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Distributed Multi-Armed Bandits

Jingxuan Zhu, Student Member, IEEE, Ji Liu, Member, IEEE

Abstract—This paper studies a distributed multi-armed
bandit problem with heterogeneous observations of re-
wards. The problem is cooperatively solved by N agents
assuming each agent faces a common set of M arms yet
observes only local biased rewards of the arms. The goal
of each agent is to minimize the cumulative expected regret
with respect to the true rewards of the arms, where the
mean of each arm’s true reward equals the average of the
means of all agents’ observed biased rewards. Each agent
recursively updates its decision by utilizing the information
from its neighbors. Neighbor relationships are described
by a time-dependent directed graph G(t) whose vertices
correspond to agents and whose arcs depict neighbor rela-
tionships. A fully distributed bandit algorithm is proposed
which couples the classical distributed averaging algorithm
and the celebrated upper confidence bound (UCB) bandit
algorithm. It is shown that for any uniformly strongly con-
nected sequence of G(t), the algorithm achieves guaran-
teed regret for each agent at the order of O(log T).

[. INTRODUCTION

Multi-armed bandit (MAB) is a fundamental reinforce-
ment learning problem which exemplifies the exploration-
exploitation trade-off as a sequential decision-making process
and has a wide range of applications in natural and engineered
systems including cognitive radio networks, healthcare and
online recommendation systems [1]. In a classical MAB
problem setting with a single decision maker (or player), the
decision maker chooses one arm at each discrete time from
a given finite set of arms (or choices), and collects a reward
generated according to a random variable with unknown dis-
tribution. Different arms may have different unknown reward
means. The target of the decision maker is to minimize
its cumulative expected regret, i.e., the difference between
the decision maker’s accumulated expected reward and the
maximum which could have obtained had all the reward
information been known. Both lower and upper bounds on
the asymptotic regret of this MAB problem have been derived
in the seminal work [2]. Classic and elegant UCB algorithms
have been proposed in [3] which achieve an O(logT") regret.
Considering that the MAB problem and its variants have been
studied for many years, it is impossible to survey the entire
bandit literature here. For an introductory survey covering the
works in this area, see a recent book [4].

Our social networks, communication infrastructure, power
grids, data centers, and decision-making needs have become
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increasingly massive and complex in recent years. In large-
scale multi-agent networks such as sensor networks and multi-
robot systems, the need for distributed information processing
and computing arises naturally because the sensors or robots
with on-board processors are physically separated from each
other. Meanwhile, in the current emerging big data era, various
types of communication constraints exist, and privacy con-
cerns become pervasive, which restricts information flow over
social networks and cyber-physical-human systems, and thus
precludes conventional centralized information processing and
computing, including parallel computing that typically relies
on the existence of an information center. With these in mind,
efforts to extend conventional single-player bandit settings to
multi-player frameworks have attracted increasing attention
over the past years, and various multi-agent bandit problems
have been proposed and developed with potential applications
in different networks. Notable examples include [5]-[17], just
to name a few.

Among the existing multi-agent settings, a cooperative
setting complements the considerable development in the
areas of distributed control and optimization, by incorporating
consensus processes [18], [19] among all agents. Such a setting
was first proposed in [16] which formulates a distributed
MAB problem with homogeneous observations of rewards,
i.e., all the agents share the same distribution of each arm’s
reward. The problem has recently attracted increasing attention
and a few different consensus-based distributed algorithms
have been proposed and developed [16], [17], [20]-[22]. It
is worth pointing out that in such a homogeneous reward
setting, each agent can independently learn an optimal arm
using any classic single-agent UCB algorithm, without any
information exchange or coordination with its neighbors. Thus,
cooperation among the agents in the homogeneous reward
setting is not necessary, though it may accelerate the agents’
bandit learning processes. It is also worth emphasizing that all
the existing distributed algorithms, tailored for the distributed
MAB problem with homogeneous observations of rewards,
focus on fixed neighbor graphs and require each agent be
aware of certain network-wise global information, such as
spectral properties of the neighbor graph or the total number
of agents in the network.

Motivated by a federated learning [23] scenario where
different agents hold heterogeneous datasets for the same task,
a recent paper [24] formulates a distributed MAB problem
with heterogeneous observations of rewards. This heterogene-
ity may arise due to sampling biases, local observation and
data collection errors or noise. Because of the heterogene-
ity, learning only with local data will lead each agent to
locally optimal, not globally optimal, actions. One way to
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achieve a globally optimal performance is to let all the agents
cooperatively smooth out the local biases or noise, which
necessitates the communication and coordination among the
agents in the network. A motivating example refers to global
health emergencies like the ongoing COVID-19 pandemic, in
which collaborative research among different countries/regions
is critical. Since there are inevitable differences in medical
staff training, treatment protocols, healthcare equipment, etc.
in different countries and regions, their observed effective-
ness of the treatments often contains regional biases. Thus,
sharing local treatment evaluations and collaborating with
other countries and regions can help smooth out the local
biases in treatment and thus obtain a more accurate global
model for diagnosis and healthcare. Detailed discussion of this
hospital treatment selection problem, including how it can be
effectively formulated as a heterogeneous distributed multi-
armed bandit problem, can be found in [24, Section 1].

In fact, very few papers have studied multi-agent bandit
problems with heterogeneous rewards/settings. The papers
[13], [25], [26] consider a system consisting of a central
coordinating authority and multiple computational entities.
Specifically, [13] studies a federated multi-armed bandit prob-
lem in which each arm generates independent observations at
different clients with heterogeneous means, [25] considers a
federated linear contextual model where the feature vectors
at different clients for the same arm are heterogeneous, and
[26] explores the benefits of heterogeneity in arm observability
among different clients. Another recent paper [9] studies a
decentralized setting in which no communication is allowed
among the agents, while collision feedback is available when
more than one agent selects the same arm. The work [24]
is the first and only one which studies a multi-agent bandit
problem with heterogeneous rewards in a cooperative dis-
tributed setting. The paper proposed a distributed algorithm
based on the standard gossiping scheme for communication,
and a differentially private variant is also developed. However,
the distributed algorithm in [24] works only on time-invariant
graphs and requires each agent be aware of global information,
the network size IN. The use of N in the algorithm makes it
not resilient when new agents may join the network.

Distributed algorithms naturally rely on the connectivity of
the possibly time-varying graphs representing communication
relationships among the agents. As robots move in a multi-
robot system, for example, they may leave or enter other
robots’ communication and sensing radii, causing dynamic,
time-varying relationships. Another possible cause of time-
varying graphs is unstable communication due to the realistic
assumption of some non-zero communication failure proba-
bility between any two agents at any given time. Thus, there
is ample motivation to develop theoretical guarantees for dis-
tributed bandit algorithms with time-varying communication
graphs. It is worth emphasizing that in distributed control
and optimization problems, the case of time-varying graphs
is usually more challenging than the time-invariant one.

The goal of this paper is to propose a fully distributed
algorithm for the distributed multi-armed bandit problem with
heterogeneous observations of rewards, which does not require
any global information, and to study more general time-

varying graphs. We show that the proposed distributed UCB
algorithm achieves a logarithmic asymptotic regret for each of
the agents, provided that the underlying time-varying neighbor
graphs are “uniformly strongly connected”.

[I. PROBLEM FORMULATION

We are interested in the following distributed multi-armed
bandit problem with heterogeneous observations of rewards.

Consider a network consisting of N > 1 agents (or players).
For presentation purposes, we label the agents from 1 through
N, and denote the set of agents by [N] £ {1,2,...,N}.
The agents are not aware of such a global labeling, but can
differentiate between their “neighbors”. Neighbor relationships
among the N agents are described by a possibly time-varying
directed graph G(t) = (V,&(t)), called neighbor graph,
with vertex set V corresponding to agents and edge set £(t)
depicting neighbor relationships at time ¢t € {0,1,2,...}.
Specifically, agent j is a neighbor of agent ¢ at time ¢ whenever
(4,4) is a directed edge (or an arc) in G(¢), representing
that agent ¢ can receive information from agent j at time
t. For simplicity, we assume that each agent ¢ is always a
neighbor of itself, and thus G(¢) has a self-arc at each vertex
for any time t. The neighbor graph will be assumed to be
time-invariant and strongly connected or time-varying and
“uniformly strongly connected”.

