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Results are presented for a Floquet Ising chain with duality twisted boundary conditions, taking into account
the role of weak integrability breaking in the form of four-fermion interactions. In the integrable case, a single
isolated Majorana zero mode exists which is a symmetry in the sense that it commutes both with the Floquet
unitary and the Z, symmetry of the Floquet unitary. When integrability is weakly broken, both in a manner so
as to preserve or break the Z, symmetry, the Majorana zero mode is still found to be conserved for small system
sizes. This is reflected in the dynamics of an infinite-temperature autocorrelation function which, after an initial
transient that is controlled by the strength of the integrability breaking term, approaches a plateau that does
not decay with time. The height of the plateau agrees with a numerically constructed conserved quantity and is
found to decrease with increasing system sizes. It is argued that the existence of the plateau and its vanishing
for larger system sizes is closely related to a localization-delocalization transition in Fock space triggered by the

integrability-breaking interactions.
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I. INTRODUCTION

The transverse-field Ising model is one of the most basic
models for understanding fundamental concepts in condensed
matter physics such as phase transitions, topological order,
non-Abelian excitations, and duality. The famous Kramers-
Wannier duality transformation [1] maps the Ising model to its
dual, where the dual is also an Ising model but with the cou-
plings, corresponding to the Ising exchange interactions and
the transverse fields, interchanged. At the level of wave func-
tions, the duality transformation maps the doubly degenerate
ferromagnetic ground state to the nondegenerate paramag-
netic ground state. Since this is a two-to-one mapping, the
duality transformation, when represented as an operator, is a
noninvertible operator [2,3].

The duality transformation can be implemented through a
duality defect, which has some remarkable topological prop-
erties, namely, that it locally commutes with the transfer
matrix of the corresponding two-dimensional classical model
or the generator of time evolution in the quantum (1+1)-
dimensional (D) model [2-4]. In fact, the transverse-field
Ising model hosts two topological defects, i.e., one is related
to the Z, or spin-flip symmetry (Dy,) and the other performs
the duality transformation (D, ). These topological defects
obey the Ising anyon fusion rules D2 =Z + Dy, Dy D, =
D, Dy = D,, Dj, =1, with T representing the identity op-
erator. These topological defects, while traditionally studied
in the context of ground-state properties and/or in the context
of conformal field theories [5-9], can in fact be constructed
on the lattice [2,3]. Moreover, this construction can also
be generalized to the Floquet version of the Ising model
[10]. It has also been shown how to implement the dual-
ity transformation using gates and measurements [11,12],
where, depending on the measurement outcome, four different
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kinds of Kramers-Wannier duality transformations may be
identified [12].

Topological defects can also generate nontrivial boundary
conditions in the system [2,7,13—18]. Consider a (141)-D
system placed on a spatially circular chain; a timelike spin-
flip defect corresponds to imposing antiperiodic boundary
conditions along the circular chain. Similarly, a timelike du-
ality defect corresponds to imposing duality twisted boundary
conditions. Recently, the integrable Floquet Ising model with
duality twisted boundary conditions was studied [10]. It was
shown that the duality twist allows the chain to host a single
isolated Majorana zero mode (rather than a pair of Majo-
rana zero modes), despite the Floquet driving. This mode
was detected in two ways. The first was by the full analytic
construction of the Majorana operator, and the second was by
numerically studying the autocorrelation function of a local
operator that has an overlap with the Majorana mode. It is
noteworthy that the Majorana zero mode that exists in the
presence of a duality twist does not lead to any degeneracy or
pairing of the eigenspectra of the Floquet unitary, in contrast
to Majorana modes (also known as strong modes) that appear
with open boundary conditions [19-21]. In this paper, we
discuss the effects of weak integrability breaking terms on the
duality twisted Floquet Ising chain.

The paper is organized as follows. In Sec. II, we review
some of the properties of the integrable Floquet Ising model
with a duality twist. We also present results such as the effect
of translating the duality twist along the integrable Floquet
chain, and we highlight some subtleties of the dynamics of
the Majorana operators. In Sec. III, we present results for
the nonintegrable Floquet Ising model, showing how the
Majorana mode is still remarkably stable for finite system
sizes. In Sec. IV, we present a phenomenological argument
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for the stability of the Majorana zero mode. We present our
conclusions in Sec. V.

II. INTEGRABLE FLOQUET ISING MODEL
WITH A DUALITY TWIST

Let us consider a chain with 2L sites labeled by
0,1,2...2L — 1. The spins reside on the odd sites
1,3,...2L — 1, while the even sites are empty (and can be
considered to be dual sites) [2,10]. We impose periodic bound-
ary conditions where site n is the same as site 2L 4+ n. We
denote X;,Y;, Z; as the Pauli operators on site j. The usual
defectless and integrable Floquet Ising unitary, allowing for
spatially inhomogeneous couplings, is

L—-1 L—1
[[Ws o || [[Wwp|. @
j=0 j=0
where
W2)§'+1(”2j+1) = e MKy (2a)
WP (uyj) = e i1 22im, (2b)

Above, W2’§ +1(u2j41) represents the single-site unitary gate
that corresponds to applying a transverse field of strength
upj+1 along X on the spin at site 2j + 1. szz(uzj) is the
two-site unitary gate that corresponds to a ZZ-type Ising inter-
action of strength u; between spins at sites 2j — 1 and 2j+1.
The above unitary has a discrete Z, symmetry generated by

Dy =X1X3...Xo11, 3)

which describes the simultaneous flip of all spins. While
for the defectless case presented above, ueye, corresponds to
Ising interactions while uegq corresponds to the strength of
the transverse field, we will show later that a duality defect
will interchange the role of the two couplings.

