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Abstract

For a smooth bounded domain Ω ⊆ ℝ𝑛, 𝑛 ⩾ 3, we con-

sider the fast diffusion equation with critical sobolev

exponent

𝜕𝑤
𝜕𝜏

= Δ𝑤
𝑛−2
𝑛+2

under Dirichlet boundary condition 𝑤(⋅, 𝜏) = 0 on 𝜕Ω.

Using the parabolic gluing method, we prove existence

of an initial data𝑤0 such that the corresponding solution

has extinction rate of the form

‖𝑤(⋅, 𝜏)‖𝐿∞(Ω) = 𝛾0(𝑇 − 𝜏)
𝑛+2
4 ||ln(𝑇 − 𝜏)||

𝑛+2
2(𝑛−2) (1 + 𝑜(1))

as 𝑡 → 𝑇−, here 𝑇 > 0 is the finite extinction time of

𝑤(𝑥, 𝜏). This generalizes a result of Galaktionov and

King [30] for the radially symmetric case Ω = 𝐵1(0) ∶=

{𝑥 ∈ ℝ𝑛||𝑥| < 1} ⊂ ℝ𝑛.
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1 INTRODUCTION

Let Ω be a smooth bounded domain in ℝ𝑛, 𝑛 ⩾ 3, we consider the fast diffusion equation

⎧
⎪⎨⎪⎩

𝜕𝑤
𝜕𝜏

= Δ𝑤𝑚 in Ω× (0,∞),

𝑤 = 0 on 𝜕Ω × (0,∞),

𝑤(⋅, 0) = 𝑤0 in Ω

(1.1)

with 𝑚 ∈ (0, 1). The first equation in (1.1) is a singular but non-degenerate parabolic problem.
From [38], we know that there exists a unique positive classical solution 𝑤 which is local in

time for the Dirichlet problem (1.1). The solution vanishes at finite time as 𝜏 → 𝑇− < ∞,𝑤 > 0 in
Ω× (0, 𝑇) and 𝑤(𝑥, 𝑇) = 0.
The asymptotic behavior of solutions for (1.1) near the extinction time 𝑇 has attracted

much attention in the past two decades. Suppose Ω = 𝐵1(0) ∶= {𝑥 ∈ ℝ𝑛||𝑥| < 1} ⊂ ℝ𝑛, when

𝑚 ∈ (𝑚𝑠, 1) and 𝑚𝑠 ∶=
𝑛−2
𝑛+2

,. From the classical work of Berryman and Holland [2], the solution

near the extinction time has a separated self-similar form

𝑤(𝑥, 𝜏) = (𝑇 − 𝜏)
1

1−𝑚 𝑆(𝑥),

where 𝑆(𝑥) is the positive solution of the following nonlinear elliptic problem

Δ𝑆𝑚 + (1 − 𝑚)−1𝑆 = 0 in Ω, 𝑆 = 0 on 𝜕Ω.

When𝑚 ∈ (0,𝑚𝑠), it was proved in [28], [29], [35] and [37] that the self-similar behavior as 𝑡 → 𝑇−

can be described as

𝑤(𝑥, 𝜏) ∼ (𝑇 − 𝜏)𝛼𝐹

( |𝑥|
(𝑇 − 𝜏)𝛽

)
, (1 − 𝑚)𝛼 + 2𝛽 = 1,

which provides the leading order of the inner solution. Thus the inner region is |𝑥| = 𝑂((𝑇 − 𝜏)𝛽)
and the outer region is |𝑥| = 𝑂(1) with

𝑤(𝑥, 𝜏) ∼ (𝑇 − 𝜏)(𝑚𝛼+(𝑛−2)𝛽)∕𝑚Φ(𝑥),

where Φ(𝑥) is the Green’s function with Dirichlet boundary condition,

ΔΦ = −𝐶𝑛,𝑚𝛿(𝑥) in Ω, Φ = 0 on 𝜕Ω,
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 857

where 𝐶𝑛,𝑚 is a positive constant depending on 𝑛 and𝑚, 𝛿(𝑥) is the Dirac delta distribution func-
tion locating at origin.

For general smooth bounded domains, the papers [2, 6, 25–27] studied the asymptotic behavior

near extinction time for solutions to (1.1). Recently, Bonforte and Figalli proved the sharp extinc-

tion rates in [5] for the supercritical case𝑚 ∈ (𝑚𝑠, 1). Optimal regularity at the boundary for solu-
tions to (1.1) was proved by Jin and Xiong in [32] when𝑚 ∈ [𝑚𝑠, 1). We refer the interested readers
to [3, 4, 7, 13, 14, 30, 34, 40] and the references therein for more results on the asymptotic behavior

of fast diffusion and porous medium equations.

The case𝑚 = 𝑚𝑠 corresponds to the Yamabe flow which describes the evolution of conformal

metrics; there aremany results in the literature under different settings. For the Dirichlet problem

(1.1), sharp asymptotic results are still missing. To the best of our knowledge, the only asymptotic

result was due toGalaktionov andKing [29]. The aimof this paper is to provide a rigourous asymp-

totic analysis of (1.1) near the extinct time𝑇 for general smooth domainΩ. Our result can be stated
as follows.

Let𝐻(𝑥, 𝑦) be the regular part of the Green’s function onΩwith Dirichlet boundary condition,

that is, for fixed 𝑦 ∈ Ω,𝐻(𝑥, 𝑦) satisfies Δ𝑥𝐻(𝑥, 𝑦) = 0 inΩ,𝐻(𝑥, 𝑦) = (𝑛(𝑛−2))
𝑛−2
4

|𝑥−𝑦|𝑛−2 for 𝑥 ∈ 𝜕Ω. Let

𝑞1, … , 𝑞𝑘 be 𝑘 different but fixed points in Ω, define the following matrix

(𝑞) =
⎡
⎢⎢⎢⎢⎣

𝐻(𝑞1, 𝑞1)g −𝐺(𝑞1, 𝑞2) ⋯ −𝐺(𝑞1, 𝑞𝑘)
−𝐺(𝑞1, 𝑞2) 𝐻(𝑞2, 𝑞2) −𝐺(𝑞2, 𝑞3)⋯ −𝐺(𝑞3, 𝑞𝑘)

⋮ ⋱ ⋮

−𝐺(𝑞1, 𝑞𝑘) ⋯ −𝐺(𝑞𝑘−1, 𝑞𝑘) 𝐻(𝑞𝑘, 𝑞𝑘)

⎤
⎥⎥⎥⎥⎦
. (1.2)

Our main result is

Theorem 1. Suppose𝑚 = 𝑚𝑠 =
𝑛−2
𝑛+2

, 𝑛 ⩾ 3, 𝑇 > 0 is the finite extinction time, 𝑘 is a positive integer
and 𝑞1, … , 𝑞𝑘 are 𝑘 different but fixed points in Ω such that the matrix defined in (1.2) is positive

definite, then there exist an initial data 𝑤0 and smooth functions 𝜇̃𝑗(𝜏), 𝜉̃𝑗(𝜏) such that the solution
𝑤(𝑥, 𝜏) of problem (1.1) has the following asymptotic form when 𝜏 → 𝑇−,

𝑤
𝑛−2
𝑛+2 (𝑥, 𝜏) = (𝑇 − 𝜏)

𝑛−2
4

×
⎛
⎜⎜⎝

𝑘∑
𝑗=1

⎛
⎜⎜⎝
𝛼𝑛

(
𝜇̃𝑗(𝜏)

𝜇̃2
𝑗
(𝜏) + |𝑥 − 𝜉̃𝑗(𝜏)|2

) 𝑛−2
2

− 𝜇̃
𝑛−2
2

𝑗
(𝜏)𝐻(𝑥, 𝑞𝑗)

⎞
⎟⎟⎠
+ 𝜇̃

𝑛−2
2

𝑗
(𝜏)𝜑̃(𝑥, 𝜏)

⎞
⎟⎟⎠
,

where the parameters 𝜇̃𝑗(𝜏) = 𝛽𝑗(log
𝑇

𝑇−𝜏
)−

1
𝑛−2 (1 + 𝑜(1)) for some 𝛽𝑗 > 0, 𝜉̃𝑗 − 𝑞𝑗 =

𝑜((log 𝑇
𝑇−𝜏

)−
1

𝑛−2 ), 𝛼𝑛 = (𝑛(𝑛 − 2))
𝑛−2
4 and 𝜑̃(𝑥, 𝜏) → 0 uniformly away from the points 𝑞1, … , 𝑞𝑘 as

𝜏 → 𝑇−.

In the paper [29], Galaktionov and King gave the extinction rate ‖𝑤(⋅, 𝜏)‖∞ = 𝛾0(𝑇 −

𝜏)
𝑛+2
4 | ln(𝑇 − 𝜏)| 𝑛+2

2(𝑛−2) (1 + 𝑜(1)) when Ω = 𝐵1(0) ∶= {𝑥 ∈ ℝ𝑛||𝑥| < 1} ⊂ ℝ𝑛 by matching expan-

sions from the inner and boundary domains. Theorem 1 gives a rigourous proof of this extinction

rate as well as a description of the space part in the multiple point case for general domains. We

refer the interested readers to [35] and [36] for more results on the extinction behavior of the fast

diffusion equations.
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In the inner region near the point 𝑞𝑗 , 𝑤(𝑥, 𝜏) is a logarithmic perturbation of the self-similar
stationary structure. Indeed, we have

𝑤(𝑥, 𝜏) = (𝑇 − 𝜏)
𝑛+2
4 𝛼(𝑡)𝑆1(|𝑥 − 𝑞𝑗|𝛼

2
𝑛+2 (𝜏))(1 + 𝑜(1))

with 𝛼(𝜏) = 𝛾0(log
𝑇

𝑇−𝜏
)

𝑛+2
2(𝑛−2) and 𝑆1 belongs to a one-parameter family of stationary positive solu-

tions {𝑆𝜆(|𝑥|)|𝜆 > 0}, which are the Loewner–Nirenberg explicit solutions

𝑆𝜆(𝑟) = 𝜆

[
2𝑛(𝑛 − 2)

2𝑛(𝑛 − 2) + (𝑛 + 2)𝜆
4

𝑛+2 𝑟2

]
= 𝜆𝑆1(𝑟𝜆

2
𝑛+2 )

to the nonlinear elliptic equation Δ𝑆
𝑛−2
𝑛+2 + 1

4
(𝑛 + 2)𝑆 = 0 in ℝ𝑛, see [31].

Under the transformation

𝑢(𝑥, 𝑡) = (𝑇 − 𝜏)−𝑚∕(1−𝑚)𝑤(𝑥, 𝜏)𝑚|𝜏=𝑇(1−𝑒−𝑡), (1.3)

Problem (1.1) changes into the Yamabe flow equation on the bounded domain Ω as follows:

⎧⎪⎨⎪⎩

𝜕𝑢𝑝

𝜕𝑡
= Δ𝑢 + 𝑢𝑝 in Ω× (0,∞),

𝑢 = 0 on 𝜕Ω × (0,∞),

𝑢(⋅, 0) = 𝑢0 in Ω,

(1.4)

for a function 𝑢 ∶ ℝ𝑛 × [0,∞) → ℝ and positive initial datum 𝑢0 satisfying 𝑢0|𝜕Ω = 0, 𝑝 = 𝑛+2
𝑛−2

.

Therefore, using the transformation (1.3), for problem (1.4), Theorem 1 has the following equiva-

lent form.

Theorem 2. Suppose 𝑛 ⩾ 3, 𝑘 is a positive integer and 𝑞1, … , 𝑞𝑘 are 𝑘 different but fixed points inΩ
such that thematrix defined in (1.2) is positive definite, then there exist an initial data 𝑢0 and smooth
functions 𝜇𝑗(𝑡), 𝜉𝑗(𝑡) such that the solution of problem (1.4) has the following asymptotic form when

𝑡 → +∞,

𝑢(𝑥, 𝑡) =
𝑘∑

𝑗=1

⎛⎜⎜⎝
𝛼𝑛

(
𝜇𝑗(𝑡)

𝜇2
𝑗
(𝑡) + |𝑥 − 𝜉𝑗(𝑡)|2

) 𝑛−2
2

− 𝜇
𝑛−2
2

𝑗
(𝑡)𝐻(𝑥, 𝑞𝑗)

⎞⎟⎟⎠
+ 𝜇

𝑛−2
2

𝑗
(𝑡)𝜑(𝑥, 𝑡), (1.5)

where 𝜇𝑗 = 𝛽𝑗𝑡
− 1

𝑛−2 (1 + 𝑜(1)) for some 𝛽𝑗 > 0, 𝜉𝑗 − 𝑞𝑗 = 𝑜(𝑡−
1

𝑛−2 ), 𝛼𝑛 = (𝑛(𝑛 − 2))
𝑛−2
4 and

𝜑(𝑥, 𝑡) → 0 uniformly away from the points 𝑞1, … , 𝑞𝑘 as 𝑡 → +∞.

The behavior of Yamabe flow was studied in [8–10, 12, 13, 15–17, 39, 41], (see also [33] for a

related flow). Especially, in the case of 𝕊𝑛 with its standard Riemannian metric g𝕊𝑛 , the Yamabe

flow evolving a conformal metric g = 𝑣
4

𝑛−2 (⋅, 𝑡)g𝕊𝑛 takes the following form

(𝑣
𝑛+2
𝑛−2 )𝑡 = Δ𝕊𝑛𝑣 − 𝑐𝑛𝑣, 𝑐𝑛 =

𝑛(𝑛 − 2)

4
, (1.6)
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which is equivalent to the problem

{
𝜕
𝜕𝑡
𝑢

𝑛+2
𝑛−2 = Δ𝑢 + 𝑢

𝑛+2
𝑛−2 in ℝ𝑛 × (0,∞),

𝑢(⋅, 0) = 𝑢0 in ℝ𝑛
(1.7)

via the stereographic projection and cylindrical changes of variables. It was proved in [41], [9] that

the Yamabe flow (1.6) has a global solution, which converges exponentially to a steady solution.

In [24], the authors showed that solutions for problem (1.7) approach nontrivial steady states of

the semilinear elliptic equation

Δ𝑢 + 𝑢
𝑛+2
𝑛−2 = 0 on ℝ𝑛.

Theorem 2 tells us that when we consider the Yamabe flow equation on a bounded domain with

Dirichlet boundary condition, infinite time blow-up phenomenon can occur.

In the beautiful work [13], Daskalopoulos, del Pino and Sesum constructed a new class of type

II ancient solutions to the Yamabe flow; these solutions are rotationally symmetric and converge

to a tower of spheres when 𝑡 → −∞. Note that Theorem 2 is on a bounded domain with Dirichlet

boundary condition and the solutions we find blow up at different points when the time 𝑡 →
+∞. In the recent paper [22], bubble tower solutions for the energy critical heat equation were

constructed; we conjecture that bubble tower solutions for Problem (1.4) also exist.

Infinite time blowing-up solutions for the energy critical heat equationwithDirichlet boundary

condition

⎧⎪⎨⎪⎩

𝜕
𝜕𝑡
𝑢 = Δ𝑢 + 𝑢

𝑛+2
𝑛−2 in Ω× (0,∞),

𝑢(⋅, 𝑡) = 0 on 𝜕Ω,

𝑢(⋅, 0) = 𝑢0 in Ω

of form (1.5) are constructed in the seminal work [11] when 𝑛 ⩾ 5, note that the corresponding

blow-up rates are 𝜇𝑗(𝑡) ∼ 𝑏𝑗𝑡
− 1

𝑛−4 (1 + 𝑜(1)) as 𝑡 → +∞.

To prove Theorem 2, we use the inner-outer gluing method in the spirit of [11] and [19], which

has been applied to various parabolic problems in recent years, such as finite time and infinite time

blow-up solutions for energy critical heat equations [11, 21–23], ancient solutions of the Yamable

flow [13], and singularity formation for the harmonic map heat flow [19]. In the survey paper by

del Pino [20], there are more results on the gluing method and its applications.

In the proof of Theorem 2, we first construct an approximation to the exact solution with suffi-

ciently small error, then by linearization around the bubble and fixed point theorem,we solve for a

small remainder term. Using the inner-outer gluing method, the equation for the remainder term

is separated into outer problem and inner problem. In the construction of approximate solutions,

we havemore decay in the space variable than the energy critical heat equation case in [11], hence

we can deal in all the space dimensions 𝑛 ⩾ 3 and the blow-up rate decays like 𝑡−
1

𝑛−2 as 𝑡 → +∞,

which is different from the energy critical heat equation case in [11]. In the linear theory of the

outer problem, the super-sub solution method in [11] cannot be applied directly since the equa-

tion is degenerate parabolic near the boundary. Instead, we use 𝐿2-estimates as in [13] near the
boundary, while near the blow-up points, the super-sub solution method is applied to obtain 𝐿∞-
estimates. In the linear theory of inner problem, we use blow-up arguments; the main difficulty
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is that the parabolic problem is degenerate; the linear equation is then lifted onto the standard

sphere 𝕊𝑛, and then becomes a nondegenerate parabolic equation. Based on the linear theory, we

solve the nonlinear problems by the contraction mapping theorem. The orthogonality conditions

are satisfied by solving an ODE system on the scaling and translation parameter functions.

Remark 1.1. The spectrum of the following degenerate elliptic operator

𝐿0[𝜙] = −
1

𝑈𝑝−1

(
Δ𝜙 + 𝑝𝑈𝑝−1𝜙

)

plays an important role in the linear theory. Since there is a negative eigenvalue for 𝐿0 with mul-
tiplicity one (see Section 2), our solution constructed in Theorem 2 is unstable. Indeed, from the

proof the Theorem 2 and the same arguments as Corollary 1.1 in [11], there exists a submanifold
in the function space 𝑋 ∶= {𝑢 ∈ 𝐶1(Ω) ∶ 𝑢|𝜕Ω = 0} with codimension 𝑘 and containing 𝑢𝑞(𝑥, 0)
such that, if 𝑢0 is a small perturbation of 𝑢𝑞(𝑥, 0) in, then the corresponding solution 𝑢(𝑥, 𝑡) to
(1.4) still has the asymptotic form

𝑢(𝑥, 𝑡) =
𝑘∑

𝑗=1

⎛
⎜⎜⎜⎝
𝛼𝑛

⎛⎜⎜⎝
𝜇̂𝑗(𝑡)

𝜇̂2
𝑗
(𝑡) + |𝑥 − 𝜉̂𝑗(𝑡)|2

⎞⎟⎟⎠

𝑛−2
2

− 𝜇̂
𝑛−2
2

𝑗
(𝑡)𝐻(𝑥, 𝑞̂𝑗)

⎞
⎟⎟⎟⎠
+ 𝜇̂

𝑛−2
2

𝑗
(𝑡)𝜑̂(𝑥, 𝑡),

the points 𝑞̂𝑗 are close to 𝑞𝑗 for 𝑗 = 1,… , 𝑘. This is different from the ancient solution case; the

effect of the negative eigenvalue can be dealt with by adding an additional parameter function

which tends to 0 as 𝑡 → −∞ (tends to +∞ as 𝑡 → +∞), see [13].

2 THE APPROXIMATE SOLUTION AND THE INNER-OUTER
GLUING SCHEME

2.1 The approximate solution

Let 𝑡0 > 0 be a large number to be chosen later and consider the following problem

{
(𝑢𝑝)𝑡 = Δ𝑢 + 𝑢𝑝 in Ω× (𝑡0,∞),

𝑢 = 0 on 𝜕Ω × (𝑡0,∞),
(2.1)

for 𝑝 = 𝑛+2
𝑛−2

. Let 𝑞1, … , 𝑞𝑘 ∈ ℝ𝑛 be 𝑘 fixed points, we are going to find a positive solution to (2.1)
of form

𝑢(𝑥, 𝑡) ≈
𝑘∑

𝑗=1

𝑈𝜇𝑗(𝑡),𝜉𝑗(𝑡)
(𝑥)

with 𝜉𝑗(𝑡) → 𝑞𝑗 , 𝜇𝑗(𝑡) → 0 as 𝑡 → ∞ for all 𝑗 = 1,… , 𝑘 and 𝑈𝜇𝑗(𝑡),𝜉𝑗(𝑡)
(𝑥) = 𝜇𝑗(𝑡)

− 𝑛−2
2 𝑈(

𝑥−𝜉𝑗(𝑡)

𝜇𝑗(𝑡)
),

𝑈(𝑦) = 𝛼𝑛(
1

1+|𝑦|2 )
𝑛−2
2 , which then provides a solution 𝑢(𝑥, 𝑡) = 𝑢(𝑥, 𝑡 − 𝑡0) to the original problem
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(1.4). Denote the error operator as follows

𝑆(𝑢) ∶= −(𝑢𝑝)𝑡 + Δ𝑢 + 𝑢𝑝.

