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Within the framework of independent particle approximation, the optical activity tensor of solids
is formulated as from different contributions: the magnetic dipole, electric quadrupole, and band
dispersion terms. The first two terms have similar counterparts in the theory of finite systems,
while the last term is unique for crystals. The magnetic dipole and electric quadrupole transition
moments are calculated with a sum-over-states formulation. We apply the formulation to calculate
and analyze the optical rotation of elemental tellurium and the circular dichroism of (6,4) carbon
nanotube. Decomposed optical activity into different contributions are discussed. The calculated
spectra agree well with experiments. As a showcase of achiral crystals, we calculate the optical

activity of wurtzite GaN.

I. INTRODUCTION

Optical activity manifests itself as optical rotation
(OR), the rotation p of the plane of polarization of lin-
early polarized light, and circular dichroism (CD), the
differential absorption of left- and right-circularly polar-
ized light that leads to a change of the ellipticity 6, as
a result of light interacting with optically active media.
Since most of the optically active media are chiral, chiral-
ity and optical activity are closely related. Optical activ-
ity is widely studied for chiral molecules which form the
basis of biological, pharmaceutical, and life science [1].
For crystalline solids, however, research is almost limited
to OR [2-8], whereas CD is seldom due to the small ef-
fect [4, 9]. Only until recently that the excitonic effects
are greatly enhanced in low-dimensional materials, can
the CD be unambiguously observed. Typical examples
are chiral carbon nanotubes (CNTs) [10-12] and chiral
hybrid halide perovskites [13, 14] which hold potential
for future spintronics.

The theory of optical activity of molecules has long
been well established [1, 15-17]. Tt is based on the multi-
pole theory of charge and current distributions. Both the
magnetic dipole and electric quadrupole can contribute
to the optical activity. However, the electric quadrupole
term are usually considered to be small and thus ne-
glected [1]. Hence, the magnetic dipole transition mo-
ment plays an important role in calculating and mecha-
nistically analyzing the optical activity of molecules. Ab
initio calculations of the magnetic dipole transition mo-
ments, thus OR as well as CD, are now routinely avail-
able for the quantum chemistry community because the
quantum magnetic dipole operator m is well behaved for
finite systems:

e
= — 1
m mrxp (1)
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where e and m are the charge and mass of electron, r
and p are the position and momentum operators, respec-
tively. For crystals with periodic boundary condition, m
in the above form is ill-defined due to the unbound op-
erator r. Inserting a complete set between r and p in
Eq. (1) was used to calculate the magnetic dipole transi-
tion moments and thus the CD of chiral CNTs [18, 19].
In their formulation, the magnetic dipole transition mo-
ment is not Hermitian with respect to the band index,
ie., myy # m}:a. Moreover, the electric quadrupole term
and another band dispersion term which we will see later
are neglected. Very recently, linear-response method was
employed to directly evaluate the magnetic dipole and
electric quadrupole transition moments with Gaussian
basis for periodic systems [20, 21]. Although the mag-
netic dipole and electric quadrupole matrix are enforced
to be Hermitian through symmetrization, the obtained
magnetic dipole and electric quadrupole contributions
to the optical activity are individually origin-dependent.
Also, the band dispersion contributions are not included.

Alternatively, optical activity is a manifestation of the
spatial dispersion, appearing at the first order in the
expansion of the dielectric function in powers of light
wavevector q. In this regard, formulation of the opti-
cal activity based on the expansion of the interaction
Hamiltonian to the first order of q has been derived and
applied to evaluate the OR of several simple chiral crys-
tals [22-26]. This formulation is accurate in the sense
that it includes all the necessary terms to the first or-
der of q. However, applications for calculating the CD
spectra have never been reported. With this formula-
tion, different contributions are mixed which may re-
strict some mechanistic analysis and understanding of the
physics. In addition, available implementations are based
on maximally-localized Wannier functions [26]. As the
conduction states are concerned for evaluating the tran-
sition moments, the wannierisation process itself is chal-
lenging for complex systems and broader energy range.
In this manuscript, based on the work of Malashevich and
Souza [25], we formulate the optical activity by different
contributions, i.e., the magnetic dipole term, the electric
quadrupole term, and the band dispersion term. The for-



mer two contributions have direct connection with that of
molecular systems, while the latter is unique for crystals.
We implement our formulation as a postprocessing pro-
cedure based on the outputs of VASP code [27, 28]. For
applications, we calculate and analyze the OR of Te and
CD of chiral (6,4) CNT. Good agreements with experi-
ments are obtained. Finally, we also discuss the optical
activity of achiral crystals.

