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Abstract—We propose a distributed (single) target tracking
scheme based on networked estimation and consensus algorithms
over static sensor networks. The tracking part is based on linear
time-difference-of-arrival (TDOA) measurement proposed in our
previous works. This paper, in particular, develops delay-tolerant
distributed filtering solutions over sparse data-transmission net-
works. We assume general arbitrary heterogeneous delays at
different links. This may occur in many realistic large-scale
applications where the data-sharing between different nodes is
subject to latency due to communication-resource constraints or
large spatially distributed sensor networks. The solution we
propose in this work shows improved performance (verified by
both theory and simulations) in such scenarios. Another
privilege of such distributed schemes is the possibility to add
localized fault-detection and isolation (FDI) strategies along with
survivable graph-theoretic design, which opens many follow-up
venues to this research. To our best knowledge no such delay-
tolerant distributed linear algorithm is given in the existing
distributed tracking literature.

Index Terms—Networked filtering, TDOA measurements, dis-
tributed observability, time-delay

I. INTRODUCTION

Localized and distributed algorithms are an emerging field
of research with a bright future in loT and cloud-based
applications. These algorithms are mostly based on the well-
known consensus strategy primarily introduced in [1]. This
research area has recently gained attention in filtering and
estimation over networks and graph signal processing with
different applications from system monitoring [2] to target
tracking and localization [3]. In this paper, we consider
distributed TDOA-based tracking with linear measurements
that is shown to outperform the nonlinear counterparts in
distributed scenarios, see details in [4], [5]. Motivated by this,
we further extended those research papers to address possible
time delays in the data transmission networks among sensors.
This is more realistic in practical large-scale applications in
harsh environments and under limited communication and
data-sharing resources.

A. Background

Different distributed estimation and filtering methods have
been considered in both signal processing and control litera-
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ture with some applications in collaborative mobile robotic
networks. The existing literature can be divided into two
main categories: (i) double time-scale methods with an inner
consensus-loop between every two consecutive sampling time
steps of the system dynamics [6]-[8], and (ii) single time-
scale methods with the same time-scale of filtering and sys-
tem dynamics [9]-[14]. The scenario (ii) typically assumes
system dynamic stability or the so-called local observability
in the neighborhood of every sensor, which requires many
direct communications to ensure system observability at every
sensor. This implies a high rate of data transmission which is
very restrictive in large-scale applications in terms of both
infrastructure cost and budget for communication devices.
Most importantly, this may add latency in data exchange and
leads to high traffic over the network. On the other hand, in
double time-scale scenario (ii), even though by high rate of
communication and information-sharing the system eventually
becomes observable over any sparse networks, this comes
with the cost of fast communication and processing devices.
This is because in these methods the number of consensus
and communication iterations needs to be much more than
the network diameter. In contrast to the existing methods, a
single time-scale scenario with distributed observability
assumption is proposed in our previous works [15], [16] which
significantly reduces the networking and processing times.
Recall that the distributed observability assumption is shown to
be much less restrictive as it does not need local observability
in the neighborhood of any sensor but only global observability
(as in centralized filtering) plus some mild assumptions on
the communication network. This further motivates the target
tracking application in this work. However, what is missing
from these works is to consider delay-tolerant algorithms over
such networked scenarios. This gap is addressed in the current

paper.