Then we have

𝑆(𝑈𝜇𝑗(𝑡),𝜉𝑗(𝑡)
) = −

𝜕
𝜕𝑡
𝑈𝑝
𝜇𝑗 ,𝜉𝑗

(𝑥) = 𝜇
− 𝑛+2

2
𝑗

𝑈(𝑦𝑗)
𝑝−1

(
𝜇̇𝑗
𝜇𝑗

𝑍𝑛+1(𝑦𝑗) +
𝜉𝑗
𝜇𝑗

⋅∇𝑈(𝑦𝑗)

)

= 𝜇
− 𝑛+2

2
−1

𝑗
𝑈(𝑦𝑗)

𝑝−1
(
𝜇̇𝑗𝑍𝑛+1(𝑦𝑗) + 𝜉̇𝑗 ⋅∇𝑈(𝑦𝑗)

)

for 𝑦𝑗 =
𝑥−𝜉𝑗(𝑡)

𝜇𝑗(𝑡)
. Since 𝑢 = 0 on 𝜕Ω, a natural better approximation than

∑𝑘
𝑗=1𝑈𝜇𝑗(𝑡),𝜉𝑗(𝑡)

(𝑥) should

be

𝑧̃(𝑥, 𝑡) =
𝑘∑

𝑗=1

𝑧̃𝑗(𝑥, 𝑡) with 𝑧̃𝑗(𝑥, 𝑡) ∶= 𝑈𝜇𝑗 ,𝜉𝑗
(𝑥) − 𝜇

𝑛−2
2

𝑗
𝐻𝜇𝑗

(𝑥, 𝑞𝑗). (2.2)

Here for fixed 𝑦 ∈ Ω, 𝐻𝜇𝑗
(𝑥, 𝑦) satisfies Δ𝑥𝐻𝜇𝑗

(𝑥, 𝑦) = 0 in Ω, 𝐻𝜇𝑗
(𝑥, 𝑦) = (𝑛(𝑛−2))

𝑛−2
4

(𝜇2
𝑗
+|𝑥−𝑦|2)

𝑛−2
2

for 𝑥 ∈

𝜕Ω. Then from the equation satisfied by 𝑈𝜇𝑗(𝑡),𝜉𝑗(𝑡)
(𝑥) and the fact that 𝐻𝜇𝑗

(𝑥, 𝑞) is a harmonic
function, the error of 𝑧̃ is

𝑆(𝑧̃) = −
𝑘∑
𝑖=1

𝜕𝑡𝑧̃
𝑝
𝑖
+

(
𝑘∑
𝑖=1

𝑧̃𝑖

)𝑝

−
𝑘∑
𝑖=1

𝑈𝑝
𝜇𝑖 ,𝜉𝑖

. (2.3)

Moreover, by the same arguments as Lemma 2.1 in [11], for a fixed index 𝑗, in the region |𝑥 − 𝑞𝑗| ⩽
1
2
min𝑖≠𝑙 |𝑞𝑖 − 𝑞𝑙|, set 𝑥 = 𝜉𝑗 + 𝜇𝑗𝑦𝑗 , there holds

𝑆[𝑧̃] = 𝜇
− 𝑛+2

2
𝑗

(𝜇𝑗𝐸0𝑗 + 𝜇𝑗𝐸1𝑗 +𝑗)

with

𝐸0𝑗 = 𝑝𝑈(𝑦𝑗)
𝑝−1

[
−𝜇𝑛−3𝑗 𝐻(𝑞𝑗 , 𝑞𝑗) +

∑
𝑖≠𝑗

𝜇
𝑛−2
2

−1

𝑗
𝜇

𝑛−2
2

𝑖
𝐺(𝑞𝑗 , 𝑞𝑖)

]

+𝜇−2𝑗 𝜇̇𝑗𝑝𝑈(𝑦𝑗)
𝑝−1𝑍𝑛+1(𝑦𝑗),

𝐸1𝑗 = 𝑝𝑈(𝑦𝑗)
𝑝−1

[
−𝜇𝑛−2𝑗 ∇𝐻(𝑞𝑗 , 𝑞𝑗) +

∑
𝑖≠𝑗

𝜇
𝑛−2
2

𝑗
𝜇

𝑛−2
2

𝑖
∇𝐺(𝑞𝑗 , 𝑞𝑖)

]
⋅ 𝑦𝑗

+𝜇−2𝑗 𝑝𝑈(𝑦𝑗)
𝑝−1𝜉̇𝑗 ⋅∇𝑈(𝑦𝑗)

and

𝑗 =
𝜇𝑛0g

1 + |𝑦𝑗|2
+

𝜇𝑛−20 g⃗

1 + |𝑦𝑗|4
⋅ (𝜉𝑗 − 𝑞𝑗) + 𝜇𝑛+20 𝑓 + 𝜇𝑛−10

𝑘∑
𝑖=1

𝜇̇𝑖𝑓𝑖
1 + |𝑦𝑗|4

+ 𝜇𝑛0

𝑘∑
𝑖=1

𝜉̇𝑖 ⋅ 𝑓𝑖
1 + |𝑦𝑗|4

,
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862 SIRE et al.

where 𝑓, 𝑓𝑖 , 𝑓𝑖 , g and g⃗ are smooth and bounded functions of (𝑦, 𝜇−10 𝜇, 𝜉, 𝜇𝑗𝑦𝑗). Here 𝐻(𝑥, 𝑦) is
the regular part of the Green’s function onΩwith Dirichlet boundary condition, that is, for fixed

𝑦 ∈ Ω,𝐻(𝑥, 𝑦) satisfies Δ𝑥𝐻(𝑥, 𝑦) = 0 in Ω,𝐻(𝑥, 𝑦) = (𝑛(𝑛−2))
𝑛−2
4

|𝑥−𝑦|𝑛−2 for 𝑥 ∈ 𝜕Ω.

Suppose 𝑢 = 𝑧̃ + 𝜙̃ is the exact solution of (2.1) and write 𝜙̃(𝑥, 𝑡) in self-similar form around the

point 𝑞𝑗 ,

𝜙̃(𝑥, 𝑡) = 𝜇
− 𝑛−2

2
𝑗

𝜙

(
𝑥 − 𝜉𝑗
𝜇𝑗

, 𝑡

)
. (2.4)

Then we have

0 = 𝜇
𝑛+2
2

𝑗
𝑆[𝑧̃ + 𝜙̃]

= −𝑝𝑈𝑝−1(𝑦)𝜕𝑡𝜙 + Δ𝑦𝜙 + 𝑝𝑈(𝑦)𝑝−1𝜙 + 𝜇
𝑛+2
2

𝑗
𝑆[𝑧̃] + 𝐴[𝜙]

(2.5)

with𝐴[𝜙] being a high-order term. To improve the approximation error, we require 𝜙(𝑦, 𝑡) equals
(at main order) to the solution 𝜙0𝑗(𝑦, 𝑡) of the following equation

−𝑝𝑈𝑝−1(𝑦)𝜕𝑡𝜙0𝑗 + Δ𝑦𝜙0𝑗 + 𝑝𝑈(𝑦)𝑝−1𝜙0𝑗 = −𝜇
𝑛+2
2

𝑗
𝑆[𝑧̃] in ℝ𝑛. (2.6)

Near the blow-up point 𝑞𝑗 , equation (2.6) is mainly an elliptic problem of form

𝐿0[𝜙] ∶=
1

𝑈𝑝−1

(
Δ𝑦𝜙 + 𝑝𝑈(𝑦)𝑝−1𝜙

)
= ℎ(𝑦) in ℝ𝑛, 𝜓(𝑦) → 0 as |𝑦|→ ∞. (2.7)

Consider the eigenvalue problem 𝐿0[𝜙] + 𝜆𝜙 = 0 on the weighted space 𝐿2(𝑈𝑝−1𝑑𝑥), which has
an infinite sequence of eigenvalues

𝜆0 < 𝜆1 = ⋯ = 𝜆𝑛 = 𝜆𝑛+1 = 0 < 𝜆𝑛+2 < 𝜆𝑛+3 < ⋯ ,

the associated eigenfunctions 𝑍𝑗 , 𝑗 = 0, 1, … constitute an orthonormal basis of 𝐿2(𝑈𝑝−1𝑑𝑥). It
is well known that 𝜆0 is simple and 𝑍0(𝑦) = 𝑈(𝑦). We refer the interested readers to the well-
written paper [13] and [5] for more properties on this operator. Therefore, every bounded solution

of 𝐿0[𝜙] = 0 in ℝ𝑛 is the linear combination of the functions

𝑍1, … , 𝑍𝑛+1,

where

𝑍𝑖(𝑦) ∶=
𝜕𝑈
𝜕𝑦𝑖

(𝑦), 𝑖 = 1, … , 𝑛, 𝑍𝑛+1(𝑦) ∶=
𝑛 − 2
2

𝑈(𝑦) + 𝑦 ⋅∇𝑈(𝑦).

Furthermore, problem (2.7) is solvable if the following conditions

∫ℝ𝑛
ℎ(𝑦)𝑍𝑖(𝑦)𝑈

𝑝−1(𝑦)𝑑𝑦 = 0 for all 𝑖 = 1, … , 𝑛 + 1

hold.
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Now we consider the solvability condition for equation (2.6) with 𝑖 = 𝑛 + 1,

∫ℝ𝑛
𝜇

𝑛+2
2

𝑗
𝑆[𝑧̃](𝑦, 𝑡)𝑍𝑛+1(𝑦)𝑑𝑦 = 0. (2.8)

We claim that if one choose 𝜇0𝑗 = 𝑏𝑗𝜇0(𝑡) for some positive constants 𝑏𝑗 , 𝑗 = 1,… , 𝑘 to be deter-

mined later, 𝜇0(𝑡) = 𝛾𝑛𝑡
− 1

𝑛−2 and 𝛾𝑛 is a positive constant depending only on 𝑛, identity (2.8) holds
atmain order. Observe that themain contribution term to the integral on the left-hand side of (2.8)

is

𝐸0𝑗 = 𝑝𝑈(𝑦𝑗)
𝑝−1

[
−𝜇𝑛−3𝑗 𝐻(𝑞𝑗 , 𝑞𝑗) +

∑
𝑖≠𝑗

𝜇
𝑛−2
2

−1

𝑗
𝜇

𝑛−2
2

𝑖
𝐺(𝑞𝑗 , 𝑞𝑖)

]

+ 𝜇−2𝑗 𝜇̇𝑗𝑈(𝑦𝑗)
𝑝−1𝑍𝑛+1(𝑦𝑗).

Then direct computations yield the following

∫ℝ𝑛
𝜇2𝑗 (𝑡)𝐸0𝑗(𝑦, 𝑡)𝑍𝑛+1(𝑦)𝑑𝑦

≈ 𝑐1

[
𝜇𝑛−1𝑗 𝐻(𝑞𝑗 , 𝑞𝑗) −

∑
𝑖≠𝑗

𝜇
𝑛−2
2

+1

𝑗
𝜇

𝑛−2
2

𝑖
𝐺(𝑞𝑗 , 𝑞𝑖)

]
+ 𝑐2𝜇̇𝑗

with

𝑐1 = −𝑝 ∫ℝ𝑛
𝑈(𝑦)𝑝−1𝑍𝑛+1(𝑦)𝑑𝑦,

𝑐2 = ∫ℝ𝑛
𝑈(𝑦)𝑝−1||𝑍𝑛+1(𝑦)||2𝑑𝑦.

Note that 𝑐1, 𝑐2 are finite positive numbers since we assume that 𝑛 ⩾ 3. Set

𝜇𝑗(𝑡) = 𝑏𝑗𝜇0(𝑡).

Then (2.8) holds at main order if we have the following identities

𝑏𝑛−2𝑗 𝐻(𝑞𝑗 , 𝑞𝑗) −
∑
𝑖≠𝑗

(𝑏𝑖𝑏𝑗)
𝑛−2
2 𝐺(𝑞𝑗 , 𝑞𝑖) + 𝑐2𝑐

−1
1 𝜇1−𝑛0 𝜇̇0 = 0 for all 𝑗 = 1,… , 𝑘. (2.9)

Set 𝑐2𝑐
−1
1 𝜇1−𝑛0 𝜇̇0 = − 2

𝑛−2
, we then have

𝜇̇0(𝑡) = −
2𝑐1𝑐

−1
2

𝑛 − 2
𝜇𝑛−10 (𝑡), (2.10)

with the solution 𝜇0(𝑡) = (
𝑐−11 𝑐2
2

)
1

𝑛−2 𝑡−
1

𝑛−2 . Furthermore, from the identities (2.9) and (2.10), the

constants 𝑏𝑗 must satisfy the following system

𝑏𝑛−3𝑗 𝐻(𝑞𝑗 , 𝑞𝑗) −
∑
𝑖≠𝑗

𝑏
𝑛−2
2

−1

𝑗
𝑏

𝑛−2
2

𝑖
𝐺(𝑞𝑗 , 𝑞𝑖) =

2
𝑛 − 2

1
𝑏𝑗

for all 𝑗 = 1,… , 𝑘. (2.11)
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System (2.11) can be viewed as the Euler–Lagrangian equation ∇𝑏𝐼(𝑏) = 0 for the functional

𝐼(𝑏) ∶=
1

𝑛 − 2

[
𝑘∑

𝑗=1

𝑏𝑛−2𝑗 𝐻(𝑞𝑗 , 𝑞𝑗) −
∑
𝑖≠𝑗

𝑏
𝑛−2
2

𝑗
𝑏

𝑛−2
2

𝑖
𝐺(𝑞𝑗 , 𝑞𝑖) −

𝑘∑
𝑗=1

ln 𝑏2𝑗

]
.

Set Λ𝑗 = 𝑏
𝑛−2
2

𝑗
, then we have

(𝑛 − 2)𝐼(𝑏) = 𝐼(Λ) =

[
𝑘∑

𝑗=1

𝐻(𝑞𝑗 , 𝑞𝑗)Λ
2
𝑗 −

∑
𝑖≠𝑗

𝐺(𝑞𝑗 , 𝑞𝑖)Λ𝑖Λ𝑗 −
𝑘∑

𝑗=1

lnΛ
4

𝑛−2
𝑗

]
.

By the same arguments as the solvability of (2.19) in [11], system (2.11) possesses a unique solution

with all its components be positive if and only if the matrix

(𝑞) =
⎡
⎢⎢⎢⎢⎣

𝐻(𝑞1, 𝑞1) −𝐺(𝑞1, 𝑞2) ⋯ −𝐺(𝑞1, 𝑞𝑘)
−𝐺(𝑞2, 𝑞1) 𝐻(𝑞2, 𝑞2) ⋯ −𝐺(𝑞2, 𝑞𝑘)

⋮ ⋮ ⋱ ⋮

−𝐺(𝑞𝑘, 𝑞1) −𝐺(𝑞𝑘, 𝑞2) ⋯ 𝐻(𝑞𝑘, 𝑞𝑘)

⎤
⎥⎥⎥⎥⎦

is positive definite. For the following solvability conditions of (2.6),

∫ℝ𝑛
𝜇

𝑛+2
2

𝑗
𝑆(𝑧̃)(𝑦, 𝑡)𝑍𝑖(𝑦)𝑑𝑦 = 0, 𝑖 = 1, … , 𝑛,

choose 𝜉0𝑗 = 𝑞𝑗 , then these identities can be satisfied at main order. Now we denote

𝜇̄0 = (𝜇01, … , 𝜇0𝑘) = (𝑏1𝜇0, … , 𝑏𝑘𝜇0)

and let Φ𝑗 be the unique solution of (2.6) for 𝜇 = 𝜇̄0. Then

Δ𝑦Φ𝑗 + 𝑝𝑈(𝑦)𝑝−1Φ𝑗 = −𝜇0𝑗𝐸0𝑗[𝜇̄0, 𝜇̇0𝑗] in ℝ𝑛, Φ𝑗(𝑦, 𝑡) → 0 as |𝑦|→ ∞.

From the definitions of 𝜇0 and 𝑏𝑗 as above, there holds

𝜇0𝑗𝐸0𝑗 = −𝛾̃𝑗𝜇
𝑛−2
0 𝑞0(𝑦),

where 𝛾̃𝑗 is a positive constant and

𝑞0(𝑦) ∶= 𝑝𝑈(𝑦)𝑝−1𝑐2 + 𝑐1𝑈(𝑦)𝑝−1𝑍𝑛+1(𝑦).

Let 𝑝0 = 𝑝0(|𝑦|) be the unique solution of Δ𝑦Φ + 𝑝𝑈(𝑦)𝑝−1Φ = 𝑞0, then 𝑝0(|𝑦|) = 𝑂(|𝑦|−2) as
|𝑦|→ ∞ and

Φ𝑗(𝑦, 𝑡) = 𝛾̃𝑗𝜇
𝑛−2
0 𝑝0(𝑦).
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Now we define the improved approximation as follows

𝑧(𝑥, 𝑡) = 𝑧̃(𝑥, 𝑡) + Φ̃(𝑥, 𝑡)

with

Φ̃(𝑥, 𝑡) =
𝑘∑

𝑗=1

𝜇
− 𝑛−2

2
𝑗

𝜂0(𝑥 − 𝑞𝑗)Φ𝑗

(
𝑥 − 𝜉𝑗
𝜇𝑗

, 𝑡

)

and 𝜂0(𝑥) is a smooth function defined on ℝ𝑛 which equals to 0 for 𝑥 ∈ ℝ𝑛 ⧵ 𝐵𝜖(0) and
equals to 1 for 𝑥 ∈ 𝐵 𝜖

2
(0), 𝜖 > 0 is a small but fixed positive number satisfying 0 < 𝜖 <

1
2
min{min𝑖≠𝑙,𝑖,𝑙=1,…,𝑘 |𝑞𝑖 − 𝑞𝑙|, min𝑖=1,…,𝑘 𝑑𝑖𝑠𝑡(𝑞𝑖 , 𝜕Ω)}. Here 𝑑𝑖𝑠𝑡(𝑥, 𝜕Ω) means the distance of 𝑥

to the boundary 𝜕Ω of Ω. Finally we set

𝜇(𝑡) ∶= (𝜇1, … , 𝜇𝑘) = 𝜇̄0 + 𝜆(𝑡) with 𝜆(𝑡) = (𝜆1(𝑡), … , 𝜆𝑘(𝑡)).

Then the following result on the estimate of 𝑆[𝑧] holds.

Lemma 2.1. For a fixed index 𝑗 and in the region |𝑥 − 𝑞𝑗| ⩽ 1
2
min{min𝑖≠𝑙,𝑖,𝑙=1,…,𝑘 |𝑞𝑖 −

𝑞𝑙|, min𝑖=1,…,𝑘 𝑑𝑖𝑠𝑡(𝑞𝑖 , 𝜕Ω)}, 𝑆[𝑧] has the following expansion form

𝑆[𝑧] =
𝑘∑

𝑗=1

𝜇
− 𝑛+2

2
𝑗

{
𝜇−10𝑗 𝜆̇𝑗𝑝𝑈(𝑦𝑗)

𝑝−1𝑍𝑛+1(𝑦𝑗) − 2𝜇−20𝑗 𝑏𝑗𝜇̇0𝜆𝑗𝑝𝑈(𝑦𝑗)
𝑝−1𝑍𝑛+1(𝑦𝑗)

−𝜇0𝑗𝜇
𝑛−4
0 𝑝𝑈(𝑦𝑗)

𝑝−1
𝑘∑
𝑖=1

𝑖𝑗𝜆𝑖 + 𝜇−2𝑗 𝑝𝑈(𝑦𝑗)
𝑝−1𝜉̇𝑗 ⋅∇𝑈(𝑦𝑗)

+𝜇𝑗𝑝𝑈(𝑦𝑗)
𝑝−1

[
−𝜇𝑛−2𝑗 ∇𝐻(𝑞𝑗 , 𝑞𝑗) +

∑
𝑖≠𝑗

𝜇
𝑛−2
2

𝑗
𝜇

𝑛−2
2

𝑖
∇𝐺(𝑞𝑗 , 𝑞𝑖)

]
⋅ 𝑦𝑗

}

+
𝑘∑

𝑗=1

𝜇
− 𝑛+2

2
𝑗

𝜆𝑗𝑏𝑗

[
𝑏−2𝑗 𝜇−20 𝜇̇0𝑝𝑈(𝑦𝑗)

𝑝−1𝑍𝑛+1(𝑦𝑗)

+𝑝𝑈(𝑦𝑗)
𝑝−1𝜇𝑛−30

(
−𝑏𝑛−4𝑗 𝐻(𝑞𝑗 , 𝑞𝑗) +

∑
𝑖≠𝑗

𝑏
𝑛−6
2

𝑗
𝑏

𝑛−2
2

𝑖
𝐺(𝑞𝑗 , 𝑞𝑖)

)]

+𝜇
− 𝑛+2

2
0

[
𝑘∑

𝑗=1

𝜇𝑛0g𝑗

1 + |𝑦𝑗|2
+

𝑘∑
𝑗=1

𝜇2𝑛−40 g𝑗

1 + |𝑦𝑗|2
+

𝑘∑
𝑗=1

𝜇𝑛−20 g𝑗

1 + |𝑦𝑗|4
𝜆𝑗

]

+𝜇
− 𝑛+2

2
0

[
𝑘∑

𝑗=1

𝜇𝑛−20 g⃗𝑗

1 + |𝑦𝑗|4
⋅ (𝜉𝑗 − 𝑞𝑗)

]

+𝜇
− 𝑛+2

2
0

[
𝜇𝑛−20

𝑘∑
𝑖,𝑗,𝑙=1

𝑝𝑈(𝑦𝑗)
𝑝−1𝑓𝑖𝑗𝑙𝜆𝑖𝜆𝑙 +

𝑘∑
𝑖,𝑗,𝑙=1

𝑓𝑖𝑗𝑙

1 + |𝑦𝑗|𝑛−2
𝜆𝑖𝜆̇𝑙

]

+𝜇
− 𝑛+2

2
0

[
𝜇𝑛+20 𝑓 + 𝜇𝑛−10

𝑘∑
𝑖=1

𝜇̇𝑖𝑓𝑖 + 𝜇𝑛0

𝑘∑
𝑖=1

𝜉̇𝑖𝑓𝑖

]
,
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where𝑥 = 𝜉𝑗 + 𝜇𝑗𝑦𝑗 ,𝑓𝑖 ,𝑓𝑖 ,𝑓,𝑓𝑖𝑗𝑙 , g𝑗 and g⃗𝑗 are smooth bounded functions of (𝜇
−1
0 𝜇, 𝜉, 𝑥), for 𝑖 = 𝑗,

𝑖𝑗 = (𝑛 − 3)𝑏𝑛−4𝑗 𝐻(𝑞𝑗 , 𝑞𝑗) − (
𝑛 − 2
2

− 1)
∑
𝑖≠𝑗

𝑏
𝑛−2
2

−2

𝑗
𝑏

𝑛−2
2

𝑖
𝐺(𝑞𝑗 , 𝑞𝑖),

for 𝑖 ≠ 𝑗,

𝑖𝑗 = −
𝑛 − 2
2

∑
𝑖≠𝑗

𝑏
𝑛−2
2

−1

𝑗
𝑏

𝑛−2
2

−1

𝑖
𝐺(𝑞𝑗 , 𝑞𝑖).

The proof is the same as that of Lemma 2.2 in [11], so we omit it here.

