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1 | INTRODUCTION

Let Q be a smooth bounded domain in R", n > 3, we consider the fast diffusion equation
%—f = Aw" in Q X (0, 00),
w =00ndQ X (0, ), (1.1)
w(-,0) = w, inQ

with m € (0,1). The first equation in (1.1) is a singular but non-degenerate parabolic problem.

From [38], we know that there exists a unique positive classical solution w which is local in

time for the Dirichlet problem (1.1). The solution vanishes at finite timeas7 - T~ < oo, w > 01in
Qx(0,T) and w(x,T) = 0.

The asymptotic behavior of solutions for (1.1) near the extinction time T has attracted

much attention in the pagt two decades. Suppose Q = B;(0) := {x € R"||x| < 1} Cc R", when
n—

m € (mg,1)and my := T From the classical work of Berryman and Holland [2], the solution

near the extinction time has a separated self-similar form
w(x,7) = (T — 1) S(x),
where S(x) is the positive solution of the following nonlinear elliptic problem
AS" +(1-m)'S=0inQ, S=00ndQ.

When m € (0, my), it was proved in [28], [29], [35] and [37] that the self-similar behaviorast — T~
can be described as

x|

w(x,T) ~ (T - T)aF<m

>, Q-ma+2=1,

which provides the leading order of the inner solution. Thus the inner region is [x| = O(T — 7)F)
and the outer region is |x| = O(1) with

w(x,7) ~ (T — )M+ 1=28/mp(y),

where ®(x) is the Green’s function with Dirichlet boundary condition,

AD = —Cn’mé(x) inQ, ®=00ndQ,
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS | 857

where C, ,, is a positive constant depending on n and m, §(x) is the Dirac delta distribution func-
tion locating at origin.

For general smooth bounded domains, the papers [2, 6, 25-27] studied the asymptotic behavior
near extinction time for solutions to (1.1). Recently, Bonforte and Figalli proved the sharp extinc-
tion rates in [5] for the supercritical case m € (mq, 1). Optimal regularity at the boundary for solu-
tions to (1.1) was proved by Jin and Xiong in [32] when m € [my, 1). We refer the interested readers
to[3,4,7,13,14, 30, 34, 40] and the references therein for more results on the asymptotic behavior
of fast diffusion and porous medium equations.

The case m = m, corresponds to the Yamabe flow which describes the evolution of conformal
metrics; there are many results in the literature under different settings. For the Dirichlet problem
(1.1), sharp asymptotic results are still missing. To the best of our knowledge, the only asymptotic
result was due to Galaktionov and King [29]. The aim of this paper is to provide a rigourous asymp-
totic analysis of (1.1) near the extinct time T for general smooth domain Q. Our result can be stated
as follows.

Let H(x, y) be the regular part of the Green’s function on Q with Dirichlet boundary condition,

n-2
that s, for fixed y € Q, H(x, y) satisfies A, H(x,y) = 0in Q, H(x,y) = 0n=2) T g1 x € 4Q. Let

|x—y|n=2
4, ---» qy be k different but fixed points in Q, define the following matrix

H(qy,q1)9 —G(q1,9,) —G(q1, )
¢q) = —G(qzl’%) H(q,95) _G(q%i%)“' —G(q:3’CIk) . (1.2)
—G(q1, qx) —G(qr-1-9) H(q@r> Q)

Our main result is

”_i, n > 3, T > 0is the finite extinction time, k is a positive integer

Theorem 1. Supposem = mg = P
and q, ..., q are k different but fixed points in Q such that the matrix defined in (1.2) is positive
definite, then there exist an initial data w, and smooth functions f1;(z), § ;(v) such that the solution

w(x, ) of problem (1.1) has the following asymptotic form whent — T,
n=2 n-2
wn2(x,7)=(T —1)74
n-2
2

k - n=2
,“j(T) 2 ~ ~nT—z )
“|& a"<ﬂf-(f>+lx—€j<r)|2> @R+

(Dp(x, D) |,

where the parameters ﬂj(r) = ﬁj(log ﬁ)_ﬁ(l +0(1)) for some ﬁj >0, gj -q;=

1 n-2
o((log ﬁ)_ﬁ), a, = (n(n—2))+ and §(x,t) — 0 uniformly away from the points q,, ..., q; as
T—>T".

In the paper [29], Galaktionov and King gave the extinction rate ||w(-,7)|l, = ¥o(T —

‘L')nTJr2 | In(T — r)|2<nn_tz2)(1 +0(1)) when Q = B,(0) := {x € R"||x| < 1} C R" by matching expan-
sions from the inner and boundary domains. Theorem 1 gives a rigourous proof of this extinction
rate as well as a description of the space part in the multiple point case for general domains. We
refer the interested readers to [35] and [36] for more results on the extinction behavior of the fast
diffusion equations.

d ‘T ‘TTOT ‘0SLLE9YT

:sdny wouy

:sdny) SUOMPUOD) pu suiA L a1 99§ “[£202/80/50] U0 ATEIqIT AU A[1 AN *oUIdIPAy SUYAOH SUYoF Kq £8STTSWIIZT T [°01/10p/wod afim-

PUR-SULID)/ WO K1 KTRIqL

25u2OI SUOWIWIO) aATEAI) A[qeandde ay Aq PaUIAACS A1 SAITIE VO oSN Jo SA[NI 0] AIIQYT AUHUQ AA[IAL U0



858 | SIRE ET AL.

In the inner region near the point q o w(x, 7) is a logarithmic perturbation of the self-similar
stationary structure. Indeed, we have

w(x, 1) = (T —1)'F a())S,(1x — g;lam (D)1 + o(1))

n+2
with a(t) = y,(log &) 2n-2) and S; belongs to a one-parameter family of stationary positive solu-
tions {S;(|x|)]4 > 0}, which are the Loewner-Nirenberg explicit solutions

—_ 2
S,(M) =4 =2 | _ s,

2n(n —2) + (n + 2)An2r2

n—2
to the nonlinear elliptic equation AS»+2 + %(n +2)S = 0in R", see [31].
Under the transformation

uCx, ) = (T =)™ w(x, )| _q(—et), (1.3)

Problem (1.1) changes into the Yamabe flow equation on the bounded domain Q as follows:

aaltp = Au + uP in Q X (0, ),

u=00ndQ x (0, ), (1.4)

u(-,0) = uy in Q,
for a function u : R" X [0, 00) — R and positive initial datum u, satistying u,|;0 =0, p = Z—ti
Therefore, using the transformation (1.3), for problem (1.4), Theorem 1 has the following equiva-
lent form.

Theorem 2. Suppose n > 3, k is a positive integer and q,, ..., q), are k different but fixed points in Q
such that the matrix defined in (1.2) is positive definite, then there exist an initial data u, and smooth
Junctions p;(t), §;(t) such that the solution of problem (1.4) has the following asymptotic form when
t = o0,

i n=2
_ #i®) 5 2
u(x,t)—j; ocn(ﬂ?(m'x_ gj(mz) w? OHGLg) [+ 7 Opte0), (15)

1 1 n—2
where ;= f;t"2(1+o0(1)) for some B; >0, §;—q;=o0(t"r2), a,=mn-2)+ and
o(x,t) — 0 uniformly away from the points q,, ..., q; ast — +oo.

The behavior of Yamabe flow was studied in [8-10, 12, 13, 15-17, 39, 41], (see also [33] for a
related flow). Especially, in the case of S” with its standard Riemannian metric gg., the Yamabe

4
flow evolving a conformal metric g = vn-2(:, t)gsn takes the following form
n+2 n(n —2)

(vn2), = Agn —c,U, ¢, = — 1.6)
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 859

which is equivalent to the problem

1.7

§ nt2 2,

U2 = Au + un=2 in R" X (0, 00),
u(-,0) = uy in R"

via the stereographic projection and cylindrical changes of variables. It was proved in [41], [9] that

the Yamabe flow (1.6) has a global solution, which converges exponentially to a steady solution.

In [24], the authors showed that solutions for problem (1.7) approach nontrivial steady states of

the semilinear elliptic equation

n+2
Au +un—2 = 0onR".

Theorem 2 tells us that when we consider the Yamabe flow equation on a bounded domain with
Dirichlet boundary condition, infinite time blow-up phenomenon can occur.

In the beautiful work [13], Daskalopoulos, del Pino and Sesum constructed a new class of type
IT ancient solutions to the Yamabe flow; these solutions are rotationally symmetric and converge
to a tower of spheres when t — —o0. Note that Theorem 2 is on a bounded domain with Dirichlet
boundary condition and the solutions we find blow up at different points when the time ¢t —
+00. In the recent paper [22], bubble tower solutions for the energy critical heat equation were
constructed; we conjecture that bubble tower solutions for Problem (1.4) also exist.

Infinite time blowing-up solutions for the energy critical heat equation with Dirichlet boundary
condition

3 nt2

U= Au + un=2 in Q X (0, 00),
u(-,t) = 0ondQ,

u(-,0) =uyin Q

of form (1.5) are constructed in the seminal work [11] when n > 5, note that the corresponding
blow-up rates are u;(t) ~ bjt_ﬁ(l +o0(1))ast - +oo.

To prove Theorem 2, we use the inner-outer gluing method in the spirit of [11] and [19], which
has been applied to various parabolic problems in recent years, such as finite time and infinite time
blow-up solutions for energy critical heat equations [11, 21-23], ancient solutions of the Yamable
flow [13], and singularity formation for the harmonic map heat flow [19]. In the survey paper by
del Pino [20], there are more results on the gluing method and its applications.

