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Abstract

We describe a conjectural formula via intersection numbers for the Masur—Veech
volumes of strata of quadratic differentials with prescribed zero orders, and we prove
the formula for the case when the zero orders are odd. For the principal strata of
quadratic differentials with simple zeros, the formula reduces to computing the top
Segre class of the quadratic Hodge bundle, which can be further simplified to certain
linear Hodge integrals. An appendix proves that the intersection of this class with
Y-classes can be computed by Eynard—Orantin topological recursion.

As applications, we analyze numerical properties of Masur—Veech volumes, area
Siegel-Veech constants, and sums of Lyapunov exponents of the principal strata for
fixed genus and varying number of zeros, which settles the corresponding conjectures
due to Grivaux and Hubert, Fougeron, and elaborated in Andersen et al. We also
describe conjectural formulas for area Siegel-Veech constants and sums of Lyapunov
exponents for arbitrary affine invariant submanifolds, and verify them for the princi-
pal strata.

1. Introduction

Computing volumes of moduli spaces via intersection theory has significance in
many aspects. For example, the Weil-Petersson volumes of the moduli spaces
of marked Riemann surfaces can be calculated by intersection numbers on the
Deligne-Mumford compactification Wg,n, which motivated Mirzakhani [37] to give
a proof of Witten’s conjecture by hyperbolic geometry. A more recent instance is
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the intersection-theoretic formula for the Masur—Veech volumes of moduli spaces of
Abelian differentials with prescribed orders of zeros, which can be used to determine
the large genus asymptotics of the Masur—Veech volumes (see [10]).

The moduli spaces of Abelian differentials carry a natural GL; (R)-action
induced by varying the translation surface representations of Abelian differentials.
The orbit closures of this action are called affine invariant submanifolds, since they
have locally linear structures (see [19], [20]). Besides the ambient moduli spaces,
affine invariant submanifolds can provide interesting (and more challenging) play-
grounds for us to detect relevant geometric invariants, such as volumes and intersec-
tion numbers. A prominent type of affine invariant submanifolds arises from moduli
spaces of (primitive) quadratic differentials (also called half-translation surfaces),
which can be lifted into the corresponding moduli spaces of Abelian differentials via
the canonical double cover. In this article, we focus on the moduli spaces of quadratic
differentials.

Masur—Veech volumes

Let (u,v) be an integer partition of 4g — 4, where u = (2m;)7_, are the even parts
and v = (2n i— l)j-=1 are the odd parts, with m;,n; > 0. Consider the moduli space
(also called the stratum) Qg ,4s(1,v) parameterizing quadratic differentials ¢ on
Riemann surfaces of genus g such that g has r even-order zeros of type i and s odd-
order zeros of type v. Note that ¢ is allowed to have simple poles, that is, when some
nj = 0, which are regarded as “zeros of order —1” because in this case the surface
still has finite area under the metric of ¢. Similarly, ¢ is allowed to have ordinary
marked points, that is, when some m; = 0, which are regarded as “zeros of order 0.”
Moreover, in our setting all zeros are labeled (as in [10], but contrary to [14] where
only the simple poles are labeled).

Let PQg r4+5(it,v) = Qg r4s(1t,v)/C* be the projectivized stratum parameter-
izing quadratic differentials of type (i, V) up to scaling. Denote by P@gﬁ_s (n,v)
its closure in the incidence variety compactification (IVC) of the strata of quadratic
differentials (see [5]). Let ¢ be the first Chern class of the universal line bundle 9 (1)
on Pag,rﬂ (u,v). Denote by ; the cotangent line bundle class on ﬂg,n associated
with the ith marked point as well as its pullbacks to the strata Pég,,+ s(u,v). We
first describe a conjectural formula to compute the Masur—Veech volumes of all strata
Qg r+s(u,v) via intersection theory (see Section 2.1 for our convention on volume
normalization).

CONJECTURE 1.1
The Masur—Veech volumes of strata of quadratic differentials can be obtained as the
intersection numbers
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2r—s+3(2ni)2g—2+s

§2g+s—3w1__.wr’ (])

1(Q V)=
vol(@g r 15 (i, v)) (2g=3+r+9)! Jp@,, 45w

where V1, ...,V are associated with the r even-order zeros.

Note that for the strata of quadratic differentials, the number r of even-order zeros
is equal to the dimension of the relative period foliation. Hence from the viewpoint of
period coordinates, when there is no relative period, that is, when r = 0, the volume
formula of the strata of quadratic differentials behaves similarly to that of the minimal
strata J(2g — 2) of Abelian differentials (see [41]). We can thus prove the above
conjectural formula for this special case using a metric on the tautological line bundle
O (—1) whose (wedge powers of the) curvature form can represent the (powers of the)
first Chern class of @ (—1) (see [13]).

THEOREM 1.2
For the strata of quadratic differentials with odd zeros only, we have

235 (2ri)28—2+s
vol(@g 5(v)) = —/ gEr, ?
(Qg.s(v) 2g—=3+9)! Jra, ;v

We remark that we have also verified the conjectural formula for a number of low
genus strata that have relative periods, that is, when r # 0, by ad hoc calculations.
However, to prove the formula in full generality, one either needs a good metric on
the ¥ -bundles or a volume recursion out of merging zeros, which we plan to study in
future work.

Theorem 1.2 is particularly useful for the principal strata of quadratic differentials
with only simple zeros (and simple poles). Let Eg,,, be the quadratic Hodge bundle
over M , whose fiber over a stable pointed curve (X, p1,..., pn) is Ho(a)}e}z(m +
co+ pn)) = C38 731" where wy is the dualizing line bundle of X . The interior space
Qg over Mg , parameterizes quadratic differentials with at worst simple poles at the
marked points. Hence Eg,n provides an alternative compactification (smaller than the
IVC in [5]) for the principal stratum @, ,(1#674%" —1") (here the 4g — 4 + n simple
zeros are not labeled as they can merge to form higher order zeros in the quadratic
Hodge bundle). In this case, the top self-intersection of the {-class corresponds to the
top Segre class s(ag,n) of the quadratic Hodge bundle Eg,n. Characteristic classes
of the (Abelian) Hodge bundle and its variants including the kth Hodge bundle were
computed in [12] and [39] by the Grothendieck—Riemann—Roch formula. Combining
their results with intersection calculations on Wg,n, formula (2) can then be evaluated
more explicitly in terms of linear Hodge integrals as follows.
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THEOREM 1.3
The Masur—Veech volumes of the principal strata of quadratic differentials can be
obtained as the intersection numbers

VOl(@g,4g—4+2n (14g—4+n , _ln))

228+1,6g—6+2n & (4g —4+n)!
© (6g—74+2n)! = (2g =3 +n+i)!

2 2
X /_ Vi1 Vag_stontite—i
Mg 2g—34+2n+i

228 Hlg 086+ B (4g — 44 n)l(4g —T+2n+i)!!
C (g —T+2m)! = (2g-3+0)(dg—-T+0)!!

X /_ Vi Ve ayitg—is (3)
Mg og—3+i
where A; is the ith Chern class of the (Abelian) Hodge bundle on ﬂg,k.

In addition, the appendix shows that the intersection of this Segre class with -
classes

n
— k;
| s@en[]of &=0 @
Mg.n i=1
can be computed by the Eynard—Orantin topological recursion for the spectral curve
x(z)=—z—Inz, dz;dz
) wo,2(21,22) = 1722 &)
y(z)=1z7, (z1—22)

In particular, the volumes of the principal strata can be recovered from the k; = 0
term. In [2], another set of numbers Fg ,(k1,...,k,) was constructed and computed
by the topological recursion, which can also be expressed via intersection theory on
Wg,n such that the k; = 0 case recovers the volumes of the principal strata. Rather
surprisingly though, in [2] the spectral curve is very different from (5) and these Fg ,
are not a priori related to (4) except for k; = 0, where it gives a different expression
of vol(Qg 4g—4+2, (1487447, —1™)) as the top intersection of a class on My .
Theorem 1.3 can be used to analyze numerical properties of the Masur—Veech
volumes of the principal strata with fixed genus and varying number of zeros.

THEOREM 1.4 ([2, Conjecture 5.4, (5.12)])
For all g > 1 and for n > 0 (except for g = 1 and n < 1 where the strata are empty),
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there exist two rational polynomials pg(n) and qq(n) of degree |(g — 1)/2] and
lg/2], respectively, such that

vol(@g 4g—4+2n(1 dg—atn, —1"))

768—6+2n
(2g =3 +n)!(4g — 4 +n)!
=7 (6g —7 + 2n)! (Pg () + y2g—34nqg (n)). (6)

where yy = 4%(2:)

Moreover, for fixed g and n — oo, we have the asymptotic growth rates
VOl(Qg’4g_4+2n(14g—4+n, _1n)) ~ 2—nn6g—6+2n+e(g)/2mgng/2, )

where €(g) = 0 or 1 is the parity of g and where 26~ "my is the top coefficient of q¢
if g is even or the top coefficient of py if g is odd.

For the case of tori, the above results can be described more explicitly as follows.

COROLLARY 1.5
For g =1 andn > 2, we have
n!

vol(@y2 (17, ~17)) = ”an((zn =3+ 2n—-2)N). (8)

We remark that the coefficient mg in Theorem 1.4 is a rescaling of the intersec-
tion number fﬂg,sg—.% wlz ... W32g_3 and can be computed efficiently (see the end of
Section 3.3 for references on this topic). In addition to the large n asymptotic, in [14]
the large g asymptotic of vol(@, ,) was described conjecturally, and the conjecture
was further extended and refined in [45].

Lyapunov exponents and Siegel-Veech constants

We now switch gears to discuss applications of our results in surface dynamics. Con-
sider the straight line flow on a torus with a half-translation structure induced by a
quadratic differential with £ simple zeros and £ simple poles. Closing up a random
trajectory as it comes within the (1/n)-ball of its starting point defines a collection
of cycles {yn}nen. The logarithm of the size of y, in any norm on the cohomology
of the torus tends to A times the logarithm of the flat length of y,, where A; is a
quantity that does not depend on the starting point and the direction of the trajectory,
as long as they are generic. This is a consequence of Oseledets’s theorem and A is
the (first) Lyapunov exponent of the straight line flow (see, e.g., [46], [47] for more
details about Lyapunov exponents).
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Near each of the simple poles, the trajectory makes a U-turn. Pulling the tra-
jectory tight as a cohomology class should cause drastic shortcuts, and hence the
growth rate of the cohomology classes y, is expected to decrease with the number of
poles £. This conjecture was first announced by Grivaux and Hubert. In the case of
half-translation surfaces in the stratum @ (¢, —1%) with a zero of order £ and £ simple
poles, Fougeron [26] found an upper bound for A; in the order of 1/£. His method
works in any sequence of strata where the largest order of zeros is unbounded. In the
case of simple zeros, Fougeron conjectured a decay in the order of 1/ V1. A refined
version of these conjectures for the principal strata of quadratic differentials appeared
in [2] in terms of area Siegel—Veech constants cgen, Which can determine the sums of
(involution-invariant) Lyapunov exponents L™, and vice versa by [18, Theorem 2].
These conjectures were stated as conditional corollaries in [2] assuming the numer-
ical results in our Theorem 1.4. Here we prove them unconditionally based on the
following formulas that express Care, and LT as intersection numbers.

THEOREM 1.6
For the principal strata of quadratic differentials, we have
_ 6g—8+2n
1 Jra o g §

4g—4+n __qny _ __
Carea(l 5 1 )_ 2]_[2 .[IP’@ é—6g—7+2n ? (9)
g.n

where § is the total boundary divisor class, and

_ 6g—842
Jra,, 0875

fIP’@ r6g—7+2n (10)
g.n

L+(]4g—4+n’ _1n) )

COROLLARY 1.7 ([2, Corollary 5.5, (5.12)])

For all g > 1 and n > 0 (except for g =1 and n < 1 where the strata are empty),
there exist two rational polynomials py(n) and qgz(n) of degree |(g + 3)/2| and
1 + | g/2], respectively, such that

z(n)
L ng?::-n + )’2g—3+n‘I;(”) (11)

14g—4+n _ln) —
w2 pe(n) + y2g—34nqg(n)

Ca.rea(

where pg and qg are the polynomials in Theorem 1.4.
Moreover, there exist two rational polynomials rq (n) and sg(n) of degree | g/2]
and | (g + 1)/2], respectively, such that

L+(14g—4+n —1") = 1 rg(n) + y2g—34nSg(n)
2¢ =34 n pg(n) + y2g—3+nqg(n)

ST (12)
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as n — oo, where mg is defined in Theorem 1.4 and 26g—7ng is the top coefficient of
rg if g is even or the top coefficient of sg if g is odd.

