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7Mitchell Institute for Fundamental Physics and Astronomy,

Texas A&M Univ., College Station, TX 77843, USA

8Department of Physics, Gothenburg Univ., SE-412 96 Gothenburg, Sweden

Abstract: We provide, through the framework of extended geometry, a ge-
ometrisation of the duality symmetries appearing in magical supergravities.
A new ingredient is the general formulation of extended geometry with struc-
ture group of non-split real form. A simple diagrammatic rule for solving the
section constraint by inspection of the Satake diagram is derived.

http://arxiv.org/abs/2301.10974v1


Contents

1 Introduction and summary 2

2 Magical supergravities 3

3 Real forms and Satake diagrams 4

3.1 Satake diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

3.2 Tensor hierarchy algebras and real forms . . . . . . . . . . . . . . . . . . 7

4 Extended geometry 9

4.1 Generalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

4.2 Solution of the section constraint . . . . . . . . . . . . . . . . . . . . . . 10

4.3 Coset dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4.4 Fields from S(g+) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

4.5 Extended geometry for magical supergravities . . . . . . . . . . . . . . . 17

4.6 Example: d = 4, type e7 . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

5 Outlook 20

References 22

1 Introduction and summary

There exists a special class of supergravity theories in d = 3, 4, 5, 6, known as magical
supergravities [1–3] whose symmetries are associated with the remarkable geometries of
the magic square of Freudenthal, Rozenfeld and Tits [4,5]. The scalar manifolds arising
in all magical supergravities are displayed in Table 1. The magical theories in d = 6 are
parent theories from which all magical supergravities in d = 3, 4, 5 can be obtained by
dimensional reduction. The geometries arising in d = 3, 4, 5 [1] were later referred to as
very special quaternionic Kähler, very special Kähler and very special real, respectively.
See ref. [6] for a review.

The use of extended geometry as a means to provide a geometric origin of dual-
ity symmetries in string theory and M-theory is well established, see e.g. refs. [7–30]
for exceptional geometry and [31–35] for the general framework. The duality symme-
tries, traditionally arising as an enhancement after dimensional reduction, then become
present in the unreduced models, not as global symmetries, but as structure groups of
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generalised diffeomorphisms.

The present letter aims to fill a gap in the formalism, namely to deal with and
interpret duality groups/structure groups of non-split real form. Our main application
will be the bosonic sector of the (ungauged) magical supergravities, but the method is
generic and can be applied to other models. We will thus provide a “geometrisation” of
the duality symmetries appearing in the magic square. The groups appear as structure
groups of extended geometries for different splits of the 6 dimensions into n “internal”
and d “external” directions, without dimensional reduction.

A brief recapitulation of magical supergravities is given in Section 2. In Section 3,
we recall some basic properties of real forms and Satake diagrams, and also discuss real
forms of tensor hierarchy algebras. The latter are used to identify the bosonic fields.
Section 4 is devoted to the actual construction of the extended geometry, which mimics
the formulation of exceptional geometry for D = 11 supergravity, and to the solution
of the section constraint.

2 Magical supergravities

Magical supergravities [1–3] are N = (1, 0) supergravities in 6 dimensions, coupled
to nV gauge multiplets and nT self-dual tensor multiplets, which for particular values
of nV and nT exhibit enlarged duality symmetry. This symmetry is Spin(1, ν + 1),
ν = 1, 2, 4, 8, when the number of multiplets are chosen to be nV = 2ν, nT = ν + 1.
Note that 2ν is the real dimension of a spinor (chiral when ν > 1) of Spin(1, ν + 1).
The ν+1 scalars in the tensor multiplet parametrise the coset SO(1, ν +1)/SO(ν +1).
In addition to Spin(1, ν + 1) there is also a U(1) for ν = 2 and an SU(2) for ν = 4,
acting on the spinors of Spin(1, ν + 1) ≃ SL(2,Kν). The anti-self-dual tensor H0 in
the supergravity multiplet and the ν+1 self-dual ones H i in the tensor multiplets then
combine into HI = H0V0

I +H iVi
I , where (V0

I , Vi
I) parametrises the scalar coset. The

identity needed for the extra symmetry is the Fierz identity γa(αβγ
a
γδ) = 0, valid for

spinors of SL(2,Kν), Kν = R,C,H,O for ν = 1, 2, 4, 8. This can be seen as an identity
for elements in the Jordan algebra J2(Kν) of 2× 2 hermitean matrices.

When a magical supergravity is dimensionally reduced to d < 6 dimensions, the
symmetry is further enhanced, leading to the groups in Table 1, forming a magic square
of Lie groups [4, 5]. The table may in principle be continued with infinite-dimensional
algebras to the right, with a d = 2 column containing affine extensions of the algebras
in d = 3 column, over-extended Kac–Moody algebras in a d = 1 column etc. The d = 5
groups are the the structure groups of the Jordan algebras J3(Kν) of hermitean 3 × 3
matrices, and the d = 4 groups the conformal groups of the same algebras.
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Kν d = 6 d = 5 d = 4 d = 3

R
SO(1,2)
SO(2)

SL(3,R)
SO(3)

Sp(6,R)
U(3)

F4(4)

USp(6)×USp(2)

C
SO(1,3)
SO(3)

SL(3,C)
SU(3)

SU(3,3)
SU(3)×SU(3)×U(1)

E6(2)

SU(6)×SU(2)

H
SO(1,5)
SO(5)

SU∗(6)
USp(6)

SO∗(12)
U(6)

E7(−5)

SO(12)×SU(2)

O
SO(1,9)
SO(9)

E6(−26)

F4

E7(−25)

E6×SO(2)

E8(−24)

E7×SU(2)

Table 1: The cosets, i.e., the structure groups and maximal compact subgroups, for the
magical supergravities.