In the proof of Theorem 2, we first construct an approximation to the exact solution with suffi-
ciently small error, then by linearization around the bubble and fixed point theorem, we solve for a
small remainder term. Using the inner-outer gluing method, the equation for the remainder term
is separated into outer problem and inner problem. In the construction of approximate solutions,
we have more decay in the space variable than the energy critical heat equation case in [11], hence

1

we can deal in all the space dimensions n > 3 and the blow-up rate decays like t »2 as t - +o0,
which is different from the energy critical heat equation case in [11]. In the linear theory of the
outer problem, the super-sub solution method in [11] cannot be applied directly since the equa-
tion is degenerate parabolic near the boundary. Instead, we use L?-estimates as in [13] near the
boundary, while near the blow-up points, the super-sub solution method is applied to obtain L*-
estimates. In the linear theory of inner problem, we use blow-up arguments; the main difficulty
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860 | SIRE ET AL.

is that the parabolic problem is degenerate; the linear equation is then lifted onto the standard
sphere S", and then becomes a nondegenerate parabolic equation. Based on the linear theory, we
solve the nonlinear problems by the contraction mapping theorem. The orthogonality conditions
are satisfied by solving an ODE system on the scaling and translation parameter functions.

Remark 1.1. The spectrum of the following degenerate elliptic operator

Lolg] =~ (A + pUP'9)

plays an important role in the linear theory. Since there is a negative eigenvalue for L, with mul-
tiplicity one (see Section 2), our solution constructed in Theorem 2 is unstable. Indeed, from the
proof the Theorem 2 and the same arguments as Corollary 1.1in [11], there exists a submanifold M
in the function space X :={u € Cl(a) > u]yq = 0} with codimension k and containing ug(x, 0)
such that, if u,, is a small perturbation of Ug (x,0) in M, then the corresponding solution u(x, t) to
(1.4) still has the asymptotic form

u(x,t) _ 2 a, Mj(t)

=1 I VHORSESR IO

AT(nH(x 4 +#T(t)¢(x,r),

the points g; are close to g; for j =1,..., k. This is different from the ancient solution case; the
effect of the negative eigenvalue can be dealt with by adding an additional parameter function
which tends to 0 as t - —co (tends to +co ast — +00), see [13].

2 | THE APPROXIMATE SOLUTION AND THE INNER-OUTER
GLUING SCHEME

2.1 | The approximate solution

Let t, > 0 be a large number to be chosen later and consider the following problem

(uP); = Au+ uP in Q X (t,, ), @)
u=00n0dQ X (t, ), )
for p = ”—+2 .Let q;, ..., g, € R" be k fixed points, we are going to find a positive solution to (2.1)
of form
u(x,t) ~ Z 0.0 X)
. ; _n2 x—Ei(t)
with fj(t) — qj, ,uj(t) —0ast—>ooforall j=1,..,kand U (0, gj(,)(x) ui) 2 U(xﬂj(Jl) ),

Uy) =a,(—— 1+|y| 5 ) Which then provides a solution u(x, t) = u(x, t — t,) to the original problem
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 861

(1.4). Denote the error operator as follows
S(u) 1= —(w?), + Au + u?.

Then we have

n+2

a _ni2 Hj £
S( (l) §J(t)) ‘u § (x) J U(y])p 1<,L£] Yl+1(y]) +— ,u] VU(y])>

n+2

_T_IU(y,-)‘”‘1 <:ajZn+1(yj) +§;- VU(yf))

fory; = % Since u = 0 on (), a natural better approximation than lezl Uﬂj([), gj(t)(x) should

be

2(x,1) = Y 2,06, ) with 2;(x,1) 1= Uy, ¢ (x) = ,uTHMJ_ (x.q)). 22)

Here for fixed y € Q, HM,- (x,y) satisfies AxHMj (x,y)=0in Q, Hﬂj (x,y)= M for x €
(Mj+|x—yl ) =

0Q. Then from the equation satisfied by Uﬂj([)’gj(,)(x) and the fact that H u (x,q) is a harmonic

function, the error of Z is

k k
S =-) 8,2 + (Z ) Z e (2.3)
i=1 i=1

Moreover, by the same arguments as Lemma 2.1 in [11], for a fixed index j, in the region |x — g il <
% min; |q; — qil, set x = §j + u;y;, there holds

n+2

S[z] = :uj_T(:quOj + 1B+ R))

with
- _2_1 n=2
Eyj = pU())P 1[ TH(GL ) D K K G(q],ql)l
i#j
U2 pU G P Z i O))s
n—2 n-2
E11=pU(yj)p‘1l TVH(G; ) + DK K VG(qJ,ql)] Y
i#]j
+l"j_2PU(J’j)p_1£j -VU(y))
and
0> k k . —»
19 1y g i i f £,
IS Tr g T G TR §1+|y,|4 Ho ;1+|y,|4

d ‘T ‘TTOT ‘0SLLE9YT

:sdny wouy

SWl/Z[11°01/10p/woo Kjim-

:sdny) SUOMPUOD) pu sua L a1 995 “[£202/80/50] U0 ATEIqIT AUITUQ) Aa[1 A *aUIIPAIY SUROH suor Aq 8

PUB-SULID}/WOI" KA IM"

25u2OI SUOWIWIO) aATEAI) A[qeandde ay Aq PaUIAACS A1 SAITIE VO oSN Jo SA[NI 0] AIIQYT AUHUQ AA[IAL U0



862 | SIRE ET AL.

where f, f;, fl ¢ and ¢ are smooth and bounded functions of (y,,u(;lu, &, ,ujyj). Here H(x, y) is
the regular part of the Green’s function on Q with Dirichlet boundary condition, that is, for fixed

n—2
y € Q, H(x,y) satisfies A, H(x,y) =0in Q, H(x,y) = 0n=2) T g4r 4 € 5Q.

N |x_X|n—2
Suppose u = Z + ¢ is the exact solution of (2.1) and write ¢(x, t) in self-similar form around the

point g;,

$x1) = #;n%(x —% ,t). (2.4)

Then we have

0= ijS[z + )
(2.5)

n+2

= —pUP™'(0:¢ +A,¢ + pUD’ ¢ + 11, S[2] + Al¢]

with A[¢] being a high-order term. To improve the approximation error, we require ¢(y, t) equals
(at main order) to the solution ¢, (v, ) of the following equation

n+2

_PUP_I(y)az‘ﬁOj + 4,4 + pU(y)p_1¢0j = _/«‘jT S[z] in R". (2.6)

Near the blow-up point g;, equation (2.6) is mainly an elliptic problem of form

Lol#] :

1= m(qus +pUW)P7'¢) = h(y) in R", 3(y) > 0as|y| > . 2.7

Consider the eigenvalue problem Ly[¢] + 1¢ = 0 on the weighted space L*(UP~!dx), which has
an infinite sequence of eigenvalues

Ao <Ay ==y = Ay =0 <Apyy <Apyz <,
the associated eigenfunctions Z i J=0,1,.. constitute an orthonormal basis of L2(UP~1dx). It
is well known that 4, is simple and Z,(y) = U(y). We refer the interested readers to the well-
written paper [13] and [5] for more properties on this operator. Therefore, every bounded solution

of Ly[¢] = 0 in R" is the linear combination of the functions

Zl’ ’Zl’l+1’

where

ou . -2
Z0) 1= G0) i=Len Zy0) 1= S5EUG) - VUG).
1

Furthermore, problem (2.7) is solvable if the following conditions
/ hZ,(y)UP'(y)dy =0 forall i=1,..,n+1
Rn

hold.
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 863

Now we consider the solvability condition for equation (2.6) withi =n + 1,

/R 7 SIZ10, 07,00y = 28)

We claim that if one choose ; = b, () for some positive constants bj, j = 1,..., k to be deter-

1
mined later, u,(t) = y,t n—2 and y,, is a positive constant depending only on n, identity (2.8) holds
at main order. Observe that the main contribution term to the integral on the left-hand side of (2.8)
is
n—2_4 _2
Eoj = pUGP™ | =1 H gD + 2 it 1 Gg)q)
i#]
+ U UG P Zn 0.

Then direct computations yield the following

/R OB, 07,0y

n=24q n22

o lu}“lH(qﬁq} Tu " ZG<qJ’qx>]+Czﬂj
i#]

with

¢, =-p /R ) UG 'Z,1(»)dy,

_ 2
6= / UG Znn ).
Rn
Note that ¢;, ¢, are finite positive numbers since we assume that n > 3. Set

p(t) = bjpo(t).

Then (2.8) holds at main order if we have the following identities

n—-2
b;‘_zH(qj,qj) - Z(bibj)TG(qj,qi) + czcl_l,ué ", =0forall j=1,..,k. (2.9)
i#j
Set cycy ! py " itg = —ﬁ, we then have
_ 2ce5t
o(t) = — =5 Mo (), (2.10)

1
with the solution p,(t) = ( )n 2t~ n—2, Furthermore, from the identities (2.9) and (2.10), the
constants b; must satisfy the followmg system

_2_1 n-2 2
b"H(g;,q)) - Zb > b’ G q) = —Zb—Jfor all j=1,...,k. 1)
i#]
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864 | SIRE ET AL.