The duality twisted boundary conditions on the 2L — 2
link, i.e., the link between sites 2L — 3, 2L — 1, corresponds
to [2,10] removing the transverse field at site 2L — 1, and
changing the Ising coupling between sites 2L — 3 and 2L — 1
from Zp; 3725, to a mixed Ising coupling, Z;3X5; 1. This
is shown in the top left panel of Fig. 1 for L = 6. Thus, the
Floquet unitary with a duality twist between sites 2L — 3 and
2L —1is

L2
Tooror = | [TWsSi1 i) [ttt

< | [Twi7 ) |- “4)

In particular, u,; —» controls the strength of the exchange inter-
action, albeit of the mixed coupling type ZX . Moreover, uy;
is missing due to the absence of the transverse field on site
2L — 1. The symmetry operator in the presence of the duality

twist is no longer Dy, but 2, where
Q =iz 1Dy = —(X1... X0 3)Y2r 1. ©)

We will show later that unitary transformations that shift
the location of the duality defect will locally (along the
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FIG. 1. Duality twist and its translation for L = 6. Top left:
Initial configuration where a duality twist (double red line) ex-
ists between sites 9 and 11, where the mixed coupling term is
u10ZoX11. All the odd couplings (black) correspond to transverse
fields (u2j+1X>j41, j 7# 5), while all the even couplings (red) are Ising
exchange interactions (u2;Z;;_1Z>j+1, j 7 5). A Majorana zero mode
is localized around site 11. Top right: The twist has been moved to
the neighboring link, i.e., between sites 7 and 9. In this process, a do-
main wall is introduced at site 11 where ug, 1419 exchange roles. The
Majorana continues to reside around site 11. Other panels: Further
translations of the duality twist do not move the Majorana zero mode.
Meanwhile, the Kramers-Wannier transformation is applied to the
region between the duality twist and the domain wall, interchanging
the roles of ueye, and uoaq.

trajectory of the shifted defect) interchange the role of the
couplings Ueven (Uodq) from an Ising (transverse-field) coupling
to a transverse-field (Ising) coupling.

The duality twisted boundary condition is a highly non-
local perturbation in the language of Majorana fermions. In
order to show this, we rewrite the Floquet unitary in terms of
the Majorana fermions,

j—1
V2j = < 1_[ X2k+1>Z2j+1’ ]:0, ...,L—2, (63)

k=—1

V2j+1 =

j—1
—( I1 XZkH)Yz,-H, j=0.....L =2 (6b)

k=—1

V-2 =2Dop—1, Yor-1=—Yo_1. (6¢)
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The Majorana fermions are constructed using Pauli strings
that start from site 2L — 1 which hosts the mixed coupling
term. Thus, only the Majorana fermions at site 2L — 1 are de-
fined without a Pauli string. The Majorana fermions satisfy the
usual anticommutation relations {y»;, v} = {V2j+1, Vok+1} =
28k and {y»}, Yor+1} = 0. With these definitions, all the Ma-
jorana fermions can be shown to commute with the symmetry
operator (5) except for y»;_» which anticommutes with it,

Qysr2 = —yo12%, (7a)
Qyzjzyzjgz,jzo,...,L—Z, (7b)
Q)/zj+1 =)/2j+19, j=0,...,L—1. (7C)

From (6), it follows that

vo = [Xor11Z1, y1 = —[Xor 1111,
2 = [Xor1X11Z3, v3 = —[Xor 1 X11Y3,
va = [Xop 1 X1X31Zs, ys = —[Xor 1 X1X3]Y5,

Var—4 = [Xop 1 X1 X3 ... Xo1 51751 3,
Vor—3 = —[Xo1 1 X1X3 ... Xp1 _5]¥21 3. (8)

Substituting the above in (5), one obtains Q =
[(=Dyoy1(=Dyay3 ... (=D)¥ar—aYor—3]y2L—1. Thus, Q cont-
ains an odd number of Majorana fermions, i.e., it contains all
the Majoranas except y»;—». The Floquet unitary (4) can now
be written as

L-2
T(r’zL_l —=e 2220 M2 V2 Vaji efuzL—zQ}/zL-z VaL—1

Y2 iy .
X e j=0 2./)’2./—17/2/’ (9)

where the Majorana fermion y,;_, is noticeably absent in the
Floquet unitary. Despite this, y»;—» does not commute with
the Floquet unitary because of the presence of the symmetry
operator €2 attached to the mixed coupling term, and because
2 anticommutes with y»;_». Since all the remaining Majo-
ranas commute with €2, we can study the dynamics in a given
eigensector of €2, and, in this case, T, 5. is entirely bilinear
in Majorana fermions, and hence integrable.

In addition, the Floquet unitary has to have a determinant
of 1, and given that the Floquet unitary contains an odd
number of fermions, this implies it has to have a single unity
eigenvalue, namely, a single Majorana zero mode. This mode
commutes with the time evolution operator, while its “partner”
y21—> (the other Majorana operator which does not explicitly
appear in T, ;1) does not. Depending on the coupling pa-
rameters, this Majorana zero mode could be delocalized, for
example, at the self-dual point where u;;;; = u;; = constant,
or localized. It was shown that for uniform couplings us ;1 =
gl /2, uy; = JT /2, the Majorana zero mode is localized at the
duality twist, with a localization length of [10]

N tan[max(g, J)] !
: <ln{tan[min(g,1)] }> ‘ (10

For the sake of clarity, let us construct the Majorana zero
mode for two limiting cases. The first case is when u,; = 0.
In this case, the system only has transverse fields, and there
are many conserved quantities corresponding to all the X5, 1,

as well as Y5, _; and Z,;_; due to the absent transverse field
at site 2L — 1. In this case, the spectrum of the many-particle
Floquet operator has degeneracies because we have the fol-
lowing operator algebra: [T; 211, 2] =0, [T;.20-1, Z21—1] =
0 and {€2, Z5; 1} = 0. Thus the operator Z,;_, when acting
on the 2 = 1 eigenstate with a given quasienergy, changes it
to the Q2 = —1 eigenstate with the same quasienergy. When
an infinitesimal Ising interaction is switched on, only one
zero mode survives, which has the largest overlap with Y>;
(i.e., ¥>r_1). This zero mode commutes rather than anticom-
mutes with © and therefore does not imply a degeneracy of
the Floquet spectrum. In general, in contrast to open bound-
ary conditions [19-21], the degeneracy of the many-particle
Floquet spectrum with a duality twist does not survive for
generic couplings [10]. However, in the high-frequency limit,
a Kramers’ degeneracy does emerge [2].

