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A B S T R A C T 

We describe how gravitational lensing of fast radio bursts (FRBs) is affected by a plasma screen in the vicinity of the lens 
or somewhere between the source and the observ er. Wav e passage through a turbulent medium affects gravitational image 
magnification, lensing probability (particularly for strong magnification events), and the time delay between images. The 
magnification is suppressed because of the broadening of the angular size of the source due to scattering by the plasma. The 
time delay between images is modified as the result of different dispersion measures (DM) along photon trajectories for different 
images. Each of the image light curves is also broadened due to wave scattering so that the images could have distinct temporal 
profiles. The first two effects are most severe for stellar and sub-stellar mass lens, and the last one (scatter broadening) for lenses 
and plasma screens at cosmological distances from the source/observer. This could limit the use of FRBs to measure their cosmic 
abundance. On the other hand, when the time delay between images is large, such that the light curve of a transient source has 
two or more well-separated peaks, the different DMs along the wave paths of different images can probe density fluctuations in 

the IGM on scales � 10 
−6 rad and explore the patchy reionization history of the universe using lensed FRBs at high redshifts. 

Different rotation measures (RM) along two-image paths can convert linearly polarized radiation from a source to partial circular 
polarization. 

Key words: stars: neutron – ISM: structure – radio continuum: transients – fast radio bursts. 
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 INTRODUCTION  

he probability of strong lensing of a compact source at redshift
arger than one, to magnification >μ, by an intervening galaxy 
s p ( > μ) ∼ 0.3 �gal / μ2 for z � 2 and P ( > μ) ≈ �gal z 

2 /(4 μ2 )
or z � 1 (Narayan & Bartelmann 1996 ); where �gal is the mean
ass density in galaxies divided by the critical mass density. Strong 

ensing occurs when a source has multiple images and under very 
eneral condition at least one of the images is magnified, i.e. μ
 1 (Schneider 1985 ). For a galaxy of mass ∼10 11 M � at a Gpc

istance from both the source and the observer, the angular separation 
etween the images is of order a few arcseconds, and the travel
ime difference of order ∼10 days. For μ > ∼ 1, the corresponding 
ensing probability is ∼6 × 10 −3 ( �11 /0.02) (where �11 is �gal 

or galaxies of mass ∼10 11 M �). Thus, in an FRB surv e y of 10 4 

ources, we expect of order 60 lenses by intervening galaxies. In
ddition, considering that the population of FRB-repeaters is about 
 per cent (e.g. The CHIME/FRB Collaboration 2021 ) of the entire
RB population, about 2 repeating FRBs in the surv e y should be

ensed. The expected number of FRB lenses is small. Ho we ver,
onsidering that the duration of FRBs is typically a few milli-seconds,
ne can determine the travel time difference along multiple paths to 
etter than about a ms or about one part in a billion. This remarkable
 E-mail: pk@astro.as.utexas.edu (PK); paz.biniamini@gmail.com (PB) 1
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ccuracy, which is better than any other class of astronomical object,
as led a number of people (e.g. Eichler 2017 ; Li et al. 2018 ; Zitrin &
ichler 2018 ; Liu et al. 2019 ; Wucknitz, Spitler & Pen 2021 ; Connor
 Ravi 2022 ; Leung et al. 2022 ), to suggest that FRB lensing can

e a good probe of cosmology. In particular, it has been suggested
hat this type of lensing delay from FRB-repeaters could be used to

easure the Hubble constant (Zitrin & Eichler (Li et al. 2018 ; Zitrin
 Eichler 2018 ; Liu et al. 2019 ; Wucknitz et al. 2021 ), by observing

he rate of change in the lensing delay (the difference between the
rri v al of signals from two images of the same burst) o v er a period
f years. 
FRBs can also be micro-lensed by a stellar object. The probability

or that at z � 0.5 is of order, 1 τ ∼ 2 . 5 × 10 −4 ( �M �/ 0 . 004) for a
olar mass object (where �M � is the mass density in ∼1M � objects
t z � 0.5 divided by the closure density). The lensing probability
s significantly larger (by a factor of up to ∼50) if all of dark matter
ere in ∼M � primordial black holes (Carr & Hawking 1974 ). Thus,
bservational limits on τ ( M ) can constrain the density of primordial
lack holes with mass ∼M . One noteworthy advantage of observing
icro-lensing of FRBs by objects with stellar or smaller mass is that

t allows to probe the regime of physical, rather than geometrical, op-
ics. Gravitational lensing is typically considered in the latter regime. 
his is in large part due to the fact that one needs a source whose
 This �M � estimate is from Madau & Dickinson ( 2014 ). 
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ize is smaller than ∼10 12 ( M / M �) −1/2 ( ν/GHz) −1 ( D /Gpc) −1/2 cm 
2 

Nakamura & Deguchi 1999 ; where D is the distance to the source
nd we considered for clarity the case in which the lens is halfway
etween the source and the observer). This condition is not easily
atisfied by sources observable at cosmological distances. It has
een argued that the coherent nature of FRBs, their detection up
o cosmological distances and the potentially small sizes of their
ources, make it possible to use them to probe wave effects of
lasma and gravitational lensing (Cordes et al. 2017 ; Grillo & Cordes
018 ; Jow et al. 2020 ; Katz et al. 2020 ). In the physical optics
egime (unlike in geometrical optics) micro-lensing events become
requency dependent. As a result, if the dynamic spectrum of a micro-
ensing event can be observed, it allows to uniquely constrain the

ass of the lens, M , and the combination μ2 
rel D (where μrel is the

ngular velocity of the lens relative to the source in the plane of the
ky). This is as opposed to geometrical micro-lensing where only the
ombination M/μ2 

rel D can be measured. 
A different application of micro-lensing of FRBs by stellar mass

bjects is to constrain the possibility that dark matter is composed
f massive compact halo objects (MACHOS) in the range of several
o hundreds of solar masses (Mu ̃ noz et al. 2016 ). The idea suggested
y these authors uses the fact that the time difference between
wo ‘images’ (which are separated by is an angle smaller than
he resolution of the telescope) direct measure of the lens mass.
herefore, if this time difference is longer than the duration of an
RB b urst, micro-lensing will lea ve a measurable signature on the

ight curve. This can then be used to constrain the optical depth of
enses with a given mass range. 

As apparent from the abo v e description, man y applications of
RB lensing rely on the fact that cosmological FRBs can often be
ssumed to be ef fecti vely point sources. Ho we ver, the spectra of
any FRBs is often seen to suffer from spectral decoherence (e.g.
annister et al. 2019 ), and their light curves show signatures of scatter
roadening (e.g. Thornton et al. 2013 ). These signatures indicate
hat the FRB wave suffers from scintillation as it passes through
 turbulent plasma screen (or multiple screens) on its path from
he source to us. Indeed, multipath propagation induced by plasma
cintillation can lead to other notable effects on the observed FRB
ignals, such as induced temporal variability (Beniamini & Kumar
020 ) and depolarization/induced circular polarization (Beniamini,
umar & Narayan 2022 ). As plasma scintillation is commonly

nferred to affect FRB observations, it is natural to ask how it affects
ravitational lensing. This is the topic of the present work. As we will
ho w belo w, perhaps the most important ef fect of plasma scintillation
n lensing is that it ef fecti vely increases the size of the source (as
entioned in Cordes & Chatterjee 2019 ), and therefore suppresses

ensing effects for lenses below a critical mass. 
The effects of uniform and non-uniform plasma on gravitational

ensing by a point source was considered also by Bisnovatyi-Kogan
 Tsupko ( 2010 , 2017 ) and Er & Mao ( 2022 ). Eshleman ( 1979 )

xplored how the magnification of a background source’s brightness
ue to gravitational lensing by the Sun is limited by waves traveling
hrough the solar corona. These authors, ho we ver, did not consider
ave scattering in turbulent plasma, which is the topic of the current
ork. 
The paper is organized as follows. We begin in Section 2 with a

escription of some important time-scales and length-scales related
NRAS 520, 247–258 (2023) 

 This requirement ensures that the size of the source is less than d SO πθ2 
F /θE 

where d SO is the source–observer distance, and θF , θE are correspondingly 
he Fresnel and Einstein angular scales). 