II. THEORY

The spectra of OR and CD, related to each other with
Kramers-Kronig transformation, can be calculated as [26,
29, 30]

2
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where ¢ is the imaginary unit, w and c are the frequency
and speed of light, respectively. Here p and 6 share the
same unit of degree per length. In CD experiments, the
ellipticity angle can be obtained by multiplying 6 by the
sample length. vy(w) = —ide4(w, q)/0q is the optical ac-
tivity tensor where €4 (w, q) is the asymmetric part of the
dielectric function. The q dependence indicates the spa-
tial dispersion. In the independent particle framework,
the dielectric function tensor can be calculated as [31]

gij(w, q) =(1 - %) Oij
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where w), is the plasma frequency, € is the unit cell vol-
ume, €g is the vacuum permittivity, A is the reduced
Planck constant, 7 is the broadening width. The summa-
tion index o = {knm} where k is the crystal momentum,
n and m are band indexes. In the manuscript, the sub-
scripts 4, j, I, u, v € {1, 2,3} denote the Cartesian indices.
The occupation factor difference f,(q) = frxra—fmk—g.
with f,x being the Fermi occupation. The energy differ-
ence iw,(q) = nkt @ — Emi—g, with E,x being the
eigenvalue of the Bloch function 1/Jnk The light-matter
interaction kernel Ky ;;(q) = Ill( Vo j(q) with the in-
teraction matrix I, (q) being expanded to the first order
of q and omitting the spin part [25]

Icr,e(q): <¢nk+% J’¢mk—%>
= (Unk|€ - Vic|umi) + % . {
<unk|€ : Vk|akumk> } 4)

where € is the light polarization vector, unk(r) =
Ui (r)e” T is the cell-periodic part of the Bloch func-
tion. The paramagnetic current operator J = (e'4"v +
ve'™T)/2 with v being the velocity operator. wvix =
e~k Tyek T Using the relation vii = dHy/hdk, where
the Hamiltonian Hy fulfills the Schrédinger equation

(Oxunk|€ - Vi[umk) —

Hyunx = Enxunk, and the manipulations in the Ap-
pendix, Eq. (4) can be reformulated as

Ia’,i (ql) :zwapa,i
+q1 (ve1;; Mo j + wo Qo it + 105, Psy) ()

where ¢;;; is the Levi-Civita symbol, w, = ws(q = 0),
and Vo = 8Z(Enk + Emk)/Qh with 0; = 8]%. Pg_’i, Mg_’j,
and @), are the components of the electric dipole, mag-
netic dipole, and electric quadrupole transition moments,
respectively

PO’ =1 <unk|8kumk> (63)

M, = 4h (Oxunk| X (2Hkx — Enk — Enx)|Okumk)  (6b)

Qoyij = (((9 Unk|O0jumi) + (9junk|Oitimi)) (6¢)
For finite systems, the last term of Eq. (5) is zero and
the multipole expansion formula is recovered [25]. For
n = m, Eq. (6b) reduces to the orbital magnetic moment
of Bloch electron [32]. In general, Egs. (6b) and (6¢) are
gauge-dependent due to the Oxunk term [33]. However,
the gauge-dependence can be fixed by replacing the direct
k derivative with covariant derivative, as detailed in a
concurrent work done in coordination with the present
one [34]. Then with the sum-over-states formula, the
individually gauge-covariant M and @ can be obtained

(3
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1
Qoij = 3 > (Pinp.iPapm.j + Pinp,j Pipm.i) ~ (7b)
pF#n,m
Eq. (7) is the sum-over-states formula for practical cal-
culations of the magnetic dipole and electric quadrupole

transition moments for periodic systems. Inserting
Eq. (5) into the interaction Kernel, we have

Ko.ij(@1) =wiAsij + @i [woBo,iji + woCoiji

+wo (U, Av,it + To,iAaj) ] (8)

where
Agij =P} Py (9a)
Bsiji = fljiPUT)iMo,i + Elijpcr.,jM;j (9b)

Ocr,ijl = chr(
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Inserting Eq. (8) into Eq. (3) and differentiating the
asymmetric part with respect to q, we finally obtain the
optical activity tensor

2
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where f, = f,(q =0) and

Do iji = gUs jAy i1 + 9U0,i Ay 1; + hig 1 Ay 4 (11)
The double primes denote the imaginary part. The first
two terms B and C in the summand of Eq. (10) are the
magnetic dipole and electric quadrupole contributions,
respectively, while the last term D is the band dispersion
term which contains only the electric dipoles as in the
multipole expansion. ¢ = wy/(w — we + ) and h =
g% /w, are spectral functions. Again, for finite systems,
the band dispersion term is zero and Eq. (10) reduces to
the formula for molecules.