Again for the case of tori, the above results can be described more explicitly.

COROLLARY 1.8
For g =1 andn > 2, we have

1 /n 6
a1 =1 = — (% — ) (13)
Gn—)!
A6 1+ Gism
and
2
LY 1" = ————. 14
’ Cn—2)N (14)
I+ G

Motivated by Conjecture 1.1 and Theorem 1.6, we come up with an analogous
conjecture for cye, and LT for all strata of quadratic differentials.

CONJECTURE 1.9
The Siegel-Veech constants and Lyapunov exponents for the strata Qg (i, v) with
w=02m;)_,andv = (2n; — l)sl.=1 are given by

1 flpag(#,v) §2g+s_41ﬂ1 Y

c (M’ U) = — ’
area 27.[2 fIP’ag(pL,v) §2g+s 3w1 e Wr
_ 2g+s5—4
L*(u,v) = e A
e ff L2843 .y ?
PQg (i1,v) r
where 1, ..., Y, are associated with the r even-order zeros.

We remark that Kontsevich [32, Section 7] speculated an implicit intersection
formula to compute sums of Lyapunov exponents for strata of Abelian differentials,
and such a formula was justified explicitly in our previous work [10].

Motivated by the above results, at the end of the paper we make a general con-
jecture to compute area Siegel-Veech constants and sums of Lyapunov exponents
as intersection numbers for an arbitrary affine invariant submanifold (see Conjec-
ture 4.3), and we summarize known cases as evidence of the conjecture.

Related works
We briefly review several related works about the Masur—Veech volumes of strata of
quadratic differentials. A standard method to compute volumes is to determine the
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quasimodular forms that arise from pillowcase covers and compute their large degree
asymptotics (which follows from the initial idea of counting torus covers for Abelian
differentials in [21]). This was used in [28] to obtain explicit values of volumes for
a number of low-dimensional strata of quadratic differentials. Another approach is to
decompose half-translation surfaces into ribbon graphs and sum up the corresponding
local contributions. This was first carried out for all strata in genus O in [4] and then
extended to the principal strata for all genus in [14]. These local contributions of
ribbon graphs are indeed intersection numbers of ¥ -classes on M, that come from
Kontsevich’s proof of Witten’s conjecture in [31]. Moreover, in [2] the same sum of
local contributions was shown to arise as constant terms of a family of polynomials
that are determined by topological recursion, whose approach relies on statistics of
hyperbolic curves. More recently, large genus asymptotics of Masur—Veech volumes
for the principal strata of quadratic differentials were analyzed in [1] which confirms
related predictions in [14] (see also [30] for a related discussion). Our method is
different from all of these works, as we use a good metric on the compactified strata
and simplify the intersection calculation for the principal strata by the Grothendieck—
Riemann—Roch formula and linear Hodge integrals.

Organization of the paper

In Section 2, we show that when there is no relative period, the Hermitian metric
induced by the area form gives the Masur—Veech volume form up to an explicit scal-
ing factor, thus proving Theorem 1.2. In Section 3, we reduce the volume formula for
the principal strata to certain linear Hodge integrals and analyze its numerical proper-
ties for fixed genus and varying number of zeros, proving Theorem 1.3, Theorem 1.4,
and Corollary 1.5. In Section 4 we apply our results to area Siegel-Veech constants
and sums of Lyapunov exponents of the principal strata, proving Theorem 1.6, Corol-
lary 1.7 and Corollary 1.8. The appendix establishes a topological recursion for (4)
and shows how to compute the volumes of the principal strata from it.

2. Masur-Veech volumes as intersection numbers

In this section, we prove the expression of Masur—Veech volumes as intersection num-
bers in Theorem 1.2 for the strata of quadratic differentials with no even-order zeros.
The argument is largely parallel to the proof of [41, Proposition 1.3]. This section
also serves the purpose of introducing period coordinates and explaining the volume
normalization convention we use.

We first set up some general notation. We write N = r + s for the total number
of marked zeros. Half-translation surfaces parameterized in @ (i, V) are usually
denoted by (X, q). For a surface (X,q) € Qg y (1, v), let w: X — X be the canon-
ical double cover such that 7*g = w? is the square of an Abelian differential (see,
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e.g., [18, Section 2.2]). We simply denote by J the space of lifts of @, n (1, v) via
the double cover, with all preimages of the singularities of g being labeled. This locus
is an affine invariant submanifold of the stratum .M N (7©) of Abelian differentials,
where §=2¢—1+4s/2, N =2r + s, and [i = ((mi,m;);_,.(n;)5_,). Note that
the squaring map H— Qg n (1, v) is finite of degree 2”1, which is due to label-
ing the r pairs of preimages of the even-order zeros as well as choosing the sign of
o. Therefore, the induced map PH — PQ@g n (1, v) on the projectivized spaces has
degree 2", since +w correspond to the same point in the projectivization. In particu-
lar, PJ — PQ ¢,~ (i, v) is an isomorphism for the case r = 0 (though PJ carries an
order-2 stacky structure due to the involution of the double cover).

2.1. The Masur—Veech volume form
The Masur—Veech volume form is defined on @ n (i, v) using period coordinates
and gives a finite measure on the hyperboloid (,‘2;, n (i, v) of half-translation surfaces

of area 1/2; that is, the double cover surface (5(\ ,w) has area 1. This volume form is
obtained by disintegration of the Lebesgue measure with respect to the area coordi-
nate. The volume of (!2;’ n (14, v) can be computed by integration of a volume form on
PQ@g n (1, v) as we describe below.
We start with the flat area form on the double cover
i

h(w) := Areag(w) = —/

.2

3 )?60 NCES %;(ZA,»EB,» —ZB;Z4;),
where (4;, B,-)‘l?=1 form a symplectic basis of H (),(\, Z) and (ZAinBi)}il are the
w-periods of this basis. Let t be the involution on X whose quotient map is 7.

Let Z C X be the set of preimages of singularities of ¢g. Both J and Qe n(u,v)
can be locally modeled on the t-anti-invariant relative cohomology H_l()/(\ Z ,C).
Any choice of scale of the Lebesgue measure that is invariant under the symplectic
group results in an (infinite) measure Vyy on @ n (44, v). For our choice of normal-
ization, we define

HL(X.Z.2)=H"X.Z.Z)N HL(X.Z.R). (15)

Consequently, Hl()/(\ , 7 ,Z @ i7) is alattice in Hl()/(\ , 7 , C) and we normalize Dy
so that this lattice has covolume 1. We remark that when ¢ has no zero of even order,
the r-anti-invariant relative cohomology Hl()/(\ , 7 ,®) can be identified with the 7-
anti-invariant absolute cohomology H! ()/(\ ,®), which is the case we will consider in
the next subsection.

With the help of the area normalization and of Vyy, we define

v (U) =Twv(Cr). (U S Qg y(1.v)). (16)
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where Cy = {A(X,q): (X,q) € U, A € [0, 1]} is the cone under U. This measure is
finite by [35] and [43]. Abusing notation, we also denote by vyy the pushforward
of this measure on PQ@, y(u,v). By the squaring map, we can view vy also as a
measure on P.J¢. We write

vol(@g, v (11, v)) = dimg () - vy (PQg v (11, v))

for the Masur—Veech volume of the total space.

2.2. The metric on Opz(—1) and comparison of volume forms
In this section, we consider the special case when all zero orders are odd. The area
form / induces a Hermitian metric (still denoted by /) on O}, z(—1). For a section o
of O, (1), we consider the associated curvature (1, 1)-form

1 -
wp = —0ddlogh(o) and vy = w;g 3+s
2mi

the corresponding volume form on P.

LEMMA 2.1
For r =0, that is, when there is no zero of even order, the two volume forms are
proportional as follows:

(2g =3+ 9)!
22g+1 (zﬂi)Zg—z—i-s

vy = — dim]R(jf\)l)Mv.

Proof

Fix a point (X w) € J¢. An open nelghborhood of this point can be written under the
period coordinates as X+vforveH 1(X C) small enough. After shrinking, we
may assume that this neighborhood is contained in the positive cone

€={X+veH'(X,C): h(X +v)>0}.

It thus suffices to prove the volume form relation on P€. The proof follows the idea
of [41, Lemma 2.1], with an extra twist coming from the fact that the sum of the two
subspaces Hi ()/(\ ,7) spans a proper subgroup of finite index in H'! ()’(\ 7).

First note that since r = 0, s is positive and even, and hence the rank of the anti-
invariant part is greater than or equal to 2g. By [6, Corollary 12.1.5], the symplectic
form restricted to H1+ ()/(\, 7Z) is of type (2,...,2) and the restriction to Hl_()/(\, Z) is
of type (2,...,2,1,...1) with g entries of 2.

By the Riemann-Hurwitz formula, the genus g of X is givenby g =2¢ — 1+
s/2. We also set g = g — 1 + 5/2 = g — g to simplify formulas later. We define
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Cl.i = Ay;—1 + Ay; and Dl.jE = Byj_1 £ By; fori =1,...,g. For an appropriate
order of the elements in the symplectic basis, we have

H{(X.Z)=(C[.Dy.....C;.Dg. Asgs1. Bags1..... Ag. Bg)z  (17)

(see also [28, Section 2.1] for a realization of these cycles). We define C et = Adg i
and D;+i = Bogqifor1 <i <g—g,define y; =1/2for1 <j <gand y; =1
for g < j <, and denote by zcy and z D7 the corresponding w-periods of Cj_ and
D7 . Since w pairs trivially with the invariant eigenspace H 1+ ()’(\ Z),forl<j<g
we have

ch— = ZZAZ_/._1 = _ZZAz_/ s ZD; = 2232_/_1 = _2ZB2j s

and hence

1 _ _ _ _ _ _
E(ZCJ_ZDT —2p52c;) = (25 120y —ZBoj 1 a0 1) (42,2805 — 2o 2 5)-

It follows that

.2
1 — _
h(w) = 3 E xi(zc;Zp; —zpicy). (13)
j=1

Passing to the coordinate system

1 ' 1 .
Ze; = E(ch— —IZDj)’ Zd; = E(ch_ +IZD7)

of H1(X,C), the Hermitian metric / (of signature (Z,%)) can be written as

g
h({ze; 2a,)521) = D 25 (Ce;Ze; — 2a,2a;). (19)
j=1

As in the proof of [41, Lemma 2.1], we now proceed by comparing wj, and vyy to
the forms w; and vy, obtained from the (positive definite) metric 2’ with a plus sign
(instead of minus) in (19). Since the ratios are invariant under the group U(g,g) N
U(2g), it suffices to compare vy and vyy on a fundamental domain for this group
inside the cone, that is, the set (z¢,,zg4,,0,...,0) in the projectivized cone P€. By
symmetry consideration, it suffices to focus on the chart U, = {z;, = 1} and use the
section 0 (24, Zcys---) = (1,24, Z¢,, - . .) of Opgp(—1).

In this chart, we claim that the Masur—Veech volume form is

2(27)i2! i _ _
oy = L(dzdl ndza A [Tz, AdZey Ndza; AdZay)). 20)

 dimp(J0)h(0)2F i
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To see this, first note that the factor 27 comes from integrating the argument of the
(complex) coordinate z;, with fixed norm. Next, the volume of a cone over a base
parameterizing surfaces of area & is RAme) times the volume of the correspond-
ing cone over the base parameterizing surfaces of area 1, thus explaining the factor
h(0)?&. Moreover, one checks that

dZC_/ A dfcj AN dZdj. AN dfdj. = —dij_— AN dij_ AN dejT AN dyDjT,

where x and y denote the real and imaginary parts, thus giving a factor (—1)§ 1=
282 for j =2,...,¢. An extra factor of i similarly comes from the conversion of
dzg, N dZg, when setting z., = 1. Finally, the extra factor 2 is due to the fact that
the hyperplane defined by z., = 1 has distance V2 to the origin while the hyperplane
defined by z¢~ = 1 has distance 1 to the origin, hence the cone over the former
has volume equal to 2 times that of the latter, because the circle perimeter of radius
|z¢,| = 1 is also multiplied by /2 compared to that of radius lzer | =1
On the other hand, at the point 0 = (1,zg4,,0,...,0) we have

wp =

1 (Z§=2 Xj(dz"j /\dzcj _dzdj /\dzdj) X%dzdl /\dfdl)
T 27 - :

h(o) h(o)?

and hence

g
( Gdza, AdZay A ][ (Rdze; AdZe, Adza; A dzdj))

j=2

_ (=DEFQRg-1)!
- (2ri)2&-1h(0)28

Vh

g
(dzdl NdZg A [z, AdZe, Ndza, AdZq, )),

j=2

_ (=DEFEE-1)!
T 228(271)221h(0)2E

where we used the definition of y; in the last step. Comparing the above expressions
of vyv and vy, thus implies the desired identity. O

Proof of Theorem 1.2
We recall from [13] some properties of the metric 7 on Opz(—1). This metric is
not quite good in the sense of Mumford [38], but almost, in the following sense. By
1

loc and

thus define currents that represent the powers of the first Chern class of Opz(—1).
Moreover, note that { = 2§ = ¢1 (0 z(2)), which follows from the relation g = w?