The second limiting case is when all the transverse fields
are zero upj4; = 0, while all the exchange interactions are
uniform and equal, u;; = u. For this case, the Majorana zero
mode is [10]

1
W= mmyﬂ% +tanu yar—1 + ol

1
= ————[Z; 372y 1 —tanu¥y 1 + Xo1 1Z4].

V1 4sec?u

(1)
Deviations from this fine-tuned point do not change the fact
that the single site operator Y1 = —y».—1 has an overlap

with the Majorana zero mode. In later sections, we will use
the autocorrelation function of Y»; | to numerically detect the
Majorana zero mode.

A. Spatial translation of the duality twist

We now show that a unitary transformation can move the
duality defect (or twist) from one link to another, and in doing
s0, the role of ueyen and uyqq is interchanged, introducing a
“domain wall” in the space of coupling parameters.

In what follows, starting with a duality twist located in be-
tween the sites 2L — 3, 2L — 1 [corresponding to the unitary
(4)], we will perform a unitary transformation which moves
the duality twist to the link between sites 2L — 5, 2L — 3.
In particular, before the action of the unitary transformation,
there was no magnetic field at site 2L — 1 and there were
exchange terms of the kind Z,;_3X>;—1, Z21.—5Z>1—3. The uni-
tary transformation will remove the magnetic field on site
2L — 3, while reintroducing a magnetic field on site 2L — 1. In
addition, the unitary transformation will change the exchange
terms to Zp;5Xor—3 and Zp;_3Zp;—1. The couplings on all
other sites will remain unchanged.

In order to achieve this, let us define the controlled-Z (CZ)
gate,

CZi,=10)(0; ® 1, + |1)({1|, @ Z,. (12)
We will now show that the unitary transformation [2],
Up, .21 = CZo 301 1Hop 3, (13)

will implement the required transformation where H; =
X;+Z)/ /2 is the Hadamard gate on site j.
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First note that the action of the CZ gate on the unitary in
4) is

CZ;L73,2L71 [7520-11CZop 3211

L-3
= H W2)§+1 (u241)
=0
L-2
x @ War-3Xo1-3201-1 p=itnp—2Xor -1 l_[ WZZjZ (u2j) . (14
j=0

In particular, the transformations X3 — Xo;-37Z>;—1 and
Z>1-3Xo1—1 — Xop—1 have been implemented. At the next
step, the Hadamard gate transforms Xp; 3(Zp-3) to
Z>1-3(Xp1—3), giving the transformed unitary

/ il
Ta,zlfl = UDU,2L—1 T520.-1Up, 201

L-3
X
=1 [ [ W5 o)
j=0

—iuyr 320132011 ,—izr—4Zn1—5X21—3 ,—iUap2Xo1
X e HaL-342L-340L-1 o oL -4201 58013 o 2L -2 4211

L-3

< [ [Tws ) | ¢- (15)

j=0

This realizes what we set out to do. In particular, after the uni-
tary transformation, there is no magnetic field on site 2L — 3,
a magnetic field on all other sites, and a Z;_5Xp;,—3 twist.
Note that the translation of the twist has locally interchanged
an Ising coupling with a transverse-field coupling. This is re-
flected in up;_» now representing a transverse-field coupling,
while uy;_3 becomes an Ising coupling. Now let us explore
what happens to the symmetry €2 in (5). It is straightforward
to see that

U, 21-1QUp, 211 = iZa1 3Dy (16)

To move the twist further to the link between sites
2L —7,2L — 5, we need to apply

Up, 21-3 = CZo 521 -3Hy 5. (17)

The above CZ gate will convert Z;_s5Xp;,—3 — Xop—3 and
Xor—s5 — Xp1—s5Zp1—3. After application of the Hadamard gate
on site 2L — 5, one obtains the new unitary

L—4
" g7t ’ — X .
Ta,2L—l = UDO,ZL—3TU,2L—1UD(7,2L—3 = l_[ W21+1(”21+1)
J=0
X 67[MZL—3ZZL—SZZL—I E*mzuszzuszzl_fz

—iurr—6Zo1—1Xo1—5 ,—iuar—2Xor—1 ,—itar—aXor—
X e 2L62L72L5€ -L-2Lle 2L—4A2L-3

L4
< [ [Tw @) | ¢- (18)

j=0
We now see that the ueven and uyqq have exchanged roles for

two additional spins located on sites 2L — 5, 2L — 3. More-
over, there is no transverse field on site 2L — 5.

Quite generally, the unitary transformation
Up, 2j+1:=CZyj 12j41H2j 1 (19)

moves the duality link from between sites 2j — 1,2j + 1 to
between sites 2j — 3,2 — 1. After this transition, what was
originally a transverse-field coupling, u,;_; becomes the Ising
coupling between sites 2j — 1 and 2j + 1, while the original
mixed coupling term u,; becomes the transverse-field cou-
pling for the spin at site 2j + 1. Denoting the term “domain
wall” for the point where the Ising and transverse fields ex-
change roles, the very first translation introduces a domain
wall and each subsequent translation increases the size of one
“phase” relative to the other. This is highlighted pictorially in
Fig. 1.

It should be noted that unitary transformations that move
the duality twist have been constructed for the quantum
Hamiltonian at the critical point [22], as well as for the classi-
cal 2D Ising system at and away from the critical point [2]. In
this section, we have extended previous work by generalizing
the unitary transformation to Floquet systems.

As we apply the unitary transformation to move the duality
twist, the Majorana zero mode remains localized at the do-
main wall. To show this, we take as an example the exactly
solvable case where all the transverse fields are zero and all
the exchange interactions are equal. The zero mode is given
in (11). After we move the duality twist from between sites
2L — 3 and 2L — 1 to between sites 2k — 3 and 2k — 1, the
zero mode (expressed in spin degrees of freedom) gets trans-
formed as

r T T
V' =Up si1---Up 2 1WUp, 21 .. Up, 2kt

-1
1 [
=——7——| —tanu l_[ X2_j—1Y2L—1
V1 +secu ik

L1 L
+1_[X2j—IZZL—1 +l—[X2j—lZli|- (20)

>k =k

In particular, the zero mode consists of string operators span-
ning between the duality twist and the domain wall at site
2L — 1. Our convention for the Jordan-Wigner transformation
is such that Majorana fermions correspond to string opera-
tors attached to the duality twist. In terms of these Majorana
fermions, the zero mode becomes

= 1)

1

m[h’m +tanuy, _y + ygl.
where we denote the Majorana fermions as y’ to distinguish
from the case where the duality twist is fixed to be between
sites 2L — 3 and 2L — 1. The Majorana zero mode is indeed
localized around the domain wall at site 2L — 1 and it remains
there when one moves the location of the duality twist using
the procedure described in Fig. 1.

