c8 − 2c25

)
Pµ

a
B(PDP )νAB

]

+ (ǭADµψ
a)
[(

8α+ 4c1 − 1
2c5 + c3 + c19 − c22

)
Pνa

BQµν
AB

+
(
1
2c5 + c21 + c24

)
Pµ
aAP

2 +
(
c4 +

1
2c5 + 2c6 + c20 + c23

)
(P 2)µνPνaA

]

+ (ǭAγµνDρψ
a)
[(

1
2c5 + c26 + c30

)
P ρ

a
BQµν

AB

+
(
− 1

2c5 + c3 + c25 + 2c30

)
Pµ

a
BQνρ

AB

+
(
− c4 − 1

2c5 + 2c6 − c27

)
Pµ

aA(P
2)νρ − 1

2c28PσaAR
µνρσ

]
. (4.1)

Next, we collect all the variations involving the dilatino. They are given by

V (χ) =
(
ǭχ

)[(
− 2α+ 2b1 − c1 +

1
2c2 +

1
4c16 +

1
2c22

)
Q2

+
(
2b2 − 1

2c17 − c23
)
(P 2)µν(P

2)µν +
(
2b3 − 1

2c18 − c24
)
(P 2)2 − c15�P 2

]

+ (ǭAγµνχB)
[(

− c8 − 4c13
)
(DµP

ρa
A)(DνPρaB)

+
(
1
4c8 +

1
2c16 + c29 + c22 − 2c30 − 3c13

) (
QµλQν

λ
)
AB

+
(
1
2c8 − 1

2c16 +
1
2c17 + c29 − c22 + c23 − 2c30 + 6c13

)
(P 2)µ

σQνσAB

+
(
− 1

4c8 − 1
2c18 +

1
2c29 − c24 − c30 − c13

)
QµνABP

2

+
(
− 1

2c1 +
1
4c2 − 1

4c8
)
Rµν

ρσQρσAB

]

+
(
− 1

4c29 +
1
2c30 +

1
4γ

)
(ǭγµνρσχ)

(
QµνQρσ

)

+
(
4c7 − c8 − c9

)
(ǭADµχB)(PDP )µAB +

(
− c15 + 2c14

)
(ǭDµχ)∂µP

2

− c13(ǭ
AγµνDρχB)DρQµνAB − c11 (ǭγ

µνDρχ)(PDP )ρ,µν , (4.2)

where we have used (D.15).

Finally, we turn to all the variations that contain the gravitino. They are given by

V (ψµ) = (ǭAγµψ
B
ν )

[(
− 4α− 2c1 − c3 − 1

2c19 − 1
2c25 − c26 +

1
2c22 − 2c30

)(
Qµ

σQ
νσ
)
(AB)

+
(
4α+ 2c1 +

1
2c19 − 1

2c25 − 1
2c22 − c30

)
(P 2)µσQν

σAB

+
(
− c4 − 1

2c20 + c26 − 1
2c27 − 1

2c23 + c30
)
(P 2)νσQµ

σAB

+
(
− 1

2c3 − 1
2c21 − 1

2c25 − 1
2c24 − c30

)
Qµν

ABP
2
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+ 1
4c28QρσABR

µνρσ
]

+ (ǭγµψν)
[(
2α− 4b1 + c1 − 1

2c3 +
3
4c10 − 1

4c19 − 1
4c25 +

1
2c26 − 3

4c22 +
3
2c14

)(
QµρQν

ρ
)

+
(
− 4b2 +

3
2c10 − 1

2c20 +
1
2c27 +

3
2c23 − c14

)
(P 2)µρ(P

2)ν
ρ

+
(
1
2c4 − 4b3 +

1
2c10 − 1

2c21 − 1
2c27 +

3
2c24 + c14

)
(P 2)µνP

2

+
(
− c4 +

1
2c28 + 2c14

)
(P 2)ρσRµρνσ

+
(
c10 + 2c14

)
(DµPρaA)

(
DνP

ρaA
)
+

(
− c10 + 2c14

)
P ρ aADρDµPνaA

]

+ (ǭγµψµ)
[(

− α+ b1 − c1 +
1
2c22

)
Q2 +

(
b2 − c23

)
(P 2)νρ(P

2)νρ

+
(
b3 − c24

)
(P 2)2 − c14�P 2

]

+ (ǭAγνρσψ
B
µ )

[(
− 1

2c3 − 1
2c26 − 3

2c30
)(
QµνQρσ

)
AB

+ 1
2c25

(
QµνQρσ

)
BA

+
(
1
2c4 − 1

2c26 − 1
2c27 +

3
2c30

)
(P 2)µνQρσ

AB +
(
1
2c3 +

1
4c28

)
RτµνρQσ

τAB

]

+ (ǭAγµνρψB
ρ )

[
− 2c7

(
DµP

σa
A

)(
DνPσaB

)
+

(
− 1

2c1 − 1
2c7

)
Rµν

στQστAB

+
(
− 1

2c7 − c24 − c30
)
QµνABP

2 +
(
c7 − c22 + c23 − 2c30

)
(P 2)µ

σQνσAB

+
(
1
2c7 + c22 − 2c30

)(
Qµ

σQνσ

)
AB

]

− 1
4c28(ǭγνρσψµ)R

µτνρ(P 2)τ
σ +

(
1
2c30 +

1
8γ

)
(ǭγµνρστψµ)

(
QνρQστ

)

+
(
− c1 − 1

2c3
)
(ǭAγµψB

νρ)DµQ
νρ
AB +

(
− c4 − c10

)
(ǭγρψµν)(PDP )ρ,µν , (4.3)

where we have used (C.11) and (D.4).

