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ABSTRACT

We describe how gravitational lensing of fast radio bursts (FRBs) is affected by a plasma screen in the vicinity of the lens
or somewhere between the source and the observer. Wave passage through a turbulent medium affects gravitational image
magnification, lensing probability (particularly for strong magnification events), and the time delay between images. The
magnification is suppressed because of the broadening of the angular size of the source due to scattering by the plasma. The
time delay between images is modified as the result of different dispersion measures (DM) along photon trajectories for different
images. Each of the image light curves is also broadened due to wave scattering so that the images could have distinct temporal
profiles. The first two effects are most severe for stellar and sub-stellar mass lens, and the last one (scatter broadening) for lenses
and plasma screens at cosmological distances from the source/observer. This could limit the use of FRBs to measure their cosmic
abundance. On the other hand, when the time delay between images is large, such that the light curve of a transient source has
two or more well-separated peaks, the different DMs along the wave paths of different images can probe density fluctuations in
the IGM on scales <107®rad and explore the patchy reionization history of the universe using lensed FRBs at high redshifts.
Different rotation measures (RM) along two-image paths can convert linearly polarized radiation from a source to partial circular

polarization.
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1 INTRODUCTION

The probability of strong lensing of a compact source at redshift
larger than one, to magnification >u, by an intervening galaxy
is p(> n) ~ O.3Qg31/p,2 for z 2 2 and P(> p) = anlzz/(4u2)
for z « 1 (Narayan & Bartelmann 1996); where Qg is the mean
mass density in galaxies divided by the critical mass density. Strong
lensing occurs when a source has multiple images and under very
general condition at least one of the images is magnified, i.e.
> 1 (Schneider 1985). For a galaxy of mass ~10'"" My at a Gpc
distance from both the source and the observer, the angular separation
between the images is of order a few arcseconds, and the travel
time difference of order ~10 days. For u 21, the corresponding
lensing probability is ~6 x 1073 (£2,,/0.02) (where ; is Qg
for galaxies of mass ~10'' Mg). Thus, in an FRB survey of 10*
sources, we expect of order 60 lenses by intervening galaxies. In
addition, considering that the population of FRB-repeaters is about
4 per cent (e.g. The CHIME/FRB Collaboration 2021) of the entire
FRB population, about 2 repeating FRBs in the survey should be
lensed. The expected number of FRB lenses is small. However,
considering that the duration of FRBs is typically a few milli-seconds,
one can determine the travel time difference along multiple paths to
better than about a ms or about one part in a billion. This remarkable
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accuracy, which is better than any other class of astronomical object,
has led a number of people (e.g. Eichler 2017; Li et al. 2018; Zitrin &
Eichler 2018; Liu et al. 2019; Wucknitz, Spitler & Pen 2021; Connor
& Ravi 2022; Leung et al. 2022), to suggest that FRB lensing can
be a good probe of cosmology. In particular, it has been suggested
that this type of lensing delay from FRB-repeaters could be used to
measure the Hubble constant (Zitrin & Eichler (Li et al. 2018; Zitrin
& Eichler 2018; Liu et al. 2019; Wucknitz et al. 2021), by observing
the rate of change in the lensing delay (the difference between the
arrival of signals from two images of the same burst) over a period
of years.

FRBs can also be micro-lensed by a stellar object. The probability
for that at z < 0.5 is of order,' T ~ 2.5 x 107*(Qy4,/0.004) for a
solar mass object (where €2, is the mass density in ~1Mg, objects
at z < 0.5 divided by the closure density). The lensing probability
is significantly larger (by a factor of up to ~50) if all of dark matter
were in ~Mg, primordial black holes (Carr & Hawking 1974). Thus,
observational limits on 7(M) can constrain the density of primordial
black holes with mass ~M. One noteworthy advantage of observing
micro-lensing of FRBs by objects with stellar or smaller mass is that
it allows to probe the regime of physical, rather than geometrical, op-
tics. Gravitational lensing is typically considered in the latter regime.
This is in large part due to the fact that one needs a source whose

'This Q1 estimate is from Madau & Dickinson (2014).
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size is smaller than ~10'2(M/My)~"?(v/GHz)~!(D/Gpc)~"* cm 2
(Nakamura & Deguchi 1999; where D is the distance to the source
and we considered for clarity the case in which the lens is halfway
between the source and the observer). This condition is not easily
satisfied by sources observable at cosmological distances. It has
been argued that the coherent nature of FRBs, their detection up
to cosmological distances and the potentially small sizes of their
sources, make it possible to use them to probe wave effects of
plasma and gravitational lensing (Cordes et al. 2017; Grillo & Cordes
2018; Jow et al. 2020; Katz et al. 2020). In the physical optics
regime (unlike in geometrical optics) micro-lensing events become
frequency dependent. As a result, if the dynamic spectrum of a micro-
lensing event can be observed, it allows to uniquely constrain the
mass of the lens, M, and the combination ufelD (where [t is the
angular velocity of the lens relative to the source in the plane of the
sky). This is as opposed to geometrical micro-lensing where only the
combination M /u2, D can be measured.

A different application of micro-lensing of FRBs by stellar mass
objects is to constrain the possibility that dark matter is composed
of massive compact halo objects (MACHOS) in the range of several
to hundreds of solar masses (Muifioz et al. 2016). The idea suggested
by these authors uses the fact that the time difference between
two ‘images’ (which are separated by is an angle smaller than
the resolution of the telescope) direct measure of the lens mass.
Therefore, if this time difference is longer than the duration of an
FRB burst, micro-lensing will leave a measurable signature on the
light curve. This can then be used to constrain the optical depth of
lenses with a given mass range.

As apparent from the above description, many applications of
FRB lensing rely on the fact that cosmological FRBs can often be
assumed to be effectively point sources. However, the spectra of
many FRBs is often seen to suffer from spectral decoherence (e.g.
Bannister etal. 2019), and their light curves show signatures of scatter
broadening (e.g. Thornton et al. 2013). These signatures indicate
that the FRB wave suffers from scintillation as it passes through
a turbulent plasma screen (or multiple screens) on its path from
the source to us. Indeed, multipath propagation induced by plasma
scintillation can lead to other notable effects on the observed FRB
signals, such as induced temporal variability (Beniamini & Kumar
2020) and depolarization/induced circular polarization (Beniamini,
Kumar & Narayan 2022). As plasma scintillation is commonly
inferred to affect FRB observations, it is natural to ask how it affects
gravitational lensing. This is the topic of the present work. As we will
show below, perhaps the most important effect of plasma scintillation
on lensing is that it effectively increases the size of the source (as
mentioned in Cordes & Chatterjee 2019), and therefore suppresses
lensing effects for lenses below a critical mass.

The effects of uniform and non-uniform plasma on gravitational
lensing by a point source was considered also by Bisnovatyi-Kogan
& Tsupko (2010, 2017) and Er & Mao (2022). Eshleman (1979)
explored how the magnification of a background source’s brightness
due to gravitational lensing by the Sun is limited by waves traveling
through the solar corona. These authors, however, did not consider
wave scattering in turbulent plasma, which is the topic of the current
work.