For a different Floquet unitary from the one above, it was
shown that when a domain wall exists, the Majorana mode is
located at the domain wall [10]. In the ground state of a chain
described by a time-independent Hamiltonian (equivalent to
the high-frequency limit of the Floquet chain), a domain wall
configuration of coupling constants would separate a param-
agnetic phase from a ferromagnetic phase, with the Majorana
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zero mode residing at the boundary of the two phases, i.e., at
the domain wall [2]. In particular, the duality twist allows one
to introduce an odd number of domain walls, unlike periodic
boundary conditions which always require an even number of
domain walls. In the Floquet context, while there is no phase,
a Majorana mode nevertheless exists, localized at the domain
wall across which ueyen, Uodq interchange roles.

B. Dynamics of y,;_»

The peculiarity of the duality twisted Floquet unitary in
(9) is that while there are 2L Majorana fermions, only an odd
number (2L — 1) of them appear explicitly, with the Majorana
operator y,;_ absent from 7 57 ;. In addition, since all the
Majorana fermions except y»;—» commute with the symmetry
2, they transform in a standard manner in that they evolve
into linear superpositions of single Majorana fermions. Denot-
ing ¥ = [y, Y1, Y25 - - - » Y2L—3, V2r—1] @s a 2L — 1 component
vector, this vector evolves as

TUT,ZL—I?TG,ZLfl = May, (22)

where Mg is a (2L — 1) x (2L — 1) orthogonal matrix which
depends on 2. Thus, as long as one is interested in dynamics
involving the above 2L — 1 Majorana fermions, the dynamics
is integrable in that it scales linearly with system size L.

In contrast, the Majorana fermion y»;_,, due to its anti-
commutation with €2, has a rather complicated time evolution
given by [10]

T;,QL_I Var—2Ts5 201
= c0s 2uxr 2Ya1—2
+ §28in 2uyp, 5 €08 2up VoL -2 V213211
— 2sin 2up; o Sin 2ug Y21 —2V21-3Y0- (23)

Let us use the notation
(7, 5 VO[T 211" = yilm), (24)
and define the operator
O =[cos2uy;—» — 28in2upp—» COS 2UpYar—3 V211
+ €2 sin 2up; sin 2ugy2r-3 %01, (25)

then,

T 0 1 72—2(0)T, 01 = y21-2(0)0(0). (26)
Thus, after two Floquet cycles,

(T 5 D Vora2(Ty 1) = y2—2(0)0(0)0(1), (27
while after n Floquet periods,

(TgT,szl Y'Vor—2 (T p1-1)"

= y2.2(0)0(0)0(1)0(2)...0(n —1).  (28)

Thus, under Floquet time evolution, the j,;,_, operator
evolves into longer and longer strings of Majorana fermions.
The dynamics is therefore nontrivial if it involves y,;_». We
may employ exact diagonalization (ED) to study how this
Majorana evolves, and we will demonstrate its explicit time
evolution in the subsequent sections. However, it is interesting
to note that one gets a type of x-ray edge problem when

calculating the time evolution of y,;_» because y,;_» takes
Q2 — —Q. In particular, we have

T

(TgyzL_ 1 )n V2L—2(Tzr,2L—1 )n
= yoralT) 5 (D" [T (1. (29)

In the above equation, the notation T, 57— (£S2) keeps track
of which €2 sector the unitary corresponds to.

III. NONINTEGRABLE DUALITY TWISTED UNITARY

In the remaining sections, we will study the system by
performing ED on chains of length L = 4,6, 8, 10, 12, 14.
Since the sites are labeled as 0, 1, 2, ... 2L — 1 with the spins
on the odd sites, the number of spins equals L. In addition, we
will place the duality twist at the center of the chain, i.e., at
r =L — 1 € odd. Thus there is no transverse field on the spin
at site r, and the exchange couplings between sites r — 2, r
are of the mixed coupling type Z,_,X,. To keep the discussion
simple, there will be no domain walls in the coupling config-
uration space. The Jordan-Wigner transformation starts from
site r so that

Yr—1 = Z,, Vr = =Y. (30)

Thus, it is now Y, that has an overlap with the zero mode, and
it is Z, that equals the Majorana fermion that does not explic-
itly enter the Floquet unitary. As before, periodic boundary
conditions where Oy, = Oy are implied.

We choose all the nonzero transverse-field couplings to
be uniform and equal to g7 /2, and the ZZ and ZX Ising
couplings are also chosen to be uniform and equal to JT /2.
The discrete Z, symmetry operator with the above labeling of
sites is

Q= —X1X3 .. .Xr_QY,-Xr+2 X0 . (31)

We also break integrability by introducing a nearest-
neighbor exchange interaction of the type X5;_1Xoj41,j €
integer, which after a Jordan-Wigner transformation corre-
sponds to four-fermion interactions. We consider two kinds
of unitaries. One is T s, where the unitary still commutes
with Q. We achieve this by introducing XX interactions on
all odd nearest-neighbor sites except between sites r — 2, r
and r, r + 2. The second unitary we consider is 7, 4, where
the XX type of exchange interaction exists between all odd
nearest-neighbor sites, and therefore €2 is no longer a symme-
try. Concretely, the unitary that preserves the Z, symmetry is

Tss = e i T/2) Yty - X1 Xaji
s 16T/ Xz o Xoji
e~ UT/DZeaX; p=ilT/2) Yjsytyya, o LimZin - (32)
while the one with no Z, symmetry is
TG,A — e*i(JxT/2) ZJL-=1X2171X21‘+1
x =16/ Xz o1 Xt
x e T /DZ2Xe =iUT /D) iy ZimZaist | (33)

Above, site 2L + 1 is identified with site 1 and so an
exchange term of the kind Z,; 1 Z;; 4 is the same as Zp; 1 Z;,
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and the exchange term X,;_1Xo;1; is the same as Xp;—1Xj.
J. parametrizes the strength of the integrability breaking
interactions.