[13, Propositions 4.4, 4.5], the curvature form wy, and its wedge powers are L

on the double cover. Finally, taking into account the order-2 stacky structure of P
by the involution of the double cover, we conclude that
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/ §2g—3+s — 22g—2+s/ $2g—3+s
PQg s (v) 17

— 22g—2+3(_ 1 )2g—3+svh (JP’J?)

(g —3 +5)!

= 3= nipeass VN Qs ().

where we used Lemma 2.1 and the fact that s is even in the last step. This thus implies
the desired formula. (]

3. Masur-Veech volumes of the principal strata

In this section, we evaluate the expression given in Theorem 1.2 for the principal
strata, and prove Theorems 1.3 and 1.4 and Corollary 1.5 accordingly. For simplicity,
we abbreviate the (fully labeled) principal stratum of quadratic differentials with 4g —
4 + n simple zeros and n simple poles as Qg y = Qg y (1*874T7 1), where N =
4g —4 4 2n. Note the difference between Q¢ y and @ ,, as the latter is the quadratic
Hodge bundle over M, , with only the n simple poles labeled. In particular, their
volumes differ by a factor (4g — 4 + n)! due to the labeling of the 4g — 4 + n simple
ZEeros.

3.1. The Segre class ofag,n
Recall that for a projective bundle p: P& — M associated to a vector bundle & of
rank 7, the p-pushforwards of ¢ (Qpg (1))* are the Segre classes sg_,4; of §.

Here we consider the quadratic Hodge bundle @, ,, (extended over the Deligne—
Mumford compactification) given by @g,n = fx (a)j?2 (>-r_,04), where f: X —
Wg,n is the universal curve, w ¢ is the relative dualizing line bundle, and o1, ..., 0,
are the sections of the n marked points. We denote by P@g,n the associated projective
bundle. Since the rank of ag,n is 3g — 3 4+ n which equals dimﬂg,,,, the top self-
intersection number of the O (1)-class ¢ in equation (2) in this case thus corresponds
to the degree of the top Segre class s3g_34, (Eg,n); hence we can use it to compute
the volumes of the principal strata.

PROPOSITION 3.1
For the principal strata, we have

228+1(77{)68=6+21 (45 _ 4 4 1)

vol(@g.n) = (6 — 7+ 2n)!

/_ S$3g—3+n (ag,n)-
Mg n

Proof
The claim follows from Theorem 1.2 for the special case v = (148=4*" —1") and
s = N = 4g —4 + 2n, with an additional factor (4g — 4 + n)! multiplied to the right-
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hand side, because in (2) all zeros are labeled, while for the quadratic Hodge bundle
Qg n over Mg , we do not label the 4g — 4 + n simple zeros. O

In order to evaluate the degree of s3g_34n (Eg, n), we first compute the total Segre
class of Eg,n. The beginning step is a standard calculation originally due to [39]
for the (Abelian) Hodge bundle and extended more generally in [12], which we will
further simplify.

Recall the definition of the Bernoulli polynomials B, (x) by the expansion

They satisfy the properties that B, (x) = (—1)" B, (1 — x) and that

Bux+y)= ) (l’;) By (x)y" "

m=0

We also denote by kg = fu(c1(w (3 F_, 01))4+") the k-classes on Mg .

LEMMA 3.2 ([12, Theorem 1.1.1] for the case s =2, r = 1,and m; = 1)
The Chern character of the quadratic Hodge bundle Eg,,, is given by

"\ B
ch(@gn) =3¢ — 3+”+Z((;—:§3 _;(;:S?w’d

1 Bgiq(1 , o
E(c;HTlg)?, D (Y)Y

i+j=d—1

1B 1
2(;115)32 Y insevvd),

h=0SC[[1,n]]i+j=d—-1

where the sum is constrained to |S| > 2 if h=0and to |S|<n—-2ifh=g. In
particular, iy, : Mg Ln+2 = Air has degree 2, iy s Mh s X Mg n.sc = Ap.s has
degree 2 if g = 2h and n = 0, and in the other cases iy s are repeated twice in the
sum (hence explaining the factor 1/2).

Recall that for a vector bundle &, the total Segre class is given in terms of the
coefficients of the Chern character by

S(E:t) = c(E;t)"! = exp(Z(—l)s(s - 1)!chS(E)ts), 1)

s>1
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where ¢ is the grading parameter. Hence in principle one can plug Lemma 3.2 in the
above to compute the Segre classes of Eg, - In order to further simplify the expression
obtained this way, we introduce the notation gy = T« (Y7, -+ V> +q)> Where 7 is
the map ﬂg,ner — Wg,n induced by forgetting the last d marked points.

LEMMA 3.3
The total Segre class of @g,n can be expressed as

— K@ K@ K@3
$(@gn) = (1 -1 +---+(—1)gxg)(1—%+§—§—')+---).

In particular, the top Segre class of @g,n is equal to

g
— _ K2 —3+n+i)/\g—i

B aQ = (-1 3g—3+4n (2 .
$3g-3+n(Qgn) = (=1) ;(Zg—3+n+i)!

Proof
Denote by Eg,n the (Abelian) Hodge bundle over ﬂg,n. Comparing the expression
of ch(ag,n) in Lemma 3.2 with that of ch(Eg,n) in [12, (1)], we conclude that

By+1(2) — Bd+1(1)K )
d+ 1)

ch(@g,n) = Ch(Eg,n) -1+ Z(
d>0

=ch(Egn)— 1+ Z —Kd (22)
d>0

To further simplify this expression, we recall some «-class computation from
[40, Section 2]. For any permutation o € S,, with cycle decomposition 0 = 07 -+ 0y
and integers o, . .., 0, we define k& ]_[ Kio;|» where |0 | = Zlea o; 1s the sum
of a; corresponding to the cycle. Then there is the pushforward formula (see [40,
Section 2.3])

a;+1 am+1 2 :
*(wn—i—l U Va4m ) _K‘xl S Ky, = K
gESH

In particular, in this notation ;) = k1 ---«1 with j factors. On the other hand, we
define the linear map

{ZCiti}K = Zci’(iti
i i

on power series. Then [40, Lemma 2.3] shows that

——
exp(—{log(1 — X)}K) = exp({X }«) (23)
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for any X € Q[¢]. Combining (21) with (22) thus implies that

_1\d
5(Qg.n) =S(Eg’,,)exp(z( D /cd)

d
d>1

—% K2 K3
= c(Eg,n)exp<—/<1 + 273 + )

ky | K@ K@)
= (1=hi+Ae = ()P (1= P+ 52 = S ),

*

where we used (23) for X(¢) = —¢ and the fact that S(Eg,n) = C(Eg,,,)_1 = C(Eg’n)

(see [39, (5.4))).
The expression of 53534, (8@ ,) follows from taking the terms of codimension
3g — 3 + n in the expansion of the above product. O

3.2. Linear Hodge integrals
In this section, we use the previous results to prove Theorem 1.3. To simplify notation,
forn > 0 and 0 <i < g we define the linear Hodge integrals

7(g,1)n = /_ K(2g—3+n+i)rg—i
g.n

= /_ ‘//34—1 "'1//22g—3+2n+i/lg—i’ (24)

Mg 2g—3+2n+i

where the second equality follows from the definition of «(4) and the projection for-
mula. For n = 0, we also denote »(g,i)o = »(g.,i), that is,

x(g.1):= /_ 1/’12"'1/f22g—3+i)“g—i' (25)
Mg 2g—3+i

We show that »(g,i), can be expressed in terms of s(g,7).

LEMMA 3.4

Forall g, i, and n, we have

Rg—-3+n+i))(dg—T7+2n+i)!
2g—-3+1i)! (4g =7+

2(g.1)n = »(g.1)

Proof
The proof relies on the string and dilation equations in [44, (2.41), (2.45)]. We choose
a triple (g,7,n) such that n > 0 and denote d = 2g — 3 + n + i. Then we have
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#(g.1)n = /; wi’%"{‘l.“w;-‘rdkg_i
Mg.n+d

d
:Z/_ Y2 Yo VR g g
j=1

Mg,n—l+d

2 2
=d | %, "'wn+d_2wn+d—llxg—i
Mg.nfl+d

=dQ2g—4+d+n) | _ ‘//3“1”34_(1_2}%;—1'
Mg n—2+d

=dQ2d —i —1)s(g.i)n_1, (26)

where from the first line to the second we used the string equation applied to the first
marked point and from the third line to the fourth we used the dilation equation for
the last marked point. The claim thus follows by induction on 7. O

Proof of Theorem 1.3
Proposition 3.1 and Lemma 3.3 imply that

22g+1(ni)6g—6+2n(4g — 4+ I’l)‘

1(@ =
vol(@g.v) (6g — 7+ 2n)!
g .
x (_1)3g—3+n Z (8. 1)n
2 g3 +tnt i)

which after simplification gives the first equality in (3). The second equality in (3)
thus follows from Lemma 3.4. O

3.3. Volumes of the principal strata for fixed g and varying n
In this section, we consider numerical properties of vol(@¢ n) when g is fixed and n
varies (i.e., N = 4g — 4 + 2n varies), especially as » tends to infinity.

Proof of Theorem 1.4, (6)
We renormalize the volume to be

(1) vol(Qg n) (6g — 7+ 2n)!
v(g,n) = .
& 2ng68=6+2n (g —3 + n)l(4g — 4 + n)!

(27
Then Theorem 1.3 implies that

1 Zg: x(g.i) (4g—T+2n+iN

22—4g , —
e = el 2= g -3+ 1) (dg—7+ D

i=0
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Denote

»(g.1)
Qg —3+i)(4g—T7+ )

x#(g.i) =

which is independent of n. Setting ag , = 4g — 6 + 2n below, we conclude that

g

i — !
22 *8y(g,n) = Z%(g,i)'—(ag’" +l” )
— agn!!
L(g—1)/2] .
=Y g+ 1y e 2N
—~ ’ ag.n!!
lg/2] .
N gZ (g 2i),(ag,,, — 142
Pt ' agn!!
L(g—1)/2] .
=Y g+ 1y e 2N
— ’ dgn!!
Lg/2] .
ylagn—1+20)1
/ 5
t Y2g—3+n Z »(g,2i) B
i=0 &

where in the last step we used y; = 4%, (2:) Therefore, we obtain that

Le-1)/2]

pem) =2%"2 3" s(g.2i +1)
i=0

(4 — 6+ 2n +2i)!!
(4g — 6+ 2m)!!

and

Lg/2]

4g — 7+ 2n 4 2i)!
24g2 ’2 /(
g (n) = ZO (8. 20) = T T

are the polynomials whose existence we claimed above.

Note that the leading coefficients of p, and g, are proportional, respectively,
0[5, 1o s Vi Y3,y and [ . 7Y, 4Ar Itis known that the divisor
classes A and v; are nef (see [3, Chapter X1V, Proposition (5.11), Corollary (5.14)]).
Moreover, 1241 = k1 + § is ample plus effective on M ¢ (see [3, Chapter XIII, The-
orem (7.6) and Chapter XIV, Theorem (5.1)]). Hence A; is a nonzero effective divi-
sor class on Mg which is also effective on M, , via pullback. Since the top self-
intersection of ¥; on Wg,,, is positive (see [25, (28)]), it follows that ; is big (see [33,
Theorem 2.2.16]). Then the nonvanishing of the lead terms of p, and g, follows from
Lemma 3.5 below. O
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LEMMA 3.5

Suppose that Dy, ..., Dy, are nonzero divisor classes in an n-dimensional projective
variety X such that D1 is nef and effective and such that D,, ..., D, are big and nef.
Then the intersection number f x D1+ Dy is positive.