All N agents face a common set of M > 1 arms (or
choices), denoted by [M] £ {1,2,...,M}. At each time
t € {0,1,...,T}, each agent ¢ makes a decision on which
arm to select from the M options, and the selected arm is
denoted by a,(t). When agent ¢ selects an arm k € [M],
it can collect a reward. The genuine reward is generated
according to an unknown random variable X (t). However,
the agent cannot observe this true reward; instead, it can only
observe a local biased (or noisy) copy of the reward, which
is generated according to another unknown random variable
X 1(t). The unobservability of Xj(t) can be due to local
observational bias or measurement noise. We assume that
{ X))}y and {X; x(t)}],, i € [N], are independent and
identically distributed (i.i.d.) random processes. For simplicity
of analysis and without loss of generality, we also assume that
all X}, and X, ;, have bounded support [0, 1]. The relationship
between X (t) and X, ;(t) is as follows. Let py and ;g
be the mean of X (t) and X (t), respectively. For each
k € [M], the mean of arm k’s true reward equals the average
of the means of all agents’ observed rewards, i.e.,

1 N
e = NZPJU@-
=1

Without loss of generality, assume that 1 > po > -+ > g,
and thus arm 1 is always an optimal option.

The distributed multi-armed bandit problem is for each
agent ¢ to minimize the following cumulative expected regret:

T
Ri(T) =T — Y E [Xo,0)(#)], (1)
t=1

with the goal of achieving R;(T") = o(T') (i.e., R;(T)/T — 0
as T — oo) for all i € [N].
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It is worth emphasizing that since each agent ¢ can only ob-
serve X; i, and fi; 1 is not necessarily the largest among fi; g,
k € [M], no agent can guarantee to solve the problem without
receiving information from its neighbor(s), as any classic or
state-of-the-art single-agent bandit algorithms, such as UCBI1
and UCB2 [3], are designed to minimize a local cummulative
expected regret T maxy fti , — ZZ;I E[X;,q,+)(t)] for each
agent ¢. This simple but important observation motivates the
necessity of coordination among all N agents. With this
observation in mind, we call the problem under consideration
heterogeneous distributed multi-armed bandit because differ-
ent agents have differing observed reward means for each arm.
In the contrast, in a homogeneous setting where the agents
observe the same reward mean for each arm, in which case
they may even have different arm reward distributions, each
agent can learn the bandit problem correctly and independently
without using any other agent’s information.

The problem just described was first proposed in [24], which
solves the problem for a fixed graph in a gossip setting and
provides privacy preservation guarantees in the presence of
sophisticated adversaries, but requires each agent be aware of a
global information, the network size V. In the next section, we
will propose a fully distributed algorithm without requiring any
global information at any agent. Although privacy preservation
is not main consideration of this paper, we assume agents
do not want to directly share their rewards possibly due to
more immediate, lower-level privacy concerns, which occur
in scenarios like multi-player games and social networks.
Compared with [24], the most important contribution of this
paper is to propose a fully distributed bandit algorithm without
using any global information such as N, which works for both
time-invariant, strongly connected graphs and time-varying,
uniformly strongly connected graph sequences. To get around
the limitation of using the network size N is technically
challenging. Although the overall analysis flow looks similar
to [24] at the glance, the current paper provides a much more
refined algorithm design and analysis.

I1l. ALGORITHM

To describe our algorithm, we begin with some notation.

Let n; 1 (t) be the number of times agent ¢ pulls arm & by
time ¢. Let 1(-) be the indicator function that returns 1 if the
statement is true and O otherwise. Define

t

> Uai(r) = k) Xik(T), @

which represents the average reward that agent ¢ received from
arm k till time ¢. Let C(¢,n;,(t)) be the upper confidence
bound function for agent ¢ and arm k, which is a function
of both n; 5 (t) and time ¢. It is designed to be a decreasing
function of n; ;(t) and will be specified in the assertions.
Each agent ¢ has control over two sets of variables, denoted
zi k(t) and m; 1 (t), which represent agent ¢’s estimate of the
network-wide true reward mean of arm k£ and the maximum
sampling times of arm k until time ¢ among all the IV agents,

respectively, and are updated as follows:

Gt +1) = Y wiy(t)za(t) + Bkt + 1) — 2ik(t),
JEN(t)

3

mi g (t+1) = max {n; ,(t + 1), m;x(t), j € Ni(t)}, )

where N;(t) denotes the set of neighbors of agent ¢ including
itself, and w;;(t), j € N;(t), are positive weights. Let W (¢) be
the N x N matrix whose ¢jth entry equals w;;(t) if agent j is
a neighbor of agent ¢ at time ¢ or zero otherwise. Since each
agent ¢ is always a neighbor of itself, the diagonal entries
of each W (t) are all positive. We assume that W (t) is a
“doubly stochastic matrix” for any time ¢ where by a doubly
stochastic matrix is meant a nonnegative square matrix whose
row and column sums all equal one, and w;;(t), j € N;(t),
are uniformly bounded below by some positive number.! In
the case when G(t) is undirected (i.e., agent ¢ is a neighbor
of agent j whenever agent j is a neighbor of agent 7), such
a doubly stochastic W (t) can be constructed in a distributed
manner via the Metropolis algorithm [27] in which

w;j(t) = :
T max (IO IV (0]}

JENi(t), J#i,

1

wi(t) =1—
=10 ) NN GO
where |AV;(t)| denotes the number of neighbors of agent 4
at time ¢, or equivalently, the degree of vertex ¢ when G(¢)
is undirected. It is easy to see that the Metropolis algorithm
requires bi-directional communication between any pair of
neighbors. For more general directed graphs in which uni-
directional communication may occur, it has been shown that
when G(t) is strongly connected, a doubly stochastic matrix
W (t), whose zero and nonzero pattern is consistent with G(t),
always exists [28], and can be computed via a distributed
algorithm in finite time [29]. It is worth emphasizing that
zi.1(t) and m; . (t) are updated in a distributed manner as they
only use information from agent ¢’s neighbors. The purpose
of z i (t) and m; ,(t) is for agent ¢ to locally estimate the
network-wise true reward mean of arm k, u, and the maximal
number of pulls on arm k at one agent till time ¢ over the entire
network, max;e(n] 7,k (t), respectively.

A detailed description of our algorithm is given as follows.

Initialization: At time ¢ = 0, each agent ¢ samples each arm
k exactly once, sets n; 1 (0) = 1, 2; x(0) = Z; 1 (0) = X, 1(0),
mi’k(O) = 1, and C(Oﬂ’LZk(O)) =0.
Between clock times ¢t and t+1, ¢ € {0,1,...,T}, each agent 4
performs the steps enumerated below in the order indicated.
1) Decision Making:
a) If there is no arm k& such that n; (t) < m; () —
M, agent i computes the index

Qik(t) = 2ik(t) + C(t,ni k(1))

IThe uniform lower bound is a widely-adopted technical assumption in
consensus literature for guaranteeing exponentially fast consensus.
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and then pulls the arm a;(¢ + 1) that maximizes
Qik(t), with ties broken arbitrarily, and receives
reward X o, ¢41) (¢ +1).
b) If there exists at least one arm k such that n; 5, (t) <
my.,(t)— M, agent ¢ randomly pulls one such arm.
2) Transmission: Agent i broadcasts m; (¢) and z; x(t),
k € [M], to all its current out-neighbors; at the same
time, agent ¢ receives m; () and z, (1), k € [M],
from each current neighbor j € N; ().
3) Updating:

ni,k(t +1) = ni,k(t) +1 Tf k=a;(t+1),
1 t+1
Tipt+1) = m TZZO]l(ai(T) = k)X, 5(7),
zip(t+1) = Z wis ()24 (8)
JEN;(t)

+ Tkt +1) — T k(t),
mik(t + 1) = max {n; x(t + 1), m;x(t), j € Ni(t)}.

Before proceeding, let us elaborate the Decision Making
step. As one bottleneck of a (distributed) MAB process,
insufficient exploration on some arms would cause agents to
keep pulling a sub-optimal arm; this is why we have case (a).
The index computed in case (a) is the summation of the local
estimate on reward mean of arm k£ and the upper confidence
bound C(t,n;(t)). Since C(t,n;(t)) is designed to be
decreasing with respect to n; x (), pulling the arm with largest
Qi k() can be understood as the agent makes a trade-off
between picking the arms with currently largest reward mean
(exploitation) and the arms so far least explored (exploration).
In this sense, the algorithm ensures that each arm to be
sufficiently explored. In the single-agent MAB problem [3],
such an exploitation/exploration trade-off is the main issue
in algorithm design. However, for the heterogeneous multi-
agent case under study, there is an additional critical issue:
the exploration process of each agent may not be on the same
page. Specifically, if an agent insufficiently explores an arm, its
possibly “poor” estimation of the arm would become a drag on
the estimation quality of all other agents via information fusion
over the network, because the accurate estimate of the true
reward mean relies on all the agents’ locally observed reward
means. In other words, even if an agent has made sufficient
exploration on one arm, it may still be “misled” by another
agent if the latter has not; this is a critical feature and challenge
in the heterogeneous setting. With this in mind, case (b) is thus
designed to tackle the challenge by restricting a quantitative
relation between agent ¢’s local sampling number n; j(¢) and
the estimated global maximum sampling times m; (t). The
relation guarantees that no agent in the network would fall
behind in the exploration process for each arm.