The paper is organized as follows. We begin in Section 2 with a
description of some important time-scales and length-scales related

2This requirement ensures that the size of the source is less than dsonel%/ég
(where dso is the source—observer distance, and 0, O are correspondingly
the Fresnel and Einstein angular scales).
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to gravitational lensing and plasma scintillation. This sets the scene
to understand when plasma scintillation affects can not be ignored
in the treatment of lensing. In Section 3, we focus on a simple, but
very useful test case of the effects of plasma scattering on lensing
from a point source. This case can be worked out in some detail
and allows to estimate the effects of a plasma screen on the lensing
magnification and on the lens delays as reflected in the FRB light
curve. In Section 4, we describe ways in which gravitational lensing
in the presence of plasma scattering can provide unique constraints
on cosmology and in addition show that gravitational lensing can
enhance the degree of induced circular polarization due to passage
of the FRB wave through a magnetized plasma screen. We conclude
in Section 5.

2 BASIC CONSIDERATIONS

The travel time difference along two different paths corresponding
to two gravitational lens images of an FRB by a point lens of mass
M, is approximately Ry/c = 2GM,/c*; where Ry = 2GM,/c* is the
lens’ gravitational radius, and c is the speed of light in vacuum. For a
stellar mass lens, this time difference is Az, ~ 10 us. Coherent FRB
radio waves traveling along two different trajectories could interfere
and physical optics effects could influence the magnification of the
observed flux when the lens mass is small (e.g. Jow et al. 2020).

In addition, an EM wave propagating through a medium of non-
zero electron density moves at a speed slightly smaller than ¢ and
that contributes to a delay in photon arrival time that is different for
different trajectories. We show below that this plasma effect cannot
be ignored for stellar mass lens. The dispersion relation and group
speed for EM waves in plasma are (e.g. Kulsrud 2005)

dw o?
2_ 2 20 _ ~ P
o =w, +ck”, and vg_d—k~c 1—2(02} (1)
where the plasma frequency is
dmg? 2
wp = ( 1 ") @
m

and n., ¢, and m are electron density, charge, and mass, respectively.
Thus, the delay in photon arrival when it travels a distance d; through
plasma is

d d 2
s d d sdr?2
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is the dispersion measure along the photons trajectory, with 7.
measured in CGS units, and 1 pc = 3.09 x 10'® cm.

Gravitational images in the lens plane are separated by a distance
of order the Einstein radius which is defined by

2R s dio\
RE _ ( sUSL LO) i (5)
dSO

where dg; is the distance between the lens and source, d| ¢ is distance
between the lens and observer, and dsg is the distance between the
source and the observer. It is useful to define also the Einstein angle

_ Re _ (2Rds.\'"?
Op=—— = , (6)
dLO dSOdLO

For a stellar mass lens at a cosmological distance, Rg ~ 10"7cm.
Even if the difference in DM along the two photon trajectories is only
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DM = 10~* cm™ pc — due to fluctuations in the electron density
on a scale Rg — the travel time difference along the two trajectories
due to plasma effects is A7, =4 pus at 1 GHz (equation 3), i.e. of
the same order as the gravitational time delay. Density fluctuations
of this magnitude are present when the outer scale of turbulence for
the IGM is of order 10?> cm or less and this is discussed further
in Section 3.3. Furthermore, even if Az, < At,, plasma scattering
may significantly modify lensing. Indeed, it turns out that typically
the limiting condition for modification of gravitational lensing by
plasma effects is related to the ratio of the plasma scattering angle
and O (Section 3.1).

For a lens of mass larger than ~10?> M, the time delay between
different images is At, = Ims. In this case (barring plasma effects)
no interference between different lensed images is expected for
most FRBs as their durations are a few ms. The magnification of
each image is set by interference of the bundle of rays, the Fresnel
bundle, that have traveled along different trajectories with travel-
times that lie within a few wave periods of each other. The width of
the Fresnel bundle, R% ~ Amin{dsy, dio}; A is photon wavelength.
The deflection of rays across the Fresnel bundle does not change
much as long as Rr < Rg. And that means that geometrical optics
is a good description of gravitational lensing as long as Ry >> A and
Os « Og; where g is the angle between the observer-source and
observer—lens lines.

This can also be understood by considering the time delay between
the images. For a point mass lens, and a source angle position s <
0, the time delay between the two images is At ~ (4R,/c)(0s/0F)
(see Section 3.3 for the derivation of this result; equation 47). The
delay is less than the wave period, or the images interfere, when
s < 02 /0g; where the Fresnel angle is defined to be

Adsp. :| 12
O = . 7
g |:dLOdSO

Since, the most likely lensing event is one where 6s ~ 0, we see that
typically interference is important when 0 < 6 or equivalently Ry <
A. Therefore, geometrical optics is a good description of gravitational
lensing for most cases of interest.> However, plasma effects can be
important more widely as discussed above, and that is the subject of
this paper.

The effect of plasma on image magnification is important when
the scattering angle for waves traveling through the plasma screen
(Bscar) 1s of order 6. The scattering broadens the angular size of the
source to Oy, and limits the magnification to Og/(260.,) as we show
in Section 3.

3 GRAVITATIONAL LENSING DUE TO A POINT
MASS IN THE PRESENCE OF PLASMA
SCATTERING SCREEN

The flux observed from an astronomical source when photons travel
through a gravitational potential and plasma on their way to the

3The interference between bundles of rays associated with the two images
can modify the overall magnification as given by the geometrical optics even
when R, >> A. This can occur if the difference in travel time between images is
smaller than the coherence time, 7, of the transient source being lensed. This
translates to the condition that R < c¢T. for physical optics to be important.
However, it should be noted that the interference between the two images
can increase the total magnification by at most a factor two, but destructive
interference can reduce the total flux for the two images to almost zero.
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observer is given by (e.g. Jow et al. 2020)

. - _ a2 . .
f(w,6) = i/dze exp{mleeSl —iw |Y@) — az,,(e)]}

i0% 62
®)

where 91 is the angular location of the source wrt observer—lens
line, and 4 is angular position of a point in the lens plane again wrt
observer-lens line. The first term in the bracket, 7§ — 6, |2 /0% is the
geometric phase shift suffered by the wave as a result of its trajectory
not being a straight line from the source to the observer,

V() = /de % (1+n2) )

is the time delay due to travel in the gravitational potential &,*
where the integration is done over the photon path, 7, is the radial
component of unit vector that is tangent to the photon path, and
(Stp(é) is the time delay suffered by the wave due to propagation
through the plasma at angle 6 minus the mean delay through the
plasma screen. The expression for v is valid only for spherically
symmetric gravitational potential, and the radial component is wrt
the center of the lens. This equation is a generalization of the result
given in (Nakamura & Deguchi 1999) to include plasma effects. For
a point lens of mass M, as per Schneider, Ehlers & Falco (1992)

y@ =M
c

Much of the contribution to the integral in equation (8) comes from
the extrema of the phase function in the exponent. In the absence of
the turbulent plasma screen, the phase has two extrema for a point
lens corresponding to two gravitational lens images. However, for
waves passing through a turbulent plasma screen 61,(6) 6% (on
average) because of electron density variation on length 6min {d, o,
dsL} (see the discussion leading to equation (30) for a derivation
of this result). Moreover, 61,(9) fluctuates on all scales down to the
size of the smallest eddies. Thus, the exponent has large number
of extrema that correspond to waves being scattered from different
segments of the plasma screen to arrive at the observer. The area
around each of these extrema that contributes to the integral is of
angular size 664 ~ £4/min {dLo, ds} such that the exponent changes
by ~ radian across the area. Expanding the exponent about one of
the image locations in the absence of the plasma, 6}, we see that the
delay due to plasma is smaller than due to the geometrical path-length
term when 86 = 62 /86,, as the geometrical term grows with angle
as 862. Hence, the integrand oscillates rapidly for 86 = 67 /86, and
does not contribute much to the path integral. This can be cast in the
usual picture that the radius of the screen from which photons arrive
at the observer is ~(6 p/69¢)2£¢,, which is defined as the refractive
scale. Waves are scattered by different patches of size £, within the
refractive scale and the electric fields of scattered waves are added
at the observer location to obtain the observed flux.