Requiring that the coefficients of all the structures listed above vanish, gives the following

result:

b1 =α+ 1
4γ , b2 = − γ , b3 =

1
4γ , c1 =0 , c2 =0 ,

c3 =0 , c4 =0 , c5 = − γ , c6 = − γ , c7 =0 ,

c8 =0 , c9 =0 , c10 =0 , c11 =0 , c12 =
3
2γ ,

c13 =0 , c14 =0 , c15 =0 , c16 = − γ , c17 = − 2γ ,

c18 =
1
2γ , c19 = − 8α− γ , c20 =

7
2γ , c21 =

1
4γ , c22 = − 1

2γ ,

c23 = − γ , c24 = 1
4γ , c25 =0 , c26 =

3
4γ , c27 = − 3

2γ ,

c28 =0 , c29 = 1
2γ , c30 = − 1

4γ . (4.4)

The ϕµ dependent variations

So far we have considered the H and ϕµ independent variations of the action. Now that we have

found the solution (4.4) for such variations to vanish, we shall now examine all such variations as
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well. In this subsection, we shall consider variations that contain at least a factor of ϕµ but no

H-dependence. Such variations arise from, (a) the variation of the dilatino, (b) from integrations

by part in which the exponential in dilaton factor is differentiated, and (c) the use of the EOM’s.

In the last case, we make use (B.5) and (B.6). Thus, without assuming the solution (4.4), all the

ϕµ dependent variations are found to be

V∂ϕ = δL
∣∣∣
∂ϕ

=ee2ϕ

{
(ǭAψa)

[
(−1

2c18 + c24)P
µ
aAP

2ϕµ + (12c16 − c22)Pνa
BQµν

ABϕµ + (−1
2c17 + c23)PνaA(P

2)µνϕµ

]

+ (ǭAγµνψ
a)
[
(12c18 − c24)P

µ
aAP

2ϕν + (12c16 − c22)Pρa
BQνρ

ABϕ
µ + (−1

2c17 + c23)PρaA(P
2)νρϕµ

+ (12c29 + c30)P
ρ
a
BQµν

ABϕρ + (c29 + 2c30)P
µ
a
BQνρ

ABϕρ

]

+ (−1
2c29 − c30)(ǭ

Aγµνρσψ
a)Pµ

a
BQνρ

ABϕ
σ

}
, (4.5)

with L from (3.5). Employing the solution (4.4), we see that V∂ϕ = 0. Therefore, we do not need

to add any new term to the Lagrangian (3.5)5

The H-dependent variations

Finally we consider all the remaining variations, namely those which contain at least a factor

of H, or H multiplied by ϕµ dependent factors. Collecting such variations, and omitting the

EOM terms, we find that even though all variations involving more than one H factor cancel

each other, but terms linear in H remain. To cancel all the H-dependent variations, we add the

following terms to action:

LH = e e2ϕ
[
t1ψ̄

aγµψbQνρ
abHµνρ + t2ψ̄

aγµνρψbHµν
σ(P 2)ρσab + t3ψ̄

aγµνρψbHµνρ(P
2)ab

+ t4ψ̄
aγµνρψaHµν

σ(P 2)ρσ + t5ψ̄
aγµνρψaHµνρP

2 + t6ψ̄
aγµνρστψbQµνabHρστ

]
.

(4.6)

The total contribution to H-depended variations, modulo EOM’s, are then found to be

VH =δ
(
L+ LH

)∣∣∣
H

=ee2ϕ

{
(2γ − 1

2c26 − 1
2c29 − 1

2c30 + 2t1)(ǭ
Aψa)Pµ

a
BQνρ

ABHµνρ

+ (ǭAγµνψa)
[
(2α+ 1

4c16 +
1
4c19 − 3

4c22 − 1
2t2 + 3t3)Pσa

BQρσ
ABHµνρ

+ (−1
4c17 +

1
4c20 +

3
4c23 +

1
2 t2 + 3t3 + 2t4)PσaA(P

2)ρσHµνρ

5Terms such as (P 2)µν χ̄γµDνχ and (PDP )µABχ̄Aγµχ
B contribute terms proportional to ϕµ, but such variations

have different structures than those given in Vϕ and they cannot be cancelled. Therefore the coefficients of such

terms are vanishing in the solution we have found for the parameters in (3.5).

15



+ (12c29 + t2)Pµa
BQρσ

ABHνρσ

+ (c26 + c29 + 2t1 − t2)P
ρ
a
BQσ

µABHνρσ

+ (12c27 − 2t1 − t2 + 4t4)P
ρ
aA(P

2)σµHνρσ

+ (−1
4c18 +

1
4c21 +

3
4c24 +

1
2 t2 + 6t5)P

ρ
aAP

2Hµνρ

]

+ (ǭAγµνρσψa)
[
(12c29 +

3
2c30 − 1

2t2 + 6t6)Pµa
BQν

λ
ABHρσλ

+ (14c26 +
1
4c29 +

3
4c30 +

1
2t2)P

λ
a
BQµνABHρσλ

+ ( 1
12c16 − 1

6c22 − t3 − 2t6)P
λ
a
BQσλABHµνρ

+ (−1
4c27 − 1

2t2 + 2t4 − 6t6)PµaA(P
2)ν

λHρσλ

+ (− 1
12c17 +

1
6c23 − t3 + 2t6)P

λ
aA(P

2)σλHµνρ

+ ( 1
12c18 − 1

6c24 + 2t5 + 2t6)PµaAP
2Hνρσ

]