For a concise presentation of the algorithm, we refer to the
pseudocode in Algorithm 1.

We first consider the case when the neighbor graph is time-
invariant, i.e., G(t) = G for all time ¢, and G is strongly
connected. In this case, N;(t) = N; and W (¢) = W for all

Algorithm 1: Distributed UCB
Input: G(¢), T, C(t, n; k(1))
1 Initialization Each agent samples each arm exactly
once. Set z; 1(0) = %, 1(0) = X; £(0),
mLk(O) = nlk(()) = 1, and C’(O,n%k(())) =0.

2 fort=0,...,7 do

3 Al = @

4 if n; ;(t) < m,; () — M then

5 ‘ Agent i puts index k into set A;

6 end

7 if A; = () then

8 for k=1,...,M do

9 | Qik(t) = zik(t) + C(t, ni k()
10 end

u a;(t+ 1) = argmaxy Q; (1)

12 else

13 | ai(t+1) is randomly chosen from A;
14 end

15 Agent i sends m; (t) and z; 1 (t), Vk € [M], to
those agents j for which i € N (¢)

16 | Agent i receives mj; i (t), zj k(t), Vk € [M], from
each j € N;(t)

17 | nig(t+1) =n;,(t), Yk € [M]

18 ni7ai(t+1)(t =+ 1) = ni,ai(t-&-l)(t) + 1

19 zip(t+1) =

D jeni Wii()zje(t) + Zig(t + 1) — 2k (1)

mi gk (t+1) = max{n; ; (t+1),m; x(t),7 € N;(t)}

20 end

i € [N] and time ¢, and W is an irreducible doubly stochastic
matrix whose diagonal entries are all positive. Let 1 denote
the N-dimensional vector whose entries all equal 1. It is well
known that W converges to %11T exponentially fast as t —
00, i.e., there exist constants ¢ > 0 and py € [0,1) such that

[y
Here po equals the second largest magnitude among all the
eigenvalues of W. In the special case when W is symmetric,
¢ = 1; see Lemma 8. Define Ay = 1 — pg, k € [M], as
the gap of mean reward between arm 1 and arm k. Then, the
regret R;(T) defined in (1) can be rewritten as

Ri(T)= > AE(nx(T)).

k:Ap>0

(6)

The performance of the proposed algorithm is characterized
in the following theorem.

Theorem 1: Suppose that G is strongly connected and all
N agents adhere to Algorithm 1. Then, with

3logt 1

27t,

Ct,nix(t) = (14 5;) INilnix(t)

where [(; is an arbitrary positive constant, the regret of each
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agent ¢ until time 7" satisfies

' 12(1 4 Bi)*log T
Rl(T)SkAZ (max{ WAz
AR >0

aKl} +K2>Ak,

where K; and K5 are constants defined in Remark 4.

The theorem implies that for sufficiently large 7, the log T
term dominates the regret bound, and thus R;(T) = O(llc}aT‘),
which is of the same order as the classic single-agent (non-
cooperative) UCB algorithms, e.g., UCB1 and UCB?2 in [3],

and shows that cooperation with neighbors improves the regret.

Remark 1: Compared with the classic single-agent
UCB [3], the upper confidence bound in our algorithm
has an additional O(1/¢) term, that is because it is shown
in the proof of Theorem 1 that to ensure optimal rate
convergence, the upper confidence bound should be designed
as a summation of a O(logT) term and an extra term
upper bounded by cv/Nph, which is originated from the
heterogeneous observation setting. Since ps is a global
information that no agent is aware of, it cannot be used in
the design of the upper confidence bound. Thus, we use a
O(1/t) term to bound the term. Indeed, any function that
converges to zero at a decaying rate slower than exponential
can be used here, while this term will influence the value of
constant /{1 and thus the finite-time regret bound. Study of
this influence is not the focus on this paper. |

Remark 2: Consider the homogeneous case in which p; , =
wy for all ¢ € [N] and k € [M]. From Theorem 1,

12(1 )
Z ( (1+8i)

lim Ry(T) < U )
kiAp>0 NGl Ak

+ 0(1)) log T
T—o0
It is easy to see that the asymptotic regret bound is increasing
in terms of ;, and when it is chosen to be sufficiently small,
the asymptotic bound of the regret R;(T) is close to

> <|N1|Zk + 0(1)) log T.

k:Ap>0
Note that when each agent independently applies the classic
(single-agent) UCBI1 [3], the asymptotic regret bound is

2.

k:Arp>0

(f + 0(1)) logT.

k

Since |N;| > 2 for all i € [N] in a strongly connected G with
self-arcs, we can conclude that for the homogeneous setting,
with sufficiently small j3;, the asymptotic regret bound of each
agent in our distributed algorithm is always better than the
single-agent counterpart. For the more general heterogeneous
setting, if each agent independently applies the classic UCB1
without communicating with neighbors, its regret can be as
bad as linear in 7, as illustrated in Fig. 2 in Section V. [

Remark 3: From Theorem 1, if G is a complete graph in
which |N;| = N for all 4, the asymptotic regret bound for each
agent becomes O(IOJ%T), which is the largest “collaborative
gain” in regret improvement it could possibly be for an N-

agent network. Such a largest collaborative gain can also be

achieved if each agent is assumed to be aware of the network
size IN. In this case, with

3logt 1

Clt,niw®) = (1+Bi)y | ——2—  —
(tmia®) = (14 B0 | 5 0+ 5
and the same arguments as in the proof of Theorem 1, it can

be shown that R;(T) < O(lojgvT). O

Now we consider more general time-varying neighbor
graphs. To this end, we need the following concepts.

Let G, and G, be two directed graphs with the same vertex
set V. By the composition of G, with G, written G, o Gy,
is meant the directed graph with vertex set )V and arc set
defined in such a way so that (, j) is an arc of the composition
whenever there is a vertex k € V such that (¢, k) is an arc of
Gyp and (k,7) is an arc of G,. It is clear that composition is
an associative binary operation, and thus the definition extends
unambiguously to any finite sequence of directed graphs with
the same vertex set. A simple but important fact is the union
of the arc sets of a sequence of directed graphs with self-arcs
at all vertices, as considered in this paper, must be contained
in the arc set of their composition, but not vice versa.

To proceed, a finite sequence of directed graphs
G1,Gg,...,G, with the same vertex set is called jointly
strongly connected if their composition G, 0 Gy o --- 0 G,
is strongly connected. We say that an infinite sequence of
directed graphs Gi,Go,... with the same vertex set is uni-
formly strongly connected if there exists a positive integer [
such that for each integer k£ > 0, the sequence of [ graphs
Gr+1,Grqa,...,Ggqg is jointly strongly connected, i.e., the
composed graph Gy ;0 - 0G4 20Gy 4 is strongly connected.
If such an integer exists, we sometimes say that the sequence
is uniformly strongly connected by sub-sequences of length [.
Thus, if G(1),G(2),... is a sequence of neighbor graphs
which is uniformly strongly connected by sub-sequences of
length [, then over any [ consecutive iterations, each proper
subset of the [V agents can receive information from the rest.

It is easy to prove that the above definition is equivalent
to the two popular joint connectivity definitions in consensus
literature, namely “repeatedly jointly strongly connected” [30]
and “B-connected” [31].

In the case when G(t) is time-varying and uniformly
strongly connected, the corresponding sequence of doubly
stochastic matrices W (t), whose nonzero entries have a uni-
form positive lower bound, has the property that its backward
product W (t —1)--- W (1)W(0) converges to %117 expo-
nentially fast as ¢ — oo, i.e., there exist constants ¢’ > 0 and
p € [0,1) such that

[wie -1 wayw) - iuTH

whose proof can be found in, for example, [31], [32].
The performance of Algorithm 1 over a time-varying neigh-
bor graph is characterized in the following theorem.

Theorem 2: Suppose that G(0),G(1),G(2),... are uni-
formly strongly connected by sub-sequences of length ! and
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all N agents adhere to Algorithm 1. Then, with
3logt 1
_ 3logt L

where [3; is an arbitrary positive constant and 0;(t) =
maxo<y <¢ [N;(t')], the regret of each agent ¢ satisfies

12(1 VtlogT - _
R(T)< > (max{ (1+5:) ;’g ,K1}+K2>Alm
k:AR>0 571(K1)Ak

Ct,nik(t) = (1+ Bi)

where K 1 and K 5 are constants defined in Remark 4.