θ

 

E  
o gravitational lensing and plasma scintillation. This sets the scene
o understand when plasma scintillation affects can not be ignored
n the treatment of lensing. In Section 3 , we focus on a simple, but
ery useful test case of the effects of plasma scattering on lensing
rom a point source. This case can be w ork ed out in some detail
nd allows to estimate the effects of a plasma screen on the lensing
agnification and on the lens delays as reflected in the FRB light

urve. In Section 4 , we describe ways in which gravitational lensing
n the presence of plasma scattering can provide unique constraints
n cosmology and in addition show that gravitational lensing can
nhance the degree of induced circular polarization due to passage
f the FRB wave through a magnetized plasma screen. We conclude
n Section 5 . 

 BASIC  CONSIDERATIONS  

he travel time difference along two different paths corresponding
o two gravitational lens images of an FRB by a point lens of mass
 l is approximately R s / c = 2 GM l / c 3 ; where R s ≡ 2 GM l / c 2 is the

ens’ gravitational radius, and c is the speed of light in vacuum. For a
tellar mass lens, this time difference is � t g ∼ 10 μs. Coherent FRB
adio wa ves tra veling along two different trajectories could interfere
nd physical optics effects could influence the magnification of the
bserved flux when the lens mass is small (e.g. Jow et al. 2020 ). 
In addition, an EM wave propagating through a medium of non-

ero electron density mo v es at a speed slightly smaller than c and
hat contributes to a delay in photon arri v al time that is different for
ifferent trajectories. We show below that this plasma effect cannot
e ignored for stellar mass lens. The dispersion relation and group
peed for EM waves in plasma are (e.g. Kulsrud 2005 ) 

 
2 = ω 

2 
p + c 2 k 2 , and v g = 

dω 

dk 
≈ c 

[ 
1 − ω 

2 
p 

2 ω 
2 

] 
(1) 

here the plasma frequency is 

 p = 

(
4 πq 2 n e 

m 

)1 / 2 

(2) 

nd n e , q , and m are electron density, charge, and mass, respectively.
hus, the delay in photon arri v al when it travels a distance d s through
lasma is 

 p = 

∫ d s 

0 

dr 

v g 
− d s 

c 
= 

∫ d s 

0 

dr 

c 

2 πq 2 n e 

mω 
2 

= 4 . 2 ms ν−2 
9 DM , (3) 

here 

M ≡
∫ d s 

0 

dr 

1 pc 
n e (4) 

s the dispersion measure along the photons trajectory, with n e 
easured in CGS units, and 1 pc = 3.09 × 10 18 cm. 
Gravitational images in the lens plane are separated by a distance

f order the Einstein radius which is defined by 

 E = 

(
2 R s d SL d LO 

d SO 

)1 / 2 

, (5) 

here d SL is the distance between the lens and source, d LO is distance
etween the lens and observer, and d SO is the distance between the
ource and the observer. It is useful to define also the Einstein angle 

E = 

R E 

d LO 
= 

(
2 R s d SL 

d SO d LO 

)1 / 2 

, (6) 

For a stellar mass lens at a cosmological distance, R E ∼ 10 17 cm.
ven if the difference in DM along the two photon trajectories is only
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DM = 10 −3 cm 
−3 pc – due to fluctuations in the electron density

n a scale R E – the travel time difference along the two trajectories
ue to plasma effects is � t p = 4 μs at 1 GHz (equation 3 ), i.e. of
he same order as the gravitational time delay. Density fluctuations 
f this magnitude are present when the outer scale of turbulence for
he IGM is of order 10 22 cm or less and this is discussed further
n Section 3.3 . Furthermore, even if � t p � � t g , plasma scattering
ay significantly modify lensing. Indeed, it turns out that typically 

he limiting condition for modification of gravitational lensing by 
lasma effects is related to the ratio of the plasma scattering angle
nd θE (Section 3.1 ). 

For a lens of mass larger than ∼10 2 M �, the time delay between
ifferent images is �t g > ∼ 1ms. In this case (barring plasma effects)
o interference between different lensed images is expected for 
ost FRBs as their durations are a few ms. The magnification of

ach image is set by interference of the bundle of rays, the Fresnel
 undle, that ha ve tra veled along different trajectories with tra vel-
imes that lie within a few wave periods of each other. The width of
he Fresnel bundle, R 

2 
F ∼ λ min { d SL , d LO } ; λ is photon wavelength.

he deflection of rays across the Fresnel bundle does not change 
uch as long as R F � R E . And that means that geometrical optics

s a good description of gravitational lensing as long as R s � λ and
S �� θE ; where θS is the angle between the observer-source and 
bserver–lens lines. 
This can also be understood by considering the time delay between 

he images. For a point mass lens, and a source angle position θS �

E , the time delay between the two images is � t ∼ (4 R s / c )( θS / θE )
see Section 3.3 for the deri v ation of this result; equation 47 ). The
elay is less than the wave period, or the images interfere, when
S < θ2 

F /θE ; where the Fresnel angle is defined to be 

F = 

[
λd SL 

d LO d SO 

]1 / 2 

. (7) 

ince, the most likely lensing event is one where θS ∼ θE , we see that
ypically interference is important when θF < θE or equi v alently R s <

. Therefore, geometrical optics is a good description of gravitational 
ensing for most cases of interest. 3 Ho we ver, plasma ef fects can be
mportant more widely as discussed abo v e, and that is the subject of
his paper. 

The effect of plasma on image magnification is important when 
he scattering angle for waves traveling through the plasma screen 
 θ scat ) is of order θS . The scattering broadens the angular size of the
ource to θ scat , and limits the magnification to θE /(2 θ scat ) as we show
n Section 3 . 

 GRAVITATIONAL  LENSING  DUE  TO  A  POINT  

ASS  IN  THE  PRESENCE  OF  PLASMA  

CATTERING  SCREEN  

he flux observed from an astronomical source when photons travel 
hrough a gravitational potential and plasma on their way to the 
 The interference between bundles of rays associated with the two images 
an modify the o v erall magnification as giv en by the geometrical optics even 
hen R s � λ. This can occur if the difference in travel time between images is 

maller than the coherence time, T c , of the transient source being lensed. This 
ranslates to the condition that R s < ∼ cT c for physical optics to be important. 
o we ver, it should be noted that the interference between the two images 

an increase the total magnification by at most a factor two, but destructive 
nterference can reduce the total flux for the two images to almost zero. 

g
A  

l

3

W  

l  

4

3

bserver is given by (e.g. Jow et al. 2020 ) 

 ( ω, 	 θs ) = 

1 

iθ2 
F 

∫ 
d 2 θ exp 

{ 

iπ | 	 θ − 	 θs | 2 
θ2 
F 

− iω 

[ 
ψ( 	 θ ) − δt p ( 	 θ ) 

] } 

(8) 

here 	 θs is the angular location of the source wrt observer–lens 
ine, and 	 θ is angular position of a point in the lens plane again wrt
bserver-lens line. The first term in the bracket, π | 	 θ − 	 θs | 2 /θ2 

F is the
eometric phase shift suffered by the wave as a result of its trajectory
ot being a straight line from the source to the observer, 

( 	 θ) = 

∫ 
d
 

� ( 	 x ) 

c 3 

(
1 + n 2 r 

)
(9) 

s the time delay due to travel in the gravitational potential � , 4 

here the integration is done o v er the photon path, n r is the radial
omponent of unit vector that is tangent to the photon path, and
t p ( 	 θ ) is the time delay suffered by the wave due to propagation
hrough the plasma at angle 	 θ minus the mean delay through the
lasma screen. The expression for ψ is valid only for spherically
ymmetric gravitational potential, and the radial component is wrt 
he center of the lens. This equation is a generalization of the result
iven in (Nakamura & Deguchi 1999 ) to include plasma effects. For
 point lens of mass M , as per Schneider, Ehlers & Falco ( 1992 ) 

( 	 θ) = 

4 GM 

c 3 
log | 	 θ | = 

2 R s 

c 
log | 	 θ | . (10) 

Much of the contribution to the integral in equation ( 8 ) comes from
he extrema of the phase function in the exponent. In the absence of
he turbulent plasma screen, the phase has two extrema for a point
ens corresponding to two gravitational lens images. Ho we ver, for
aves passing through a turbulent plasma screen δt p ( θ ) ∝ θ5/6 (on

verage) because of electron density variation on length θmin { d LO ,
 SL } (see the discussion leading to equation ( 30 ) for a deri v ation
f this result). Moreo v er, δt p ( θ ) fluctuates on all scales down to the
ize of the smallest eddies. Thus, the exponent has large number
f extrema that correspond to waves being scattered from different 
egments of the plasma screen to arrive at the observer. The area
round each of these extrema that contributes to the integral is of
ngular size δθφ ∼ 
 φ /min { d LO , d SL } such that the exponent changes
y ∼π radian across the area. Expanding the exponent about one of
he image locations in the absence of the plasma, θ I , we see that the
elay due to plasma is smaller than due to the geometrical path-length
erm when δθ > ∼ θ2 

F /δθφ , as the geometrical term grows with angle 
s δθ2 . Hence, the integrand oscillates rapidly for δθ > ∼ θ2 

F /δθφ and 
oes not contribute much to the path integral. This can be cast in the
sual picture that the radius of the screen from which photons arrive
t the observer is ∼( θF / δθφ) 2 
 φ , which is defined as the refractive
cale. Waves are scattered by different patches of size 
 φ within the
efractive scale and the electric fields of scattered waves are added
t the observer location to obtain the observed flux. 