+ (− 1
12c29 − 1

6c30 + 2t6)(ǭ
Aγµνρσλτψa)Pµa

BQνρABHσλτ

}
, (4.7)

with L from (3.5). Upon taking the following values

t1 = −3
4γ , t2 = t4 = −1

4γ , t3 = t5 = t6 = 0 , (4.8)

and using (4.4) and (4.8), we get

VH = 0 . (4.9)

Thus the invariant total Lagrangian is

L = L(R) + L(P 2) + βL(F 2) + αL(R2) + Lα,γ(P
4) + LH , (4.10)

with parameters given in (4.4) and (4.8). In particular, LH is given by

LH = γ e e2ϕ
[
− 3

4 ψ̄
aγµψbQνρ

abHµνρ − 1
4 ψ̄

aγµνρψbHµν
σ(P 2)ρσab − 1

4 ψ̄
aγµνρψaHµν

σ(P 2)ρσ
]
.

(4.11)

The last two terms can be interpreted as bosonic torsion in the c5 and c6 terms in L2 (up to

quartic fermions). To be more specific, we have

−(ψ̄aγµDνψ
b)(P 2)µνab − 1

4 (ψ̄
aγµνρψb)(P 2)ρσabHµν

σ = − (ψ̄aγµDν(Ω+)ψ
b)(P 2)µνab ,

−(ψ̄aγµDνψa)(P
2)µν − 1

4(ψ̄
aγµνρψa)(P

2)ρσHµν
σ = − (ψ̄aγµDν(Ω+)ψa)(P

2)µν . (4.12)

The first term in (4.11) has no torsion interpretation directly. The explicit expression for (4.10)

is given below in (5.1).

4.2 EOM terms and supertransformations

We shall now determine all the EOM terms we have suppressed in the supersymmetry variations

so far. These are the terms which dropped in (4.1), (4.2), (4.3) and (4.7). This needs to be done
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so that we can determine the field redefinitions required to cancel them, and the consequences

for the supertransformations. Collecting all the EOM terms that arise in the variation of the

total Lagrangian (4.10) given above, we find

VEOM = δL|EOM

=αe e2ϕ
[
8(ǭAγµψ

B
ν )Q

νρ
AB Ẽµ

ρ + 2(ǭAγµψ
B
ν )Q

ν
ρABe

−2ϕEµρ
B

− 2(ǭADµEB
ν )Qµν

AB + 1
2 (ǭ

AγµνEB
ρ )Qρσ

ABH
µν

σ

− 8(ǭAγµDνEB)Qµν
AB − 4(ǭAγµEB)QνρABH

µνρ

− 2(ǭAγµνρEB)Qρ
σ
ABHµνσ

]

+ γ e e2ϕ
[
(ǭAψa)(−3Pµa(A|P

µ
b|B)ẼbB + (P 2)abẼb

A + P 2ẼaA)

+ (ǭAγµνψ
a)(Pµ

a(A|P
ν
b|B)ẼbB + 1

2Q
µν

AB ẼaB)
+ (ǭAγµEa)(−1

2P
ν
a
BQµνAB + P ν

aA(P
2)µν − 1

4PµaAP
2)

+ 1
4(ǭ

AγµνρEa)Pρa
BQµνAB)

]
. (4.13)

We shall now cancel these by modifying the SUSY transformation rules. Denoting the modifica-

tion of supertransformation rules by δextra, we get the following extra terms in the variation of

Lagrangian.

δextraL = e e2ϕ
[
− 2eνr(δextraeµ

r)Eµν + (δextraϕ)Eϕ + 1
2(δextraBµν)e

−2ϕEµν
B + VαaA(δextraφ

α)ẼaA

− 1
2 ĒµA(δextraψµA) + 4ĒA(δextraχA)− Ēa(δextraψa)

]
. (4.14)

Requiring that these variations cancel VEOM given above, we find that the supertransformations

(3.18) need to be supplemented by δextra given by 6

δextraeµ
r = − 4α(ǭAγrψB

ν )Qµ
ν
AB ,

δextraψµA =4α(δ0ψ
B
ν )Qµ

ν
AB − 8αǫB(PDP )µAB + 8αǫBPµ

a
(A|Ẽa|B) ,

δextraBµν =4α(ǭAγ[µ|ψ
B
ρ )Q|ν]

ρ
AB ,

δextraχA = − 2αγµ(δ0ψ
B
ν )Qµ

ν
AB + 4αγµǫB(PDP )µAB − 4αγµǫBPµ

a
(A|Ẽa|B) ,

δextraϕ =2α(ǭAγµψ
B
ν )Q

µν
AB ,

VαaAδextraφ
α =3γ(ǭBψb)Pµ

a(A|Pµb|B) − γ(ǭAψ
b)(P 2)ab − γ(ǭAψa)P

2

+ γ(ǭBγµνψ
b)Pµ

a(A|P
ν
b|B) +

1
2γ(ǭ

Bγµνψa)Q
µν

AB ,

δextraψa = γ(γµǫA)P ν
aA(P

2)µν − 1
4γ(γ

µǫA)PµaAP
2 − 1

4γ(γ
µνγρǫA)Pρa

BQµνAB , (4.15)

6Note that integration by part in the two terms that have the form DµE
BQµν

AB gives terms of the form E
B
ν EaA.