In general, the optical activity tensor has nine in-
dependent elements due to the antisymmetric relation
viji = —;i [30]. The nine elements can be rearranged
into a second-rank axial tensor, the so-called gyration
tensor G

w
Gij = o CiuvYuvj (12)

Point group symmetry restricts the gyration tensor to
particular form [35]. The optical activity tensor can
be symmetrized accordingly based on the transformation
rules.

From the definitions of the matrices in the summand
of Eq. (10), it is clear that the ingredients needed to
evaluate the optical activity tensor are the band ener-
gies F,x, band gradients or velocities v,k, and the elec-
tric dipole transition moments P,. The former can be
easily obtained from normal density functional theory
(DFT) calculations, while for the latter two there ex-
ist well-known approaches with different accuracy and
efficiency [36, 37]. We implement the above formulation
based on the outputs of DFT calculations via VASP code
with the LOPTICS setting. The magnetic dipole and elec-
tric quadrupole transition moments are first calculated
based on Eq. (7). Then, Eq. (10) is evaluated. Finally,
the spectra of OR and CD can be obtained according to

Eq. (2).

IIT. APPLICATION

A. OR of Te

Elemental trigonal tellurium (Te) is the simplest chiral
semiconductor with space group of P3;21 (right-handed)
or P3521 (left-handed). The unit cell contains only three
tellurium atoms which covalently bonded to form a spiral
chain along ¢ axis. The chains are arranged in hexagonal
network with weak van der Waals interactions. The two
enantiomorphic structures have same optical activity but
opposite signs. We focus on the left-handed structure
here. DFT calculations are performed with VASP code
and PAW [38] potentials. Perdew-Burke-Ernzerhof [39]
(PBE) functional is used for the exchange-correlation in-
teraction. An energy cutoff of 500 eV is used to expand

the wave function. With spin-orbit coupling included,
the calculated band gap is only 0.015 eV, to be com-
pared to the experimental value of 0.323 eV [40]. We
employ a scissor shift [41] to correct the band gap.

To obtain converged OR of Te, extremely fine k£ meshes
are required for the Brillouin zone (BZ) integration. In
previous implementation, this can be easily achieved by
Wannier interpolation on a uniform 200 x 200 x 200 &
mesh [26]. However, evaluating the required matrix ele-
ments on such fine £ mesh directly is very challenging. In
this work, we use the adaptive £ mesh technique supple-
mented by symmetry reduction to reduce the computa-
tional challenge. We first analyze the k-resolved OR on
a uniform 24 x 24 x 18 k mesh in the first BZ. Fig. 1(a)
shows the plane-summed OR along the I'A direction. It
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FIG. 1. k-resolved OR of Te (a) along I'A and (b) in the
2D hexagonal BZ calculated at fiw of 0.3 eV. The arrows and
dashed lines indicate the enlargement of the BZ around H
point.

is obvious that the plane containing A(0,0,1/2) point
dominates the contribution. If we resolve the k de-
pendence in the A-contained 2D hexagonal BZ, we can
observe that the OR is mainly contributed from the
six corners, alternately denoted by H(1/3,1/3,1/2) and
H'(-1/3,—1/3,1/2) which are related to each other with
time-reversal symmetry, as shown in Fig. 1(b). This
highly nonuniform k dependence of OR facilitates the
application of the adaptive k¥ mesh technique. In our cal-
culations, a denser k mesh is used within a small box
centered at H (0.6% of the entire BZ), while a coarser
24 x 24 x 18 k mesh is used elsewhere. Fig. 2(a) com-
pares the OR calculated from the uniform and adaptive
k meshes. The results from the two k& meshes match ex-
actly with each other. The number of irreducible k points
of the adaptive mesh is only 1174 compared to 46782 of
the uniform mesh which indicates significant computa-
tion resource saving. We check the OR convergence on
the adaptive k mesh, as shown in Fig. 2(b). The lower en-
ergy part, i.e., less than 0.25 eV, can be easily converged
with very few k points. Challenges arise approaching the
band gap where a resonant behavior is expected due to
the denominators of the spectral functions g and h. Fine
k mesh as dense as 264 x 264 x 198 is needed to obtain
converged OR at around 0.31 eV.