2.2 The inner-out gluing scheme

Now we use the ansatz

𝑢(𝑥, 𝑡) =
𝑘∑

𝑗=1

𝑧𝑗(𝑥, 𝑡) + 𝜙̃(𝑥, 𝑡)

for 𝑧𝑗(𝑥, 𝑡) = 𝑈𝜇𝑗 ,𝜉𝑗
(𝑥) − 𝜇

𝑛−2
2

𝑗
𝐻(𝑥, 𝑞𝑗) + 𝜇

− 𝑛−2
2

𝑗
𝜂0(𝑥 − 𝑞𝑗)Φ𝑗(

𝑥−𝜉𝑗
𝜇𝑗

, 𝑡), with this setting, problem

(2.1) becomes

−
((
𝑧 + 𝜙̃

)𝑝)
𝑡
+ Δ

(
𝑧 + 𝜙̃

)
+
(
𝑧 + 𝜙̃

)𝑝
= 0,

which can be linearized as

−𝑝𝑧𝑝−1𝜙̃𝑡 + Δ𝜙̃ + 𝑝𝑧𝑝−1𝜙̃ + 𝑆[𝑧] + 𝑁[𝜙̃] −
(
𝑁[𝜙̃]

)
𝑡 −

(
𝑝𝑧𝑝−1

)
𝑡𝜙̃ = 0. (2.12)

Here we denote

𝑁[𝜙̃] =
(
𝑧 + 𝜙̃

)𝑝
− 𝑧𝑝 − 𝑝𝑧𝑝−1𝜙̃.

Using the inner outer gluing method (see, for example, [11] and [19]), we write

𝜙̃(𝑥, 𝑡) = 𝜓(𝑥, 𝑡) + 𝜙𝑖𝑛(𝑥, 𝑡)

with

𝜙𝑖𝑛(𝑥, 𝑡) ∶=
𝑘∑

𝑗=1

𝜂𝑗,𝑅(𝑥, 𝑡)𝜙̃𝑗(𝑥, 𝑡)

𝜙̃𝑗(𝑥, 𝑡) = 𝜇
− 𝑛−2

2
0𝑗

𝜙

(
𝑥 − 𝜉𝑗
𝜇0𝑗

, 𝑡

)

and

𝜂𝑗,𝑅 = 𝜂

(
𝑥 − 𝜉𝑗
𝑅𝜇0𝑗

)
.
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Here 𝜂(𝑠) is a cut-off function satisfying 𝜂(𝑠) = 1 for 𝑠 < 1 and = 0 for 𝑠 > 2. The positive number
𝑅 is independent of 𝑡 but sufficiently large, for convenience, we choose it as

𝑅 = 𝑡𝜀0, with 0 < 𝜀 ≪ 1 (2.13)

with 𝑡0 being chosen large enough and 𝜀 is small enough. Then 𝜙̃ solves equation (2.12) if 𝜓 and

𝜙𝑖𝑛 satisfy the following system of two problems, respectively,

⎧
⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝑝𝑧𝑝−1𝜓𝑡 = Δ𝜓 + 𝑉𝜇,𝜉𝜓 +
𝑘∑

𝑗=1

[
2∇𝜂𝑗,𝑅∇𝑥𝜙̃𝑗 + 𝜙̃𝑗

(
Δ𝑥 − 𝑝𝑈𝑝−1

𝑗
𝜕𝑡

)
𝜂𝑗,𝑅

]

+ 𝑆∗,𝑜𝑢𝑡
𝜇,𝜉

+𝑁[𝜙̃] −
(
𝑁[𝜙̃]

)
𝑡 −

(
𝑝𝑧𝑝−1

)
𝑡𝜙̃

− 𝑝𝑧𝑝−1𝜕𝑡

𝑘∑
𝑗=1

𝜂𝑗,𝑅𝜙̃𝑗 +
𝑘∑

𝑗=1

𝑝𝑈𝑝−1
𝑗

𝜕𝑡
(
𝜂𝑗,𝑅𝜙̃𝑗

)
in Ω× [𝑡0, +∞),

𝜓 = 0 on 𝜕Ω × [𝑡0, +∞)

(2.14)

and

𝑝𝑈𝑝−1
𝑗

𝜕𝑡𝜙̃𝑗 = Δ𝜙̃𝑗 + 𝑝𝑈𝑝−1
0 𝜙̃𝑗 + 𝑝𝑈𝑝−1

0 𝜓 + 𝑆∗,𝑖𝑛
𝜇,𝜉,𝑗

in 𝐵2𝑅𝜇0(𝜉𝑗) × [𝑡0, +∞). (2.15)

Here

𝑉𝜇,𝜉 =
𝑘∑

𝑗=1

𝑝
⎛
⎜⎜⎝
𝑧𝑝−1 −

(
𝜇
− 𝑛−2

2
𝑗

𝑈

(
𝑥 − 𝜉𝑗
𝜇𝑗

))𝑝−1⎞
⎟⎟⎠
𝜂𝑗,𝑅 + 𝑝

(
1 −

𝑘∑
𝑗=1

𝜂𝑗,𝑅

)
𝑧𝑝−1,

𝑈𝑗 ∶= 𝜇
− 𝑛−2

2
𝑗

𝑈

(
𝑥 − 𝜉𝑗
𝜇𝑗

)
,

𝑆∗,𝑖𝑛
𝜇,𝜉,𝑗

(𝑦, 𝑡) = 𝜇
− 𝑛+2

2
𝑗

{
𝜇−10𝑗 𝜆̇𝑗𝑝𝑈(𝑦)𝑝−1𝑍𝑛+1(𝑦) − 2𝜇−20𝑗 𝑏𝑗𝜇̇0𝜆𝑗𝑝𝑈(𝑦)𝑝−1𝑍𝑛+1(𝑦)

− 𝜇0𝑗𝜇
𝑛−4
0 𝑝𝑈(𝑦)𝑝−1

𝑘∑
𝑖=1

𝑖𝑗𝜆𝑖 + 𝜇−2𝑗 𝑝𝑈(𝑦)𝑝−1𝜉̇𝑗 ⋅∇𝑈(𝑦)

+ 𝜇𝑗𝑝𝑈(𝑦)𝑝−1
[
−𝜇𝑛−2𝑗 ∇𝐻(𝑞𝑗 , 𝑞𝑗) +

∑
𝑖≠𝑗

𝜇
𝑛−2
2

𝑗
𝜇

𝑛−2
2

𝑖
∇𝐺(𝑞𝑗 , 𝑞𝑖)

]
⋅ 𝑦

}

+ 𝜇
− 𝑛+2

2
𝑗

𝜆𝑗𝑏𝑗

[
𝑏−2𝑗 𝜇−20 𝜇̇0𝑝𝑈(𝑦)𝑝−1𝑍𝑛+1(𝑦)

+𝑝𝑈(𝑦)𝑝−1𝜇𝑛−30

(
−𝑏𝑛−4𝑗 𝐻(𝑞𝑗 , 𝑞𝑗) +

∑
𝑖≠𝑗

𝑏
𝑛−6
2

𝑗
𝑏

𝑛−2
2

𝑖
𝐺(𝑞𝑗 , 𝑞𝑖)

)]

and

𝑆∗,𝑜𝑢𝑡
𝜇,𝜉

=

(
𝑆[𝑧] −

𝑘∑
𝑗=1

𝑆∗,𝑖𝑛
𝜇,𝜉,𝑗

)
+

𝑘∑
𝑗=1

(1 − 𝜂𝑗,𝑅)𝑆
∗,𝑖𝑛
𝜇,𝜉,𝑗

.
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Under the self-similar coordinates, equation (2.15) can be rewritten as

𝑝𝑈𝑝−1𝜕𝑡𝜙𝑗 = Δ𝜙 + 𝑝𝑈𝑝−1𝜙𝑗 + 𝐵1[𝜙𝑗] + 𝐵2[𝜙𝑗] + 𝐵3[𝜙𝑗]

+ 𝑝𝜇
𝑛−2
2

0𝑗

𝜇2
0𝑗

𝜇2
𝑗

𝑈𝑝−1

(𝜇0𝑗
𝜇𝑗

𝑦

)
𝜓(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡) + 𝜇

𝑛+2
2

0𝑗
𝑆∗,𝑖𝑛
𝜇,𝜉,𝑗

(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡)

in 𝐵2𝑅(0) × [𝑡0, +∞).

(2.16)

Here

𝐵1[𝜙𝑗] = 𝑝𝑈𝑝−1𝜕𝑡𝜙𝑗 − 𝑝
𝜇2
0𝑗

𝜇2
𝑗

𝑈𝑝−1

(𝜇0𝑗
𝜇𝑗

𝑦

)
𝜕𝑡𝜙𝑗 ,

𝐵2[𝜙𝑗] = 𝜇0𝑗𝜇̇0𝑗

(𝑛 − 2
2

𝜙𝑗 + 𝑦 ⋅∇𝑦𝜙𝑗

)
+ 𝜇0𝑗∇𝜙𝑗 ⋅ 𝜉̇𝑗 ,

𝐵3[𝜙𝑗] = 𝑝

[
𝑈𝑝−1

(𝜇0𝑗
𝜇𝑗

𝑦

)
−𝑈𝑝−1(𝑦)

]
𝜙𝑗 + 𝑝

[
𝜇2
0𝑗

𝜇2
𝑗

− 1

]
𝑈𝑝−1

(𝜇0𝑗
𝜇𝑗

𝑦

)
𝜙𝑗 .

(2.14) is the so-called outer problem, (2.16) or (2.15) is the inner problem. In Section 3, we solve

the outer problem (2.14) as a function of 𝜆, 𝜉 and 𝜙. In Section 4, we solve the inner problem (2.15)

based on a linear theory and suitably choose of the parameter functions 𝜆, 𝜉.

3 THE OUTER PROBLEM (2.14)

3.1 Linear theory for (2.14)

In this subsection, we consider the linear equation of the outer problem

⎧⎪⎪⎨⎪⎪⎩

𝑝𝑧𝑝−1𝜓𝑡 = Δ𝜓 + 𝑉𝜇,𝜉𝜓 + 𝑓(𝑥, 𝑡) in Ω× [𝑡0, +∞),

𝜓(𝑥, 𝑡) = 0 on 𝜕Ω × [𝑡0, +∞),

𝜓(𝑥, 𝑡0) = ℎ(𝑥) on Ω,

(3.1)

First we consider the𝐻2-estimate of (3.1). We have

Lemma 3.1. Suppose ‖g‖𝐿2𝑡0 ,𝜈 < +∞ and ‖ℎ‖𝐿2(Ω) < +∞, there exists a solution 𝜓 = 𝜓(𝑥, 𝑡) of the

following problem

⎧
⎪⎪⎨⎪⎪⎩

−𝑝𝑧𝑝−1𝜓𝑡 + Δ𝜓 + 𝑉𝜇,𝜉𝜓 + 𝑧𝑝−1g = 0 inΩ× [𝑡0, +∞),

𝜓 = 0 on 𝜕Ω × [𝑡0, +∞),

𝜓(⋅, 𝑡0) = ℎ(𝑥) onΩ,

(3.2)
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furthermore, there exists a positive constant 𝐶 such that

‖𝜓‖𝐻2
𝑡0
,𝜈 ⩽ 𝐶

(
‖ℎ‖𝐿2(Ω) + ‖g‖𝐿2𝑡0 ,𝜈

)
(3.3)

holds for 𝑡0 sufficiently large and 𝜈 > 0.

Notations. For Λ𝜏 ∶= Ω × [𝜏, 𝜏 + 1] and 𝜈 > 0, we define

‖𝜓(⋅, 𝜏)‖𝐿2 =
(
∫Ω |𝜓(⋅, 𝜏)|

2𝑧𝑝−1𝑑𝑥

) 1
2

,

‖𝜓‖𝐿2(Λ𝜏)
=

(
∫ ∫Λ𝜏

|𝜓|2𝑧𝑝−1𝑑𝑥𝑑𝑡
) 1

2

,

‖𝜓‖𝐻1(Λ𝜏)
= ‖𝜓‖𝐿2(Λ𝜏)

+ ‖𝑧− 𝑝−1
2 ∇𝜓‖𝐿2(Λ𝜏)

,

‖𝜓‖𝐻2(Λ𝜏)
= ‖𝜓𝑡‖𝐿2(Λ𝜏)

+ ‖𝑧− 𝑝−1
2 Δ𝜓‖𝐿2(Λ𝜏)

+ ‖𝜓‖𝐻1(Λ𝜏)
,

‖𝜓‖𝐿2𝑡0 ,𝜈 = sup
𝜏>𝑡0

𝜇−𝜈0 ‖𝜓‖𝐿2(Λ𝜏)
,

‖𝜓‖𝐻1
𝑡0
,𝜈 = sup

𝜏>𝑡0
𝜇−𝜈0 ‖𝜓‖𝐻1(Λ𝜏)

,

‖𝜓‖𝐻2
𝑡0
,𝜈 = sup

𝜏>𝑡0
𝜇−𝜈0 ‖𝜓‖𝐻2(Λ𝜏)

.

For 𝑠 > 𝑡0, we also define

‖𝜓‖𝐿2𝑡0,𝑠 ,𝜈 = sup
𝑡0<𝜏<𝑠

𝜇−𝜈0 ‖𝜓‖𝐿2(Λ𝜏)
,

‖𝜓‖𝐻1
𝑡0,𝑠

,𝜈 = sup
𝑡0<𝜏<𝑠

𝜇−𝜈0 ‖𝜓‖𝐻1(Λ𝜏)
,

‖𝜓‖𝐻2
𝑡0,𝑠

,𝜈 = sup
𝑡0<𝜏<𝑠

𝜇−𝜈0 ‖𝜓‖𝐻2(Λ𝜏)
.

Proof. First, we consider the following problem

⎧⎪⎪⎨⎪⎪⎩

−𝑝𝑧𝑝−1𝜓𝑡 + Δ𝜓 + 𝑉𝜇,𝜉𝜓 + 𝑧𝑝−1g = 0 in Ω× [𝑡0, 𝑠),

𝜓(⋅, 𝑡0) = ℎ(𝑥) in Ω,

𝜓 = 0 on 𝜕Ω × [𝑡0, 𝑠).

(3.4)

Multiply (3.4) with 𝜓 and take integration over Ω, we have

𝑝

2
𝑑
𝑑𝑡 ∫Ω 𝜓2𝑧𝑝−1𝑑𝑥 = ∫Ω

(
Δ𝜓𝜓 + 𝑉𝜇,𝜉𝜓

2 +
𝑝(𝑝 − 1)

2

𝑧𝑡
𝑧
𝜓2𝑧𝑝−1 + g𝜓𝑧𝑝−1

)
𝑑𝑥.
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Integrate by parts (since we have assumed that the boundary condition is zero) and use the

Cauchy–Schwarz inequality, there holds

𝑝

2
𝑑
𝑑𝑡 ∫Ω 𝜓2𝑧𝑝−1𝑑𝑥 + ∫Ω |∇𝜓|

2 ⩽ ∫Ω g
2𝑧𝑝−1𝑑𝑥 + ∫Ω 𝜓2𝑧𝑝−1𝑑𝑥 + 𝜇𝑛−20 (𝑡)∫Ω 𝜓2𝑧𝑝−1𝑑𝑥.

In the above inequality, we have used the fact that | 𝑧𝑡
𝑧
| ≲ 𝜇𝑛−20 (𝑡). Indeed, this is

an Aronson–Bénilan type inequality in the setting of fast diffusion equation (see, for

example, [14]). Observe that in the domain Ω ⧵ 𝐵𝜀(𝜉) away from the blow-up point

(for simplicity, we assume 𝑘 = 1 and denote 𝜇𝑗 as 𝜇, denote 𝜉𝑗 as 𝜉), 𝑧 = 𝑧̃ and

𝑐 1
𝑡
Δ𝑧̃ − 𝜕𝑡Δ𝑧̃ = −𝑐 𝜇

− 𝑛+2
2

𝑡
𝑈

𝑛+2
𝑛−2 (𝑦) + 𝜇−

𝑛+2
2 (−𝑛+2

2
𝜇̇
𝜇
)𝑈

𝑛+2
𝑛−2 (𝑦) + 𝜇−

𝑛+2
2

𝑛+2
𝑛−2

𝑈
4

𝑛−2 (𝑦)∇𝑈(𝑦) ⋅

𝑦(− 𝜇̇
𝜇
) + 𝜇−

𝑛+2
2

𝑛+2
𝑛−2

𝑈
4

𝑛−2 (𝑦)∇𝑈(𝑦) ⋅ (− 𝜉̇
𝜇
). Now if we choose the constant 𝑐 > 0 such

that − 𝑐
𝑡
− 𝑛+2

2
𝜇̇
𝜇
≈ − 𝑐

𝑡
+ 𝑛+2

2
𝜇𝑛−20 (𝑡) = − 𝑐

𝑡
+ 𝑛+2

2
1
𝑡
= 0, we obtain that 𝑐 1

𝑡
Δ𝑧̃ − 𝜕𝑡Δ𝑧̃ <

𝜇−
𝑛+2
2

𝑛+2
𝑛−2

𝑈
4

𝑛−2 (𝑦)∇𝑈(𝑦) ⋅ 𝑦(− 𝜇̇
𝜇
) + 𝜇−

𝑛+2
2

𝑛+2
𝑛−2

𝑈
4

𝑛−2 (𝑦)∇𝑈(𝑦) ⋅ (− 𝜉̇
𝜇
) < 0. That is to say we

have Δ(𝑐 1
𝑡
𝑧̃ − 𝜕𝑡𝑧̃) < 0 on Ω ⧵ 𝐵𝜖(𝜉), moreover, there hold

1
𝑡
𝑧̃ − 𝜕𝑡𝑧̃ = 0 on 𝜕Ω as well as the

estimate 𝑐 1
𝑡
𝑧̃ − 𝜕𝑡𝑧̃ = 𝑐 𝜇

− 𝑛−2
2

𝑡
𝑈(𝑦) − 𝜇−

𝑛−2
2 (−𝑛−2

2
𝜇̇
𝜇
)𝑈(𝑦) − 𝜇−

𝑛−2
2 ∇𝑈(𝑦) ⋅ 𝑦(− 𝜇̇

𝜇
) − 𝜇−

𝑛−2
2 ∇𝑈(𝑦) ⋅

(− 𝜉̇
𝜇
) − 𝑐 𝜇

− 𝑛−2
2

𝑡
𝜇𝑛−2𝐻𝜇(𝑥, 𝑞) + 𝜇−

𝑛−2
2 (−𝑛−2

2
𝜇̇
𝜇
)𝜇𝑛−2𝐻𝜇(𝑥, 𝑞) + 𝜇−

𝑛−2
2 𝜇𝑛−2((𝑛 − 2) 𝜇̇

𝜇
)𝐻𝜇(𝑥, 𝑞) > 0

on 𝜕𝐵𝜖(𝜉) when 𝑡0 is large enough. From this, we see that 𝑐
𝑡
𝑧̃ − 𝜕𝑡𝑧̃ > 0 in Ω ⧵ 𝐵𝜖(𝜉), which

implies
𝜕𝑡𝑧

𝑧
⩽ 𝑐

𝑡
inΩ ⧵ 𝐵𝜖(𝜉). Similarly,

𝜕𝑡𝑧

𝑧
⩾ 𝑐′

𝑡
for some 𝑐′ < 0 and hence | 𝜕𝑡𝑧

𝑧
| ⩽ 𝑐′′

𝑡
inΩ ⧵ 𝐵𝜖(𝜉)

for some positive number 𝑐′′ > 0. In the domain 𝐵𝜖(𝜉), the estimate | 𝜕𝑡𝑧𝑧 | ⩽ 𝑐′′𝜇𝑛−20 (𝑡) is obvious

since the main term of 𝑧̃ is 𝜇−
𝑛−2
2 𝑈(𝑦).

For 𝜏 ∈ [𝑡0, 𝑠 − 1], we set 𝜂(𝑡) = 𝑡 − 𝜏, then

𝑑
𝑑𝑡

(
𝜂(𝑡)∫Ω 𝜓2𝑧𝑝−1𝑑𝑥

)
+ 𝜂(𝑡)∫Ω |∇𝜓|

2 ⩽ ∫Ω(𝜓
2 + g

2)𝑧𝑝−1𝑑𝑥 + 𝜇𝑛−20 (𝑡)∫Ω 𝜓2𝑧𝑝−1𝑑𝑥

holds for any 𝑡 ∈ [𝜏, 𝜏 + 1]. Integrate this inequality on [𝜏, 𝜏 + 1], we obtain

∫Ω 𝜓2(⋅, 𝜏 + 1)𝑧𝑝−1𝑑𝑥 + ∫Λ𝜏

𝜂(𝑡)|∇𝜓|2𝑑𝑥 ⩽ ‖𝜓‖2
𝐿2(Λ𝜏)

+ ‖g‖2
𝐿2(Λ𝜏)

+
1
𝜏
‖𝜓‖2

𝐿2(Λ𝜏)
.

Multiply (3.4) with 𝜓𝑡 and take integration over Ω, we have

∫Ω 𝜓2
𝑡 𝑧

𝑝−1𝑑𝑥 +
𝑑
𝑑𝑡 ∫Ω

(|∇𝜓|2 − 𝑝𝜓2𝑧𝑝−1
)
𝑑𝑥

⩽ ∫Ω(𝜓
2 + g

2)𝑧𝑝−1𝑑𝑥 + 𝜇𝑛−20 (𝑡)∫Ω 𝜓2𝑧𝑝−1𝑑𝑥

and

∫Ω𝜂(𝑡)𝜓
2
𝑡 𝑧

𝑝−1𝑑𝑥 + ∫Ω
(|∇𝜓|2 − 𝑝𝜓2𝑧𝑝−1

)
(⋅, 𝜏 + 1)𝑑𝑥

⩽ ‖𝜓‖2
𝐿2(Λ𝜏)

+ ‖g‖2
𝐿2(Λ𝜏)

+ 𝜇𝑛−20 (𝑡)‖𝜓‖2
𝐿2(Λ𝜏)

.
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Therefore, we have

‖𝜓‖𝐿2𝑡0,𝑠 ,𝜈 ⩽ ‖𝜓‖𝐿2𝑡0,𝑠 ,𝜈 + ‖g‖𝐿2𝑡0,𝑠 ,𝜈,

‖𝜓𝑡‖𝐿2𝑡0,𝑠 ,𝜈 ⩽ ‖𝜓‖𝐿2𝑡0,𝑠 ,𝜈 + ‖g‖𝐿2𝑡0,𝑠 ,𝜈
and

‖𝑧−(𝑝−1)Δ𝜓‖𝐿2𝑡0,𝑠 ,𝜈 ⩽ ‖𝜓‖𝜈
𝐿2𝑡0,𝑠

+ ‖g‖𝐿2𝑡0,𝑠 ,𝜈.