This means that we can alternatively redefine the hyperscalar to remove such variation.
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where δ0 is the supersymmetry variation which is zeroth order in α, β and γ. The ψνQµν

and (δ0ψ
ν)Qµν terms in the first five transformation rules above can be removed by the field

redefinitions

ψµA → ψµA + 4αψνBQµνAB , χA → χA − 2α γµψ
B
ν Q

µν
AB . (4.16)

Consequently, this redefinition bring in terms of the form αĒµψνQµν and αĒγµψνQµν in the

Lagrangian, which are presented in the final results summarized in the next section.

5 The final results

In summary, substituting the parameter values given in (4.4) into the Lagrangian Lα,γ given in

(3.11), adding the Lagrangian LH given in (4.11), and performing the field redefinition (4.16),

our result for the total Lagrangian (4.10) is given by

L = e e2ϕ
[

1
4R(ω) + ϕµϕ

µ − 1
12HµνρHµνρ − 1

2 ψ̄µγ
µνρDνψρ + 2χ̄γµνDµψν + 2χ̄γµDµχ

− 1
24Hµνρ

(
ψ̄σγ[σγ

µνργτ ]ψ
τ + 4ψ̄σγ

σµνρχ− 4χ̄γµνρχ
)
− ϕµ

(
ψ̄µγνψν + 2ψ̄νγ

µγνχ
)

− 1
2P

µaAPµaA − 1
2 ψ̄

aγµDµψa − 1
24Hµνρψ̄

aγµνρψa − PµaA

(
ψ̄A
ν γ

µγνψa + 2χ̄Aγµψa
) ]

+β e e2ϕ
[
− 1

4F
I
µνF

Iµν − λ̄IγµDµλ
I − 1

12Hµνρλ̄
IγµνρλI + 1

2F
I
µν λ̄

I (γργµνψρ + 2γµνχ)
]

+αe e2ϕ
[
− 1

4Rµν
rs(Ω−)R

µν
rs(Ω−) +QµνABQµνAB − ψ̄rs /D(ω,Ω−)ψrs

+ 1
2 ψ̄rs

(
γτγµνψτ + 2γµνχ

)
Rµν

rs(Ω−)− 1
12Hµνρψ̄

rsγµνρψrs − 8ψ̄A
µ ψaQ

µν
ABPν

aB

+ 2ψ̄B
ν EA

µ Q
µν

AB − 8ψ̄B
ν γµEAQµν

AB

]

+γ e e2ϕ
[

1
4Q

µνABQµνAB − (P 2)µν(P 2)µν +
1
4(P

2)2

− (ψ̄aγµDν(Ω+)ψ
b)(P 2)µνab − (ψ̄aγµDν(Ω+)ψa)(P

2)µν − 3
4 ψ̄

aγµψbQνρ
abHµνρ

+ 3
2 ψ̄

aγµψ
b(PDP )µab +

1
2 χ̄

AγµνρψaQµνA
BPρaB − 1

4 ψ̄
A
µ γ

µνρσψaQνρA
BPσaB

+ χ̄Aγ
µψa(−Qµν

ABP νa
B − 2(P 2)µνP

νaA + 1
2Pµ

aAP 2)

+ ψ̄A
µ ψa(−Qµν

ABPν
aB + 7

2(P
2)µνPν

a
A + 1

4P
µa

AP
2)

+ ψ̄µAγ
µνψa(−1

2Qνρ
ABP ρ

aB − (P 2)νρP
ρ
a
A + 1

4Pνa
AP 2)

+ ψ̄A
µ γνρψa(

3
4Q

νρ
ABP

µaB − 3
2(P

2)µνP ρa
A)

]
, (5.1)

where Hµνρ is defined in (3.16), and only terms up to first order in α, β and γ are to be kept.

There are two terms in the α dependent part of the Lagrangian which have higher derivative
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hypermultiplet dependence. Schematically these terms are of the form P 4 and ψµψaP
3. The γ

dependent terms above, together with these two terms, constitute the Lagrangian Lα,γ appearing

in (3.5).

Taking into account the field redefinitions (4.16), the supertransformations are given by

δeµ
r = ǭγrψµ ,

δψµA =DµǫA + 1
4Hµνργ

νρǫA − 8αǫB(PDP )µAB + 8αǫBPµ
a
(A|Ẽa|B) ,

δBµν = − ǭγ[µψν] + 2β AI
[µδA

I
ν] + 2αΩ−[µ

rsδ0Ω−ν]rs + 2γ Q[µ
ABδ0Qν]AB ,

δχA = 1
2γ

µǫA∂µϕ− 1
12Hµνργ

µνρǫA + 4αγµǫB(PDP )µAB − 4αγµǫBPµ
a
(A|Ẽa|B) ,

δϕ = ǭχ ,

VαaAδφ
α = − ǭAψa + 3γ ǭBψbPµ

a(A|Pµb|B) − γ ǭAψ
b(P 2)ab − γ ǭAψaP

2

+ γ ǭBγµνψ
bPµ

a(A|P
ν
b|B) +

1
2γ ǭ

BγµνψaQ
µν

AB ,

δψa = γµǫAPµaA + γ(γµǫA)P ν
aA(P

2)µν

− 1
4γ(γ

µǫA)PµaAP
2 − 1

4γ(γ
µνγρǫA)Pρa

BQµνAB ,

δAI
µ = − ǭγµλ

I ,

δλI = 1
4F

I
µνγ

µνǫ . (5.2)

6 Hp(1) from Hp(n) compared with heterotic supergravity on T 4

It has been shown that the dimensional reduction of the BdR extended heterotic supergravity on

T 4 followed by a truncation to N = (1, 0) supersymmetry yields the higher derivative couplings

of four hypermultiplets which parametrize SO(4, 4)/SO(4) × SO(4) [23,22]. Truncating further

to keep a single hypermultiplet give the coset SO(4, 1)/SO(4). Given that SO(4, 1) ≈ Sp(1, 1)

and SO(4) ≈ Sp(1) × Sp(1), we can compare our results for Hp(n) model truncated to Hp(1).