Note that the group Spin(1, 9) occurring in the octonionic magical supergravity
is another real form of Spin(10) than Spin(5, 5), the U-duality group for D = 11
supergravity reduced to d = 6, and that the modules of the 1-form and 2-form potentials
also are “the same” in the two cases. In Section 3.2, we will see how these real algebras
and modules appear in level decompositions of real forms of the same tensor hierarchy
algebra over C.

Already the magical supergravities in d = 6 will be formulated as extended geometry,
where the scalar coset is parametrised as a generalised vielbein on an internal space,
however with a section constraint whose solution is a point—the structure group then
becomes R-symmetry.

3 Real forms and Satake diagrams

3.1 Satake diagrams

We do not aim to give a complete account of Satake diagrams [36–38] and real forms of
semi-simple Lie algebras. Rather, some essential features that turn out to be relevant
to the present work are described. There are essentially two alternative ways to charac-
terise real forms diagrammatically, Satake diagrams and Vogan diagrams [39]. Roughly
speaking, while the Satake diagram describes the deviation from the split real form, the
Vogan diagram relates the real form to the compact one. The Satake diagrams have the
advantage that they are in 1-1 correspondence with the real forms. See also the presen-
tations in refs. [40, 41] and in ref. [42], which contains examples relevant to the present
paper. Exceptional extended geometry has so far exclusively used structure algebras of
split real form. It will become clear, in particular in Section 4.2, where we solve the sec-
tion constraint diagrammatically, that the classification using Satake diagrams is much
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better suited to our purposes.

Let the complex semi-simple Lie algebra gC have a Dynkin diagram ∆(gC). A real
form g of gC is a subalgebra over R, whose complexification is gC. The complex con-
jugation of an element za, where z ∈ C and a ∈ g is (of course) defined by complex
conjugation of z, za 7→ z̄a. This defines an (anti-linear) involution σ on gC. Conversely,
the fixed points of this involution define the real form g ⊂ gC. The Satake diagram ∆(g)
for the real form g encodes the involution σ, and is a decorated version of ∆(gC).

As a preparation, consider A1 = sl(2). This complex Lie algebra has two real forms,
the compact su(2) and the split (maximally non-compact) sl(2,R). The involution σ
defining the split real form is the identity involution, and the one defining the compact
real form is the Chevalley involution σ: e 7→ −f , f 7→ −e, h 7→ −h. In the split case, the
node remains undecorated (white), and in the compact case, the node is colored black.
Any simple Lie algebra has a split real form, defined by the identity involution, whose
Satake diagram is identical in appearance to the Dynkin diagram, and a compact real
form, defined by the Chevalley involution, whose Satake diagram consists of only black
nodes.

There is yet another type of decoration appearing in Satake diagrams, namely ar-
rows. To understand their meaning, consider the Lie algebra sl(2,C) as a real Lie algebra.
Write an element as a + ib, where a, b ∈ sl(2,R). In the complexification sl(2,C) ⊗ C,
where we use another imaginary element i′ for the factor C, we can choose elements
of the forms a± = P±a = 1

2(1 ± i ⊗ i′)a, projecting on the two parts of sl(2) ⊕ sl(2).
The involution corresponding to the real form sl(2,C) maps i′ 7→ −i′, so it interchanges
the same basis elements in the two sl(2)’s. Such an involution is denoted by an arrow
between the nodes of the two algebras, resulting in the Satake diagram of Figure 1.
Arrows may also appear in a connected diagram.

Figure 1: Satake diagram for sl(2,C).

The general rules are as follows: For a black (compact) node, the involution acts
as the Chevalley involution of the corresponding sl(2) subalgebra. For two nodes i, i′

connected by an arrow, and unconnected to black nodes, (ei, fi, hi) ↔ (ei′ , fi′ , hi′). For a
white (non-compact) node which is not connected to a black node, nor have a connected
arrow, the involution acts as the identity on the corresponding sl(2) subalgebra. The
only complication, and the only action of the involution that can not be immediately
read off from the Satake diagram, is the behaviour of the generators associated to a
white node, say number i, connected to black nodes (which in turn can be connected
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to further black nodes). The action of the involution σ on the sl(2) generators is then
more complicated. In terms of the induced action of σ on the roots, a simple root αi

corresponding to an undecorated white node maps to αi +
∑

j cjαj , where the range of
the index j is over the group of compact nodes connected (not necessarily directly, but
via black nodes) to node i. The numbers cj are positive integers. They must be chosen
so that the Cartan matrix is invariant (which is obviously impossible if they are zero),
and of course so that σ2 = 1. If two white nodes (number i and i′) are connected with
arrows, and in addition both connected via a number of black nodes, labelled by an
index j, one analogously has αi 7→ αi′ +