B. Main Contributions

Distributed estimation under heterogeneous time-delays is
primarily addressed in our recent work [17]. In the cur-rent
work, we extend the results to a single target-tracking
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application based on TDOA measurements. This distributed
range-based tracking scenario, recently adopted by [18], [19],
considers a nonlinear setup in general. This nonlinearity
results in filtering inaccuracy in two aspects; (i) most existing
“distributed” estimation and observer setups are linear, which
asks for the linearization of this model at every iteration.
(ii) The linearized measurement matrix is time-varying and
is a function of the position of the target (which is not
precisely known in general and needs to be estimated). Due to
these drawbacks, the linearized distributed tracking is not very
accurate. What we suggested [4], [5], is a target-independent!
and time-invariant linear measurement matrix (as in general
LTI setups) which is compatible with most existing distributed
filtering schemes. What is new in this paper is to take into
account possible time delays in information exchange between
every two sensors which makes the networked filtering sce-
nario even more challenging. The delays, in general, are as-
sumed to be arbitrary and heterogeneous (different) at different
transmission links. As a typical assumption in literature, we
consider a known upper-bound on the delays which implies no
packet drops and information loss over the network. We prove
error stability under such latency in network models and we
prove and show by simulation that the estimation error decays
sufficiently fast at all sensors (despite the time-delayed data-
sharing) such that the proposed strategy acceptably tracks a
single maneuvering target.

C. Paper Organization

Section |l gives the general setup and preliminaries for the
problem formulation. Section Il provides the main results
on the distributed tracking and delay-tolerance. Section IV
provides some illustrative simulations to show the performance
of the proposed distributed filtering. Section V concludes the

paper.

D. General Notations

As a general notation, bold small letters denote the column
vectors, small letters denote scalar variables, and capital letters
present the matrices. Iy and Oy denote the identity and all-Os
matrices of size N. 1 denotes the column vector of all-1s. “;”
denotes the vector column concatenation. -2 denotes the 2-
norm of a vector.

Il. THE PROBLEM SETUP

A. The Target Dynamics Model

Our general tracking framework is shown in Fig. 1. As in
many tracking literature, the target dynamics is assumed un-
known and thus the following nearly-constant-velocity (NCV)
dynamics? is considered for the target [18]-[21].

Xk+1 = Fxk + Gqk (1)
INote that the TDOA measurements certainly depend on the target location,
but the measurement “matrix” in our model is independent of that information.
2This work is not restricted to a particular model dynamics, but any other
target dynamics model, for example, the NCA (nearly-constant-acceleration)
or the Singer model, can be applied. See more examples in [20].
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(05,7}, p3)

Fig. 1: A group of static sensors (radars) tracking a mobile
target (drone).

where k is the time index, qk N (0, Q) is some random
input (noise), x (px; Py; Pz; Px; Py; Pz) denotes the target
state (position and velocity) in 3D space, F and G represent
the transition (system) and input matrices (see details in [21]),

I3 Tls 32
= = L. 2
F 6= o (2)
03 I3 3
B. The Sensor Network
We consider a network of N sensors each located at

Pi = (pxi;Py,i;Pz,i) (with i as the sensor index) with
different x,y,z coordinates. The measurement scenario is
as follows. Every sensor receives a beacon signal from the
target (with propagation speed c) and finds its range from
Bp(k) - pi(k)@ ct; with t; denoting the time-of-arrival
(TOA) value (see Fig. 1). The sensors directly share these
measurement values over an undirected network G with the set
of N; other sensors (referred to as the neighboring sensors).
The sensors know the neighbors’ positions pj, j Ni as
well. The adjacency matrix W = [wj;] of this graph topology G
is defined as follows; the entry 0 < wj; < 1 represents the
weight associated with the link (j, i) between sensors i, j
and O otherwise. In this work, we assume bidirectional links
with symmetric weights, i.e., W is symmetric. For
consensus purposespthls symmetlglc weight-matrix W needs to
be stochastic, i.e., ioq Wij = o Wi = 1 [1], [22]. Such
weigh-design can be done, for example, via the algorithm in
[23].

The nonlinear setup proposed in [19] is y, = h + v/ (at
sensor i) with vll N (0, R) as general additive Gaussian
noise and hj(k) as the column concatenation of the TDOA
measurements hj j(k) defined as,

hij(k) = Bp(k) - pi(k)& - Bp(k) - pj(k), j BNi.