Let us define an infinite-temperature autocorrelation func-
tion of the Pauli spins Y, Z, at site r at stroboscopic time n
as

AL (n) = ZiLTr[Yrm)Yr(on, (34)
AZ(n) = ZiLTr[Zr(mzr(on. (35)

It is ¥, that has an overlap with the Majorana zero mode in the
integrable limit of J, = 0, and therefore stability of the zero
mode will be explored by the study of AY . In addition, the
left-out Majorana in the integrable limit is identical to Z,, and
therefore its unusual dynamics, even in the integrable case,
will be explored through the study of AZ:.

We also find it helpful to construct a numerical conserved
quantity with an overlap with Y,

Q=) (BIVIBIBNAI (36)
B

where |B) denote the exact eigenstates of 7, /4. Then, we
expect that if such a conserved quantity exists, the plateau
height of the autocorrelation function of Y, will be given by

1
P=1(Q% =57 D UBIIAI, (37)
B

with P = lim,, o A¥ (n). We will plot the corresponding P
along with the autocorrelation function.

For the rest of the paper, we take JT/2=1.0,T =2.0
while considering different g and J,. To orient oneself, let us
first consider the integrable case of J, = 0. Figure 2 shows
AY for chains of different lengths and g7'/2 = 0.3. The plot
shows that this autocorrelation function does not decay with
time. The horizontal gray line is the value of P in (37). Unlike
the J, # 0 cases discussed later, P is not L dependent for the
integrable case of J, = 0. Figure 3 shows AZ for the same
parameters and shows that this decays within time of O(1).
This rapid decay can be interpreted as rapid decoherence due
to x-ray edge-type processes [see (29)] or, equivalently, due to
the nonlocal string correlation described by (28), building up
over time.

We now break integrability by including four-fermion in-
teractions. Our goal is to explore the fate of the Majorana zero
mode. Figure 4 presents results for JT/2 =1.0,T =2.0,g=
0.3, J, = 0.1 for the Z, symmetry-breaking case and for dif-
ferent system sizes. After an initial transient, Agg settles into
a plateau. The height of the plateau decreases as L increases,
and agrees very well with the quantity P as defined in (37),
which is related to the conserved quantity Q. While plateau
heights in Fig. 4 depend on L, the n dependence of the correla-
tion function before the plateau is reached does not depend on
L. It fits an exponential very well for the chosen parameters.
This exponential can be used to extract a decay rate.

The decay rates for several different J, and for
JT/2=1.0,T =2.0,g=0.3 are plotted in Fig. 5. The de-
cay rates indicate a J> dependence, a result also expected

0.8
"R |
0.6 1 h
© |
=8
< 0.4 4
| |

O.2-l

—a— [ =10
—— [ =12
00 +—*— L=14

10! 10? 10°
n

FIG. 2. Autocorrelation function (34) where Y, has an overlap
with the Majorana zero mode, and for the integrable case J, = 0. The
other parameters are g7'/2 = 0.3, JT /2 = 1.0. Gray lines are the nu-
merically constructed plateau heights P (37) related to the conserved
quantity Q (36). When J, = 0, P shows little dependence on L.

g ¥ —— [ =10
04 - —— [ =12
—— [ =14
0.2 -
=
N3 i
¥ 00
| |
—0.2 1
0]l
10! 102 10°
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FIG. 3. Autocorrelation function (35) where Z, = y,;_,. This is
the Majorana operator that is left out of the integrable Floquet unitary
with J, = 0. The other parameters are g7 /2 = 0.3, JT/2 = 1.0.
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10! 10? 10°
n

FIG. 4. The autocorrelation function (34) for the nonintegrable
case where ¢7/2=0.3,JT/2=1.0,T =2.0,J, =0.1, and there
is no Z, symmetry. Plateaus agree well with the gray lines which
are the numerically constructed plateau heights P, related to the
conserved quantity Q. The red line is a fit to an exponential decay
~ exp(—decay rate n).
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FIG. 5. Decay rates for different J, for JT7/2=1.0,
T=2.0,g7T/2=0.3, and no Z, symmetry. Decay rates are obtained
from fitting the approach to the plateau to an exponential. The decay
rates approximately grow with J? for the chosen parameters.
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FIG. 6. Autocorrelation function for JT/2=1.0,

T=20,8T/2=0.1, J,=0.05 and no Z, symmetry. Plateaus
agree well with the gray lines which are the numerically constructed
plateau heights P, related to the conserved quantity Q. Smaller
transverse fields g and interactions J, require a larger system size
L for seeing a significant drop in the plateau height (compare with
Fig. 4).

from applying Fermi’s Golden Rule for the above values of
gT/2,JT /2 [23].

Quite generally, if we make the integrability breaking term
smaller and/or the Majorana mode too localized [for example,
by reducing the ratio of min(g, J)/max(g, J)], the system sizes
needed to observe a significant decrease in the plateau heights
become too large. This is demonstrated in Figs. 6 and 7,
which are both for ¢7/2=0.1,JT/2=1.0,T =2.0,J, =
0.05, but with the former figure for the case with no Z,
symmetry, while the latter for the case with Z, symme-
try. We observe the same qualitative behavior for the two
cases.

It is interesting to note that for the integrable case (Fig. 2),
although the plateaus are L independent, the autocorrela-
tion function fluctuates about the plateau considerably. This
is because when the system is integrable, Y>;,_; has over-
lap not just with the Majorana zero mode, but also with
other conserved quantities, such as delocalized quasiparti-
cles. The latter oscillates, causing an oscillatory behavior of
the plateau controlled by the single-particle level spacing,
proportional to 1/L. When interactions are included, these
delocalized quasiparticles are not conserved, causing the os-
cillations to dampen rapidly, leaving only the effect of a single
conserved quantity Q and tiny oscillations arising from the ex-
ponentially small many-particle level spacing. This is the
reason why the oscillations about the plateau value are absent
in Fig. 4.
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FIG. 7. Autocorrelation function for g7 /2=0.1, JT/2=1.0,
T =2.0, J, = 0.05 and with Z, symmetry. Plateaus agree well with
the gray lines which are the numerically constructed plateau heights
P, related to the conserved quantity Q. No qualitative difference is
observed between the cases with and without Z, symmetry, where P
is slightly larger for the former case in comparison to the latter case
(Fig. 6), for the same parameters.