∑

j cjαj, αi′ 7→ αi +
∑

j c
′
jαj

We illustrate with two example, of which one appears as one of the structure alge-
bras in magical supergravity, namely e6(−26) and e6(−14). The Satake diagrams and the
convention for numbering of nodes are given in Figure 2. The Cartan matrix A is

A =

















2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2

















(3.1)

and the two involutions act on the simple roots as

σe6(−26)
=

















1 2 2 1 0 1
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 1 2 2 1 1
0 0 0 0 0 −1

















, σe6(−14)
=

















0 1 1 1 1 0
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
1 1 1 1 0 0
0 1 2 1 0 1

















(3.2)

The diagonal elements of the σ’s are given by the rules (+1 for white, −1 for black,
0 when connected by an arrow). Nodes i, j connected by an arrow have σij = 1. The
remaining non-zero numbers (only present for white nodes connected to black ones, in
the first example nodes 1 and 5, in the second nodes 1, 5 and 6) are not immediately
visible in the diagrams, but they are completely determined by the conditions σ2 = 1
and σAσt = A.

1 2 3 4 5

6

1 2 3 4 5

6

Figure 2: Satake diagrams for e6(−26) and e6(−14).
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Only certain arrangements of black/white nodes and arrows are admitted in a Satake
diagram. We will not give a full list, nor try to argue for it. It follows from the rules that
extending a Satake diagram ∆(g) by attaching white nodes to white nodes leads to a
Satake diagram for an extended real Lie algebra with g as a subalgebra. The diagrams
relevant for the magical supergravities are listed in Figure 3.

n− 1

n− 1

n− 1

n− 1

Figure 3: Satake diagrams of the duality groups of the magical supergrav-
ities with n = 6 − d physical internal dimensions. The coordinate module
corresponds to the leftmost node. The line of n− 1 nodes is the gravity line,
giving a solution to the section constraint. n = 0 corresponds to deleting the
“GL(1,R) node(s)” immediately connected to the gravity line, which reveals
the GL(n,R) × Spin(1, ν + 1) subgroups, accompanied by the SU(2) “R-
symmetry” for ν = 4. The U(1) for ν = 2 is the compact Cartan element
of the leftmost pair connected by arrows.

3.2 Tensor hierarchy algebras and real forms

Tensor hierarchy algebras [43] are Lie superalgebras, typically infinite-dimensional, that
encode the field (and ghost) content of extended geometry (see Section 4).

Given a Lie algebra gC (possibly an infinite-dimensional Kac–Moody algebra, but
for our purposes a finite-dimensional semi-simple Lie algebra) and a dominant inte-
gral weight λ, tensor hierarchy algebras S(gC, λ) and W (gC, λ) over C are constructed
the usual way [43–47]. They are associated with a Dynkin diagram where a “grey”
(fermionic) node is attached to the Dynkin diagram of gC, ∆(gC), according to the de-
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composition of λ in terms of fundamental weights. In the examples relevant to us, λ is
a fundamental weight dual to a simple root at one end of ∆(gC), and we will simply
write S(gC) andW (gC). Though the tensor hierarchy algebras infinite-dimensional, each
degree in a grading with respect to the fermionic root is finite-dimensional module of
gC.

Both S(gC) and W (gC) contain the lowest weight module R1 = R(−λ) at degree 1
and R2 = ∨2R(−λ)⊖R(−2λ) at degree 2. In S(gC), degree 0 consists of g, while degree
−1 contains all modules that “automatically” respect the ideal R(−2λ) at degree 2, in
the sense that R1 ⊗ R−1 ⊃ g but R−1 ⊗ R(−2λ) 6⊃ R1. R−1 is the embedding tensor
module. In W (gC), also a grading element is present at degree 0 and a module R(λ) at
degree −1.

In refs. [44–46], generators and relations analogous to the Chevalley–Serre construc-
tion were used to define tensor hierarchy algebras. Taking these generators as generators
of a real superalgebra leads to a real form S(g, λ) or W (g, λ) which we call the split real
form. At degree 0, the split real form g is found, at level 1 the real module R(−λ), etc.

In order to define a real form of a tensor hierarchy algebra we need to specify a
real form g of gC, with the condition that R(−λ) is a real representation. We are then
guaranteed that the modules appearing at all degrees are real g-modules. The real
tensor hierarchy algebras relevant to the magical supergravities can be described by
Satake diagrams obtained by first extending diagrams of the types in Figure 3 with
a white node 0 to the left, resulting in a Satake diagram for a real form of g+, the
next diagram in the series, and then with a grey node (⊗), numbered −1, to the left.
The resulting Satake diagrams associated with real forms S(g+) of the tensor hierarchy
algebras are listed in Figure 4. From the diagram one can then define the involution σ
on the corresponding complex tensor hierarchy algebra, which in turn defines the real
form, in the same way as for gC.