To calculate the magnetic dipole and electric
quadrupole transition moments, the sum-over-states for-
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FIG. 2. (a) Comparison of the calculations on uniform and
adaptive k meshes. (b) Convergence of OR on the adaptive k
mesh.

mulation requires that the summations in Eq. (7) run
over all the bands that determined by the Hamiltonian.
In practice, however, the number of bands is truncated.
As shown in Table I, the OR is converged with 72 bands
(9 valence bands). The calculated OR at 0.117 eV
is 7.8 deg/mm which agrees well with experiment (9.0
deg/mm) but is larger than that of the Wannier imple-
mentation (4.9 deg/mm). The sign of the calculated OR
is positive/negative for the left/right-handed Te, which
is consistent with previous calculations [26]. However,
there is difficulty in determining the handness of elemen-
tal crystals experimentally, thus conflicting claims about
the absolute sign exist [26]. The OR calculated at 0.310
eV is 247.0 deg/mm which is 70% larger than experiment.
We will explain this later.

The calculated OR dispersion or optical rotatory dis-
persion, compared with experiments, is shown in Fig. 3.
The calculations agree with experiments quite well for
the energy range less than 0.25 eV. Changing the broad-
ening parameter 1 hardly affect the dispersion at this
lower energy range. For higher energies that approach-
ing the band gap, the OR dispersion is very sensitive
to 7. Since the experimental data are obtained at room
temperature, thermal broadening effect comes to play an
important role. A good agreement can be obtained with
7 of 35 meV, as shown by the red dash line.

Since in experiments the OR in off optic axis is difficult
to be measured [35, 42], the available data for Te are all
for light propagating along the optic axis. The symme-
try operations of point group 32 reduce the OR tensor of
Te to only two independent elements, i.e., p|(pzy-) and
p1(pyzz), for light propagating along and perpendicular

TABLE I. Convergence of the OR of Te as a function of num-
ber of bands (nbands). Data are in unit of deg/mm.

nbands

a b
fw (eV) 18 36 79 Calc. Expt.
0.117 8.3 7.9 7.8 4.9 9.0 £ 0.2
0.310 192.0 247.9 247.0 145.2 £ 1.5
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FIG. 3. Comparison of the calculated OR dispersion with
experiments for Te.

to the optic axis. The calculated p) is about five times
larger than p, , as shown in Fig. 4. According to Eq. (10),
the total OR can be decomposed into three different con-
tributions. We use m, ¢, and v to denote the first, second,
and third terms in the parenthesis of Eq. 10, namely, the
magnetic dipole, electric quadrupole, and band disper-
sion terms, respectively. We calculate the different con-
tributions for both p| and p_ , as shown in Figs. 4(a) and
(b), respectively. For pj, the electric quadrupole term
dominates the whole OR dispersion, contradicts to pre-
vious neglect of the electric quadrupole contribution to
the optical activity. The band dispersion term shows a
peak approaching the band gap. This is attributed to
the “camel back” band dispersion [26] where the sign of
the band gradient changes. For p,, the magnetic dipole
term and electric quadrupole term have opposite signs,
leading to much reduced total OR. For both p; and p,,
the band dispersion term makes a significant contribu-
tion, which is unique for calculating the optical activity
of crystals.

B. CD of chiral CNT

Chiral CNTs with geometrical index (n,m), where
n # m and m # 0, are a series of semiconductors that
show obvious CD signal which can be used for enantiomer
separation and electronic structure determination [10-
12]. Here, we focus on one of them, i.e., the (6,4) CNT.
The energy cutoff of 420 eV is used for the DFT calcu-
lations. We use 1 of 0.1 eV to smear the CD spectra.
Unlike OR dispersion which is characterized at nonab-
sorbing frequencies, CD spectra are measured above the
band gap. Hence, CD is more sensitive to the electronic
band structures. As semi-local density functionals like
PBE would usually predict shrunk band width, we here-
after use HSE [43, 44] functional for all the CD calcu-



250

200

150

deg/mm)

— 100

P

50

(b)

50 -

p, (deg/mm)
o

_100 L L L L L L
0.00 0.05 0.10 0.15 020 025 0.30

o (eV)

FIG. 4. OR of Te for the light propagating (a) along (p)) and
(b) perpendicular to (p1) the optic axis.

lations. It turns out that the CD spectra of (6,4) CNT
can be easily converged with a k£ mesh of 1 x 1 x 32 and
only 360 total bands for evaluating Eq. (7). Note that
the number of valence bands is 304 for the unit cell.