In the next section, we calculate the effect on magnification of
gravitationally lensed images due to the turbulent plasma screen.
And in Section 3.3 we discuss how the time delays between different
lensed images are modified by the plasma screen.

- 2R, .
log |9] = = log 6. (10)

3.1 Effect of plasma screen on lens magnification
We refer to Fig. 1 for the derivation of magnification of gravitationally
lensed point source in the presence of a scattering plasma screen. The

4General relativistic effects have been neglected in the expression for v/

MNRAS 520, 247-258 (2023)

€20z Asenuep og uo Jasn unsny 1e sexa | 1o AusiaAiun Aq ZESy669/.12/1/0ZS/e1onie/Seluw/woo dno-oiwspese//:sdny wolj papeojumoq



250 P, Kumar and P, Beniamini

Image S%u rce
\ = —_
\
A\
\
\
1
!
\ dst
Lens / g_' :-—dso
plasma plane =
E 1
7
s La !
’ 1
/s 1
' ]
/
L[ o
% I
7 ]
:
.“Observer P ]
plane : :Zescatdu):
Xt Xp X_

Figure 1. Schematic figure representing the geometry of the source - lens -
plasma - observer system. The plasma plane is assumed here to coincide with
the lens plane.

derivation assumes that the plasma lies in the lens plane to simplify
the algebra. However, the results are broadly applicable when the lens
and plasma planes are separate except for some geometrical factors
which can be important when the distance between the two planes
becomes comparable to the smaller of the distances between the
source and the lens or lens and the observer (the relevant modification
in this case is described in Section 5).
The lens equation is

thdso = Oads1. + Osdso, (1
where the deflection angle

2R, 2R

0 = -
T Oods.  Oudio

12)

R, = 2GM;/c? is the gravitational radius of the lens. Substitution of
0, in the lens equation gives the standard result for image location
in terms of the angular position of the source wrt the lens:

I
o= [os = (62 +469) "] (13)

We calculate the magnification of the image that is on the same side
of the lens—source axis as the observer. The magnification of the other
image can be worked out in an equivalent way by considering the
image with the minus side in equation (13). One way to calculate the
magnification by the lens, which can be easily generalized to include
the plasma scintillation, is to consider a bundle of rays between two
cones of angles 6 and 6 + 80, with the apex of these cones at the
source. The rays are bent by the lens so that the cross-sectional area
of this bundle in the observer plane is 27 x8x instead of 2776,860d3,
as would occur with no lensing. x, §x are given by

x =001 —65/0))dso & Sx =dsodby [1+62/67] . (14)
The magnification in the absence of the scattering screen is 1y =
90890d520 /(xd8x), which reduces to the standard expression, i.e.

1

e — 15
Ty (>

Mgl
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The effect of the plasma screen is that a bundle of rays within a
finite angle between 6 _ & 0, are scattered and their intersection with
the observer plane has a larger area than it would in the absence of
scattering. We make use of the circular symmetry about the source—
lens axis to simplify the calculation of magnification.

The magnification is calculated approximately by making the
simplifying assumption that a bundle of rays from the point source
with cross-section of £ in the lens plane are scattered by the column
of turbulent eddies in the plasma screen into a cone of angle 0,
and these rays are bent by an angle 6, by the point lens as they travel
toward the observer. The scattered rays in the bundle lie between
distances x(0() & OadLo from the source-lens line in the observer
plane (Fig. 1 shows the geometry). If the source is at an angle 0g
and the observer is located at distance x, wrt source—lens line (see
Fig. 1), then the observer will lie in the scattering cone when the
outer edge of the cone lies between x, &= 20, dLo. The source angle
Os and x, are related by (as the geometry in Fig. 1 makes clear)

_ Osdsodio
ds.

Thus, the range of angles 6, [0 _, 6], from which rays arrive at the
observer after crossing the lens and plasma screen is given by

Oidio
02dg,.
Where we made use of equation (14) that expresses the distance
from the source—lens line that a ray that started out from the source
atangle 6. will be at in the observer plane in absence of the scattering
plasma.

Thus, the picture is that a conical bundle of rays that leave the
source between angles 6 _ and 6, arrive at the observer after crossing

the lens-plasma plane. And this bundle of rays occupy a circular
annulus in the observer plane of radii

(16)

Xo

0. dso {1 - } = max {0, Xo & escaldm}. (17)

Xi = max {o, Xy 2esca‘dw}. (18)

with the observer lying in the middle of this ring. Since the energy
in a bundle of rays between the cones of angle 6, flows through the
observer plane between x., the average magnification at the observer
location as aresult of gravitational lensing and scattering by turbulent
plasma is given approximately by

2 92 2
o d3, [07 — 62]
(xi - x%) /2’
The factor 2 in the denominator is geometric in origin and accounts
for the fact that the flux in the middle of a ring formed by
superposition of cones rotated about the source-lens axis is larger

than the average by a factor ~2.
Equation (17) for 6 1 can be rewritten using equation (16) as

19)

ds1.0 02d? Oscard,
SL7E {1— E LZO} =max{0,95:t;SL}. (20)
dio 0idg; S0
This equation is further simplified when expressed in terms of
ds. ] [dSL }
0l=6, || & 0, =06cu|—— 21
+ + [ dLO scat t dSO ( )
and it takes the following form
92
ol |1 = £ | = max {0, fs + 9;-&[}- 22)
01 ‘

This is the standard point mass lens equation with source located
at max {0, 65 &,

scat

}. The physical interpretation of the result is
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straightforward, viz. the effect of a scattering screen is to broaden a
point source so that it has an effective angular size of 0,,,.
The equation for magnification (19) simplifies to

2[o1? - 07]
~ . (23)
K 6+ 26000)" — (max {0. 65 — 200 })

It is easy to see that this equation reduces to the standard form,
i.e. equation (15), in the absence of the plasma (O, = 0); the
numerator in that limit is 2(d67 /d6s)50 = 4(860)6; /(6} + 63), where
86 = 26, ,,. We also note that in the limit 0., >> 6, 6;, equation (15)
reduces to u — 1/2. This might appear counter-intuitive as in the
presence of strong scattering we would expect no magnification or p
~ 1. However, in this limit, the area in the lens plane that is traversed
by rays that compose image 1 (on the same side of the lens-source
axis as the observer) almost completely overlaps the area in the lens
plane of the rays forming image 2 (on the opposite side of the said
axis). This means that the images can no longer be separated in any
physical way (i.e. either in terms of their angular position on the sky
or in terms of the time delays associated with them), and one can no
longer treat the two images separately. The magnification for the two
images together approaches unity in this case as one would expect.