The involution acts trivially on the generators associated to the white node first
added to the Satake diagram of g but not on all generators associated to the grey
node. This is due to a fundamental difference between the tensor hierarchy algebras
and the contragredient Lie superalgebras B(g+) of Borcherds–Kac–Moody type that
are described by the same diagrams, where there is only one generator f−1 at degree
−1. On the other hand, in S(g+), there is one generator f−1,i for each node i in the
Satake diagram of g. Under the involution σ, these generators transform in the same
way as the corresponding Cartan generators hi. Considering the contragredient Lie
superalgebra, an equivalent diagram is obtained by extending with instead of

. The corresponding two algebras are isomorphic. By removing the left grey node
one then sees that B(g) is a subalgebra of B(g+). The corresponding embedding also
holds for the tensor hierarchy algebras.

The relevance for the identification of the fields in extended geometry is further de-
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tailed in Section 4. The simplified presentation above holds for tensor hierarchy algebras
corresponding to d ≥ 3 (finite-dimensional g). Tensor hierarchy algebras corresponding
to lower number of external dimensions exhibit more complicated/interesting behaviour,
with interesting extra modules appearing [29,46,48].

n

n

n

n

Figure 4: Satake diagrams of the tensor hierarchy algebras used for the mag-
ical supergravities with n = 6− d physical internal dimensions.

4 Extended geometry

4.1 Generalities

The (real) structure group G with Lie algebra g is the continuous version of the du-
ality group. Let generalised vectors transform in the (real) coordinate representation
R1 = R(−λ) of g, which is a lowest weight representation with lowest weight −λ. This
representation is read off from the sequential extensions, i.e., stepwise increment of n,
of the Satake diagrams of Figure 3. Concretely, the line(s) connecting the leftmost node
in the diagram for g+, the algebra obtained by increasing n by 1, give(s) the Dynkin
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index for the integral dominant weight λ. In tensor notation, we write such a vector
V M .

Generalised diffeomorphisms take the usual form [14] (the “Dorfman bracket”)

LξV
M = ξN∂NV M + ZPQ

MN∂NξPV Q , (4.1)

where Z is the invariant tensor [26,32]

Z = σ
(

−ηαβtα ⊗ tβ + (λ, λ) − 1
)

. (4.2)

(σ is the permutation operator and η the inverse Killing metric. Normalisation of roots
and weights is chosen such that a long root α has (α,α) = 2.)

The commutator of two generalised diffeomorphisms becomes

[Lξ,Lη ] = L[[ξ,η]] +Σξ,η , (4.3)

where the “Courant bracket” [[·, ·]] is the antisymmetrised Dorfman bracket,

[[ξ, η]] =
1

2
(Lξη − Lηξ) , (4.4)

and Σξ,η is an ancillary transformation, a section-restricted local g-transformation. For
the purposes of the present letter, it is present only when the number of external di-
mensions is d ≤ 3. This provides the beginning of the L∞ gauge structure of extended
geometry [33,34].

The section constraint reads

Y (∂ ⊗ ∂) = 0 , (4.5)

where Y = Z + 1, i.e.,

σY = −ηαβtα ⊗ tβ + (λ, λ) + σ − 1 . (4.6)

Concretely, the section constraint expresses the vanishing of all subleading symmetric
and antisymmetric modules in the product of two derivatives, reflecting the property of
the fundamental module of a GL group.

4.2 Solution of the section constraint

A section is a linear subspace of the minimal G-orbit of R(λ) where all vectors p, q
satisfy Y (p⊗ q) = 0. It is well established [26,32] that representatives of such subspaces
are obtained by starting from the highest weight state in R(λ) (which is a representative
in the minimal orbit), and from it sequentially acting with lowering operators associated
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to negative simple roots along a “gravity line” of nodes in the Dynkin diagram. The
section then becomes a fundamental gl module. The explicit form of the Y tensor states
the corresponding property of the fundamental gl module, that the tensor product of it
with itself contains a single irreducible module both in the symmetric and antisymmetric
parts. Now it will also be necessary to determine how such solutions behave when the
diagram does not consist only of simply laced white nodes. Näıvely, the gravity line
must stop, for example since a compact node does not contribute an sl(2,R) subalgebra.
Precise rules are needed for the three cases:

• One or two black nodes are encountered;

• A node corresponding to a shorter root is encountered;

• Nodes connected with arrows are encountered.

Given the procedure for solving the section constraint, it is enough to consider subdia-
grams of the Satake diagrams containing the different situations.

When one or two black nodes are encountered, there is always a Satake subdiagram
for so(1, 2m− 1), with one white node. The section is an isotropic (light-like) subspace
of the light cône, which is a light ray. The white node is not part of the gravity line (but
its Cartan generator provides the scalings). The gravity line thus ends one step before
encountering the black node(s), as in the last two diagrams of Figure 3.

When a shorter node is encountered, there is an sp(4,R) ≃ so(2, 3) subdiagram.
When a pair of nodes connected by arrows is encountered, there is an su(2, 2) ≃ so(2, 4)
subdiagram. In both cases, the maximal isotropic spaces of vectors are 2-dimensional,
so the “rightmost” ordinary white node is included in the gravity line, as in the first
two diagrams of Figure 3. The scaling is provided by the node(s) connected to it.