Remark 4: We provide here the constants appearing in the
regret bounds in Theorems 1 and 2. For Theorem 1,

K1 = max{Fi(5;), 2F2(6:)},
Koy =M?+2MN + N+ N(7?/3+ K; — 1),

where for any € > 0, Fi(e) is defined in (29) and Fy(e) =
max{f(e), 2(M2+2M N+N)}, with f(e) being the infimum
of = such that when n > z, it always holds that

n —h
n P2 €
B N S
< +h2::2 (h—1)h ~ ¢cNn
It will be shown in the proof of Lemma 9 that F(e) is well-
defined. For Theorem 2,

Ky = max{F\(5;), 2F(B:)},
Ky=M?*+(M+1)(N - 1)+ N(x%/3+ K, — 1),

where for any € > 0,

- 1 1
Fi(e) = max{j, inf {c'\/Npt < —=,Vt > as}},
€A = 2t

Fy(e) = max {f(e), 2(M? + (M + 1)(N — 1)1)},

with A = ming.a, >0 Ay and f(e) being the infimum of x
such that when n > z, it always holds that

n pn—h €
n < .
P +hZ::2(h—1)h = ¢Nn

Using the similar arguments to those in the proofs of Lemma 9
and Theorem 1, both Fi(e) and Fy(e) are well defined. O

From Theorem 2, it is easy to see that when T is sufficiently
large, the log T term is the dominant in the regret bound, and
thus R;(T) = O( 519(%51)), which is of the same order of the
fixed graph case; see Theorem 1 and Fig. 7.

Note that §;(¢) in Theorem 2 makes the algorithm involve
an additional updating step for each agent at each iteration,
which tracks the largest number of neighbors in history, and
that 9; (K’ 1) appearing in the regret bound is a positive constant
bounded above by N. A simpler version of C(t,n,x(t))
without involving 6;(¢) is given in the following corollary,
which yields a slightly worse regret bound and is an immediate
consequence of Theorem 2 using the same analysis.

Corollary 1: Suppose that G(0),G(1),G(2),... are uni-
formly strongly connected by sub-sequences of length [ and
all N agents adhere to Algorithm 1. Then, with

3logt 1
ni,k(t) 2t’

Ct,nik(t)) = (L+ 5i)

where 3; is an arbitrary positive constant, the regret of each
agent ¢ until time 7" satisfies

12(1 Nilog T - ~
Ri(T)§ Z <maX{(+£2)Og,K1}+K2>Ak7
k:AR>0 k

where K 1 and K. 5 are constants defined in Remark 4.

IV. ANALYSIS

This section provides the analysis of Algorithm 1 and proofs
of the two theorems stated in the previous section.

Let z(t) and Zp(t) be the column stacks of all z; x(t)
and Z; (t), respectively. Then, the N equations in (3) can
be combined as

zp(t+1) = W(t)z(t) + Zx(t + 1) — 2 (2), ®)

where each W (t) is an irreducible doubly stochastic matrix.

We will need the following concept. A random variable X
with E[X] = p is called 0% sub-Gaussian if there exists a
positive constant o such that

a

E(e)‘(X*”)) <e 2

, VAelR.

Such o2 is called a variance proxy, and the smallest variance
proxy is called the optimal variance proxy. Sub-Gaussian
random variables have the following three properties, namely
Lemmas 1 to 3. The proofs for the first two lemmas can
be found in Section 5.3 in [33], and Lemma 3 is a direct
consequence of Hoeffding’s Lemma [34].

Lemma 1: For any a > 0 and o2 sub-Gaussian random
variable X with E[X] = p,

2

CL2 a
P(X —p>a)<e 3?, Plu—X>a)<e 57,

Lemma 2: Let Xq,...,X, be n independent random vari-
ables such that X; is 02 sub-Gaussian random variable for all
i € [N], then X1+ -+ X,, is (6 + - +02) sub-Gaussian.

Lemma 3: If a random variable X has a finite mean and
a < X < b almost surely, then X is (b — a)? sub-Gaussian.

More can be said. Let {X;,...,X,,} be a finite set of
independent random variables such that for all ¢ € [n], X;
satisfies: 1) X; € [a;, bi], 2) E(X;) = i, and 3) X; is 02 sub-
Gaussian, then from the above three lemmas, for any 1 > 0,

P X — Mz‘ZU) < exp (n)a
<z—21 Z Zi:l(bi —a;)?

i=1
n n )
P(Zu»—ZX»>n)<exp(_2n2 )
2T 2 =) S O S~ a?

A. Time-invariant Neighbor Graph

We begin with the proof of Theorem 1. To proceed, for
any ¢,j € [N], we use d;; to denote the “distance” from
vertex 4 to vertex j in the time-invariant neighbor graph G.
For a strongly connected graph, the distance from vertex i
to vertex j is defined as the number of directed edges in a
shortest directed path from vertex i to vertex j in the graph.
It is natural to define d; ; = O for any vertex 7, and easy to
see that d; ; < V.
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For the purpose of analysis, we define n; 5 (t) = m; ,(t) =
0 for all 4 € [N] and k € [M] when ¢ < 0.

Lemma 4: For any i € [N] and k € [M],

m; (t) = max {njn(t —dja)} (10)

Proof: We will prove the lemma by induction on t.
For the basis step, suppose that ¢ = 0. In this case,
m; k(1) = max{n; 1(0), m;x(0), j € N;} = 1. Note that
max;en{nk(t — dji)} = nix(0) = 1. Thus, (10) holds
when ¢ = 0.

For the inductive step, assume (10) holds at time ¢, and now
consider time ¢ + 1. Note that

m; ,(t + 1) = max{n; x(t + 1), m;x(t), j € N;}
= max{niyk(t + 1), nh,k(t — dj,h)v
h € [N], j € Ni}.
It is easy to see that dp; < dj; +dp; = 1+ dy,;. Since

n; ,(t) is a non-decreasing function of ¢ by its definition,

mi’k(t + 1) < max {ni’k(t + 1), ’I’L}hk(t — dh,i + 1)}
he([N]

= ma et —d;; + 1)} 11
;Iel[]\)f]{”wk( i )} (11)
Fix any vertex j € [N] and let p = (j,va,,,...,v2,i) be a

shortest path from j to ¢ in G. From (4),
mLk(t + 1) > mv,‘,,k(t) > e 2> mvdj,wk(t — dj,i + 2)
> mj,k(t — djyi + 1) > njyk(t — dj’i + 1) (12)

Since j is arbitrarily chosen from [N], m;,(t + 1) >
max;en){n;,k(t — dj; + 1)}. Combining with (11),

it +1) = w(t—di+ 1)}
m; k(t + 1) ;2%{”3,/9( it 1)}

So (10) also holds at ¢t + 1, which completes the induction. B
Lemma 5: For any i € [N] and k € [M],

ni k(1) > my p(t) — M(M +2N).

Proof: We will prove the lemma by contradiction. Suppose
that, to the contrary, there exist 4 and k; such that n; j, (¢) <
My g, () — M(M +2N). Let ¢’ denote the first time at which
the equality holds, i.e.,

Ni gy (') = my g, (t') — M(M + 2N).

Here ¢’ must exist. To see this, first note that at initial time
t =0, n;r(0) >m,;(0) — M(M + 2N). Since both n; (%)
and m; 1, (t) either do not change or increase by 1 at each
time instance, if there exists some ¢ for which n;, (t) <
My g, (t) — M (M +2N), there must exist a ¢’ between 0 and ¢
such that n; g, (t') = my; g, (') —M (M +2N). From Lemma 4,
there exists a j € [IV] such that

mi ke, (t’) = nj,kl (tl — djyi). (13)
Then,

Njky (t/ — dj’i) — Ny ky (t/) = M(M + 2N) (14)

Also from Lemma 4, m; i, (t) > n; i, (t — d; ;) always holds.
Thus, for ¢t < t/,

Mgy (8= dji) — 14 gy (£) < Mgy () — ni g, (1)

< M(M +2N). (15)

Since n; x(t) is non-decreasing for any fixed ¢ € [N] and
k € [M], (14) and (15) imply that n; s, (' —d; ;) > nj g, (t' —
dj; — 1). This further implies that at time t' — d;;, agent j
pulls arm k;. Since each agent must pull an arm at each time,
Sl nig(t) =t + M, Vi € [N]. Then,
doona) = D mia(t —dj)

ke[M]\k; keE[M]\ky

> M(M +2N) + d; ;.