For the case where 0 > 6/, 2 0s, 0_ = 0% as per equation (22),
and the magnification is

Os + 6.
(s+ scdt) |:93:|: /932+491%:|~ (24)

= 2
(GS + 205{&[)
The presence of the scattering screen decreases the magnification by
a factor ~ 20, /0s in this case.
The magnification in the opposite case of 6

(95 + gécal) 9-{— B (95 — 9;‘3‘“) 91
408'95,(‘211 ’

’

eat < 05 18

(25)

which reduces to the standard expression for magnification by a point
mass lens in the limit 6/ ,, — 0, i.e. in the absence of plasma.

The total magnifications (summing over the two images) for a
few values of 0s /6, ,, are shown in Fig. 2. The magnification in the
presence of a scattering screen for the sum of the flux for the two
images is capped at 05 /20, (see. Fig. 2). Thus, there is a minimum
lens mass, Min, ;.(imax), below which the magnification cannot be
larger than fiy,y. This mass is given by
Himax o€ dsLdo

Scal

G dso

~ (T M) [t 10t —od10,22(ds /ds0). (26)

The scatter broadening time-scale for a lensed burst scales as’ 62,
and is given by

’ 2 ’
~ (gscatdLO) dso _ QszcatdSLdLO _ % <Qscat)2 27)

Mmin,u (Mmax) ~

toe ~ = = _scat
¥ c dyods1. cdso c \ b

As will be shown in Section 3.3, the first factor on the R.H.S. is of
order the gravitational+geometrical time delay between the images,

The reason that the scatter broadening time scales as 6.2, and not as 00,

is that at the extrema points of the path-integral in equation (8), the first
derivative of the geometrical + gravitational contributions to the phase
vanishes. In other words, their respective contributions cancel each other
to first order, and for small deviations around 61, only the second order term
contributes to the time delay.
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Figure 2. Effect of plasma scattering on gravitational lensing magnification.
Solid lines depict the total magnification (i.e. the sum of the two images) as
a function of Q;wt /0s and for different values of 6Og/05 (shown by different
colors). Horizontal dotted lines show the values of the magnification for
the same parameter but without plasma scattering. A dashed (dot-dashed)
vertical line represents 6., = 6s (6/, = 0g). Plasma scattering causes
lensing magnification to be suppressed by a factor ~ 26, /05 for 0., > 65

scat
until there is virtually no magnification when 6., ~ 0.

cat

At,. For 6, < 6, we see from equation (27) that ., < At,. This
time-scale is also shorter than tgrg, if
min(dio, dsi) < dse = (3 x 10%cm) trrp, —30n _o- (28)

In the above equation, and all the subsequent equations, we follow
the usual convention where a numerical subscript for variable X (X,,)
means X x 10". The fiducial value we have in equation (28) for fgrp
= 1073 ms is roughly the duration of FRBs in the radio band, and
Ogeat ~ 107 radian is the scattering angle at 1 GHz for the turbulent
ISM in a galaxy such as ours.

For lens mass below Myin , (ftmax = 1), the temporal broadening
for each of the ‘image’ pulse due to plasma turbulence is larger than
the delay between their arrival times (At,). As a result, the presence
of gravitational lensing would be very hard (if not impossible) to
infer from the light curve below this mass.

Even if the scatter broadening time-scale is short compared to
the time delay between the images, it might still be larger than the
intrinsic duration of the FRB. In such a situation, a delay between
the image arrival times would be detectable, but the shape of the light
curves for the two images would be different. It is important to note
that lensing could still be identifiable in this case for non-repeating
FRBs, as the later image light curve will have a very similar DM
and likely an indistinguishable angular position relative to that of
the first image. The situation is more complicated for a repeater,
as the different looking light curves of different images could be
confused with different bursts from the source. Lensing could still
be identified by consistent delays between pairs of bursts (for a point
lens) from the source, or perhaps by sophisticated data analysis that
can deconvolve the different scatter broadening of the two images
(e.g. Coles et al. 2010; Palliyaguru et al.2015).

The scattering angle Oy, in equations (26) and (28) can be
estimated as Oy ~ A/ly, where £, is the diffractive scale for the
turbulent plasma screen, and A is the wavelength of FRB radiation.
We take a brief detour here to provide an estimate for 4, and thus
Qscat-

Let us consider that the electron density fluctuation in the turbulent
medium is a power-law function in the inertial sub-range between
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length scale €, and €y, and is given by
One(£) = ne(l/lmax)”. 29)

The index o = 1/3 is for Kolmogorov density fluctuations. The
largest eddy size, {nmax. 1S the scale at which energy is injected to
maintain the turbulence, and the smallest scale £, is determined
by dissipation physics of turbulence. Dquation (29) is valid only
for sonic turbulence. For sub-sonic turbulence, the scaling with ¢
is the same but the magnitude of the density fluctuation for ¢ =
Cmax 1s smaller than the mean density, and that additional scale factor
would need to be carried over to all subsequent derivations. The RMS
difference in the dispersion measure (§DM) along two paths that pass
through a plasma screen of thickness L, and that are separated by
distance ¢ in the plane of the screen, is given by the standard random
walk result®

SDM(L) ~ [8nc(£)1€ (L/€)"* ~ DMy (€/€max)™ (£/L)'/2, (30)

where DM = n.L/(1pc) is the mean dispersion measure of the
screen, and £[dn.(£)] is the RMS electron column density difference
along two photon paths of length ¢, which are separated by distance
£; for £ > £ax, SDM(L) ~ §DM(£ax), and that is smaller than the
mean electron density in the screen (DM} ) when £, < L.

The diffractive scale (£4) is defined to be the transverse length in
the plasma screen such that a wave suffers a differential phase shift
of ~m across {4 after crossing the screen, and is given by

6
mer \ 3 2 3 e
~ 5 -5 ~ 13 57-35,,5 max
Ly (qznek) Conax L™ 5 (2x107cm)ne ° L™ 5vg ( 2 )

i

€1V

The various exponents in the above expression for £, are for the
particular case of o« = 1/3 or the Kolmogorov spectrum. Strong
scattering occurs when £y < Ry = 6rd)o.

The scattering angle is approximately equal to the diffraction angle
corresponding to size £4, and can be written using equation (31) as

A ¢ 1 =¢ emax 7%
Oseat ~ — = (1.5x107?rad) nd L5 v, ° ( ) . (32)
s L

As an example, a plasma screen at L = 1 pc of the FRB source with
ne ~ 1 em™ and £y /L ~ 1074, has £, ~ 108 u§/5 cm. The apparent
source size due to scattering by the plasma screen is dspA/ly ~
10"'em whereas the Einstein radius for a stellar mass lens within
100 kpc of the source is, Rg ~ 10" c¢m. Thus, the plasma screen
within a few pc of the source has little effect on the magnification by
a stellar mass lens 100 kpc away.

