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Proximity effect and spatial Kibble-Zurek mechanism in atomic Fermi gases with

inhomogeneous pairing interactions
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Introducing spatially tunable interactions to atomic Fermi gases makes it feasible to study two
phenomena, the proximity effect and spatial Kibble-Zurek mechanism (KZM), in a unified platform.
While the proximity effect of a superconductor adjacent to a normal metal corresponds to a step-
function quench of the pairing interaction in real space, the spatial KZM is based on a linear drop
of the interaction that can be modeled as a spatial quench. After formulating the Fermi gases with
spatially varying pairing interactions by the Bogoliubov-de Gennes equation, we obtain the profiles of
the pair wavefunction and its correlation function to study their penetration into the noninteracting
region. For the step-function quench, both correlation lengths from the pair wavefunction and its
correlation function follow the BCS coherence length and exhibit the same scaling behavior. In
contrast, the scaling behavior of the two correlation lengths are different in the spatial quench,
which then allows more refined analyses of the correlation lengths from different physical quantities.
Moreover, adding a weakly interacting bosonic background does not change the scaling behavior.
We also discuss relevant experimental techniques that may realize and verify the inhomogeneous

phenomena.

I. INTRODUCTION

Cold atoms have been a versatile platform for study-
ing fundamental physics and simulating complex many-
body physics [1-3]. Developments of spatially-resolved
manipulations of the interactions between atoms beyond
conventional means [4-11] allow cold-atoms to exhibit
interesting inhomogeneous phenomena. Here we study
atomic Fermi superfluid with controllable inhomogeneous
interactions to revisit two seemingly different phenom-
ena, the proximity effect of superconductors [12] and
spatial Kibble-Zurek mechanism [13], in an integrated
framework. The origin of both phenomena comes from
the concept of quantum phase transition, where driving
a parameters of the Hamiltonian across a critical point
causes a fundamental change of the ground state [14].
The pairing interaction will be the parameter separating
the broken-symmetry Fermi superfluid and the symmet-
ric normal gas in this study.

When a superconductor (SC) is in contact with a nor-
mal metal (NM), the Cooper pairs from the SC penetrate
into the NM with a characteristic length determined by
the BCS coherence length [12, 15], a phenomenon known
as the proximity effect. The NM acquires some properties
of the SC, such as a reduction in the resistance and the
ability to carry a supercurrent [16]. The proximity effect
results from a sudden change of the pairing interaction
across the SC-NM interface, so it may be thought of as a
phase transition in space. The proximity effect in other
heterostructures have been extensively studied, includ-
ing a superconductor-quasicrystal hybrid ring [17], disor-
dered and quasi-periodic systems [18], superconducting
thin films [19] and normal metal- superconducting slab
[20]. Experimental [21, 22] and theoretical [20, 23-25]
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studies of niobium-gold layers suggest that the proximity
effect may create topological superconductivity. In addi-
tion, experimental data of granular SC-NM structures are
shown to agree with the theory [12] in the weak coupling
limit. Furthermore, there have been extensive research
on the proximity effect of ferromagnet-superconductor
heterostructures [26], which may give rise to the Majo-
rana bound state [27].

On the other hand, the Kibble-Zurek mechanism
(KZM) [28-31] studies the reaction of a system cross-
ing a continuous phase transition. The systems can be
driven by a time-dependent or time-independent ramp.
The KZM has inspired a plethora of theoretical [13, 32—
53] and experimental [54-65] studies to verify or compare
the KZ scaling. The majority of the investigations have
focused on time-dependent quenches of the parameters,
where the excitations follow a power-law dependence of
the transition rate [37, 40, 41, 45|, including the Bose-
Hubbard model [47-51] and spinor Bose-Einstein con-
densates (BEC) [52, 53, 66]. As a system approaches a
critical point within €, the reaction time 7 diverges as
7 ~ |e|7"*, which determines how fast the system can re-
act. After the system is driven into the broken-symmetry
phase, the density of topologicaul excitaitons reflects the

frozen correlation length £ ~ 757%, where 7¢ is the char-
acteristic quench time, and v and z are the critical expo-
nents from the corresponding phase transition. Dynamics
of the ground state of Fermi superfluid following a time
quench has also been studied [67]. Additionally, there
have been studies beyond the mean-number analysis of
the KZM [68-71].

Meanwhile, the time-independent KZM, also known as
the spatial KZM, considers a linear ramp of the interac-
tion and analyzes the scaling in the vicinity of a crit-
ical point in real space separating a broken-symmetry
phase and a symmetric phase. The spatial KZM has
been formulated and summarized in Refs. [36, 46, 53]
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with applications to the quantum transverse-field Ising
model [36, 46] and spin-1 BEC [53]. In the spatial
KZM, the order parameter or its correlation function
penetrates into the symmetric phase. Different from the
abrupt drop of the interaction in the proximity effect,
the linear ramp of the interaction introduces additional
length scale. For a typical continuous phase transition in
a uniform system, the correlation length & diverges near
the critical point as £ ~ |¢|™" [72]. In the spatial KZM,
the correlation length freezes out within the transition
region where the interaction is linearly ramped to zero,
which in turn determines the characteristic length of the
penetration into the symmetric phase. The correlation
length on the symmetric phase side follows the scaling
behavior & ~ a~%/(11) Here a measures the slope of
the ramp in real space, which is the counterpart of the
quench rate in a time-dependent quench. Importantly,
the spatial KZM keeps the whole system in equilibrium,
which is very different from the nonequilibrium nature of
the time-dependent KZM. The trade-off is that the spa-
tial KZM only determines one exponent v instead of two
in the time-dependent KZM. Previous theoretical studies
analyzed possible structures of atomic Fermi gases with
inhomogeneous pairing interactions [73, 74] but did not
explore the spatial KZM.