In the next section, we calculate the effect on magnification of
ravitationally lensed images due to the turbulent plasma screen. 
nd in Section 3.3 we discuss how the time delays between different

ensed images are modified by the plasma screen. 

.1 Effect of plasma screen on lens magnification 

e refer to Fig. 1 for the deri v ation of magnification of gravitationally
ensed point source in the presence of a scattering plasma screen. The
MNRAS 520, 247–258 (2023) 

 General relativistic effects have been neglected in the expression for ψ 



250 P. Kumar and P. Beniamini 

M

Figure 1. Schematic figure representing the geometry of the source - lens - 
plasma - observer system. The plasma plane is assumed here to coincide with 
the lens plane. 
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eri v ation assumes that the plasma lies in the lens plane to simplify
he algebra. Ho we ver, the results are broadly applicable when the lens
nd plasma planes are separate except for some geometrical factors
hich can be important when the distance between the two planes
ecomes comparable to the smaller of the distances between the
ource and the lens or lens and the observer (the rele v ant modification
n this case is described in Section 5 ). 

The lens equation is 

I d SO = θd d SL + θS d SO , (11) 

here the deflection angle 

d = 

2 R s 

θ0 d SL 
= 

2 R s 

θI d LO 
, (12) 

 s = 2 GM l / c 2 is the gravitational radius of the lens. Substitution of
d in the lens equation gives the standard result for image location

n terms of the angular position of the source wrt the lens: 

I = 

1 

2 

[ 
θS ±

(
θ2 

S + 4 θ2 
E 

)1 / 2 
] 
. (13) 

We calculate the magnification of the image that is on the same side
f the lens–source axis as the observer. The magnification of the other
mage can be w ork ed out in an equi v alent way by considering the
mage with the minus side in equation ( 13 ). One way to calculate the

agnification by the lens, which can be easily generalized to include
he plasma scintillation, is to consider a bundle of rays between two
ones of angles θ0 and θ0 + δθ0 , with the apex of these cones at the
ource. The rays are bent by the lens so that the cross-sectional area
f this bundle in the observer plane is 2 πx δx instead of 2 πθ0 δθ0 d 

2 
SO 

s would occur with no lensing. x , δx are given by 

 = θ0 (1 − θ2 
E /θ

2 
I ) d SO & δx = d SO δθ0 

[
1 + θ2 

E /θ
2 
I 

]
. (14) 

he magnification in the absence of the scattering screen is μgl =
0 δθ0 d 

2 
SO / ( x δx ), which reduces to the standard expression, i.e. 

gl = 

1 

1 − θ4 
E /θ

4 
I 

. (15) 
NRAS 520, 247–258 (2023) 
The effect of the plasma screen is that a bundle of rays within a
nite angle between θ− & θ+ are scattered and their intersection with

he observer plane has a larger area than it would in the absence of
cattering. We make use of the circular symmetry about the source–
ens axis to simplify the calculation of magnification. 

The magnification is calculated approximately by making the
implifying assumption that a bundle of rays from the point source
ith cross-section of 
 φ in the lens plane are scattered by the column
f turbulent eddies in the plasma screen into a cone of angle θ scat ,
nd these rays are bent by an angle θd by the point lens as they travel
oward the observer. The scattered rays in the bundle lie between
istances x ( θ0 ) ± θ scat d LO from the source-lens line in the observer
lane (Fig. 1 shows the geometry). If the source is at an angle θS 

nd the observer is located at distance x o wrt source–lens line (see
ig. 1 ), then the observer will lie in the scattering cone when the
uter edge of the cone lies between x o ± 2 θ scat d LO . The source angle
S and x o are related by (as the geometry in Fig. 1 makes clear) 

 o = 

θS d SO d LO 

d SL 
. (16) 

hus, the range of angles θ0 , [ θ−, θ+ ], from which rays arrive at the
bserver after crossing the lens and plasma screen is given by 

±d SO 

[
1 − θ2 

E d 
2 
LO 

θ2 ±d 2 SL 

]
= max 

{ 

0 , x o ± θscat d LO 

} 

. (17) 

here we made use of equation ( 14 ) that expresses the distance
rom the source–lens line that a ray that started out from the source
t angle θ± will be at in the observer plane in absence of the scattering
lasma. 
Thus, the picture is that a conical bundle of rays that leave the

ource between angles θ− and θ+ arrive at the observer after crossing
he lens-plasma plane. And this bundle of rays occupy a circular
nnulus in the observer plane of radii 

 ± = max 
{ 

0 , x o ± 2 θscat d LO 

} 

. (18) 

ith the observer lying in the middle of this ring. Since the energy
n a bundle of rays between the cones of angle θ± flows through the
bserver plane between x ±, the average magnification at the observer
ocation as a result of gravitational lensing and scattering by turbulent
lasma is given approximately by 

≈ d 2 SO 

[
θ2 
+ 

− θ2 
−
](

x 2 + 
− x 2 −

)
/ 2 

, (19) 

he factor 2 in the denominator is geometric in origin and accounts
or the fact that the flux in the middle of a ring formed by
uperposition of cones rotated about the source-lens axis is larger
han the average by a factor ∼2. 

Equation ( 17 ) for θ± can be rewritten using equation ( 16 ) as 

d SL θ±
d LO 

[
1 − θ2 

E d 
2 
LO 

θ2 ±d 2 SL 

]
= max 

{
0 , θS ± θscat d SL 

d SO 

}
. (20) 

his equation is further simplified when expressed in terms of 

I 
± ≡ θ±

[
d SL 

d LO 

]
& θ ′ 

scat ≡ θscat 

[
d SL 

d SO 

]
(21) 

nd it takes the following form 

I 
±

[ 
1 − θ2 

E 

θI ±
2 

] 
= max 

{ 

0 , θS ± θ ′ 
scat 

} 

. (22) 

his is the standard point mass lens equation with source located

t max 
{ 

0 , θS ± θ ′ 
scat 

} 

. The physical interpretation of the result is
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Figure 2. Effect of plasma scattering on gravitational lensing magnification. 
Solid lines depict the total magnification (i.e. the sum of the two images) as 
a function of θ ′ 

scat /θs and for different values of θE / θ s (shown by different 
colors). Horizontal dotted lines show the values of the magnification for 
the same parameter but without plasma scattering. A dashed (dot-dashed) 
vertical line represents θ ′ 

scat = θs ( θ ′ 
scat = θE ). Plasma scattering causes 

lensing magnification to be suppressed by a factor ∼ 2 θ ′ 
scat /θs for θ ′ 

scat > θs 

until there is virtually no magnification when θ ′ 
scat ≈ θE . 
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traightforward, viz. the effect of a scattering screen is to broaden a
oint source so that it has an ef fecti ve angular size of θ ′ 

scat . 
The equation for magnification ( 19 ) simplifies to 

≈
2 
[ 
θI 
+ 

2 − θI 
−

2 
] 

(
θS + 2 θ ′ 

scat 

)2 − (max 
{

0 , θS − 2 θ ′ 
scat 

})2 . (23) 

It is easy to see that this equation reduces to the standard form,
.e. equation ( 15 ), in the absence of the plasma ( θ scat = 0); the
umerator in that limit is 2( d θ2 

I /d θS ) δθ = 4( δθ ) θ3 
I / ( θ

2 
I + θ2 

S ), where
θ = 2 θ ′ 

scat . We also note that in the limit θ ′ 
scat � θE , θs , equation ( 15 )

educes to μ → 1/2. This might appear counter-intuitive as in the 
resence of strong scattering we would expect no magnification or μ
1. Ho we ver, in this limit, the area in the lens plane that is traversed

y rays that compose image 1 (on the same side of the lens-source
xis as the observer) almost completely overlaps the area in the lens
lane of the rays forming image 2 (on the opposite side of the said
xis). This means that the images can no longer be separated in any
hysical way (i.e. either in terms of their angular position on the sky
r in terms of the time delays associated with them), and one can no
onger treat the two images separately. The magnification for the two 
mages together approaches unity in this case as one would expect. 