We can now recast the expression for My, , by making use of

equation (32) for O ycy:

12
2 5
Minax 1PDM5” dio 22 dst,
Moini ~ 2x10% M 21— 2 . (33)

5755
Vg Lyl 17 dso

The fiducial value of 10*2 cm for dy ¢ is for the case where the point
lens and the plasma screen are in the Galactic halo; we take the source
to be at cosmological distance in all the examples we consider.

The random walk assumption is not strictly correct as the density fluctuations
at two points separated by distance larger than £ have a non-zero correlation
when £ < €. However, we are ignoring this correlation as is the common
practice for scintillation calculations.
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We recast equation (28) by making use of equation (32) for 6 ycy:

12/5
frrp,_3DM

min(dio, dsi) < dye = (10% cm) 22— (34)
Ly ve™ a7

3.1.1 Interference between multiple images due to a lens

Photons from multiple images of a coherent source would interfere
provided that the time delay between images is less than the duration
of the burst or the source coherence time, whichever is smaller (note
that if the coherence time is formally longer than the burst duration,
then the appropriate time to consider is the burst duration). Let us
assume that there are N images and that the travel time difference
wrt to the first image (selected arbitrarily) is ¢/ (| = 0). If there is
a plasma screen somewhere between the source and the observer
then that would cause an additional time delay for these N images,
and affect their interference and the magnification for the combined
N images. Let us take the transverse separation between the ith
and the first image path in the plasma screen to be ¢, ;. Combining
equations (3) and (30) we find the time delay due to plasma for image
i to be

e\ e\
t7 ~ 4.2ms vy 2 DM ( . ) (E ) , (35)

where DM is the mean DM for the plasma screen. If the flux at
the observer for image i is f; then in the Eikonal approximation, the
combined flux for the N images is

F=23"(fif;) " cos [w (il 417 —1h —12)]. (36)
ij

The flux f; is also modified by the presence of the plasma screen when
L4 is smaller than the Fresnel length, i.e. in the strong scattering
regime. The phase difference between waves along the different
image trajectories through the turbulent medium is random because
the travel time difference, 7/ — 17, is random for most astrophysical
systems of interest as discussed in Section 3.3. However, the fre-
quency dependence of the flux can be used to determine gravitational
and plasma time delays.

3.2 Optical depth for lensing in the presence of plasma
scattering

We showed in Section 3.1 that the magnification is capped at
min(0g /265, 0 /20..,,) in the limit of strong lensing. Therefore, the
optical depth for lensing is modified in the presence of plasma.
Consider a distribution of lenses, all with mass M and with an
optical depth (uncorrected for scattering) T(> ) = tou 2. For
clarity, we focus here on the case in which the sources under
consideration have z < 1, so that cosmological redshift corrections
can be neglected, and in which the plasma screen location is in the
vicinity of the gravitational lens. The latter condition represents a
special case (see discussion in Section 5). However, since the effect
of plasma on gravitational lensing is otherwise very small and since
there is some observational evidence favouring co-location of the
plasma scatterers and gravitational lenses (e.g. Walker et al. 2017),
we focus on this situation below; other cases can be dealt with in a
similar way. We denote a dimensionless distance x = dj o/dso such
that 0 < x < 1. For a homogeneous distribution of lenses between
the source and observer, the fraction of lenses per dimensionless

710 is directly proportional to the mass density of the lenses, see Section 1
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distance x is dPy/dx = 3x%. In the absence of plasma scattering, a
magnification p > 1 is obtained for sources with 6 such that

Or _ 95,0(1 - x)1/2

T (37)

0, < 05, =
where 0g ¢ = 6g(x = 1/2). Assuming an isotropic population of
sources and lenses, the fraction of sources with an angle <6 is
Py(05) = (1 — cos6,)/2 or Py(6) = (1/4)0? for 6, <« 1.3 In the
presence of plasma, to obtain magnification >, the scattering angle
of rays going through the plasma plane must satisfy

O 0.0

0 < —= 50Oy <Oy y=——2—"—
scat scat, ju (1 — x)1/2x1/24u

38
scat 4 (33)

where we have used equation (21) to write 0., = Oscar(1 — x). The
distribution of scattering angles for plasma screens depends on the
parameters of their turbulence. For generality, we take that to be an
unspecified function Py, (< O ). We explore specific forms of Py
below.

Combining the conditions given by equations (37) and (38) we

can write an expression for the optical depth

32t [ dPg
= 5 d 71)% 9% Psca QSCa
(> 1) o, /0 X s (0s,1) Pocat(Oscat, 1)

619 (! k.0
= F ; dx x(1 — x) Py (m . (39)

In particular we see that in the limit of no scattering, Py, (6 —
0) = 1, (> ) = to/u?* as required. The effects of scattering can
be understood by examining a couple of concrete examples for Py.y.
First, consider that all plasma screens have the same scattering angle,
Oscar, 0- In this situation, Pycy = O (O scat — Oscar, 0); Where © is the step
function. Py, will equal 1 as long as x(1 — x) < (g, o/4140car, 0)*
and 0 otherwise. Stated differently, there is a critical magnification

k.0
29scal.0

such that for © < gy the optical depth is unaffected by scattering.
For @ > [gca, the contribution to equation (39) comes from two
separate regions of x satisfying 0 < x < x. and x; < x < 1, where
x_ 1+ =0.52+0.5\/1 — (fsca/)*. The integral in equation (39) is
symmetric in x around x = 0.5, so it is sufficient to work out the
scaling for one of those regions to get T(i4 > fUgcar)- FOI (0 3> Lscarts
x_ A 0.5(u/ i)’ < 1. Plugging this back to (39), we see that

(> p) o w2x2 o 0. Overall, we have

(40)

Mscat =

w? W< Hscats

(> p)~ ro{ . e 41)
Megear b M > Uscat-
The implication is that even if all plasma screens provide the same
scattering angle, the magnification reduces only as a power-law
function beyond the critical magnification. This is because there
is always a small region of space where the lens is sufficiently close
to the source or the observer, and the effective scattering angle is
small enough so that the magnification is not suppressed by plasma.
If, instead, the plasma screen scattering angles are distributed as
a power ]aW9 Pscal = (escal/escal, ())a®(95cal,0 - escal) with a > 09
then for pu >> [l there is a limiting value of Oy = O /2.
For 0 < 0, magnification is unsuppressed by plasma for any x.

8This assumption can be improved upon when considering a specific
population of lenses, which will determine the scale 0 ¢ and therefore the
geometry of scattering screens in the vicinity of the lenses.

FRB lensing 253

10° Baded -
| PLa=1
——PLa=3
- Lognom‘l(log(ﬁ'sc 0}.D.S)
2 A ]
10°F N, - =l
= ! NS no scattering
= |
: 1 .."..
2407 |
A 1 '-._..‘ |
b | ..,....
[ .A-...‘.
10} I s
1
1
-8 1 L s
10
10° 10’ 10 10°

I

Figure 3. Optical depth for lensing in the presence of plasma scattering
(assumed here to take place in the lens plane). Plasma scattering leads to a
suppression of the optical depth for magnifications & 2 tscat = O, 0/20scat, 0-
For > tscat, the suppression is by a factor of up to (iscar/1t)*. Results are
shown for a homogeneous and isotropic distribution of lenses and sources
and a distribution of plasma scattering angles that is either a PL function
Pgcat = (Oscat!Oscat, 0)* OOscar, 0 — Oscar) Or a log-normal distribution Py =
lognormal(log (fscat, 0), 0.5).