Proof

Since D, is big, we can write D, = A, + E, (as divisor classes with coefficients
in Q), where A, is ample and E, is effective. Then fX Dy---D,_1E, >0, because
a nef divisor class is a limit of ample divisor classes. Hence it suffices to show that
f x D1+ Dp—1A4, > 0. Repeating the argument inductively, it eventually reduces to
showing that fX DA, -+ A, > 0, where the A; are all ample, and this holds since
D is effective. U

We can extract the leading term of the volume from the above expression. Recall
that 266~ 7m, is the top coefficient of g, if g is even or the top coefficient of pg if g
is odd, and that €(g) = 0 or 1 determined by the parity of g.

Proof of Theorem 1.4, (7)
Below we will use Stirling’s approximation for estimating asymptotics of binomial
coefficients:

k!~ N 2mk (k /e)*

—1/2 45 k — 00. Then as n — oo, the dominant

for large k. It follows that y; ~ (k)
term of the two in the sum v(g,n) = pg(n) + V2g—34nqg (1) iS Y24—34nqg (n) when g
is even and is pg(n) when g is odd. Hence the leading term of v(g,n) (as a function
of n) is 7=1/2p(8=1D/226¢ =7, when g is even and is n€=1/226¢=7,, when g is

odd. Altogether it implies that for large n,

v(g.n) ~ 263*7n(6(g)*1)/2mgn(8*1)/2. (28)
For the leading term of (62173':2’1"), Stirling’s approximation implies that for large n,
6g —=7+2n) H2n+6g-7 1
2¢—3+n Jrn’

The claim on vol(@g n) thus follows from (28) and the conversion of vol(@, n) to
v(g,n) in (27). O

From the above proof, we see that the coefficient m is an explicit rescaling of the
. . 2 2 . . . .
intersection number fﬂg,3g_3 Vi -+ ¥3,_3- The generating series of such intersection
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numbers satisfies the Painlevé equation I, and hence they can be computed efficiently.
(We refer to [29, Section 6], [48, Section 4.2], [34, Section 4], [16], and [45] for
related discussions on this topic.)

3.4. Volumes of the principal strata in genus 1
In this section, we prove Corollary 1.5. By Lemma 3.3, we have

= Km) | MK@-1)
= (=" BRI A
/ﬂlgnsnwzl,n) (1) /ﬁm(m Dy

By the Ag-theorem (see [25]), we can evaluate the Hodge integral

/_ MK(n—l) =/_ W3+1"'W22n—1’\1
Mi.n M12n—1

2n—2 1 (n—1D!2n-3)"
= — = . 29)
0,...,0,2,...,2) 24 24
Moreover, using the string and dilation equations we have
/_ Kmy = /_ Vi1 Vi
Mi.n Mi2n
) I R A
Mi2n—1
2 2 1
=n(2n—2) Yy Uy == —n!2n —=2)!.
ﬂ1,2n72 24
It follows that
— 1
/; $n(@1,0) = (=1)" = ((2n = 3N + 2n = 2)11). (30)
M 24

By Proposition 3.1, we thus conclude that

23(7i)?"n!  —
( ) 'Sn(@l,n)

VO](@I,zn(ln, —ln)) = W

- 7{2””—!((211 — 31+ 20 —2)1)
T 3@2n—1)! h “

which proves (8). In particular, it confirms [2, Conjecture 5.4] for the case g = 1 with
pi(n) =q1(n) =1/6.



VOLUMES OF STRATA OF QUADRATIC DIFFERENTIALS 1755

4. Siegel-Veech constants and Lyapunov exponents

In this section, we study area Siegel-Veech constants c,, and sums of (involution-
invariant) Lyapunov exponents L™ for the principal strata of quadratic differentials.
In particular, we will prove Theorem 1.6, Corollary 1.7, and Corollary 1.8. In addi-
tion, we will give conjectural formulas to compute area Siegel-Veech constants and
sums of Lyapunov exponents as intersection numbers for arbitrary affine invariant
submanifolds.

4.1. Carea and LT as intersection numbers

Recall that @ , is the quadratic Hodge bundle over M, , with only n marked points,
and § is the divisor class of the total boundary of PQ, ,. We first prove the formula
for ¢area.

Proof of Theorem 1.6, (9)

For simplicity, we denote by s , the degree of the top Segre class of @g,,,. Note that
the denominator of the right-hand side of (9) corresponds to s¢ ,. By [27, Section 4.2,
Corollary 1] (see also [2, Theorem 4.1]) and Proposition 3.1, the desired formula is
equivalent to the following equality of top Segre classes:

1 1 n!
6g—8+2ng _ '
/, o §= 55g—1n+2 + 5 E o gumA1Sg a1 31)
P@g.n 1 toamn 12!
ny+tny=n

where the sum ranges over admissible pairs (g;,#n;) as constrained in Lemma 3.2.
Since the total boundary of ﬂg,n is the union of irreducible boundary divisors whose
types correspond to the summands on the right-hand side of (31), the equality follows
from the structure of @, , restricted to each of the boundary divisors.

More precisely, consider the morphism iy : Wg_l,,,Jrz — Ay induced by nor-
malizing a nonseparating node r of a pointed stable curve (X, p1,..., pn). Let X’
be the normalization of X at r, and denote by ry, r, the (labeled) preimages of r
in X’. The fiber of @g’n over (X, pi1,..., pn) parameterizes quadratic differentials
q € H(%7(p1 + -+ + pn + 2r1 + 2r2)) such that the 2-residues of ¢ at 71 and r,
are equal (see [5, Section 3.1] for k-residues in general). From this viewpoint we can
regard @g_l,,,_n as a subbundle of ii’;r@g,n whose fiber over (X', p1,..., pu.r1,72)
is H O(a)g?,z(pl + -++ 4 pn + r1 + r2)), containing quadratic differentials with zero
2-residues at r; and r,. We then have the exact sequence

0— @g—l,n+2 — iitrag,n —-C— 0,

where the last map to the trivial line bundle is induced by taking the value of the
2-residue at r;. It implies that
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Sg—1,n+2 = /7 s3g—4+n(iitrag,n) = 2/7 §6g—8+2n5im
Mg—1,n+2 PQg n

where the factor 2 is due to the labeling of ry and r;, that is, due to degi;, = 2. This

explains the term %sg_l’,,Jrz on the right-hand side of (31).

Similarly, consider the morphism ig, 5, : Mg, n; X Mgyn, — Ag, s, induced
by normalizing a separating node r of a pointed stable curve (X, p1,..., pn), Where
X consists of two components X; and X, separated by g, g1 + g2 = g, n1 +n, =n,
and X; contains the n; marked points in the subset S; € {p1,..., pn} fori =1,2.
Using the same argument as in the previous case, we obtain the exact sequence

_ _ i
0— Qg n+1 0 Qgynyt1 — lg1.S1 Qgn—>C—0.

It implies that

6g—8+2n _ ko
/_ o 8g1,S1 = /_ _ S3g—4+n(1g1,slag,n)
PQg n Mgy .y XMgy.nn

= Sgi.n1+15g2,n0+1-

This explains the remaining summation on the right-hand side of (31), where the
factors 1 and n1’!lr!12!

out of the total n marked points, respectively. O

are due to the ordering of n;, n, and choosing n; marked points

Next we prove the formula for L.

Proof of Theorem 1.6, (10)
Denote kg , = % (5¢ —5—n). Then by [18, Theorem 2, (2.3)], we have the following
relation:

2
L+(14g—4+n’_1n) = Kgn 4 %carea(14g—4+n7_1n)‘ (32)

For a family of nodal curves f: X — B, there is a relation of divisor classes 124 —
§ = fulc1(wy)?) (see [39, p. 306]). Combining with (9), the desired formula is equiv-
alent to the equality

/]P ;—6g—8+2nf* (Cl(a)f)z) — _6Kg,n /E;@ §6g—7+2n, (33)

Qg.n

where f: X — P@, , is the universal curve.

Let ]P’ag,n (2) be the closure of the locus in ]P’ag,,, parameterizing quadratic
differentials with a double zero. A general differential parameterized in ]P’ag,n (2)
has zero type (2, 148767 1), Let PQ, ,(0) be the closure of the locus in P@, ,
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parameterizing quadratic differentials that are holomorphic at some marked point p;.
A general differential parameterized in IP’ag,n (0) has zero type (148=5+7 —17~1 (),
where the entry O indicates that p; becomes an ordinary point instead of a simple
pole (still labeled). Denote by B the complement of Pag,n (2) and Pag,n (0). Then
differentials parameterized by B have zero type exactly (148~4+7" —17),

Denote by Z; and P; the i th zero section and the j th pole section in the universal
curve X over B, respectively, which are pairwise disjoint. Then as in [ 18, Section 3.4]
we have the relation of divisor classes

4g—4+n n

fr(=0) =2a(of) - Z Zi + ZPj-

i=1 j=1

Intersecting the relation with Z; and P;, respectively, and pushing forward by f, we
conclude that f.(Z iz) ={/3 and f*(sz) = forall i and j. Intersecting the relation
with ¢1(w f) and pushing forward by f, we obtain that fx(c1(ws)?*) = —6kg ¢ in
B, which implies that the same relation holds in P@g,n modulo a divisor class sup-
ported on the union of P@g,n (2) and ]P@g,,, (0). Therefore, it suffices to prove that
S, @ =0and fig, ) £0FT0T =0,

Note that PQ, ,(2) is the closure of PQ(2, 14¢~6t" —1") whose period coor-
dinates are not all given by absolute periods due to the double zero. Recall in Sec-
tion 2 that —¢ corresponds to the curvature form wy, of the good metric on the tau-
tological bundle O (—1). Then w;’g ~8%2 — 0 on this stratum, since the exponent is
one bigger than the rank of the subspace of absolute periods (after projectivization).
It follows that fP@g,n(Z) (08 =8+2n — (), Similarly, P@, ,(0) consists of closures of
P@ (148>t —1"~1 () whose period coordinates are not all given by absolute peri-
ods due to the labeled ordinary point (as a zero of order 0). Then the same argument
implies that [pg () ¢%*+?" =0. O

4.2. Cyea and L™ for fixed g and varying n
In this section, we consider numerical properties of ¢,eq and LT for the principal
strata when g is fixed and n varies, especially as n tends to infinity. Since ¢y, and
L™ determine each other by the relation (32), it suffices to evaluate L.

The denominator in the formula (10) for L™ corresponds to the top Segre class
of Eg,,,, which has been computed via linear Hodge integrals of type (24) and (25).
To evaluate the numerator, we define similarly

0(8:0)n 1= /_ Kg—atn+i)rg—it1
Me.n

= /_ Vi1 "'WZZg—4+2n+iAg—iA1' (34)

Mg, 2g—442n+i
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For n = 0, we also denote ¥ (g,i)o = U(g,i), that is,
D= [ R e 35)
Mg og—ati
We show that ¥ (g,7), can be expressed in terms of 9 (g, 7).

LEMMA 4.1
Forall g, i, and n, we have

, L Qg—4+n+i)(dg—8+2n+i)
1% n:19 ,
@ Dn=V& D=0 "4 ag—8+ DI

Proof
Letd =2g—4+n+i.Foranyn > 0, the same method as in the proof of Lemma 3.4
implies that

D= [ W VEaheih
g.n+d
=d2d —i)Y(g.1)n-1.
Then the claim follows by induction on . O

LEMMA 4.2
The numerator of (10) is equal to

g .
_ Be.s
/M S35a0n(@g s = (—1pten 3 V& Dn
g.n

= (2g—4+n + i)l
Proof
This follows from the expression of the total Segre class s(@, ,) in Lemma 3.3 and
the definition of ¥(g, i), in (34). O

Now we can verify the desired numerical properties of L1 and ¢y, for fixed g
and varying n.