By formulating the Bogoliubov-de Gennes (BdG)
equation [75, 76] for two-component atomic Fermi gases
with inhomogeneous pairing interactions dropping from
a constant value to zero, we extract the BCS coherence
length, pair-wavefunction correlation length, and pair-
pair correlation length and compare their scaling behav-
ior. If the pairing interaction drops to zero abruptly, we
call it a step-function quench, and the system simulates
the proximity effect in SC-NM heterostructures. If the
interaction drops according to a linear ramp, we call it
a spatial quench and show the system exhibits the spa-
tial KZM. While the BCS coherence length dominates
in the step-function results, the correlation lengths from
the pair wavefunction and its correlation function lead
to different scaling behavior in the spatial quench. The
scaling of the correlation length from the pair wavefunc-
tion follows the spatial KZM based on the BCS theory
at T = 0, but that of the pair correlation function ex-
hibit observable deviation. Therefore, the spatial KZM
of Fermi superfluid is able to differentiate different cor-
relation lengths. By adding a bosonic background in the
miscible phase, we confirm the scaling of the coherence
and correlation lengths of the fermions stay intact. Im-
portantly, we show the scaling behavior can be estab-
lished in the ground states of finite systems in equilib-
rium, which extends available probes of quantum phase
transitions.

The rest of the paper is organized as follows. Sec. II
briefly reviews the mean-field theory of two-component
Fermi gases with attractive interactions and its appli-
cations to ultracold fermionic atoms. Sec. III describes
the two quench protocols and their relevance to previ-
ous studies. Sec. IV presents the correlation lengths and

their scaling behavior in the two quench protocols and
explains the mechanism behind the observations. Sec. V
contrasts the subtle differences between the spatial KZM
in Fermi gases and magnetic systems and discuss possible
experimental techniques for realizing and measuring the
inhomogeneous phenomena studied here. Finally, Sec. VI
concludes our work.

II. THEORETICAL BACKGROUND

A. Two-component fermions with attractive
interaction

The second-quantization Hamiltonian for two-
component fermions labeled by o =1, | with an effective
attractive interaction V¢ is given by

H=%" / drd (1) () (1)

=3 X [ Vs 6 1 ),
0

Here 9] () (or ¢,(r)) is the fermion creation (or annihi-
lation) operator with spin o at location r, and h,(r) =

—%V2 + Vet (r) — po. The BCS mean-field approxima-
tion then leads to [77]

Hacs =Y [ drsl(r)ho (), ()

+ / / drdr’ (A(r, 7 L (r) ¢} (r') + h.c)
-|—//drdr’|A(r,7“/)|2/Veff(ﬂr/)' (2)

The gap function A(r,r’) is defined as
Alr,r") = =Veps(r = )y () (). (3)

Here (O) is the ensemble average of operator O. We will
focus on the case where the two components have equal
population with the same chemical potential p.

B. Bogoliubov-de Gennes equation

The Bogoliubov-de Gennes transformation is given by
[75, 76],

Up(r) = X[ () v — o (r)rk),
Dy (r) = Saluf(r)vmz + o (1)), (4)

which diagonalizes the BCS Hamiltonian (2) into the
form

HBCS = Z Eﬁw'y;”rlw'yﬁw + Ega (5)
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where, w = 1,2 represents the two-component of the

quasi-particle operators. E; is the ground state energy
. Al?

given by E, = % + D i (€

the non-interacting (V.ys = 0) counterpart of the exci-

— Esyw). Here €5y, 18

tation energy Fj.. The coeflicients of ~7,, and ’Y;Lw in
the canonical transformation can be determined by the
Bogoliubov-de Gennes (BdG) equation [78]. In the ab-
sence of spin-orbit coupling, the BdG equation is block-
diagonalized into two sets of equations. Explicitly,

. _
3 (L) Sy (B (180
- (r',r) =hi(r,r") ) \o' () v (r)

(6)
and a similar matrix equation for n2. Here hy(r,7’) =
he(r)o(r —r").