Applying the Pigeonhole principle, 3 ks € [M] such that
M(M + 2N)
M -1
According to the definition of n; x(¢), it holds that n; (¢t +
1) < n;k(t) + 1, which implies that n; (¢t +7) < n; ,(t) +7

for any positive integer 7. Then,
Mk (') = My (' — djs — dij + dji + di )
S ik, (' = dji —dig) + dji + dij.

i gy () = 10 1y (V= dj i) > > M + 2N.

Thus,
ik, (8 = dji — dij) — 1k, (8 — dji)
> Ny gy (1) = nyn, (' = dji) —dji — dij
> M—l—?N—djﬂ‘—di,j > M.
USng (12), My ko (t/ — djﬂ') > N ks (t/ — dj,i — di,j). ThllS,
Mk, (' — dji) — njr, (' —dji) > M.

From the description of Algorithm 1, k2 € A;. Since A; is not
empty, agent j randomly picks an arm in A; at time t' — d; ;
according to the Decision Making step. Meanwhile, from the
preceding analysis, agent j in fact pulls arm k; at ¢ — d;;,
which implies that k; € A;, and thus

Mg, (8 —dj;) —nje, (' —dji) >M>0. (16
Note that from (12),
mi g, (8) > my g, (' —d; ;). (17)
Combining (13)-(17) together,
Mgy (' — dji) = Mg, (') = e, (' — dji)
> ng (' —dj),
which is a contradiction. Therefore, the lemma is true. [ |

Lemma 6: For any i € [N] and k € [M], if n; x(t) >
2(M? +2MN + N), then for any h € [N],
1 3
§”h,k-(t) <nip(t) < inh,k(t)-

Proof: From (12), m; ,(t) > npx(t — dp,), Vh € [N].
Note that for any ¢ € [N], k € [M], and ¢t > 0, it holds that
nik(t+1) < n;i(t)+ 1. Thus, for all i, h € [N], there holds

mi k() > npk(t) —dpi > npe(t) — N.
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Combining this with Lemma 5, for any ¢, h € [N],

M o(t) = nnge(t) — (M? + 2MN + N),

ni k() < npk(t) + (M? +2MN + N).

Then, when n; ;(t) > 2(M? +2MN + N), for any h € [N],
ma0) F (1) > mi(6) > maet) — Si(r).

Simplifying this inequality immediately implies the lemma. B

(18)

Lemma 7: If W is an irreducible doubly stochastic matrix
with positive diagonal entries, then there exists a positive
constant ¢ such that

1
I

1
W - 5| < b 20)
for all 4,j € [N], where ps is the second largest magnitude
among all the eigenvalues of W.

The lemma is well-known and its proof can be found in
[35]; see the proof of Theorem 1 in [35]. More can be said
for symmetric matrices.

Lemma 8: If W is a symmetric, irreducible, (doubly)

stochastic matrix with positive diagonal entries, then
- T, < b [0 - ] <

for all 4,j € [N], where ps is the second largest magnitude
among all the eigenvalues of .2

The proof of Lemma 8§ is standard and thus omitted due to
space limitations.

Lemma 9: For any i € [N], k € [M], and time ¢, z; ;,(t) is
a linear combination of X x(7), j € [N], 7 € {0,1,...,t}.
For any € > 0, the absolute value of the coefficient of each
X, 1(t) is bounded above by (Hégt) when n; (t) > Fa(e),
where Fj(e) is defined in Remark 4.

Proof: From (2) and (3), z; 1 (t) is a linear combination of
Xj(7) with all j € [N] and 7 € {1,2,...,t}. Let i) (1)
denote the coefficient of X (7). Note that from (8),

Zk(t) = Wzk(t — ].) + ifk(t) - .’fk(t — 1)

= W'z (0 +§:W”xkﬁwﬁfm@foln
=0

=S W - W () + 3 (0)

7=0
Thus,

t—1

Zip(t) =) { ST W2 k()

7 7=0

n [W01ijfj,k<t>}.

Denote 7; 1, 7i,2, - - - Ti,n, . (t) s the ascending sequence of all
time instances before time ¢ at which agent ¢ pulls arm k. From

2Since W is symmetric, all its eigenvalues are real, and po equals its second
largest singular value.

the initialization step of the algorithm, it is clear that 7; ; = 0.
According to update (2), for 7 € [T;m, Ti,m+1), there holds
i’i’k(’r) = ji,k(’ri,m)a Vi e [N] Then,

njyk(t)fl

a={ %

J h=1

t—Tj n. _
+ [W T35, -7’k’(t)]ij‘rj.,k(TjﬂLj,k(t))}’

[(Wh=Tin — Wt_Tj’Hl]z;ij(Tjﬁ)

2D
where we use [-];; to denote the 4jth entry of a matrix. It is

not hard to see from above equation that cf k) J( ) = 0 when
T F Tj1Tj2s s Tim, (1) Specifically, for all i € [N] and

ke [M], it holds that
njk(t)—1 . s
7 Wt Tjh _ Wt Tj h+1
0
0= X -
h=1
=Tjn; ()
W} ; (22)
ni k() 1y

which can also be written as

() 1oy
© o _ |urt W
et (w_[W-E:(h_DJ”.

h=2

From (20), CEok), ;(t) satisfies
© 1 ng,k(t) 1
< —(1- S :
1k]()‘N< Z (h_l)h>+cp2

h=2
Nj,k (f)

X s

t Tj,h

nj k(1)

1 t Tjh
N”J, ( et Z
Since 0 < p2 < 1, the smaller ¢ —

side of the inequality would be, so p, 7" < ph? O Ty,
for [ € (2,n;(1)),

TJ p 18, the larger the right

n]}k(t) t—Tj h nj,k(t) nj,k(t)—h
Z P2 < Z P2
(h—1h = (h—1)h
h=2 h=2
n k (t) pn]k(t) h
<Z+ > )i

h=2 h= l+1

(23)

n7 k(t)— njk(t)—1

01 s )
+Z I T

nj,k(t) nj,k(t)fh
+ Z 2
wiy (h=Dh

< n]k(t) 1+Z nj . (t)—

njk(t)—1+1 1 1
= ’ —|— _ — .
P2 Lonyk(t)

nj,k(t) 1

"1 - p2) + Z h—1)h

h=Il+1
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Let s = n; ,(t) —I. Then, From the Decision Making step of the algorithm,
1,k (t) nj ,(t)—h nik = 1+Z]l a’l = k
P2 st s

2o h—mh = T e -9

T
SL+Y ai(t) =k, nix(t—1) > L)

Setting | = n; 1 (t) — [2logy /,, n;k(t)], it follows that s = =

T
[2 1Og1/p2 n;(t)] and <L+ Z 1 (zi7k(t) +C(t,nix(t)) > zia(t)+
t=1
i k() nj o (t)—h ) ) _
. i - Ot nia (), nig(t —1) > L)
nj i (t)—o0 Pt (h — 1)h 7 T
1 s +Z]1(ai(t)=k:, kEAi(t), n,-7k(t—1) EL)
< lim ( + ) =0, t=1
nj k(t)—o0 77/]'$]€(t) (n]k(t) — S) Thus
which implies that E(nix(T))
T

<L+ ZP(zi,k(t) +C(t,ni k() > zia(t)+

njk(t) p;zj‘k(t)fh

_ o( 1 ) t=1
~ (h—1)h njk(t)/) C(t,nia (), nip(t —1) > L)

T
Similarly, py”* k() = = o(+ ( 7). Thus, Fy(€) in Remark 4 is + E(Zﬂ(ai(t) =k, ke Ait), nip(t—1) = L)>7 (24)
t=1

t
well-defined, and when nj k(t) > Fy(e), . . .
in which the second and third terms stand for the number of

pulls on arm k£ made by agent ¢ in case a) and case b) of

() nyok (1) ;f”“(t)_h € the Decision Making step after agent ¢ have pulled L times

P2 + Z (h—1)h < cNnj(t) of arm k, respectively. We thus divide the remaining analysis
h=2 ” into two parts to estimate these two terms separately.