Proof of Corollary 1.7
We renormalize the numerator of (10) to be

(_ 1)3g—4+n 24g—2

(g = =G g T am [ﬂg_n gt (@en)hi. o
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Then Lemmas 4.1 and 4.2 imply that

1 S D&
22—4g , — ’
u(g.n) (4g—8+2n)!!§(2g—4+n+i)!
B 1 z": 9(g.i) (4g—8+2n+ i)
C g8+ 2ml & (2g—4+i0)! (4g—8+D)!!

Denote

v(g.1)

29 ’. /: 9
&) = e i@ —s+ N

which is independent of n. Setting b, , = 4g — 8 4 2n below, we conclude that

2t = ey L

bg.n
l(g—1)/2] .
) (bgn +2i + 1D
_ I 5
= Z P (g,2i +1) ST
i=0 &n
Lg/2]

+ Z 19( 2i )/(bgn +21)”

Le—-1)/2]

= (4g -6+ 2”)y2g—3+n Z l9(g, 2i + 1)
i=0

J(bgn +2i + D!
(bgn + DN

Lg/2]
n 20N
+ § 19( 2 )/(bg + l)

Therefore, we obtain that

lg/2]
re(n) =2%72 3 " 9(g.2i)

i=0

(4g — 8 + 2n + 2i)!!
(4g — 8+ 2m)!!

and

le=1)/2]
sg(n)=2%"2(4g—6+2n) Y D(g.2i+1)
i=0

,(4g =7+ 2n+2i)!
(4g —7+2m)!

as the polynomials whose existence we claimed above. The nonvanishing of their
leading coefficients follows from a similar argument using Lemma 3.5.
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Recall v(g,n) defined in (27) in the proof of Theorem 1.4. In summary, we have

(—1)38—3+np4g=2 .

e = e e @en) = e+ e s ),

(—1)38—4+np4g—2 /
(4g—-8+2m" Ji,,

u(g,n) = S3g—4+n(§g,n)/xl =rg(n) + y2g—3+n5g(n).
The rational function expression of L™ in (12) thus follows from (10).

For the large n asymptotic of L™, recall that 25671, is the leading coefficient
of rg(n) and s¢ (1) when g is even and odd, respectively. We claim that

u(g.n) ~ 206 T =<@)/2y pe/2 (37)

for fixed g and n — oo. To see this, the dominant term of the two in the sum u(g,n) =

rg(n) + Y2g—34nSg(n) is rg(n) when g is even and y,g_34,5,(n) when g is odd.

Moreover, recall that y; ~ (rk)~'/2 as k — oo by Stirling’s approximation. Hence

the leading term of u(g,n) (as a function of n) is ng/226g_7ng when g is even and

n~1/2,8/2266=7y . when g is odd. We then obtain the asymptotic expression of L™+

in (12) by the asymptotic expressions of v(g,n) and u(g,n) in (28) and (37).
Finally, for ¢y, by (32) we have

w2 n+5-—>5g
?Carea = T + L+
_n +5-5g 1 rg(n) + vag—3+nSg(n)
18 2g =341 pg(n) + y2g—3+4nqg (1)

We thus define the polynomials

_ (n+5-5¢)2g =3+ n)pg(n)

pe(n) s

+ 3rg(n)

and

(n+5=58)qs(n) | 355(n)

* —

where s, (1) is divisible by 2g — 3 + n by definition. The above expression for cre,
can then be rewritten as

pz(n)
L 2gi3+n + V2g—3+n9;(”)

w? Pg(n) + V2g—3+nqg(”) ’

Carea =

in accordance with (11). The claim about the degrees of p; (n) and q; (n) follows
from the degrees of p, (1) and g, (n). O
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4.3. Carea and L™ in genus 1
In this section, we prove Corollary 1.8. We have

S, Sn—1(Q1,n) A1
/ﬂl S (al,n)

The denominator was computed previously in (30). For the numerator, we have

il _ni Ky A2
(@1 )A = (=11 Kmn-Dr1 | K@n-2)*
/Ml,f" @it = (-1) fM (e

b1 @1 =3
=D 24

Ltan, —1m=-2

where K, A1 was computed previously in (29), and A3 = 0 as A; is a pullback
from eMl,l. It follows that

2

1 Qn=2!"’
2n=3)!!

Ltan,—1" =

thus proving (14). Recall that (2(5”)1),, ~ /mn for n — oo. Then (14) also implies a

decay of L™ in the order of —n conjectured by Fougeron.
Finally, by (32), we conclude that

7[2 n n +/1n
?Carea(l s —1 ) = L (1 1 ) + E
_ 2 n n
- en—2) T 1’
I+ Gimn 18

thus proving (13). In particular, it confirms [2, Table 8] for the case g = 1 with
pi(n) = 32(n* —n) and g} (n) = 3en + 1.

4.4. Coea and L of affine invariant submanifolds
Recall that a stratum of quadratic differentials can be lifted to the corresponding
stratum of Abelian differentials via the canonical double cover, such that the image
becomes an affine invariant submanifold. In general, let N be an arbitrary affine
invariant submanifold in a stratum of Abelian differentials J¢ (u). Suppose that the
tangent space of N projects onto a subspace A of absolute periods, with kernel R
of relative periods. Denote dim¢ A = a and dim¢ R = r, so that dim¢ N =a + 7.
Without loss of generality, assume that a basis of R is given by integration over r
paths joining the zeros zy, ..., z, to a reference zero.

Denote by PV the closure of PA in the IVC of the projectivized stratum. Then
dimc PN = (a — 1) + r. Let & be the first Chern class of the universal line bundle
O(1), and let § be the boundary divisor class. We make the following bold conjecture.
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CONJECTURE 4.3
The area Siegel-Veech constant and sum of Lyapunov exponents of N can be obtained
as the following intersection numbers:

_L f[pwga_zw1 Wrg
472 fpﬁsa_lwl Yy ’
_fpw ga_ZWI "'%/\1
NS S AR

where ; is associated with the zero z; in the chosen basis of R.

carea(dv) = (38)

L(N) = (39)

We briefly explain the idea behind this conjecture. Since we work with the pro-
jectivized stratum, we can set one absolute period to be 1; hence £4~! governs the
absolute part of the volume form of N, and v1,..., 1, govern the relative part by
varying the relevant zeros in . Therefore, the denominator in (38) and (39) can
be regarded as the volume of N, up to a volume normalization factor. By now it
has become clear that the boundary divisor class is responsible for ¢, and the first
Chern class of the Hodge bundle is responsible for L, thus explaining the structure of
the conjectural formulas. In particular, using a different volume normalization factor
should not matter, as it would cancel out between the numerator and denominator in
each of the formulas.

Moreover, there is evidence to support this conjecture from a number of known
cases. If PV is a Teichmiiller curve, then the conjectural formulas reduce to evalu-
ating deg 6/ degé and deg A/ degé up to the normalizing factors, and this case was
well understood after the works [7], [9], [18], and [32]. If P is a Hurwitz space
of torus covers, then the above conjecture was established in [11, Section 4]. If &
is the entire stratum J¢ (i), then as said the above conjecture was verified in [10,
Theorem 1.4]. If N arises from a stratum of quadratic differentials via the canonical
double cover, then Conjecture 4.3 reduces to Conjecture 1.9, which was proved in
Theorem 1.6 for the case of the principal strata. Note that in this case { = 2§ after
lifting via the canonical double cover, which explains the difference of a factor 2 in
the two conjectures. More recently, the conjecture was verified in [8] for the gothic
locus as a special affine invariant submanifold discovered by [36].

We plan to treat the conjectures in this paper in future work.
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Appendix. A second topological recursion for Masur-Veech volumes

GAETAN BOROT, ALESSANDRO GIACCHETTO, and DANILO LEWANSKI
"% encoding some
aspects of length statistics of multicurves, in which the Masur—Veech volumes of
the principal strata of quadratic differentials appear as the lowest coefficients, and
which satisfy the Eynard—Orantin topological recursion for a spectral curve &;. This
appendix shows that a generating series ngfn of intersection indices of the Segre class
of Section 3.1 with ¥r-classes, in which the Masur—Veech volume is also the lowest
coefficient, satisfy the same topological recursion for a (very different) spectral curve
&11. The two generating series have different meanings and are not a priori related.
Only their lowest coefficients agree. We first review in Section A.l the definitions of
the topological recursion, which originate in [24], in a simplified fashion which is suf-
ficient for our needs. The main result of this appendix is exposed in Proposition A.5.
We prove it in Section A.3.1 as a direct consequence (after some algebraic manip-
ulations) of general relations between topological recursion and intersection theory
established in [22] and reviewed in Section A.2.

In [2], we constructed a collection of generating series (W;’n)

A.l. Topological recursion for Masur—Veech volumes

A.1.1. Definition
For us, a spectral curve will be a quadruple 8 = (€, x,y,wp,2) as follows. € is an
open subset of P!, x is a (perhaps multivalued) function on € such that dx is mero-
morphic with a single, simple zero at a € € \ {co}, y is a holomorphic function on €
such that dy(a) # 0, and wy» is a meromorphic bidifferential whose only singularity
on €2 is a double pole with biresidue 1 on the diagonal.

We define o to be the holomorphic involution defined in a neighborhood U C €
of a such that o(a) = a, x o0 = x, and o # id. We introduce the recursion kernel

1 faz(z) o,2(:, Zo)
R(zg,z) == )
2(y(2) = y(o(2))dx(2)
which is a 1-form in the variable zy € € and a (—1)-form in the variable z € U. This

allows the definition of multidifferentials wg , on €", indexed by g > 0 and n > 0
with 2g —2 4+ n > 0, by the following induction on 2g —2 4 n:

Wen(Z1,... 2n) = ngﬁ(zl,z)(wg_l,wrl(z,o(z),zz, -

+ Z a)h,1+|J\(ZaJ)a)h’,1+|J’|(0(Z)7J/))7 (40)

h+h'=g
JuJ'={z2,....zn}
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with the convention that wg,; = 0. To be precise, wg , € H°(€", K¢ (xa)™") where
*a means allowing poles of arbitrary order at a, and although it is not apparent in
their definition, wyg , are invariant under permutation of their n variables. For n = 0

and g > 2, we also define the numbers

1 z
Wg,0 = 2 552(/(1 ydx)a)g,](z).

We call wg 5, the TR amplitudes.
The wg ,, for 2g —2 + n > 0 can be decomposed as

wgn(Z1,...,2n) = > Fgnlkr, ...kl [ | (20)

ki,...kn>0 i=1
ki+-+kn<3g—3+n

on the basis of 1-forms (£x)x>o defined by

L wo,2(20,2) o (Ek—1
o) i=Rey(Z2Ees). ai= ()

For n = 0, we also use the notation Fg o = wg o for uniformity.

A.1.2. Applications to Masur—Veech volumes

(41)

(42)

Here is the first topological recursion announced in the introduction of the appendix.

THEOREM A.4 ([2])

Let a)}’,,n be the TR amplitudes for the spectral curve 8y where € is a small neighbor-

hood of 0 in C, x(z) = z2/2, y(z) = —z, and

dzydz, ( 1 2 )

+
2 \(z1—22)%  sin’7(z; —z2)

0)5’2(21, 22) =

For2g —2 +n >0, we have

vol (@g,4g—4+2n (1 4g—dtn s _1n))

_ 2% g —d )
(6g — 7+ 2n)! &.n

[0,...,0]

2487241 (4g — 4 4 n)! . z
T (6g—7+2n)! zl?i%"'zlfi%wg’”(zl""’Z")HIZ“
1=

where the third line is only valid for n > 0. For n =0 and g > 2, we have

3.2482(4g — 4)!

4g—4 _10y) _
VOl(Qg’4g_4(1 ,—1 )) = (6g—6)'

Fy (1],
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In this appendix, we show a second topological recursion.

PROPOSITION A.5
Let a)g’n be the TR amplitudes for the spectral curve 8y defined by

dz,d
€ =P, x(z)=—z—1Inz, y(z) = 22, wo2(21,22) = 217222
(z1—22)
For2g —2+n>0andky,...,k, >0, we have
Fllky, ... k) =2>7287" /7 s@gn) [Ty (43)
Mg.n i=1
In particular, in view of Proposition 3.1, we have
VOl(Qg,4g_4+2n(14g_4+n, —1"))
24g—1+n 1)68—6+2n 4o —4 !
— (i) Ug =4+ mlpn 16,0
(6g — 7+ 2n)! g
24g—1+n(in)6g—6+2n (4g — 44+ }’l)!
N (6g —7 + 2n)!
n
I
XzF:eflmz,}}filwg’”(zl""’Zn)n(zi+1)’ (44)

i=1
where the third line is only valid for n > 0. For n =0 and g > 2, we have
3.2% (ir)%86(4g — 4)!

vol(Qg ag—a (174, -19)) = (6g —6)!

(Fa 11+ F,q[2]). 45)

A.2. Topological recursion and intersection theory

Let & be a spectral curve as in Section A.1.1, and let @, be the corresponding TR
amplitudes. The coefficients in (42) can then be interpreted in terms of intersection
theory on Wg,n. To state the formula, we introduce two formal power series:

x(@u~!