For the case where θE > θ ′ 
scat 

> ∼ θS , θ− = θE as per equation ( 22 ),
nd the magnification is 

= 

(
θS + θ ′ 

scat 

)
(
θS + 2 θ ′ 

scat 

)2 

[
θS ±

√ 

θ2 
S + 4 θ2 

E 

]
. (24) 

he presence of the scattering screen decreases the magnification by 
 factor ∼ 2 θ ′ 

scat /θS in this case. 
The magnification in the opposite case of θ ′ 

scat < θS is 

= 

(
θS + θ ′ 

scat 

)
θI 
+ 

− (θS − θ ′ 
scat 

)
θI 
−

4 θS θ
′ 
scat 

, (25) 

hich reduces to the standard expression for magnification by a point 
ass lens in the limit θ ′ 

scat → 0, i.e. in the absence of plasma. 
The total magnifications (summing o v er the two images) for a

e w v alues of θS /θ
′ 
scat are shown in Fig. 2 . The magnification in the

resence of a scattering screen for the sum of the flux for the two
mages is capped at θE / 2 θ ′ 

scat (see. Fig. 2 ). Thus, there is a minimum
ens mass, M min, μ( μmax ), below which the magnification cannot be 
arger than μmax . This mass is given by 

 min ,μ( μmax ) ∼ μ2 
max θ

2 
scat c 

2 

G 

d SL d LO 

d SO 

∼ (7 M �) μ2 
max , 1 θ

2 
scat, −9 d LO , 22 ( d SL /d SO ) . (26) 

The scatter broadening time-scale for a lensed burst scales as 5 θ ′ 2 
scat , 

nd is given by 

 sc ≈
(
θ ′ 

scat d LO 

)2 

c 

d SO 

d LO d SL 
= 

θ2 
scat d SL d LO 

cd SO 
= 

2 R s 

c 

(
θ ′ 

scat 

θE 

)2 

(27) 

s will be shown in Section 3.3 , the first factor on the R.H.S. is of
rder the gravitational + geometrical time delay between the images, 
 The reason that the scatter broadening time scales as θ ′ 2 
scat and not as θE θ

′ 
scat 

s that at the extrema points of the path-integral in equation ( 8 ), the first 
eri v ati ve of the geometrical + gravitational contributions to the phase 
anishes. In other words, their respective contributions cancel each other 
o first order, and for small deviations around θ I , only the second order term 

ontributes to the time delay. 

(
 

e  

t
W  

θ

 

m

 t g . For θ ′ 
scat � θE , we see from equation ( 27 ) that t sc � � t g . This

ime-scale is also shorter than t FRB , if 

min ( d LO , d SL ) < d sc ≡ (3 × 10 25 cm ) t FRB , −3 θ
−2 
scat, −9 . (28) 

n the abo v e equation, and all the subsequent equations, we follow
he usual convention where a numerical subscript for variable X ( X n )
eans X × 10 n . The fiducial value we have in equation ( 28 ) for t FRB 

 10 −3 ms is roughly the duration of FRBs in the radio band, and
scat ∼ 10 −9 radian is the scattering angle at 1 GHz for the turbulent
SM in a galaxy such as ours. 

For lens mass below M min, μ( μmax = 1), the temporal broadening
or each of the ‘image’ pulse due to plasma turbulence is larger than
he delay between their arri v al times ( � t g ). As a result, the presence
f gravitational lensing would be very hard (if not impossible) to
nfer from the light curve below this mass. 

Even if the scatter broadening time-scale is short compared to 
he time delay between the images, it might still be larger than the
ntrinsic duration of the FRB. In such a situation, a delay between
he image arri v al times would be detectable, but the shape of the light
urves for the two images would be different. It is important to note
hat lensing could still be identifiable in this case for non-repeating
RBs, as the later image light curve will have a very similar DM
nd likely an indistinguishable angular position relative to that of 
he first image. The situation is more complicated for a repeater,
s the different looking light curves of different images could be
onfused with different bursts from the source. Lensing could still 
e identified by consistent delays between pairs of bursts (for a point
ens) from the source, or perhaps by sophisticated data analysis that
an deconvolve the different scatter broadening of the two images 
e.g. Coles et al. 2010 ; Palliyaguru et al. 2015 ) . 

The scattering angle θ scat in equations ( 26 ) and ( 28 ) can be
stimated as θ scat ∼ λ/ 
 φ , where 
 φ is the dif fracti ve scale for the
urbulent plasma screen, and λ is the wavelength of FRB radiation. 

e take a brief detour here to provide an estimate for 
 φ , and thus
scat . 
Let us consider that the electron density fluctuation in the turbulent
edium is a power-law function in the inertial sub-range between 
MNRAS 520, 247–258 (2023) 
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ength scale 
 min and 
 max , and is given by 

n e ( 
 ) = n e ( 
/
 max ) 
α. (29) 

he index α = 1/3 is for Kolmogorov density fluctuations. The
argest eddy size, 
 max , is the scale at which energy is injected to

aintain the turbulence, and the smallest scale 
 min is determined
y dissipation physics of turbulence. Dquation ( 29 ) is valid only
or sonic turbulence. For sub-sonic turbulence, the scaling with 

s the same but the magnitude of the density fluctuation for 
 =
 max is smaller than the mean density, and that additional scale factor
ould need to be carried o v er to all subsequent deri v ations. The RMS
ifference in the dispersion measure ( δDM) along two paths that pass
hrough a plasma screen of thickness L, and that are separated by
istance 
 in the plane of the screen, is given by the standard random
alk result 6 

DM ( 
 ) ∼ [ δn e ( 
 )] 
 ( L/
 ) 1 / 2 ∼ DM L ( 
/
 max ) 
α ( 
/ L) 1 / 2 , (30) 

here DM L = n e L/(1pc) is the mean dispersion measure of the
creen, and 
 [ δn e ( 
 )] is the RMS electron column density difference
long two photon paths of length 
 , which are separated by distance
 ; for 
 > 
 max , δDM( 
 ) ∼ δDM( 
 max ), and that is smaller than the
ean electron density in the screen (DM L ) when 
 max < L. 
The dif fracti v e scale ( 
 φ) is defined to be the transv erse length in

he plasma screen such that a wave suffers a differential phase shift
f ∼π across 
 φ after crossing the screen, and is given by 

 φ ∼
(

mc 2 

q 2 n e λ

) 6 
5 


 
2 
5 
max L 

− 3 
5 ∼ (2x10 13 cm ) n 

− 6 
5 

e L 
− 1 

5 ν
6 
5 

9 

(

 max 

L 

) 2 
5 

. 

(31) 

he various exponents in the above expression for 
 φ are for the
articular case of α = 1/3 or the Kolmogorov spectrum. Strong
cattering occurs when 
 φ < R F ≡ θF d LO . 

The scattering angle is approximately equal to the diffraction angle
orresponding to size 
 φ , and can be written using equation ( 31 ) as 

scat ∼ λ


 φ
= (1 . 5x10 −12 rad ) n 

6 
5 
e L 

1 
5 ν

− 6 
5 

9 

(

 max 

L 

)− 2 
5 

. (32) 

As an example, a plasma screen at L = 1 pc of the FRB source with
 e ∼ 1 cm 

−3 and 
 max / L ∼ 10 −4 , has 
 φ ∼ 10 8 ν6 / 5 
9 cm. The apparent

ource size due to scattering by the plasma screen is d SP λ/ 
 φ ∼
0 11 cm whereas the Einstein radius for a stellar mass lens within
00 kpc of the source is, R E ∼ 10 15 cm. Thus, the plasma screen
ithin a few pc of the source has little effect on the magnification by
 stellar mass lens 100 kpc away. 