This accounts for the identifications of the gravity lines in Figure 3. In all cases,
this is of course consistent with the 6-dimensional origin of the models. It should also
be noted that there in all cases is a single G-orbit of sections, since no branchings are
encountered in the solution of the section constraint. Similar statements about gravity
lines in diagrams for real algebras are found in ref. [41].

The above statement, that the gravity line runs along any line of simply laced
undecorated white nodes, unconnected to black nodes, may also straightforwardly be
derived [49] with the methods of refs. [26, 32]. Then one sequentially finds the weights
of R(λ), starting with the highest one, that spans a solution to the section constraint.
The concrete reason a white node connected to black nodes can not be included in the
gravity line is the mixture of the corresponding root with roots of compact su(2)’s under
the involution dictating the reality condition.

11



m− 3

Figure 5: Satake subdiagrams for sp(4,R), so(2, 4), so(1, 5) and so(1, 2m−1)
(m ≥ 4). The gravity line comes from the left, and includes the leftmost node
in the first two cases.

4.3 Coset dynamics

A generalised metric GMN is a symmetric matrix which defines an involution τ on the
Lie algebra through the ”transpose” of the representation matrices:

τ : tαM
N 7→ t̃αM

N = −(G(tα)
tG−1)M

N (4.7)

The involution τ is in the the same conjugacy class as the Cartan involution θ of (the
real form) g. It has the eigenvalue 1 on a (locally defined) maximal compact subalgebra
k ⊂ g. The ”coset 1-form” is

dGG−1 = Παtα + πI . (4.8)

It follows directly that it has eigenvalue −1 under τ , and thus takes values in the
orthogonal complement (with respect to the Killing metric) to k in g, k⊥ = g⊖ k. Note
that a scale is included in the metric; we are considering the structure group G × R

+.
The scalings are included in k⊥.

When considering only the internal extended geometry, it is convenient to let G have
weight 1 − 2(λ, λ). Then the internal (pseudo-)Lagrangian density (the “potential”),
invariant under generalised diffeomorphisms, takes the generic form (for n ≤ 3)

L = GMN
(

1
2ηαβΠ

α
MΠβ

N − tαM
P tβN

QΠα
PΠ

β
Q + ηαβℓγM

βPΠα
NΠγ

P (4.9)

−2tαM
PπNΠα

P − (λ,λ)

(λ,λ)− 1
2

πMπN
)

.

The third term contains the invariant tensor ℓ appearing among the structure constants
for the tensor hierarchy algebra S(g+), where g+ is the extension of g in the sequences of
duality algebras. It appears only for d = 3, where g+ is an affine algebra. Then, R(−λ)
is the adjoint representation and ℓαβ

γδ = ηαβη
γδ .

When also external directions are considered, it is convenient to let the determinant
e of the external vielbein em

a assume the rôle of the scaling degree of freedom of G, so

12



that dGG−1 = Παtα, The first two terms of eq. (4.9) can then equivalently, be rewritten
as proportional to

VG = e

(

−k

4
GMN∂MGKL∂NGKL +

1

2
GMN∂MGKL∂LGNK

)

, (4.10)

where k is a constant that will be specified later.

An alternative (equivalent) approach to formulating the dynamics is to use a telepar-
allel formalism [35]. This method is well adapted to the tensor hierarchy algebra, and
should be ideal for gauging. One uses the torsion T of the Weitzenböck connection,
taking values in the embedding tensor modules, as a field strength, and the Lagrangian
contains T 2.

4.4 Fields from S(g+)

Tensor hierarchies [50] are an important ingredient in supergravity, as they organise the
form gauge fields and their transformations. In ref. [43], a class of infinite-dimensional
non-contragredient superalgebras, the tensor hierarchy algebras, were constructed, that
in a level expansion contain the modules of the form fields, as well as the embedding
tensor module. The properties of such algebras were further examined in refs. [44–47],
and their relation to the symmetries in extended geometry investigated in refs. [31,33–
35].

The content of fields, as well as gauge parameters (ghosts) is thus dictated by the
tensor hierarchy algebra S(g+) [46]. One introduces a double grading with respect to
the two “leftmost” nodes, so that the generators at a given bidegree form a module of
g (which is at bidegree (0, 0)). We choose to label the bidegree as (p, q) where p is the
level with respect to the second node and −q with respect to the leftmost node in the

extension of Section 3.2. The subalgebra g+ is found at the line p = q. The
degree ℓ of the single grading in Section 3.2 is ℓ = p− q.

Denote the g module found at bidegree (p, q) by R(p,q). Then (for finite-dimensional
g), R(0,0) = adj ⊕ 1 and R(1,0) is the coordinate module. The subalgebra at q = 0 is
W (g) ⊂ S(g+) [45]. Non-ancillary p-form potentials and (p+1)-form field strengths are
assigned to R(p,0). Ancillary p-form fields are found in R(p−1,0) precisely when R(p,1) 6=
R(p,0). See ref. [34] for details.

One of the advantages of the use of an underlying tensor hierarchy algebra is that it
reduces the problem of finding fields, gauge transformations etc. to the mathematically
more clearly defined problem of constructing a certain superalgebra, also in cases where
g is infinite-dimensional.