_ —x(z)u~! _ _ § : d
R(u) = 7x(a)u_1 e_x(z)’rlé (z) =ex ( E r ud) = exp(r(u)) 47)
NG o) = e 4 - .

d>1

Here y is the steepest descent contour for the function x/u on €, going around a in
the positive direction. 7'(1) and R(u) are the asymptotic series to the right-hand side
when u — 0%, and these definitions depend only on the germ of y near a (see below).
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We define a class Qg , € H’(ﬂg’n) by the formula

‘ 1 (Y1) +r(¥2)

RS r(¥1) +r(¥2)
+-Y ) ih,S*( )) (48)
2 2o scim Vit
where i, and i}, g are the maps introduced in Section 3.1.

THEOREM A.6
For 2g —2 +n > 0, we have the equality in C[[u7!, ..., w; ]

o1 (x(z)—x(@) oy
gn(Z1oer2) / JJl——— @
/yn o " H 1 V27 / i R(1/ i) Mg.n gn,.l—[l L+ pi i

Equivalently, in the decomposition (42) we have for ky, ..., ky, >0,

Fealktscoookil = [ Qun [T V5.
Mg.n

i=1

Proof
We explain how to derive the particular form we give to the result (49) from [22,
Theorem 3.1].

First, the Laplace variable u in [22] is the variable u~! for us. We chose this
convention, as we found it more convenient to work with formal power series in u
(instead of u™1).

Second, as it is clear from the proof in [22], the contribution of boundary divisors
in [22, (3.11)] should not be understood as the genuine exponential of a class, but
rather as a sum over stable graphs, where the weight of the edges is é(l /v, 1/92),
which we here denote €(1/1, ¥2). The weight &(u 1, u5) is a formal power series in u
and u, which can be computed form the data of x and wo . Since dx is meromorphic
on the compact curve P!, we can use [22, Appendix B] which justifies (with the
preceding conventions) that

E(u,v) = M (50)

u4v
Our R(u) corresponds to = f, o(u~!) in [22]. The sign depends on the choice of
square root, which should be made so that R(x) = 1 + O(u), but it does not affect
(50) since R appears by pairs. We also warn the reader familiar with cohomological
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field theories that R rather corresponds to the inverse of the R-matrix in Givental
formalism.

Third, the sum over stable graphs can be converted into intersections in Wg,n
of the exponential of a boundary class. Namely, [22, (3.11)] is correctly interpreted
as involving the exponential of a boundary class if we replace the contribution of
boundary divisors by the pushforward of E (1, ¥»), where the new generating series
is

In(1 — (uy + uz)€(uy,uz))

E(i,up) =— w1+ s

or, equivalently,

1 — e~ W1Fu2) E(ui.uz)

E(uq,ur) =
(u1.uz) ——
This relation comes from taking into account self-intersections of divisors (see, e.g.,
[2, Lemma 3.10]).
Fourth, the relation (50) leads to a simplification of the contribution of 1r-classes
in [22, (3.10)], namely,

Qﬁe—uix(a)< Wi _Mix(a)R(l/;L,-)R(lﬁi)
Vi L+ wi it + i

If we factor out []7_, v/27/ui R(1/ ;) to put it in the left-hand side of [22, (3.10)],
then this leaves in the right-hand side a power 2/2, which combines with the overall
power 238737 to give 2(3/2)(28=2+n) — 7(3/2)ko Therefore, we can change the defi-
nition of the coefficient of k¢ in [22]; it was there denoted 7o and it is related to our 7o
by 7o + (3/2)In2 = t,. Note that there seems to be a misprint in [22], where formu-
las (3.12) and (4.15) should have the prefactor of 2 in the numerator rather than in the
denominator. Making this correction led us to the definition of 7' (1) with a prefactor
of 271/2, O

— €1/ i, I/fi)) =2+/m/ e

For certain (x,y), T(u) and R(u) can be identified with well-known special
functions and #; and r; can be computed explicitly. A term-by-term computation is

always possible, for instance as follows. Let {(z) = /2(x(z) — x(a)) be the local
coordinate near a (for the standard determination of the square root), which has the

property that {(0(z)) = —¢(z), and compute the expansion near z = a:
d
y@) = o mle. b = ziz(;) + 3 foxt (@) d(2).
k>0 k>0

Then to obtain the asymptotic expansion of the integrals when u — 0 up to O (u*°),
we can take u > 0 and replace y in the z-plane with a contour § in the {-plane that
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goes from +oo — 10 to —i0, then follows the half-circle leaving O to its right until 10,
from where it goes to +o00 + 10. We have

—e2jupok 4 k
e —— = —2k - D",
/5 ¢ 2mu ( )

where the global minus sign comes from the orientation of the contour. This formula
remains valid for any k > —1, with the convention that (—1)!! =1 and (=3)!! = —1.
Thus

T)=-Y Qd+Dygpu®. R =1+ (2d — DN qut".
d>0 d>0

A.3. Study of a family of spectral curves

A.3.1. Definition and basic properties
Let (a,b) € C* x Z*, and consider the spectral curve §[a, b] defined by

lede
(21— 22)%

Notice that dx has a unique, simple zero at z = a. To complete the definition, we

x(z)=-z+alnz, y(z) =122, wo,2(21,22) = (51

choose € to be a small neighborhood of a in C. The determination of the logarithm
is chosen arbitrarily and will not affect our discussion. For the record, we compute

1
*@=afn@—1),  *"(@=—.
a
We will use instead of z the coordinate t = z — a, so that
x(z)=—(4a)+aln( +a), y()=0+a)’.

The involution such that x(a + o (¢)) = x(a + 1) is given by o () = —a~'6(—a"'1),

where & is the unique solution to

1—-06(1)
1—1

z-&(z):m( ) 6(t) =—t + O(?).

It does not have a simple expression, but can be generated to high order on the com-
puter:

5() = —(r N 212 N 4 N 4414 N 1043 N 40t N 7648¢7

3 9 135 405 189 42525

28488 31712¢°

18225 + 229635

+ O(tm)).
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LEMMA A.7
For2g —2+4+n>0andkq,...,k, >0, we have

Foallr.. ] € ((-a) 12527 Qa5

Proof
As we need to stress the dependence in a and b in this proof, we momentarily denote
a)g,anb] the TR amplitudes associated with &[a, b]. We claim that for 2g —2 +n > 0,

we have
[“ Pl(zy,... zp) = (—a)(bH)(z_zg_")a)g_,nl’b](—zl/a, coo,—zpfa).  (52)

This is justified by noticing that x (z) = —aX(—z/a) and y(z) = (—a)?(—z/a)? with
X(Z) = ¢ 4+ x(£)|q=—1 for some constant ¢, y(Z) = y(Z)|g=—1 and wo2(z1,22) =
wo,2(—21/a,—z2/a). Since (x, y) are involved in (40) only via the 1-form ydx in the
denominator of the recursion kernel and w, 5 is reached by 2¢g — 2 + n steps of the
recursion, we deduce (52) for n > 0. Inserting this result for wg 1 in (41), we see that
(52) also holds for n = 0.

We denote by SI[;” the basis of 1-forms, since it only depends on a. One easily
checks by induction on k that

1) = —(—a) “ gz /a).
We deduce that

Fg[‘,lr,Lb] [k17 o kn] — (—1)" (_a)(b+1)(2—2g—n)+2,~:1(ki+1/2)Fg[;ll,b] [kl, L kn]-

’

Since in (42) we have Zi ki <3g —3 4+ n, we obtain that, for any value of b € Z*,
FEOk . k] € (-a) OTHPET2ET0 . Qs [a”!]. (53)

We now study the dependence in b. Taking into account the dependence in a of the
involution, we observe that the # — 0 expansion of the kernel R(a +#1,a +t) belongs
to t~1(ba?=2)71- Q[ a ", b][[]] - %L. This implies by induction that for 2g —2 +
n>0andn >0,

Wgn(tr,... 1) € (ba®2)72" . Qla~ b)), .. ]]‘[ (54)

i=1 t

Combining with (41) then extends the validity of (54) to n = 0, which together with
(53) proves the claim. O
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A.3.2. Intersection theory
We recall the Hankel representation for v € C,

1 | / v
e‘t " dt,
F(v) 2in

where the contour ¢ (as given by Theorem A.6) goes in the v-plane from —oo —i0
to —i0, then follows the half-circle leaving O to its left until i0, from where it goes
to —oo + i0. We also recall that for fixed § € C, we have the asymptotic expansion
when v — oo such that |arg(v)| < w — € for some fixed € > 0,

1 In(2 —1)4+1p
I'(v+pB) =exp(vlnv—v + (,3— E)lnv + % + Z ( )d(d +d1§1('3)v_d),
where By (f) are the Bernoulli polynomials and B4 (0) = B, are the Bernoulli num-
bers (see Section 3.1). They vanish if d is odd and greater than 2.
We can compute 7T'(u) and R(u) for the spectral curve (51), first setting u > 0
anda ¢ R_:

T(u) — b eau_l(ln(a)—l) / ezu_lz—au_lzb—l dz
Y

\®)

Tu

_ b eau_l(ln(au_l)—l)—bln(u_l)/ett—au_l-‘rb—ldl
2mu c
ibeau_' In(au— Y —au™! +(1/2—b)1n(u_')+% In(2m)

Cau=t+1->b)

3

where we used the Hankel representation. Using the asymptotic expansion for In(T"),
we obtain when u — 0,

i b—1/2 (_1)dBd+1(1 —b) dy.
T(u) =1iba exp(dg; 4 + Dad U )

that is,

Bi11(1-b)
b11/2b t = d+1Pd+1\1 —Y) ford > 1).
—i a= () ord =D

We compute using integration by parts

eaufl(ln(a)—l) ezu*IZ—au*1
R(u) = / dz
Y

V=27 (au)~1 (z—a)?

u~!(n(a)—1) .
= / e -1 dz,

\/—2n(au—1) 1
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where we notice the cancellation of poles between the integrated factor (z —a)~! and
the factor coming from the derivative, the only effect being an extra factor of (zu)~!

turning #1/2 into u=1/2 and z=®"" into z=®' =1, We then get
/Znau—leau_l(ln(au_l)—l)
R(u) = .

T'(au=1 +1)

It admits the asymptotic expansion when u — 0:
Byt d
R(u) = exp(— E —————u )
i d(d + 1)a
Therefore, we are led to define the class

) (=Dt By (1-b) "\ By d
Qg.nla b]:= e"p{z( dd+ Da? 47 2 d(d + ad Vi
d=>1 i=1

I Bg+i . .
Tt E lirex (V1) Y5
2dd +at | =

1 Biq
+5d(d++l)ad2 > Y s

h=0SC[[1,n]]i+j=d—-1

where compared to (48) we have excluded the k¢ term. Due to the vanishing of
odd Bernoulli numbers and the symmetry (—1)? Bz(1 — b) = By(b), we have
Qg.n[—a,b] = Q) [a,1—b]. Notice that Qg ,[a. b] is a polynomial in a~" (for each
fixed g, n), where it therefore makes sense even if a is on the negative real axis.

COROLLARY A.8
For any (a,b) € C* x Z*, the TR amplitudes of the spectral curve (51) are decom-
posed as in (42) with

Fonlky.....kn) = (iba®~1/2)2728n /7 Qgnla.b] ]_[w (55)
g.n i=1
In particular,

Fgnl0.....0] = (iba®~1/2)2-28n /7 Qg .nla.bl.

&g.n

Proof
For a ¢ R_, we just apply Theorem A.6. We know a priori that the left-hand side
of (55) divided by (ba®~1/2)2728=" js a polynomial in a~! and b, and the class
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Qg nla, b] depends polynomially on a~! and b. Therefore, the equality holds for all
(a,b) e C* x 7*. O

Remark A.9

The Chiodo class ch(R® &) of [12] for the values (r,s) = (1, b) coincides with our
class Qg n[1,b]. For b = 1, this is simply the Chern character of the Hodge bundle:
the first proof of Corollary A.8 in that case comes from combining [17] (ELSV for-
mula for Hurwitz numbers) and topological recursion for Hurwitz numbers in [23];
computations similar to ours appear in [42].

A.3.3. Specialization to (a,b) = (—1,2)
For these values, the class we have constructed is precisely the Segre class appearing
in Lemma 3.2:

Qg,n[—1,2]=exp<2(w _Z( D?By yé

A\ dd + 1) d(d + 1)
1 (=1)Bq14 . i
Em Z limx (—Y1) sz

i+j=d—1

1(~1)¢B
3 cl(clerlJ)rIZ 22, sy 1//2)

h=0SC[[1,n]]i+j=d—-1

nd
:s(Eg,n)exp( ( ;) Kd>
d>1
=5(Qg ).

