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ABSTRACT: We develop a microscopic theory for the multimode polariton
dispersion in materials coupled to cavity radiation modes. Starting from a microscopic
light−matter Hamiltonian, we devise a general strategy for obtaining simple matrix
models of polariton dispersion curves based on the structure and spatial location of
multilayered 2D materials inside the optical cavity. Our theory exposes the
connections between seemingly distinct models that have been employed in the
literature and resolves an ambiguity that has arisen concerning the experimental
description of the polaritonic band structure. We demonstrate the applicability of our
theoretical formalism by fabricating various geometries of multilayered perovskite
materials coupled to cavities and demonstrating that our theoretical predictions agree
with the experimental results presented here.
KEYWORDS: polariton, dispersion, light−matter interactions, exciton-polaritons

Strongly coupling matter to quantized radiation via an
optical cavity leads to the formation of polaritons and

enables the generation of exciting new chemical1−11 and
physical phenomena12−20 in a highly controllable manner.
Despite decades of research on polaritons, many aspects of
polariton physics remain elusive.10,21,22

The polariton dispersion in a Fabry−Peŕot cavity for a single
mode coupled to a one-dimensional excitonic chain model
with orientation parallel to the cavity mirrors is obtained by
diagonalizing a simple 2 × 2 matrix.21−25 The diagonal
elements of this 2 × 2 matrix (one for the photon and another
for the exciton) correspond to the uncoupled excitonic and
photonic energies at a particular longitudinal wavevector, and
the off-diagonal terms capture the light−matter coupling.
When considering N cavity modes coupled to an exciton chain,
one may extend the 2 × 2 matrix to an (N + 1) × (N + 1)
matrix where the single exciton couples to all N cavity modes.
However, the experimentally obtained polariton dispersion
often deviates from the predictions of the (N + 1) × (N + 1)
model and instead is better described by a 2N × 2N
model.13,21,22,26 This 2N × 2N model matrix is constructed
by making N copies of the exciton branch where each exciton
branch couples to one cavity mode branch, such that the
overall matrix is block diagonal with N 2 × 2 subblocks.
Previously, classical Maxwell theory has been used to
investigate the polariton dispersion, where the 2N × 2N
model appears to predict the observed polariton dispersion
correctly.22,26 However, these studies do not provide a full
microscopic understanding of these effects or the origin of the
2N × 2N model from the microscopic light-matter
Hamiltonian or discuss its validity in relation to the spatial
geometry of the material.

In this work, we develop a quantum mechanical microscopic
theory to understand and predict the multimode polariton
dispersion of multilayered materials coupled to radiation in a
Fabry-Peŕot cavity. In the following, we develop a general (N +
Ne) × (N + Ne) model (with Ne ≤ N exciton branches) that,
for specific geometries and spatial locations of multilayered
materials, reduces to (N + 2) × (N + 2), 2N × 2N, or (N + 1)
× (N + 1) models. We then show that the (N + 1) × (N + 1)
model, which is derived for a single-layer material, cannot be
directly used for multilayered materials often studied in
experiments. We demonstrate that regardless of interlayer
coupling, for filled cavities, the 2N × 2N model is appropriate.
Finally, we show the applicability of this theoretical formalism
by preparing multilayered perovskite materials coupled to
cavities with various spatial geometries inside the cavity. We
show that the multimode polariton dispersion predicted by our
theoretical model agrees reasonably well with the experimental
results provided here.
Here we consider a generalized Tavis−Cummings10,16,27

(GTC) Hamiltonian describing a (Frenkel) exciton−polariton
system beyond the usual long-wavelength approxima-
tion,10,16,27−29 which we rigorously derive from the p.A
Hamiltonian using orbital and nuclear-centered gauge trans-
formations, with details being provided in the Supporting
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Information (SI). The exciton−polariton Hamiltonian of a
multilayered material in a cavity with cavity quantization along
y is given as
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where g N Nk kx z 0= and ε(kx) = ω0 − 2τz − 2τx cos(kx δlx)
for a simple nearest neighbor coupling τx and τz along x and z,
d̂k dx,m

† creates a material excitation in the mth layer located at Ym
with in-plane (with respect to the mirrors) wavevector kx, and
ak̂† is the photonic creation operator of the cavity mode k = (kx,
ky, kz) with photon frequency kk

c= | | (c is the speed of light

and refractive index η = 1 unless otherwise noted) such that

k nx L x
2

x
= with nx = 0, ± 1, ± 2, ... with Lx as the length of the

periodic supercell along x direction with a similar expression
for kz.