We can now recast the expression for M min, μ by making use of
quation ( 32 ) for θ scat : 

 min ,μ ∼ 2x10 4 M �
μ2 

max , 1 DM 

12 
5 

2 d LO , 22 d SL 

ν
12 
5 

9 L 

6 
5 
22 
 

4 
5 
max , 17 d SO 

. (33) 

he fiducial value of 10 22 cm for d LO is for the case where the point
ens and the plasma screen are in the Galactic halo; we take the source
o be at cosmological distance in all the examples we consider. 
NRAS 520, 247–258 (2023) 

 The random walk assumption is not strictly correct as the density fluctuations 
t two points separated by distance larger than 
 have a non-zero correlation 
hen 
 < 
 max . Ho we ver, we are ignoring this correlation as is the common 
ractice for scintillation calculations. 

w  

s  

t  

t  

7

We recast equation ( 28 ) by making use of equation ( 32 ) for θ scat : 

min ( d LO , d SL ) < d sc ≡ (10 26 cm ) 
t FRB , −3 DM 

12 / 5 
2 

L 

6 / 5 
22 ν

12 / 5 
9 
 

4 / 5 
max , 17 

. (34) 

.1.1 Interference between multiple ima g es due to a lens 

hotons from multiple images of a coherent source would interfere
rovided that the time delay between images is less than the duration
f the burst or the source coherence time, whichever is smaller (note
hat if the coherence time is formally longer than the burst duration,
hen the appropriate time to consider is the burst duration). Let us
ssume that there are N images and that the travel time difference
rt to the first image (selected arbitrarily) is t l i ( t l 1 = 0). If there is
 plasma screen somewhere between the source and the observer
hen that would cause an additional time delay for these N images,
nd affect their interference and the magnification for the combined
 images. Let us take the transverse separation between the i th
nd the first image path in the plasma screen to be 
 ⊥ i . Combining
quations ( 3 ) and ( 30 ) we find the time delay due to plasma for image
 to be 

 

p 

i ≈ 4 . 2 ms ν−2 
9 DM L 

(

 ⊥ i 

L 

)1 / 2 (

 ⊥ i 


 max 

)α

, (35) 

here DM is the mean DM for the plasma screen. If the flux at
he observer for image i is f i then in the Eikonal approximation, the
ombined flux for the N images is 

 = 2 
∑ 

i,j 

(
f i f j 

)1 / 2 
cos 
[
ω 

(
t l i + t 

p 

i − t l j − t 
p 

j 

)]
. (36) 

he flux f i is also modified by the presence of the plasma screen when
 φ is smaller than the Fresnel length, i.e. in the strong scattering
egime. The phase difference between waves along the different
mage trajectories through the turbulent medium is random because
he travel time difference, t p i − t 

p 

j , is random for most astrophysical
ystems of interest as discussed in Section 3.3 . Ho we ver, the fre-
uency dependence of the flux can be used to determine gravitational
nd plasma time delays. 

.2 Optical depth for lensing in the presence of plasma 
cattering 

e showed in Section 3.1 that the magnification is capped at
in ( θE / 2 θS , θE / 2 θ ′ 

scat ) in the limit of strong lensing. Therefore, the
ptical depth for lensing is modified in the presence of plasma. 
Consider a distribution of lenses, all with mass M and with an

ptical depth (uncorrected for scattering) τ ( > μ) = τ 0 μ
−2 . 7 For

larity, we focus here on the case in which the sources under
onsideration have z � 1, so that cosmological redshift corrections
an be neglected, and in which the plasma screen location is in the
icinity of the gravitational lens. The latter condition represents a
pecial case (see discussion in Section 5 ). Ho we ver, since the effect
f plasma on gravitational lensing is otherwise very small and since
here is some observational evidence fa v ouring co-location of the
lasma scatterers and gravitational lenses (e.g. Walker et al. 2017 ),
e focus on this situation below; other cases can be dealt with in a

imilar way. We denote a dimensionless distance x ≡ d LO / d SO such
hat 0 < x < 1. For a homogeneous distribution of lenses between
he source and observer, the fraction of lenses per dimensionless
 τ 0 is directly proportional to the mass density of the lenses, see Section 1 
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Figure 3. Optical depth for lensing in the presence of plasma scattering 
(assumed here to take place in the lens plane). Plasma scattering leads to a 
suppression of the optical depth for magnifications μ� μscat = θE, 0 /2 θ scat, 0 . 
For μ � μscat , the suppression is by a factor of up to ( μscat / μ) 4 . Results are 
shown for a homogeneous and isotropic distribution of lenses and sources 
and a distribution of plasma scattering angles that is either a PL function 
P scat = ( θ scat / θ scat, 0 ) a � ( θ scat, 0 − θ scat ) or a log-normal distribution P scat = 

lognormal(log ( θ scat, 0 ), 0.5). 
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istance x is dP x / dx = 3 x 2 . In the absence of plasma scattering, a
agnification μ > 1 is obtained for sources with θ s such that 

s < θs ,μ ≡ θE 

2 μ
= 

θE , 0 (1 − x) 1 / 2 

2 μx 1 / 2 
(37) 

here θE, 0 ≡ θE ( x = 1/2). Assuming an isotropic population of 
ources and lenses, the fraction of sources with an angle <θ s is
 s ( θ s ) = (1 − cos θ s )/2 or P s ( θs ) = (1 / 4) θ2 

s for θ s � 1. 8 In the
resence of plasma, to obtain magnification >μ, the scattering angle 
f rays going through the plasma plane must satisfy 

′ 
scat < 

θE 

4 μ
→ θscat < θscat,μ ≡ θE , 0 

(1 − x ) 1 / 2 x 1 / 2 4 μ
(38) 

here we have used equation ( 21 ) to write θ ′ 
scat = θscat (1 − x). The

istribution of scattering angles for plasma screens depends on the 
arameters of their turbulence. For generality, we take that to be an
nspecified function P scat ( < θ scat ). We explore specific forms of P scat 

elow. 
Combining the conditions given by equations ( 37 ) and ( 38 ) we

an write an expression for the optical depth 

( > μ) = 

32 τ0 

θ2 
E , 0 

∫ 1 

0 
d x 

d P x 

d x 
P s ( θs ,μ) P scat ( θscat,μ) 

= 

6 τ0 

μ2 

∫ 1 

0 
dx x(1 − x) P scat 

(
θE , 0 

(1 − x) 1 / 2 x 1 / 2 4 μ

)
. (39) 

n particular we see that in the limit of no scattering, P scat ( θ →
) = 1, τ ( > μ) = τ 0 / μ2 as required. The effects of scattering can
e understood by examining a couple of concrete examples for P scat .
irst, consider that all plasma screens have the same scattering angle, 
scat, 0 . In this situation, P scat = � ( θ scat − θ scat, 0 ); where � is the step
unction. P scat will equal 1 as long as x (1 − x ) < ( θE, 0 /4 μθ scat, 0 ) 2 

nd 0 otherwise. Stated differently, there is a critical magnification 

scat = 

θE , 0 

2 θscat, 0 
(40) 

uch that for μ < μscat the optical depth is unaffected by scattering. 
or μ � μscat , the contribution to equation ( 39 ) comes from two
eparate regions of x satisfying 0 < x < x - and x + < x < 1, where
 −, + = 0 . 5 ± 0 . 5 

√ 

1 − ( μscat /μ) 2 . The integral in equation ( 39 ) is
ymmetric in x around x = 0.5, so it is sufficient to work out the
caling for one of those regions to get τ ( μ � μscat ). For μ � μscat ,
 − ≈ 0.5( μ/ μscat ) 2 � 1. Plugging this back to ( 39 ), we see that
( > μ) ∝ μ−2 x 2 − ∝ μ−6 . Overall, we have 

( > μ) ≈ τ0 

{ 

μ−2 μ < μscat , 

μ4 
scat μ

−6 μ > μscat . 
(41) 

he implication is that even if all plasma screens provide the same
cattering angle, the magnification reduces only as a power-law 

unction beyond the critical magnification. This is because there 
s al w ays a small region of space where the lens is sufficiently close
o the source or the observer, and the ef fecti ve scattering angle is
mall enough so that the magnification is not suppressed by plasma. 
f, instead, the plasma screen scattering angles are distributed as 
 power law, P scat = ( θ scat / θ scat, 0 ) a � ( θ scat, 0 − θ scat ) with a > 0,
hen for μ � μscat , there is a limiting value of ˜ θscat = θE , 0 / 2 μ.
or θ < 

˜ θscat , magnification is unsuppressed by plasma for any x .
 This assumption can be impro v ed upon when considering a specific 
opulation of lenses, which will determine the scale θE, 0 and therefore the 
eometry of scattering screens in the vicinity of the lenses. 

w  

a  

t

s a result, τ ( > μ) ∝ μ−2 ̃  θa 
scat ∝ μ−2 −a . This scaling is rele v ant as

ong as contributions from 
˜ θscat are dominant o v er those from θ scat, 0 .

verall, 

( > μ) ≈ τ0 

⎧ ⎪ ⎨ 

⎪ ⎩ 

μ−2 μ < μscat , 

max 

(
μ−2 

scat 

(
μscat 

μ

)2 + a 

, μ4 
scat μ

−6 

)
μ > μscat , 

(42) 

hese results are presented in Fig. 3 where we show τ ( > μ) for
ifferent P scat distributions. 