To do so, we begin with the truncation of the Hp(n) model to obtain the Hp(1) model.

6.1 The Hp(1) model from the truncation of the Hp(n) model

To truncate the Hp(n) model to Hp(1), we let the index a = 1, 2. This implies the identities

(P 2)µνab = −1
2(P

2)µνǫab ,

Q2 = −2(P 2)µν(P
2)µν + 2(P 2)2 ,

Pνa
BQµν

AB = −PνaA(P
2)µν + Pµ

aAP
2 ,
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Pµ
a
BQνρ

AB

∣∣∣
[µν]

= P ρ
a
BQµν

AB − 3Pµ
aA(P

2)νρ . (6.1)

Using these identities in the final Lagrangian (5.1) in terms that correspond to those with co-

efficients (b1, c5, c16, c19, c22, c25) in (3.11), and leaving out βL(F 2), and collecting the bosonic

terms that are linear in α and γ, gives

LBos.

∣∣∣
α
= e e2ϕ

[
Hµνρ

(
αωL

µνρ(Ω−) + γ ωQ
µνρ

)
− 1

4αRµνrs(Ω−)R
µνrs(Ω−)

− (2α + 3
2γ)(P

2)µν(P
2)µν + (2α + 3

4γ)(P
2)2

]
, (6.2)

where ωQ
µνρ is as defined in (3.13).

6.2 The Hp(1) from the dimensional reduction

As mentioned above, in the reduction of heterotic 10D supergravity on T 4, upon truncation to

N = (1, 0), the resulting hyperscalars parametrize the coset SO(4, 4)/SO(4)+ × SO(4)−, and it

is important to note that the first index. Following the notation of [22], denoting a representative

of this coset by W , we have the Maurer-Cartan form

W∂µW
−1 =




Q+µab −Pµab

−Pµba Q−µab


 , (6.3)

where a, b = 1, ..., 4 and Q±ab are the SO(4)± connections. It is important to note that Pµab

transforms under SO(4)± as

δPµab = Λ+a
cPµ cb + Λ−b

cPµac . (6.4)

The R-symmetry group Sp(1)R ⊂ SO(4)+ [22]. The bosonic part of the Lagrangian takes the

form [23]

LBos.,O(α′) = αe e2ϕ
[
Hµνρ

(
ωL
µνρ(Ω−)− ωQ

µνρ(Q+)
)
− 1

4Rµνrs(Ω−)R
µνrs(Ω−)

+ 1
2 tr

(
PµP

T
ν

)
tr
(
PµP νT

)
− 1

2 tr
(
PµP

T
ν PµP νT

)

+ 1
2 tr

(
P T
µ PµP T

ν P ν
)
− 1

2 tr
(
PµP T

µ P νP T
ν

)]
, (6.5)

with ωL
µνρ from (3.13) and

ωQ
µνρ(Q+) =

(
Q+[µa

b∂νQ+ρb
a + 2

3Q+µa
bQ+νb

cQ+ρc
a
)∣∣∣

[µνρ]

=2
(
QµA

B∂νQρB
A + 2

3QµA
BQνB

CQρC
A
)
[µνρ]

+ 2
(
QµA′

B′

∂νQρB′
A′

+ 2
3QµA′

B′

QνB′
C′

QρC′
A′

)
[µνρ]

. (6.6)

In obtaining the Lagrangian above, terms proportional to EOMs have been dropped on the basis

that they can be removed by field redefinitions, as usual.
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Truncation with Sp(1) ⊂ SO(4)+

Considering the truncated coset SO(4, 1)/SO(4) as locally being the same Sp(1, 1)/Sp(1) ×
Sp(1)R, we first consider the truncation scheme in which the Sp(1) factor here is embedded in

the SO(4)+. This amounts to letting the SO(4)− index to take one value, say a = 1. Recalling

that the second index on Pab is the SO(4)− index, we thus let

Pµab → Pµa1 ≡ Pµa = i(σa)AA′Pµ
A′A , ψa → ψ1 ≡ ψ ,

Q−µab → 0 . (6.7)

It is convenient to define

QµA
B ≡ 1

4Q+µab(σ
ab)A

B , Qµ
A′

B′ ≡ −1
4Q+µab(σ̄

ab)A
′

B′ . (6.8)

Making use of the above results in the Lagrangian (6.5), and making the following field redefini-

tion in L0,

Bµν → Bµν − 4α θµν , where ∂[µθνρ] ≡ ωQ
µνρ(Q

AB) + ωQ
µνρ(Q

A′B′

) , (6.9)

the Chern-Simons terms cancel, and the first order in α sector of the Lagrangian (6.5) becomes

LBos.

∣∣∣
α
= αe e2ϕ

[
HµνρωL

µνρ(Ω−)− 1
4Rµνrs(Ω−)R

µνrs(Ω−) +Q2
]
. (6.10)

Noting the second identity in (6.1), this result agrees with the bosonic part of the Lagrangian

for the Hp(1) model given in (6.2), provided that we set γ = 0.