Ogear X 1= This scaling is relevant as
long as contributions from 6y, are dominant over those from Oy, 0.
Overall,

As aresult, T(> p) & 208

w? I < Msears

(> 1) ~ 1 , e, (42)
max | fog (%) s Meab™ > Mscats

These results are presented in Fig. 3 where we show 7(> ) for
different Py, distributions.

3.3 Effect of plasma screen on lens delays and FRB light curve

For the calculation of arrival time of photons along different trajec-
tories we go back to equation (8). The exponent in that equation is
the phase of the photon at the observer location or the product of its
arrival time and frequency. The image location is given by stationary
points of the phase, i.e.

27(6; — 6;)  20RHG; | 361
mOr = 6) 20RO, B, 3)
O oy a6
and the unscattered image location by
b —6, 2vRG, 6 —6,] 1
12s=V;10r|125|=7. (44)
Or ctf 0z 6
Thus, the arrival time of photons associated with the image is
= TGyt o,
a)@% 1 p\YI
2R, [ % In6;| + 6t,(60) (45)
= —— —1In s
c |26 ! P

where equations (10) and (44) were used to obtain the second equality
and we have assumed that the plasma causes a small correction to
the image location.
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Finally, the time difference between the arrival of photons for the
two images at angles 6, and 6, is

2R, [ I <9£

c 204 203 61

At ):| + 8[,,(911) - ‘”]7(912)

2R, [05(952 +40)'” <\/1 ¥ 462/62 + 1)

¢ 267 V1 +462/62 -1
+ 81,(0n1) — 61,(012) (46)
For 65 < O, this reduces to
4R,0s
At ~ 7 + 5lp(911) — 81‘,,(912) 7
E

When 05 = 20§, the magnification factor in the absence of plasma
for one of the lens images is 1.03 whereas the other image is
demagnified by a factor 33; for a source at 36, the second image is
demagnified by a factor 10%. Thus, identifying superposition of two
lens images in the light curve of an FRB would be difficult when
Os = 20g. We, therefore, provide estimates for the particular case of
0s ~ 6§, which has the highest probability of being observed. The
geometrical plus the gravitational time difference between the two
images in this particular case is 4.16R/c which is close to the value
in equation (47). Next we consider the time difference due to wave
propagation through turbulent plasma.

The extra time it takes for radio waves of frequency w to travel
through an eddy of size ¢ is (¢/c)w) /. For uncorrelated eddies,
the total extra time to travel through a plasma screen of thickness L
is

maw

1
Cone(l) [ L\?2 4nq2n
Ayt = - (Z) il

_ @3ms)DM [ £\ [ £\ )
B "'g (L> (emaX)

where DM = Lny is the mean dispersion measure (DM) of the
plasma screen.

The eddy that contributes most to the travel time difference
between the two-image trajectories has a size of order the distance
between the two trajectories in the plasma-plane, i.e.

1/2
€ ~ dio(0] — 01) ~ dio (05 +46¢) ">~ 2pdro. (49)

Substituting £ = £, into 48 gives the arrival time difference for the
two lensed images due to the presence of turbulent plasma,

5 sz ldio(dso — dio) /12
At, ~ (2s)DM v, 2 MY/ S5,
dso LY Zmax

(50)

Taking €pax ~ 107 ¢cm, L = 10? pc, and dip = 1 Mpc, we
find from the above equation that Az, ~ 0.4 ms DMzMg/ 12 This
should be compared with the geometric + gravitational delay for the
two images, At, ~ 4R /c when 05 ~ O (see equation (47)). For
At, Z At,, the plasma delay dominates the delay between arrivals of
radio signals for the two lens images. In this regime, (provided that
pulse broadening by scattering is sub-dominant, see Section 3.1 for
the appropriate condition) an observer would see two pulses with
similar spectro-temporal evolution (after de-dispersing the signal)
and with slightly different DM values (note that ADM(¢)/DM ~
At,(O)/t, < 1). This will allow to establish that the light curve is a
superposition of two lens images. However, the time delay in this
regime is no longer a direct proxy for the lens mass. In particular, the
connection between magnification and time-delay that one calculates
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for gravitational lensing from a point source ° will be modified.
This consideration places a lower limit on lens masses above which
plasma-delay is insignificant,

12 5
E s
DM, min{dy 0,2, ds1. 22}’

Minin ~ 0.05 M, s 1)
1)97 L272Zr;ax,l7

Surveys at high frequencies can explore smaller lens masses as
Mmin,tO<U724/7-

The scenario we have described thus far considers the lens to
be located inside a plasma screen. However, the calculation can be
easily extended to a wider set of possibilities. For instance, when the
plasma density in the lens-plane is small but the photon trajectories
corresponding to the two images pass through a turbulent plasma
screen somewhere between the source and the observer, equation (48)
can be used for calculating the travel time difference along different
photon trajectories by substituting £ ~ 260gd; o X f;. The factor f; =
dpo/dLo when the plasma screen is between the lens and the observer,
and f; = dsp/ds;, when the plasma lies between the source and the
lens; where dpg (dsp) is the distance between observer (source) and
the plasma screen. The factor f; accounts for the fact that the distance
between the photon trajectories for the two images in the plasma
plane is smaller than ~2Rg = 20d| o by the factor fdfl.

The effect of plasma on micro-lensing in the FRB host galaxy is
similar to the effect we have discussed above.

3.3.1 IGM turbulence

The size of the largest eddy in the IGM, £,,«, is highly uncertain by
several orders of magnitude. It could be as large as 10** cm — the
scale for energy deposition into the IGM by AGN jets and outflows
from galaxy clusters — or as small as a 10?° cm. If the Mach number
of the IGM turbulence were to be &,, then £y, = 107463, otherwise
the heating of the IGM by dissipation of turbulent energy will raise
its temperature on a time-scale smaller than the Hubble time, which
is contradicted by observations; the IGM data show that the mean
temperature is ~10* K and is not increasing with decreasing redshift.

Therefore, taking €,,,x ~ 102 cm, L~ d\ o, ds, ~ 10?® cm, and DM
~ 103 pc cm~ for the IGM turbulence, we find from equation (51)
that the time delay between two images of an object due to IGM
turbulence is larger than the gravity+geometry effects for lens mass
<107*My. We note that according to our estimates, scattering of
radio waves by IGM turbulence is much weaker than expected for
FRB host galaxy and the Milky Way ISM, which is consistent with
Cordes, Ocker & Chatterjee (2022) & Ocker et al. (2022).