.3 Effect of plasma screen on lens delays and FRB light cur v e 

or the calculation of arri v al time of photons along different trajec-
ories we go back to equation ( 8 ). The exponent in that equation is
he phase of the photon at the observer location or the product of its
rri v al time and frequency. The image location is given by stationary
oints of the phase, i.e. 

2 π ( 	 θI − 	 θs ) 

θ2 
F 

− 2 ωR s 	 θI 

cθ2 
I 

+ ω 

∂δt p 

∂ 	 θ
= 0 , (43) 

nd the unscattered image location by 

	 θI − 	 θs 

θ2 
F 

= 

2 νR s 	 θI 

cθ2 
I 

or 
| 	 θI − 	 θs | 

θ2 
E 

= 

1 

θI 
. (44) 

hus, the arri v al time of photons associated with the image is 

 = 

π | 	 θI − 	 θS | 2 
ωθ2 

F 

− ψ( 	 θI ) + δt p ( 	 θI ) 

= 

2 R s 

c 

[
θ2 

E 

2 θ2 
I 

− ln θI 

]
+ δt p ( θI ) , (45) 

here equations ( 10 ) and ( 44 ) were used to obtain the second equality
nd we have assumed that the plasma causes a small correction to
he image location. 
MNRAS 520, 247–258 (2023) 
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9 This connection is found by relating the gravitational + geometric com- 
ponents of � t in equation ( 46 ) to the relative magnification of the two 
images (equation 15 ). The result (when plasma scattering can be ignored) 

is �t = 2 GM l 

(
γ−1 
γ

+ log γ
)

/c 3 where γ is the ratio of magnifications of 

the two images (see e.g. Yang et al. 2021 ). 
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Finally, the time difference between the arri v al of photons for the
wo images at angles θ I 1 and θ I 2 is 

t = 

2 R s 

c 

[
θ2 

E 

2 θ2 
I1 

− θ2 
E 

2 θ2 
I2 

+ ln 

(
θI2 

θI1 

)]
+ δt p ( θI1 ) − δt p ( θI2 ) 

= 

2 R s 

c 

[ 
θS ( θ2 

S + 4 θ2 
E ) 

1 / 2 

2 θ2 
E 

+ ln 

( √ 

1 + 4 θ2 
E /θ

2 
S + 1 √ 

1 + 4 θ2 
E /θ

2 
S − 1 

) ] 

+ δt p ( θI1 ) − δt p ( θI2 ) (46) 

or θS < θE , this reduces to 

t ≈ 4 R s θS 

cθE 
+ δt p ( θI1 ) − δt p ( θI2 ) (47) 

When θS = 2 θE , the magnification factor in the absence of plasma
or one of the lens images is 1.03 whereas the other image is
emagnified by a factor 33; for a source at 3 θE , the second image is
emagnified by a factor 10 2 . Thus, identifying superposition of two
ens images in the light curve of an FRB would be difficult when
S 

> ∼ 2 θE . We, therefore, provide estimates for the particular case of
S ∼ θE , which has the highest probability of being observed. The
eometrical plus the gravitational time difference between the two
mages in this particular case is 4.16 R s / c which is close to the value
n equation ( 47 ). Next we consider the time difference due to wave
ropagation through turbulent plasma. 
The extra time it takes for radio waves of frequency ω to travel

hrough an eddy of size 
 is ( 
/c ) ω 
2 
p /ω 

2 . For uncorrelated eddies,
he total extra time to travel through a plasma screen of thickness L
s 

t p ( 
 ) = 


 

c 

δn e ( 
 ) 

n 0 

(
L 


 

) 1 
2 4 πq 2 n 0 

mω 
2 

= 

(4 . 3 ms) DM 

ν2 
9 

(

 

L 

) 1 
2 
(


 


 max 

)α

(48) 

where DM = Ln 0 is the mean dispersion measure (DM) of the
lasma screen. 
The eddy that contributes most to the travel time difference

etween the two-image trajectories has a size of order the distance
etween the two trajectories in the plasma-plane, i.e. 

 12 ∼ d LO ( θ
I 
+ 

− θI 
−) ∼ d LO 

(
θ2 

S + 4 θ2 
E 

)1 / 2 ∼ 2 θE d LO . (49) 

ubstituting 
 = 
 12 into 48 gives the arri v al time difference for the
wo lensed images due to the presence of turbulent plasma, 

t p ∼ ( 2 s) DM ν−2 
9 M 

5 / 12 
�

[ d LO ( d SO − d LO )] 5 / 12 

d 
5 / 12 
SO L 

1 / 2 
 
1 / 3 
max 

(50) 

Taking 
 max ∼ 10 17 cm, L = 10 2 pc, and d LO = 1 Mpc, we
nd from the abo v e equation that � t p ∼ 0.4 ms DM 2 M 

5 / 12 
� . This

hould be compared with the geometric + gravitational delay for the
wo images, � t g ∼ 4 R s / c when θS ∼ θE (see equation ( 47 )). For
t p > ∼ �t g , the plasma delay dominates the delay between arri v als of

adio signals for the two lens images. In this re gime, (pro vided that
ulse broadening by scattering is sub-dominant, see Section 3.1 for
he appropriate condition) an observer would see two pulses with
imilar spectro-temporal evolution (after de-dispersing the signal)
nd with slightly dif ferent DM v alues (note that � DM( 
 )/DM ∼
 t p ( 
 )/ t p < 1). This will allow to establish that the light curve is a

uperposition of two lens images. Ho we ver, the time delay in this
egime is no longer a direct proxy for the lens mass. In particular, the
onnection between magnification and time-delay that one calculates
NRAS 520, 247–258 (2023) 
or gravitational lensing from a point source 9 will be modified.
his consideration places a lower limit on lens masses abo v e which
lasma-delay is insignificant, 

 min , t ∼ 0 . 05 M �
DM 

12 
7 

2 min 
{
d LO , 22 , d SL , 22 

} 5 
7 

ν
24 
7 

9 L 

6 
7 
22 
 

4 
7 
max , 17 

. (51) 

urv e ys at high frequencies can explore smaller lens masses as
 min, t ∝ ν−24/7 . 
The scenario we have described thus far considers the lens to

e located inside a plasma screen. Ho we ver, the calculation can be
asily extended to a wider set of possibilities. For instance, when the
lasma density in the lens-plane is small but the photon trajectories
orresponding to the two images pass through a turbulent plasma
creen somewhere between the source and the observer, equation ( 48 )
an be used for calculating the travel time difference along different
hoton trajectories by substituting 
 ∼ 2 θE d LO × f d . The factor f d =
 PO / d LO when the plasma screen is between the lens and the observer,
nd f d = d SP / d SL when the plasma lies between the source and the
ens; where d PO ( d SP ) is the distance between observer (source) and
he plasma screen. The factor f d accounts for the fact that the distance
etween the photon trajectories for the two images in the plasma
lane is smaller than ∼2 R E = 2 θE d LO by the factor f −1 

d . 
The effect of plasma on micro-lensing in the FRB host galaxy is

imilar to the effect we have discussed above. 