The wavefunction u¢ is coupled only to the wave func-
tion v, and similarly for u; and vy. A symmetry of
the two sets of the BAG equati%ns in the absplnce of

. . . un (,r) ,UTL *(,r,)
spin-orbit coupling leads to (v%"z(r)) = (_2?1(7«))
and Fp2 = —Fz;. The symmetry implies that we
can solve one of the two sets of equations and focus
on the positive-energy states. The quasi-particle oper-
ators obey (%wa%ﬁﬁ = OiimOwo f (Eaw) and (YawYiw) =
<'y;m’yj7w> = 0. Here f(Esy) = [eFre/KBT £ 1]71 is the
Fermi distribution function. From now on, we drop the
indices 1,2 and 1,] from the quasi-particle wavefunc-
tions. The gap function (3) then becomes A(r,r’) =
Veps(r — r')zﬁ/u?(r)vf*(r’)tanh(Eﬁ/kBT). Here Y.’
means the summation is over the positive-energy states.

C. Atomic Fermi gases

When applying the BCS theory to two component
fermionic atoms, the two-body scattering length asp
serves as an indicator of the interaction between atoms [2,
3], which can be tuned by a magnetic field. For many-
body systems, the effective interaction may be approx-
imated by a contact interaction with coupling constant
gsp- Away from resonance, gsp = dnh’agp However,
Feshbach resonance has been used for studying BCS su-
perfluids of cold atoms and the BCS-Bose-Einstein con-
densation (BEC) crossover [2, 3]. Near a resonance, the
renormalized interaction is %% = itas % >k ﬁ
Here ¢, is the dispersion of noninteracting fermions. For
fermionic superfluids of cold atoms, azp < 0 indicates
the conventional BCS superfluid while azp > 0 indicates
a condensate of tightly-bound pairs.

While the physics of proximity effect and spatial KZM
is essentially 1D, we consider quasi-1D systems here for
two reasons. Firstly, the Mermin-Wagner theorem [72]
rules out continuous long-range order in 1D, so Fermi
superfluid in a quasi-1D setup is more appropriate. Sec-
ondly, the discussions here will be relevant to the elon-
gated cigar-shape atomic clouds in experiments. In
quasi-1D Fermi gases, the 1D effective coupling constant

2h2a3D

mai 1—Aazp/ay’
A is a constant associated with the confinement induced
resonance and a is the characteristic length in the trans-
verse direction. The effective interactions switch from
attractive to repulsive at the confinement induced reso-
nance A = aj /azp. Therefore, g1p may be expressed
as

where

maybe expressed as [79] g1p =

252
maip

(7)

91D = —

with the 1D scattering length given by a1p = —%(1 —
Aasp/ay). We remark that a quasi-1D BCS-BEC
crossover occurs when the chemical potential changes
sign because a1p is always positive. Hereafter we will
drop the subscript 1D and implicitly assume strong con-
finements in the transverse directions.

The effective interaction in atomic Fermi gases is dom-
inated by the contact interaction valid at low tempera-
tures, so Vess(r —r') = —g(r)d(r — ). Thus, A(r,7") =
A(r',r) = A(r)d(r —r"). We consider equal population
of the two components, Ny = N/2 = N, so p, = pu. For
a two-component Fermi gas in a 1D box of length L in
the = direction, we discretize the space as x/L = [0, 1]
using n, grid points. x; = jdéz, where dz = L/n, and
7=0,1,2,....,n,. The Laplacian operator is represented
by using the finite-difference method. In the discretized
form, the BdG equation becomes

hij Aij ’U/ﬁ o u?
(& ) )-nl) o

J

Note that for s-wave pairing, A;; = 0 if 4 # j. The BdG
Hamiltonian has the size of 2n, x 2n, and we only take
the positive energy eigenstates for the calculations of the
gap function and density.

The fermion density of each component is p,(z) =

(] (2)¢s(x)), and the total density p(x) = Y, po(z
becomes

—~
N
=

pl) =23 fon(@)]*

The total fermion number is N = Ny + N| = fOL p(x)dx.
The gap function is given by
/
Ax) = —g(2)y  up(x)va(z). (10)
7
However, we distinguish the pairing correlations from the
gap function, which is necessary in studying Fermi gases
with inhomogeneous interactions. The pair wavefunction
is [80]
/
F(z) = (y(@)vr(2) = Y ua(z)va(z). (1)
7
We also consider the pair-pair correlation function given
by

C(r)=F(z)F(x +1). (12)
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FIG. 1. Illustrations of the spatial quench (SQ, solid line)
and step-function quench (SFQ, dashed line) of the pairing
interaction.

Here the over-line denotes an average over x. The cor-
relation function is important in defining the critical ex-
ponent in homogeneous systems [72] and extracting the
exponents in systems with inhomogeneous interactions.

III. INTERACTION QUENCH IN REAL SPACE

To study the analogues of the proximity effect and spa-
tial KZM using atomic Fermi gases in a quasi 1D box
potential of length L, we consider spatially dependent
attractive interaction g(x) between the two components.
We use the Fermi energy E? and Fermi wavevector kz? of
a noninteracting Fermi gas with the same particle num-
ber to rewrite physical quantities in dimensionless forms.
For example, the dimensionless interaction strength ¢'(z)
is defined by g(z) = —¢'(x)E}/k}.

A. Step-function quench and proximity effect

To simulate the sudden drop in the interaction, we con-
sider the step-function quench of the pairing interaction
that vanishes suddenly at x = x.. For the step-function
quench,

0<z/L<ux./L, (13)
1>z/L>uxz./L.
We typically set x. = L/2, where the order parameter
vanishes. The interaction profile is illustrated in Fig. 1.