In the following tables, we list the content of a few levels in the tensor hierarchy
algebras S(g+) relevant for the magical supergravities with d = 6, 5, 4, 3. Note the
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symmetries under (p, q) 7→ (d− 2− p, 1− q), signalling the presence of a non-degenerate
bilinear form of the superalgebra, and relevant to dualisation in the external dimensions.
Note that more standard orientations of the Dynkin diagrams are used in these tables,
rather than the one where λ is associated to the leftmost node.

p = −1 p = 0 p = 1 p = 2 p = 3 p = 4

q = 2 1

q = 1 Θ adj R1 R2 R̄1 adj⊕ 1

q = 0 R̄1 ⊕Θ 1⊕ adj R1 R2 R̄1 adj

q = −1 R̄1 1

Table 2: Some basis elements of S(g+) for the magical supergravities with d = 6.

ν = 1 ν = 2 ν = 4 ν = 8

∆(g)

R1 2 = (1) (2,1) ⊕ (1,2) (4,2) = (100)(1) 16 =
(

00010

)

= (1)(0) ⊕ (0)(1)

R2 3 = (2) (2,2) = (1)(1) (6,1) = (010)(0) 10 =
(

10000

)

adj 3 = (2) (3,1) ⊕ (1,3) ⊕ (1,1) (15,1)⊕ (1,3) 45 =
(

01000

)

= (2)(0) ⊕ (0)(2) ⊕ (0)(0) = (101)(0) ⊕ (000)(2)

(3,2) ⊕ (2,3)
Θ 4⊕ 2 ⊕ (2,1) ⊕ (2,1) (20,2)⊕ (4̄,2) 144 =

(

10010

)

= (3) ⊕ (1) = (2)(1) ⊕ (1)(2) = (110)(1) ⊕ (001)(1)
⊕ (1)(0) ⊕ (0)(1)

Table 3: Some representations in the tensor hierarchy algebras for the d = 6 models.
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p = −1 p = 0 p = 1 p = 2 p = 3

q = 2 1

q = 1 Θ adj R1 R̄1 adj⊕ 1

q = 0 R̄1 ⊕Θ 1⊕ adj R1 R̄1 adj

q = −1 R̄1 1

Table 4: Some basis elements of S(g+) for the magical supergravities with d = 5.

ν = 1 ν = 2 ν = 4 ν = 8

∆(g)

R1 6 = (20) (3,3) =
(

10
10

)

15 = (01000) 27 =
(

10
0
000

)

adj 8 = (11) (8,1) ⊕ (1,8) 35 = (10001) 78 =
(

00
1
000

)

=
(

11
00

)

⊕
(

00
11

)

Θ 15⊕ 3 (3̄,6)⊕ (6, 3̄)⊕ (3̄, 3̄) 105⊕ 21 351′ =
(

01
0
000

)

= (21) ⊕ (10) =
(

01
20

)

⊕
(

20
01

)

⊕
(

01
01

)

=(10100) ⊕ (00002)

Table 5: Some representations in the tensor hierarchy algebras for the d = 5 models.
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p = −1 p = 0 p = 1 p = 2

q = 2 1

q = 1 Θ adj R1 adj⊕ 1

q = 0 R1 ⊕Θ 1⊕ adj R1 adj

q = −1 R1 1

Table 6: Some basis elements of S(g+) for the magical supergravities with d = 4.

ν = 1 ν = 2 ν = 4 ν = 8

∆(g)

R1 14 = (001) 20 = (00100) 32 =
(

000010

)

56 =
(

100
0
000

)

adj 21 = (200) 35 = (10001) 66 =
(

010000

)

133 =
(

000
0
001

)

Θ 64 = (110) 70⊕ 70 352 =
(

100001

)

912 =
(

000
1
000

)

= (11000) ⊕ (00011)

Table 7: Some representations in the tensor hierarchy algebras for the d = 4 models.

p = −1 p = 0 p = 1 p = 2

q = 2 1 adj

q = 1 Θ adj adj⊕ 1 Θ⊕ adj

q = 0 adj⊕Θ 1⊕ adj adj Θ

q = −1 adj 1

Table 8: Some basis elements of S(g+) for the magical supergravities with d = 3.
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ν = 1 ν = 2 ν = 4 ν = 8

∆(g)

adj 52 = (1000) 78 =
(

00
1
000

)

133 =
(

000
0
001

)

248 =
(

1000
0
000

)

Θ′ 324 = (0002) 650 =
(

10
0
001

)

1539 =
(

010
0
000

)

3875 =
(

0000
0
0001

)

Table 9: Some representations in the tensor hierarchy algebras for the d = 3 models.
The embedding tensor module is Θ = Θ′ ⊕ 1.

4.5 Extended geometry for magical supergravities

Note that the Satake diagrams for the tensor hierarchy algebras in the O series, last
diagram in Figure 4, is a decorated version of the diagram for S(en+6), relevant for
the extended geometry description of D = 11 supergravity with n+ 5 physical internal
dimensions. The two real tensor hierarchy algebras are thus different real forms of the
same complex one.