.3.1 IGM turbulence 

he size of the largest eddy in the IGM, 
 max , is highly uncertain by
everal orders of magnitude. It could be as large as 10 24 cm – the
cale for energy deposition into the IGM by AGN jets and outflows
rom galaxy clusters – or as small as a 10 20 cm. If the Mach number
f the IGM turbulence were to be ξm then 
 max 

> ∼ 10 24 ξ 3 
m 

, otherwise
he heating of the IGM by dissipation of turbulent energy will raise
ts temperature on a time-scale smaller than the Hubble time, which
s contradicted by observations; the IGM data show that the mean
emperature is ∼10 4 K and is not increasing with decreasing redshift.

Therefore, taking 
 max ∼ 10 22 cm, L ∼ d LO , d SL ∼ 10 28 cm, and DM
10 3 pc cm 

−3 for the IGM turbulence, we find from equation ( 51 )
hat the time delay between two images of an object due to IGM
urbulence is larger than the gravity + geometry effects for lens mass
< ∼ 10 −3 M �. We note that according to our estimates, scattering of
adio waves by IGM turbulence is much weaker than expected for
RB host galaxy and the Milky Way ISM, which is consistent with
ordes, Ocker & Chatterjee ( 2022 ) & Ocker et al. ( 2022 ). 

 SYNERGISTIC  EFFECTS  OF  PLASMA  

CINTILLATION  AND  GRAVITATIONAL  

ENSING  

o far we have focused on ways in which plasma scattering
uppresses the magnification, smears out light curves of the two
mages, and changes time delays of gravitational lensing events.
hese ultimately limit the range of parameter space in which FRB

ensing can be observed and used for cosmology. In this section,
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e show that plasma scattering combined with gravitational lensing 
an also, under certain circumstances, lead to unique constraints on 
osmology or on the nature of the environment of the FRB source. 

.1 Using FRB lensing delays to constrain cosmology 

onsider a situation in which θ ′ 
scat � θE and t sc ∼

2 R s /c)( θ ′ 
scat /θE ) 2 < t FRB < �t g + �t p . As described in Section 3.1 ,

ection 3.3 , in this situation the FRB light curve will appear as
onsisting of two distinct and similarly shaped components due to the 
ensing as the time delay between the images is long compared to the
ntrinsic FRB duration which in turn is longer than the scintillation 
roadening time-scale (we have assumed θ s ≈ θE in the expression 
bo v e for clarity and since this is the most rele v ant case of interest).
he plasma broadening for each component of the light curve 
orresponding to an image may still be detectable. Furthermore, the 
emporal broadening of each component will be slightly different 
ue to the different columns of turbulent eddies along the photon 
rajectories for the two images and the slightly different DMs along 
he two paths. Indeed, estimating the DM separately for the two 
omponents of the FRB light curve will provide us with an estimate
f � DM( 
 ) along the two photon trajectories that are separated by
 distance 
 . The physical separation between the two paths, in the
ens plane, is typically of order ∼R E . As an example, for a 10 11 

 � lens at a cosmological distance, we can measure � DM on a
cale of 5 kpc. This corresponds to a tiny angular separation, �θ

10 −6 rad. So, lensing could be used to probe density fluctuations 
n this small length scale, which cannot be done by two unrelated
RBs (because of their large typical angular separation) or any other 
eans currently available to us. Lensing, therefore, provides us with 
 unique way to constrain the fluctuations of DM IGM , and explore
he patchy reionization at z > 6. Moreo v er, lensing of a repeating
RB might be useful for probing the time dependence of density 
uctuation. It should be noted that the size of ionizing bubbles at the
nd of the reionization epoch is much larger, ∼10 Mpc (Wyithe &
oeb 2004 ), so only minor fluctuations in DM IGM ( z) are expected on

he angular scales that are probed by lensing. Still, given that at large
edshift, DM( z � 6) ≈ 6000 pc cm 

−3 Beniamini et al. ( 2021 ), even
ery small fractional changes in DM IGM may still be detectable. 

.2 Induced circular polarization in the presence of 
ravitational lensing 

 radio burst passing through a plasma with inhomogeneous density 
nd magnetic field strength, can become partially circularly polarized 
nd possibly also depolarized when it reaches the observer (Beni- 
mini et al. 2022 ). The circular polarization stems from the fact that
ays reaching the observer at a giv en time, hav e propagated through
ifferent segments of the plasma and by doing so have accumulated 
ifferent phases and different degrees of Faraday rotation (see Fig. 
 ). For a plasma screen, this effect is important when 
 χ < R sc , where
 χ is the separation (along the plane of the plasma screen) o v er which
he difference in rotation between tw o w aves going through the screen
s of order unity and R sc is the scattering radius, which is the visible
ize of the screen. 

Gravitational micro-lensing can enhance the effect of an inhomo- 
eneous plasma screen if the projection of the Einstein radius on 
he plasma screen is, R E f d > R sc (where we have assumed here that
he distance between the images in the lens plane is ∼R E for the
ase in which lensing causes significant magnification). In this case, 
ssuming Kolmogorov turbulence, the condition for induced circular 
olarization by multipath propagation becomes 

 d 

R E 


 χ
> 1 

→ 110 
f d RM 

6 / 5 
4 ( M/ 100 M �) 1 / 2 min { d LO , 28 , d SL , 28 } 1 / 2 

ν
12 / 5 
9 
 

2 / 5 
max , 18 L 

3 / 5 
20 

> 1 (52) 

here RM is measured in units of rad m 
−2 . equation ( 52 ) shows

hat if (for example) the plasma screen is in the vicinity of the
ravitational lens, then gravitational micro-lensing can enhance the 
nduced circular polarization. An additional requirement for this to 
ccur is that the lens should cause significant magnification of the
ource, as described in Section 3.1 and Fig. 2 (such that there are
ultiple images that contribute significantly to the measured flux). 
he degree of induced circular polarization is of order unity in case

his inequality is satisfied, and of order the L.H.S. otherwise. 
Having multiple paths due to gravitational (rather than plasma) 

ensing means that it is not essential for the magnetic field in the
ifferent paths to be originating from a single, strongly turbulent 
lasma screen. Instead, different rays may be intersecting plasma 
ith different properties. In order for the degree of rotation to

ignificantly change between two such paths, we require that 

χ = 0 . 07 ν−2 
9 

(
B μG � DM + �B μG DM 

)
> 1 (53) 

t the same time, light from the two paths must interfere, meaning
hat 

t p + �t g < t FRB ∼ 1 ms → � DM < 0 . 23 ν2 
9 

(
1 − �t g / ms 

)
(54) 

t is possible to simultaneously satisfy both equations ( 53 ) and ( 54 )
ith astrophysically plausible parameters. For example, if the lens 

s a stellar mass black hole binary losing mass through wind at the
ddington rate, its wind may extend up to ∼0.1 pc. A ray intersecting

his wind at ∼10 16 cm (slightly less than the typical Einstein radius
or such a black hole), would acquire an excess DM of order � DM

10 −3 pc cm 
−3 (for a 10 M � black hole). At the same distance,

he wind has a magnetic field strength of order B ∼ 10 mG σ
1 / 2 
−2 

here σ is the magnetization parameter. For these parameters we 
ave �χ ∼ 1 ν−2 

9 , demonstrating that the conditions ( 53 ) and ( 54 )
re satisfied at ν � 10 9 Hz and that this setup would result in strong
ircular polarization. 

 CONCLUSIONS  AND  DISCUSSION  

e have investigated in this work how gravitational lensing of point
adio sources, such as FRBs, by a point mass is affected by a plasma
creen between the source and the observer. The main results we
ound are summarized and discussed below. 