In the study of proximity effect in a SC-NM junction,
the pairing interaction is assumed to vanish across the in-
terface. Previous studies [12, 15, 16] modeled the leakage
of Cooper pairs from the superconductor into the normal
metal with a characteristic length associated with the
BCS coherence length. The decay of F(x) in the normal
region at finite temperatures has the exponential form

[12, 15]
F(x) ~ Foe~@z)/ér 7 >, (14)

Here £ is the correlation length associated with F'. How-
ever, at zero temperature, F'(z) is no longer decaying
exponentially with the distance y = x — z. from the in-
terface. Instead, it follows a power law 1/y, as shown in
Refs. [12, 15, 81]. Thus, the scaling behavior is

Fl) 1 &

T — X

A kg

T =0. (15)

Here A = A/E? is the dimensionless bulk gap in the
superfluid region. The scaling behavior was obtained by
solving the Gor’kov equation in Refs. [12, 15] and ver-
ified in SC-NM hybrid rings [18], superconducting thin
films [19], niobium-gold layers [25], and normal metal on
top of a superconducting slab [20]. The reason for the
slower power-law decay of F(x) into the normal metal
at zero temperature is because thermal excitations are
absent in restricting the penetration of Cooper pairs.
We mention that Ref. [74] studies the proximity effect in
atomic Fermi superfluids with different finite pairing in-
teractions on both sides to extract the penetration depth,
so there is no quantum critical point in real space like
our setup. Moreover, having multiple superfluid phases
in one setup may need one of them to be beyond the BCS
regime and cause complications before the BCS behavior
is thoroughly investigated.

B. Spatial quench and spatial KZ mechanism

On the other hand, to investigate the spatial KZ mech-
anism, we consider a more general type of quench of the
pairing interaction. For a spatial quench,

c, 0<z/L<z./L-d,
g'(0) =4~ (3. /L —d) <z/L <)L, (16)
0, 1>az/L>x./L.

Again, we typically set z. = L/2, where the order param-
eter vanishes. Here ¢ and d are dimensionless parameters.
—c/d is the slope of the linear ramp shown in Fig. 1.

In the spatial KZM, the freezing-out of the correlation
length within the linear-ramp regime is the key to extract
the scaling behavior of the correlation length. Explicitly,
one considers a dimensionless parameter € to identify the
distance to the critical point, which occurs at x. separat-
ing the two phases, with the relation

e(z) = alx — zc). (17)

We choose * < . to represent the broken-symmetry
(superfluid) phase and & > . to represent the sym-
metric (normal-gas) phase. For a typical second-order
phase transition in a uniform system, the correlation
length diverges according to & ~ ¢~ % near the critical



point. For the spatial quench, the critical point is at x.
in real space, so the local correlation length diverges as
¢~ (a]x, — x|)~" [46]. Within a distance |z, — x| from
Z., the correlation length reaches the same order as the
distance: |xp — .| = (a|z. — 2p|)7Y. This sets a frozen
correlation length of € ~ o~ 7. Thus, the spatial KZM
predicts that the penetration into the symmetric phase
decays with a characteristic length &.

However, the zero-temperature BCS theory near g = 0
does not feature a power-law divergence of £&. The BCS
coherence length is [77, 80]

12k,
mA

éa = (18)
The Fermi momentum is related to the local density via
k¢ = mp/2in 1D. In the weakly interacting limit, the gap
function at zero temperature is given by [2, 77]

8 _
A= Ere 1N, (19)
where N = # is the density of states at the Fermi

energy in 1D. Therefore, the BCS coherence length in the
weakly interacting limit (¢ — 0) becomes

e 1/N
é-A = me 9, (20)

We caution that the expression is non—analytic in g. To
study the spatial quench, we identify o = 7, so ¢'(x) =
—a(x —x.) in the ramp-down region and remark that the
sign convention does not affect the scaling analysis. The
frozen-out correlation ¢, occurs when Eq. (20) is met by
g = sy, 50 Efp ~ ekr/NagerEr — After simplifying the
expression with dimensionless quantities, such as é fr =
&fr/L, we obtain

fén=Lwte Loy
Thus, the spatial KZM for Fermi superfluid at zero tem-
perature has the above form due to the non-analytic be-
havior of the T" = 0 BCS theory. To better contrast the
mechanisms and features of the step-function and spatial
quenches, we compare them with the corresponding con-
tinuous phase transition of a uniform system in Table I.

IV. RESULTS AND DISCUSSIONS

A. Numerical calculations

To solve the BAG equation, we begin with chemical
potential p and an initial trial for A(z) and find the
eigenvalues and eigenfunctions from the BdG equation.
We then assemble A(x) from the eigenfunctions using
Eq. (10). The new gap function is used in the BdG
equation to find the new eigenvalues and eigenfunctions.