The above estimates implies ‖𝜓‖𝐻2
𝑡0,𝑠

,𝜈 ⩽ 𝐶(‖𝜓‖𝐿2𝑡0,𝑠 ,𝜈 + ‖g‖𝐿2𝑡0,𝑠 ,𝜈). Since ∫Ω𝑉𝜇,𝜉𝜓
2𝑑𝑥 ⩽

𝑜( 1
𝑅
) ∫Ω 𝜓2𝑧𝑝−1𝑑𝑥, then standard parabolic estimate shows that

‖𝜓‖𝐿2𝑡0,𝑠 ,𝜈 ⩽ 𝐶
(
‖g‖𝐿2𝑡0,𝑠 ,𝜈 + ‖ℎ‖𝐿2𝑡0,𝑠 ,𝜈

)
.

Thus we have

‖𝜓‖𝐻2
𝑡0,𝑠

,𝜈 ⩽ 𝐶
(
‖g‖𝐿2𝑡0,𝑠 ,𝜈 + ‖ℎ‖𝐿2𝑡0,𝑠 ,𝜈

)
.

Second, we consider the solution 𝜓𝑅,𝑠(𝑥, 𝑡) of the following problem

⎧
⎪⎪⎨⎪⎪⎩

𝑝𝑧𝑝−1𝜓𝑡 = Δ𝜓 + 𝑉𝜇,𝜉𝜓 + 𝑧𝑝−1g in 𝑄𝑅,𝑠,

𝜓(⋅, 𝑡0) = ℎ(𝑥) in Ω 1
𝑅
,

𝜓(𝑥, 𝑡) = 0 on 𝜕Ω 1
𝑅
× [𝑡0, 𝑠),

(3.5)

where 𝑄𝑅,𝑠 = Ω 1
𝑅
× [𝑡0, 𝑠] and Ω 1

𝑅
∶= {𝑥 ∈ Ω |𝑑𝑖𝑠𝑡(𝑥, 𝜕Ω) < 1

𝑅
}, 𝑑𝑖𝑠𝑡(𝑥, 𝜕Ω) means the distance

of 𝑥 to the boundary 𝜕Ω of Ω. Problem (3.5) is a nondegenerate parabolic one, from standard

parabolic theory, there exists a unique solution of (3.5). Then by the same arguments as above, we

have

‖𝜓𝑅,𝑠‖𝐻2
𝑡0,𝑠

,𝜈 ⩽ 𝐶0

(
‖g‖𝐿2𝑡0,𝑠 ,𝜈 + ‖ℎ‖𝐿2𝑡0,𝑠 ,𝜈

)
.

Here 𝐶0 is independent of 𝑅 and 𝑠. Let 𝑅𝑗 → +∞ and set Λ𝜏0,𝑠
= Ω× [𝑡0, 𝑠], then 𝜓

𝑅𝑗 ,𝑠 converges

in 𝐶∞(Λ𝜏0,𝑠
) to a smooth solution 𝜓𝑠 on Λ𝜏0,𝑠

.

Finally, we take a sequence 𝑠𝑗 → +∞, for each 𝑠𝑗, there exists solution 𝜓
𝑠𝑗 satisfying the a priori

estimates (3.3) independent of 𝑠𝑗 . For every compact subset𝐾 ⊂ Ω× (𝑡0, +∞), standard parabolic
theory can be applied to get higher order derivative estimates for 𝜓𝑠, then by the Arzela–Ascoli

theorem, 𝜓𝑠𝑗 converges to a smooth solution 𝜓 of (3.2) defined on Ω× (𝑡0, +∞). By taking limits,
we know that estimate (3.3) also hold, which completes the proof. □

In the region ∪𝑘
𝑗=1

𝐵2𝜇𝑗𝑅(𝜉𝑗), we consider the following model problem of (2.14),

⎧⎪⎨⎪⎩

𝑝𝑧𝑝−1𝜓𝑡 = Δ𝜓 + 𝑉𝜇,𝜉𝜓 + 𝑓𝑗(𝑥, 𝑡) in 𝐵2𝜇𝑗𝑅(𝜉𝑗) × [𝑡0, +∞),

𝜓(⋅, 𝑡0) = ℎ𝑗(𝑥) on 𝐵2𝜇𝑗𝑅(𝜉𝑗),
(3.6)
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872 SIRE et al.

𝑗 = 1,… , 𝑘. For 𝛼, 𝛽 > 0, we assume 𝑓𝑗(𝑥, 𝑡) satisfies

|𝑓𝑗(𝑥, 𝑡)| ⩽ 𝑀
𝜇−20 𝜇𝛽0

1 + |𝑦|2+𝛼 (3.7)

and denote by ‖𝑓𝑗‖∗,𝛽,2+𝛼 the least𝑀 such that (3.7) holds. It is convenient to lift (3.6) onto the

standard sphere 𝕊𝑛. Let us recall some facts about the conformal Laplacian on 𝕊𝑛 first.

Conformal Laplacian on 𝕊𝑛. Let 𝜋 ∶ ℝ𝑛 → 𝕊𝑛 be the stereographic projection given by

𝜋(𝑦1, … , 𝑦𝑛) =

(
2𝑦

1 + |𝑦|2 ,
|𝑦|2 − 1

|𝑦|2 + 1

)
.

For a function 𝜙 ∶ ℝ𝑛 → ℝ, we define the lifted function 𝜙̃ of 𝜙 on 𝕊𝑛 by the relation

𝜙(𝑦) = 𝜙̃(𝜋(𝑦))

(
2

1 + |𝑦|2
) 𝑛−2

2

, 𝑦 ∈ ℝ𝑛. (3.8)

The conformal Laplacian on 𝕊𝑛 can be defined as

𝑃 = Δ𝕊𝑛 −
1
4
𝑛(𝑛 − 2),

here Δ𝕊𝑛 is the Laplace–Beltrami operator on 𝕊𝑛. Then the following well-known property holds

(
2

1 + |𝑦|2
) 𝑛+2

2

𝑃(𝜙̃)◦𝜋 = Δℝ𝑛𝜙

for 𝜙 and 𝜙̃ satisfying the relation (3.8). Using idea of Lemma 4.1 in [11], we have the following

result.

Lemma 3.2. Suppose ‖𝑓𝑗‖∗,𝛽,2+𝛼 < +∞ for some 𝛼 > 0 and 𝛽 > 0. Then there exists a solution
𝜓 = 𝜓[𝑓𝑗 , ℎ𝑗] of (3.6) satisfying the following estimates

|𝜓(𝑥, 𝑡)| ≲ ‖𝑓𝑗‖∗,𝛽,2+𝛼
𝑘∑

𝑗=1

𝜇𝛽0 (𝑡)

1 + |𝑦𝑗|𝛼

+
𝑘∑

𝑗=1

𝑒−𝛿(𝑡−𝑡0)‖ℎ𝑗(𝑥)‖𝐿∞(𝐵𝜇𝑗𝑅(𝜉𝑗))
,

|𝜕𝑡𝜓(𝑥, 𝑡)| ≲ ‖𝑓𝑗‖∗,𝛽,2+𝛼
𝑘∑

𝑗=1

𝜇𝛽0 (𝑡)

1 + |𝑦𝑗|𝛼−2

and

|∇𝜓(𝑥, 𝑡)| ≲ ‖𝑓𝑗‖∗,𝛽,2+𝛼
𝑘∑

𝑗=1

𝜇−1+𝛽0 (𝑡)

1 + |𝑦𝑗|𝛼−1
,

here 𝑦𝑗 ∶=
𝑥−𝜉𝑗
𝜇𝑗

.
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Proof. Now we lift (3.6) to the sphere, we get the following equation

⎧⎪⎨⎪⎩

(1 + 𝑎(𝑦̃, 𝑡))𝜓̃𝑡 = Δ𝕊𝑛 𝜓̃ −
1
4
𝑛(𝑛 − 2)𝜓̃ + 𝑉̃𝜇,𝜉𝜓̃ + 𝑓(𝑦̃, 𝑡) in 𝐵̃2𝑅 × [𝑡0, +∞),

𝜓(⋅, 𝑡0) = ℎ̃(𝑦̃) on 𝐵̃2𝑅.

(3.9)

Here𝜓(𝑦) = 𝜓̃(𝑦̃)( 2
1+|𝑦|2 )

𝑛−2
2 , 𝑦̃ = 𝜋(𝑦), 𝑦 =

𝑥−𝜉𝑗
𝜇𝑗

∈ 𝐵2𝑅(0) and 𝐵̃2𝑅 ∶= 𝜋(𝐵2𝑅(0)), the functions 𝑓,

g̃ and ℎ̃ are defined similarly, furthermore 𝑉̃𝜇,𝜉(𝑦̃, 𝑡) = 𝜇2
𝑗
(1 + |𝑦|2)2𝑉𝜇,𝜉(𝑦, 𝑡), |𝑎(𝑦̃, 𝑡)| < 𝜖 for a

small number 𝜖 > 0. Note that the function 𝑓(𝑦̃, 𝑡) satisfies the estimate

|𝑓(𝑦̃, 𝑡)| ≲ ‖𝑓‖∗,𝛽,2+𝛼𝜇𝛽0 (𝜋 − |𝑦̃|)𝛼−𝑛.

Here |𝑦̃|means the geodesic distance of the point 𝑦̃ to the south pole in 𝕊𝑛. Let 𝜓̃1 be the solution
of the following equation

⎧
⎪⎨⎪⎩

(1 + 𝑎(𝑦̃, 𝑡))𝜕𝑡𝜓̃ = Δ𝕊𝑛 𝜓̃ −
1
4
𝑛(𝑛 − 2)𝜓̃ in 𝐵̃2𝑅 × [𝑡0,∞),

𝜓̃(⋅, 𝑡0) = ℎ̃ in 𝐵̃2𝑅.

(3.10)

Suppose 𝑣(𝑦̃) is the bounded solution of Δ𝕊𝑛𝑣 −
1
4
𝑛(𝑛 − 2)𝑣 + 1 = 0 in 𝐵̃2𝑅 satisfying 𝑣 = 1 on

𝜕𝐵̃2𝑅. Then 𝑣 ⩾ 1 in 𝐵̃2𝑅 and the function

𝜓̄(𝑦̃, 𝑡) = 𝑒−𝛿(𝑡−𝑡0)‖ℎ̃‖𝐿∞(𝐵̃2𝑅)
𝑣(𝑦̃)

is a super-solution of (3.10). Hence |𝜓1(𝑦̃, 𝑡)| ⩽ 𝜓̄.
Now suppose 𝜓̃2(𝑦̃, 𝑡) is the unique solution of (3.9) with ℎ̃ = 0. Let 𝑝(𝑦̃) be the positive solution

of the equation

Δ𝕊𝑛𝑝 −
1
4
𝑛(𝑛 − 2)𝑝 + 4𝑞 = 0 in 𝕊𝑛

with 𝑞(𝑦̃) = 1
(𝜋−|𝑦̃|)𝑛−𝛼 . Then by Riesz kernel (see, for example, [18]), we get 𝑝(𝑦̃) ∼

1
(𝜋−|𝑦̃|)𝑛−𝛼−2 .

For a fixed small 𝛿 > 0, we have

Δ𝕊𝑛𝑝 −
1
4
𝑛(𝑛 − 2)𝑝 + 𝛿(𝜋 − |𝑦̃|)−2𝑝 + 2𝑞 ⩽ 0 in 𝕊𝑛.

Observe that |𝑉̃𝜇,𝜉| ⩽ 𝛿(𝜋 − |𝑦̃|)−2, then it is easy to see that 𝜓̃(𝑦̃, 𝑡) = 2𝜇𝛽0𝑝 is a positive super-

solution to

(1 + 𝑎(𝑦̃, 𝑡))𝜕𝑡𝜓̃ = Δ𝕊𝑛 𝜓̃ −
1
4
𝑛(𝑛 − 2)𝜓̃ + 𝑉̃𝜇,𝜉𝜓̃ + 𝜇𝛽0𝑞

for 𝑡 > 𝑡0 and 𝑡0 is large enough. Therefore, one has

|𝜓̃2(𝑦̃, 𝑡)| ≲ 𝜇𝛽0‖𝑓‖∗,𝛽,2+𝛼
1

(𝜋 − |𝑦̃|)𝑛−𝛼−2 .
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Hence 𝜓̃ = 𝜓̃1 + 𝜓̃2 satisfies the estimate

|𝜓̃(𝑦̃, 𝑡)| ≲ ‖𝑓‖∗,𝛽,2+𝛼𝜇𝛽0 (𝑡)
1

(𝜋 − |𝑦̃|)𝑛−𝛼−2
+ 𝑡−𝛾‖𝜏𝛾g̃(𝑦̃, 𝜏)‖𝐿∞(𝜕𝐵̃2𝑅×[𝑡0,∞)) + 𝑒−𝛿(𝑡−𝑡0)‖ℎ̃‖𝐿∞(𝐵̃2𝑅)

.

Finally, scaling arguments imply

|𝜕𝑡𝜓̃(𝑦̃, 𝑡)| ≲ ‖𝑓‖∗,𝛽,2+𝛼𝜇𝛽0 (𝑡)
1

(𝜋 − |𝑦̃|)𝑛−𝛼
and

|∇𝜓̃(𝑦̃, 𝑡)| ≲ ‖𝑓‖∗,𝛽,2+𝛼𝜇𝛽0 (𝑡)
1

(𝜋 − |𝑦̃|)𝑛−𝛼−1 for 𝑦̃ ∈ 𝐵̃2𝑅.

Projected to ℝ𝑛, we obtain the desired estimates. □

Combine the above discussions, we have the following linear theory for the outer problem.

Define the norm ‖𝜓‖∗∗,𝛽,𝛼,𝜈 of 𝜓 as the least positive number such that

(1 + |𝑦|)−1𝜇0|∇𝜓(𝑥, 𝑡)|𝜒∪𝑘
𝑗=1

𝐵2𝑅𝜇𝑗 (𝜉𝑗)
+ (1 + |𝑦|)−2|𝜕𝑡𝜓(𝑥, 𝑡)|𝜒∪𝑘

𝑗=1
𝐵2𝑅𝜇𝑗 (𝜉𝑗)

+ |𝜓(𝑥, 𝑡)|𝜒∪𝑘
𝑗=1

𝐵2𝑅𝜇𝑗 (𝜉𝑗)
≲ 𝑀

𝑘∑
𝑗=1

𝜇𝛽0 (𝑡)

1 + |𝑦𝑗|𝛼

and

‖𝜓‖𝐻2
𝑡0
,𝜈 ≲ 𝑀.

Also we define ‖𝑓‖∗,𝛽,2+𝛼,𝜈 = ‖𝑓𝜒∪𝑘
𝑗=1

𝐵2𝑅𝜇𝑗 (𝜉𝑗)
‖∗,𝛽,2+𝛼 + ‖𝑧1−𝑝𝑓‖𝐿2𝑡0 ,𝜈. From Lemmas 3.1 and 3.2,

we have the following result.

Proposition 3.1. There exists a bounded linear operator 𝑇 which maps functions 𝑓 ∶ Ω ×
(𝑡0, +∞) → ℝ, ℎ ∶ Ω → ℝ with ‖𝑓‖∗,𝛽,2+𝛼,𝜈 < ∞, ‖ℎ‖𝐿2𝑡0 ,𝜈 < +∞ into a solution 𝜓 = 𝑇(𝑓, g) of

(3.1), furthermore, the following estimate holds

‖𝜓‖∗∗,𝛽,𝛼,𝜈 ⩽ 𝐶

(
‖𝑓‖∗,𝛽,2+𝛼,𝜈 + ‖ℎ‖𝐿2(Ω) + 𝑒−𝛿(𝑡−𝑡0)‖ℎ𝜒∪𝑘

𝑗=1
𝐵2𝑅𝜇𝑗 (𝜉𝑗)

‖𝐿∞(Ω)

)

for a small constant 𝛿 > 0.

3.2 Solving the outer problem (2.14)

Given a function ℎ(𝑡) ∶ (𝑡0,∞) → ℝ𝑘 and 𝛿 > 0, we define its weighted 𝐿∞ norm as follows

‖ℎ‖𝛿 ∶= ‖𝜇0(𝑡)−𝛿ℎ(𝑡)‖𝐿∞(𝑡0,∞).
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 875

In the rest of this paper, we assume the parameter functions 𝜆, 𝜉, 𝜆̇, 𝜉̇ satisfy the following condi-
tions

‖𝜆̇(𝑡)‖𝑛−1+𝜎 + ‖𝜉̇(𝑡)‖𝑛−1+𝜎 ⩽ 𝑐, (3.11)

‖𝜆(𝑡)‖1+𝜎 + ‖𝜉(𝑡) − 𝑞‖1+𝜎 ⩽ 𝑐, (3.12)

for a positive constant 𝑐 which is independent of 𝑡, 𝑡0 and 𝑅, 𝜎 > 0 is a small but fixed constant.
Also, for a fixed number 𝑎 ∈ (−𝑛,−2), let us denote

‖𝜙‖𝑛−2+𝜎,𝑛+𝑎 = max
𝑗=1,…,𝑘

‖𝜙𝑗‖𝑛−2+𝜎,𝑛+𝑎,

where ‖𝜙𝑗‖𝑛−2+𝜎,𝑛+𝑎 is defined to be the least number𝑀 > 0 such that

(1 + |𝑦|)−2|𝜕𝑡𝜙𝑗(𝑦, 𝑡)| + (1 + |𝑦|)−1|∇𝑦𝜙𝑗(𝑦, 𝑡)| + |𝜙𝑗(𝑦, 𝑡)| ⩽ 𝑀
𝜇𝑛−2+𝜎0

1 + |𝑦|𝑛+𝑎 (3.13)

holds for 𝑗 = 1,… , 𝑘 and |𝑦| ⩽ 2𝑅. We assume that for 𝜙 = (𝜙1, … , 𝜙𝑘), it holds that

‖𝜙‖𝑛−2+𝜎,𝑛+𝑎 ⩽ 𝑐𝑡−𝜀0 (3.14)

for some 𝜀 > 0 sufficiently small.
Note that the function 𝜓 is a solution to (2.14) if 𝜓 is a fixed point of the operator

(𝜓) ∶= 𝑇(𝑓(𝜓), 𝜓0),

where

𝑓(𝜓) =
𝑘∑

𝑗=1

[
2∇𝜂𝑗,𝑅∇𝑥𝜙̃𝑗 + 𝜙̃𝑗

(
Δ𝑥 − 𝑝𝑈𝑝−1

𝑗
𝜕𝑡

)
𝜂𝑗,𝑅

]

+ 𝑆∗,𝑜𝑢𝑡
𝜇,𝜉

+𝑁[𝜙̃] −
(
𝑁[𝜙̃]

)
𝑡 −

(
𝑝𝑧𝑝−1

)
𝑡𝜙̃

− 𝑝𝑧𝑝−1𝜕𝑡

𝑘∑
𝑗=1

𝜂𝑗,𝑅𝜙̃𝑗 +
𝑘∑

𝑗=1

𝑝𝑈𝑝−1
𝑗

𝜕𝑡
(
𝜂𝑗,𝑅𝜙̃𝑗

)
.

(3.15)

To apply the Contraction Mapping Theorem, we estimate the terms in (3.15) as follows.

(1) Estimation of 𝑆∗,𝑜𝑢𝑡
𝜇,𝜉

:

|𝑆∗,𝑜𝑢𝑡
𝜇,𝜉

(𝑥, 𝑡)| ≲ 𝜇2−𝛼−𝜎0 (𝑡0)
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼

and ‖𝑧1−𝑝𝑆∗,𝑜𝑢𝑡
𝜇,𝜉

‖𝐿2𝑡0 ,𝜈 ≲ 𝑡−𝜀0

(3.16)

with 𝜈 = 𝑛−2+𝜎
2

.
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876 SIRE et al.

(2) Estimation of
∑𝑘

𝑗=1[2∇𝜂𝑗,𝑅∇𝑥𝜙̃𝑗 + 𝜙̃𝑗(Δ𝑥 − 𝑝𝑧𝑝−1𝜕𝑡)𝜂𝑗,𝑅]:

||||||

𝑘∑
𝑗=1

[
2∇𝜂𝑗,𝑅∇𝑥𝜙̃𝑗 + 𝜙̃𝑗

(
Δ𝑥 − 𝑝𝑧𝑝−1𝜕𝑡

)
𝜂𝑗,𝑅

]||||||
≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

𝑘∑
𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼

and ‖𝑧1−𝑝
𝑘∑

𝑗=1

[
2∇𝜂𝑗,𝑅∇𝑥𝜙̃𝑗 + 𝜙̃𝑗

(
Δ𝑥 − 𝑝𝑧𝑝−1𝜕𝑡

)
𝜂𝑗,𝑅

]‖𝐿2𝑡0 ,𝜈 ⩽ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

(3.17)

with 𝜈 = 𝑛−2+𝜎
2

.

(3) Estimation of (1 − 𝜕𝑡)𝑁(𝜙̃):

||(1 − 𝜕𝑡)𝑁(𝜙̃)|| ≲

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑡−𝜀0 (‖𝜙‖2𝑛−2+𝜎,𝑛+𝑎 + ‖𝜓‖2
∗∗,𝛽,𝛼

)
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0 (𝑡)

1 + |𝑦𝑗|2+𝛼
, when 6 ⩾ 𝑛,

𝑡−𝜀0 (‖𝜙‖𝑝𝑛−2+𝜎,𝑛+𝑎 + ‖𝜓‖𝑝
∗∗,𝛽,𝛼

)
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0 (𝑡)

1 + |𝑦𝑗|2+𝛼
, when 6 < 𝑛

and ‖𝑧1−𝑝(1 − 𝜕𝑡)𝑁(𝜙̃)‖𝐿2𝑡0 ,𝜈 ⩽ 𝑐‖𝜓‖∗∗,𝛽,𝛼,𝜈 with 𝜈 =
𝑛 − 2 + 𝜎

2
.