IV. PLATEAU HEIGHT AND FOCK-SPACE
DELOCALIZATION

Figure 8 plots the plateau heights P as a function of system
size L for the case of no Z, symmetry, for several different
g Ji, withJT /2 = 1.0, T = 2.0. The plateau height is a finite
system size effect because as L — oo, P — 0. A generic
nonintegrable interacting many-particle system at finite or, as
in our case, infinite temperature is ergodic and equilibrates if
it is sufficiently large [24—32]. The nature of the eigenstates of
the time-evolution operator changes dramatically as a function
of J,. For J, = 0, eigenstates are simple many-particle Fock
states |2, /1), parameterized by 2 = 41 and the occupation
numbers n;, i = 1,...,L — 1 of the fermionic modes of the
system. Using this notation, one can identify the Majorana
zero mode W with the parity of the bulk states, V|2, i) =
(—1)Zi" |, 7). Interactions can be viewed as inducing a hop-
ping process from one Fock state to a neighboring one with
a different energy and thus equilibration by interactions can
be viewed as a delocalization process in Fock space, as has
been shown in the seminal work of Altshuler et al. [33] on
interacting chaotic quantum dots.

When wave functions are localized in Fock space, the
Majorana zero mode will not decay and the plateau value
of the Y, autocorrelation function, given by Eq. (37), is a
number of the order of 1. In contrast, in the fully Fock-
space delocalized phase, a typical eigenstate will have the

0.5 1

044 /

=3
w
1

Plateaus

=]
[N}
1

0.1 -~

0.0

0.10 0.15 0.20 0.25
1/L

FIG. 8. Plateau heights P (37) vs 1/L for different J, for the case
where there is no Z, symmetry and J7/2=1.0,T =2.0,gT/2 =
0.3.

form |Wy,) = ) o aalQ, i) with |ags| ~ 1/+/2F, and the
plateau value will be roughly

2
Prock-delocalized ™~ |<\ytyp|Yr|wtyp>|
2

Y dosaca{Q. AlYQ. i)

Q,i,m

572D

where we used that Y, and the Majorana mode W have a finite
overlap, Y, ~ ¢V, that W has eigenvalues %1, and that the sum
of N = 2¢ numbers of the order of 1 with random signs is
of the order of +/N. The value of the plateau which we ob-
serve numerically for small J, and L is, however, much larger
than that predicted by (38). A sizable plateau thus implies
that the wave function remains at least partially localized in
Fock space. In this case, the sum in (38) runs only over a
small number of terms, giving rise to large plateau values.
The quantitative link of localization and size of the plateau
is discussed numerically below.

To understand how J, induces a delocalization transition
in a finite-size system, we need to consider three types of
matrix elements of the interactions, Mgy, M., and Mebe. These
describe the scattering of the boundary Majorana with three
extended bulk states M.y, the momentum-conserving scatter-
ing of four extended bulk states M.., and the scattering of
four extended bulk states at the boundary without momentum
conservation M?,.

2

1
~ o0 (38)

~
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A bulk state with momentum k has a single-particle
wave function of the form exp (ikRj)/ﬁ, where R;
denotes the particle position. Thus a typical four-Majorana
bulk-interaction matrix element in a clean system

scales  with (JX/\/Z4) Zj expli(k; + ko + ks + ks)R;] =
(JXL/\/Z4)8k]+k2+k3+k4,o. Each k has L possible values and
there are therefore L possible combinations of k; fulfilling

momentum conservation. Thus bulk interactions connect a
given Fock state to Z.. = L? other Fock states with a matrix

element M., of the order of J,L/ \/Z4 .

We can repeat this argument for boundary scattering of
extended bulk states. In this case, the matrix element is sup-
pressed by a factor 1/L, M, ~ M../L, but, due to the absence
of momentum conservation, the number of connecting neigh-
bors in Fock space increases, Zb, ~ ZL.

Finally, the matrix element of a localized Majorana mode
with wave function ¢; interacting with three delocalized bulk

modes scales with (Jx/ﬁ3) Zj ¢;expli(ky + ko + k3)R;] ~

Jy/ \/Z3, giving rise to a hopping to Z.y ~ L3 neighbors in
Fock space.

Thus, we have found the following scaling with system
size L:

J,

~ X ~ I3
MeM («/2)3’ ZeM L s
Mo~ 2k g g
ee («/2)4 - Zv ee )
Jx
M:e ~ W, Zé’e ~ L 39)

Note that the M. and M’ processes conserve the edge
Majorana W or, equivalently, the parity of bulk states
(—I)Zf " while the Mgy processes flip W. At least
locally [33], the interaction-induced scattering leads to
a hopping problem on a Cayley tree [34] with a large
coordination number, as sketched in Fig. 9.