24 In the main text we have set kz = 0 for both matter and
cavity, as in most experiments (including ours) the polariton
dispersion is plotted along kx while kz is set to 0. Further,
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= , where ε0 and εr are the vacuum and material

permittivity, respectively, L L Lx y z= is the quantization

volume, and ek̂⊥k is the polarization direction of the radiation
mode k. In our model, the cavity mirror imposes a boundary
condition along the y direction and thus k ny L x

y
= with ny = 0,

± 1, ± 2, ..., ± nydmax
(nydmax

is a numerical cutoff).
The GTC Hamiltonian is block-diagonal in each kx subspace

containing only {ak̂dx,k dy
, ak̂ dx,k dy

† , d̂kdx,m, d̂kdx,m
† } with ĥGTC(kx) as the

Hamiltonian in the kx block. Despite its convenience, an
undesirable feature of the GTC Hamiltonian is that it does not
converge with respect to the number of cavity modes. In the
SI, we show that this is due to the absence of the dipole-self-
energy term in the GTC Hamiltonian and that, perhaps
counterintuitively, the GTC Hamiltonian produces accurate
results only when considering a small number of energetically
relevant cavity modes.
For materials with an arbitrary thickness placed inside a

cavity, we develop a general strategy for obtaining the polariton
dispersion based on defining new matter operators that take
advantage of the structure of the light−matter coupling.
Consider a total multilayer width of ly = δly ·Ny (with interlayer
distance δly), where ly ≤ Ly. Considering N energetically
relevant cavity mode branches such that we restrict
n k n

L y Lmin max
y y

, we construct the following Ny × Ne

matrix (where Ne ≤ N = nmax − nmin + 1) using the cavity mode
functions as

n
L

Y
n

L
Y

n
L

Y
n

L
Y

n
L

Y
n

L
Y

sin sin ...

sin sin ...

...

sin sin ...

y y

y y

y
N

y
N

NO

1
1

2
1

1
2

2
2

1 2
y y

=

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

i
k
jjjjjj

y
{
zzzzzz

i
k
jjjjjj

y
{
zzzzzz

i
k
jjjjjj

y
{
zzzzzz

i
k
jjjjjj

y
{
zzzzzz

i
k
jjjjjj

y
{
zzzzzz

i
k
jjjjjj

y
{
zzzzzz

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑÑ (2)

where ΛNO is generally a nonorthogonal matrix. Note that here
{n1, n2, ... } are chosen such that the above Ny × Ne matrix
contains linearly independent columns. In most cases, Ne = N
= nmax − nmin + 1, so that the cavity mode functions are linearly
independent. We note that while in this work we consider
idealized cavity mode functions, our formalism can be
extended to include more realistic ones by solving Maxwell’s
equations.23,30−34

We numerically construct the ΛNO matrix by first initializing
it with a single column and then adding a column only if the
rank of the matrix containing this additional column increases
by 1. Note that it is important to choose nmin and nmax such that
only those cavity modes that are energetically relevant for the
range of energy and wavevector kx we are interested in are
included. Adding off-resonant cavity modes will introduce
errors that originates from the missing dipole self-energy term
in the GTC Hamiltonian (see the SI).
Next, we perform a QR decomposition of ΛNO to obtain the

orthonormal matrix ΛO (corresponding to Q). Using ΛO, we
define a unitary matrix UO of dimension Ny × Ny such that
[UO]m,j = [ΛO]m,j for j ∈{nmin, nmin + 1, ..., nmin + Ne} and the
rest of the matrix elements are chosen such that ∑m[UO]m,j′·
[UO]m,j = δjj′. Using UO, we define the new matter excitation
operator as

d U dk k
m

m n k m, O , ,x y y x
= [ ] ·

(3)

where the index k ny L y
y

= . The consequence of this trans-

formation is that for N energetically relevant cavity modes,
there are Ne ≤ N matter excitation operators {d̂kdx,k dy

}, such that

k n n N, ..., ( )y L e L cmin min
y y{ }+ , which couples to the

photon operators {ak̂ dx,kdy
}. The rest of the matter excitation

operators {d̂kdx,kdy
}for which ky c are dark and can be

dropped from the light−matter Hamiltonian. The Hamiltonian
ĥGTC(kx) can be written (using eq 1)
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Here, n n n, ( 1) , ...,c L L Lmin
9

min max
y y y{ }+ defines the

subspace of energetically relevant cavity operators. Note the
relation c c, where c is constructed such that columns
of ΛNO are linearly independent (in most cases c c and N
= Ne).