Part A: For the second term on the right hand side of (24),

Then, from (23), when n; ,(t) > Fa(e),
Z P (2ik(t) + C(t mix(8)) > 20 () + Clt,mia (1)),

Tb7,k(t) t—T;,
BRI = N (1) — (h—1)h nig(t—1) = L)

1 k() pn.f,k(t)*h T t— . i )
= Nopn®) <p2 3 <h—1>h> <2 2 2 P (204(t) + Clt,mik(1)) 2 20(1)

h=2 t=1 N;1=1 N;,=L
< i + O(t,ni1(t)), nix(t) = Nig,ni1(t) = Nil)
Nnj,k(t) T t—-1  t-1
o <3 Y Y P(ar®) + Cltnin(®) = zalt)
It is not hard to see from the definition that ci’TkJ;}‘ is the last t=1 Nj1=K1 Nip=L
n;k(t) —h+1 term of c( ) ;(t) in (22) for all h > 1. Thus, +C(t,nia(t),nix(t) = Nig,nia(t) = Nil)
following the same arguments as above, we can conclude that P —
—
+) > P(nia(t) = Na). (25)
T3, h) 1] < 1+€ t=1 N;1=1
|Czkj ()|7Nn' (t) ’
3ok For the second summation of (25), it holds that
T Ki—1
holds under the same condition of n;(t) as above, which Z Z (nia(t) = Niy)
completes the proof. u t=1 N;;1=1
Now we are in a position to prove Theorem 1. KIZ_I i P(ns (1) = Niy)
= N1 = 1V41
Proof of Theorem 1: Let Nij=1t=1
K1 1
12(1 + B;)*log T < ) 1=K -1 (26)
L = max 3 K g 1
(NG AR =
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For each term in the first summation of (25), it can be divided
into three cases as follows:

P (zi(t) + Cltnin(t) = 2zi1(t) + C(tmia (1),
nik(t) = Nigs i (8) = N )
< P(zia(t) = e = C(tmig(t)), min(t) = Nir)
+P (= za(8) = Cltmia (), nia (1) = N
+ P(u1 — e < 20t ik (8)), nig(t) = Nik>,

where N;;, > L > K; and N;; > Kj. As the analyses for
estimating the first two terms on the right hand side of (27)
are the same, we will only work on the first one in the sequel.

Note that 2 (£) = Y- v Sy i (D Xk (7). We thus

27

decompose z; 1 (t) — pi as
t
Zi’k(t) Z ETk)d ) /j‘Jk)
JE[N] =1
t
( > Z sk — k). (8)
N :

We first bound the second term in (28). Note that from (21),

>

JEIN]T
-2 {x
€[N]

which, with the definition of Z; x(¢), implies that

t
> s MXa(r

=1

) () X(7)

-
T —

1
(W7 — W52 () + [Wo]z‘j%‘j,k(t)},

=0

) = { z_:[Wt_T — Wk (7)

7=0
n [W%jwj,w)}.

It is clear that the sum of the coefficients of X 1(7), j € [N]

in (2) equals 1 for any fixed ¢ € [N] and k € [M]. Thus,
¢ t—1
S @) = ST W 4 WO = (W,
T=1 7=0
which implies that
t T
Z ZQM i =W [ po fin]
je[N] =1
Then, from (19),
¢
>3 el O — )|
eV 7=1
1 T
Sl \
(W ~ o fin]
1
<|lwt -5l me e ] [, < VNS,

To proceed, let

PG

&, 1nf{cx/>p2 t,Vth}},
(29)

where A = ming.a, >0 Ag. Since tp} converges to 0 when ¢
goes to infinity, F(f3;) is well-defined, and when ¢ > F1(3;),
it holds that

1
‘ Z Z 1k] ) (1jk — ) Scmpggﬂ,

je[N] =1

BiA

(30)

To simplify notation, let

h(nik(t)) = C(t, nik(t))
for each time ¢ > 0. From (21) and (30),
P (20(t) = i 2 Ot nis(®)), min(t) = Nic)

(ZZ%M (m) =

n; k(t) = Nik)
( > Zcﬁz?

nj’k(t) = Ny for all j € [N]),

1
2t

/J/jk) = h(ni,k(t)7

X k(Tjn) — tik) = h(Nix),

3D

where 7; 5, is defined in the proof of Lemma 9. For any fixed
i € [N] and k € [M], define the following set 3 and event C:

N 3N; .
B:{(le,...,NNk) : NjkE[Tk’ 2k]7V]€[N]},
{ > Z lei,;) (X5 (Tin) = pge) = h(Nik)}~
JE[N] h=1

From Lemma 6, when N;; > L > K, B is always nonempty.
Then, expanding the right hand side of (31),

P (2i(t) = e = C(tnik(8)), mi(t) = Nir)
mgXP(C)P(n] k(t) = Nji, for all j € [N] | C)
max P().

IN

AN

Note that for any fixed time ¢, all cET,; ; (t) are constants and all

X, k(7 p) are i.i.d. samples drawn from arm  for all j € [N]

and h € {1,2..., N;;}. Then, applying (9),

P(zi,k(t) — e > Ot ni (b)), nig(t) = Nik)

2h2(n;
< max P(C) < max exp <_ 2 <)r) 5 )
ZJGN]Z}L 1 113] ()
6(1+8:)* logt

= Mg exp ( NN“; (+8i )2>

5 Z]E[N] anl N2N2
< ax e ( 6N 10gt>
<max exp| - —————

s Ejein) N

(-

6N logt | <t™*
3Nz BT =t
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Similarly, for the second term on the right hand side of (27),
it holds that for N;; > K;,

P(/,Ll — Zi71(t) Z C’(t,ni71(t)), nm(t) = Nil) S t_4.

As for the last term on the right hand side of (27), it is easy to
verify that when n; j(t) > % it always holds that
w1 — pg > 2C(t,n; ,(t)). Substituting the preceding results

to (27), it follows that when N;, N;1 > K,
P (zi(t) + C(t mi(t)) = 201(8) + C(tmia (1)),
Nk (t) = Nig, ni1(t) = Nu) <24

Combining this with (25) and (26),

ZP(zl (1) + Ot nin(®) > 21 () + Ct,ni (1)),

it —1) > L)

T t—1 t—1 . 2
<Y Y AHEK 1S oK -1 ()

t=1 N;1=K1 N;=L

Part B: Now what is left is to estimate the last term on
the right hand side of (24), which stands for the expected
number of pulls on arm k by agent ¢ in case b) in the
Decision Making step after time instance t; defined as t; £
argmin, {n; ;(t —1) = L}, and can be intuitively understood
as the extra pulls an agent makes in order to “catch up” with
the largest sample count among all the agents on arm k. In this
sense, it is easy to see that any decision made according to case
b would not affect the global maximal sample count, while
any pull made according to case a would at most increase
the global maximal sample count by 1. With this is mind, let
i1 = arg max; n; x(¢1) be the agent who makes the most pulls
on arm k at t1, and g; ;, be the number of pulls made by i on
arm k in case a after ¢, then for all ¢ € [IV], it holds that

Zg]k

nik(T) < maxnj i (T) < ngy k() +
! jelv)

Thus,

B( 1)

= E(ni,k(T) —nk(t1) — gi,k)
< g, k(1) — ik (t1) + E( Z ik — gzk)

)=k, k€ A(t), niyk(t—l)ZL)>

JE[N]
From (32), E(g; 1) = % + K1 — 1 for all j € [N], and from
(18), nyy x(t1) —ni x(t1) < M?+2MN + N, which together
imply that

T
E( > ai(t) = b, k€ Ailt), nix(t—1) > L))
t=1

2
§M2+2MN+N+(N71)(%+K1—1) — Ko.

Combining this with (24) and (32), we have
Thus, from (6),

R(T)= Y Emixs(T)Ax < Y (L+Ks)Ay,
k:Ap>0 k:AR>0
which completes the proof. ]

B. Time-varying Neighbor Graph

Now we analyze the time-varying neighbor graph case for
proving Theorem 2.

We need the following concept for a time-varying graph
sequence. Define a route over a given sequence of directed
graphs with the same vertex set, G, Go, ..., Gy, as a sequence
of vertices i, %1,...,%, such that for each k € {1,2,...,¢},
(ix—1,ir) is an arc in Gy. It is easy to see that a route over a
sequence of directed graphs which are all the same graph G, is
a walk in G. The definition of composition of directed graphs
with self-arcs at all vertices implies that if ¢ = 79, %1,...,7, =
j is a route over a sequence G1,Gao,...,G,, then (7, ;) must
be an arc in the composed graph G, 0o G4_1 0 --- 0 Gy, and
vice versa.

In this subsection, we use d; ;(t) to denote the shortest
period of time, starting from time instant ¢, with which there
is a route from vertex ¢ to vertex j over the time-varying
neighbor graph sequence {G(¢)}; that is,

d; j(t) = argmin { (i, ) is an arc in G(t +t') o - - - 0 G(2t) }.
p”

Since G(0), G(1),G(2),... are uniformly strongly connected
by sub-sequences of length [, by definition and the fact that
any sequence of N —1 or more strongly connected graphs with
self-arcs at all NV vertices is a complete graph [30, Proposi-
tion 4], the composition of any (N — 1)I consecutive graphs in
G(0),G(1),G(2), ... is a complete graph. Thus, for any ¢t > 0,
there is an arc from vertex ¢ to vertex j for any 4,j € [N] in
the composed graph G(t+ (N —1)l—1)o---oG(t+1)oG(¢).
Combining this and the fact that for any two directed graphs
with self-arcs at all vertices, G, and G, the arc set of G,
is a subset of the arc set of G, o G,, we have the following
uniform bound for d; ;(¢):

di;(t) < (N — 1)L

It is worth noting that d; ;(t) is not necessarily increasing with
respect to t. For example, if (¢, 7) is not an arc in G(1) but is
one in G(2), then d; ;(1) > d; ;(2) = 1.