4 SYNERGISTIC EFFECTS OF PLASMA
SCINTILLATION AND GRAVITATIONAL
LENSING

So far we have focused on ways in which plasma scattering
suppresses the magnification, smears out light curves of the two
images, and changes time delays of gravitational lensing events.
These ultimately limit the range of parameter space in which FRB
lensing can be observed and used for cosmology. In this section,

This connection is found by relating the gravitational + geometric com-
ponents of At in equation (46) to the relative magnification of the two
images (equation 15). The result (when plasma scattering can be ignored)

is At = 2G M, <V771 + log y) /c3 where y is the ratio of magnifications of
the two images (see e.g. Yang et al. 2021).
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we show that plasma scattering combined with gravitational lensing
can also, under certain circumstances, lead to unique constraints on
cosmology or on the nature of the environment of the FRB source.

4.1 Using FRB lensing delays to constrain cosmology

Consider a situation in which 0, < 60g and f~
(2R/c)(0./OE)* < trrp < Aty + At,. As described in Section 3.1,
Section 3.3, in this situation the FRB light curve will appear as
consisting of two distinct and similarly shaped components due to the
lensing as the time delay between the images is long compared to the
intrinsic FRB duration which in turn is longer than the scintillation
broadening time-scale (we have assumed 6 ~ 0y in the expression
above for clarity and since this is the most relevant case of interest).
The plasma broadening for each component of the light curve
corresponding to an image may still be detectable. Furthermore, the
temporal broadening of each component will be slightly different
due to the different columns of turbulent eddies along the photon
trajectories for the two images and the slightly different DMs along
the two paths. Indeed, estimating the DM separately for the two
components of the FRB light curve will provide us with an estimate
of ADM(¢) along the two photon trajectories that are separated by
a distance £. The physical separation between the two paths, in the
lens plane, is typically of order ~Rg. As an example, for a 10"
Mg lens at a cosmological distance, we can measure ADM on a
scale of 5 kpc. This corresponds to a tiny angular separation, A8
~ 107 rad. So, lensing could be used to probe density fluctuations
on this small length scale, which cannot be done by two unrelated
FRBs (because of their large typical angular separation) or any other
means currently available to us. Lensing, therefore, provides us with
a unique way to constrain the fluctuations of DMjgm, and explore
the patchy reionization at z > 6. Moreover, lensing of a repeating
FRB might be useful for probing the time dependence of density
fluctuation. It should be noted that the size of ionizing bubbles at the
end of the reionization epoch is much larger, ~10 Mpc (Wyithe &
Loeb 2004), so only minor fluctuations in DMy (z) are expected on
the angular scales that are probed by lensing. Still, given that at large
redshift, DM(z > 6) ~ 6000 pc cm~ Beniamini et al. (2021), even
very small fractional changes in DMjgy may still be detectable.

4.2 Induced circular polarization in the presence of
gravitational lensing

A radio burst passing through a plasma with inhomogeneous density
and magnetic field strength, can become partially circularly polarized
and possibly also depolarized when it reaches the observer (Beni-
amini et al. 2022). The circular polarization stems from the fact that
rays reaching the observer at a given time, have propagated through
different segments of the plasma and by doing so have accumulated
different phases and different degrees of Faraday rotation (see Fig.

4). For a plasma screen, this effect is important when £, < Ry, where
£, is the separation (along the plane of the plasma screen) over which
the difference in rotation between two waves going through the screen
is of order unity and Ry is the scattering radius, which is the visible
size of the screen.

Gravitational micro-lensing can enhance the effect of an inhomo-
geneous plasma screen if the projection of the Einstein radius on
the plasma screen is, Rgf; > Ry (Where we have assumed here that
the distance between the images in the lens plane is ~Rg for the
case in which lensing causes significant magnification). In this case,
assuming Kolmogorov turbulence, the condition for induced circular
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polarization by multipath propagation becomes

Rg
— >1
Ja Z, >
IIO'deMg/S(M/IOOMQ)I/Zmin{dLO,ZS,dSL,ZS}I/Z 1 (52
12/52/5 1 3/5 > (52)
Yo max, 1820

where RM is measured in units of rad m~2. equation (52) shows
that if (for example) the plasma screen is in the vicinity of the
gravitational lens, then gravitational micro-lensing can enhance the
induced circular polarization. An additional requirement for this to
occur is that the lens should cause significant magnification of the
source, as described in Section 3.1 and Fig. 2 (such that there are
multiple images that contribute significantly to the measured flux).
The degree of induced circular polarization is of order unity in case
this inequality is satisfied, and of order the L.H.S. otherwise.
Having multiple paths due to gravitational (rather than plasma)
lensing means that it is not essential for the magnetic field in the
different paths to be originating from a single, strongly turbulent
plasma screen. Instead, different rays may be intersecting plasma
with different properties. In order for the degree of rotation to
significantly change between two such paths, we require that

Ax =0.07v,” (B, ADM + AB,GDM) > 1 (53)

At the same time, light from the two paths must interfere, meaning
that

Aty + Aty < terg ~ 1 ms — ADM < 0.23v5 (1 — At/ ms) (54)

It is possible to simultaneously satisfy both equations (53) and (54)
with astrophysically plausible parameters. For example, if the lens
is a stellar mass black hole binary losing mass through wind at the
Eddington rate, its wind may extend up to ~0.1 pc. A ray intersecting
this wind at ~10'® cm (slightly less than the typical Einstein radius
for such a black hole), would acquire an excess DM of order ADM
~ 1073 pc em™3 (for a 10 Mg, black hole). At the same distance,
the wind has a magnetic field strength of order B ~ 10 mGUl/z2
where o is the magnetization parameter. For these parameters we
have Ay ~ 1v9_2, demonstrating that the conditions (53) and (54)
are satisfied at v < 10° Hz and that this setup would result in strong
circular polarization.

5 CONCLUSIONS AND DISCUSSION

We have investigated in this work how gravitational lensing of point
radio sources, such as FRBs, by a point mass is affected by a plasma
screen between the source and the observer. The main results we
found are summarized and discussed below.

Much of the analysis in this work was presented for the case in
which the plasma screen is co-located with the gravitational lens.
However, gravitational lensing by stars is likely to preferentially
occur in old and massive elliptical galaxies. These galaxies have a
more tenuous ISM, which reduces the chance for the radio waves
encountering a plasma scattering screen within the same galaxies.
This motivates us to consider the extent to which plasma scattering
in the FRB host galaxy or the Milky Way can affect gravitational
lensing. When the plasma screen is at a general location relative to
the gravitational lens, and the scattering angle for photons through
the plasma is 0, the image magnification is capped at 6g/20, ,;
where 6., = Osca fadsi/dso, S, L, O, P stand for the source, lens,
observer, and plasma screen, dxy is the distance between X and Y and
fa=dpoldio (f; = dsp/ds;) when the plasma is between the observer
and the lens (source and lens). This effectively translates to a lower
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limit on the lens mass, My, , (equation 33) that can be probed with
FRB lensing. For masses below My, ,(f4max = 1), the presence of
gravitational lensing cannot be inferred from either the magnification
or by spotting a duplicate copy of the signal in the light curve
that is delayed w.r.t. the first component. In particular, we note that
Muin . o f; %, and that means that plasma effects on lensing magnifi-
cation and pulse broadening are strongly suppressed for gravitational
lenses at cosmological distances when plasma scattering takes place
far away from the lens either in the FRB host galaxy or in the
Milky Way.