System (2.11) can be viewed as the Euler-Lagrangian equation V,I(b) = 0 for the functional

n=2 n-=2
2 2

k k
1 _
I(b) Z=mlzby ZH(q]',q]')_ij b, G(Qj’qi)_zlnbjz']'
j=1 j=1

Y

n-2
2

Set A = b.? , then we have

J
k k 4
(n=2)I(b) =1(A) = lz ICI DA WEACIR-DIIVED Y lnA;-Z] :
j=1 i#] Jj=1

By the same arguments as the solvability of (2.19) in [11], system (2.11) possesses a unique solution
with all its components be positive if and only if the matrix

H(q,,q1) —G(q1,q2) - —G(qy,qx)
G(q) = —G(q:z,ql) H(q?,‘b) -;- _G(q:27qk)
—G(qi-q1) —G(qi-q2) -+ H(qy, i)

is positive definite. For the following solvability conditions of (2.6),

/. W SOOOZ MY =0, T=1,.m,

choose §,; = g;, then these identities can be satisfied at main order. Now we denote
Ho = (Mo1» > Mok) = (by g5 - » i tg)
and let @; be the unique solution of (2.6) for u = f,. Then
Ay®@; + pUWP ™ @) = —ug;Eqj[fios fio;] in R", @;(y,£) = 0as |y| — .
From the definitions of x4, and b j as above, there holds
HojEoj = =7 k000,

where 7; is a positive constant and

Q) = pUWP ey + QUOP ™' Z, 1 )

Let py = po(|y]) be the unique solution of A,® + pU)P~1® = q,, then py(ly]) = O(]y|~2) as
|y| = o0 and

Q;(y, 1) = 7;#8_2130()’)-

d ‘T ‘TTOT ‘0SLLE9YT
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 865

d ‘T ‘TTOT ‘0SLLE9YT

Now we define the improved approximation as follows

z(x,t) = 2(x,t) + D(x, 1)

:sdny wouy

with

_n=2
2

k
- x— &,
| UO(X—QJ')‘DJ( ) ],f>
i=1 K

d(x,t) = Zu

and 7,(x) is a smooth function defined on R" which equals to 0 for x € R" \ B.(0) and
equals to 1 for x eBg(O), € >0 is a small but fixed positive number satisfying 0 < e <
1 .

s min{min; ;- x 1g; — @], min;—;

> min{ming ;- i dist(q;, 0Q)}. Here dist(x,dQ) means the distance of x
to the boundary 0Q of Q. Finally we set

SWl/Z[11°01/10p/woo Kjim-

.....

u(t) 1= (g e s i) = By + A With A(8) = (A,(8), ..., A4 (1)).
Then the following result on the estimate of S[z] holds.

<!

Lemma 2.1. For a fixed index j and in the region |x —q;| < > minyming; ;-

ql, min;,_; . dist(q;,0Q)}, S[z] has the following expansion form

.....

n+2

S[z] = ZM 2z {#ojflij(y])P 'Z010)) = 207 b oA UG P T 2 (0))

k

—yojﬂg_4pU(J)j)p_1 Z M;id; + #JTZPU()’j)p_léj -VU(y))
i=1

:sdny) SUOMPUOD) pu sua L a1 995 “[£202/80/50] U0 ATEIqIT AUITUQ) Aa[1 A *aUIIPAIY SUROH suor Aq 8

n—2 n-2
+uij(y,-)"‘1l . 2VH(qj,qj)+ZM P’ VG(qj,ql)] }
i#]

k _n+2
+Z/«tj * A;b; [b o2 oPUW P Z,pr (9))
j=1

PUB-SULID}/WOI" KA IM"

+pUy )P ™ < ~b" 4H(qj,q,)+2bT b’ G (q],ql)ﬂ

=y

e uig; w2ty ui2g,;
iy 21+0|]|2+213_| |]2+21_i| ]|4/1]
I L = T L = T A

n+2_k

My %g;
- 0 J
o |2 g € —ap)
0 _j;l 1+ |yj|4 J J

+:u(;T - Z PU(y])p lfljl/lll'i_ Z —_leﬂ'l‘|

i,j,l=1 i,j,l=1

k k
iy 2T Y §ifi] :
i=1 i=1
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866 | SIRE ET AL.

wherex = §j +u;y; fi, fu . fiji gjand ﬁj are smooth bounded functions of(,ugl,u, &, x), fori = j,

_ -2 2y 22
Myj = (=3 H(gjq) — (5= =D Y b7 b,

i#]

G(Qj’ qi)a

fori# j,
=2

n—2 1
My === ;b}. b,?  G(q; q)

n=2_
2

The proof is the same as that of Lemma 2.2 in [11], so we omit it here.

2.2 | The inner-out gluing scheme

Now we use the ansatz

k
uCx,t) = Y z;(x,0) + x, 1)
=1

_n=2
2

n=2
- =& . . .
for z;(x,t) = Uﬂj’gj(x) — K, > H(x,q;) + p No(x — qj)<1>j(x#—j’, t), with this setting, problem

(2.1) becomes

J

~((z+8)°) +a(z+9) + (z+8)" =0,
which can be linearized as
—-pzP~'¢, + Ad + pzP~'$ + S[z] + N[$] — (N[¢]), — (pzP~),¢ =0. (2.12)
Here we denote
N[$] = (z+ )" — 2P — pzP~1¢.

Using the inner outer gluing method (see, for example, [11] and [19]), we write

$(x, 1) = p(x, 1) + ¢ (x, 1)

with
_ k
$"(x, 1) 1= Y1 p(x, O (x, )
j=1
_ _n2 [ x—¢.
$j(x.0) =y, * ¢< Moj'j’t)
and

Nir=7"7 x_gj
PR Rug; )

d ‘T ‘TTOT ‘0SLLE9YT
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS | 867

Here 5(s) is a cut-off function satisfying 7(s) = 1 for s < 1 and = 0 for s > 2. The positive number
R is independent of ¢ but sufficiently large, for convenience, we choose it as

R=1t;, with0<e<x1 (2.13)

with ¢, being chosen large enough and ¢ is small enough. Then ¢ solves equation (2.12) if 3 and
¢'" satisfy the following system of two problems, respectively,

p

k
_ r -1
pzP 7Y, = Ay + Ve + Z [2V77j,va¢j +¢; (Ax - PUf at)’?j,R]
st

+ 572 + NIl - (NI$1), — (pzF7)
J (214)

_pZP a ZnJR¢J+ZpU UJR¢])1an[th+oo)

=0 on JQX/[ty,+o0)

and
puj"la[qu = A, + pUL™'¢, + pUE ™'y + S;ZZ; in Byp,, (€;) X [to, +c0). (2.15)
Here
k 2 X — gj p—1 k
Vie = ZP 27— (“j ’ U< " >) 7).R +P(1 - ZUJ,R>ZP_1’
j=1 J j=1
_n=2 x—£:
U :i=u. U L,
Y < Hi )
n+2
Sy 0.0 = {/«f@liij(y)p‘lZnH(y) = 241710 PUGNP ™ Z,y 11 (9)
k
- /«‘0]/«‘8_4PU()’)p—1 2 M;jd; + #;2PU(}’)p_1§j -VU(y)
i=1
_2 n—2
+upUWP™ | =P VH(G;a) + ) w7 12 VG(@;.9)| -y
i#]
_nt2
+u; 7 Ajb; [bj‘zﬂg iopUP1 2,11 ()
n-6 _2
+pUWP ' uy | =Dy H g9 + Db, b, G(a;.q)
i#]
and

k k
* Ou[ * n *,in
S/x,ﬁ < z:: #&j) + ;(1 nj’R)SMJ
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868 | SIRE ET AL.

Under the self-similar coordinates, equation (2.15) can be rewritten as

pUP~'8,¢; = Ap + pUP~'¢; + B[¢;] + B*[¢;] + B[]

= 'u(Z)J Hoj 2 gin
+pMOJ e —UP” <# >¢(§, + Koj¥ t)+u0] e & koY) (216)
J

in BZR(O) X [to, +OO)

Here
e u
_ 0j +.p_q [ Moj
BUI$,] = pUP'5,6, — p-L U 1( ’ )a 5
M Hj

B2[¢j] MO]I“OJ( 2¢ +y- Vy¢j> +IuOJV¢j gj’
Hoj 'u(Z)' Moj
Blg)] = p [Up—l <;ij> - UP*(y)] b +p l—; - 1] yr-! <M—fy)¢,-.
J

(2.14) is the so-called outer problem, (2.16) or (2.15) is the inner problem. In Section 3, we solve
the outer problem (2.14) as a function of 4, £ and ¢. In Section 4, we solve the inner problem (2.15)
based on a linear theory and suitably choose of the parameter functions 4, &.

3 | THE OUTER PROBLEM (2.14)
3.1 | Linear theory for (2.14)

In this subsection, we consider the linear equation of the outer problem

pzP7lY, = A + Ve + f(x, 1) in QX [ty, +00),
P(x,t) =00ndQ X [¢;, +0), 3.1

P(x,ty) = h(x) on Q,

First we consider the H?-estimate of (3.1). We have

Lemma 3.1. Suppose ||gl;2 ,, < +o0 and |||l 2q) < +00, there exists a solution 1 = P(x, t) of the
1

v
0

following problem

—pzP Tl + AP + Ve + 2Py = 0in QX [1g, +o0),
‘(,b =0on 8Q>< [t(), +°°)’ (32)

P, tp) = h(x) on Q,

d ‘T ‘TTOT ‘0SLLE9YT
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 869

furthermore, there exists a positive constant C such that

1812 o < C(I1hllzzca) + lolzz ) (3:3)
holds for t, sufficiently large and v > 0.

Notations. For A, := Q X [7,7 + 1] and v > 0, we define

19, Dll2 = ( /Q |¢<-,r>|2zp—1dx)2,
||¢||L2(A,)=( / /A Il,blzzp‘ldxdt) ,

_p1
Iblma,) = 1Pll2ea,y + 1127 2 Villaa, )
_p1
19l2a,) = ellaa,) + 1127 2 Allaa,y + 1Pl 1ca,)s

b1z o = sup " 1Pl
0 >t

||1P||H;O,V = sup " 1Pl a, )
>,

Y =Supu v 1 .
|| ”leo’v -[>[0 0 ” ”HZ(AT)
For s > t,, we also define

19l2 o= sup uy”lIPllrzea,)s
tos tg<T<S

II@DIIH;OS, = sup u, 1Pl

Lo<T<S
1912 o= sup w19l
to$ to<T<S
Proof. First, we consider the following problem

—pzP7 Y, + A + Vb + zP~lg = 0in Q X [t,, s),
P(-, ty) = h(x) in Q, (3.4)

¥ =00ndQ X [t,, 5).