A general (N + Ne) × (N + Ne) matrix model when using

the single excited subspace spanning {ak̂dx,kdy

† |G,0⟩, d̂kdx,k dy

† |G,0⟩}

(where |G,0⟩ denotes the ground state of matter with 0 cavity

photons) is obtained as
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Note that when Ne = 1, the above matrix reduces to the (N +
1) × (N + 1) form26,35 (such as for a single-layer material).

Meanwhile, when Ne = N and for , ,m
L

n
L m n

n
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=i
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k
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the above matrix reduces to the 2N × 2N (such as for a filled
cavity) form.21,22,26

In Figure 1 we summarize the schematic forms of the
Hamiltonian for various cavity setups that can be diagonalized
to obtain the polariton dispersion. Using the general strategy
outlined above, for a single-layer material shown in Figure 1e,
we find the widely used (N + 1) × (N + 1) matrix.21−23,26,36−39

In this model, within each kx block, one exciton state,
corresponding to d̂k dx,m = 0

† |G,0⟩, is coupled to N cavity

excitations a ̂k dx,k dy

† |G,0⟩via the coupling ( )g Ysinkn
n

L 0y

y

z
= ·

where Y0 is the position of the single layer inside cavity.
For a filled cavity, we obtain an 2N × 2N matrix that

i n c l ude s N e x c i t on s t a t e s d̂ k d x , k d y

† |G , 0 ⟩ , whe r e

( )( )d k m dsink k y k m,
1 1

2 ,x y y x
= ·† †

with y as a normalization

constant, that are coupled to N cavity excitations ak̂ dx,k dy

† |G,0⟩.
This 2N × 2N matrix model contains N noninteracting 2 × 2
blocks as shown in Figure 1f. Therefore, in a filled cavity there
exist N excitons that couple to N cavity modes of matching ky.
We also obtain the same 2N × 2N model when considering
interacting layers τy ≠ 0 (see detailed analytical expressions in
the SI).

Figure 1. Schematic illustrations of various cavity setups in (a−d) and their corresponding light−matter matrixes in (e−h) that can be diagonalized
to obtain multimode polariton dispersion. The solid green box represents the material of various thicknesses ly centered at various locations: (a) a
single layer material located near the center, (b) material thickness same as the length of the cavity, (c) multilayer material thickness much smaller
than energetically relevant cavity mode wavelengths ly ≪ 2πky located at the center of the cavity, and (d) same as (c) but located beside one of the
cavity mirrors.
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For partially filled cavities we find two interesting matrix
models depending on the position of the material inside a
cavity. For a thin material placed at the middle of the cavity we
find a (N + 2) × (N + 2) matrix (Figure 1g) model which is
composed of two isolated ( ) ( )1 1N N

2 2
+ × + blocks. One

block contains one “symmetric” exciton state d̂k dx,S
†|G,0⟩, where

d dk N m k m,S
1

,x y x
=† †

is coupled to odd cavity modes (ky
n

L
y

z
=

with ny = 2, 4, 6, ...). The other block contains one
“ a s ymme t r i c ” e x c i t on s t a t e d̂ k d x , A

† |G , 0 ⟩ , whe r e

( )d Y dk m m
L

k m,A
1

2 ,x

y

x
=† †

that is coupled to even cavity

modes. For a thin material placed next to a mirror, we obtain
the (N + 1) × (N + 1) model which is shown in Figure 1h. In
this model one exci ton state d̂ k d x ,B