(3)

This is linearized as yi H ||< Xk +v|‘( with measurement matrix
H/ of size Ni-by-6 deflned as the column concatenation of

15,
N Px = Px,i Px = Px,j Py = Py,i Py = Py,j
h"! (k) = Bp—pit - Bp—ps#, Bp—pif - Bp—p;H,
Pz = Pz,i Pz = Pz,j
- 0,0,0 4
p_pi p_pjl 'Y ’ ()
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Fig. 2: A comparison on the Kalman Filtering performance
between our linear measurement model (5)-(7) and the (lin-
earized) nonlinear model (3)-(4) [5]. For the latter case, instead
of the exact target position p (which is unknown), its estimated
value p' is needed in (3)-(4). This inaccuracy worsens the

nonlinear TDOA performance (as compared by the red and
yellow curves).

In our previous works [4], [5], we proposed a linear measure-
ment model with

(5)
(6)

which gives the linear measurement matrix (after some manip-
ulation and simplifications by removing the known bias term)
as column concatenation of row vectors in the form

hi,j =

hi i (k) =15p(|<)— pi(K)E2 - Bp(k) - p;(k)2>

:H'p(k) - %(pjz _ piZ)

(7)

with the vector py,j,i, Py,j,i, Pz,j,i denoting the p; i as shown
in Fig. 1. This H' matrix is independent of the target location
and is time-invariant. The Kalman Filtering performance of
the two scenarios are compared in Fig. 2 as an example.

Px,i,is Pyj,i, P2,j,i,0,0,0 ,

C. The Time-Delay Model

We assume that the data exchange over every transmission
link (j, i) between two sensors i, j is subject to latency. The
delay assumed to be bounded by a non-negative integer value T
= Tij 2 0. This global max delay T < oo is of finite value to
imply no packet drop and loss of information. We assume that
the data packets are time-stamped so that the recipient knows
the time step the data was sent, e.g., via a global discrete-
time clock. Our time-delay model and notions mainly follows
from [17], [24]. Over the sensor network G of size N, define the
augmented state vector X = (Xk; Xk-1; . . . ; Xkt ), and Xi-r
= x! k_,...;x:_ for 0 £ r < <. For N-by-N
adjacency matrix W of the network G and known max delay T,
similarly define the augmented matrix W (of size N (t +%))
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as
W Wi W; Weo1 Wr
'y On On On 0y
L On In On On On
W =0 g On In On on ./ (8)
5
oy On  On In On

The block matrices W, with non-negative entries are defined
based on the delay 0 < r < ¥ at different links as

Wi , |fTij =r

W(i,j) = 0,j Otherwise. ©)
Introducing the indicator function Iy ij(r) as
_ 1, if Tj=r
l,ij (r) = 0, otherwise. (10)
we have Wr(i,j) = wijlk,ij(r) at every time step k. We

assume invariant (fixed) delays over time at every link (j, i)

but heterogeneous at different links. This assumption (on fixed

delays) implies that, at every time k, only one of the entries

Wol(i,j), Wa(i,j), ..., Ws(i, j) is equal to wij and the other

T terms are zero. Therefore, the row-sum of the first block (N

rows) of W and W are_equal (and both Bre row stochastic),
N

jie,for1 < i< N, jN=(?1) Wi 1 and
W :7:0 W, for k > 0. Note that, in this work, this
large augmented matrix W is only introduced to simplify
the notations and mathematical analysis and is not needed
at any sensor node for filtering purposes. To summarize, the
followings hold for time-delay ti; at every bidirectional link
(i, 1): (i)
1) This time-delay Tij £ T is known. This upper-bound T
simply means that the sent message from sensor j at
time k eventually reaches i before or at k + T.
2) Delay tij is arbitrary, time-invariant, and differs at
different links (heterogeneous). Our results also hold for
homogeneous (the same) delays at all links.