Multiply (3.4) with ¢ and take integration over Q, we have

2dt/¢2zp 1dx—/Q<Az/)1p+V#,§z/)2 p(p2 Dz R 1>dx.

d ‘T ‘TTOT ‘0SLLE9YT

:sdny wouy

sdny) suompuoy) pue swid L 3y 32§ “[£202/80/50] U0 Areaqr] dutLuQ A3(1 AN “dUIRIPIN SUROH Suyor Aq L8STISWITI 1 1°01/10p/woo Kajim:

PUB-SULID}/WOI" KA IM"

25u2OI SUOWIWIO) aATEAI) A[qeandde ay Aq PaUIAACS A1 SAITIE VO oSN Jo SA[NI 0] AIIQYT AUHUQ AA[IAL U0



870 | SIRE ET AL.

Integrate by parts (since we have assumed that the boundary condition is zero) and use the
Cauchy-Schwarz inequality, there holds

/ P2zP~ldx + / |V|? < / g?zP~ldx + / P2zPldx + w2 (0) / P2zP~ldx.
2 dt Q Q Q

In the above inequality, we have used the fact that |%| hS ,ug_z(t). Indeed, this is
an Aronson-Bénilan type inequality in the setting of fast diffusion equation (see, for
example, [14]). Observe that in the domain Q\ B.(§) away from the blow-up point
(for simplicity, we assume k=1 and denote u; as u, denote ¢ j as £), z=2 and

n+2 . n+2 n+2 4
1Az - 0,07 = TR LS @) +p T EEURE)VUG) -
y(—§)+,u_ 2 "+2Un 2(y)VU() - (—5) Now if we choose the constant ¢ >0 such
¢ _ ”+2M _C 4 nt2 n-2 n+21 _ Las
that : 2 pladar ¢+ > /‘0 )= + 2 .= 0, we obtain that ctAz 0,AZ <

_ht2 n+2 n+2 .
2 EUn—z(y)VU(y)-y(—;)+/,¢ 5 S Un- 2(y)VU(y) (— )<0. That is to say we
have A(ch —0;Z2) <0 on Q\B (&), moreover, there hold ?z - 6[2 =0 on 0 as well as the

UG - kT (CIREUG) - kT VUO) y(E) - )T VUG-

estimate c%

Z-9,72=ck
n 2 n=2 : n—=2 :

(—ﬁ) — Pl () + T (ST DM T H () + 2 T (n = 2)0)H (6, q) > 0

on 5B (&) When t, is large enough. From this, we see that %Z —0;2>0in Q\ B.(§), which

> < f ’<0andh a’Z<CH‘QB
> — forsome ¢’ <0an ence|—| = \ B.(§)

z

implies a;—z < 2inQ\ B($). Similarly, %
for some positive number ¢/ > 0. In the domain B,(§), the estimate | a;Z | <c /,L" 2(t) is obvious

n—2
since the main term of Zis u~ 2 U(y).
Fort € [t,,s — 1], we set n(t) =t — 7, then

i(n(t) / wzzp-ldx) w0 [ 1V < [ @4 e w0 [ piar
dt Q Q Q Q
holds for any t € [7,7 + 1]. Integrate this inequality on [z, 7 + 1], we obtain

[ pee v tacs [ o I, ol 1

Multiply (3.4) with ¥, and take integration over Q, we have
/1ptzzp_ldx + 4a / (|Vzp|2 — pp?zP~!)dx
Q dt Jo

< [+ dxs g [yt
Q Q
and

/n(t)(,bfzp‘ldx + / (IV9|* — pp?zP~")(, T + Ddx
Q Q

S + 190 a0y + 45 ORI, -
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 871

Therefore, we have

<
||¢“Lt20,s’v A ”¢”Lz20,s”’ + “g”Ltzo,s’v’

NDellzz o, < Pllpz o, +llgllz
19,5’ 19,8’ to,s’
and

—(p-1
Iz~ DAl <112, +lglle -
1.8’ 1,8’

10,8

The above estimates implies ”zp”Hfo,sﬂ'<C(”¢”L?O,S»V+”g”LtZO,S,v)' Since fQVM,§¢2dx<

o(%) Jo ¥?zP~'dx, then standard parabolic estimate shows that

<C + ||k .
”z’b”LfO,s’V ] <||9”LI20’S,V | ”Lzzo,s”’)
Thus we have

el <C(llgl L+ DRl ).
tg.s to,s to,s
Second, we consider the solution ¥®5(x, t) of the following problem
pzP MY =AY+ V,  + 2P g in Qg
ty) =h(x)inQ1,
P(-, ty) = h(x) 1 (3.5)
P(x,t) =00n9Q1 X [tg,s),
R

where Qg s = Q1 X [ty,s] and Q1 :={x € Q|dist(x,0Q) < %}, dist(x,9Q) means the distance

R
of x to the boundary dQ of Q. Problem (3.5) is a nondegenerate parabolic one, from standard
parabolic theory, there exists a unique solution of (3.5). Then by the same arguments as above, we
have

R,
9™

<C h )
i o <Co(llallz o+ 1Rl

Here C; is independent of R and 5. Let R; — +oo and set A ¢ = Q X [£,, 5], then PR converges
in C* (A, ) to a smooth solution §* on A .

Finally, we take a sequence s; — +oo, for each s;, there exists solution ¥% satisfying the a priori
estimates (3.3) independent of s;. For every compact subset K C Q X (&, +0), standard parabolic
theory can be applied to get higher order derivative estimates for %, then by the Arzela-Ascoli
theorem, 1’ converges to a smooth solution ¥ of (3.2) defined on Q X (t,, +0). By taking limits,
we know that estimate (3.3) also hold, which completes the proof. O

In the region U’]?ZIB% r(§;), we consider the following model problem of (2.14),

pzP Tl =AY+ V,  + f(x, 1) in By r(§)) X [tg, +00),

(1) = hj(x) on BZ/,{jR(gj)i

(3.6)

d ‘T ‘TTOT ‘0SLLE9YT
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872 | SIRE ET AL.

j=1,..,k. Fora, > 0, we assume fj(x, t) satisfies
T

0 Y 3.7
L+ [P+ 7

and denote by |||l g 2+« the least M such that (3.7) holds. It is convenient to lift (3.6) onto the
standard sphere S". Let us recall some facts about the conformal Laplacian on S” first.
Conformal Laplacian on $". Let 7 : R” — S" be the stereographic projection given by

2y IyI2—1>
L+ |y yl2+1)

TY1s s V) = <

For a function ¢ : R" — R, we define the lifted function ¢ of ¢ on S by the relation

: ) \F )
¢(») = ¢(7r(y))<l+ |y|2) , YER" (3.8)

The conformal Laplacian on S” can be defined as
1
P =Agn — Zn(n -2),

here Ag is the Laplace-Beltrami operator on S". Then the following well-known property holds

n+2

20 0\ % oo
<1+wv> F@em = band

for ¢ and ¢ satisfying the relation (3.8). Using idea of Lemma 4.1 in [11], we have the following
result.

Lemma 3.2. Suppose ||fll. g24+a < +oo for some a >0 and 8 > 0. Then there exists a solution
¥ = 9PLf;, hj] of (3.6) satisfying the following estimates

k B
Mg ()
9001 S S il pora 1+0|W
j

Jj=1

k

+ Z e_a(t_[o)”hj(x)”L“’(BMjR(gj)),
j=1

k B
Ho ()
18,9, I S M1f 1l g 24 Jz:; W

and

k -1+8

My ()
V x’t S il N}
|¢<)|||f,||.,ﬁ,2+aj§11+|yj|a_1

herey; 1= =
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 873

Proof. Now we lift (3.6) to the sphere, we get the following equation

L+ a0, = Bend = 301 = 206 + V. + (3, 0) in Byg x [1g, +00), o)

P(-,ty) = h(P) on Byg.

- n—2 _E, N . x
Here y(y) = §0N12m) = 9 = 7(y),y = #—5 € By(0)and B,y = m(Byg(0)), the functions f,

g and h are defined similarly, furthermore V, +(7,t) = ,ujz.(l + |y|2)2VM’§(y, 1), la(,t)| < ¢ for a
small number € > 0. Note that the function f(7, t) satisfies the estimate

IF @O S UF Nl pasakts(m — 15D

Here |j| means the geodesic distance of the point J to the south pole in S". Let 3); be the solution
of the following equation

(1 + a7, 0)3,§ = Aen — %n(n — 20 in Bog X [£g, ),
(3.10)

1,5(', to) = I:i il’l BZR'

Suppose 0(3) is the bounded solution of Ag.0 — %n(n —2)0+ 1 =0 in By satisfying 0 =1 on
8B,g. Then ¥ > 1in B,y and the function

P, 1) = e 2O Al o) OF)
is a super-solution of (3.10). Hence |9, (F, )| < .
Now suppose §,(J, t) is the unique solution of (3.9) with /2 = 0. Let p(§) be the positive solution
of the equation

ASnp—in(n—Z)p+4q=Oin§”

Then by Riesz kernel (see, for example, [18]), we get p(¥) ~

. o 1 1
with 49) = 7 CET

—|ypr—e’
For a fixed small § > 0, we have

Benp = gn(n—=2)p+8(x — [F)2p+29 <0in S".

B

Observe that |V, | < 8( — |])7%, then it is easy to see that P(F,t) = 24,

solution to

p is a positive super-

(1+ a7, 003 = Ben = sn(n =206 + VB + g

for t > ty and ¢, is large enough. Therefore, one has

1

7o B
ACA I INy7A “f”*,ﬁ,2+aW'
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874 | SIRE ET AL.

Hence ¥ = ¢, + 9, satisfies the estimate

_ 8 1
Y@, 0] S ||f||*,/3,2+a/v‘0(t)W

_5([»_

+ 77 G@ Dl o 38,511,000 + €O NNl Lo z-

Finally, scaling arguments imply

- 1
188G, O S f s g2kt () e
f T
and
~ 1 - ~
V(3,01 < ||f||*,5,2+a#g(t)W for y € Byg.
Projected to R", we obtain the desired estimates. O

Combine the above discussions, we have the following linear theory for the outer problem.