We compare the calculated CD spectra with experi-
ment in Fig. 5(a). The calculated HSE band gap is 1.38
eV, which agrees with the interband transition E7; of
1.42 €V as determined from the optical absorption spec-
tra [10]. Note, however, that this agreement is fortuitous
due to the error cancellation, i.e., the underestimation of
the band gap and the neglect of the excitonic effect [45].
To make better comparison, we align the s, transition
peaks in the CD spectra, as the lower energy part around
the E1; transition shows much more noise [10]. The cal-
culated CD spectra reproduce all the key features of the
experimental data. The main discrepancy comes from
the underestimated intensities of the F11, Fos, and Fs3
peaks, i.e., the main absorption peaks as indicated in
Fig. 5(b), which is attributed to the excitonic effect that
neglected in the current formulation.

The gyration tensor of (6,4) CNT has two independent
elements, i.e., G1; = Gao and Gs3 [46]. We denote the
anisotropic CD by 6 and 6, for the light propagating
along and perpendicular to the tube axis, respectively,
as shown in Fig. 6. We find that 6 is larger than 6, for

4 (arb. unit)

FIG. 5. (a) Comparison of the calculated CD spectra with
experiment for (6,4) CNT. (b) The imaginary part of the di-
electric function.

the whole spectrum. In experiment, the CD was mea-
sured for solutions of CNT's with random orientation, for
which 6, dominates [10]. Therefore, measuring 6} is still
challenging.

We further decompose the CD spectra into different
contributions in Figs. 6(a) and (b). For 4, , the Eq; and
E5> peaks are almost exclusively contributed from the
magnetic dipole term. The band dispersion term dom-
inates the F15 and FEs; peaks, which is not present in
previous calculations [19], while the electric quadrupole
term arises only beyond the Ea; peak. As for ), the
band dispersion term dominates the whole spectrum.
The magnetic dipole term and the electric quadrupole
term have opposite signs. Their contributions are small
for the lower energy range ( < 3 eV) and almost cancel
with each other for higher energies (not shown). There
is no CD signal around Fj; for 9” due to the optical
selection rule that only E,,, transitions are allowed for
light propagating along the tube axis. Although the CD
spectra at E19 and Fo; are mainly derived from the band
dispersion term for both 6| and 6, , the band shapes are
quite different, i.e., monosignate for 6, versus bisignate
for 6. While monosignate line shape for a specific op-
tical transition is quite common for CD spectra, bisig-
nate line shapes can also be observed for multiple chro-
mophores with chiral alignment [47]. Here, the bisignate
band shape of 6 is, however, attributed to a different
origin. The band dispersion term of Eq. (10) D, ;;; has
three components with band velocities along ¢, 5 and I,
respectively. Due to the quasi-one dimensional nature of
(6,4) CNT, only the band velocity along the tube axis is
NnoNZero, i.e., Vg 4 = Ugy = 0. For 6, the corresponding
tensor components are yzx and zzy. Either the first or
second component of D, ;;; with spectral function of g
is nonzero. The tensor component of 6 is zyz, hence
only the last component with spectral function of h sur-
vives. Since g” ~ § and h” ~ ¢’ with § and ¢’ being
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FIG. 6. CD of (6,4) CNT (a) along () and (b) perpendicular
to (61) the tube axis.

the Dirac delta function and its derivative are monosig-
nate and bisignate, respectively, the corresponding band
shapes of the CD spectra result.

C. Optical activity of achiral crystals

Although all chiral crystals are expected to be optically
active, being chiral is not a necessary condition for optical
activity. Many achiral crystals have shown optical rota-
tory power [48]. Experimentally, OR is determined by
the symmetrical part of the gyration tensor [35], which
can also be nonzero for crystals with achiral m, mm2,
4, and 42m point groups. One typical and well-known
example is AgGaS, [49, 50], which has a point group
of 42m. For the point groups of 3m, 4mm, and 6mm,
there is only one independent gyration tensor element,
i.e., Gi2 = —G21. In general, crystals with gyrotropic
point groups can be called optically active [35]. The
difference between the optical activity of materials with
chiral/achiral gyrotropic groups is that the trace of the
gyration tensor is nonzero/zero. For chiral groups, opti-
cal activity can be observed for light propagating along
any directions and survive after isotropic averaging, while
for achiral groups, light incident directions are restricted.