Continuous Step-function|Spatial quench

phase transition|quench (spatial KZM)

Parameter |uniform sudden drop |linear ramp
Structure uniform coexistence |coexistence
Transition whole system T = X¢ T = ¢
Penetration |N/A Correlations |Correlations
Power law | ~ e ™" N/A E~a T

BCS (T = 0) ¢ ~ et/N9 £~ hvro/Ao [€In(§) ~ 1/a

TABLE I. Comparison of continuous phase transition in a ho-
mogeneous system, step-function quench, and spatial quench
described by the spatial KZM. Here x. is the location where
the parameter drops to zero, separating the symmetric and
symmetry-broken phases in real space, & is the correlation
length, € is the distance to the critical point, « is the slope of
the parameter ramp, N is the density of state at the Fermi
energy, vro and Ag are the bulk Fermi velocity and gap on
the superfluid side. We emphasize all three cases are in equi-
librium.

We continue the iteration until the consistency condition
JlActd — Arewldy < 1075 is met. We then adjust u
and repeat the above steps until we meet the condition
N = [ p(x)dz using Eq. (9). The number of grid points
n, to discretize the real space imposes a momentum cut-
off kpmaz = 53 We choose n, large enough that the
results are insensitive to further changes of n,. Most of
our calculations are for half filling with n, = N. The
results not far away from half filling are qualitatively the
same. However, physical quantities may have relatively
large fluctuations far way from half filling due to the small
ratio of A(x)/E{. We have verified that for uniform BCS
superfluid, the BdG results from our calculations repro-
duce the known results in the literature [2, 77].

In both step-function and spatial quenches, A(x) drops
to zero when g(x) = 0 according to Eq. (10). However,
the pair wavefunction F'(x) can penetrate into the normal
region with g(z) = 0. We will analyze the penetration in
different settings and characterize the correlation length
&. The correlation function on the noninteracting side
according to Eq. (12) can be evaluated by

- Y Fen)F(wae),  (22)

n+r'<n,

where r = r'de, n=1,--- ;ny and v’ = 1,--- ;n,/2 are
integers.

To extract the scaling behavior from the quench pro-
tocols, we fit F(z) in the noninteracting region by the
exponential form (14) and the power-law form (15). As
expected, the power-law fits F(z) better in both step-
function and spatial quenches. However, the exponential
form may produce similar exponents even though the fit-
ting does not faithfully go through the data. On the
other hand, fitting the pair-pair correlation function C(r)
with a power-law similar to Eq. (15) results in significant
deviations in both step-function and spatial quenches,

but C(r) can be fitted reasonably well with the exponen-
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FIG. 2. Profiles of the density (top), gap function (middle),
and pair wavefunction (bottom) in a step-function quench.
The vertical dashed lines indicate where the pairing interac-
tion drops to zero. Here n, = 2000, N = 2000, and ¢ = 1.

tial function Cpexp(—r/€c). We extract the correlation
lengths from F(z) and C(r) and denote them by £r and
&c, respectively, and introduce the dimensionless quanti-
ties SC,F = fC,F/L-

We also evaluated the BCS coherence length defined
in Eq. (18) by using the bulk values on the superfluid
side. In general, the evaluation of £éA becomes less reli-
able when the bulk A suffers strong fluctuations in the
weakly interacting regime with ¢ < 1. On the other hand,
there are also restrictions on the fitting of F(z) and C(r),
as will be explained below. In our analysis, we stay within
the reliable regimes for extracting the scaling behavior.

B. Step-function quench

As shown in Fig. 2, though the density profile is ba-
sically uniform inside the box in the presence of a step-
function quench, the order parameter vanishes at the crit-
ical point in real space. For the step-function quench,
the correlation lengths £ and ¢ along with their fitting
curves and the BCS coherence length £a are shown in
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FIG. 3. Correlation lengths in the step-function quench. (a)
The pair correlation function C(r) (solid line) and it expo-
nential fit (dashed line). (b) The pair wavefunction F(z)
(solid line) and its power-law fit (dashed line). (c) Scaling
behavior with respect to 1/c of fp = &r /L from the power-
law fit (squares), e = &c/L from the exponential fit (tri-
angles), and the BCS coherence length éa = EaL (circles).
The dashed line represents the BCS approximation of the co-
herence length at zero temperature given by Eq. (20). Here
ng = 2000 and N = 2000. In (a) and (b), ¢ = 1.

Fig. 3. The scaling behavior allows us to extract their
exponents. However, the range of c¢ is limited for (g
and &¢ because if ¢ < 1, the gap function A(z) is small
and suffers strong fluctuations in the superfluid region.
If ¢ > 3, the correlation lengths {r and - may go be-
low the numerical resolution, and the fitting also shows
observable deviations.

As suggested in the studies of proximity effects in SC-
NM junctions [12, 15, 81], the dominant length scale in
the penetration of Cooper pairs is the BCS coherence



length £a. Increasing the pairing interaction leads to
stronger binding between the fermions, which results in
a smaller BCS coherence length as the pairs are more
tightly bound in real space. One can also see that increas-
ing the pairing interaction increases the bulk A and de-
creases the BCS coherence length according to Eq. (18).