(3.18)

(4) Estimation of (𝑝𝑧𝑝−1)𝑡𝜙̃:

|||
(
𝑝𝑧𝑝−1

)
𝑡𝜙̃
||| ≲ 𝜇2−𝛼−𝜎0 (𝑡0)

𝑘∑
𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼

and ‖𝑧1−𝑝(𝑝𝑧𝑝−1)𝑡𝜙̃‖𝐿2𝑡0 ,𝜈 ≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

(3.19)

with 𝜈 = 𝑛−2+𝜎
2

.

(5) Estimation of 𝑝𝑧𝑝−1𝜕𝑡
∑𝑘

𝑗=1 𝜂𝑗,𝑅𝜙̃𝑗:

||||||
𝑝𝑧𝑝−1𝜕𝑡

𝑘∑
𝑗=1

𝜂𝑗,𝑅𝜙̃𝑗

||||||
≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

𝑘∑
𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼

and ‖𝑧1−𝑝𝜕𝑡
𝑘∑

𝑗=1

𝜂𝑗,𝑅𝜙̃𝑗‖𝐿2𝑡0 ,𝜈 ≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

(3.20)

with 𝜈 = 𝑛−2+𝜎
2

.
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(6) Estimation of
∑𝑘

𝑗=1 𝑝𝑈
𝑝−1
𝑗

𝜕𝑡(𝜂𝑗,𝑅𝜙̃𝑗):

||||||

𝑘∑
𝑗=1

𝑝𝑈𝑝−1
𝑗

𝜕𝑡
(
𝜂𝑗,𝑅𝜙̃𝑗

)||||||
≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

𝑘∑
𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼

and ‖𝑧1−𝑝
𝑘∑

𝑗=1

𝑝𝑈𝑝−1
𝑗

𝜕𝑡
(
𝜂𝑗,𝑅𝜙̃𝑗

)‖𝐿2𝑡0 ,𝜈 ≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

(3.21)

with 𝜈 = 𝑛−2+𝜎
2

.

Proof of (3.16). Recall that

𝑆∗,𝑜𝑢𝑡
𝜇,𝜉

=

(
𝑆[𝑧] −

𝑘∑
𝑗=1

𝑆∗,𝑖𝑛
𝜇,𝜉,𝑗

)
+

𝑘∑
𝑗=1

(1 − 𝜂𝑗,𝑅)𝑆
∗,𝑖𝑛
𝜇,𝜉,𝑗

.

In the region |𝑥 − 𝑞𝑗| > 𝛿 with 𝛿 > 0 small, 𝑆∗,𝑜𝑢𝑡
𝜇,𝜉

can be estimated as follows

|𝑆𝑜𝑢𝑡(𝑥, 𝑡)| ≲ 𝜇
𝑛−2
2

0 (𝜇20 + 𝜇𝑛0 ) ≲ 𝜇2−𝛼−𝜎0 (𝑡0)
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼

≲ 𝑡−𝜀0

𝑘∑
𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼
.

In the region |𝑥 − 𝑞𝑗| ⩽ 𝛿 with 𝛿 > 0 small, we have

|||𝑆
(2)
𝜇,𝜉

(𝑥, 𝑡)||| ≲ 𝜇
− 𝑛+2

2
0

𝜇𝑛0
1 + |𝑦𝑗|2

≲ 𝜇2−𝛼−𝜎0 (𝑡0)
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼
≲ 𝑡−𝜀0

𝑘∑
𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼
.

Furthermore, in the region |𝑥 − 𝑞𝑗| < 𝛿,

|||(1 − 𝜂𝑗,𝑅)𝑆
∗,𝑖𝑛
𝜇,𝜉,𝑗

||| ≲ 𝑡−𝜀0

𝑘∑
𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼

since (1 − 𝜂𝑗,𝑅) ≠ 0 if |𝑥 − 𝜉𝑗| > 𝜇0𝑅. Therefore, we have ‖𝑆∗,𝑜𝑢𝑡𝜇,𝜉
‖∗,𝛽,2+𝛼 < 𝑡−𝜀0 . Similarly, we have

∫Ω
|||𝑧

1−𝑝𝑆∗,𝑜𝑢𝑡
𝜇,𝜉

|||
2
𝑧𝑝−1𝑑𝑥 ⩽ 𝑡−𝜀0 ∫Ω

|||||||

𝜇
𝑛−2
2

+𝜎

0

1 + |𝑦| 72−𝜎
|𝑦|4

|||||||

2

𝑧𝑝−1𝑑𝑥

 1
4
6
9
7
7
5
0
, 2

0
2
2
, 2

, D
o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://lo
n
d
m

ath
so

c.o
n
lin

elib
rary

.w
iley

.co
m

/d
o
i/1

0
.1

1
1
2

/jlm
s.1

2
5

8
7

 b
y

 Jo
h

n
s H

o
p

k
in

s M
ed

icin
e, W

iley
 O

n
lin

e L
ib

rary
 o

n
 [0

5
/0

8
/2

0
2

3
]. S

ee th
e T

erm
s an

d
 C

o
n

d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n

s) o
n

 W
iley

 O
n

lin
e L

ib
rary

 fo
r ru

les o
f u

se; O
A

 articles are g
o

v
ern

ed
 b

y
 th

e ap
p

licab
le C

reativ
e C

o
m

m
o
n

s L
icen

se



878 SIRE et al.

⩽ 𝑡−𝜀0 ∫Ω∕𝜇0
||||||

𝜇𝑛−2+𝜎0

1 + |𝑦| 72−𝜎
|𝑦|4

||||||

2

1
1 + |𝑦|4 𝑑𝑦

⩽ 𝑡−𝜀0 𝜇𝑛−2+𝜎0 ∫Ω∕𝜇0
1

1 + |𝑦|−2𝜎−1+𝑛−2+𝜎
1

1 + |𝑦|4 𝑑𝑦

⩽ 𝑡−𝜀0 𝜇𝑛−2+𝜎0 ∫ℝ𝑛

1
1 + |𝑦|−𝜎+𝑛+1 𝑑𝑦

⩽ 𝑡−𝜀0 𝜇𝑛−2+𝜎0 , (3.22)

thus ‖𝑧1−𝑝𝑆∗,𝑜𝑢𝑡
𝜇,𝜉

‖𝐿2𝑡0 ,𝜈 ⩽ 𝑡−𝜀0 with 𝜈 = 𝑛−2+𝜎
2

. □

Proof of (3.17). For the term 𝜙̃𝑗(Δ − 𝜕𝑡)𝜂𝑗,𝑅, we have

|||𝜙̃𝑗(Δ − 𝜕𝑡)𝜂𝑗,𝑅
||| ≲

|||||
Δ𝜂

(
|𝑥−𝜉𝑗
𝑅𝜇0𝑗

|
)|||||

𝑅2𝜇2
0𝑗

𝜇
− 𝑛−2

2
0 |𝜙𝑗|

+

||||||
𝜂′
(
|𝑥 − 𝜉𝑗
𝑅𝜇0𝑗

|
)(|𝑥 − 𝜉𝑗|

𝑅𝜇20
𝜇̇0 +

1
𝑅𝜇0

𝜉̇

)||||||
𝜇
− 𝑛−2

2
0 |𝜙𝑗|.

Furthermore, there hold

|||||
Δ

(
|𝑥−𝜉𝑗
𝑅𝜇0𝑗

|
)|||||

𝑅2𝜇2
0𝑗

𝜇
− 𝑛−2

2
0 |𝜙𝑗| ≲

|||||
Δ𝜂

(
|𝑥−𝜉𝑗
𝑅𝜇0𝑗

|
)|||||

𝑅2𝜇2
0𝑗

𝜇
𝑛−2
2

+𝜎

0

(1 + |𝑦𝑗|𝑛+𝑎)
‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0 (𝑡)

1 + |𝑦𝑗|2+𝛼

and

||||||
𝜂′
(
|𝑥 − 𝜉𝑗
𝑅𝜇0𝑗

|
)(|𝑥 − 𝜉𝑗|𝜇̇0 + 𝜇0𝜉̇

𝑅𝜇20

)||||||
𝜇
− 𝑛−2

2
0 |𝜙𝑗|

≲

|||||
𝜂′
(
|𝑥−𝜉𝑗
𝑅𝜇0𝑗

|
)|||||

𝑅2𝜇2
0𝑗

(𝜇𝑛0𝑅
2 + 𝜇𝑛+𝜎0 𝑅)𝜇

− 𝑛−2
2

0 |𝜙𝑗|

≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0 (𝑡)

1 + |𝑦𝑗|2+𝛼
.
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The estimate of∇𝜂𝑗,𝑅 ⋅∇𝜙̃𝑗 − 𝜙̃𝑗𝑝𝑧
𝑝−1𝜕𝑡𝜂𝑗,𝑅 is similar, hence we have (3.17). Therefore, we have

‖
𝑘∑

𝑗=1

[
2∇𝜂𝑗,𝑅∇𝑥𝜙̃𝑗 + 𝜙̃𝑗

(
Δ𝑥 − 𝑝𝑧𝑝−1𝜕𝑡

)
𝜂𝑗,𝑅

]‖∗,𝛽,2+𝛼 ≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎.

Similar estimates as (3.22), we have

‖𝑧1−𝑝
𝑘∑

𝑗=1

[
2∇𝜂𝑗,𝑅∇𝑥𝜙̃𝑗 + 𝜙̃𝑗

(
Δ𝑥 − 𝑝𝑧𝑝−1𝜕𝑡

)
𝜂𝑗,𝑅

]‖𝐿2𝑡0 ,𝜈 ≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

with 𝜈 = 𝑛−2+𝜎
2

. □

Proof of (3.18). Observe that

𝑁(𝜓 +
𝑘∑

𝑗=1

𝜂𝑗,𝑅𝜙̃𝑗) ≲

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑧𝑝−2
[
|𝜓|2 +

𝑘∑
𝑗=1

|𝜂𝑗,𝑅𝜙̃𝑗|2
]
, when 6 ⩾ 𝑛,

|𝜓|𝑝 +
𝑘∑

𝑗=1

|𝜂𝑗,𝑅𝜙̃𝑗|𝑝, when 6 < 𝑛.

If 6 ⩾ 𝑛, there hold

|||𝑧
𝑝−2(𝜂𝑗,𝑅𝜙̃𝑗)

2||| ≲ | 𝜙̃𝑗
𝑧
𝑧𝑝−1𝜙̃𝑗| ≲ 𝜇𝜎0‖𝜙‖2𝑛−2+𝜎,𝑛+𝑎

𝜇
𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|4

≲ 𝑡−𝜀0 ‖𝜙‖2𝑛−2+𝜎,𝑛+𝑎
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0 (𝑡)

1 + |𝑦𝑗|2+𝛼

and

|||𝑧
𝑝−2𝜓2||| ≲ |𝜓

𝑧
𝑧𝑝−1𝜓| ≲ 𝜇𝜎0‖𝜓‖2∗∗,𝛽,𝛼

𝜇
𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|4+𝛼

≲ 𝑡−𝜀0 ‖𝜓‖2
∗∗,𝛽,𝛼

𝑘∑
𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0 (𝑡)

1 + |𝑦𝑗|2+𝛼
.

In the above, we have used the facts that | 𝜙̃𝑗
𝑧
| ⩽ 𝜇𝜎0 (𝑡)‖𝜙‖𝑛−2+𝜎,𝑛 and |𝜓𝑧 | ⩽ 𝜇𝜎0 (𝑡)‖𝜓‖∗∗,𝛽,𝛼 in the

region ∪𝑘
𝑗=1

𝐵2𝑅𝜇𝑗 (𝜉𝑗). If 6 < 𝑛, there hold

|||𝜂𝑗,𝑅𝜙̃𝑗
|||
𝑝
≲

𝜇
( 𝑛−2

2
+𝜎)𝑝

0

1 + |𝑦𝑗|(𝑛+𝑎)𝑝
‖𝜙‖𝑝𝑛−2+𝜎,𝑛+𝑎

≲ 𝜇
(𝑝−1)( 𝑛−2

2
+𝜎)

0 ‖𝜙‖𝑝𝑛−2+𝜎,𝑛+𝑎
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0 (𝑡)

1 + |𝑦𝑗|2+𝛼
,
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880 SIRE et al.

and

|𝜓|𝑝 ≲
𝜇
𝑝( 𝑛−2

2
+𝜎)

0

1 + |𝑦𝑗|𝑝𝛼 ‖𝜓‖
𝑝
∗∗,𝛽,𝑎

≲ 𝜇
(𝑝−1)( 𝑛−2

2
+𝜎)

0 ‖𝜓‖𝑝
∗∗,𝛽,𝛼

𝑘∑
𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0 (𝑡)

1 + |𝑦𝑗|2+𝛼
.

The estimates for 𝜕𝑡𝑁 are similar.

Since

|||𝑧
1−𝑝𝑧𝑝−2𝜓2||| ≲ |𝜓

𝑧
𝜓| ≲ 𝑐|𝜓|

and

|||𝑧
1−𝑝|𝜓|𝑝𝜓2||| ≲ |

(
𝜓

𝑧

)𝑝−1

𝜓| ≲ 𝑐|𝜓|,

we have

‖𝑧1−𝑝(1 − 𝜕𝑡)𝑁(𝜙̃)‖𝐿2𝑡0 ,𝜈 ⩽ 𝑐‖𝜓‖∗∗,𝛽,𝛼,𝜈

with 𝜈 = 𝑛−2+𝜎
2

.

Here we have used the fact that: in the regionΩ ⧵ 𝐵2𝑅𝜇𝑗 (𝜉𝑗), the solution 𝜓 of (2.14) satisfies the
estimate

|𝜓(𝑥, 𝑡)| ≲ |𝑧(𝑥, 𝑡)|.

Indeed, observe that in the region Ω ⧵ ∪𝑘
𝑗=1

𝐵2𝑅𝜇𝑗 (𝜉𝑗), the function 𝑢(𝑥, 𝑡) = 𝑧(𝑥, 𝑡) + 𝜓(𝑥, 𝑡) is a
solution of the problem

⎧
⎪⎪⎨⎪⎪⎩

𝜕𝑢𝑝

𝜕𝑡
= Δ𝑢 + 𝑢𝑝 in Ω× (𝑡0, +∞),

𝑢 = 0 on 𝜕Ω × (𝑡0, +∞),

𝑢(𝑥, 𝑡0) = 𝑢0(𝑥) ∶= 𝑧(𝑥, 𝑡0) + 𝜓0(𝑥) on Ω.

(3.23)

Suppose 𝑣 = 𝑣(𝑥) is the bounded solution of Δ𝑣 + 1 = 0 in Ω satisfying 𝑣 = 0 on 𝜕Ω. Then 𝑣 > 0
in Ω and the function

𝜓̄(𝑥, 𝜏) = (𝑇 − 𝜏)
1+𝛿
1−𝑚 𝑣(𝑥)

1
𝑚 with𝑚 =

𝑛 − 2
𝑛 + 2

is a super-solution of 𝜕𝜏𝑤 − Δ𝑤𝑚 = 0. Indeed, we have

𝜕𝜏𝜓̄ − Δ𝜓̄𝑚 = −
1 + 𝛿
1 − 𝑚

(𝑇 − 𝜏)
𝑚+𝛿
1−𝑚 𝑣(𝑥)

1
𝑚 + (𝑇 − 𝜏)

𝑚(1+𝛿)
1−𝑚

= (𝑇 − 𝜏)
𝑚(1+𝛿)
1−𝑚

(
−
1 + 𝛿
1 − 𝑚

(𝑇 − 𝜏)
𝛿−𝛿𝑚
1−𝑚 𝑣(𝑥)

1
𝑚 + 1

)
> 0
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 881

when 𝜏 is close to 𝑇. Then by the maximum principal for the fast diffusion equation (for example,

Theorem 1.1.1 in [14]), we have |𝑤(𝑥, 𝜏)| ⩽ (𝑇 − 𝜏)
1+𝛿
1−𝑚 𝑣(𝑥)

1
𝑚 when 𝜏 is close to 𝑇. From the rela-

tion (1.3), the solution of (3.23) can be controlled as |𝑢(𝑥, 𝑡)| ⩽ (𝑇 − 𝜏)
𝑚𝛿
1−𝑚 𝑣(𝑥) ⩽ (𝑇𝑒−𝑡)

𝑚𝛿
1−𝑚 𝑣(𝑥)

if 𝑢0 ∶= 𝑧(𝑥, 𝑡0) + 𝜓0(𝑥) satisfies ‖𝑢0‖𝐿∞(Ω) ⩽ 𝑒−𝜀𝑡0 for 𝑡0 > 0 large enough and 𝜀 > 0 is small
enough. Hence in the region Ω ⧵ ∪𝑘

𝑗=1
𝐵𝜖(𝜉𝑗) with 𝜖 > 0 small enough, the solution 𝜓 of (2.14)

satisfies the estimate

|𝜓| ≲ |𝑧| + (𝑇 − 𝜏)
𝑚𝛿
1−𝑚 𝑣(𝑥) ≲ |𝑧| + (

𝑇𝑒−𝑡
) 𝑚𝛿
1−𝑚 𝑣(𝑥). (3.24)

Furthermore, |𝑧| ⩽ 𝐶𝜇
𝑛−2
2

0 (𝑡)𝑣(𝑥) in the Ω ⧵ ∪𝑘
𝑗=1

𝐵𝜖(𝜉𝑗) for some positive constant 𝐶 > 0, 𝜖 > 0

is a fixed small number. Indeed, 𝑧 satisfies Δ𝑧 + 𝜇−
𝑛+2
2 𝑈

𝑛+2
𝑛−2 (𝑦) = 0 in Ω ⧵ 𝐵𝜖(𝜉), 𝑧 = 0 on 𝜕Ω,

𝑧 > 𝐶𝜇
𝑛−2
2 𝑣(𝑥) on 𝜕𝐵𝜖(𝜉) (for simplicity, we assume 𝑘 = 1 and denote 𝜉𝑗 as 𝜉). From this, we see

that 𝑧 > 𝐶𝜇(𝑛−2)∕2𝑣(𝑥) inΩ ⧵ 𝐵𝜖(𝜉) and (𝑇𝑒
−𝑡)

𝑚𝛿
1−𝑚 𝑣(𝑥)∕𝑧 ≲ (𝑇𝑒−𝑡)

𝑚𝛿
1−𝑚 𝜇−

𝑛−2
2 ≪ 1when 𝑡0 is large.

In the region 𝐵𝜖(𝜉), we have (𝑇𝑒
−𝑡)

𝑚𝛿
1−𝑚 𝑣(𝑥)∕𝑧 ≲ (𝑇𝑒−𝑡)

𝑚𝛿
1−𝑚 𝜇

𝑛−2
2

−(𝑛−2) ≪ 1. From (3.24), we obtain

|𝜓(𝑥, 𝑡)| ≲ |𝑧(𝑥, 𝑡)|. □

Proof of (3.19). From the definition of ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎, we have

|||
(
𝑝𝑧𝑝−1

)
𝑡𝜙̃
||| ≲

|||𝑧
𝑝−1𝜙̃|||

|||||
𝜇̇ + 𝜉̇

𝜇

|||||
≲ 𝜇𝑛−20 ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

𝑘∑
𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|𝑛+𝑎+4

≲ 𝑡−𝜀0 ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼
.

Therefore, we have

‖(𝑝𝑧𝑝−1)𝑡𝜙̃‖∗,𝛽,2+𝛼 ≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎.

Similar to (3.22), we have

‖𝑧1−𝑝(𝑝𝑧𝑝−1)𝑡𝜙̃‖𝐿2𝑡0 ,𝜈 ≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

with 𝜈 = 𝑛−2+𝜎
2

. □

Proof of (3.20). From the definition of ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎, we have
||||||
𝑝𝑧𝑝−1𝜕𝑡

𝑘∑
𝑗=1

𝜂𝑗,𝑅𝜙̃𝑗

||||||

≲ |||𝑝𝑧
𝑝−1|||

𝑘∑
𝑗=1

(|||𝜕𝑡𝜂𝑗,𝑅
|||
|||𝜙̃𝑗

||| +
|||𝜂𝑗,𝑅

|||
|||𝜕𝑡𝜙̃𝑗

|||
)
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882 SIRE et al.

≲ |||𝑝𝑧
𝑝−1|||

𝑘∑
𝑗=1

||||||
𝜂′
(
|𝑥 − 𝜉𝑗
𝑅𝜇0𝑗

|
)(|𝑥 − 𝜉𝑗|

𝑅𝜇20
𝜇̇0 +

1
𝑅𝜇0

𝜉̇

)||||||
𝜇
− 𝑛−2

2
0 |𝜙𝑗|

+|||𝑝𝑧
𝑝−1|||

𝑘∑
𝑗=1

|||𝜂𝑗,𝑅
|||
(
𝜇
− 𝑛−2

2
0 |𝜕𝑡𝜙𝑗| + 𝜇

− 𝑛−2
2

0

𝜇̇0
𝜇0
|𝜙𝑗|

)

≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎|𝑧𝑝−1|
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦|𝑛+𝑎 ≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼
.

Therefore, we have

‖‖‖‖‖‖
𝑝𝑧𝑝−1𝜕𝑡

𝑘∑
𝑗=1

𝜂𝑗,𝑅𝜙̃𝑗

‖‖‖‖‖‖∗,𝛽,2+𝛼
≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎.