The application of Corollary A.8 yields for 2g —2 +n > 0 and ky,...,k, >0,
Fenl0,...,00 =227287" /7 5(Qgn). (56)
g.n

Recalling Proposition 3.1, we have proved Theorem A.5, except for the alternative
formula (45) for the n = 0 case. To obtain it, we go back to (41) which gives

3g-3

2z —1)(z + 1)2
Feo =5, Res - (kgo Fo[K)g(2)). (57)

It is easy to prove by induction on k > 0 that

2k

Ck,l dz
&k(z) = Z m, Ck,l € 2.
=k
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Therefore, only the terms k € {1,2} contribute to the residue in (57) and we find that

£,0

_ Fg1[1] + Fg1[2]

’

g—1

which can be rearranged into the desired equation (45).
For computations of the TR amplitudes, it is simpler to work with rational func-
tions instead of rational differential forms. We therefore set

Wg’n(l‘l, ..

wgnti+a,.. ..ty +a)

-,ln)z

dey---dty

dr
K(t1,t) =Rty +a,t +a)o’'(t + a)g,
1

Then We (t1,....ta) € [[=1 7 - Clt1 ...

(—1,2), in which case

167(1)

.1, 1]. We focus on the case (a,b) =

1

K(t,t) =

The recursion formula becomes

Wean(t1....n) = ResdiK (. t)(Wg_

_|_

2

JuJ'={ta,....tn}
h+h'=g

The first elements on the basis in which we

20+ 1D2—t=6@) (1 —)(t1 —6@t)

L1 (1,6(), 12, ... 1n)

Wi 14101 I Wi 141071(6(0), J’))~ (58)

can read the Fy , are

12’
_ 2 3
Dl(l)_—[—g, e
6 20 15
Dz(f)_tj—t—s 76
- 24 130 210 105
BO="E e T T
~ 120 924 2380 2520 945
BO=T Tty T T
~ 720 7308 26432 44100 34650 10395
LH‘S(Z)__[_7 P (0 T T (12
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Table 1. For low values of (g,n) we indicate the nonzero values of Fg ,[k1,..., kyn] for
k1 > -+ > kn > 0 (the others are obtained by symmetry). These coefficients were denoted
F, g,{n [k1,...,kn] in Proposition A.5. Inserting the values in bold in (44) recovers the values of

the Masur—Veech volumes given in [2, Table 11]. The other values match with the intersection
numbers computed from (56) via admcycles (see [15]).

(g,n) | (k1,....kn) | FgulK] (g,n) | (ki,....kn) | Fgnlkl]
0,3) (0,0,0) 1 1,1) (0) -4
0,49 | (0,0,0,0) I (1) i
(1,0,0,0) + 1,2) (0,0) =

(0,5) | (0,0,0,0,0) 2 (1,0) -3
(1,0,0,0,0) -3 (2,0) —9¢
(2,0,0,0,0) 3 (1,1) =
(1,1,0,0,0) 4 1,3) (0,0,0) -
2,1) (0) =2 (1,0,0) =
(1 -5 (2,0,0) — 193

) s (1,1,0) -

3) — TS (3,0,0) 5

4) e (2,1,0) 9

(2,0) 9 - (1,1,1) 96

We need to expand the recursion kernel when ¢ — 0,

K(n.o)y= Y K@)/,

jz=—1

and it is useful to decompose the coefficients on the (E.,(f1))m>o0:

S0 592, 178, &,
K, =-=9 Ks=— =2
1= 3 1620 7 540 T 60
Do S0 B; E»
Ko= -2, Ky — — _ S, =2
°~ 12 4= 72068 324 T 36
k. __ B0 & _1021Ep 118, 978, | B
! 12 12’ > 170100 1260 ' 3780 ' 420
492, &, 178 592, 1498, &,
Ky=——204 =1 = - =3
2 540 ' 12 6= 72000 24300 T 8100 ' 180

Applying (58) and rearranging the result as a multilinear combination of Eg, (7;), we
arrive at Table 1.

Acknowledgments. We thank Vincent Delecroix, Maksym Fedorchuk, Elise Goujard,
Shuai Guo, Felix Janda, Brian Lehmann, Motohico Mulase, Di Yang, Don Zagier,
Youjin Zhang, Zhengyu Zong, Anton Zorich, and Dimitri Zvonkine for helpful dis-
cussions on related topics. Part of the work was carried out when the first two authors
attended the CMO workshop “Flat Surfaces and Dynamics on Moduli Space, II” in



VOLUMES OF STRATA OF QUADRATIC DIFFERENTIALS 1775

May 2019. We thank the organizers for the invitation and hospitality. Finally, we thank
the referees for taking their time to read the paper and provide helpful comments.

Chen’s work was partially supported by National Science Foundation (NSF)
CAREER Grant DMS-1350396, NSF Standard Grant DMS-2001040, Simons Foun-
dation Collaboration Grant 635235, and a von Neumann Fellowship at the Institute
for Advanced Study (IAS) in Spring 2019. Moéller’s work was partially supported by
DFG-project MO 1884/1-1, by the LOEWE-Schwerpunkt “Uniformisierte Strukturen
in Arithmetik und Geometrie,” and by NSF grant DMS-1440140 while the author was
in residence at the Mathematical Sciences Research Institute (MSRI), Berkeley dur-
ing Fall 2019. The work of Borot, Giacchetto, and Lewanski was partially supported
by the Max-Planck-Gesellschaft.

References

[1] A. AGGARWAL, Large genus asymptotics for intersection numbers and principal strata
volumes of quadratic differentials, Invent. Math. 226 (2021), no. 3, 897-1010.
MR 4337974. DOI 10.1007/s00222-021-01059-9. (1742)

[2] J. E. ANDERSEN, G. BOROT, S. CHARBONNIER, V. DELECROIX, A. GIACCHETTO, D.
LEWANSKI, and C. WHEELER, Topological recursion for Masur-Veech volumes, J.
Lond. Math. Soc. 107 (2023), no. 1, 254-332. DOI 10.1112/jlms.12686. (1738,
1740, 1742, 1754, 1755, 1761, 1763, 1764, 1767, 1774)

[3] E. ARBARELLO, M. CORNALBA, and P. GRIFFITHS, Geometry of Algebraic Curves, 11,
Grundlehren Math. Wiss. 268, Springer, Heidelberg, 2011. MR 2807457.
DOI 10.1007/978-3-540-69392-5. (1752)

[4] J. ATHREYA, A. ESKIN, and A. ZORICH, Right-angled billiards and volumes of moduli
spaces of quadratic differentials on CP!, with appendix “Equidistribution of
circle translates” by J. Chaika, Ann. Sci. Ec. Norm. Supér. (4) 49 (2016), no. 6,
1311-1386. MR 3592359. DOI 10.24033/asens.2310. (1742)

[5] M. BAINBRIDGE, D. CHEN, Q. GENDRON, S. GRUSHEVSKY, and M. MOLLER, Strata of
k-differentials, Algebr. Geom. 6 (2019), no. 2, 196-233. MR 3914751.
DOI 10.14231/ag-2019-011. (1736, 1737, 1755)

[6] C. BIRKENHAKE and H. LANGE, Complex Abelian Varieties, 2nd ed., Grundlehren
Math. Wiss. 302, Springer, Berlin, 2004. MR 2062673.
DOI 10.1007/978-3-662-06307-1. (1744)

[7] D. CHEN, Square-tiled surfaces and rigid curves on moduli spaces, Adv. Math. 228
(2011), no. 2, 1135-1162. MR 2822219. DOI 10.1016/j.aim.2011.06.002.
(1762)

[8] , Dynamical invariants and intersection theory on the flex and gothic loci, Eur.
J. Math. 8 (2022), suppl. 1, S42-S52. MR 4452836.
DOI 10.1007/s40879-021-00511-7. (1762)

[9] D. CHEN and M. MOLLER, Nonvarying sums of Lyapunov exponents of Abelian
differentials in low genus, Geom. Topol. 16 (2012), no. 4, 2427-2479.

MR 3033521. DOI 10.2140/gt.2012.16.2427. (1762)


https://mathscinet.ams.org/mathscinet-getitem?mr=4337974
https://doi.org/10.1007/s00222-021-01059-9
https://doi.org/10.1112/jlms.12686
https://mathscinet.ams.org/mathscinet-getitem?mr=2807457
https://doi.org/10.1007/978-3-540-69392-5
https://mathscinet.ams.org/mathscinet-getitem?mr=3592359
https://doi.org/10.24033/asens.2310
https://mathscinet.ams.org/mathscinet-getitem?mr=3914751
https://doi.org/10.14231/ag-2019-011
https://mathscinet.ams.org/mathscinet-getitem?mr=2062673
https://doi.org/10.1007/978-3-662-06307-1
https://mathscinet.ams.org/mathscinet-getitem?mr=2822219
https://doi.org/10.1016/j.aim.2011.06.002
https://mathscinet.ams.org/mathscinet-getitem?mr=4452836
https://doi.org/10.1007/s40879-021-00511-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3033521
https://doi.org/10.2140/gt.2012.16.2427

1776

(10]

[11]

[12]

[13]

[14]

[15]

[16]

(7]

(18]

[19]

(20]

(21]

[22]

CHEN, MOLLER, and SAUVAGET

D. CHEN, M. MOLLER, A. SAUVAGET, and D. ZAGIER, Masur-Veech volumes and
intersection theory on moduli spaces of Abelian differentials, Invent. Math. 222
(2020), no. 1, 283-373. MR 4145791. DOI 10.1007/s00222-020-00969-4.
(1736, 1741, 1762)

D. CHEN, M. MOLLER, and D. ZAGIER, Quasimodularity and large genus limits of
Siegel-Veech constants, J. Amer. Math. Soc. 31 (2018), no. 4, 1059-1163.

MR 3836563. DOI 10.1090/jams/900. (1762)

A. CHIODO, Towards an enumerative geometry of the moduli space of twisted curves
and rth roots, Compos. Math. 144 (2008), no. 6, 1461-1496. MR 2474317,
DOI 10.1112/S0010437X08003709. (1737, 1748, 1749, 1772)

M. COSTANTINI, M. MOLLER, and J. ZACHHUBER, The area is a good enough metric,
preprint, arXiv:1910.14151v3 [math.AG]. (1737, 1746)

V. DELECROIX, E. GOUJARD, P. ZOGRAF, and A. ZORICH, Masur-Veech volumes,
frequencies of simple closed geodesics, and intersection numbers of moduli
spaces of curves, Duke Math. J. 170 (2021), no. 12, 2633-2718. MR 4305379.
DOI 10.1215/00127094-2021-0054. (1736, 1739, 1742)

V. DELECROIX, J. SCHMITT, and J. VAN ZELM, admcycles—a Sage package for
calculations in the tautological ring of the moduli space of stable curves, J.
Softw. Algebra Geom. 11 (2021), no. 1, 89-112. MR 4387186.

DOI 10.2140/jsag.2021.11.89. (1774)

B. DUBROVIN, D. YANG, and D. ZAGIER, Classical Hurwitz numbers and related
combinatorics, Mosc. Math. J. 17 (2017), no. 4, 601-633. MR 3734655.

DOI 10.17323/1609-4514-2016-16-4-601-633. (1754)

T. EKEDAHL, S. LANDO, M. SHAPIRO, and A. VAINSHTEIN, Hurwitz numbers and
intersections on moduli spaces of curves, Invent. Math. 146 (2001), no. 2,
297-327. MR 1864018. DOI 10.1007/s002220100164. (1772)

A. ESKIN, M. KONTSEVICH, and A. ZORICH, Sum of Lyapunov exponents of the Hodge
bundle with respect to the Teichmiiller geodesic flow, Publ. Math. Inst. Hautes
Etudes Sci. 120 (2014), 207-333. MR 3270590.

DOI 10.1007/s10240-013-0060-3. (1740, 1743, 1756, 1757, 1762)

A. ESKIN and M. MIRZAKHANI, Invariant and stationary measures for the SL(2,R)
action on moduli space, Publ. Math. Inst. Hautes Etudes Sci. 127 (2018), 95-324.
MR 3814652. DOI 10.1007/s10240-018-0099-2. (1736)

A. ESKIN, M. MIRZAKHANI, and A. MOHAMMADI, Isolation, equidistribution, and
orbit closures for the SL(2,R) action on moduli space, Ann. of Math. (2) 182
(2015), no. 2, 673-721. MR 3418528. DOI 10.4007/annals.2015.182.2.7. (1736)

A. ESKIN and A. OKOUNKOV, Asymptotics of numbers of branched coverings of a
torus and volumes of moduli spaces of holomorphic differentials, Invent. Math.
145 (2001), no. 1, 59-103. MR 1839286. DOI 10.1007/s002220100142. (1742)

B. EYNARD, Invariants of spectral curves and intersection theory of moduli spaces of
complex curves, Commun. Number Theory Phys. 8 (2014). no. 3, 541-588.