We use the following notation to describe the latest infor-
mation j receives from ¢ till time ¢ :

D; ;(t) = argmax{t — (N — 1)l <t' <, t' +d; ;(t') < t}.
t/
(33)

It can be derived directly from the definition that (4, 7) is an
arc of G(t) o--- o G(D; ;(t)).

With the preceding definitions, variables n; ,(t) and m; ;(t)
in Algorithm 1 over time-varying neighbor graphs have similar
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properties to those in Lemmas 4-6 derived for time-invariant
neighbor graphs.

Lemma 10: For any i € [N] and k € [M],

m; (t) = max {n;1(D;i(t))}. (34)

Proof: We will prove the lemma by induction on ¢. For
the basis step, suppose that ¢ = 0. In this case, m; ;(0) =
max{n; x(0), m;x(0), j € N;(0)} = 1. Note that D; ;(t) <
t, SO manE[N] {nj,k(Dj,i(O))} = maxje[N]{ni’k(O)} 1.
Thus, (34) holds when ¢ = 0.

For the inductive step, assume (34) holds at time ¢, and now
consider time ¢ + 1. Note that

m;k(t + 1) = max{n;,(t + 1), myx(t), j € Ni(t)}
= Inax{ni7k(t + 1), nh,k(D}“j (t)),

h € [N], j € Ni(t)}.
Since (h,j) is an arc of graph G(t) o --- o G(Dp ;(t)) and
j € Ni(t+1) (ie., (4,7) is an arc of graph G(t+1)), it follows
that (h, ¢) must be an arc of graph G(t+1)o---oG(Dy_;(t)).
It implies that Dy, ;(t) € {t' : ¥/ +dp, ;(t') < t+ 1}. Thus,

Dy, i(t+ 1) = argmax{t' + dp;(t') < t+ 1} > Dy, ;(¢).
t/

Since n; ;(t) is a non-decreasing function of ¢,

miyk(t + ].) — max {ni,k(t + ].), ’ﬂh,k(Dhyj(t)),
h € [N], j e Ni(t)}

< ot + 1), i (Dna(t+ 1
< moax {nin( )s h (D )}

= e[%vx] {n;e(Dji(t+1))}. (35)

J
Fix any j € [N] and let p = (j7”dj,l(D_7~,7:(t))w- ,v2,4) be a
route from vertex j to vertex ¢ in G(t+1)o- - .o([;,( J,z(t—i-l)).
Then, from (4),
Mt +1) = Mo, 1) = -
Z My, ;o) k(t —dji(Dyi(t+1)) +1)
> my(t — dji(Dji(t +1)))

>m;(Dj.(t+ 1)) >nik(Dji(t+1)). (36)

Since j is arbitrarily chosen from [N], it follows that
mik(t+1) > max {n;,(D;(t))}.
JEIN]
Combining with (35),
mi,k(t + 1) = max {nj,k(DM(t + 1))}
JEIN]

Thus, (34) holds at ¢ + 1, which completes the induction. M

Lemma 11: For any i € [N] and k € [M],
M(M + (N —1)I).

Proof: We will prove the lemma by contradiction. Suppose
that, to the contrary, there exist ¢ and k; such that n; , (¢) <
My, (t) — M(M 4+ (N — 1)I). Let ¢’ denote the first time at
which the inequality holds. Then,

N, (1) M(M + (N —

nLk(t) > my; k( )

= o (1) - ) - C,

where 0 < C' < (N — 1)I. Here ¢’ must exist. To see this,
note that at initial time ¢ = 0, n; 5(0) > m; (1) — M(M +
(N — 1)I). In addition, n;j(t) either does not change or
increases at most 1 at each time by its definition, and similarly,
m; (t) either does not change or increases at most (N — 1)I
at each time. Thus, if there exists some time instance ¢ at
which n; g, (t) < my g, (t) — M(M + (N — 1)), there must
exist another time ¢ between 0 and ¢ such that n, g, (t') =
My, (t') — M(M + (N — 1)) — C. From Lemma 10, there
exists a j € [N] such that

Mgy (1) = 1k, (Dji (1)) (37)

Then, 71, (Dji(t)) — nig, () = M(M + (N = 1)I) + C.
Also from Lemma 10, m; 1, (t) > nj x, (D;,i(t)) always holds.
Thus, for t < t/,

.1, (Dj,i(t))
<y, (8) —ni g, (£) < M(M + (N —

— iy (') < gy (D4 (1))
).

This implies that there exists a time instance ¢ € (D;;(t' —
1), D;;(t')] at which agent j pulls arm k;. Let t” < D; ;(t")
be the latest time instance, but no later than D; ;(t’), at which
agent j pulls arm k;. Then, from (37),

Mgy () = njgey (D + 1)) = mig, @ +1),  (38)

= Nig, (t') > M(M + (N — 1)I). Since

— Nk (t>

and thus n; g, (t")
t” S D],z(t/) S t/,

nyn (1) 11).

Since each agent must pull an arm at each time, ), n; »(t) =
t+ M, Vi € [N]. Then,

Do omirt) = Y nia(t”) = nge, (1) = nig, (t7)

—nig, (") > M(M+ (N —

ke[M]\k1 ke[M]\k1
> M(M+ (N -1)).
Applying the Pigeonhole principle, 3 ko € [M] such that
MM+ (N - 1))
T,k (t,/) = M ko (t”) > M—1
> M+ (N -1

Since n; 1 (t+1) < n; x(t)+1 and, from (33), ¢/ < D; ;(t")+
i ks (Di i (")) — 11, (1)
> N (t// - (N - 1)1) — N ko (t”)
> gy (7)) — g, (87) — (N = 1)1
SM+(N-1)l—(N-1)l=M
USil’lg (36), mMj ko (t”) > N ky (Diﬂ'(t”)). ThllS,

My, ko (t//) — Njky (t”) > M.

From the above analysis, agent j must pull arm k1 at time ¢”.
According to the Decision Making step of the algorithm,

Mg, (") = njp, (") > M > 0. (39)
Note that from (36),
Mgy (8) > myp, (Dji(t)). (40)
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Combining (38)—(40) together,

Mk (1) = i g, (1) = m gy (D i () > myp, ()
> njk, (t7),

which is a contradiction. Therefore, the lemma is true. [ |

Lemma 12: For any ¢ € [N] and k € [M], if n;,(t) >
2(M? + (M + 1)(N —1)I), then for any j € [N], there holds
1

3
ini,k(t) <njp(t) < ini,k(t)'

Proof: From (36), m; 1 (t) > n, (D, ;(t)) for all 4, j € [N].
With n; 1, (t + 1) < n; () + 1 and (33), for any 4, j € [N],

mix(t) > njx(Dji(t) > njr(t — (N —1)I)
> () = (N = 1)L,

Combining this inequality and Lemma 11, for any 4, j € [N],
ik (t) 2 njn(t) — (M + (M + 1)(N = 1)i).

Since the above inequality holds for any i, j € [IN], exchanging
indices ¢ and j in the inequality yields

njnk(t) >nig(t) — (M2 + (M +1)(N - 1)]).
Then, when n; 1 (t) > 2(M? + (M + 1)(N — 1)I),

1 1
Mo (t) = 57ik(t) < 15n(t) < nig(t) + 5nie(t)

for any j € [N], which completes the proof. [ |
We are now in a position to prove Theorem 2.

Proof of Theorem 2: Following the same procedure of the
proof of Lemma 9 and replacing W* with W (t—1) --- W (0),
we can derive the estimation of the coefficient of each X 1 (7),
j € [N], 7 e {0,...,t} in 2 x(t) for any i € [N], k €
[M], and ¢t > 0 in terms of ¢’ and p given in (7). With these
estimations at hand, Theorem 2 can be proved using the same
arguments as those in the proof of Theorem 1. ]

V. SIMULATIONS

In this section, we provide a set of simulations to validate
the theorems and discuss the algorithm performance.

Note that the parameter 3; can be taken arbitrarily close to 0
in both Theorem 1 and Theorem 2. The following simulations
are all performed with §; = 0.01 except for Section V-A
in which we compare the performance of each agent ¢ with
different (3; values.