Similar to (3.22), we have

‖𝑝𝜕𝑡
𝑘∑

𝑗=1

𝜂𝑗,𝑅𝜙̃𝑗‖𝐿2𝑡0 ,𝜈 ≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

with 𝜈 = 𝑛−2+𝜎
2

. □

Proof of (3.21). From the definition of ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎, we have
||||||

𝑘∑
𝑗=1

𝑝𝑈𝑝−1
𝑗

𝜕𝑡
(
𝜂𝑗,𝑅𝜙̃𝑗

)||||||

≲
𝑘∑

𝑗=1

|||𝑝𝑈
𝑝−1
𝑗

|||
(|||𝜕𝑡𝜂𝑗,𝑅

|||
|||𝜙̃𝑗

||| +
|||𝜂𝑗,𝑅

|||
|||𝜕𝑡𝜙̃𝑗

|||
)

≲
𝑘∑

𝑗=1

|||𝑝𝑈
𝑝−1
𝑗

|||
||||||
𝜂′
(
|𝑥 − 𝜉𝑗
𝑅𝜇0𝑗

|
)(|𝑥 − 𝜉𝑗|

𝑅𝜇20
𝜇̇0 +

1
𝑅𝜇0

𝜉̇

)||||||
𝜇
− 𝑛−2

2
0 |𝜙𝑗|

+
𝑘∑

𝑗=1

|||𝑝𝑈
𝑝−1
𝑗

|||
|||𝜂𝑗,𝑅

|||
(
𝜇
− 𝑛−2

2
0 |𝜕𝑡𝜙𝑗| + 𝜇

− 𝑛−2
2

0

𝜇̇0
𝜇0
|𝜙𝑗|

)

≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎|𝑧𝑝−1|
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦|𝑛+𝑎 ≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎
𝑘∑

𝑗=1

𝜇−2
𝑗
𝜇

𝑛−2
2

+𝜎

0

1 + |𝑦𝑗|2+𝛼
.

Therefore, we have

‖‖‖‖‖‖

𝑘∑
𝑗=1

𝑝𝑈𝑝−1
𝑗

𝜕𝑡
(
𝜂𝑗,𝑅𝜙̃𝑗

)‖‖‖‖‖‖∗,𝛽,2+𝛼
≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎.
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Similar to (3.22), we have

‖𝑧1−𝑝
𝑘∑

𝑗=1

𝑝𝑈𝑝−1
𝑗

𝜕𝑡
(
𝜂𝑗,𝑅𝜙̃𝑗

)‖𝐿2𝑡0 ,𝜈 ≲ ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎

with 𝜈 = 𝑛−2+𝜎
2

.

Now we set

 =
{
𝜓 ∶ ‖𝜓‖∗∗,𝛽,𝛼,𝜈 ⩽ 𝑀𝑡−𝜀0

}

with 𝛽 = 𝑛−2
2

+ 𝜎 and 𝜈 = 𝑛−2+𝜎
2

. Here the constant 𝑀 is large but independent of 𝑡 and 𝑡0. For
any 𝜓 ∈ , (𝜓) ∈  as a consequence of the estimations (3.16)–(3.21). And similar estimations

imply that, for any 𝜓1, 𝜓2 ∈ , there holds
‖(𝜓(1)) −(𝜓(2))‖∗∗,𝛽,𝛼,𝜈 ⩽ 𝐶‖𝜓(1) − 𝜓(2)‖∗∗,𝛽,𝛼,𝜈,

for a constant 𝐶 < 1 when 𝑡0 is chosen large enough. Therefore, is a contraction map in  and

there exists a fixed point 𝜓 of, which is a solution to the outer problem (2.14). □

Therefore, we obtain the following result.

Proposition 3.2. Assume 𝜆, 𝜉, 𝜆̇, 𝜉̇ satisfy the conditions (3.11) and (3.12), 𝜙 = (𝜙1, … , 𝜙𝑘) satisfies
conditions (3.14), 𝜓0 ∈ 𝐶2(Ω) and

‖𝜓0‖𝐿∞(Ω) + ‖𝜓0‖𝐿2𝑡0 ,𝜈 ⩽ 𝑡−𝜀0

for 𝜈 = 𝑛−2+𝜎
2

. Then there exists a large enough 𝑡0 > 0 and a small constant 𝛼 > 0 such that the outer

problem (2.14) possesses a unique solution 𝜓 = Ψ[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙]. Moreover, there hold

|𝜓(𝑥, 𝑡)|𝜒∪𝑘
𝑗=1

𝐵2𝑅(𝜉𝑗)
≲ 𝑡−𝜀0

𝑘∑
𝑗=1

𝜇
𝑛−2
2

+𝜎

0 (𝑡)

1 + |𝑦𝑗|𝛼 +
𝑘∑

𝑗=1

𝑒−𝛿(𝑡−𝑡0)‖𝜓0‖𝐿∞(Ω),

|∇𝜓(𝑥, 𝑡)|𝜒∪𝑘
𝑗=1

𝐵2𝑅(𝜉𝑗)
≲ 𝑡−𝜀0

𝑘∑
𝑗=1

𝜇
−1+ 𝑛−2

2
+𝜎

0 (𝑡)

1 + |𝑦𝑗|𝛼−1

and

‖𝜓‖𝐻2
𝑡0
,𝜈 ≲ 𝑡−𝜀0 .

Here 𝑦𝑗 =
𝑥−𝜉𝑗
𝜇0𝑗

.

Remark 3.1. The solution Ψ obtained in Proposition 3.2 depends smoothly on the parameters 𝜆,

𝜉, 𝜆̇, 𝜉̇, 𝜙, for 𝑦𝑗 =
𝑥−𝜉𝑗
𝜇0𝑗

. Indeed, using Lemma 3.2 and the same arguments as Proposition 4.2 of
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884 SIRE et al.

[11], in the domain ∪𝑘
𝑗=1

𝐵2𝑅𝜇𝑗 (𝜉𝑗), we have

||𝜕𝜆Ψ[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙][𝜆̄](𝑥, 𝑡)|| ≲ 𝑡−𝜀0 ‖𝜆̄(𝑡)‖1+𝜎
⎛
⎜⎜⎜⎝

𝑘∑
𝑗=1

𝜇
𝑛−2
2

+𝜎−1

0 (𝑡)

1 + |𝑦𝑗|𝛼
⎞
⎟⎟⎟⎠
,

||𝜕𝜉Ψ[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙][𝜉̄](𝑥, 𝑡)|| ≲ 𝑡−𝜀0 ‖𝜉̄(𝑡)‖1+𝜎
⎛
⎜⎜⎜⎝

𝑘∑
𝑗=1

𝜇
𝑛−2
2

+𝜎−1

0 (𝑡)

1 + |𝑦𝑗|𝛼
⎞
⎟⎟⎟⎠
,

||𝜕𝜉̇Ψ[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙][ ̇̄𝜉](𝑥, 𝑡)|| ≲ 𝑡−𝜀0 𝜇𝑛−1+𝜎0 ‖ ̇̄𝜉(𝑡)‖𝑛−1+𝜎
⎛
⎜⎜⎝

𝑘∑
𝑗=1

𝜇
− 𝑛

2
+𝜎

0 (𝑡)

1 + |𝑦𝑗|𝛼
⎞
⎟⎟⎠
,

||𝜕𝜆̇Ψ[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙][ ̇̄𝜆](𝑥, 𝑡)|| ≲ 𝑡−𝜀0 𝜇𝑛−1+𝜎0 ‖ ̇̄𝜆(𝑡)‖𝑛−1+𝜎
⎛⎜⎜⎝

𝑘∑
𝑗=1

𝜇
− 𝑛

2
+𝜎

0 (𝑡)

1 + |𝑦𝑗|𝛼
⎞⎟⎟⎠
,

||𝜕𝜙Ψ[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙][𝜙̄](𝑥, 𝑡)|| ≲ ‖𝜙̄(𝑡)‖𝑛−2+𝜎,𝑛+𝑎
⎛⎜⎜⎜⎝

𝑘∑
𝑗=1

𝜇
𝑛−2
2

+𝜎

0 (𝑡)

1 + |𝑦𝑗|𝛼
⎞⎟⎟⎟⎠
.

4 THE INNER PROBLEM (2.16)

To solve the highly nonlinear problem (2.16), we need a linear theory first, which is the content of

4.1 The linear theory of the inner problem (2.16)

In this subsection, we consider the following linear equation

−𝑝𝑈𝑝−1𝜙𝑡 + Δ𝜙 + 𝑝𝑈𝑝−1𝜙 + 𝑈𝑝−1ℎ = 0 on ℝ𝑛, (4.1)

with ℎ = ℎ(𝑦, 𝑡) being supported on the ball 𝐵2𝑅(0) and under the orthogonality conditions

∫𝐵2𝑅 ℎ(𝑦, 𝑡)𝑍𝑗(𝑦)𝑈
𝑝−1(𝑦)𝑑𝑦 = 0 for 𝑗 = 0, 1, … , 𝑛 + 1. (4.2)

Equation (4.1) is a degenerate parabolic equation, therefore a natural way is to lift it to the standard

sphere 𝕊𝑛, which becomes a classical (nondegenerate) parabolic problem on 𝕊𝑛. Similarly to (3.8),

we define g̃ on 𝕊𝑛 to be

ℎ(𝑦) = ℎ̃(𝜋(𝑦))

(
2

1 + |𝑦|2
) 𝑛−2

2

, 𝑦 ∈ ℝ𝑛.
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 885

Then standard computation shows that (4.1) is equivalent to the following linear heat problem on

𝕊𝑛

𝜕𝑡𝜙̃ =
(
Δ𝕊𝑛 + 𝜆1

)
𝜙̃ + ℎ̃ on 𝕊𝑛. (4.3)

Here 𝜆1 = 𝑛 is the second eigenvalue of Δ𝕊𝑛 with eigenfunctions 𝑍̃𝑗 , 𝑗 = 1,… , 𝑛 + 1, given by the
functions

𝑍𝑖(𝑦) = 𝑍̃𝑖(𝜋(𝑦))

(
2

1 + |𝑦|2
) 𝑛−2

2

, 𝑦 ∈ ℝ𝑛.

Recall that the space 𝐿2(𝕊𝑛) has an orthonormal basis Θ𝑚,𝑚 = 0, 1, …, which are eigenfunctions
of the problem

Δ𝕊𝑛Θ𝑚 + 𝜆𝑚Θ𝑚 = 0 in 𝕊𝑛 (4.4)

so that

0 = 𝜆0 < 𝜆1 = ⋯ = 𝜆𝑛+1 = 𝑛 < 𝜆𝑛+2 ⩽ ⋯ .

One has Θ0(𝑦) = 𝛼0 and Θ𝑗(𝑦) = 𝛼1𝑦𝑗 , 𝑗 = 1,… , 𝑛 + 1, for constant numbers 𝛼0 and 𝛼1.

Proposition 4.1. Suppose 𝑎 ∈ (−𝑛,−2), 𝜈 > 0, ‖ℎ̃‖𝑎,𝜈 < +∞ and

∫𝕊𝑛 ℎ(𝑦̃, 𝑡)𝑍𝑗(𝑦̃)𝑑𝑦̃ = 0 for all 𝑡 ∈ (𝑡0,∞), 𝑗 = 1,… , 𝑛 + 1,

then there exists a function 𝜙̃ = 𝜙̃[ℎ̃](𝑦̃, 𝑡) satisfying (4.3) and the estimate

(𝜋 − |𝑦̃|)|∇𝜙̃(𝑦̃, 𝑡)| + |𝜙̃(𝑦̃, 𝑡)| ≲ 𝑡−𝜈(𝜋 − |𝑦̃|)2+𝑎‖ℎ̃‖𝑎,𝜈.

Remark 4.1. Here and in the following, 𝑑𝑦̃ is the sphere measure on 𝕊𝑛, and |𝑦̃| ∈ [0, 𝜋] is the
geodesic distance of a point 𝑦̃ ∈ 𝕊𝑛 to the south pole (0, … , 0, −1), ‖ℎ̃‖𝑎,𝜈 is least positive number
𝑀 such that

|ℎ̃(𝑦, 𝑡)| ⩽ 𝑀𝑡−𝜈(𝜋 − |𝑦̃|)𝑎.

Lemma 4.1. Suppose 𝑎 ∈ (−𝑛,−2), 𝜈 > 0, ‖ℎ̃‖𝑎,𝜈 < +∞ and

∫𝕊𝑛 ℎ̃(𝑦̃, 𝑡)𝑍̃𝑗(𝑦̃)𝑑𝑦̃ = 0 for all 𝑡 ∈ (𝑡0,∞), 𝑗 = 1,… , 𝑛 + 1.

Then, for any sufficiently large number 𝑡1 > 0, the solution (𝜙(𝑦̃, 𝑡), 𝑐(𝑡)) of the problem

⎧
⎪⎪⎨⎪⎪⎩

𝜕𝑡𝜙̃ =
(
Δ𝕊𝑛 + 𝜆1

)
𝜙̃ + ℎ̃ − 𝑐(𝑡)𝑍̃0(𝑦̃), 𝑦̃ ∈ 𝕊𝑛, 𝑡 ⩾ 𝑡0,

∫𝕊𝑛 𝜙̃(𝑦̃, 𝑡) ⋅ 𝑍̃0(𝑦̃)𝑑𝑦̃ = 0 for all 𝑡 ∈ (𝑡0, +∞),

𝜙̃(𝑦̃, 𝑡0) = 0, 𝑦̃ ∈ 𝕊𝑛,

(4.5)
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satisfies the estimates

‖𝜙̃(𝑦̃, 𝑡)‖𝑎+2,𝑡1 ≲ ‖ℎ̃‖𝑎,𝑡1 (4.6)

and

|𝑐(𝑡)| ≲ 𝑡−𝜈‖ℎ̃‖𝑎,𝑡1 for 𝑡 ∈ (𝑡0, 𝑡1).

Here ‖ℎ̃‖𝑏,𝑡1 ∶= sup𝑡∈(𝑡0,𝑡1) 𝑡
𝜈‖(𝜋 − |𝑦̃|)−𝑏ℎ̃‖𝐿∞(𝕊𝑛).

Proof. Observe that (4.5) is equivalent to the following problem

{
𝜕𝑡𝜙̃ =

(
Δ𝕊𝑛 + 𝜆1

)
𝜙̃ + ℎ̃ − 𝑐(𝑡)𝑍̃0(𝑦̃), 𝑦̃ ∈ 𝕊𝑛, 𝑡 ⩾ 𝑡0,

𝜙̃(𝑦̃, 𝑡0) = 0, 𝑦̃ ∈ 𝕊𝑛
(4.7)

for 𝑐(𝑡) determined by the relation

𝑐(𝑡)∫𝕊𝑛 |𝑍̃0(𝑦̃)|
2𝑑𝑦̃ = ∫𝕊𝑛 ℎ̃(𝑦̃, 𝑡) ⋅ 𝑍̃0(𝑦̃)𝑑𝑦̃.

Then it is easy to check that

|𝑐(𝑡)| ≲ 𝑡−𝜈‖ℎ̃‖𝑎,𝑡1 (4.8)

holds for 𝑡 ∈ (𝑡0, 𝑡1). Therefore we only need to show (4.6) for solutions 𝜙̃ of (4.7). We use the

blowing-up arguments in the spirit of [19].

First, given 𝑡1 > 𝑡0, we have ‖𝜙̃‖𝑎+2,𝑡1 < +∞. Indeed, from the standard parabolic theory on

sphere, given 𝑅0 ∈ (0, 𝜋), there exists a positive constant 𝐾 = 𝐾(𝑅0, 𝑡1) such that

|𝜙̃(𝑦̃, 𝑡)| ⩽ 𝐾 in 𝐵̃𝑅0(0) × (𝑡0, 𝑡1].

Here 𝐵̃𝑅0(0) is the geodesic ball centered at the south pole with geodesic radius 𝑅0. For a fixed
𝑅0 close to 𝜋 and sufficiently large 𝐾1, 𝐾1(𝜋 − |𝑦̃|)2+𝑎 is a super-solution of (4.7) when |𝑦̃| > 𝑅0.
Therefore |𝜙̃| ⩽ 2𝐾1(𝜋 − |𝑦̃|)2+𝑎 and ‖𝜙̃‖𝑎+2,𝑡1 < +∞ holds for any 𝑡1 > 0. Second, from the defi-

nition of 𝑐(𝑡), the following identities hold

∫𝕊𝑛 𝜙̃(𝑦̃, 𝑡) ⋅ 𝑍̃𝑗(𝑦̃)𝑑𝑦̃ = 0 for all 𝑡 ∈ (𝑡0, 𝑡1), 𝑗 = 0, 1, … , 𝑛 + 1. (4.9)

Finally, for any 𝑡1 > 0 sufficiently large, and any 𝜙̃ satisfying (4.7), (4.9) and ‖𝜙̃‖𝑎+2,𝑡1 < +∞, we

claim that the estimate

‖𝜙̃‖𝑎+2,𝑡1 ≲ ‖ℎ̃‖𝑎,𝑡1 (4.10)

holds, which implies (4.6).
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To prove (4.10), we use contradiction arguments. Suppose there exist sequences 𝑡𝑘1 → +∞ and

𝜙̃𝑘, ℎ̃𝑘, 𝑐𝑘 satisfying the equation

⎧⎪⎪⎨⎪⎪⎩

𝜕𝑡𝜙̃𝑘 = Δ𝕊𝑛 𝜙̃𝑘 + 𝜆1𝜙̃𝑘 + ℎ̃𝑘 − 𝑐𝑘(𝑡)𝑍̃0(𝑦̃), 𝑦̃ ∈ 𝕊𝑛, 𝑡 ⩾ 𝑡0,

∫𝕊𝑛 𝜙̃𝑘(𝑦̃, 𝑡) ⋅ 𝑍̃𝑗(𝑦̃)𝑑𝑦̃ = 0 for all 𝑡 ∈ (𝑡0, 𝑡
𝑘
1 ), 𝑗 = 0, 1, … , 𝑛 + 1,

𝜙̃𝑘(𝑦̃, 𝑡0) = 0, 𝑦̃ ∈ 𝕊𝑛

and also there hold

‖𝜙̃𝑘‖𝑎+2,𝑡𝑘1 = 1, ‖ℎ̃𝑘‖𝑎,𝑡𝑘1 → 0. (4.11)

From (4.8), sup𝑡∈(𝑡0,𝑡𝑘1 )
𝑡𝜈𝑐𝑘(𝑡) → 0. First, we claim it holds that

sup
𝑡0<𝑡<𝑡

𝑘
1

𝑡𝜈|𝜙̃𝑘(𝑦̃, 𝑡)|→ 0 (4.12)

uniformly on compact subsets away from the north point on 𝕊𝑛. Indeed, if there are some points

on 𝕊𝑛 satisfying |𝑦̃𝑘| ⩽ 𝑀 < 𝜋 and 𝑡0 < 𝑡𝑘2 < 𝑡𝑘1 ,

(𝑡𝑘2 )
𝜈(𝜋 − |𝑦̃𝑘|)−𝑎−2|𝜙̃𝑘(𝑦̃𝑘, 𝑡𝑘2 )| ⩾ 1

2
,

then we have 𝑡𝑘2 → +∞. Now let us define

𝜙̄𝑘(𝑦̃, 𝑡) = (𝑡𝑘2 )
𝜈𝜙̃𝑘(𝑦̃, 𝑡

𝑘
2 + 𝑡).

Then 𝜙̄𝑘 is a solution of

𝜕𝑡𝜙̄𝑘 = Δ𝕊𝑛 𝜙̄𝑘 + 𝜆1𝜙̄𝑘 + ℎ̄𝑘 − 𝑐𝑘(𝑡)𝑍̃0(𝑦̃) in 𝕊𝑛 × (𝑡0 − 𝑡𝑘2 , 0],

with ℎ̄𝑘 → 0, 𝑐𝑘 → 0 uniformly on compact subsets of (𝕊𝑛 ⧵ {north pole}) × (−∞, 0], moreover, it
holds that

|𝜙̄𝑘(𝑦̃, 𝑡)| ⩽ (𝜋 − |𝑦̃|)𝑎+2 in 𝕊𝑛 × (𝑡0 − 𝑡𝑘2 , 0].

From the dominant convergence theorem,we have 𝜙̄𝑘 → 𝜙̄ uniformly on compact subsets of (𝕊𝑛 ⧵
{north pole}) × (−∞, 0], 𝜙̄ ≠ 0 and satisfies the following equation

⎧
⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜕𝑡𝜙̄ = Δ𝕊𝑛 𝜙̄ + 𝜆1𝜙̄ in 𝕊𝑛 × (−∞, 0],

∫𝕊𝑛 𝜙̄(𝑦̃, 𝑡) ⋅ 𝑍̃𝑗(𝑦̃)𝑑𝑦̃ = 0 for all 𝑡 ∈ (−∞, 0], 𝑗 = 0, 1, … , 𝑛 + 1,

|𝜙̄(𝑦̃, 𝑡)| ⩽ (𝜋 − |𝑦̃|)𝑎+2 in 𝕊𝑛 × (−∞, 0],

𝜙̄(𝑦̃, 𝑡0) = 0, 𝑦̃ ∈ 𝕊𝑛.

(4.13)
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888 SIRE et al.

Now we claim that 𝜙̄ = 0, from which we obtain a contradiction. Indeed, by standard parabolic

regularity on the sphere, 𝜙̄(𝑦̃, 𝑡) is smooth. From a scaling argument, we have

(𝜋 − |𝑦̃|)|∇𝕊𝑛 𝜙̄| + |𝜙̄𝑡| + |Δ𝕊𝑛 𝜙̄| ≲ (𝜋 − |𝑦̃|)2+𝑎.

Then differentiating (4.13) gives 𝜕𝑡𝜙̄𝑡 = Δ𝕊𝑛 𝜙̄𝑡 + 𝜆1𝜙̄𝑡 and

(𝜋 − |𝑦̃|)|∇𝕊𝑛 𝜙̄𝑡| + |𝜙̄𝑡𝑡| + |Δ𝕊𝑛 𝜙̄𝑡| ≲ (𝜋 − |𝑦̃|)2+𝑎.
Furthermore, we have

1
2
𝜕𝑡 ∫𝕊𝑛 |𝜙̄𝑡|

2 + 𝐵(𝜙̄𝑡, 𝜙̄𝑡) = 0,

where

𝐵(𝜙̄, 𝜙̄) = ∫𝕊𝑛
[|∇𝕊𝑛 𝜙̄|2 − 𝜆1|𝜙̄|2

]
𝑑𝑦̃.

Since ∫𝕊𝑛 𝜙̄(𝑦̃, 𝑡) ⋅ 𝑍̃𝑗(𝑦̃)𝑑𝑦̃ = 0 for all 𝑡 ∈ (−∞, 0], 𝑗 = 0, 1, … , 𝑛 + 1, 𝐵(𝜙̄, 𝜙̄) ⩾ 0. Also, it holds
that

∫𝕊𝑛 |𝜙̄𝑡|
2 = −

1
2
𝜕𝑡𝐵(𝜙̄, 𝜙̄).