Fig. 3 (c) shows that the correlation lengths £ and ¢
and the BCS coherence length £a from the step-function
quench all exhibit the same scaling behavior of Eq. (20)
in . Hence, our results support the proposition that the
correlation lengths £ and ¢ follow €A, so the correlation
lengths decrease with the BCS coherence length as the
pairing interaction increases. Our results also confirm
that €A from the superfluid region may be considered
as the only relevant length scale besides the box size L
in a step-function quench. The chemical potential in the
study of the step-function quench is about p ~ O.9E§3, in-
dicating the system is still in the BCS regime. Moreover,
the correlation and coherence length follow the BCS co-
herence length in the weakly interacting limit, as shown
in Fig. 3. Hence, we have presented a fair comparison
of the different coherence and correlation lengths in the
step-function quench.

C. Spatial quench

For the spatial quench, the pairing interaction ramps
down linear from the superfluid region to zero in the
normal-gas region within a distance d. Figure 4 shows
the profiles of density, order parameter A, and pair wave-
function F' for a selective case of spatial quench. The
linear-ramp region of the interaction leads to more com-
plicated behavior between the bulks of the superfluid and
normal gas. For F'(x), the power-law form (15) again fits
the penetration better, but the exponential form (14)
gives close answers despite more significant deviations.
In contrast, the power-law form cannot reasonably fit to
C(r) in the normal-gas regime while the exponential form
Coexp(—r/&c) fits reasonably well, as shown in Fig. 5 (a)
and (b).

After extracting the correlation lengths £ and ¢ from
the fitting, their scaling behavior according to Eq. (21)
are analyzed in Fig. 5 (¢). Despite the non-analytic be-
havior of f(£), the correlation length {r from the pair
wavefunction follows the relation (21), as the linear fit
on the plot suggests. In contrast, the correlation length
&c from the correlation function exhibits observable de-
viations from the scaling behavior of Eq. (21), possibly
due to higher-order correlations. Therefore, the spatial
quench of Fermi superfluid differentiates the correlation
lengths £ and £¢ from the BdG equation, and the corre-
lation length £ follows the scaling behavior predicted by
the spatial KZM according to the mean-field BCS theory.

Different from the step-function quench, here we have
a larger window to check scaling of the correlation lengths
with respect to the slope « for the spatial quench. More-
over, we have checked the scaling behavior of the corre-
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FIG. 4. Profiles of the density (top), gap function (middle)
and pair wavefunction (bottom) in a spatial quench. The
vertical dashed lines indicate where the interaction drops to
zero. Here n,; = 2000, N = 2000, c =1, and d = 0.1.

lation lengths independently for the parameters ¢ and d
and confirmed the consistency of the scaling with respect
to a. For the range of « tested in our study, the chem-
ical potential is around g ~ 0.9E9, again indicating the
system is in the BCS regime with half filling. However,
the chemical potential can change for lower filling as «
changes. The density change that affects ky is virtually
non-observable as d changes in our study.

We mention that for the range of o that we tested in
spatial quench, the correlation lengths may mimic the
power-law scaling with respect to a. As shown in Fig. 6,
both £ and £c can be locally fitted by a power law
and extract the corresponding exponent. We found the
exponent from {¢ is close to —1/3 but that from &g
is more than twice larger. While this local analysis of
power-law behavior again shows that the spatial KZM of
Fermi superfluid in the BCS framework indeed differen-
tiates the correlation lengths from the pair wavefunction
and its correlation function, the non-analytic behavior
of the BCS theory at T' = 0 leading to Eq. (21) shows
that Fig. 5 (c) captures the full scaling of the correlation
lengths while Fig. 6 only shows how the non-analytic be-
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havior may disguise itself as power-law behavior in a local
analysis. We also remark that the Ginzburg-Landau the-
ory of Fermi superfluid [77] only works near the transition
temperature, which may not apply to our analysis of the
T = 0 results.

D. Bosonic background

After discussing the step-function and spatial quenches
of Fermi gases, we consider the quenches in the presence
of a uniform bosonic background, which may come from
sympathetic cooling [82] or boson-fermion superfluid
mixtures [83]. In a simple setting, we consider fermions
with two components and bosons in the same quasi-1D

0
m  In&r
In‘f~
-2 ¢
ec= —0.33
'\ ~
—4- . R
- S
~-082" "=
e = . *l‘.‘.
—61 . i ‘ ‘L
3 4 5 6
In(alL)

FIG. 6. Local power-law scaling behavior with respect to aL
for & = &r/L (squares) and &c = &c¢/L (triangles). Here
ng = 2000 and N = 2000. The lines are power-law fits with
the exponents labeled next to the data.

box of length L. There is attraction between fermions
with opposite spins but repulsion between bosons and
between fermions and bosons. As a first attempt to ad-
dress the mixture, we only consider the inhomogeneous
pairing interaction g(z) between the fermions while keep-
ing the other parameters uniform. By using the fermionic
parameters as units, the boson-boson and boson-fermion
coupling constants can be written in terms of dimension-
less quz.mtities as gy, = gng?/k?c and gyy = gngJOc/k?c,
respectively.