A. Comparison with Different 5, Values

For the first experiment, we consider the distributed multi-
armed bandit problem with 20 arms and 3 agents whose neigh-
bor graph is a complete graph. Thus, N; = N = 3. Each agent
i chooses 3; as 0.01, 0.1, or 1 in the design of C(t,n; x(t)).
The reward distribution X, ;,(¢) is set to be bounded and within
[0,1]. The expectations p; ; of X; x(t), i € [IN] are set to be
different. We average the results of 50 Monte-Carlo runs to
compare the regret of each agent; see Fig 1. The total time T’
is chosen to be 10000.
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400 -
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300

0 . . . I . . I .
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
time

—_

Fig. 1. Performance comparison with different 3; values
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Fig. 2. Simulation results comparing the average regret for agents using
Algorithm 1 and UCB1 [3] under the heterogeneous setting

It can be seen from Fig. 1 that when other factors (e.g.,
the number of neighbors) are fixed, the lower [3; is, the better
is the algorithm performance, which is consistent with our
theoretical results in Theorem 1 and Theorem 2. Because of
this, all 5; are set to be 0.01 in the following simulations.

B. Comparison with the Non-cooperative Case

For this experiment, we consider the same distributed multi-
armed bandit problem setting as the previous one, namely
there are 20 arms and 3 agents whose neighbor graph is a
complete graph, the reward distribution X ;(¢) is bounded
within [0, 1], and the expectations g, ; of X, x(t), i € [N]
are all different. The agents aim to find the arm with highest
average expectation pg so as to minimize the cumulative
regret. We average the results of 50 Monte-Carlo runs to
compare the averaged regret of all 3 agents using Algorithm 1
with that of the non-cooperative case in which each agent
independently applies UCBI1 [3], a classic single-agent MAB
algorithm; see Fig. 2 and Fig. 3. The total time T is chosen
to be 10000.
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Fig. 3. Simulation of the average regret for agents using Algorithm 1 Fig. 5. Simulation of the average regret over the time-varying graph

under the heterogeneous setting

Whent=27+1, 7=0,1,2,...

When t =27, 7=0,1,2,...

Fig. 4. Neighbor relationships for a four-agent network

The simulation shows that the proposed Algorithm 1 works
correctly for the heterogeneous setting, with the time-regret
curve being logarithmic, whereas UCB1 [3] does not function
well in such a setting as the time-regret curve appears to
be linear, indicating that each agent cannot find the optimal
arm itself without communication with its neighbors under the
heterogeneous setting.

C. Time-varying Neighbor Graph

In the experiment below, we consider the distributed multi-
armed bandit problem with 20 arms and over a special
time-varying neighbor graph sequence. Specifically, there are
4 agents whose time-dependent neighbor relationships are
described by Fig. 4. It can be seen from the figure that
G(t) is disconnected at any time while G(27 + 1) o G(27)
is always connected for any nonnegative integer 7. Thus,
the neighbor graph sequence is uniformly strongly connected
by sub-sequences of length 2. Again, the reward distribution
X () is bounded within [0, 1], whose expectation is different
for differing agent index ¢, and the total time 7" is chosen to be
10000. See Fig. 5 for the averaged results of 50 Monte-Carlo
runs of Algorithm 1.

D. Comparison between Fixed and Time-varying Graphs

We compare the performance of a multi-agent network over
a fixed graph with that over a time-varying graph. Consider a

six-agent network whose possible neighbor graphs are given
in Fig. 6 including three graphs (a)—(c). For the fixed graph
setting, the graph is a cycle graph given in (a). For the time-
varying graph setting, we consider the following three cases:

1) Neighbor graph G(t) is (b) whenever time ¢ = 27, 7 €
{0,1,2,...}, and (c) otherwise;

2) Neighbor graph G(t¢) is (a) whenever time ¢ = 107,
7€{0,1,2,...}, and an empty graph (i.e., a graph with
no edges) otherwise;

3) Neighbor graph G(t) is (a) whenever time ¢ = 10007,
7€{0,1,2,...}, and an empty graph otherwise.

The regret curves are shown in Fig. 7 and Fig. 8. It is easy
to see that |N;| = 6;(¢) = 3 for all ¢+ € [N] and ¢ > 0,
and thus the upper confidence bound function design for the
six-agent fixed graph setting and the three time-varying graph
cases are identical. For both settings, we set 20 arms and 7' =
10000. The regret curves are obtained by averaging expected
cumulative regret over all six agents and 50 Monte-Carlo runs.
It can be observed in Fig. 7 that the curves appear to be
parallel, indicating that the corresponding coefficients of the
logT term are identical and that the only difference is the
constant term for the four cases (i.e., one fixed graph case
and three time-varying graph cases), which is consistent with
the theoretical results because N; = §;(t) = 3. Recall the
consensus convergence rates p; and p for fixed and time-
varying graphs, respectively given in (5) and (7). It is not
hard to compute that in terms of consensus convergence rate,

Case 3 > Case 2 > fixed graph > Case 1,

implying that Case 3 has the slowest consensus fusion and
Case 1 is the fastest. From Remark 4, the constant term of the
regret is determined by the consensus convergence rate, py or
p, and uniformly strong connectedness sub-sequence length
l. The regret is an increasing function of both the consensus
convergence rate and sub-sequence length [. Such a pattern is
well-reflected in Fig. 7 and Fig. 8: the convergence constant
for time-varying graph Case 1 is a bit better than that for the
fixed graph setting; meanwhile, the length [ for Case 1 (I = 2)
is slightly worse than that in the fixed graph setting (I = 1),
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Fig. 6. Neighbor relationships for a six-agent network
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Fig. 7. Simulation comparison of the average regret between the fixed
and time-varying graphs

and thus the performance difference between the two cases
is almost negligible. For the time-varying graph Case 2, both
the consensus convergence rate and sub-sequence length are
worse than the fixed graph setting, and thus its performance
is always worse than the fixed graph setting. For the time-
varying graph Case 3, both the consensus convergence rate
and sub-sequence length are much worse than the fixed graph
setting, and thus the performance gap is relatively large.
Another remarkable point is that although theoretically both
the consensus convergence rate and sub-sequence length can
largely affect the constant term of the regret bound (e.g., there
is an (M + 1)(N — 1)l term in the expression of Ky; see
Remark 4), such a theoretical effect (e.g., a slight increase in
[ leads to a large increase in the regret) does not appear in the
simulations. Specifically, even with [ = 10, the performance of
time-varying graph Case 2 is only slightly worse than the fixed
graph setting (with [ = 1); see Fig. 8. Only in time-varying
graph Case 3 whose consensus convergence rate is sufficiently
close to 1 and sub-sequence length [ is sufficiently large, can
we observe an obvious performance difference compared with
the fixed graph setting. This observation may be due to the
fact that we utilized an unknown “worst” case when deriving
the regret upper bounds and indicate that the constant terms
in our derived regret bounds have room to improve.

VI. CONCLUSION

In this paper, we have studied a distributed multi-armed ban-
dit problem with heterogeneous observations of rewards over a
multi-agent network. A fully distributed bandit algorithm has
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Fig. 8. A detailed-up version for Fig. 7

been proposed which is shown to achieve guaranteed regret
for each agent at the order of O(log T') provided the possibly
time-varying neighbor graph sequence is uniformly strongly
connected. The algorithm incorporates the conventional dis-
tributed averaging algorithm with doubly stochastic matrices,
which implicitly requires the underlying neighbor graph to be
undirected in implementation. An immediate future direction
is to relax the double stochasticity assumption for more gen-
eral directed graphs allowing uni-directional communication
among the agents. We will appeal to the idea of push-sum
[36], which has been recently shown to be successful for the
special homogeneous case [37].

For the heterogeneous setting considered here, there are
many other possible formulations for each arm’s true reward
mean, and the average of all agents’ observed mean rewards
is not always the best choice. The special average model
can be treated as a promising starting point of this line of
research. Our algorithm and results can be generalized to
the cases where the global reward mean is defined as any
convex combination of all local reward means using the push
sum idea [36] as long as each agent knows its own convex
combination weight. We do not include this generalization as
it will involve a different analysis approach, and leave it as
a future direction. A more interesting and important future
direction is to study more general and complex heterogeneous
reward settings. In some network applications, the straight
average, or even convex combination, of all local biased
observations may not be the optimal performance index. We
plan to borrow the concept of “contextual bandit” [38] to
model more realistic local-global interaction in network bandit
settings and “statistical heterogeneity” [39] to quantify the
level of heterogeneity among the agents.
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