† |G ,0⟩ , where

d Y dk B m m k m,
1

,x B x
= ( B is a normalization constant), is

coupled to N cavity modes. The analytical forms of the
couplings are provided in the SI.
Numerical Results. Figure 2 presents numerical results for

various multilayered materials. In Figure 2a−d we consider a

thin material which is placed either next to a mirror (Figure
2a,b) or in the middle of the cavity (Figure 2c,d). We choose
Ly = 20000 au and a thickness ly = δly · Ny = 2000 ≪Ly with δly
= 20 au and Ny = 100. The light−matter coupling used in

Figure 2a−d is gc = 5 meV, where g gk k

L ck
( , )

(0, / )
c x y

c y
= , and for

the matter parameters we choose ω0 = 2.2 eV with τx = 150
cm−1. The position of each layer of matter is given by

( )Y m lm y
1
2

= + . Here, we include five energetically relevant

cavity modes with k 5y Ly
.

Figure 2a shows that the (N + 1) × (N + 1) model shown in
Figure 1g (see eq S24 in the SI) provides visually identical
results compared to direct diagonalization of k( 0)zGTC =
given in eq 1. Note that direct diagonalization also shows the
dark matter states which we ignore while constructing the (N +
1) × (N + 1) model. These dark states do not show up in the
absorption (visibility) spectrum as they do not have any
photonic contributions. This can be observed in Figure 2b,
which presents the absorption spectrum24,40 of the coupled
cavity−matter system given by

I k P a G e( , ) , 0x
i

i k
k

k k
E

A , ,
2 ( ) /2

x

y

x y
i kx G c,

2
= | | | |†

(7)

where |Pi,kdx
⟩is the ith polaritonic state that is an eigenstate of

ĥGTC(kx) with energy i k, x
, and EG is the energy of |G,0⟩. Here

Γc = 15 meV accounts for various sources of dissipation
phenomenologically, such as cavity loss.
In Figure 2c,d we consider a material placed in the middle of

the cavity such that Y m lm
L l

y2 2
y y= + · . Figure 2c shows

that the (N + 2) × (N + 2) model shown in Figure 1f (see eqs
S30 and S31 in the SI) correctly predicts the polariton bands in
comparison to the numerical results obtained by directly
diagonalizing ĥGTC(kx) . Note that in Figure 2a,b the
anticrossings grow gradually larger with respect to the ky of
the cavity mode (which scales as ky3/2 as shown in the SI). By
contrast, Figure 2c,d shows that the anticrossings are large for
odd ky while they are negligible for even ky, as the spatial
dependence for even cavity modes becomes zero at the center
of the cavity.
Figure 2e,f presents the dispersion and absorption spectra

for a filled cavity. Here, we use gc = 2 meV and use Ny = 999

with Y 10
l

0 2
y= = and the rest of the parameters are

maintained as in Figure 2a−d. Figure 2e presents the
corresponding multimode polariton dispersion computed
numerically by diagonalizing eq 1 compared with the 2N ×
2N model in eq S19 in the SI. The 2N × 2N model reproduces
the band dispersion, as expected. Overall, the results in Figure
2 demonstrate the validity of the approximate semianalytical
models.
In Figure 3 we explore how the spatial location and the

thickness of the material modify the polariton dispersion. In
Figure 3a-c we present the polariton bands as a function of Ny
(number of layers) at various kx values while keeping gc = 4.743
meV a constant. Our numerical results show that the polariton
dispersion at Ny = 1 (single layer) and Ny = 999 (filled) can be
obtained using the (N + 1) × (N + 1) and the 2N × 2N
models, respectively. For any intermediate values of Ny, i.e.
partially filled cavities, an accurate polariton dispersion can be
obtained using the general (N + Ne) × (N + Ne) model given
in eq 6. Similarly, Figure 3d−f presents the polariton bands at
three specific values of kx and as a function of the material
location Y0. Here we use gc = 4.743 meV while the rest of the
parameters are the same as in Figure 2a. The numerical results

show that the in the limiting scenarios, at Y 10
l

0 2
y= = au and

Y 9000
L l

0 2
y y= = au, the polariton dispersion can be

Figure 2. Polariton dispersion for thin material placed (a, b) near a
cavity mirror, (c, d) placed in the middle, and a (e, f) filled cavity. (a),
(c), and (e) Polariton dispersion computed from the generalized
Tavis−Cummings Hamiltonian compared to the (N + 1) × (N + 1)
model in (a), (N + 2) × (N + 2) model in (c), and 2N × 2N model in
(e). Corresponding absorption spectra for the coupled molecule−
cavity hybrid system in (b), (d), and (f).
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obtained by the (N + 2) × (N + 2) and (N + 1) × (N + 1)
models, respectively.
Overall, we numerically demonstrate that the general (N +