This implies that the dynamics, formulated in terms of a pseudo-action (“pseudo-”
referring to the fact that the section constraint has to be imposed manually, as well
as to the self-duality relations occurring for even d), takes the same formal expression
in the two cases. The extended geometry formulation for D = 11 supergravity with d
external dimensions is well known for d = 6 [21], d = 5 [22], d = 4 [23], d = 3 [24]
and d = 2 [26–28], and of course for d > 6 [51–53]. Partial results exist for d = 0
[29]. However, even if the actions formally look the same, they describe quite different
systems, due to the difference in the solutions to the section constraint, which for all
versions of the magical supergravities give total physical dimension 6 (the sum of the
number of external dimensions and the dimension of a section).

The extended geometries for the lower Kν series, ν = 1, 2, 4, are constructed anal-
ogously to the ones in the O series. Let us call the algebras appearing in d = 6 − n
algebras of type e5+n. They have similar sets of invariant tensors, originating in the fact
that they are constructed from Jordan algebras over Kν . Constructing the analogous
actions for the lower series, one needs to identifiy these invariant tensors and the re-
lations they obey, including proper normalisation. We will give a concrete example for
d = 4 and algebras of type e7.

The only numerical constant that enters the generalised diffeomorphisms is (λ, λ),
the length2 of the lowest weight in the coordinate representation (the representation of
a generalised vector). It turns out to take the same value for all algebras of the same
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type, it is thus independent of ν, (λ, λ) = d−1
d−2 .

4.6 Example: d = 4, type e7

As a set of examples, consider the magical supergravities with d = 4, i.e., with structure
algebras

g = {sp(6,R), su(3, 3), so∗(12), e7(−25)} (4.11)

for ν = 1, 2, 4 and 8 respectively. The relevant tensor hierarchy algebras are S(g+),
where

g+ = {f4(4), e6(2), e7(−5), e8(−24)} . (4.12)

These algebras all display the same behaviour, indeed the one expected for models with
d = 4. In all cases, ∨2R(−λ) = R(−2λ)⊕ adj. A few degrees are listed in Table 6.

The g-modules appearing in Table 6 are listed in Table 7. R1 is the coordinate
module, which is self-conjugate in these cases. Θ is the embedding tensor module. The
presence of a singlet in R(2,1) signals the presence of an ancillary 2-form.

The ν = 8 case for split structure group E7(7) is formulated in ref. [23]. For the magi-
cal models in d = 4, the structure groups are the conformal groups of the Jordan algebras
J3(Kν) of hermitean 3× 3 matrices with elements in Kν. They are Sp(6,R), SU(3, 3),
SO∗(12) and E7(−25), with coordinate modules R1 as in Table 7. Thus dimR1 = 6ν+8.

In all cases, (λ, λ) = 3
2 . The coordinate module is self-conjugate and symplectic; there is

an invariant tensor ΩMN , which is used raise fundamental indices by left multiplication.
We use the convention ΩMPΩNP = δMN . There is also an invariant symmetric 4-index
tensor, which can be chosen as cMNPQ = P

(MNPQ), where P is the projector on the
adjoint. The second Casimir operator in the representation R1, C2(R(λ)) = 1

2(λ, λ+2̺),
takes the value C2(R1) =

3
4(2ν + 3). The projector on the adjoint in ⊗2R1 is1

PM
N

K
L = kηαβtαM

N tβK
L (4.13)

= k(ηαβtαMKtβ
NL +

1

2
δNMδLK + δLMδNK − 1

2
ΩMKΩNL) ,

where the constant k takes the values2

k =
dim g

2C2(R1) dimR1
= {1

5
,
1

6
,
1

8
,
1

12
} =

1

ν + 4
. (4.14)

1There is a difference in normalisation of the Killing metric compared to ref. [23]. We use canonical
conventions where the quadratic Casimir operator is Ĉ2 = 1

2
ηαβtαtβ , tα being representation matri-

ces, with η normalised so that it in the adjoint representation becomes 1
2
ηγδfγα

ǫfδǫ
β = g∨δα

β, i.e.,
C2(adj) = g∨, the dual Coxeter number.

2The first equality in eq. (4.13) holds also in other dimensions, as long as the structure algebra is
simple, otherwise more than one constant is needed to form a projection. For d = 5, k = 2

ν+4
, and for

d = 3, k = 1
2g∨

= 1
6(ν+2)

.
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The section constraint contains the adjoint in the symmetric part of the tensor product
and the singlet in the antisymmetric part,

YMN
PQ = −1

k
PMN

PQ − 1

2
ΩMNΩPQ (4.15)

= −tαM
QtαN

P +
1

2
δM

QδPN + δPM δQN .

Notice the relation to eq. (4.6) with (λ, λ)− 1 = 1
2 .

The fields needed, in addition to the coset element, are read from the content of the
tensor hierarchy algebra S(g+), Tables 6 and 7. They are: a gauge connections Am

M ,
2-forms Bmn

α, and also ancillary 2-forms Bmn
M . The calculation copies the one in

ref. [23], one only needs to keep track of the constant k appearing in various places. We
therefore only summarise the results briefly.