Define the norm |[9]|,, g, 0f ¥ as the least positive number such that

-1 -2
A+ D™ sl VOO DIX e By, 6+ A+ IYDTIOPCE DI B, 2

N0

+ [P(x, t)l)(U,;:lBZRMj(gj) <M 21 TS ijl"‘
]:

and

Illg2 , S M.
0

i _ 1-
Also we define || f|l. g 240, = ”fXUj?:leR,,j(é’j)”*,/372+a + |z Pf||Lt20’v. From Lemmas 3.1 and 3.2,

we have the following result.

Proposition 3.1. There exists a bounded linear operator T which maps functions f : QX
(tg,+00) > R, h 1 Q= R with ||fll, gy < o0, ”h“Ltz , < +oo into a solution ¥ = T(f, g) of
.

(3.1), furthermore, the following estimate holds

—(t—tg)
1lls i < C<||f||*,ﬁ,z+a,v + 1Al 2y + €000 ||hxu§=lBZRﬂj@j>||Loo<m>

for a small constant § > 0.

3.2 | Solving the outer problem (2.14)

Given a function h(t) : (ty, ) — R¥ and § > 0, we define its weighted L* norm as follows

I1Rlls 2= o) RO Loty c0)-
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS

| 875

In the rest of this paper, we assume the parameter functions 4, &, 4, ¢ satisfy the following condi-

tions

AN p—140 + 1EONp—140 < €

1A + 5@ = qll116 <,

(3.10)

(3.12)

for a positive constant ¢ which is independent of ¢, ¢, and R, o > 0 is a small but fixed constant.

Also, for a fixed number a € (—n, —2), let us denote

.....

where [|¢;ll,—2+,n+q 18 defined to be the least number M > 0 such that

#n—2+c7
@+ YD 7210,8; 0. O + (A + YDV, 8,0, 01 + ;0 0] < M—

holds for j = 1,...,k and |y| < 2R. We assume that for ¢ = (¢, ..., ¢;), it holds that

||¢”n—2+a,n+a < Ct(;s

for some ¢ > 0 sufficiently small.
Note that the function 1 is a solution to (2.14) if 9 is a fixed point of the operator

A@) =T @), %o),

where
k

F@®) =X |2V V. + (8 = PUTT0, )y
j=1
+5. 7 + N[$] - (NI$]), — (pzP") ¢

k k
— pzP~'4, Z njrP; + PUf_laz (nj,R¢j)'
j=1 j=1

To apply the Contraction Mapping Theorem, we estimate the terms in (3.15) as follows.

*,0Ul ,

(1) Estimation of S# e

k . 5 tO
uw
% —— j 0
1S™9 e, O S g () Y,
783 0 121 1+ |yj|2+a

and ||z'~Ps™OM Sttt
” ,L{,E ”L[zO’VN 0

with v = 2222

1+ |y|n+a

(3.13)

(3.14)

(3.15)

(3.16)
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876 | SIRE ET AL.

(2) Estimation of Z’szl[Zan’Rchﬁj + <f>j(Ax — pzP719,)n; & ]:

k kou2u
Z [2V7; xVid; + ¢ (Ax — pzP710,)m; ]| S 16lln-240nta Z ﬁ
= A G.17)

k
and ||z 7P Z [2V1;xVdj + &;(Ax — pzP70,)n; g] ”LIZO’V < elli-2+0,n+a
=
with y = 12242
(3) Estimation of (1 — 0,)N(¢):

|(1=3)N(@)| <

4 n-2

kouu
_ j "0
o UBI g e + NI, ) ; Ty

<
L 12 (3.18)
Tyt
(€ j 0
U oo * W) 2 e When S <

, wheneé6 > n,

\

_ 7 . n—-2+4+ao
and [|2'7P(1 = NPz , <l gy With v = ===,

(4) Estimation of (pz?~1),¢:

"_2 ——=+0

~ [
|(p227) 8| S g °“0>21+|y0 -

1- -1\ %
and “Z p(pr )[¢”L120,V s ”¢”n—2+o,n+a

(3.19)

. )
withv = %

(5) Estimation of pzP~19, Z];=1 i rP;:

k k 'u—zlunT_z“’
_ 7 i o
pzP13, Z kP S NPlln-2t0nta Z T+

i— i= J
= = (3.20)

k

1-
and ||z Pa Z")JR¢]”L2 v~ S ell,— 2+0,n+a
Jj=1

withy = =259
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 877

(6) Estimation of Zl;:l pr_lat(nj,Rgﬁj):

-2
k -2, 2
oy’
j 0
ZPU S (njr%;)| 5 II¢IIn-2+a,n+aZW
= ’ (3.21)
k
1
and 12! 3" pUT 6, (1.285)1z2 o S Nblln-24csa
j=1

n—2+4o

withv = >

Proof of (3.16). Recall that

k k
*,0Ul __ *,in . *,in
S = (S[Z] “ Swey | T ];(1 nf’R)SMJ

In the region |x — g;| > & with § > 0 small, S;’z’“ can be estimated as follows
”_2 4o
Kk,

n=2
1Soue e, O S 1y (g + ) S pg (¢ o>2—2+a
1+ |yl

n—2
—2 = to

k
; 1+|y |2+a

In the region |x — g jl < 6 with 6 > 0 small, we have

—2 n-2

n+2 #Vl T+O’ k ILL_ZIL{

_ntl j 70

|SCLoe 0| sy T s S ) ShEY S
u§ 0 +y |2 2 1+|y |2+a 0 = 1+ |yj|2+a

Furthermore, in the region |x — g jl <4,

n-2
—2,, 2
[y

Y

+o

'( U}R)S* ,in

* OM[

since (1 —7; z) # 0if [x — §J| > uoR. Therefore, we have ||S

, 2
/ 'Zl—psx,gut
Q o

s g2+ < t,°. Similarly, we have

n—2 2

u
zp_ldxstag/ 0—7|y|4 zP~ldx
1+ |y)27°

d ‘T ‘TTOT ‘0SLLE9YT

:sdny wouy

sdny) suompuoy) pue swid L 3y 32§ “[£202/80/50] U0 Areaqr] dutLuQ A3(1 AN “dUIRIPIN SUROH Suyor Aq L8STISWITI 1 1°01/10p/woo Kajim:

PUB-SULID}/WOI" KA IM"

25u2OI SUOWIWIO) aATEAI) A[qeandde ay Aq PaUIAACS A1 SAITIE VO oSN Jo SA[NI 0] AIIQYT AUHUQ AA[IAL U0



878 SIRE ET AL.

n—2+o
1

Mo
St_a/ —|Y|4 ——dy
0
Q/ 1o 1+|y|%_0 1+|y|4

— . n— 1 1
<t alun 2+a/ dy
=t Mo /s 1+ |y|—20—1+n—2+a 1+ |y|4

1
—€,,n—2+0
Sty Hy /[R" 1+ |y|—o+n+1dy

<t un e, (3.22)
1—p o*,out — . _ n—240
thus ||z pSM’g “Ltzoﬂ’ <t ¢ withy = - O

Proof of (3.17). For the term QSJ-(A —0,)n; g, we have

x—¢&;
‘A77<|VO;|>‘ s
2

<ﬁj(A —0Mjr| S 3 Mo
<

Furthermore, there hold

x—£&; x—¢&;
Al ==L A —=J n—2
b(52)| L[] e

My 1P S Illn—240n+a
RZIug] 0 J Rzlug] (1 + |yj|n+a) n a

2,40
kw2 ()
<14l D o 7
~ —2+0,n+

n o,n aj=1 1+|yj|2+tx

y |x_§j| lx = &lHo + poé #_nT_2|¢'|
R/"Oj Rl«% 0 J

(1=

(50

and

n—2
2

S 2,2 (gR? + pg R, 191
R Ho;
u+0'
LRy @
< ”¢”n—2+o,n+az . 24a °
= 1+ |yl
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS | 879

The estimate of V), - Vé = é j pzP~14,n ;g is similar, hence we have (3.17). Therefore, we have

I Z [2an,RVx$j + $j (Ax - pr_la[)nj,R] “*,/3,2+oc S ”¢'“n—2+a,n+a'
j=1

Similar estimates as (3.22), we have

k

1277 3, (297, + & (8 = 222710, )112] 12 o S 1910204
Jj=1

withv = % O

Proof of (3.18). Observe that

-

k
2221+ Y In;z$;1*|,  when6>n
o

k
N(¢+Z77j,R$j)s< .
Jj=1 N
[P + 2 n; 28,17, when 6 < n.
e
If 6 > n, there hold
~ 2
27200, 2,7 < |¢¥zP ERRSA LI L
J.RYj J 0 n—2+on+aq 4 |y |4
124
. e )
SCNBIR 240 4 TrpEe
j=1 yj
and
L

P2 P1 [
z292| s1%2 S KL oy e

L
kw2 ()

St T
**ﬁajzl 1+ |yj|2+rx

$; .
In the above, we have used the facts that |7’| < g Ol =245, and |%| < Mg(t)lll,bll**,ﬁ,a in the
region U’}leZRMj(fj). If 6 < n, there hold

(S2+0)p
Mo
’n]R¢J| m”‘i’”n 24an+a
n—2
_, 4o
o R TR e e M
~ Mo n— 2+crn+aj ] 1+|yj|2+<x ’
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880 | SIRE ET AL.

and
P52 +0)
78
P<
WS T T T LA
n—2
k ) T+CT t)
(p-D(22+o My (
s g 3
}=1 + |yJ|
The estimates for d,N are similar.
Since
[Pz 2y2| <121 s ety
z
and
' oA < (2)

2P 1iry?| 5 |(;> gl S elpl,
we have

”Zl_p(l - at)N($)|lL?0,v < c”lp“**,ﬁ,a,v
with v = 22249

Here we have used the fact that: in the region Q \ B,y Mj(é’ j), the solution ¢ of (2.14) satisfies the
estimate

lb(x, O S |2(x, D).