Previous studies [84, 85] have shown that bosons and
fermions in a binary mixture can form miscible mixtures
when the inter-species interaction is relatively weak or
the densities are low. However, phase-separation struc-
tures with inhomogeneous densities start to emerge as the
inter-species interaction and densities increase. More-
over, the pressure of bosons is mainly from the boson-
boson interactions, which competes with the Fermi pres-
sure of the fermions. Since we focus on the impact of
the bosonic background on the quenches of fermions, we
concentrate on the regime when the mixture is in the mis-
cible phase. Instead of a full analysis of various atomic
boson-fermion mixtures, we check a specific case of “Li
- 5Li mixtures with equal population of all species. The
conditions ggf << g;, and half-filling are sufficient to
maintain a miscible phase for the selected case. How-
ever, the formalism presented here is generic and can be
applied to atomic boson-fermion mixtures in general.

The total ground-state energy functional of a mixture
of bosons and fermions in a quasi-1D box of length L,
assuming the fermions form a BCS superfluid, is given
by

L
Euis = By + Ey+ 005 / depy(a)p(z).  (23)
0

Here, E, is the BCS ground-state energy shown in
Eq. (5), and the energy of the bosons is

B= [t ) oy
b — o x2mb Vb 29bb ol |-



In the mean-field description of the ground state, the
condensate wavefunction of the bosons is governed by
the Gross-Pitaevskii (GP) equation [1, 2]. To find
the minimal-energy configuration, we implement the
imaginary-time formalism [2, 77] by searching for the
stable solution to the imaginary-time evolution equa-
tion —0Yy /0T = dE,i,/0%; in the 7 — oo limit, start-
ing from a trial initial configuration. The normalization
[ [¥p|?dz = Ny is imposed at each imaginary-time incre-
ment to project out higher-energy states. Here 7 = it is
the imaginary time. Explicitly,

—h%——h—zaw - Uy + gogpt0 (25)
or - 2mb z b Gvb PP gof PVb,

The fermions are described by the BdG equation (8) with
the replacement of the discretization of h(z) = —% 88; —
©+ gvrp- The bosonic density is py(x) = |¢p(z)|* while
p(z) =237 |va(x)|? for the fermions as before.

For a uniform and miscible mixture of bosons and
fermions, the mean-field treatment shifts the chemical
potential of the fermions by gy¢ps, which only shows up
in the diagonal of the BAG equation. Therefore, the gap
function is not affected directly by the bosons. This im-
plies that the scaling of the fermionic correlation func-
tions are insensitive to the bosonic background as long
as the mixture remains uniform and miscible. However,
the presence of step-function or spatial quench of boson-
fermion mixtures in a quasi-1D box may introduce com-
plications due to the inhomogeneous pairing interaction
and confining potential. We numerically solve the cou-
pled BAG and GP equations for a miscible boson-fermion
mixtures in a quasi-1D box to verify if the exponents of
the fermionic correlation lengths £r and &¢ are affected
by the bosonic background.

To solve the coupled BdG and GP equations by self-
consistent iteration with given numbers of the bosons NV,
and fermions N, we begin with trial chemical potential
i, boson wavefunction 1y, and gap function A(z) and
first solve the BAG equation following the procedure im-
plemented in the previous sections. The gap function
A(x) and fermionic density p(z) are then obtained from
the eigenfunctions wuz(z) and vz(z). Next, we evolve
the imaginary-time evolution equation (25) to get the
ground-state bosonic density pp(r). We continue the it-
erations between the BdG and GP equations until the fi-
nal convergence of the gap function A(x) and the bosonic
density fOL |pd(z) — ppev(z)|dx < 1077 is reached.

During the iterations, we also adjust the chemical po-
tential p for the BAG equation to meet the fixed num-
ber of total fermions. Similar to the case with only
fermions, different initial states have been used to con-
firm the ground state for both species by checking the
ground-state energy using Eq. (23). Since we focus on
the case with a uniform bosonic background, we confine
our parameters to g, ¢ << gpp» Where the convergence to
the miscible phase is found in all our trials of the initial
states. Similar to the procedures of step-function and
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FIG. 7. Profiles of the density (top row), gap function (middle
row), and pair wavefunction (bottom row) of the step-function
quench (left column) and spatial quench (right column) of ®Li
in a %Li-"Li mixture. The inhomogeneous interaction only
applies to the pairing interaction between the fermions, and
other interactions are uniform. The vertical dashed lines indi-
cate where the interaction drops to zero. For the step-function
quench, n, = 1000, N = N, = 1000, and ¢ = 1. For the spa-
tial quench, n, = 1000, N = N, = 1000, ¢ = 1, and d = 0.1.
For both cases, gj;, = 0.1 and g;,; = 0.05.

spatial quenches discussed above, we calculated the pair
wavefunction F(z) and correlation function C(r) to ex-
tract the corresponding correlation lengths £ and &¢,
respectively.