The covariant 2-form field strength is, according to standard tensor hierarchy con-
struction,

Fmn
M = Fmn

M − 1

k
tα

MN∂NBmn
α − 1

2
Bmn

M , (4.16)

where F is constructed through the Courant bracket as

Fmn
M = 2∂[mAn]

M − [[Am, An]]
M . (4.17)

The field strengths are demanded to be selfdual according to

F
M +ΩMNGNP ⋆F

P = 0 . (4.18)

There are also field strengths Hmnp
α and Hmnp

M for the 2-form fields. They appear in
the Bianchi identity for the 2-form field strength,

3D[mFnp]
M = −1

k
tα

MN∂NHmnp
α − 1

2
Hmnp

M . (4.19)

The improved Riemann tensor—the improvement needed for Lorentz invariance in
the external directions—is

Rmn
ab = Rmn

ab(ω) + Fmn
M (e−1∂Me)ab , (4.20)

where the spin connection is obtained from the vierbein using the covariant derivative

Dmen
a = ∂men

a −Am
M∂Men

a − 1

2
∂MAm

Men
a . (4.21)

The full pseudo-Lagrangian density

L = LEH + Lsc + LYM − V + Ltop (4.22)
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then consists of a covariantised Einstein–Hilbert term LEH, a kinetic term for the coset
Lsc, a Yang–Mills kinetic term LYM, a potential term V and a topological term Ltop.
The non-topological terms are

e−1LEH = R = ea
meb

n
Rmn

ab ,

e−1Lsc =
k

4
gmn

DmGMNDnG
MN ,

e−1LYM = −1

8
GMNFmn

M
F

mnN , (4.23)

e−1V = −k

4
GMN∂MGKL∂NGKL +

1

2
GMN∂MGKL∂LGNK

− 1

2
g−1∂Mg∂NGMN − 1

4
GMNg−1∂Mgg−1∂Ng − 1

4
GMN∂Mgmn∂Ngmn

(the last line in V replaces the terms in eq. (4.9) containing the scale connection πM ).
The topological terms is most conveniently written in terms of integration over a 5-
dimensional manifold with the external 4-manifold as boundary, so that

Stop = −k

2

∫

Σ5

d5x

∫

[dY ]ǫmnpqr
Fmn

M
DpFqrM =

∫

∂Σ5

d4x

∫

[dY ]Ltop . (4.24)

The internal integration “
∫

[dY ]” should be seen as purely formal. It is not an inte-
gral over the (6ν + 8)-dimensional internal space, rather over a solution to the section
constraint. This is a pseudo-action with the purpose as a book-keeping device for the
equations of motion.

All essential calculations needed to show full invariance of the pseudo-action under
internal generalised diffeomorphisms as well as external diffeomorphisms (depending
both on external and internal coordinates) have been performed in ref. [23]. They re-
quire, as usual, cancellations between all terms, and fix the pseudo-action completely.
The same holds for other values of d. For d = 5, for example, the construction mimics
the one in ref. [22]. In addition to the constant k of eq. (4.13), one will also need to keep
track of the normalisation of the invariant symmetric 3-index tensor dMNP . All fields
and algebraic structures are otherwise identical.

5 Outlook

We have demonstrated how extended geometry is formulated for structure groups of
arbitrary real forms, with real coordinate modules. The underlying real tensor hierarchy
algebra is defined by these data (together with some normalisation when λ is not a
fundamental weight dual to a long root [47]). The procedure for solving the section
contraint has been explained, resulting in a diagrammatic rule.
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It will be straightforward to apply a generalised Scherk–Schwarz reduction [18,54,55]
to obtain gauged magical supergravities [3].

Coupling to hypermultiplet scalars in the framework of extended geometry presents
no further problem, since they are singlets under the structure group. They contribute
terms

−1

2

√−g
(

gmnGABDmΦADnΦ
B +GMNGAB∂MΦA∂NΦB

)

(5.1)

to the Lagrangian density. This is relevant for cancellation of anomalies. In particular,
it is noteworthy that only in the (ungauged) ν = 8 model coupled to 28 hypermultiplets
that the gravitational anomalies vanish identically. It may be interesting to understand
how an anomalous 6-dimensional theory is encoded in an extended field theory in which
the external dimensions are say 3 or 5, where the anomalies must arise from some
interplay between external and internal directions.

Our construction only involves the bosonic degrees of freedom. A full supersymmetric
version is of course desirable. It could use a component field version, with explicit check
of the local supersymmetry transformations as in ref. [30], or a superfield formulation as
in ref. [56]. A true extended supergeometry will demand an extension of the structure
group itself to a supergroup [57].

The method can be used to obtain extended geometry formulations of other models,
with other homogeneous spaces as scalar cosets. Just to pick one example without
working out the details, let us choose the structure group as G = SU(1, 5), Figure 6,
and the coordinate module as a 3-form. This leades to an extended geometry similar
to the d = 4, ν = 2 magical supergravity, but with a 0-dimensional section, i.e., with
SU(1, 5) as R-symmetry. Since the coordinate module of g+ is the adjoint of E6(−14) it
should correspond to a 4-dimensional theory. Then, the presence of 20 self-dual gauge
fields tell us that this is D = 4, N = 5 supergravity [58]. In a 3 + 1 split, the structure
group becomes E6(−14), Figure 2.

Figure 6: Satake diagram for su(1, 5).
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