Indeed, observe that in the region Q \ u?leZR#j(gj), the function u(x, t) = z(x,t) + P(x,t) is a
solution of the problem

ou? .
Tl Au + uP in Q X (¢, +0),
u =00n0dQ X (ty, +0), (3.23)

u(x, ty) = ug(x) 1= z(x, ty) + py(x) on Q.
Suppose v = v(x) is the bounded solution of Av + 1 = 0 in Q satisfying v = 0 on Q. Thenv > 0
in Q and the function

_ 1+6 1 —
P(x,7) = (T — r)ﬁ v(x)m withm = n-2
n+2

is a super-solution of 6,w — Aw™ = 0. Indeed, we have

m+d 1 m(1+8)
—7)t=mo(x)m + (T — 1) 1-m

5.[‘(,5 - Azﬁm = -

m(1+8) §—8m 1
= (T-r)W( 1”:1 — )T v(x) 7 + 1> >0
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS | 881

when 7 is close to T. Then by the maximum principal for the fast diffusion equation (for example,

146 1
Theorem 1.1.1 in [14]), we have |w(x,7)| < (T — 7)== v(x)= when t is close to T. From the rela-
mé mé
tion (1.3), the solution of (3.23) can be controlled as |u(x, )| < (T —t)T-mv(x) < (Te H)1-mv(x)
if uy 1= z(x,ty) + Py(x) satisfies ||u0|| Loo(Q) S e~ for t, > 0 large enough and ¢ > 0 is small
enough. Hence in the region Q \ UJ Be(§;) with € > 0 small enough, the solution ¢ of (2.14)
satisfies the estimate

mo ms
[9] Szl + (T — 1)1=mv(x) S |z| + (Te™") =mu(x). (3.24)
_2
Furthermore, |z| < Cp,? (£)v(x) in the Q\ Uk_lB (§;) for some positive constant C > 0, € > 0

n+2

isa fixed small number. Indeed, z satisfies Az + = 2 UTZ (» =01in Q\ B.(§), z=0 on 0Q,

z> C,u v(x) on 0B,(§) (for simplicity, we assume k=1and denote §; as §). From this, we see

thatz > Cu"=2/2p(x)inQ \ B.(§)and (Te™")1-m o v(x)/z S (Te™H)1-m o 7 -5 < 1when ¢, islarge.
mé mé n—2

In the region B_(&), we have (Te™)1-nv(x)/z < (Te™)=mu 2 "2 « 1. From (3.24), we obtain

1PCx, O] S |2(x, 1)]. O

Proof of (3.19). From the definition of [|$l|,,_, 4 14, We have
_2 nT_2+a

k
7yt
-2 j "o
S Hy NPlln—2+0n+a El,w

o548 - 2

245

=2, 2

R

S 1o Nl T o
0 n 2+c7,n+aj§1 1+ |yj|2+a

Therefore, we have

1
(P22 Bl 551 S 19 lln2cmra

Similar to (3.22), we have
Ilzl‘p(pzp‘l)tqgllLtzo,v SIelln—240n+a

withv = "“—?U O

Proof of (3.20). From the definition of ||¢|l,,_54 5 y+q> We have

k

pzP™1, Z 1;rP;
=1

k
<107 | X (Jomsa|#5] + el o)

j=1
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k
x—¢; lx — &l 1 __2
< p—l / J - 2
< |pz ]; n <| R |>( e Hot ey )uo

k n
oz | 3 sl (1 7 108 ™ i)
j=1

1245 —p S to

£ BTHR

My
1
SN lln-zsomsalz”” 'W Illn—240m4a D,

Therefore, we have

k
pzP1, Z nj,Rqu SNelln—240nta-
Jj=1 #,3,2+a
Similar to (3.22), we have
k
1p9: X 7jx$illiz » S I1$ln-2icnra
j=1
withv = "“—;”

Proof of (3.21). From the definition of [|¢|,,_,1 4 14, We have

k

Z PUf_lat (Uj,Rq»T’j)
j=1

k
s 2 {pv7 | (ol |61] + el 26
j=
<Zk',|pUp‘1|n’ Ao (R, £l ™ 14,1
- iz J Ruy; R,L{2 Rﬂo 0 i
k _n=2
+Y ]pr‘1|\n,-,R|<uo 1oyl by |¢J )
=1
lunT_2+G k Iu_zlunT_z‘Hj
_ 0 J 0
S 1@lln-210n+al2 1|W S ¢lln-2+0n+a z‘{ W
Therefore, we have
k ~
Y pUYT'8,(n24)) S 18lln-240n+a-
=1

#3,2+a

= 1+ |yj|2+oc
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 883

Similar to (3.22), we have

k
1- p-1 7
12177 3 pUT 0, (02 ) sz o S 18 ln-24cmta
&

J
withv = "“—?’U
Now we set

B={: 1Pllwpay <Mt;"}

with § = ”T_z +oand v = "=2*% Here the constant M is large but independent of ¢ and ¢. For

any ¢ € B, A(Y) € B as a consequence of the estimations (3.16)—(3.21). And similar estimations
imply that, for any ¥;, ¥, € B, there holds

IA@DD) = AP oy < CNEY =P 5.0

for a constant C < 1 when ¢ is chosen large enough. Therefore, A is a contraction map in 3 and
there exists a fixed point 3 of .4, which is a solution to the outer problem (2.14). O

Therefore, we obtain the following result.

Proposition 3.2. Assume A, &, 4, £ satisfy the conditions (3.11) and (3.12), ¢ = (¢, ..., §;) satisfies
conditions (3.14), ¥, € C*(Q) and

PollLeocay + %ol , < £
0

. Then there exists a large enough t, > 0 and a small constant o« > 0 such that the outer

_ h—2+0
forv = —

problem (2.14) possesses a unique solution p = W[A, &, 4, €, ¢]. Moreover, there hold

n—2

p Elto k
RN ()] —8(t—ty)
9GO ey S 0" X Ty + 2 olimcay
= j=1 Vi =t
v ,u_HnT_ZW(t)
< ¢ M
VOO DX Bt S o™ 20 3yt
j=1 !
and
Il S 65
to
Herey; = i

0j

Remark 3.1. The solution ¥ obtained in Proposition 3.2 depends smoothly on the parameters 4,

&, A, E , ¢, fory = XM_—(E’ Indeed, using Lemma 3.2 and the same arguments as Proposition 4.2 of
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884 | SIRE ET AL.

[11], in the domain U§=132Ruj(§j)’ we have

3 lp,l g /1§ ] ( t) =€ /T.([) k 'L{OZ +U_1(t)
10,91 $1IA1(x, 0] S 1571 ””";W’
o . k M;22+U—1(t)
1694, &, 4, €, $1[E1(x, O] < t5°IED 145 ;W ’
N . e k ’u;%#’(t)
06914, £. 4.8, 9IS 1Cx. O] S 17wy UEDNnvso| X T35 |
= )’j|
ko, "3t
n 1+0 Iuo (t)
16,94, &4, £, 11106 )] S 6551 AWl r 10 ;m ’
ko 5O
|8,%(4, &, 4, &, $1[81(x, O] S 16| b0
) n—2+o,n+a = 1+|yj|or :

4 | THE INNER PROBLEM (2.16)

To solve the highly nonlinear problem (2.16), we need a linear theory first, which is the content of

4.1 | The linear theory of the inner problem (2.16)
In this subsection, we consider the following linear equation
—pUP~1¢, + Ap + pUP~'¢ + UP~'h = 0 on R", (4.1

with h = h(y, t) being supported on the ball B,,(0) and under the orthogonality conditions

/ h(y, t)Zj()’)Up_l(y)dy =0forj=0,1,..,n+ 1. 4.2)

Bor

Equation (4.1) is a degenerate parabolic equation, therefore a natural way is to lift it to the standard
sphere S", which becomes a classical (nondegenerate) parabolic problem on S$”. Similarly to (3.8),
we define § on S" to be

m0hum< >2,yeM

1+ |y|?
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS | 885

Then standard computation shows that (4.1) is equivalent to the following linear heat problem on
Sl’l

0,p=(Asn+4)p+h on S" (4.3)

Here 4, = n is the second eigenvalue of Ag.» with eigenfunctions 7z s j=1,..,n+1,given by the
functions

n—2
2 2
, e R".
1+ |y|2> Y

Recall that the space L?(S™) has an orthonormal basis 0,,, m =0,1,..., which are eigenfunctions
of the problem

Z(y) = Zi(ﬂ(y))(

Agn®,, +4,0,, =0 in S" (4.4)
so that

0=y <A == =n<Ady, <.
One has ©y(y) = ay and ©;(y) = a;y;, j = 1,...,n + 1, for constant numbers ¢, and o, .

Proposition 4.1. Supposea € (—n,—2),v > 0, ||I71||a,v < +o0 and
/ h(@,0)Z;($)dy =0 forall t € (t),0), j=1,..,n+1,
§VZ

then there exists a function ¢ = $[h](F, t) satisfying (4.3) and the estimate

(7 = [FDIVEG, O + 1@, DI S 77 (7 — 71 ||l
Remark 4.1. Here and in the following, dj is the sphere measure on S”, and |j| € [0, 7] is the
geodesic distance of a point j € S" to the south pole (0, ..., 0, —1), ||fz||a’v is least positive number
M such that

|h(y, Dl < Mt™ (7 = |3])°.
Lemma 4.1. Suppose a € (—n,—2),v > 0, ||f1||a,,, < 400 and
/gn h(F,0)Z;(3)dy =0 forall t € (t),0), j=1,..,n+1.
Then, for any sufficiently large number t; > 0, the solution (¢(3, t), c(t)) of the problem
0, = (Agn +A1)P+h—c(DZy(D), €S", t > 1,
g ¢@,1) - Zy(3)dy =0 forall t € (t, +0), (4.5)

¢(,t,) =0, § € S",
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886 | SIRE ET AL.

satisfies the estimates

160, Ollasas, S Illay, (4.6)

and
le(D)] S t_v”ﬁ”a,tl Jor t € (ty, ty).
Here ||fz||b’,1 = SUPe(y ) 1IN — 1P Al oo (sny.