j=1 Wij =

<

To justify the above assumptions, suppose the upper-bound
on the delays (or the delay probability) is known, i.e., prob-
ability P(r) for r £ T and zero for values above T. Even
though the exact distribution (or the precise delay values) at
links (j, i) are unknown (or time-varying), sensors i, j may
know Ti; := maxTij(k) as the max (possible) delay over their
shared communication link (j, i) and both choose to process
(the shared information) after Tij steps (of system dynamics).
This ensures that the delayed data-packets at both sides of
the link are certainly received by both sensors and they both
can update simultaneously. This supports the assumption (ii)
on the fixed (time-invariant) delays at every link. This also
holds for our assumption on the bounded global max delay t
on all links. See [24] and [17, Section IlI-D] for details. For
static sensors at fixed positions which communicate, e.g., over
a wireless sensor network, it is typical to assume constant delays
(proportional to their distance values), see [25], [26] for details.
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I1l. THE MAIN RESULTS

Every sensor i updates its estimation as follows; it per-
forms one iteration of consensus processing on the filtering
information received from sensors j N;i as they arrive.
Note that these information are subject to known time-delays
(as discussed in Section I1-C), e.g., when the data packet is
time-stamped. Second, sensor i updates this a-priori estimate
Bijk-1 by its TDOA measurement yik (referred to as the

innovation-update) which gives the posterior estimate %,
The distributed (and local) filtering protocol for trackiné
formulated as,

is

i i X XT r+1,j
ok k-1 =WiiF g1 k-1 + wij FPOO s k- (1),
jBN ;r=0
(11)
bk =hic-r + KiH'® y'- HixRleor (12)

This filtering protocol, as mentioned in Section I, is in single
time-scale, i.e., between every k - 1 and k steps of the tar-get
dynamics only one step of data-sharing/consensus-fusion
occurs. Over every link (j, i), lk-r,ij(r) is non-zero only for
one r @ [0 T] which follows from fur fixed delay assumption.

In compact form, define fo k-1 := (1gk1|k_1; o ;h;'ljlk_l)
which denotes the column-concatenation of i s and

. k|k-1
the augmented state estimate vectors are Jy k-1

Bkik-1;Bk-11k-2 - - - bXk-t|k-x-1 and similarly for g«
and i | . To simplify the formulation, the augmented version
of (118-(12) is given as,

Rip-1 =W F 141,
bXix BXie-1 + BT EK

(13)

D2 Drz Db k-1, (1)

Ho Yk~

with D, := diag[H‘], K diag[K;], and the (auxiliary)
matrix - = (bT*! B1m)? with b as the unit (column)
vector of ith (Cartesian) coordinate, 1 < i £ T+ 1. The matrix

W'F represents modified augmented version of W B F as,

=

—
" womr Wi BF? We-1 BFY  WeBF"!
. Inn Onn Onn Onn
oNn INn 0Nn 0Nn
i i
WF :=8 a,
ONn ON n ON n ON n
Bl Bl
i . . . . Bl .
. : : :
ONn Onn Inn Onn

(15)

Similarly, define the (augmented) error vector as e, := x, -
2k| k With the X, = (In BxXk; IN BXk-2;...;1In BXk-1)as
the augmented state. The error dynamics then follows as,

1INWF + n =&

&= WF - bl BKDyZ
with B denoting the closed-loop matrix associated with the
global augmented observer error dynamics, Dy DHDH,
and Ny collecting the noise terms, see more details in [17].

Putting £ = 0, gives b= WEF - KDR(W BF) as the
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delay-free closed-loop matrix [15], [16]. In our previous work
[16], [17] we derived the condition for Schur stability of the
error dynamics (16), i.e., to have p(P) < 1 (and p(bP) < 1).
First, recall from [15], [17], [27] that for stability of (16) we
only need distributed observability, i.e., the pair (WEF, Dy ) to
be observable (or detectable). This implies observability over
network G (with adjacency matrix W), and is easier to satisfy
rather than the local observability [10]. In addition, from the
definition of W F, its row-stochasticity holds for any row
stochastic W matrix. This ensures that the consensus term in
(13) leads to proper averaging of the (possibly delayed)
filtering data over the network.