As an example, we calculate the CD of wurtzite GaN
which has a point group of 6mm. DFT calculations are
performed with energy cutoff of 400 eV. The calculated
PBE band gap is 1.715 eV. Adaptive k& mesh with 0.7%
of the BZ centered at the I'" point being refined by a
120 x 120 x 75 mesh and 24 x 24 x 15 elsewhere is used.
The number of total bands of 36 converges the summa-
tion in the sum-over-states formulation.

The nonzero component §,., with different contribu-
tions are shown in Fig. 7. Again, the magnetic dipole
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FIG. 7. Optical activity of wurtzite GaN.

and electric quadrupole terms have opposite signs. The
mutual cancellation significantly reduces the total CD, of
which more than 65% is contributed from the band dis-
persion term. Our calculations confirm that achiral crys-
tals with gyrotropic point groups can also be optically
active. Indeed, the component 6., should be related to
the longitudinal excitons as the the electric field and wave
vector are in the same direction. Although how to mea-
sure the CD of such achiral crystals is beyond the scope
of the present work, great diversity of optically active
materials with achiral point groups may lead to future
researches and findings thereof.

IV. SUMMARY

From the expansion of the light-matter interaction
Hamiltonian, we formulate the optical activity with dif-
ferent contributions: the magnetic dipole term, the elec-
tric quadrupole term, and the band dispersion term, with
the last one being unique for crystals. The magnetic
dipole and electric quadrupole transition moments for pe-
riodic systems can be calculated with a sum-over-states
formulation. We apply our formulation to calculate the
OR of Te and CD of (6,4) CNT, respectively, demon-
strating the computationally challenging and friendly
cases. The former requires very dense k points for the
BZ integration, which is remedied with the adaptive k



mesh technique, and many conduction bands for the sum-
over-states formulation, while the latter needs very few
k points and bands. From the decomposed optical ac-
tivity, the signs of the magnetic dipole term and the
electric quadrupole term can be same or opposite. For
both of the systems, the band dispersion term plays an
important role. In particular, for (6,4) CNT, the cal-
culated CD for light propagating along the tube axis is
contributed almost exclusively from the band dispersion
term and is much larger than that of perpendicular inci-
dence. Good agreements with experiments are obtained
for the calculated OR dispersion and CD spectra. Fi-
nally, we calculate the CD of wurtzite GaN as a show-
case for achiral crystals, confirming the optical activity
in achiral gyrotropic point groups.
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Appendix

We show here how to obtain Eq. (5) from Eq. (4) in
the main text. Assume that the light wave vector and
polarization directions are [ and i, respectively, we have
for the first term of Eq. (4)

E, —FE,
h
= W (Un|0iUm) = WnmPrm,i (A1)

(Un|vilum)=1 (wn|riltum)

where fwy,, = E, — E,. We used v = ¢/h[H,r] and
r = 10k. And the second term of Eq. (4)

(O1un|0; H [tum)
=0; (Ot |H |tr) — (0;01tn | H |tp) — (Ortn | H |0t
=0; (Ot | Em|tm) — (0;O1tn | B |tm) — (Oytn | H |0t )
=(0;01tn| Em |tm) + (O1un|0; Em|tm) + Oty | Em |Oium,)
—{0; 01| B |um) — (Optun | H|Os i)

=10; By Pom.1 + (O1tun | By — H|O0itm) (A.2)
Similarly the last term
(tn|0; H|Opth, )
=(0yun|En, — H|Opum) — 10, Ey Py (A.3)
Take the difference of Egs. (A.2) and (A.3)
(Oyun|Em — H|Ojtum) — (Oiun|Eyn — H|Ojum)
+zaiEman,l + Zai-EnPnrn,l
== ((Ovun|H|0;um) — (Ojun|H|Orum))
1
+§ (Orun| Em|0itm) — (Oitin|Em|Oium))
1
+§ (Orun| Em|0itm) + (Oitin | Em|O1um))
1
+§ (<6lun|En|aium> - <aiun|En|6lum>)
1
3 (<6lun|En|aium> + <aiun|En|6lum>)
+zai (En + Em)an,l
1
=3 [(Orun|2H — By — Ep |05t )
— (Oun|2H — E,, — Em|5zum>]
En - Em
T o [(Orun|Oium) + (Diun|Orum)]
+10;(Ern, + Em) Pom, (A.4)

The first and second terms in Eq. (A.4) are the magnetic
dipole and electric quadrupole matrix elements, respec-
tively, as shown in Egs. (6b) and (6c¢).
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