Proof. Observe that (4.5) is equivalent to the following problem

0, = (Asn + 1)@+ h—c(DZy(3), € S", t > 1,

~ 4.7

¢(y7t0) = 07 y~ € Sn
for c(t) determined by the relation

«0 [ 2Py = | 76,0205
sn sn
Then it is easy to check that
e St Al 4.8)

holds for t € (¢,,t;). Therefore we only need to show (4.6) for solutions ¢ of (4.7). We use the
blowing-up arguments in the spirit of [19].

First, given t; > t,, we have |||, +2,, < +oo. Indeed, from the standard parabolic theory on
sphere, given R, € (0, ), there exists a positive constant K = K(R,, t;) such that

147, O < K in By (0) X (£, 1;]-

Here ERO (0) is the geodesic ball centered at the south pole with geodesic radius R. For a fixed
R, close to 7 and sufficiently large K, K, (7 — |§|)**¢ is a super-solution of (4.7) when |§| > R,,.
Therefore || < 2K, (7 — |7])>T% and || ¢, 42,5, < +00 holds for any ¢; > 0. Second, from the defi-
nition of c(t), the following identities hold

$(@,1)- Z;(7)dy = 0forall t € (t,t,),j =0,1,..,n+ 1. (4.9)
§}’l

Finally, for any t; > 0 sufficiently large, and any ¢ satisfying (4.7), (4.9) and ||$||,, 121, < +oo, we
claim that the estimate

[Pl asze, S MAllay, (4.10)

holds, which implies (4.6).
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS | 887

To prove (4.10), we use contradiction arguments. Suppose there exist sequences ¥ — +o0 and
b» Iy, ¢, satisfying the equation

8B = Asn Py + 1Py + Iy — c (DZ,(3), § € S", t > 1,
/ (1) - Z;(y)dy = 0forallt € (to,t’f), j=01,...,n+1,
gn

$c(F,t)) =0,y €S"
and also there hold

1Bkl =1 Iallgu = 0. (4.11)

From (4.8), supte(zo,ﬂf) t¥¢; (t) — 0. First, we claim it holds that

sup 1”|¢ (7, 1) - 0 (4.12)

k
to<t<tk

uniformly on compact subsets away from the north point on $”. Indeed, if there are some points
on S" satisfying |7, | < M < 7w and ¢, < t’z‘ < t’l‘,

.~ N—Q—21 T s~ 1
(7 = 15D G 1)) > >
then we have t’z‘ — +00. Now let us define
I (s _(+k\V X (5 +k
¢k(y’ t) - (tz) ¢k(y’ tz + t)
Then ¢ is a solution of
8,Fr = Ay + 1, Gy + by — € ()Zy(P) in S™ X (8, — 15, 0],

with h;, — 0, ¢, — 0 uniformly on compact subsets of (S" \ {north pole}) x (—oo, 0], moreover, it
holds that

16, DI < (r — [FDT? in S" X (¢, — t¥, 0].

From the dominant convergence theorem, we have ¢, — ¢ uniformly on compact subsets of (S" \
{north pole}) x (—o0,0], ¢ # 0 and satisfies the following equation

0,4 = Agnp + ;¢ in S" X (—00,0],

$(@,t) - Z;(7)dy = 0forall t € (—e0,0], j =0,1,..,n+1,
1 Jsn (4.13)

¢, )| < (m — [FN*? in $" X (—c0,0],

qg(j;’ tO) = O’ .)7 € Sn‘
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Now we claim that ¢ = 0, from which we obtain a contradiction. Indeed, by standard parabolic
regularity on the sphere, ¢(3, t) is smooth. From a scaling argument, we have

(7 = 17DVl + 1] + [Asnd| S (7 — 171
Then differentiating (4.13) gives 6,¢, = Agn ¢, + 4,$, and
(7 = 19DIVsrdil + 1@yl + 18sn i | S (= 7).

Furthermore, we have

1 - [
0 [ 181+ B, 80 =0,
sn

where

B($.$) = /g [IVerdl? = MuigP]ay.

Since [g, ¢(F,1) - Z;(7)dy = 0 for all t € (—c0,0], j =0,1,..,n+1, B($,$) > 0. Also, it holds
that

/ |4§t|2 = _%azB(GE’ 95)
SVl

From these relations, we obtain

0
5[/ 161> <0, / dt [ 1¢]* < +co.
sn —00 sn

Therefore ¢, = 0, thus ¢ is independent of ¢ and Ag.¢ + 4,¢ = 0. Since ¢ is bounded, by the non-
degeneracy of the elliptic operator Ag. + 1, ¢ can be expressed as a linear combination of the
functions Zj defined in (4.4), j =1,..,n+ 1. But [, ¢ - Zj =0,j=1,..,n, weget$ = 0, which
a contradiction. Therefore, (4.12) holds.

From (4.11) and (4.12), there exists a sequence y, with 7 — |7, | — 0 such that

Y (= 152 G )] %

Let us write ¢, as a function of 0, ...,6,, that is, ¢, = $.(6;,...,6,) with 6, being the geodesic
distance to the south pole. Suppose ; = (Gi‘, ., 68, then 6X — 7 and

() (r = )" 2| (6F, ..., 65, 15)] >

N =

Set

BBy, 8, 1) 1= (15 (7w — 65) 7972
. (4.14)
G (65 + (m — 65)9,,...,05 + (m — 688, (r — 652t + ££),
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 889

then
8, b = Dsndy + ar i + My (2, 1),
where
(81, e, 9y 1) 1= (£5)7(m — 05) 9%
(6% + (r — 689y, ... ,6F + (m — 65)8,,, (r — 68)?t + £¥).
From the assumptions on h;, there holds
1A (D1, s 9 DI S 0DIL = 9,19 (7w — 65)?t + 1)

Thus 7,(8;, ..., 9,,,t) = 0 uniformly on compact subsets of §" X (—o0, 0] and the function g, sat-
isfies the same property. Furthermore, |$; (0, ...,0)| > = and

1] S 11 =9, |2 — 65t + 1)

Note that |1 — 8,| is the geodesic distance between the point (8, ..., 3,) and (6K, ... 6, ;> 1), by

passing to a subsequence, we may assume (6, ... 6”2 1» 1) — € € S", the geodesic distance from é

to the south pole is 1. Hence there exists a function ¢ such that ¢, — ¢ # 0 uniformly on compact
subsets of S" x (—o0, 0], and ¢ satisfies the following equation

~

¢, = Apnd  inR" X (—c0,0] (4.15)
and

1Py, D] < |y —e|®*?  inR" X (—0,0]. (4.16)

Here e is the pre-image of € under the stereographic projection, that is, é = 7(e) . Any functions
satisfying (4.15), (4.16) and a + 2 € (2 — n,0) must be zero, which is a contradiction, hence we
have the validity of (4.10).

a+2
Indeed without loss of generality, assume e is the origin point. Define u(p, t) = (0 + t)% +
pn —=, then —u, + Au < [—(a +2) + % — (n—=1)](p? + 1)z <0, therefore u(|y|,t + M) is a super-

solution of (4.15)-(4.16) on R" x [—M, 0]. Hence we have |¢(y, t)| < u(|y|,t + M). Letting M —
400, we get |(y, )] < Since ¢ is arbitrary, we conclude that ¢(y, t) = 0. O

|n Tymn—-2°
Remark 4.2. In (4.14), if we define cﬁk as
Gi(B1, ey 9y, 1) 1= (15 (m — 65)7*2x

$i (6 + 8y, ...,0¢

k k k2 k
ne1 91,6, +(m—6,)8,,(mr—6,)°t + tz),
then the limit equation is

¢, = A inS" X (—00,0]
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and
¢y, D] < ly —é]**?  inS" X (—00,0].

Under the assumption a + 2 € (2 — n,0) and similar arguments as above, one has é =0, which
is also a contradiction.

Proof of Proposition 4.1. First, we consider the problem

{6tq3 = (Asn + A1)+ h—c(DZy(), F€S", t > 1,
¢, 1)) =0, y € S".

Let (¢(3, 1), c(t)) be the unique solution of the initial value problem (4.5), then by Lemma 4.1, for
any t; > t,, there hold

6. 01 S 77 = |9l forall t € (t,1,), § €S
and
le(®)] < t™7||hllqy, forallt € (¢, ;).
By assumption, we have ||Fl||a’v < 400 and ||P~L||a,t1 < ||I71||a’v for an arbitrary ¢;. Therefore,
6. 01 S 77 = [FD** Ay, forall t € (t,1,), § € S"
and
()] < t7V|[Rllg,y, forall t € (to, t;).
Since ¢, is arbitrary, we have
160, 0 S 77 = [F)**11All,,, for all t € (¢, +00), § € S”
and

le(®)] < t7|IAll,,, for all t € (ty, +0).

Using the stereographic projection, Proposition 4.1 is equivalent to the following result.