In [15], [16], we proved that given a full-rank system matrix
F with observable output matrix H, one can ensure distributed
observability over any strongly-connected (SC) network. In
other words, given S-rank(F) = dim(F), (F, H)-observability
(this is global not local observability), and W to be a bi-
stochastic irreducible adjacency matrix, then (W B F, Dy)-
observability is guaranteed (in structural or generic
sense?). Note that strong-connectivity intuitively implies that
the es-timation data of each sensor eventually reaches every
other sensor via a connected sequence of sensor nodes. This
is an easier condition to satisfy instead of data sharing in the
direct neighborhood of sensors.

For an observable pair (W B F, Dy), we showed in [17,
Section I11] that the same LMI-based gain matrix K designed
for the delay-free case (T = 0) to ensure p(P) < 1, may also
ensure Schur stability of p(P) < 1 for the error dynamics (16)
under certain bounds on the time-delay. This is summarized
in the following theorem.

Theorem 1: Given (W B F, Dy)-observability and proper
feedback gain matrix K such that p(Bb) < 1, then p(b) < 1
holds for any T < ©2, with t2 satisfying, o

o(WBEFT*1 - KDg (W BFT 1)) < 1. (17)

In fact, this theorem provides a sufficient bound on T to
ensure stable tracking (in the presence of maximum possible
delays tij = T). For any maximum delay T satisfying Eq. (17),
the tracking error under filtering protocol (11)-(12) is guaran-
teed to decay over time and remains bounded steady-state.
This is better illustrated by simulations in Section V. Note
that the above theorem is stated for general (possibly) unstable
systems with p(F) > 1. For the given NCV dynamics we have
p(F) = 1 which implies that the above theorem is easier to
satisfy as Eq. (17) may hold for larger values of tm . In fact,
one can show that, since p(W) = 1 and p(F) = p(F) =1,
the proposed filtering algorithm is (almost) delay-tolerant and
the error stability is guaranteed for even large values of T (via
proper feedback gain design as in [17, Section Il1-A]).

Note that the LM design of the block-diagonal gain matrix
K follows from both structure and numerical values of F and

3Note that the proofs and results are based on structured systems theory
(also known as generic analysis) [28], [29]. This implies that our observability
results hold for almost all arbitrary entries of independent system, measure-
ment, and consensus matrices as far as their structure (fixed zero-nonzero
pattern) is unchanged.
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H' matrices. Recall that, the (linearized) nonlinear model (3)-
(4) gives a time-varying H' (since it is a function of p as the
target position). This time-dependency is another drawback of
the nonlinear model [19] as it needs repetitive LMI-design of
K at every iteration k. This is computationally burdensome
and less real-time feasible. In contrast, our proposed linear
model (5)-(7), gives a time-invariant measurement matrix
H', and thus, the LMI K-design is done only once at the
initialization of the algorithm. This significantly reduces the
computational load on the sensors. Further, the K-design is
less accurate in the nonlinear measurement case, because it is
based on the estimated position of the target pi. This further
increases the inaccuracy in the gain and the tracking error, see
more illustrations in [5, Section V].

In addition, our proposed distributed and local filtering
method allows for simultaneous fault-detection and isolation
(FDI) schemes as [5, Algorithm 1]. See also [9], [14] for
distributed estimation resilient to biasing attacks. Some more
example scenarios for such fault-tolerant design (both stateful
and stateless) and survivable network design in distributed
observer setup are further discussed in [30]. These algorithms
enable each sensor to locally detect and isolate its biased (or
faulty) TDOA measurement and prevent the cascade of faulty
data among all sensors.