Ne) × (N + Ne) model can be used to compute the multimode
polariton dispersion for arbitrary geometries of multilayered
materials. We demonstrated that in specific scenarios,
simplified models such as 2N × 2N, (N + 1) × (N + 1),
and (N + 2) × (N + 2) can be used to compute the polariton
dispersion. Our work sheds light on the recently discussed
ambiguity21,22,26,41−43 of using (N + 1) × (N + 1) and 2N ×
2N models for fitting experimental dispersion. While for single-
layer thin materials the (N + 1) × (N + 1) model is
appropriate, the 2N × 2N model is appropriate for obtaining
polariton dispersions in filled cavities. However, our results
suggest that the general (N + Ne) × (N + Ne) model should be
used in all circumstances for extracting parameters related to
light−matter coupling.
Comparison with Experiment. Here we implement the

general (N + Ne) × (N + Ne) model to compute the
multimode polariton dispersion for a multilayered perovskite
material and compare to the experimentally obtained
reflectance spectrum. We prepare the multilayered 2D
perovskite material BA2(MA)2Pb3I10, where BA =
CH3(CH2)3NH3 and MA = CH3NH3, that is sandwiched
between Ag and Au layers that act as mirrors. We also use a
poly(methyl methacrylate) (PMMA) layer as a spacer to
extend the quantization length of the cavity when making
partially filled cavities. Experimental details can be found in the
SI. Note that the layers of the perovskite material can be

considered noninteracting, thus allowing us to directly
implement the general (N + Ne) × (N + Ne) model to obtain
the multimode polariton dispersion.
Figure 4 presents the multimode polariton dispersion

obtained experimentally via the reflectance spectra. Figure 4a
shows the reflectance spectra obtained for a filled cavity. To
obtain the theoretical multimode polariton dispersion, we
model the matter as a dispersionless material with a matter
excitation energy of ω0 = 2.05 eV (such that ε(kx) = ω0) and a
refractive index of ηPX = 2.35.44 We directly use this refractive
index to obtain the uncoupled photon band dispersion

k k( ) c
c = | | for the filled cavity presented in Figure 4a. We

use an individual layer thickness of δly = 50 au45 Note that for
δly ≪ly, the explicit value of the δly does not matter. We find gc

≈3.9 meV (such that g gk k

L ck
( , )

(0, / )
c x y

c y
= ) and Ly ≈ 18122 au

through fitting and considering four cavity mode branches with

k , , ,y L L L L
5 6 7 8

y y y y{ }, for constructing the general (N + Ne)

× (N + Ne) matrix. In addition to this we can also construct
approximate (N + Ne) × (N + Ne) models by ignoring weakly
coupled excitonic branches. A numerical way to perform this
approximation is by using a tolerance factor εtol (set to 0.1
here), below which the singular values are considered to be 0
when checking for linear independence when constructing
ΛNO. The dispersion obtained with the general (N + Ne) × (N
+ Ne) model (dashed lines) and the approximate (N + Ne) ×
(N + Ne) model (black circles) is overlaid on the
experimentally obtained reflectance in Figure 4a−c, showing
good agreement. Note that the upper polariton branches are
not visible in the experimental dispersion here because the
thick semiconductor absorbs too much above-gap light.46,47

In Figure 4a only the two parameters gc and Ly are used for
fitting the experimental dispersion. The numerically computed
approximate (N + Ne) × (N + Ne) matrix model at kx = 0 is
shown in Figure 4d, which exactly takes the form of the widely
used 2N × 2N model.21−23,26