Proposition 4.2. Supposea € (—n,—2), v > 0, [[UP™ Al 5,4, < +o0 and

/ h(y, t)Zj(y)UP_l(y)dy =0 forall t € (t;,0), j=1,...,n+1. (4.17)
B,z(0)
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FAST DIFFUSION EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS 891

Then, for sufficiently large R, there exists ¢ = ¢[h](y, t) satisfying (4.1) and

t—‘l/

A+ D800 + 1+ DT VR0, Ol +1900 01 S

-1
NUP™ Allnyata-

Furthermore, there exists a function e, = ey[h](t) such that ¢(-, t,) = ey[h](ty)Zy(y) and |ey[h]| S
1UP Rl 154 O,

4.2 | Choice of the parameter functions

To apply Proposition 4.2 to the inner problem (2.16), the right-hand term

2
.. "__Zluo' _ Moi
M5 Hj
n+2

o) SyLE sy, + B 1+ Blg )]+ B[]

should satisfy the orthogonality conditions (4.17), that is to say, we need the following identities
f Hi[4,£,4,8,6]0.0Z(y)dy =0forl =1,..,n+1, j=1,2,...k. (4.18)
2R

These identities can be achieved by solving a system of ODEs for the parameter functions 4;, 3 i
j =1,...,k. Since G(q) is positive definite, the matrix with elements %b}z.Ml- jcan be diagonalized

as ﬁPTdiag(c?l, vy O )P with &; > 0fori =1, ...,k and P is a k X k matrix.

Lemma 4.2. Whenl = n + 1, identities (4.18) are equivalent to the following system of ODEs,

n—

A ?(P dlag( 2 )P/1> =10[4. 6, 4.6.410) (4.19)
J
where the right-hand side term I1; ;[1, §, A, €,9](t) can be expressed as

I, (4, 6,4, &, 1) =t5 uy () £ ()

N (4.20)
+15°0, [/1, E g2 (O, g€ — @), B (0).

Here f;(t) and @LJ[/L é,ug—z(t)z,yg—z(g — q),,u(’)l_lwcﬁ](t) are smooth bounded functions of t.
Furthermore, the following Lipschitz properties hold

|®1,j[/i1](t) - ®1,j[/12](t)| S 155 1A4(8) — A0

01,1410 - 0,510 5 55160 - £,
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892 SIRE ET AL.

|01, 1720110 — 0y T2 2,10 S 655144 (6) = A,(0)]
01,1152 = IO - 0,126 — IO $ 5715 - &0,

|01, 70110 = 0, 1,10 S 7111 () = $2 Ol v

Proof. For a fixed j € {1, ..., k}, let us compute the term
/ HJ[;L’ gaia é—’ ¢](y’ t)Zn+1(y)dy
Byr

First, we consider the term

n+2 .
*,lN

luojz S#:g,J(gj + Iquy’ t)

n+2

Hoj\ 2 1 _ 4 - _
= <_J> [/,tojlsl(z, 1)+ 4;b; "y S,z 1) + H; 28.(z, t)]

Mj z=Ej+u;y

n+2

Moj\ 2~ -
+ <,u_]) :qu:u()z[Sl(gj+:u0jyat)_51(§j+:quat)]
J

n+2

Hoj
+ <M_J> A b} :uo [Sz@] +I~'{ijst) S2(§j +H,y,t)]
J

n+2
Moj\ 2 _
+ <—J> #j2[53(§j + Moy, 1) — S3(&; + 1y, 0],
J

where

Si1(2) = ij( —% ) 1Zn+1<z m §j>
Hj

Hj
p—1
z—§&; z—-§;
—2u~ A, pU ! Z
o M07%j /"j n+1 :uj
pU( )P IZbZ

—_— . — . p_
J J

z-§; o 2 = _2
+pU ’u ,uo b}’l H(qj7qj)+ Zb ? 2 (qj’ql)

J i#]
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and

. z—¢&; z—¢&; p-1
Ss(Z)=§j-VU< #jj>+#7pU< “j’>

n—2 n-2 z—¢&;
X<—M7‘2VH(qj,qj)+2uj2 K VG(q,-,qi)>-< . J>-

i#j J

By direct computations, we have

/B S165 + 1iy)Z,(W)dy = ¢,(1 + O(Rz_n))/ij

k
= 26,(1 + OR™2)py o + ¢, (1 + OR™Du=2 Y b2M A,
i=1
[ i)+ 120 00y = OB + R
Bor

and
/ S3(§; + 1j¥)Z,41(¥)dy = 0 (by symmetry).
Byr

. 1
Since p;ﬁ =1+ u_])_l’ for any I = 1,2, 3, there holds
. N

J

/B [SIE; + oy D) = SIE; + 9, D1Z, 1,0y

A . A, A;
R G (D W Rt 1O
1

where f, g are smooth bounded functions satisfying f(-,s) ~ s, g(-,s) ~ sas s — 0. Therefore, we

have

n+2

B\ 2 n+2
C<M_> ""OJ'/ Mo Sue, i€+ oy DZ i (9)dy
0j Byr

—|i+1 Pldiag i PA) | +t5g(t ﬁ)()l+é)+t‘5u”‘2g(t ﬁ)
ot n-—2 ; 0T kg 0o Ho

J

for a positive number c.
Next we compute the term

n-2

A; Hoj
pry? (14— / UPT () + tojy DZ 1 (0)dY,
Koj Ba Kj
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894 | SIRE ET AL.

the principal partis := '/BZR UPY(y)(E; + poj¥s 1)Z 41 (¥)dy. Decompose I as
I = $10,4,0,0,01(g;. 1) / UP1 ()71 (0)dly
Bor
+ / Up_l(y)Zn+l(y)(z|b [0’ q’ O’ 09 0](5} + :quy’ t) - I,D[O, q; O’ 09 0]((]}’ t))dy
Bar

¥ /B UP ()2, s O)BIA £, 4, €, 8] — $10,,0,0,0(E, + s, Dy

:Il +12+I3

n=2,
By Proposition 3.2, I} =f *u,* 7 f(@), f is a smooth bounded function. Similarly, I, =

n=2,
Loty ” CTg(t, #i & — g) for a bounded function ¢ such that g(-,s,-) ~ s and g(-,-,5) ~ sass — 0.
0
From Remark 3.1 and mean value theorem, I is the sum of terms like

_n, . .
w2 L FO@ + BFIAE AL E 0100
and
n-4 .
Uo? G5 fOA + EFIALE L E,$1(0),
where the function f is smooth bounded, F is a nonlocal operator with F[0, g, 0, 0, 0](t) bounded.

Finally, there hold

[ BI10002, 00y = 715 1910 + £ 18100)

B

for functions g'(s) satisfying g'(s) ~ s as s — 0, and £'[¢](¢) is smooth bounded in t. Combining
all the estimates above, we conclude the result. O

Similarly, for the identities

/ H A £,4, €, 810, () Z, )y,

Bar

forany j =1,..,k,1 =1,...,n, we have
Lemma4.3. Forj=1,..,k |l =1,..,n, (4.18) are equivalent to the following system of ODEs
£ =10,,[4,£,4,,810),

Hz,j[l,f,/i,é,qb](t)

n—2
2

= uge |} >VH(g;,q) = ) b;% b ? V(g5 a) | +uy O ;)
i#j

+15°0, 5[4, &, 1y O uy TN E = @),y HIRIO),

n—-2
2
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_14U
P fan UP IE)’MY

Jen(572dy
[y, 00), the n-dimensional vector functions ©, ; has the same properties as in Lemma 4.2.

where ¢ = , fj(t) are smooth bounded n-dimensional vector functions for t €

From Lemmas 4.2 and 4.3, we know that the orthogonality conditions

Hj[/l,f,i, £, 01y, tt)Z,(y)dy, for j=1,..,kandl =1,..,n+1,
Bag
are equivalent to the system of ODEs for 1 and &,
d+1
n—2

A+ %(PTdiag( )P/1>j =10, (A, £, 4,£, 1),

(4.21)
§ =T[4 64,6910, j=1,..k

System (4.21) is solvable for A and & satisfying (3.11)—(3.12). Indeed, we have

Proposition 4.3. There exists a solution A = A[p](t), & = &[P](t) to (4.21) satisfying

1081106 = A[po 1O S 1551y N1 = Salln—240.n4a

and

€161 1) = El$1O] S t5° 1" Nid1 = $alln—zs0nva

The proof is similar to that of Proposition 5.2 in [11], so we omit it here.

4.3 | Solving the inner problem (2.16)

After the parameter functions 1 = A[¢] and & = £[¢] have been chosen such that the orthogo-
nality conditions (4.18) hold, problem (2.16) can be solved in the class of functions satisfying
I#1l—2+0.n+a < +oo bounded. From Proposition 4.2, there exists a bounded linear operator 7
associating any function h(y, t) with ||[UP~ h||,_, +on+2+q-bounded the solution of problem (4.1),
thus (2.16) reduces to the following fixed point problem

¢ = (B1, s b)) = AWP) := (TH A E A E QD o, THIA E A, 9D).
From the definition of H o we have the estimate

n—2+4o

)H[A’g’i’é@](y, t)| <t Mo

L — (4.22)
01 + |y|n+2+a

Therefore, A maps the set A :={$ | |$ll,,—210 n+a < €t} into itself for some large constantc > 0.
Moreover, A is a contraction map, hence there exists a fixed point, from which we find a solu-
tion of (1.4). Indeed, this is consequence of the following estimates.
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(a)
n+2
#sz Sy e + Moy ) =Sy e i(§0 + Moy, b)
n—2+o
—E'uo—(t)”gb(l) _ ¢(2)||
~ 0 1+ |y|n+2+a n—2+o,n+a
where

p=plgVl & =Ee0] =gl =12

(b) From Remark 3.1, we have

2
2\ Mo; L Moj

Py} —turt(—Ly PIBVIE 1 + oo )
DK, Hija

2
Koj 1 { Hoj
- —-urt <—y>¢[¢(2)](§j,z + Hojy» )
luj,2 J:2
Mn—2+cr(t)
o 190 = 6P

~ "0 1+ |y|n+2+a n—2+o,n+a
where

Hji= ﬂj[¢<i)]’ lp[ﬁb(i)] = lp[lisgi’/ii’éi’¢(i)]’ i=12

(c) From the definitions in Section 2, we have

‘un—2+o(t)
B¢V - B¢ ] t5° =2

1 2
Sty WW’( '~ $PNnozsonta

hold forl =1, 2, 3.
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