Samples of the profiles of the density, gap function,
and pair wavefunction of the step-function and spatial
quenches of fermions in a boson-fermion mixture are
shown in Fig. 7. For the step-function quench, we also
evaluate the BCS coherence length £ from the bulk val-
ues on the superfluid side. From our numerical results,
we found that the inclusion of a bosonic background with
uniform parameters does not alter the scaling behavior of
& and &o of the fermions. All the scaling from the step-
function and the exponents from the spatial quenches
of boson-fermion mixtures are within numerical accu-
racy the same as those without the bosons, which have
been shown in Figs. 3 (c) and 5. As shown in Fig. 7,
this is mainly because the density profile of bosons be-
comes quite flat already at relatively small g;,, making
the bosonic background basically uniform and does not



further complicate the behavior of the fermions.

Nevertheless, the phase-separation structures of boson-
fermion mixtures can exhibit various inhomogeneous pro-
files already for binary mixtures in the presence of uni-
form interactions [84, 85]. Adding inhomogeneous in-
teractions to the fermions, such as the step-function or
spatial quench of the pairing interaction studied here, is
expected to lead to richer structures. Extracting the cor-
relation lengths in such highly inhomogeneous setups will
be a challenge and await future research.

V. DISCUSSION AND IMPLICATION

We elaborate on some subtle differences between the
spatial KZM in the transverse field Ising model studied in
Refs. [36, 46] and the quasi-1D Fermi gases studied here.
The absence of interaction in the normal-gas region of the
two-component Fermi gas resembles the spatial quench of
the magnetic field in the quantum Ising model [46], where
the field is absent in the ferromagnetic phase. However,
the broken-symmetry phase of the transverse-field Ising
model is in the region without the magnetic field while
the broken-symmetry phase of the Fermi gas is in the
region with finite pairing interactions.

In the study of the spatial KZM of the quantum trans-
verse field Ising model [36, 46], it was shown that both the
magnetization, which is the expectation of the local spin
and corresponds to the order parameter, and the spin-
spin correlation function exhibit the same scaling behav-
ior in the symmetric phase. The exponents extracted
from both quantities agree with the spatial KZM pre-
diction. In contrast, we have shown that for the spatial
KZM of Fermi gases with spatially varying pairing in-
teractions, the scaling behavior of the correlation length
from the the pair wavefunction F(z) differs from that
from the pair correlation function C(r) because of the
non-analytic behavior of the T'= 0 BCS theory and pos-
sible higher-order correlations. Therefore, the scaling be-
havior of the Fermi superfluid with spatial quench of the
pairing interaction exhibits rich contents and extends the
scope of the spatial KZM.

Experimentally, ultracold atoms have been usually
subject to uniform interactions due to the small cloud
size compared to the magnetic field for tuning Feshbach
resonance [2, 86]. There have been several ways for induc-
ing inhomogeneous interactions in cold atoms. One ap-
proach is to use optical techniques to control the interac-
tions between atoms. Examples include optical Feshbach
resonance [4, 5, 87] and optically controlled magnetic
Feshbach resonance [10, 88]. Refs. [10, 89] demonstrate
spatial modulation of the interaction in BEC [10] and
6Li fermions [89] by optical controls with high speed and
precision. Optical techniques may suffer atom loss and
heating, so they are more suitable for changing the inter-
action with short length or time scale. Another approach
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is based on magnetic Feshbach resonance and magnetic
field gradient [11], which allows for longer observation
time. Thus, the inhomogeneous interactions for realizing
the step-function and spatial quenches may become fea-
sible with the rapid developments in manipulating ultra-
cold atoms. We also mention that two-component atomic
Fermi gases in 3D [90] and 2D [91] box potentials have
been realized, and similar techniques may realize atomic
Fermi gases in quasi-1D box potentials in the future.

Recent progress in quantum gas microscopy allows
mapping of site-resolved density- or spin- correlations of
the Fermi Hubbard model [92-94]. Ref. [95] demon-
strates site-resolved location and spin of each fermion
in the attractive Fermi Hubbard system using a bilayer
quantum-gas microscope and reveals the formation and
spatial ordering of fermion pairs. In addition, radio-
frequency (rf) spectroscopy has been used to measure the
excitation energy that reveals the pairing gap in atomic
Fermi gases [96-99]. Future developments may allow
spatial resolution of the rf spectroscopy for cold atoms.
Those spatially resolved measurements of the pairing cor-
relation of atomic Fermi gases are promising for observ-
ing the scaling behavior of the step-function and spatial
quenches analyzed here.

VI. CONCLUSION

We have shown that atomic Fermi gases with tun-
able interactions in real space provide a powerful sim-
ulator for studying the analogues of the proximity effect
and spatial KZM. Through numerical calculations with a
step-function or spatial quench of the pairing interaction,
we characterize the penetration of the pair wavefunc-
tion and pair correlation into the noninteracting region.
The scaling analyses of the correlation lengths from the
step-function and spatial quenches lead to the exponents
of the corresponding quantities. For the step-function
quench, the correlation lengths follow the BCS coherence
length due to the lack of additional length scale in the
system. In contrast, the correlation lengths of the pair
wavefunction and pair correlation function exhibit differ-
ent scaling behavior in the spatial quench. The rapid
development in manipulating and measuring inhomoge-
neous structures of cold-atoms will allow us to explore
more interesting phenomena in such a unified platform.
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