As a specific example for the role of plasma suppressed gravi-
tational lensing, consider the case of FRB 20191221A. This bright
FRB is particularly remarkable due to its long duration (~3s), and
217 ms periodicity (Chime/Frb Collaboration Andersen 2022). One
possibility explored by the authors to explain the uniqueness of this
burst is that it could be an ordinary extragalactic pulsar that has
been micro-lensed by its binary companion and the flux amplified by
a factor of ~10'". Chime/Frb Collaboration (2022) pointed out the
highly unlikely geometry required for this tremendous magnification.
The problem is made much worse by non-zero scintillation in the
host galaxy, which limits the lens magnification (1) to ~10°. The
lensing model requires ds;. ~ 10pc, dio ~ 1 Gpc, and M, > 106M®.
The Einstein angle for these parameters is 6z ~ 10712 rad. If the
scattering angle for the plasma in the host galaxy were to be similar
to the Milky Way galaxy, i.e. Oy ~ 1072 rad or 6., ~ 1077
rad, then the maximum magnification is limited to 0 /26, ., ~ 10°
due to broadening of the angular size of the source. This is much
smaller than the required p& ~ 10'!. The required magnification can
be achieved provided that M, 27 - 10762, _, (see equation (26)),
which is unphysical even when we take into account the uncertainty
in the value of 6.

The lensing probability, (> 1), is modified by scintillating plasma
as discussed in Section 3.2. The probability is suppressed for high-
magnification events as waves scattered by the turbulent medium
between the source and the observer increase the angular size of the
source to ~ 6., and this reduces the magnification. A corollary of
this is that 7(> w) is no longer proportional to 1+~ for ;> 1, but
falls off more steeply.

Different dispersion measure (DM) along photon trajectories for
the two different images introduces an extra time delay between the
two images of a transient source. The distance between the photon
trajectories in the lens plane is of order the Einstein radius (Rg),
and the extra time delay (At,) is proportional to RZ/ ® due to waves
traveling through a turbulent medium with Kolmogorov spectrum
for density fluctuation. The effect is most severe for stellar and
sub-stellar mass lens when At, is comparable to the gravitational
time delay or the duration of FRBs. The implication of this plasma
introduced extra time delay between the two copies of an FRB is
that the observed delay is no longer a direct proxy for the lens
mass, and that the plasma delay must be corrected for determining
the cosmic abundance of stellar mass dark matter. At the same
time, the fact that |A#,] > 0, can under certain circumstances,
also be an advantage. When 6., < 0 & At, + At, > trrg, the
existence of lensing can be inferred from the light curve, while
the different DM along the different image trajectories allow us to
measure ADMjgy on tiny angular scales, < 10~° rad, which cannot
be explored by any other observational means. This technique might
also turn out to be useful in the study of patchy reionization history of
the universe.

Gravitational lensing can convert a linearly polarized source to
partial circular polarization when the time delay between the images
is less than the coherence time for the source. The reason for this is
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Figure 4. Schematic figure demonstrating how multi-path propagation
by gravitational micro-lensing leads to different parts of the FRB wave
accumulating different phases (¢;) and rotation (x;) of their electric wave
vector. In this setup, the resulting signal, which is a superposition of the
images, will generally be elliptically polarized, even if the magnetic field
changes on a spatial scale (£,) that is large compared to the visible size of
the plasma screen (Ryc) in the absence of the gravitational lens.

that photons traveling through a magnetized plasma suffer different
amounts of rotation of the electric vector (different rotation measures,
RM), and different phase shifts, along the two image paths, thereby
resulting in some degree of circular polarization.

There is a lens mass above which image magnification and time
delays are not affected much by the turbulent plasma between the
source and observer. This minimum lens mass is shown in Fig. 5
for a few different combinations of length scales associated with
the plasma screen and the distance of the plasma screen and the
lens from the source/observer. Lensing by <10 Mg objects may
be strongly suppressed by plasma scattering and the pulses of the
lensed images become temporally overlapping. That makes it hard
to spot gravitational lensing of FRBs without resorting to specialized
analysis that can accurately remove different scatter-broadening
of the two images in the light curve. An additional consideration
that the relative plasma delay for the two images should be short
compared with the geometrical 4 gravitational delay turns out to
be easier to satisfy, as it typically kicks in at lower lens mass than
quoted above. The third constraint is that the scatter broadening
time-scale, 7., should be short compared to fggp in order that the
two lensed images have a similar temporal profile so that observers
could identify the lensing event.'” This is satisfied when min (dst,
dy o) is smaller than a critical distance, dy. (when the plasma plane

10Tt might be possible to identify an FRB lensing event even when the temporal
profiles of the images look very different due to scattering by turbulent plasma
along the different photon trajectories of the images by e.g. a cross-correlation
analysis that deconvolves the different scatter broadening for different images.
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Figure 5. Minimum lens masses that can be probed with FRB lensing. A detectable time delay between the separate images of a lensed FRB and a
magnification above unity, can only be seen above the diagonal solid line. Larger magnifications require greater lens mass to overcome the blurring effect of
turbulence (Mpin, . p,tzmx, see equation 33). Myin, ;. (max = 10) is shown by a dashed line. A vertical line denotes the value for min (dsL, dL.o) above which
the lensed images become scatter broadened. The temporal delay between images of a lensed FRB is dominated by the geometrical + gravitational delay (Aty),
rather than the plasma delay, above the dotted-dashed line. At, is larger than the intrinsic FRB duration (frrp) above the dotted line. These plots demonstrate
that the limiting criteria for detection of FRB lensing are typically given by My, ;.. Results are plotted as a function of dyin = min (dLo, dsi.) and assuming that
the plasma screen is in the vicinity of the gravitational lens. Other parameters assumed for plotting these figures are: dso = 2 x 10*%¢cm, DM = 102 pc cm 3,
Mmax = 1, v = 1GHz, tprp = 1ms. Different panels represent different values of L, L/{yax (corresponding to different values of 64 listed in each panel title);

where L is the thickness of the plasma screen and €,y is the size of largest eddies in the turbulent medium.

is separated from the lens plane, the condition becomes min (dsp,
dpo) < ds); where dy. is given by equations (28) and (34). The
plasma scattering reduces rapidly with frequency (see equations 33
and 51). As a result, lensing of FRBs is easier to observe at higher
frequencies.

The effect of scintillation on gravitational lensing was considered
also by Katz et al. (2020). They focused on a particular lensing
scenario where the light curves of the images overlap and produce
interference fringes. Much of their work was devoted to the analysis
of the effect of this interference on the observed spectrum. By
contrast, the present work describes how scintillation affects the
magnification, lensing probability, image light curves and their time
delays. Katz et al. (2020) analysis is for the regime where Aty lis
larger than the spectral resolution of the detector, but smaller than
the coherence bandwidth of the source, and that translates to lens
masses in the range 107 My < M; < 10~' M, as per these authors.
The ‘Time domain’ lensing effects discussed in this paper should be
applicable to a larger range of lens mass and wider parameter space
of scintillating plasma screen. Furthermore, the condition Az, > At,
is expected to apply for 107 Mg < M; < 107! M, (see Fig. 5), and
that means that even for the parameter space explored by Katz et al.

(2020), the determination of lens mass from the lensing time delay
signal is affected by the physical effects described in this work.
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