Truncation with Sp(1) ⊂ SO(4)−

There is another way to truncate the SO(4, 4)/SO(4)+×SO(4)− such that in the resulting coset

the surviving Sp(1) factor is now embedded into SO(4)−, instead of SO(4)+ considered above.

To see how this works, let us introduce the notation for the SO(4)+×SO(4)− indices as follows,

SO(4)+ : a → A,A′ , SO(4)− : a → Ā, Ā′ . (6.11)

Thus we have,

Pµab ≡ 1√
2
(σa)AA′(σb)ĀĀ′Pµ

A′AĀ′Ā , ψA′

ĀĀ′ ≡ i√
2
(σa)ĀĀ′ψA′

a ,

QµAB ≡ 1
4Q+µab(σ

ab)AB , QµĀB̄ ≡ 1
4Q−µab(σ

ab)ĀB̄ ,

QµA′B′ ≡ − 1
4Q+µab(σ̄

ab)A′B′ , QµĀ′B̄′ ≡ − 1
4Q−µab(σ̄

ab)Ā′B̄′ . (6.12)

The truncation such that Sp(1) ⊂ SO(4)− is implemented by setting

QµA′B′ = 0 = QµĀ′B̄′ , Pµ
1′A2̄′Ā = 0 = Pµ

2′A1̄′Ā , ψ1′Ā2̄′ = 0 = ψ2′Ā1̄′ ,
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Pµ
1′A1̄′Ā = Pµ

2′A2̄′Ā ≡ − 1√
2
Pµ

ĀA , ψ1′Ā1̄′ = ψ2′Ā2̄′ ≡ 1√
2
ψĀ . (6.13)

The Sp(1)R connection QµAB ⊂ SO(4)+ as before, but now the Sp(1) connection QµĀB̄ ⊂
SO(4)−. Performing the truncation described above in the bosonic part of the Lagrangian (6.5)

gives

LBos.

∣∣∣
α
= αe e2ϕ

[
Hµνρ

(
ωL
µνρ(Ω−)− 2ωQ

µνρ(Q
AB)

)

− 1
4Rµνrs(Ω−)R

µνrs(Ω−) + (P 2)µν(P
2)µν + 1

2(P
2)2

]
. (6.14)

This results agrees with the bosonic part of our Hp(1) model given in (6.2), for γ = −2α.

7 Conclusions

The main result of this paper is the construction of higher derivative hypermultiplet couplings to

N = (1, 0) supergravity. The higher derivative extension of the two-derivative supergravity cou-

pled to Yang-Mills and hypermultiplets by adding the αRiem2 term and its superpartners gives

rise to hypermultiplet involving higher derivative supersymmetry variations since the composite

connection built out of the hyperscalars couples to all fermions. To restore supersymmetry up to

first order in α, requires addition of several new terms that involve higher derivative hypermul-

tiplet fields. We have parametrized the most general such terms and by employing the Noether

procedure we have determined the full Lagrangian and shown that only one new parameter,

called γ, is needed to establish supersymmetry up to first order in the parameters α, β, γ, where

β = 1/g2YM .

Another key aspect of this construction is that we have taken the quaternionic Kähler space

parametrized by the hyperscalars to be the quaternionic projective space Hp(n) = Sp(n, 1)/Sp(n)×
Sp(1)R. This is partly motivated by the fact that the dimensional reduction of Riemann-squared

extension of 10D supergravity on T 4, followed by a truncation to N = (1, 0), yields the higher

derivative coupling of four hypermultiplets parametrizing the QK coset SO(4, 4)/SO(4)×SO(4),

whose truncation to single hypermultiplet yields the QK coset SO(4, 1)/SO(4), which is locally

the same as Hp(1). This model has only the parameter that comes with the Riemann-squared

invariant in 10D, denoted by α. Our result for the higher derivative couplings of Hp(n), on the

other hand, has a new independent parameter, denoted by γ. We have considered two distinct

ways of truncating the coset SO(4, 4)/SO(4) × SO(4) to SO(4, 1)/SO(4), which is locally the

same as Hp(1), and shown that the results agree with the truncation of our Hp(n) model to

Hp(1), for either γ = 0 or γ = −2α.

There are a number of directions to explore in view of the results of this paper. First, it

would be useful to gauge the isometry group of SO(n, 1) or any subgroup of it thereof, as an

extension of our results. In particular, it would be interesting to determine the consequences of

gauging the R-symmetry group Sp(1)R, or its U(1)R subgroup for our results. Next, it would be

useful to establish if the higher derivative extension is possible for all symmetric QK manifolds,
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known as the Wolf spaces. Last, but not least, it is worth investigating possible embedding of

our results in string theory which goes beyond the Hp(1) model describe in this paper.
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A Notation and Conventions

To pass from the conventions of [16] to those employed in this paper, we have made the redefi-

nitions

ηrs → −ηrs, γr → iγr , ϕ → 1√
2
ϕ . (A.1)

Thus, the spacetime signature is ηrs = diag(− + + + ++). For arbitrary spinors carrying un-

contracted indices, we have

χAγµ1...µnψ
a = (−1)n+1ψ̄aγµn...µ1χ

A . (A.2)

If the indices are the same type of symplectic indices, namely a or A, and contracted, then an

extra minus sign occurs. Thus, it follows that

ψ̄aγµψ
b = ψ̄bγµψ

a , ψ̄aγµνρψ
b = −ψ̄bγµνρψ

a , ψ̄aγµνρλτψ
b = ψ̄bγµνρλτψ

a . (A.3)

Raising and lowering of symplectic indices is Ωabψb = ψa and ψaΩab = ψb, with ΩacΩ
bc = δba.