From these relations, we obtain

𝜕𝑡 ∫𝕊𝑛 |𝜙̄𝑡|
2 ⩽ 0, ∫

0

−∞
𝑑𝑡 ∫𝕊𝑛 |𝜙̄𝑡|

2 < +∞.

Therefore 𝜙̄𝑡 = 0, thus 𝜙̄ is independent of 𝑡 and Δ𝕊𝑛 𝜙̄ + 𝜆1𝜙̄ = 0. Since 𝜙̄ is bounded, by the non-
degeneracy of the elliptic operator Δ𝕊𝑛 + 𝜆1, 𝜙̄ can be expressed as a linear combination of the

functions 𝑍̃𝑗 defined in (4.4), 𝑗 = 1,… , 𝑛 + 1. But ∫𝕊𝑛 𝜙̄ ⋅ 𝑍̃𝑗 = 0, 𝑗 = 1,… , 𝑛, we get 𝜙̄ = 0, which
a contradiction. Therefore, (4.12) holds.

From (4.11) and (4.12), there exists a sequence 𝑦̃𝑘 with 𝜋 − |𝑦̃𝑘|→ 0 such that

(𝑡𝑘2 )
𝜈(𝜋 − |𝑦̃𝑘|)−𝑎−2|𝜙̃𝑘(𝑦̃𝑘, 𝑡𝑘2 )| ⩾ 1

2
.

Let us write 𝜙̃𝑘 as a function of 𝜃1, … , 𝜃𝑛, that is, 𝜙̃𝑘 = 𝜙̃𝑘(𝜃1, … , 𝜃𝑛) with 𝜃𝑛 being the geodesic
distance to the south pole. Suppose 𝑦̃𝑘 = (𝜃𝑘1 , … , 𝜃𝑘𝑛), then 𝜃

𝑘
𝑛 → 𝜋 and

(𝑡𝑘2 )
𝜈(𝜋 − 𝜃𝑘𝑛)

−𝑎−2|𝜙̃𝑘(𝜃𝑘1 , … , 𝜃𝑘𝑛 , 𝑡
𝑘
2 )| ⩾ 1

2
.

Set

𝜙̂𝑘(𝜗1, … , 𝜗𝑛, 𝑡) ∶= (𝑡𝑘2 )
𝜈(𝜋 − 𝜃𝑘𝑛)

−𝑎−2×

𝜙̃𝑘
(
𝜃𝑘1 + (𝜋 − 𝜃𝑘𝑛)𝜗1, … , 𝜃𝑘𝑛 + (𝜋 − 𝜃𝑘𝑛)𝜗𝑛, (𝜋 − 𝜃𝑘𝑛)

2𝑡 + 𝑡𝑘2
)
,

(4.14)
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then

𝜕𝑡𝜙̂𝑘 = Δ𝕊𝑛 𝜙̂𝑘 + 𝑎𝑘𝜙̂𝑘 + ℎ̂𝑘(𝑧, 𝑡),

where

ℎ̂𝑘(𝜗1, … , 𝜗𝑛, 𝑡) ∶= (𝑡𝑘2 )
𝜈(𝜋 − 𝜃𝑘𝑛)

−𝑎×

ℎ̃𝑘
(
𝜃𝑘1 + (𝜋 − 𝜃𝑘𝑛)𝜗1, … , 𝜃𝑘𝑛 + (𝜋 − 𝜃𝑘𝑛)𝜗𝑛, (𝜋 − 𝜃𝑘𝑛)

2𝑡 + 𝑡𝑘2
)
.

From the assumptions on ℎ𝑘, there holds

|ℎ̂𝑘(𝜗1, … , 𝜗𝑛, 𝑡)| ≲ 𝑜(1)|1 − 𝜗𝑛|𝑎((𝑡𝑘2 )−1(𝜋 − 𝜃𝑘𝑛)
2𝑡 + 1)−𝜈.

Thus ℎ̂𝑘(𝜗1, … , 𝜗𝑛, 𝑡) → 0 uniformly on compact subsets of 𝕊𝑛 × (−∞, 0] and the function 𝑎𝑘 sat-
isfies the same property. Furthermore, |𝜙̃𝑘(0, … , 0)| ⩾ 1

2
and

|𝜙̂𝑘| ≲ |1 − 𝜗𝑛|𝑎+2((𝑡𝑘2 )−1(𝜋 − 𝜃𝑘𝑛)
2𝑡 + 1)−𝜈.

Note that |1 − 𝜗𝑛| is the geodesic distance between the point (𝜗1, … , 𝜗𝑛) and (𝜃
𝑘
1 , … , 𝜃𝑘𝑛−1, 1), by

passing to a subsequence, we may assume (𝜃𝑘1 , … , 𝜃𝑘𝑛−1, 1) → 𝑒 ∈ 𝕊𝑛, the geodesic distance from 𝑒

to the south pole is 1. Hence there exists a function 𝜙̂ such that 𝜙̂𝑘 → 𝜙̂ ≠ 0 uniformly on compact
subsets of 𝕊𝑛 × (−∞, 0], and 𝜙̂ satisfies the following equation

𝜙̂𝑡 = Δℝ𝑛 𝜙̂ in ℝ𝑛 × (−∞, 0] (4.15)

and

|𝜙̂(𝑦, 𝑡)| ⩽ |𝑦 − 𝑒|𝑎+2 in ℝ𝑛 × (−∞, 0]. (4.16)

Here 𝑒 is the pre-image of 𝑒 under the stereographic projection, that is, 𝑒 = 𝜋(𝑒) . Any functions
satisfying (4.15), (4.16) and 𝑎 + 2 ∈ (2 − 𝑛, 0) must be zero, which is a contradiction, hence we
have the validity of (4.10).

Indeed, without loss of generality, assume 𝑒 is the origin point. Define 𝑢(𝜌, 𝑡) = (𝜌2 + 𝑡)
𝑎+2
2 +

𝜀
𝜌𝑛−2

, then −𝑢𝑡 + Δ𝑢 < [−(𝑎 + 2) + 1
2
− (𝑛 − 1)](𝜌2 + 𝑡)

𝑎
2 < 0, therefore 𝑢(|𝑦|, 𝑡 + 𝑀) is a super-

solution of (4.15)–(4.16) on ℝ𝑛 × [−𝑀, 0]. Hence we have |𝜙̂(𝑦, 𝑡)| ⩽ 𝑢(|𝑦|, 𝑡 + 𝑀). Letting 𝑀 →
+∞, we get |𝜙̂(𝑦, 𝑡)| ⩽ 𝜀

|𝑦|𝑛−2 . Since 𝜀 is arbitrary, we conclude that 𝜙̂(𝑦, 𝑡) = 0. □

Remark 4.2. In (4.14), if we define 𝜙̂𝑘 as

𝜙̂𝑘(𝜗1, … , 𝜗𝑛, 𝑡) ∶= (𝑡𝑘2 )
𝜈(𝜋 − 𝜃𝑘𝑛)

−𝑎−2×

𝜙̃𝑘
(
𝜃𝑘1 + 𝜗1, … , 𝜃𝑘𝑛−1 + 𝜗𝑛−1, 𝜃

𝑘
𝑛 + (𝜋 − 𝜃𝑘𝑛)𝜗𝑛, (𝜋 − 𝜃𝑘𝑛)

2𝑡 + 𝑡𝑘2
)
,

then the limit equation is

𝜙̂𝑡 = Δ𝕊𝑛 𝜙̂ in 𝕊𝑛 × (−∞, 0]
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and

|𝜙̂(𝑦, 𝑡)| ⩽ |𝑦 − 𝑒|𝑎+2 in 𝕊𝑛 × (−∞, 0].

Under the assumption 𝑎 + 2 ∈ (2 − 𝑛, 0) and similar arguments as above, one has 𝜙̂ = 0, which
is also a contradiction.

Proof of Proposition 4.1. First, we consider the problem

{
𝜕𝑡𝜙̃ =

(
Δ𝕊𝑛 + 𝜆1

)
𝜙̃ + ℎ̃ − 𝑐(𝑡)𝑍̃0(𝑦̃), 𝑦̃ ∈ 𝕊𝑛, 𝑡 ⩾ 𝑡0,

𝜙̃(𝑦̃, 𝑡0) = 0, 𝑦̃ ∈ 𝕊𝑛.

Let (𝜙̃(𝑦̃, 𝑡), 𝑐(𝑡)) be the unique solution of the initial value problem (4.5), then by Lemma 4.1, for

any 𝑡1 > 𝑡0, there hold

|𝜙̃(𝑦̃, 𝑡)| ≲ 𝑡−𝜈(𝜋 − |𝑦̃|)2+𝑎‖ℎ̃‖𝑎,𝑡1 , for all 𝑡 ∈ (𝑡0, 𝑡1), 𝑦̃ ∈ 𝕊𝑛

and

|𝑐(𝑡)| ⩽ 𝑡−𝜈‖ℎ̃‖𝑎,𝑡1 for all 𝑡 ∈ (𝑡0, 𝑡1).

By assumption, we have ‖ℎ̃‖𝑎,𝜈 < +∞ and ‖ℎ̃‖𝑎,𝑡1 ⩽ ‖ℎ̃‖𝑎,𝜈 for an arbitrary 𝑡1. Therefore,

|𝜙̃(𝑦̃, 𝑡)| ≲ 𝑡−𝜈(𝜋 − |𝑦̃|)2+𝑎‖ℎ̃‖𝑎,𝜈 for all 𝑡 ∈ (𝑡0, 𝑡1), 𝑦̃ ∈ 𝕊𝑛

and

|𝑐(𝑡)| ⩽ 𝑡−𝜈‖ℎ̃‖𝑎,𝜈 for all 𝑡 ∈ (𝑡0, 𝑡1).

Since 𝑡1 is arbitrary, we have

|𝜙̃(𝑦̃, 𝑡)| ≲ 𝑡−𝜈(𝜋 − |𝑦̃|)2+𝑎‖ℎ̃‖𝑎,𝜈 for all 𝑡 ∈ (𝑡0, +∞), 𝑦̃ ∈ 𝕊𝑛

and

|𝑐(𝑡)| ⩽ 𝑡−𝜈‖ℎ̃‖𝑎,𝜈 for all 𝑡 ∈ (𝑡0, +∞).

□

Using the stereographic projection, Proposition 4.1 is equivalent to the following result.

Proposition 4.2. Suppose 𝑎 ∈ (−𝑛,−2), 𝜈 > 0, ‖𝑈𝑝−1ℎ‖𝑛+2+𝑎,𝜈 < +∞ and

∫𝐵2𝑅(0) ℎ(𝑦, 𝑡)𝑍𝑗(𝑦)𝑈
𝑝−1(𝑦)𝑑𝑦 = 0 for all 𝑡 ∈ (𝑡0,∞), 𝑗 = 1,… , 𝑛 + 1. (4.17)
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Then, for sufficiently large 𝑅, there exists 𝜙 = 𝜙[ℎ](𝑦, 𝑡) satisfying (4.1) and

(1 + |𝑦|)−2|𝜕𝑡𝜙(𝑦, 𝑡)| + (1 + |𝑦|)−1|∇𝜙(𝑦, 𝑡)| + |𝜙(𝑦, 𝑡)| ≲ 𝑡−𝜈

1 + |𝑦|𝑛+𝑎 ‖𝑈
𝑝−1ℎ‖𝑛+2+𝑎,𝜈.

Furthermore, there exists a function 𝑒0 = 𝑒0[ℎ](𝑡) such that 𝜙(⋅, 𝑡0) = 𝑒0[ℎ](𝑡0)𝑍0(𝑦) and |𝑒0[ℎ]| ≲
‖𝑈𝑝−1ℎ‖𝑛+2+𝑎,𝜈 hold.

4.2 Choice of the parameter functions

To apply Proposition 4.2 to the inner problem (2.16), the right-hand term

𝐻𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑦, 𝑡) ∶= 𝑝𝜇
𝑛−2
2

0𝑗

𝜇2
0𝑗

𝜇2
𝑗

𝑈𝑝−1

(𝜇0𝑗
𝜇𝑗

𝑦

)
𝜓(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡)

+ 𝜇
𝑛+2
2

0𝑗
𝑆∗,𝑖𝑛
𝜇,𝜉,𝑗

(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡) + 𝐵1[𝜙𝑗] + 𝐵2[𝜙𝑗] + 𝐵3[𝜙𝑗]

should satisfy the orthogonality conditions (4.17), that is to say, we need the following identities

∫𝐵2𝑅 𝐻𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑦, 𝑡)𝑍𝑙(𝑦)𝑑𝑦 = 0 for 𝑙 = 1, … , 𝑛 + 1, 𝑗 = 1, 2, … , 𝑘. (4.18)

These identities can be achieved by solving a system of ODEs for the parameter functions 𝜆𝑗 , 𝜉𝑗 ,

𝑗 = 1,… , 𝑘. Since (𝑞) is positive definite, the matrix with elements 1
2
𝑏2
𝑗
𝑖𝑗 can be diagonalized

as 1
𝑛−2

𝑃𝑇𝑑𝑖𝑎g(𝜎̄1, … , 𝜎̄𝑘)𝑃 with 𝜎̄𝑖 > 0 for 𝑖 = 1, … , 𝑘 and 𝑃 is a 𝑘 × 𝑘 matrix.

Lemma 4.2. When 𝑙 = 𝑛 + 1, identities (4.18) are equivalent to the following system of ODEs,

𝜆̇𝑗 +
1
𝑡

(
𝑃𝑇𝑑𝑖𝑎g

( 𝜎̄𝑗 + 2

𝑛 − 2

)
𝑃𝜆

)

𝑗

= Π1,𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑡) (4.19)

where the right-hand side termΠ1,𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑡) can be expressed as

Π1,𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑡) =𝑡
−𝜀
0 𝜇𝑛−1+𝜎0 (𝑡)𝑓𝑗(𝑡)

+ 𝑡−𝜀0 Θ1,𝑗

[
𝜆̇, 𝜉̇, 𝜇𝑛−20 (𝑡)𝜆, 𝜇𝑛−20 (𝜉 − 𝑞), 𝜇𝑛−1+𝜎0 𝜙

]
(𝑡).

(4.20)

Here 𝑓𝑗(𝑡) and Θ1,𝑗[𝜆̇, 𝜉̇, 𝜇
𝑛−2
0 (𝑡)𝜆, 𝜇𝑛−20 (𝜉 − 𝑞), 𝜇𝑛−1+𝜎0 𝜙](𝑡) are smooth bounded functions of 𝑡.

Furthermore, the following Lipschitz properties hold

|||Θ1,𝑗[𝜆̇1](𝑡) − Θ1,𝑗[𝜆̇2](𝑡)
||| ≲ 𝑡−𝜀0 |𝜆̇1(𝑡) − 𝜆̇2(𝑡)|

|||Θ1,𝑗[𝜉̇1](𝑡) − Θ1,𝑗[𝜉̇2](𝑡)
||| ≲ 𝑡−𝜀0 |𝜉̇1(𝑡) − 𝜉̇2(𝑡)|,
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|||Θ1,𝑗[𝜇
𝑛−2
0 𝜆1](𝑡) − Θ1,𝑗[𝜇

𝑛−2
0 𝜆2](𝑡)

||| ≲ 𝑡−𝜀0 |𝜆̇1(𝑡) − 𝜆̇2(𝑡)|

|||Θ1,𝑗[𝜇
𝑛−2
0 (𝜉1 − 𝑞)](𝑡) − Θ1,𝑗[𝜇

𝑛−2
0 (𝜉2 − 𝑞)](𝑡)||| ≲ 𝑡−𝜀0 |𝜉1(𝑡) − 𝜉2(𝑡)|,

|||Θ1,𝑗[𝜇
𝑛−1+𝜎
0 𝜙1](𝑡) − Θ1,𝑗[𝜇

𝑛−1+𝜎
0 𝜙2](𝑡)

||| ≲ 𝑡−𝜀0 ‖𝜙1(𝑡) − 𝜙2(𝑡)‖𝑛−2+𝜎,𝑛+𝑎.

Proof. For a fixed 𝑗 ∈ {1, … , 𝑘}, let us compute the term

∫𝐵2𝑅 𝐻𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑦, 𝑡)𝑍𝑛+1(𝑦)𝑑𝑦.

First, we consider the term

𝜇
𝑛+2
2

0𝑗
𝑆∗,𝑖𝑛
𝜇,𝜉,𝑗

(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡)

=

(𝜇0𝑗
𝜇𝑗

) 𝑛+2
2 [

𝜇−10𝑗 𝑆1(𝑧, 𝑡) + 𝜆𝑗𝑏
−1
𝑗 𝜇−20 𝑆2(𝑧, 𝑡) + 𝜇−2𝑗 𝑆3(𝑧, 𝑡)

]
𝑧=𝜉𝑗+𝜇𝑗𝑦

+

(𝜇0𝑗
𝜇𝑗

) 𝑛+2
2

𝜇0𝑗𝜇
−2
0

[
𝑆1(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡) − 𝑆1(𝜉𝑗 + 𝜇𝑗𝑦, 𝑡)

]

+

(𝜇0𝑗
𝜇𝑗

) 𝑛+2
2

𝜆𝑗𝑏
−1
𝑗 𝜇−20

[
𝑆2(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡) − 𝑆2(𝜉𝑗 + 𝜇𝑗𝑦, 𝑡)

]

+

(𝜇0𝑗
𝜇𝑗

) 𝑛+2
2

𝜇−2𝑗
[
𝑆3(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡) − 𝑆3(𝜉𝑗 + 𝜇𝑗𝑦, 𝑡)

]
,

where

𝑆1(𝑧) = 𝜆̇𝑗𝑝𝑈(
𝑧 − 𝜉𝑗
𝜇𝑗

)𝑝−1𝑍𝑛+1

(
𝑧 − 𝜉𝑗
𝜇𝑗

)

− 2𝜇−10 𝜇̇0𝜆𝑗𝑝𝑈

(
𝑧 − 𝜉𝑗
𝜇𝑗

)𝑝−1

𝑍𝑛+1

(
𝑧 − 𝜉𝑗
𝜇𝑗

)

− 𝜇𝑛−20 𝑝𝑈(
𝑧 − 𝜉𝑗
𝜇𝑗

)𝑝−1
𝑘∑
𝑖=1

𝑏2𝑗𝑖𝑗𝜆𝑖 ,

𝑆2(𝑧) = 𝜇̇0𝑍𝑛+1

(
𝑧 − 𝜉𝑗
𝜇𝑗

)
𝑝𝑈

(
𝑧 − 𝜉𝑗
𝜇𝑗

)𝑝−1

+ 𝑝𝑈

(
𝑧 − 𝜉𝑗
𝜇𝑗

)𝑝−1

𝜇𝑛−10

(
−𝑏𝑛−2𝑗 𝐻(𝑞𝑗 , 𝑞𝑗) +

∑
𝑖≠𝑗

𝑏
𝑛−2
2

𝑗
𝑏

𝑛−2
2

𝑖
𝐺(𝑞𝑗 , 𝑞𝑖)

)
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and

𝑆3(𝑧) = 𝜉̇𝑗 ⋅∇𝑈

(
𝑧 − 𝜉𝑗
𝜇𝑗

)
+ 𝜇3𝑗𝑝𝑈

(
𝑧 − 𝜉𝑗
𝜇𝑗

)𝑝−1

×

(
−𝜇𝑛−2𝑗 ∇𝐻(𝑞𝑗 , 𝑞𝑗) +

∑
𝑖≠𝑗

𝜇
𝑛−2
2

𝑗
𝜇

𝑛−2
2

𝑖
∇𝐺(𝑞𝑗 , 𝑞𝑖)

)
⋅

(
𝑧 − 𝜉𝑗
𝜇𝑗

)
.

By direct computations, we have

∫𝐵2𝑅𝑆1(𝜉𝑗 + 𝜇𝑗𝑦)𝑍𝑛+1(𝑦)𝑑𝑦 = 𝑐2(1 + 𝑂(𝑅2−𝑛))𝜆̇𝑗

− 2𝑐2(1 + 𝑂(𝑅−2))𝜇−10 𝜇̇0𝜆𝑗 + 𝑐1(1 + 𝑂(𝑅−2))𝜇𝑛−20

𝑘∑
𝑖=1

𝑏2𝑗𝑖𝑗𝜆𝑖 ,

∫𝐵2𝑅 𝑆2(𝜉𝑗 + 𝜇𝑗𝑦)𝑍𝑛+1(𝑦)𝑑𝑦 = 𝑂(𝑅2−𝑛 + 𝑅−2)𝜇𝑛−10

and

∫𝐵2𝑅 𝑆3(𝜉𝑗 + 𝜇𝑗𝑦)𝑍𝑛+1(𝑦)𝑑𝑦 = 0 (by symmetry).