Much of the analysis in this work was presented for the case in
hich the plasma screen is co-located with the gravitational lens. 
o we ver, gravitational lensing by stars is likely to preferentially
ccur in old and massive elliptical galaxies. These galaxies have a
ore tenuous ISM, which reduces the chance for the radio waves

ncountering a plasma scattering screen within the same galaxies. 
his moti v ates us to consider the extent to which plasma scattering

n the FRB host galaxy or the Milky Way can affect gravitational
ensing. When the plasma screen is at a general location relative to
he gravitational lens, and the scattering angle for photons through 
he plasma is θ scat , the image magnification is capped at θE / 2 θ ′ 

scat ;
here θ ′ 

scat = θscat f d d SL /d SO , S, L, O, P stand for the source, lens,
bserver, and plasma screen, d XY is the distance between X and Y and
 d = d PO / d LO ( f d = d SP / d SL ) when the plasma is between the observer
nd the lens (source and lens). This ef fecti vely translates to a lower
MNRAS 520, 247–258 (2023) 
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Figure 4. Schematic figure demonstrating how multi-path propagation 
by gravitational micro-lensing leads to different parts of the FRB wave 
accumulating different phases ( φi ) and rotation ( χ i ) of their electric wave 
vector. In this setup, the resulting signal, which is a superposition of the 
images, will generally be elliptically polarized, even if the magnetic field 
changes on a spatial scale ( 
 χ ) that is large compared to the visible size of 
the plasma screen ( R sc ) in the absence of the gravitational lens. 
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imit on the lens mass, M min, μ (equation 33 ) that can be probed with
RB lensing. For masses below M min, μ( μmax = 1), the presence of
ravitational lensing cannot be inferred from either the magnification
r by spotting a duplicate copy of the signal in the light curve
hat is delayed w.r.t. the first component. In particular, we note that
 min ,μ ∝ f −2 

d , and that means that plasma effects on lensing magnifi-
ation and pulse broadening are strongly suppressed for gravitational
enses at cosmological distances when plasma scattering takes place
 ar aw ay from the lens either in the FRB host galaxy or in the

ilky Way. 
As a specific example for the role of plasma suppressed gravi-

ational lensing, consider the case of FRB 20191221A. This bright
RB is particularly remarkable due to its long duration ( ∼3 s), and
17 ms periodicity (Chime/Frb Collaboration Andersen 2022 ). One
ossibility explored by the authors to explain the uniqueness of this
urst is that it could be an ordinary extragalactic pulsar that has
een micro-lensed by its binary companion and the flux amplified by
 factor of ∼10 11 . Chime/Frb Collaboration ( 2022 ) pointed out the
ighly unlikely geometry required for this tremendous magnification.
he problem is made much worse by non-zero scintillation in the
ost galaxy, which limits the lens magnification ( μ) to ∼10 5 . The
ensing model requires d SL ∼ 10 pc , d LO ∼ 1 Gpc , and M l > 10 6 M �.
he Einstein angle for these parameters is θE ∼ 10 −12 rad. If the
cattering angle for the plasma in the host galaxy were to be similar
o the Milky Way galaxy, i.e. θ scat ∼ 10 −9 rad or θ ′ 

scat ∼ 10 −17 

ad, then the maximum magnification is limited to θE / 2 θ ′ 
scat ∼ 10 5 

ue to broadening of the angular size of the source. This is much
maller than the required μ ∼ 10 11 . The required magnification can
e achieved provided that M l 

> ∼ 7 · 10 17 θ2 
scat, −9 (see equation ( 26 )),

hich is unphysical even when we take into account the uncertainty
n the value of θ scat . 

The lensing probability, τ ( > μ), is modified by scintillating plasma
s discussed in Section 3.2 . The probability is suppressed for high-
agnification events as waves scattered by the turbulent medium

etween the source and the observer increase the angular size of the
ource to ∼ θ ′ 

scat , and this reduces the magnification. A corollary of
his is that τ ( > μ) is no longer proportional to μ−2 for μ � 1, but
alls off more steeply. 

Different dispersion measure (DM) along photon trajectories for
he two different images introduces an extra time delay between the
wo images of a transient source. The distance between the photon
rajectories in the lens plane is of order the Einstein radius ( R E ),
nd the extra time delay ( � t p ) is proportional to R 

5 / 6 
E due to waves

raveling through a turbulent medium with Kolmogorov spectrum
or density fluctuation. The effect is most severe for stellar and
ub-stellar mass lens when � t p is comparable to the gravitational
ime delay or the duration of FRBs. The implication of this plasma
ntroduced extra time delay between the two copies of an FRB is
hat the observed delay is no longer a direct proxy for the lens

ass, and that the plasma delay must be corrected for determining
he cosmic abundance of stellar mass dark matter. At the same
ime, the fact that | � t p | > 0, can under certain circumstances,
lso be an advantage. When θ ′ 

scat � θE & �t g + �t p > t FRB , the
xistence of lensing can be inferred from the light curve, while
he different DM along the different image trajectories allow us to

easure � DM IGM on tiny angular scales, � 10 −6 rad, which cannot
e explored by any other observational means. This technique might
lso turn out to be useful in the study of patchy reionization history of
he universe. 

Gravitational lensing can convert a linearly polarized source to
artial circular polarization when the time delay between the images
s less than the coherence time for the source. The reason for this is
NRAS 520, 247–258 (2023) 
hat photons traveling through a magnetized plasma suffer different
mounts of rotation of the electric vector (different rotation measures,
M), and different phase shifts, along the two image paths, thereby

esulting in some degree of circular polarization. 
There is a lens mass abo v e which image magnification and time

elays are not affected much by the turbulent plasma between the
ource and observer. This minimum lens mass is shown in Fig. 5
or a few different combinations of length scales associated with
he plasma screen and the distance of the plasma screen and the
ens from the source/observer. Lensing by � 10 2 M � objects may
e strongly suppressed by plasma scattering and the pulses of the
ensed images become temporally o v erlapping. That makes it hard
o spot gravitational lensing of FRBs without resorting to specialized
nalysis that can accurately remo v e different scatter-broadening
f the two images in the light curve. An additional consideration
hat the relative plasma delay for the two images should be short
ompared with the geometrical + gravitational delay turns out to
e easier to satisfy, as it typically kicks in at lower lens mass than
uoted abo v e. The third constraint is that the scatter broadening
ime-scale, t sc , should be short compared to t FRB in order that the
wo lensed images have a similar temporal profile so that observers
ould identify the lensing event. 10 This is satisfied when min ( d SL ,
 LO ) is smaller than a critical distance, d sc (when the plasma plane

art/stad160_f4.eps
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Figure 5. Minimum lens masses that can be probed with FRB lensing. A detectable time delay between the separate images of a lensed FRB and a 
magnification abo v e unity, can only be seen abo v e the diagonal solid line. Larger magnifications require greater lens mass to o v ercome the blurring effect of 
turbulence ( M min ,μ ∝ μ2 

max , see equation 33 ). M min, μ( μmax = 10) is shown by a dashed line. A vertical line denotes the value for min ( d SL , d LO ) above which 
the lensed images become scatter broadened. The temporal delay between images of a lensed FRB is dominated by the geometrical + gravitational delay ( � t g ), 
rather than the plasma delay, abo v e the dotted-dashed line. � t g is larger than the intrinsic FRB duration ( t FRB ) abo v e the dotted line. These plots demonstrate 
that the limiting criteria for detection of FRB lensing are typically given by M min, μ. Results are plotted as a function of d min = min ( d LO , d SL ) and assuming that 
the plasma screen is in the vicinity of the gravitational lens. Other parameters assumed for plotting these figures are: d SO = 2 × 10 28 cm, DM = 10 2 pc cm 

−3 , 
μmax = 1, ν = 1GHz, t FRB = 1ms. Different panels represent different values of L , L / 
 max (corresponding to different values of θ scat listed in each panel title); 
where L is the thickness of the plasma screen and 
 max is the size of largest eddies in the turbulent medium. 
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s separated from the lens plane, the condition becomes min ( d SP ,
 PO ) < d sc ); where d sc is given by equations ( 28 ) and ( 34 ). The
lasma scattering reduces rapidly with frequency (see equations 33 
nd 51 ). As a result, lensing of FRBs is easier to observe at higher
requencies. 

The effect of scintillation on gravitational lensing was considered 
lso by Katz et al. ( 2020 ). They focused on a particular lensing
cenario where the light curves of the images o v erlap and produce
nterference fringes. Much of their work was devoted to the analysis 
f the effect of this interference on the observed spectrum. By
ontrast, the present work describes how scintillation affects the 
agnification, lensing probability, image light curves and their time 

elays. Katz et al. ( 2020 ) analysis is for the regime where �t −1 
g is

arger than the spectral resolution of the detector, but smaller than 
he coherence bandwidth of the source, and that translates to lens 

asses in the range 10 −4 M � < M l < 10 −1 M � as per these authors.
he ‘Time domain’ lensing effects discussed in this paper should be 
pplicable to a larger range of lens mass and wider parameter space
f scintillating plasma screen. Furthermore, the condition � t p > � t g 
s expected to apply for 10 −4 M � < M l < 10 −1 M � (see Fig. 5 ), and
hat means that even for the parameter space explored by Katz et al.
 2020 ), the determination of lens mass from the lensing time delay
ignal is affected by the physical effects described in this work. 
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