Further definitions are:

Rµν
mn = 2∂[µων]

mn + 2ω[µ
mpων]p

n , R = em
µen

νRµν
mn . (A.4)

The van der Wardeen symbols are (σa)AA′ = (σ1, σ2, σ3, i) and (σ̄a)A
′A = (σ1, σ2, σ3,−i), and

(σab)A
B = (σ[a)AA′(σ̄b])A

′B , (σ̄ab)A
′

B′ = (σ̄[a)A
′A(σb])AB′ . (A.5)

The following notations have been used:

Q2 := QµνABQ
µνAB , ϕµ := ∂µϕ

(P 2)abµν := P aA
(µ P b

ν)A , (P 2)ab := gµν(P 2)abµν ,

(P 2)µν := (P 2)abµν Ωba , P 2 := gµν(P 2)µν ,

(PDP )AB
µ := P νa(ADµPνa

B) , (PDP )abµ := P ν(a|ADµP
b)
ν A ,
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(PDP )µ,νρ := P aA
[ν| DµP|ρ]aA . (A.6)

Note the symmetry properties

(P 2)ab(µν) = (P 2)abµν = (P 2)[ab]µν , (P 2)ab = (P 2)[ab] , (P 2)µν = (P 2)(µν) ,

(PDP )AB
µ = (PDP )(AB)

µ , (PDP )abµ = (PDP )(ab)µ . (A.7)

B Lowest order equations of motion

In view of the important role of the two-derivative field equations of motion that follow from

the α, β and γ independent part of the Lagrangian (5.1), we record them here. To this end we

define

Eµν ≡ 1
2e

−1e−2ϕ δL0

δeµa
eνa , Eϕ ≡ e−1e−2ϕ δL0

δϕ
, EaA ≡ e−1 δL0

δφα
V αaA ,

Eµν
B ≡ 2e−1 δL0

δBµν
, EµA ≡ 2e−1e−2ϕ δL0

δψ̄µA

, EA ≡ −1
4e

−1e−2ϕ δL0

δχ̄A
,

Ea ≡ −e−1e−2ϕ δL0

δψ̄a
, (B.1)

and

ẼaA := e−2ϕEaA , Ẽµν := Eµν + 1
4gµνEϕ . (B.2)

where the bosonic field equations are 7

Eϕ = 1
2R− 2Dµϕ

µ − 2ϕµϕ
µ − 1

6H
2 − P 2 , (B.3a)

Eµν = 1
4Rµν − 1

2ϕµν − 1
4H

2
µν − 1

2(P
2)µν − 1

4Eϕgµν , (B.3b)

EaA = Dµ

(
e2ϕPµ

aA

)
, (B.3c)

Eµν
B = Dρ

(
e2ϕHµνρ

)
, (B.3d)

and the fermionic field equations are

EµA = γµνρψA
νρ + 4γµνDνχ

A + 1
6γ

[µγ ·Hγν]ψA
ν + 1

3γ
µνρσHνρσχ

A + 2ϕµγνψA
ν

+
(
2γµνρψA

ρ − 2γµψνA + 8γµνχA + 4γνγµχA
)
ϕν − 2γνγµψaP

aA
ν , (B.4a)

EA = /DχA + 1
4γ

µνψA
µν +

1
24γ

µνρσψA
σ Hµνρ +

1
12γ ·HχA − 1

2γ
νγµψA

ν ϕµ

+ 1
2γ

µψaP
aA
µ + γµχAϕµ , (B.4b)

Ea = /Dψa +
(
− γνγµψA

ν + 2γµχA
)
PµaA + γµψaϕµ + 1

12γ ·Hψa . (B.4c)

7As we shall construct the higher derivative couplings up to quartic fermion terms, we will not need the

quadratic in fermion terms in the bosonic EOM’s in the Noether procedure calculation.
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where we have introduced the notation ϕµν := Dµ∂νϕ, and it is important to note that in the

fermionic field equations above, ψµν = ψµν(ω) = 2D[µψν], unless stated otherwise. It follows for

the EOM’s given above that

Rµν = 4Ẽµν + 2ϕµν +H2
µν + 2(P 2)µν , (B.5a)

Dµϕ
µ = 2Eϕ + 2Eµ

µ − 2ϕµϕµ + 1
3H

2 , (B.5b)

DµP
µ
aA = ẼaA − 2ϕµP

µ
aA , (B.5c)

DρH
µνρ = e−2ϕEµν

B − 2ϕρH
ρµν , (B.5d)

and

γλψA
λµ = 1

2EA
µ − 2γµEA + 2Dµχ

A + 2P aA
µ ψa − ϕνγ

νψA
µ

− 1
12γ ·HψA

µ + 1
4Hµνρ

(
γνρσψA

σ − 2γνψρA + 2γνρχA
)
, (B.6a)

/DχA = 1
4γ

µEA
µ − 4EA − 1

2

(
γµνψA

ν − ψµA
)
ϕµ − 2γµχAϕµ

+ 1
12Hµνρ

(
γµνρσψA

σ − 3γµνψρA + γµνρχA
)
, (B.6b)

/Dψa = Ea +
(
γνγµψA

ν − 2γµχA
)
PµaA − γµψaϕµ − 1

12γ ·Hψa . (B.6c)

In the lowest order EOMs given above, it is understood that H = dB.