IV. SIMULATIONS

For the simulations a cyclic network of N 6 sensors
(which is SC) tracks a randomly maneuvering single target
with NCV dynamics (1)-(2). The TDOA measurements fol-
lows from the linear model (5)-(7). Clearly, since the H; ma-
trices are time-invariant and independent of the target state p,
the distributed filtering can be applied more conveniently and
in @ more accurate way (as discussed in details in the previous
sections). The consensus fusion weights are chosen arbitrarily
such that to satisfy the symmetric and stochastic properties
[23]. We choose random initial locations (in the range [0 10])
for the sensors and the target. Then, the distributed filter (11)-
(12) is applied over this setup for 10 Monte-Carlo (MC) trials.
The MC mean square estimation error (averaged at all sensors
and states) is shown in Fig. 3, which is unbiased in steady-
state. We chose different maximum time-delay T = 0,8, 20
and different Gaussian noise statistics with variances Q and R
given in the figure titles. Due to space limitations, as an
example, the estimation errors (of all 6 position and velocity
states) are only given for one of the 6 sensors. For this setup,
we used the LM K-design in [17] that gives a separate 6 x 6
feedback gain matrix K; for each of the 6 sensors (which
are not given here due to space limitations). For this gains
p(®b) 0.99 < 1, and the results of Theorem 1 holds. The
errors, as illustrated in Fig. 3, are bounded steady-state stable
implying that the protocol works under different max delay
values ®. The target path and the sensors’ positions are also
shown in Fig. 3(Right). The remaining simulation parameters
are given in the figure caption.
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V. CONCLUSIONS AND FUTURE WORKS

This paper provides a linear TDOA measurement model for
distributed estimation that improves accuracy of the existing
nonlinear TDOA models. The results can be further extended
to incorporate local stateless or stateful FDI strategies to detect
and isolate (possible) faults or anomalies locally. Considering
mobile sensors (AR drones or UAVs) in our linear TDOA
setup is more challenging as it requires certain rigid formation
strategies to fix the distances between the sensors [4]. This is
to ensure the time-independence of the measurement matrix
H' and also to keep the maneuvering target in the detection
range of the sensors (or agents). The notions of cost-optimal
and energy-efficient design as other future research directions
[31], [32].
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Fig. 3: The MC performance of the proposed distributed filtering (11)-(12) over a cyclic network of N
(shown by orange in the right figure). Different upper-bound T = 0,8, 20 on the time-delays are considered, where T

Proceedings of the 10th RSI International Conference

on Robotics and Mechatronics (ICRoM 2022), Nov. 15-18, 2022, Tehran, Iran

Q=0.5,R=0.03 estimation error at sensor 1
5 . : .
-
o
=
-
=
o
& - 10
= 8 [ budndibu b sttt A ittt
= B 0 oy h
X : - e
=
g oy -
= ]
\ 50 : b
5 g
0 5000 0 1000 2000 3000 4000 5000 o 50 .
Iter k iteration,k (vl n
Q=0.3,R=0.02 estimation error at sensor 1
6 :
8 ‘ —€z —€; -
& 4 —e, —¢; e
M € €z Ll
b 2l [
3 g =
5 5 PO T T T RTT— o 10
=z 0 VP MR o Ve e g Loty A e
=] el
E ‘ ;
S 2 0
= o
4 20
-4 _. -
0 5000 0 1000 2000 3000 4000 5000 ) - .
Tter k iteration,k ' 4]
Q=0.4,R=0.04 estimation error at sensor 1
5
& —e; —e;
g T
z —ey —ey [v] v .
A ‘ €z €; i
"8 [ 50
g 5, i eyl A b =
3 . e
= SR T 00
3] ‘ -
8 e
= 10 a
,5‘ ‘ 8 50
0 5000 0 1000 2000 3000 4000 5000 v 0 ing
Tter & steradi p - x
ter iteration,k 4]

6 static sensors
0

implies the ideal case with no latency. The evolution of state errors at sensor 1 are also shown for T = 20. The target path in 3D
space is shown by black (solid line) and the large black circle shows its final position after certain time iterations.
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