MR 3282995. DOI 10.4310/CNTP.2014.v8.n3.a4. (1763, 1766, 1767)


https://mathscinet.ams.org/mathscinet-getitem?mr=4145791
https://doi.org/10.1007/s00222-020-00969-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3836563
https://doi.org/10.1090/jams/900
https://mathscinet.ams.org/mathscinet-getitem?mr=2474317
https://doi.org/10.1112/S0010437X08003709
http://arxiv.org/abs/arXiv:1910.14151v3
https://mathscinet.ams.org/mathscinet-getitem?mr=4305379
https://doi.org/10.1215/00127094-2021-0054
https://mathscinet.ams.org/mathscinet-getitem?mr=4387186
https://doi.org/10.2140/jsag.2021.11.89
https://mathscinet.ams.org/mathscinet-getitem?mr=3734655
https://doi.org/10.17323/1609-4514-2016-16-4-601-633
https://mathscinet.ams.org/mathscinet-getitem?mr=1864018
https://doi.org/10.1007/s002220100164
https://mathscinet.ams.org/mathscinet-getitem?mr=3270590
https://doi.org/10.1007/s10240-013-0060-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3814652
https://doi.org/10.1007/s10240-018-0099-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3418528
https://doi.org/10.4007/annals.2015.182.2.7
https://mathscinet.ams.org/mathscinet-getitem?mr=1839286
https://doi.org/10.1007/s002220100142
https://mathscinet.ams.org/mathscinet-getitem?mr=3282995
https://doi.org/10.4310/CNTP.2014.v8.n3.a4

VOLUMES OF STRATA OF QUADRATIC DIFFERENTIALS 1777

(23]

(24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

(33]

[34]

(35]

[36]

[37]

B. EYNARD, M. MULASE, and B. SAFNUK, The Laplace transform of the cut-and-join
equation and the Bouchard-Mariiio conjecture on Hurwitz numbers, Publ. Res.
Inst. Math. Sci. 47 (2011), no. 2, 629-670. MR 2849645.

DOI 10.2977/PRIMS/47. (1772)

B. EYNARD and N. ORANTIN, Topological recursion in random matrices and
enumerative geometry, J. Phys. A 42 (2009), no. 29, art. ID 293001.

MR 2519749. DOI 10.1088/1751-8113/42/29/293001. (1763)

C. FABER and R. PANDHARIPANDE, Hodge integrals and Gromov-Witten theory,
Invent. Math. 139 (2000), no. 1, 173-199. MR 1728879.

DOI 10.1007/s002229900028. (1752, 1754)

C. FOUGERON, Lyapunov exponents of the Hodge bundle over strata of quadratic
differentials with large number of poles, Math. Res. Lett. 25 (2018), no. 4,
1213-1225. MR 3882161. DOI 10.4310/MRL.2018.v25.n4.a8. (1740)

E. GOUJARD, Siegel-Veech constants for strata of moduli spaces of quadratic
differentials, Geom. Funct. Anal. 25 (2015), no. 5, 1440-1492. MR 3426059.
DOI 10.1007/s00039-015-0345-4. (1755)

, Volumes of strata of moduli spaces of quadratic differentials: Getting explicit
values, Ann. Inst. Fourier (Grenoble) 66 (2016), no. 6, 2203-2251. MR 3580171.
(1742, 1745)

C.ITZYKSON and J.-B. ZUBER, Combinatorics of the modular group, I1: The
Kontsevich integrals, Internat. J. Modern Phys. A 7 (1992), no. 23, 5661-5705.
MR 1180858. DOI 10.1142/S0217751X92002581. (1754)

M. KAZARIAN, Recursion for Masur-Veech volumes of moduli spaces of quadratic
differentials, J. Inst. Math. Jussieu 21 (2022), no. 4, 1471-1476. MR 4454349,
DOI 10.1017/S1474748020000638. (1742)

M. KONTSEVICH, Intersection theory on the moduli space of curves and the matrix
Airy function, Comm. Math. Phys. 147 (1992), no. 1, 1-23. MR 1171758. (1742)

, “Lyapunov exponents and Hodge theory” in The Mathematical Beauty of
Physics (Saclay, 1996), Adv. Ser. Math. Phys. 24, World Sci., River Edge, 1997,
318-332. MR 1490861, (1741, 1762)

R. LAZARSFELD, Positivity in Algebraic Geometry, I, Ergeb. Math. Grenzgeb. (3) 48,
Springer, Berlin, 2004. MR 2095471. DOI 10.1007/978-3-642-18808-4. (1752)

K. LIU, M. MULASE, and H. XU, Recursions and asymptotics of intersection numbers,
Internat. J. Math. 27 (2016), no. 9, art. ID 1650072. MR 3546610.

DOI 10.1142/S0129167X16500725. (1754)

H. MASUR, Interval exchange transformations and measured foliations, Ann. of Math.
(2) 115 (1982), no. 1, 169-200. MR 0644018. DOI 10.2307/1971341. (1744)

C. T. MCMULLEN, R. E. MUKAMEL, and A. WRIGHT, Cubic curves and totally geodesic
subvarieties of moduli space, Ann. of Math. (2) 185 (2017), no. 3, 957-990.

MR 3664815. DOI 10.4007/annals.2017.185.3.6. (1762)

M. MIRZAKHANI, Weil-Petersson volumes and intersection theory on the moduli space
of curves, J. Amer. Math. Soc. 20 (2007), no. 1, 1-23. MR 2257394,

DOI 10.1090/S0894-0347-06-00526-1. (1735)



https://mathscinet.ams.org/mathscinet-getitem?mr=2849645
https://doi.org/10.2977/PRIMS/47
https://mathscinet.ams.org/mathscinet-getitem?mr=2519749
https://doi.org/10.1088/1751-8113/42/29/293001
https://mathscinet.ams.org/mathscinet-getitem?mr=1728879
https://doi.org/10.1007/s002229900028
https://mathscinet.ams.org/mathscinet-getitem?mr=3882161
https://doi.org/10.4310/MRL.2018.v25.n4.a8
https://mathscinet.ams.org/mathscinet-getitem?mr=3426059
https://doi.org/10.1007/s00039-015-0345-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3580171
https://mathscinet.ams.org/mathscinet-getitem?mr=1180858
https://doi.org/10.1142/S0217751X92002581
https://mathscinet.ams.org/mathscinet-getitem?mr=4454349
https://doi.org/10.1017/S1474748020000638
https://mathscinet.ams.org/mathscinet-getitem?mr=1171758
https://mathscinet.ams.org/mathscinet-getitem?mr=1490861
https://mathscinet.ams.org/mathscinet-getitem?mr=2095471
https://doi.org/10.1007/978-3-642-18808-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3546610
https://doi.org/10.1142/S0129167X16500725
https://mathscinet.ams.org/mathscinet-getitem?mr=0644018
https://doi.org/10.2307/1971341
https://mathscinet.ams.org/mathscinet-getitem?mr=3664815
https://doi.org/10.4007/annals.2017.185.3.6
https://mathscinet.ams.org/mathscinet-getitem?mr=2257394
https://doi.org/10.1090/S0894-0347-06-00526-1

1778

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

Chen

CHEN, MOLLER, and SAUVAGET

D. MUMFORD, Hirzebruch’s proportionality theorem in the noncompact case, Invent.
Math. 42 (1977), 239-272. MR 0471627. DOI 10.1007/BF01389790. (1746)

, “Towards an enumerative geometry of the moduli space of curves” in
Arithmetic and Geometry, Vol. I1, Progr. Math. 36, Birkhduser Boston, Boston,
1983, 271-328. MR 0717614, (1737, 1748, 1750, 1756)

A. PIXTON, The tautological ring of the moduli space of curves, Ph.D. dissertation,
Princeton University, Princeton, 2013. MR 3153424, (1749)

A. SAUVAGET, Volumes and Siegel-Veech constants of #(2g — 2) and Hodge
integrals, Geom. Funct. Anal. 28 (2018), no. 6, 1756-1779. MR 3881834.

DOI 10.1007/s00039-018-0468-5. (1737, 1742, 1744, 1745)

S. SHADRIN, L. SPITZ, and D. ZVONKINE, Equivalence of ELSV and Bouchard-Mariiio
conjectures for r-spin Hurwitz numbers, Math. Ann. 361 (2015), no. 3-4,
611-645. MR 3319543. DOI 10.1007/s00208-014-1082-y. (1772)

W. A. VEECH, Gauss measures for transformations on the space of interval exchange
maps, Ann. of Math. (2) 115 (1982), no. 1, 201-242. MR 0644019.

DOI 10.2307/1971391. (1744)

E. WITTEN, “Two-dimensional gravity and intersection theory on moduli space” in
Surveys in Differential Geometry (Cambridge, MA, 1990), Lehigh Univ.,
Bethlehem, 1991, 243-310. MR 1144529, (1750)

D. YANG, D. ZAGIER, and Y. ZHANG, Masur-Veech volumes of quadratic differentials
and their asymptotics, J. Geom. Phys. 158 (2020), no. 103870. MR 4150385.
DOI 10.1016/j.geomphys.2020.103870. (1739, 1754)

A. ZORICH, “Square tiled surfaces and Teichmiiller volumes of the moduli spaces of

abelian differentials” in Rigidity in Dynamics and Geometry (Cambridge, 2000),

Springer, Berlin, 2002, 459-471. MR 1919417. (1739)

, “Flat surfaces” in Frontiers in Number Theory, Physics and Geometry, I,
Springer, Berlin, 2006, 439-586. MR 2261104. (1739)

D. ZVONKINE, Enumeration of ramified coverings of the sphere and 2-dimensional
gravity, preprint, arXiv:math/0506248v1 [math.AG]. (/754)

Department of Mathematics, Boston College, Chestnut Hill, Massachusetts, USA;

dawei.chen@bc.edu

Moller

Institut fiir Mathematik, Goethe-Universitit Frankfurt, Frankfurt am Main, Germany;

moeller @math.uni-frankfurt.de

Sauvaget

CNRS, Université de Cergy-Pontoise, Laboratoire de Mathématiques AGM, Cergy-Pontoise,

France; adrien.sauvaget@math.cnrs.fr


https://mathscinet.ams.org/mathscinet-getitem?mr=0471627
https://doi.org/10.1007/BF01389790
https://mathscinet.ams.org/mathscinet-getitem?mr=0717614
https://mathscinet.ams.org/mathscinet-getitem?mr=3153424
https://mathscinet.ams.org/mathscinet-getitem?mr=3881834
https://doi.org/10.1007/s00039-018-0468-5
https://mathscinet.ams.org/mathscinet-getitem?mr=3319543
https://doi.org/10.1007/s00208-014-1082-y
https://mathscinet.ams.org/mathscinet-getitem?mr=0644019
https://doi.org/10.2307/1971391
https://mathscinet.ams.org/mathscinet-getitem?mr=1144529
https://mathscinet.ams.org/mathscinet-getitem?mr=4150385
https://doi.org/10.1016/j.geomphys.2020.103870
https://mathscinet.ams.org/mathscinet-getitem?mr=1919417
https://mathscinet.ams.org/mathscinet-getitem?mr=2261104
http://arxiv.org/abs/arXiv:math/0506248v1
mailto:dawei.chen@bc.edu
mailto:moeller@math.uni-frankfurt.de
mailto:adrien.sauvaget@math.cnrs.fr

VOLUMES OF STRATA OF QUADRATIC DIFFERENTIALS 1779

Borot
Humboldt-Universitit zu Berlin, Johann-von-Neumann-Haus, Berlin, Germany;

gaetan.borot@hu-berlin.de

Giacchetto
Université Paris-Saclay, CNRS, CEA, Institut de Physique Théorique, Gif-sur-Yvette, France;

alessandro.giacchetto @ipht.fr

Lewariski
Université de Geneve, Section de Mathématiques, Geneve, Switzerland;

danilo.lewanski@unige.ch


mailto:gaetan.borot@hu-berlin.de
mailto:alessandro.giacchetto@ipht.fr
mailto:danilo.lewanski@unige.ch

	Introduction
	Masur–Veech volumes as intersection numbers
	Masur–Veech volumes of the principal strata
	Siegel–Veech constants and Lyapunov exponents
	Appendix. A second topological recursion for Masur–Veech volumes
	References
	Author's addresses