We will also need the following relations which follow from differentiation of (B.6a),

/DψA
νρ

∣∣∣
[νρ]

= 1
4Rνρλτ

(
γµγλτψA

µ + 2γλτχA
)
− 4(Dνψ

a)Pρa
A − 2γτψA

ν (P
2)ρτ

−Qνρ
A
B

(
γµψB

µ + 2χB
)
− 2γµψB

ρ Qµν
A
B − γτψA

νρϕτ − γτψA
ν H

2
ρτ

+Dν

(
γτψ

A
λ Hρ

λτ + 1
2γσλτψ

σAHρ
λτ − 1

6γσλτψ
A
ρ H

σλτ + γλτχ
AHρ

λτ
)

− 4γτψA
ν Ẽρτ +Dν

(
EA
ρ − 4γρEA

)
, (B.7)

DµψA
µν = 1

4γ
ρσψµARµνρσ + 1

2γ
ρσψB

ν Qρσ
A
B − ψµBQµν

A
B

+ 1
2ψ

A
ν P

2 + γµ(Dνψ
a)Pµa

A − γµψaDµPνa
A

− 2γµ(Dνχ
A)ϕµ − ψA

µνϕ
µ − γµρψA

µνϕρ + 2γµψaPνa
A − 1

2ψ
A
ν ϕ

µ
µ

+ 1
4ψ

A
ν H

2 − 1
2ψ

µAH2
µν − 1

2γ
ρσψA

ρ H
2
σν + γµχAH2

µν +
1
6γ

ρσλψaPνa
AHρσλ

− 1
12D

µ
(
γµγ[ν|γρσλγ|τ ]ψ

τAHρσλ − γµνγρσλτψ
τAHρσλ

)

+Dµ
(
− γρχ

AHµν
ρ + 1

2γµσλχ
AHν

σλ
)
− 1

6Dν

(
γρσλχ

AHρσλ
)

+ ψA
ν Ẽµ

µ − 2ψµAẼµν − 2γρσψA
ρ Ẽσν

+ 4γµχAẼµν − 2EaPνa
A + 1

2
/DEA

ν − 2γµνD
µEA . (B.8)
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C Identities not involving the equations of motion

In what follows we list lemmas which have been used in simplifying the variation of the La-

grangian.

Pν
b
A(P

2)µνab = −1
4Pνa

BQµν
AB + 1

4PνaA(P
2)µν + 1

4P
µ
aAP

2 (C.1)

Pµb
A(P

2)νρab

∣∣∣
[µν]

= 1
4P

ρ
a
BQµν

AB − 1
4P

µ
a
BQνρ

AB + 1
4(P

2)µρP ν
aA (C.2)

Pµ
b
A(PDP )µab =

1
2Pµa

B(PDP )µAB − 1
4(P

2)µνD
µP ν

aA + 1
8P

µ
aA∂µP

2 (C.3)

(PDP )µabP
νb

A

∣∣∣
[µν]

= −1
8P

λ
a
BDλQ

µν
AB + 1

4Q
µλ

ABD
νPλa

B + 1
4(P

2)µλDνPλaA

− 1
4PλaA(PDP )λ,µν (C.4)

(P 2)ab(P 2)ab =
1
4Q

2 + 1
2 (P

2)µν(P
2)µν , (C.5)

Qab
µνQ

µν
ab = 1

2Q
2 + (P 2)2 − (P 2)µν(P

2)µν (C.6)

D[µ(P
2)ν]ρ = −(PDP )ρ,µν , (C.7)

D[µ(PDP )ν]AB =
(
D[µ|P

ρa
(A|

)(
D|ν]Pρa|B)

)
+ 1

4Rµν
ρσQρσAB

− 1
4(Q[µ

ρQν]ρ)AB − 1
2 (P

2)[µ
ρQν]ρAB + 1

4QµνABP
2 (C.8)

Pρ
a
ADµPσ aB
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[ρσ]

= 1
4DµQρσAB − 1

2ǫAB(PDP )µ,ρσ (C.9)

P νaADµPν
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A = (PDP )abµ + 1

2Dµ(P
2)ab (C.10)

DµDνP
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(
DµP
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)(
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2 − (P 2)µ
ρ(P 2)νρ (C.11)
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+ 1
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D Identities involving equations of motions

The following relations hold modulo the ϕµ and H dependent terms.

DµQAB
µν = 2(PDP )AB

ν − 2P a(A
ν ẼaB) (D.1)

Dλ(P 2)λµ = 1
2∂µP

2 + ẼaAPµaA (D.2)

DµQab
µν = 2(PDP )abν − 2Ẽ(a

A P b)A
ν (D.3)
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)(
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+ 3
8
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B) (D.5)

Pµ
b
ADν(P

2)µνab = 1
4 (P

2)µνD
µP ν

aA + 1
2Pνa

B(PDP )νAB + 1
8P

µ
aA∂µP

2 + 1
4P

2ẼaA
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2ẼaA

+ Pµ
bAPµaB ẼbB (D.9)
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)(
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+ 2Pµ
aADµẼaA + 8(P 2)µν Ẽµν . (D.15)

The ϕµ and H-dependent terms can simply be obtain in all teh equations by by letting

ẼaA →ẼaA − 2Pµ
aAϕµ

Ẽµν →Ẽµν + 1
2ϕµν +

1
4H

2
µν . (D.16)
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