Importantly, the Fock states connected by the above-
described matrix elements typically have very different
quasienergies (defined modulo 27 /T). This difference of
quasienergies of states connected by J, depends on the cho-
sen parameters. For the following discussion, we focus on a
regime where g7"/2 and JT /2 are both numbers of the order of
1 and where, in the thermodynamic limit, the Majorana zero
mode is in the middle of a continuum spanned by the sums
and differences of three bulk-state quasienergies, ¢, i.e., one
can find solutions for €;, £ €, £ €, = 2nn/T,n € Z, in the
thermodynamic limit. A straightforward Fermi’s Golden Rule
argument [23] predicts that in this case, the inverse lifetime
of the Majorana scales with sz, which is, e.g., fulfilled for
the parameters chosen in Fig. 5. Under these conditions, the
typical differences of quasienergies of Fock states connected
by J, is of the order of Ey ~J ~ g~ 2x /T . If a given Fock
state has Z neighbors, the typical minimal energy difference
is thus Ey/Z. Thus, one can obtain a first estimate of the
delocalization transition by comparing M, to Ey/Z,,, where o
labels the particular scattering process in (39). More precisely,
it has been shown by Abou-Chacra et al. [34] that for large Z
and on a Cayley tree, the system starts to delocalize in Fock

Z=13

J, /L2

zZ=L*

FIG. 9. Interactions J, induce a hopping from one of the 2¢
Fock-space states (black dots) to the next, if they are connected by
a four-Majorana process. Thick blue lines: momentum-conserving
scattering processes of extended bulk states with matrix element
M., ~ J./L. Z = L is the number of neighboring states connected
by this process. Thin blue lines: scattering of extended states without
momentum conservation, Mfe ~ J,/L*. Red lines: interaction terms
involving the Majorana zero mode at the boundary/twist, My ~
Jo/L3?. For J, « J/L?, Fock states remain localized, but upon in-
creasing J,, bulk scattering leads to a delocalization in Fock space,
followed by an activation of edge-Majorana scattering events.

space for

Eq

My 2 ————.
~ ZyIn[Z,]

(40
Note that the applicability of this formula for interaction-
induced delocalization in Fock space has been controversial
even for the most intensively studied problem of a chaotic
interacting quantum dot (see Ref. [35] for a discussion of
arguments and publications pointing to different dependencies
on Z,), but large parts of the recent literature seem to agree
with Eq. (40); see e.g., [32,36]. Our numerical results are
at least consistent with (40) and we will use (40) only for
qualitative arguments below.

Using (40) for the processes of (39) reveals that upon
increasing J, starting from the noninteracting system, the de-
localization of Fock states occurs first via the two bulk-mode
scattering processes Me. and M2, at J, ~ Eo/L? if we ignore
logarithmic corrections. While M%, < M,., it profits from a
larger number of accessible states such that Me.Zee ~ M2, Z5..
As nominally InZ2 > InZ., Eq. (40) strictly speaking pre-
dicts that M2, is more important than M. for very large
systems.

For our discussion, another effect is more important. Due
to delocalization, one obtains an effective broadening of the
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quasienergies of the Fock states at M, ~ Ey/Z, (ignoring,
again, logarithms), of the order of Ey/Z, [36] with Ey/Z.. >
E/Z%.. Thus, the broadening of Fock levels is dominated by
the momentum-conserving bulk-scattering processes, as we
show numerically below.

This leads to the following physical picture upon in-
creasing J, in a finite-size system: first, Fock-space hopping
induces a delocalization in Fock space at a small value of the
coupling, J, ~ Ey/L*. This delocalization induces a broad-
ening of the quasienergies of Fock states, mainly driven
by bulk-scattering processes shown as thick blue lines in
Fig. 9. This broadening effectively unblocks scattering pro-
cesses involving the localized Majorana mode at the boundary
for slightly larger J,. Due to the “unblocking,” the plateau
in the Y, correlation function decays. We would like to
stress that this analysis only applies to the case of a sin-
gle zero-energy Majorana mode, which is the focus of this
study. In the presence of several zero-energy modes, there
are extra degeneracies in the many-particle spectrum of the
noninteracting system, which have to be taken into account
separately.

To corroborate this picture numerically, we will show, in
the following, (i) that the delocalization of bulk states in
Fock space is governed by bulk-scattering processes and (ii)
that the localization/delocalization of Fock states governs the
formation/decay of the plateau of the Majorana correlation
function.

Denoting | By) as an eigenstate of the integrable system or,
equivalently, a Fock state, our goal is to study the fate of the
bulk conserved quantity |By)(Bo| when integrability-breaking
interactions are switched on. The infinite-temperature auto-
correlation function of this quantity is [{Bol7} g /A|ﬁ0)|2. We
can also interpret this quantity as the return probability that
the quantum system starting in the Fock state |8y) is still in
the same Fock state after n time steps. Averaging the return
probability over all conserved quantities gives

Average return probability(rn)

1
= 2 D WBoIT; a1 o)
Po

1 .
=50 2 HBlBIPIB Bo)Pe @M (41
Bo.B.B

Above, €g denote the quasienergy associated with the eigen-
state | ) of the nonintegrable unitary 7; 5/4. In (41), we use the
Fock states of the integrable model, J, = 0, thus neglecting
the effect that Fock states will obtain Hartree-Fock-style cor-
rections from J, which may lead to a suppression of Fock state
overlaps ~ exp[—const (J,/Ey)*L]. Neglecting this is justified
even for large L, as typical values of J, triggering Fock space
delocalization are tiny, J, ~ EO/LZ, according to (40); see,
also, Fig. 11 below.

The average return probability is plotted in Fig. 10 for
the same parameters as Fig. 4. The gray lines correspond to
taking the long-time limit where one may project onto the
diagonal ensemble, 8 = f’. In this limit, the average return
probability equals the inverse participation ratio (IPR) in Fock

I
oo
1

<
(=}
1

<
N
1

Average Return Probability
(e}
o

I
o

<
oo
1

<
(=}
1

<
=
1

<
[N
1

Average Return Probability

=
o

J2inL

FIG. 10. Top panel: Average return probability vs stroboscopic
time n. After an initial transient, this quantity approaches a plateau
whose magnitude agrees well with the IPR, the latter indicated by the
gray lines. Bottom panel: Same as top panel, but now plotted vs J*nL.
The parameters for both panels are JT /2 =1.0,T =2.0,¢T/2 =
0.3 and J, = 0.1, with no Z, symmetry.

space,

Average return probability(n — 00)

1
= IPR = 2—LﬂZ;|<ﬁo|ﬁ>|“. (42)

The IPR is a common measure of delocalization: a wave func-
tion delocalized over roughly N states (here, in Fock space)
has |(Bo|B8)|> ~ 1/N for N states |B), resulting in an IPR of the
order of N/N?> = 1/N, with N ~ 2% in the fully delocalized
limit.