Next in Figure 4b we manufacture a partially filled cavity by
using PMMA as a spacer. The refractive index of the PMMA is
ηPMMA = 1.5. For a cavity filled with materials of different
refractive indexes, we obtain an effective refractive index
through fitting such that 1.5 < η < 2.35. Here we obtain the
length of the perovskite material ly = 4300 au, the length of the
cavity Ly ≈ 24143 au, gc ≈ 6.8 meV, and the effective refractive
index η = 1.65 by fitting the dispersion curves visually. Here we
have considered six energetically relevant cavity mode

branches with k , , , , ,y L L L L L L
3 4 5 6 7 8

y y y y y y{ }. These parame-

ters fit the dispersion with reasonable accuracy. The numeri-
cally computed approximate (N + Ne) × (N + Ne) matrix at kx
= 0 is shown in Figure 4e for the case shown in Figure 4b. As
can be seen here, the matrix has a (N + 2) × (N + 2) structure
with a very complex set of couplings.
Finally, in Figure 4c we show results after fabrication of

partially filled cavities with the material placed near the center
of the cavity. Here, we fit and obtain Ly = 24691 au, ly = 4400
au, η = 1.63, and gc ≈ 5.6 meV and additionally find the
location of the material Y0 = 4.9 × Ly, by visually fitting the
dispersion. Here we have considered six energetically relevant
cavity mode branches (third to eighth cavity mode branches
along y). The corresponding approximate (N + Ne) × (N +

Figure 3. (a−c) Polariton dispersion as a function of the number of
layers Ny at various kx computed from the generalized Tavis−
Cummings (GTC) Hamiltonian compared to the predictions of the
generalized 2N × 2N (at Ny = 999) model and the (N + 1) × (N + 1)
(at Ny = 1). (d−f) Polariton dispersion as a function of the position of
the material inside the cavity (Y0 is the position of the first layer of the
material) at various kx computed from the generalized Tavis−
Cummings (GTC) Hamiltonian compared to the predictions of (N +
1) × (N + 1) and (N + 2) × (N + 2) models.
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Ne) matrix at kx = 0 is shown in Figure 4f for the case shown in
Figure 4c which has a (N + 3) × (N + 3) structure with a
complex set of couplings. In all cases we capture all of the
subtle features of the experimental dispersion with reasonable
accuracy.
Transfer matrix simulations corresponding to each exper-

imental configuration are shown in Figure S2, showing
excellent agreement with experiments. Thus, it is likely that
small discrepancies (in Figure 4b,c) between our microscopic
model and experiments are due to the use of idealized cavity
mode functions which may be remedied by obtaining them
using the Helmholtz equation.
Here, we presented a microscopic theory for obtaining

multimode polariton dispersion of a material inside a cavity.
Starting with the GTC Hamiltonian, we developed a general
strategy to obtain the polariton dispersion in multimode
cavities, which takes the form of a general (N + Ne) × (N + Ne)
model. Unlike the widely used 2N × 2N or (N + 1) × (N + 1)
models, our approach can be used for a material of arbitrary
thickness and position within the cavity to obtain the
multimode polariton dispersion. In contrast to previous
approaches of directly fitting matrix elements, our method

relies on structural parameters like the thickness and location
of the material inside the cavity. We show that in certain
scenarios, the general (N + Ne) × (N + Ne) model reduces to
the widely used 2N × 2N (for a filled cavity) model or the (N
+ 1) × (N + 1) (single or thin layer placed beside a mirror)
model and find other interesting models such as the (N + 2) ×
(N + 2) model that describes a thin material placed in the
middle of the cavity.
In this work we have employed a simple tight-binding model

for matter and considered idealized cavity mode functions. Our
approach can be generalized to using ab initio electronic
structure theory and using more realistic cavity mode functions
obtained from solving Maxwell’s equations, which will be
investigated in future work.
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Derivation of the dipole gauge Hamiltonian and
exciton−polariton Hamiltonian, transfer matrix simu-
lation, discussion on mode-truncation, self-consistent

Figure 4. Experimental dispersion obtained from Fourier-plane (angle-resolved) white light reflectance microscopy for three different structures
depicted in the lower-right corner of each panel. (a−c) The experimental results are compared to theoretical predictions for three different
structures: (a) filled cavity, (b) material placed beside a mirror, and (c) material placed near the middle of the cavity. The experimental results are
compared to theoretical predictions, where the dashed lines represent the predictions using the general (N + Ne) × (N + Ne) model and the dotted
lines represent the predictions using the approximate (N + Ne) × (N + Ne) model. (d−f) The matrix structures of the approximate (N + Ne) × (N
+ Ne) model corresponding to (a−c) with values in eV.
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