Since
𝜇0𝑗
𝜇𝑗

= (1 +
𝜆𝑗
𝜇0𝑗

)−1, for any 𝑙 = 1, 2, 3, there holds

∫𝐵2𝑅 [𝑆𝑙(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡) − 𝑆𝑙(𝜉𝑗 + 𝜇𝑗𝑦, 𝑡)]𝑍𝑛+1(𝑦)𝑑𝑦

= g(𝑡,
𝜆𝑗
𝜇0

)𝜆̇𝑗 + g(𝑡,
𝜆𝑗
𝜇0

)𝜉̇ + g(𝑡,
𝜆𝑗
𝜇0

)
∑
𝑖

𝜇𝑛−20 𝜆𝑖 + 𝜇𝑛−1+𝜎0 𝑓(𝑡),

where 𝑓, g are smooth bounded functions satisfying 𝑓(⋅, 𝑠) ∼ 𝑠, g(⋅, 𝑠) ∼ 𝑠 as 𝑠 → 0. Therefore, we
have

𝑐

( 𝜇𝑗
𝜇0𝑗

) 𝑛+2
2

𝜇0𝑗 ∫𝐵2𝑅 𝜇
𝑛+2
2

0𝑗
𝑆𝜇,𝜉,𝑗(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡)𝑍𝑛+1(𝑦)𝑑𝑦

=

[
𝜆̇𝑗 +

1
𝑡

(
𝑃𝑇𝑑𝑖𝑎g

( 𝜎̄𝑗 + 2

𝑛 − 2

)
𝑃𝜆

)

𝑗

]
+ 𝑡−𝜀0 g(𝑡,

𝜆𝑗
𝜇0

)(𝜆̇ + 𝜉̇) + 𝑡−𝜀0 𝜇𝑛−20 g(𝑡,
𝜆𝑗
𝜇0

),

for a positive number 𝑐.
Next we compute the term

𝑝𝜇
𝑛−2
2

0𝑗
(1 +

𝜆𝑗
𝜇0𝑗

)−2 ∫𝐵2𝑅 𝑈
𝑝−1(

𝜇0𝑗
𝜇𝑗

𝑦)𝜓(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡)𝑍𝑛+1(𝑦)𝑑𝑦,
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the principal part is 𝐼 ∶= ∫𝐵2𝑅 𝑈𝑝−1(𝑦)𝜓(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡)𝑍𝑛+1(𝑦)𝑑𝑦. Decompose 𝐼 as

𝐼 = 𝜓[0, 𝑞, 0, 0, 0](𝑞𝑗 , 𝑡)∫𝐵2𝑅 𝑈
𝑝−1(𝑦)𝑍𝑛+1(𝑦)𝑑𝑦

+ ∫𝐵2𝑅 𝑈
𝑝−1(𝑦)𝑍𝑛+1(𝑦)(𝜓[0, 𝑞, 0, 0, 0](𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡) − 𝜓[0, 𝑞, 0, 0, 0](𝑞𝑗 , 𝑡))𝑑𝑦

+ ∫𝐵2𝑅 𝑈
𝑝−1(𝑦)𝑍𝑛+1(𝑦)(𝜓[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙] − 𝜓[0, 𝑞, 0, 0, 0])(𝜉𝑗 + 𝜇0𝑗𝑦, 𝑡)𝑑𝑦

= 𝐼1 + 𝐼2 + 𝐼3.

By Proposition 3.2, 𝐼1 = 𝑡−𝜀0 𝜇
𝑛−2
2

+𝜎

0 𝑓(𝑡), 𝑓 is a smooth bounded function. Similarly, 𝐼2 =

𝑡−𝜀0 𝜇
𝑛−2
2

+𝜎

0 g(𝑡, 𝜆
𝜇0
, 𝜉 − 𝑞) for a bounded function g such that g(⋅, 𝑠, ⋅) ∼ 𝑠 and g(⋅, ⋅, 𝑠) ∼ 𝑠 as 𝑠 → 0.

From Remark 3.1 and mean value theorem, 𝐼3 is the sum of terms like

𝜇
− 𝑛

2
+𝜎

0 𝑡−𝜀0 𝑓(𝑡)(𝜆̇ + 𝜉̇)𝐹[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑡)

and

𝜇
𝑛−4
2

0 𝑡−𝜀0 𝑓(𝑡)(𝜆 + 𝜉)𝐹[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑡),

where the function 𝑓 is smooth bounded, 𝐹 is a nonlocal operator with 𝐹[0, 𝑞, 0, 0, 0](𝑡) bounded.
Finally, there hold

∫𝐵2𝑅 𝐵
𝑖[𝜙𝑗](𝑦, 𝑡)𝑍𝑛+1(𝑦)𝑑𝑦 = 𝑡−𝜀0 [𝜇𝑛−1+𝜎0 (𝑡)g 𝑖[𝜙](𝑡) + 𝜉̇𝑗𝓁

𝑖[𝜙](𝑡)]

for functions g
𝑖(𝑠) satisfying g

𝑖(𝑠) ∼ 𝑠 as 𝑠 → 0, and 𝓁𝑖[𝜙](𝑡) is smooth bounded in 𝑡. Combining
all the estimates above, we conclude the result. □

Similarly, for the identities

∫𝐵2𝑅 𝐻𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑦, 𝑡(𝑡))𝑍𝑙(𝑦)𝑑𝑦,

for any 𝑗 = 1,… , 𝑘, 𝑙 = 1, … , 𝑛, we have

Lemma 4.3. For 𝑗 = 1,… , 𝑘, 𝑙 = 1, … , 𝑛, (4.18) are equivalent to the following system of ODEs

𝜉̇𝑗 = Π2,𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑡),

Π2,𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑡)

= 𝜇𝑛0 𝑐

[
𝑏𝑛−2𝑗 ∇𝐻(𝑞𝑗 , 𝑞𝑗) −

∑
𝑖≠𝑗

𝑏
𝑛−2
2

𝑗
𝑏

𝑛−2
2

𝑖
∇𝐺(𝑞𝑗 , 𝑞𝑖)

]
+ 𝜇𝑛+𝜎0 (𝑡)𝑓𝑗(𝑡)

+ 𝑡−𝜀0 Θ2,𝑗[𝜆̇, 𝜉̇, 𝜇
𝑛−2
0 (𝑡)𝜆, 𝜇𝑛−10 (𝜉 − 𝑞), 𝜇𝑛−1+𝜎0 𝜙](𝑡),
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where 𝑐 =
𝑝 ∫ℝ𝑛 𝑈𝑝−1 𝜕𝑈

𝜕𝑦1
𝑦1𝑑𝑦

∫ℝ𝑛 ( 𝜕𝑈𝜕𝑦1 )2𝑑𝑦
, 𝑓𝑗(𝑡) are smooth bounded n-dimensional vector functions for 𝑡 ∈

[𝑡0,∞), the n-dimensional vector functions Θ2,𝑗 has the same properties as in Lemma 4.2.

From Lemmas 4.2 and 4.3, we know that the orthogonality conditions

∫𝐵2𝑅 𝐻𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑦, 𝑡(𝑡))𝑍𝑙(𝑦)𝑑𝑦, for 𝑗 = 1,… , 𝑘 and 𝑙 = 1, … , 𝑛 + 1,

are equivalent to the system of ODEs for 𝜆 and 𝜉,

⎧⎪⎨⎪⎩

𝜆̇𝑗 +
1
𝑡

(
𝑃𝑇𝑑𝑖𝑎g

( 𝜎̄ + 1
𝑛 − 2

)
𝑃𝜆
)
𝑗
= Π1,𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑡),

𝜉̇𝑗 = Π2,𝑗[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑡), 𝑗 = 1, … , 𝑘.

(4.21)

System (4.21) is solvable for 𝜆 and 𝜉 satisfying (3.11)–(3.12). Indeed, we have

Proposition 4.3. There exists a solution 𝜆 = 𝜆[𝜙](𝑡), 𝜉 = 𝜉[𝜙](𝑡) to (4.21) satisfying

|𝜆[𝜙1](𝑡) − 𝜆[𝜙2](𝑡)| ≲ 𝑡−𝜀0 𝜇1+𝜎0 ‖𝜙1 − 𝜙2‖𝑛−2+𝜎,𝑛+𝑎
and

|𝜉[𝜙1](𝑡) − 𝜉[𝜙2](𝑡)| ≲ 𝑡−𝜀0 𝜇1+𝜎0 ‖𝜙1 − 𝜙2‖𝑛−2+𝜎,𝑛+𝑎.

The proof is similar to that of Proposition 5.2 in [11], so we omit it here.

4.3 Solving the inner problem (2.16)

After the parameter functions 𝜆 = 𝜆[𝜙] and 𝜉 = 𝜉[𝜙] have been chosen such that the orthogo-
nality conditions (4.18) hold, problem (2.16) can be solved in the class of functions satisfying

‖𝜙‖𝑛−2+𝜎,𝑛+𝑎 < +∞ bounded. From Proposition 4.2, there exists a bounded linear operator 
associating any function ℎ(𝑦, 𝑡)with ‖𝑈𝑝−1ℎ‖𝑛−2+𝜎,𝑛+2+𝑎-bounded the solution of problem (4.1),

thus (2.16) reduces to the following fixed point problem

𝜙 = (𝜙1, … , 𝜙𝑘) = (𝜙) ∶= ( (𝐻1[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙]), … ,  (𝐻𝑘[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙])).

From the definition of𝐻𝑗 , we have the estimate

|||𝐻[𝜆, 𝜉, 𝜆̇, 𝜉̇, 𝜙](𝑦, 𝑡)||| ≲ 𝑡−𝜀0
𝜇𝑛−2+𝜎0

1 + |𝑦|𝑛+2+𝑎 . (4.22)

Therefore,maps the setΛ ∶= {𝜙 | ‖𝜙‖𝑛−2+𝜎,𝑛+𝑎 ⩽ 𝑐𝑡−𝜀0 } into itself for some large constant 𝑐 > 0.
Moreover, is a contraction map, hence there exists a fixed point, from which we find a solu-

tion of (1.4). Indeed, this is consequence of the following estimates.
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(a)

𝜇
𝑛+2
2

0𝑗
|||𝑆𝜇1,𝜉1,𝑗(𝜉𝑗,1 + 𝜇0𝑗𝑦, 𝑡) − 𝑆𝜇2,𝜉2,𝑗(𝜉𝑗,2 + 𝜇0𝑗𝑦, 𝑡)

|||

≲ 𝑡−𝜀0
𝜇𝑛−2+𝜎0 (𝑡)

1 + |𝑦|𝑛+2+𝑎 ‖𝜙
(1) − 𝜙(2)‖𝑛−2+𝜎,𝑛+𝑎

where

𝜇𝑖 = 𝜇[𝜙(𝑖)], 𝜉𝑖 = 𝜉[𝜙(𝑖)], 𝜉𝑗,𝑖 = 𝜉𝑗[𝜙
(𝑖)], 𝑖 = 1, 2.

(b) From Remark 3.1, we have

𝑝𝜇
𝑛−2
2

0𝑗

|||||
𝜇2
0𝑗

𝜇2
𝑗,1

𝑈𝑝−1

( 𝜇0𝑗
𝜇𝑗,1

𝑦

)
𝜓[𝜙(1)](𝜉𝑗,1 + 𝜇0𝑗𝑦, 𝑡)

−
𝜇2
0𝑗

𝜇2
𝑗,2

𝑈𝑝−1

( 𝜇0𝑗
𝜇𝑗,2

𝑦

)
𝜓[𝜙(2)](𝜉𝑗,2 + 𝜇0𝑗𝑦, 𝑡)

|||||

≲ 𝑡−𝜀0
𝜇𝑛−2+𝜎0 (𝑡)

1 + |𝑦|𝑛+2+𝑎 ‖𝜙
(1) − 𝜙(2)‖𝑛−2+𝜎,𝑛+𝑎

where

𝜇𝑗,𝑖 = 𝜇𝑗[𝜙
(𝑖)], 𝜓[𝜙(𝑖)] = Ψ[𝜆𝑖 , 𝜉𝑖 , 𝜆̇𝑖 , 𝜉̇𝑖 , 𝜙

(𝑖)], 𝑖 = 1, 2.

(c) From the definitions in Section 2, we have

|||𝐵
𝑙[𝜙(1)

𝑗
] − 𝐵(1)

𝑗
[𝜙(2)

𝑗
]||| ≲ 𝑡−𝜀0

𝜇𝑛−2+𝜎0 (𝑡)

1 + |𝑦|𝑛+2+𝑎 ‖𝜙
(1) − 𝜙(2)‖𝑛−2+𝜎,𝑛+𝑎

hold for 𝑙 = 1, 2, 3.

ACKNOWLEDGEMENT

J.W. is partially supported by NSERC of Canada and Y.Z. is partially supported by NSF of China

(No. 12171355).

JOURNAL INFORMATION

The Journal of the London Mathematical Society is wholly owned and managed by the London

Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.

All surplus income from its publishing programme is used to support mathematicians and

mathematics research in the form of research grants, conference grants, prizes, initiatives for

early career researchers and the promotion of mathematics.

 1
4
6
9
7
7
5
0
, 2

0
2
2
, 2

, D
o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://lo
n
d
m

ath
so

c.o
n
lin

elib
rary

.w
iley

.co
m

/d
o
i/1

0
.1

1
1
2

/jlm
s.1

2
5

8
7

 b
y

 Jo
h

n
s H

o
p

k
in

s M
ed

icin
e, W

iley
 O

n
lin

e L
ib

rary
 o

n
 [0

5
/0

8
/2

0
2

3
]. S

ee th
e T

erm
s an

d
 C

o
n

d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n

s) o
n

 W
iley

 O
n

lin
e L

ib
rary

 fo
r ru

les o
f u

se; O
A

 articles are g
o

v
ern

ed
 b

y
 th

e ap
p

licab
le C

reativ
e C

o
m

m
o
n

s L
icen

se



FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 897

REFERENCES

1. C. Bandle and J. Wei, Non-radial clustered spike solutions for semilinear elliptic problems on 𝑆𝑛, J. Anal. Math.

102 (2007), 181–208.

2. J. G. Berryman and C. J. Holland, Stability of the separable solution for fast diffusion, Archive Rational Mech.

Anal. 74 (1980), no. 4, 379–388.

3. A. Blanchet, M. Bonforte, J. Dolbeault, G. Grillo, and J. L. Vázquez, Asymptotics of the fast diffusion equation

via entropy estimates, Archive for Rational Mech. Anal. 191 (2009), no. 2, 347–385.

4. M. Bonforte, J. Dolbeault, G. Grillo, and J. L. Vázquez, Sharp rates of decay of solutions to the nonlinear fast

diffusion equation via functional inequalities, Proc. Natl. Acad. Sci. USA 107 (2010), no. 38, 16459–16464.

5. M. Bonforte and A. Figalli, Sharp extinction rates for fast diffusion equations on generic bounded domains,

Comm. Pure Appl. Math. 74 (2021), no. 4, 744–789.

6. M. Bonforte, G. Grillo, and J. L. Vázquez, Behaviour near extinction for the fast diffusion equation on bounded

domains, J. Math. Pures Appl. 97 (2012), no. 1, 1–38.

7. M. Bonforte and J. L. Vázquez, Global positivity estimates and harnack inequalities for the fast diffusion equa-

tion, J. Funct. Anal. 240 (2006), no. 2, 399–428.

8. S. Brendle, Convergence of the Yamabe flow in dimension 6 and higher, Invent. Math. 170 (2007), no. 3, 541–576.

9. S. Brendle, A short proof for the convergence of the Yamabe flow on 𝕊𝑛, Pure Appl. Math. Quart. 3 (2007), no. 2,

499–512.

10. S. Brendle, Convergence of the Yamabe flow for arbitrary initial energy, J. Differential Geom. 69 (2005), no. 2,

217–278.

11. C. Cortazar, M. del Pino, and M. Musso, Green’s function and infinite-time bubbling in the critical nonlinear

heat equation, J. Eur. Math. Soc. 22 (2020), no. 1, 283–344.

12. P. Daskalopoulos, M. Del Pino, J. King, and N. Sesum, Type I ancient compact solutions of the Yamabe flow,

Nonlinear Anal. 137 (2016), 338–356.

13. P. Daskalopoulos, M. del Pino, and N. Sesum, Type II ancient compact solutions to the Yamabe flow, J. Reine

Angew. Math. 738 (2018), 1–71.

14. P. Daskalopoulos and C. E. Kenig, Degenerate diffusions: initial value problems and local regularity theory, vol.

1, European Mathematical Society, 2007.

15. P. Daskalopoulos, J. King, and N. Sesum, Extinction profile of complete non-compact solutions to the Yamabe

flow, Preprint, arXiv:1306.0859, 2013.

16. P. Daskalopoulos and N. Sesum, On the extinction profile of solutions to fast diffusion, J. Reine Angew. Math.

622 (2008), 95–119.

17. P. Daskalopoulos and N. Sesum, The classification of locally conformally flat Yamabe solitons, Adv. Math. 240

(2013), 346–369.

18. E. B. Davies, Heat kernels and spectral theory, Cambridge Tracts in Math., vol. 92, Cambridge Univ. Press,

Cambridge, 1989.

19. J. Dávila, M. del Pino, and J. Wei, Singularity formation for the two-dimensional harmonic map flow into 𝕊2,

Invent. Math. 219 (2020), no. 2, 345–466.

20. M. del Pino, Bubbling blow-up in critical parabolic problems, in Nonlocal and nonlinear diffusions and interac-

tions: new methods and directions, Springer, Berlin, 2017, pp. 73–116.

21. M. del Pino, M. Musso, and J. Wei, Type II blow-up in the 5-dimensional energy critical heat equation, Acta

Math. Sinica, English Series 35 (2019), no. 6, 1027–1042.

22. M. del Pino, M.Musso, and J.Wei, Existence and stability of infinite time bubble towers in the energy critical heat

equation, Anal. PDE 14 (2021), no. 5, 1557–1598.

23. M. del Pino, M. Musso, and J. Wei, Infinite time blow-up for the 3-dimensional energy critical heat equation,

Anal. PDE 13 (2020), no. 1, 215–274.

24. M. del Pino and M. Sáez, On the extinction profile for solutions of 𝑢𝑡 = Δ𝑢(𝑁−2)∕(𝑁+2), Indiana University Math.

J. 50 (2001), no. 1, 611–628.

25. E. DiBenedetto and Y. C. Kwong,Harnack estimates and extinction profile for weak solution of certain singular

parabolic equations, Trans. Amer. Math. Soc. 330 (1992), no. 2, 783–811.

26. E. DiBenedetto, Y. C. Kwong, and V. Vespri, Local space-analiticity of solutions of certain singular parabolic

equations, Indiana Univ. Math. J. 40 (1991), no. 2, 741–765.

 1
4
6
9
7
7
5
0
, 2

0
2
2
, 2

, D
o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://lo
n
d
m

ath
so

c.o
n
lin

elib
rary

.w
iley

.co
m

/d
o
i/1

0
.1

1
1
2

/jlm
s.1

2
5

8
7

 b
y

 Jo
h

n
s H

o
p

k
in

s M
ed

icin
e, W

iley
 O

n
lin

e L
ib

rary
 o

n
 [0

5
/0

8
/2

0
2

3
]. S

ee th
e T

erm
s an

d
 C

o
n

d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n

s) o
n

 W
iley

 O
n

lin
e L

ib
rary

 fo
r ru

les o
f u

se; O
A

 articles are g
o

v
ern

ed
 b

y
 th

e ap
p

licab
le C

reativ
e C

o
m

m
o
n

s L
icen

se



898 SIRE et al.

27. E. Feiresl and F. Simondon, Convergence for semilinear degenerate parabolic equations in several space dimen-

sion, J. Din. and Diff. Eq. 12 (2000), 647–673.

28. V. A. Galaktionov and L. A. Peletier,Asymptotic behaviour near finite-time extinction for the fast diffusion equa-

tion, Archive Rational Mech. Anal. 139 (1997), 83–98.

29. V. A. Galaktionov and J. R. King, Fast diffusion equation with critical sobolev exponent in a ball, Nonlinearity

15 (2002), no. 1, 173–188.

30. V. A. Galaktionov, L. A. Peletier, and J. L. Vázquez, Asymptotics of the fast-diffusion equation with critical

exponent, SIAM J. Math. Anal. 31 (2000), no. 5, 1157–1174.

31. C. Loewner and L. Nirenberg, Partial differential equations invariant under conformal or projective transfor-

mations, Contributions to Analysis, Academic Press, New York, NY, 1974, pp. 145–272.

32. T. Jin and J. Xiong, Optimal boundary regularity for fast diffusion equations in bounded domains, AJM, to

appear.

33. T. Jin and J. Xiong, A fractional Yamabe flow and some applications, J. Reine Angew. Math. (Crelles Journal)

696 (2014), 187–223.

34. Y. J. Kim and R. J. McCann, Potential theory and optimal convergence rates in fast nonlinear diffusion, J. Math.

Pures Appl. 86 (2006), no. 1, 42–67.

35. J. R. King, Self-similar behaviour for the equation of fast nonlinear diffusion, Philos. Trans. Royal Soc. Lond.

343 (1993), no. 1668, 337–375.

36. J. R. King, Exact polynomial solutions to some nonlinear diffusion equations, Phys. D 64 (1993), no. 1-3, 35–65.

37. J. R. King, Asymptotic analysis of extinction behaviour in fast nonlinear diffusion, J. Engrg. Math. 66 (2010), no.

1–3, 65–86.

38. Y. C. Kwong, Asymptotic behaviour of a plasma type equation with finite extinction, Archive Rational Mech.

Anal. 104 (1998), 277–294.

39. H. Schwetlick, and M. Struwe, Convergence of the Yamabe flow for “large” energies, J. Reine Angew. Math. 562

(2003), 59–100.

40. J. L. Vázquez, The mathematical theories of diffusion: nonlinear and fractional diffusion, in Nonlocal and non-

linear diffusions and interactions: new methods and directions, Springer, Berlin, 2017, pp. 205–278.

41. R. Ye, Global existence and convergence of Yamabe flow, J. Differential Geom. 39 (1994), no. 1, 35–50.

 1
4
6
9
7
7
5
0
, 2

0
2
2
, 2

, D
o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://lo
n
d
m

ath
so

c.o
n
lin

elib
rary

.w
iley

.co
m

/d
o
i/1

0
.1

1
1
2

/jlm
s.1

2
5

8
7

 b
y

 Jo
h

n
s H

o
p

k
in

s M
ed

icin
e, W

iley
 O

n
lin

e L
ib

rary
 o

n
 [0

5
/0

8
/2

0
2

3
]. S

ee th
e T

erm
s an

d
 C

o
n

d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d

itio
n

s) o
n

 W
iley

 O
n

lin
e L

ib
rary

 fo
r ru

les o
f u

se; O
A

 articles are g
o

v
ern

ed
 b

y
 th

e ap
p

licab
le C

reativ
e C

o
m

m
o
n

s L
icen

se


	Extinction behavior for the fast diffusion equations with critical exponent and Dirichlet boundary conditions
	Abstract
	1 | INTRODUCTION
	2 | THE APPROXIMATE SOLUTION AND THE INNER-OUTER GLUING SCHEME
	2.1 | The approximate solution
	2.2 | The inner-out gluing scheme

	3 | THE OUTER PROBLEM (2.14)
	3.1 | Linear theory for (2.14)
	3.2 | Solving the outer problem (2.14)

	4 | THE INNER PROBLEM (2.16)
	4.1 | The linear theory of the inner problem (2.16)
	4.2 | Choice of the parameter functions
	4.3 | Solving the inner problem (2.16)

	ACKNOWLEDGEMENT
	JOURNAL INFORMATION
	REFERENCES