The Fermi’s Golden Rule formula suggests that
the inverse lifetime of a typical Fock state |8) in the
delocalized phase (or for short times, see below) scales
as 20 Yy [(B'|Hinl B)178(es — €5) ~ 3y T with T, ~
M, |*Z, /Ey, where we sum over all possible bulk, edge, and
Majorana scattering channels o and assume that the effective
broadening of the § function is larger than the effective
level spacing of neighboring states in Fock space, Ey/Z,.
Using (39), the shortest lifetime arises from bulk-scattering
processes With T'ee ~ [Mee|*Zee/Eo ~ LJX2 /Eo. In contrast, the
boundary scattering processes with and without the Majorana
mode give [y ~ Fé’e ~ Jf /Ey < I'ee and can therefore be
neglected. Thus, we plot in Fig. 10 (lower panel) the average
return probability as a function of J2nL. For short times,
we obtain an excellent collapse and the larger the system,
the longer it follows the expected exponential decay on a
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FIG. 11. IPR and normalized plateau heights P(J,)/P(J, = 0) vs
J, for the case where there is no Z, symmetry and JT/2 =1.0,T =
2.0,g=0.3.

timescale of the order of 1/I'e.. This indicates that bulk
scattering is—as expected—the dominant decay mechanism
of Fock states. The plateau obtained for larger times and
small systems, which we identified with the IPR, implies that
the wave functions remain partially localized in Fock space.
Delocalization is expected to occur when the broadening
of Fock levels, I'e., becomes larger than the relevant level
spacing, Tee = Ey/Zee, or, equivalently, Me. 2 Eo/Ze.. This
condition is (up to the logarithm not covered by this simple
argument) consistent with (40).

After we have established that the delocalization in Fock
space is governed by bulk-scattering processes, we will now
show that this delocalization also governs the destruction of
the plateau of the Majorana correlation function. Figure 11
plots, for three different system sizes, both the plateau heights
and the average Fock space IPR, which is used to keep track of
delocalization in Fock space (see discussion above), as a func-
tion of the interaction strength J;. As expected, both quantities
vanish for large J, when the system becomes ergodic. For
larger systems, smaller values of J, are sufficient to induce
both delocalization and a suppression of the plateau. To show
that these two processes, delocalization by bulk scattering and
decay of the Majorana mode, are directly linked with each
other, we plot in Fig. 12 the (normalized) plateau value as a
function of the IPR, using the data of Fig. 11. Remarkably,
different system sizes now approximately collapse on a sin-
gle curve. It is a surprising numerical observation that the
plateau height as a function of the IPR appears to depend
only weakly on system size. The figure is fully consistent
with our theoretical scenario that the delocalization in Fock

Plateau

0.0 0.2 0.4 0.6 0.8 1.0
IPR

FIG. 12. Normalized plateau P(J,)/P(J, =0) vs IPR for the
case where there is no Z, symmetry and JT7/2 =1.0,T =2.0,g=
0.3.

space, measured by the reduction of the IPR, activates edge-
Majorana scattering and therefore suppresses the plateau in
the edge-correlation function. In our example, the plateau
is reduced to roughly half of its size when the IPR is 0.1,
implying a delocalization in Fock space covering roughly 10
Fock states.

V. CONCLUSIONS

Interacting Floquet systems are a bedrock for studying
nonequilibrium and topological phenomena, where the latter
are sensitive to boundary conditions. In this paper, we have ex-
plored the role of a special boundary condition, i.e., the duality
twisted boundary condition on these systems. The role of the
duality twist was to introduce a single Majorana zero mode
in an integrable Floquet unitary, for all coupling parameters
of the unitary. In addition, this isolated Majorana zero mode
did not lead to any degeneracies of the Floquet eigenspec-
tra. This is quite unlike open boundary conditions where the
Majorana zero modes appear in pairs, which arise for special
couplings (transverse fields smaller than Ising interactions),
and cause a degeneracy of the Floquet spectra. We showed
that even though for spatially uniform transverse fields and
Ising couplings, the Majorana zero mode is localized at the
duality twist, this is actually a special limit where a domain
wall is absent. In particular, a unitary transformation can be
performed that moves the duality twist relative to the Majo-
rana zero mode, with the Majorana zero mode now residing
at a domain wall separating two regions that are related by
the interchange of the Ising couplings and the transverse-field
couplings.
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We studied the effect of interactions for the case where the
Majorana zero mode resides near the duality twist, i.e., in the
absence of a domain wall. While the Majorana zero mode does
not survive in the thermodynamic limit when interactions are
nonzero, nevertheless, we found that for finite system sizes,
the Majorana zero mode is related to an emergent symmetry.
The signature of this was an autocorrelation function which,
after an initial transient, approached a plateau. The height
of the plateau was found to agree very well with a numer-
ically constructed conserved quantity which overlaps with
the integrable Majorana zero mode. These results were quite
insensitive to whether or not the interactions preserved the Z,
symmetry, with differences appearing only in details such as
the precise values of the plateau heights.

A theory was presented for the eventual decay of the
plateau in the thermodynamic limit in the language of Fock
space delocalization [32]. In the absence of interactions,
the conserved quantities, both boundary and bulk, are lo-
calized in Fock space. Once interactions are switched on,
hopping in Fock space sets in, but for very small interac-
tions the many-particle wave functions remain localized in
Fock space. We showed that the matrix elements for de-
cay of the bulk conserved quantities are larger than the
boundary conserved quantity. Thus, as the interactions are in-
creased, the wave function starts to delocalize in Fock space
and bulk conserved quantities decay first, followed by the
boundary conserved quantity. This phenomena was supported

by ED, which showed that the average autocorrelation func-
tion of all bulk conserved quantities reached a steady state
at earlier stroboscopic times than the boundary autocorrela-
tion function, where the steady-state value of the former is
the IPR. In addition, we showed that the IPR decay directly
controls the decay of the plateau height associated with the
boundary Majorana mode. We expect that the physics of a
multistep localization/delocalization transition will also have
applications for other integrable systems subject to weak
integrability-breaking perturbations.

There are many open questions. Generalizing the study of
the physics of duality twisted boundary conditions to other
systems, such as Zy spin chains, is an obvious direction of
study. Further, the role of more than one topological defect
on the dynamics of the system is an interesting direction of
research.
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