OPTIMAL POISSON KERNEL REGULARITY FOR ELLIPTIC
OPERATORS WITH HOLDER CONTINUOUS COEFFICIENTS IN
VANISHING CHORD-ARC DOMAINS
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ABSTRACT. We show that if Q is a vanishing chord-arc domain and L is a divergence-
form elliptic operator with Holder-continuous coefficient matrix, then logk, €
VMO, where k; is the elliptic Poisson kernel for L in the domain Q. This ex-
tends the previous work of Kenig and Toro in the case of the Laplacian.
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1. INTRODUCTION

In this article we study quantitative, asymptotic regularity of the (elliptic-) Pois-
son kernel for second order divergence form elliptic operators of the form L =
—div A(X)V in (bounded) rough domains, where the coefficient matrix is assumed
to be Holder continuous. This extends the work of Kenig and Toro [KT97] from
the case of L = —A, the Laplacian, to this natural class of variable coefficient op-
erators. One may wish to interpret the results here as asymptotic optimality of the
solution map for the linear operator L, with some extra consideration. Indeed, the
solvability of the LP-Dirichlet problem, with accompanying non-tangential esti-
mates, is equivalent to the Poisson kernel satisfying a L” -reverse Holder condition
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(p’ = p/(p—1)). Our result here is equivalent to this condition being satisfied for all
p > 1 and that for fixed p the constant in the reverse Holder inequality tends to the
optimal value, 1, when the balls shrink. In fact, the optimality (in the limit) of this
constant for any fixed p > 1 implies the optimality for all p > 1 and logk € VMO
(see [Kor98] for a detailed discussionl). Here our geometric assumptions on the
domain are optimal[KT03, AMT17], that is, the domains are chord arc with van-
ishing constant (see Definitions 2.28 and 2.30). These domains can be described
as having asymptotic flatness (in the sense of Reifenberg [Rei60]) coupled with
surface measure which behaves asymptotically like Lebesgue measure.

Throughout, the ambient space is R"*!, n > 2 and we often make the identifica-
tion R™! = {(x, 1) € R” x R}. We work with divergence form elliptic second order
differential equations of the form L = —div A(X)V, where the real, (n+ 1) X (n+ 1)
matrix-valued function A satisfies the A-ellipticity condition for some A > 1, that
is, ||Allz~ < A and for almost every X € R

ATNER < (AXDEE), VEER™
Our main result is the following.

Theorem 1.1. Let Q ¢ R"™! be a bounded vanishing chord arc domain (see Def-
initions 2.28 and 2.30) and L = —div A(X)V be an elliptic operator, with (real,
A-elliptic) coefficients satisfying the Holder condition

(1.2) JA(X) - A(Y)| < CalX — Y|%, V¥X,Y e R™!
for some Cq > 0 and a € (0,1]. Then logk € VMO (see Definition 2.33), where k
is the (elliptic-)Poisson kernel for L on the domain Q, that is, k := dzl";o for some

Xo € Q. Here X is the elliptic measure for L with pole at Xy, and o = H"|yq is
the surface measure for Q.

Let us lay out the structure of the proof of Theorem 1.1. The restriction to real
coeflicients is necessary to define the elliptic measure (via the maximum princi-
ple and the Riesz representation theorem) as the solution map for the Dirichlet
problem for L on the domain Q. (Note that chord arc domains are Wiener reg-
ular and therefore the solution to the L-Dirichlet problem for some f € C.(09)
is up(Xo) = f a0 fO) dw*(y).) On the other hand, some of the solvability re-
sults which serve as the starting point for our analysis rely on (complex) analytic
perturbation theory [AAA*11, AAHO08, AAMI10]. Indeed, our study begins with
operators on the upper half space, where there is much known for both transver-
sally independent complex L™ perturbations of transversally independent operators
with constant coefficients and operators which are a Dahlberg-Fefferman-Kenig-
Pipher [Dah86, FKP91] type® (‘transversal’) perturbations. For the former we
prefer to cite the treatment in [AAHO8] and for the latter [AA11]. These per-
turbations are maintained under pull-back on small Lipschitz graph domains and
due to the Holder condition we may view our operator (even after pull-back) as a
two-fold perturbation of a constant coefficient matrix. Thus, to conclude Theorem

IThis remarkable theory of ‘self-improvement’ comes from the study of quasiconformal map-
pings [Geh73, Iwa98].
2The perturbations are a quantitative, ‘averaged’ refinement of those in [FJIK84].
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1.1, we employ ‘good’ approximation schemes developed in [DJ90, Sem90] and
[KT97, Sem91], whereby one approximates a vanishing chord arc domain by do-
mains with small Lipschitz constant and makes the delicate estimates required to
show logk € VMO. Here the former approximation in [DJ90, Sem90] allows us
to establish rough ‘A, estimates’ and the later approximation in [KT97, Sem91]
allows us to establish the refined, asymptotic estimates of Theorem 1.1 (the ‘rough’
A estimates are needed to control some errors).

This paper here brings together tools from partial differential equations, har-
monic analysis and geometric measure theory developed over the last 40 years. We
attempt (perhaps in vain) to give a reasonable account of the relevant results to the
current work. For the harmonic measure, in 1976, Dahlberg [Dah77] showed that
in a Lipschitz domain the Poisson kernel satisfies an L?-reverse Holder condition,
which, as we mentioned above, implies the L? solvability of the Dirichlet problem.
This sparked a deep interest in the study of elliptic operators in rough sets that
has persisted for decades. In 1982, Jerison and Kenig [JK82b] showed that in a
bounded C! domain logk € VMO. In 1997, Kenig and Toro [KT97] extended the
work of Jerison and Kenig to vanishing chord arc domains, that is, Theorem 1.1
with L = —A, by using a version of the Semmes decomposition [Sem91].

In this context, for the variable coefficient case there is a good perturbative the-
ory, see [Esc96, FKP91, MPT14]. One can extrapolate optimal Poisson kernel
regularity (log k € VMO) from one operator to another, whenever the discrepancy
between the operators is a vanishing perturbation of Dahlberg-Fefferman-Kenig-
Pipher type. On the other hand, aside from constant coefficient operators and their
(vanishing) perturbations, there appears to be a lack of understanding of the prop-
erties that characterize an operator for which logk € VMO. This paper provides an
important example of a natural class of operators for which this is the case. It also
addresses a gap in [MT10]. There the authors used the fact that for a uniformly
elliptic operator with Holder coefficients on Lipschitz domain with small Lipschitz
constant log k has small BMO norm. This result had not been established. In fact
attempts to fix this gap by standard methods were unsuccessful. A completely new
idea is required to prove this fact, and its introduction is one of the major original
contributions of the current paper. There were also small gaps and errors in some
‘localization estimates’ in [MT10], so we carefully reprove these results. For the
most part the techniques in these ‘localization estimates’ follow [MT10, KT97],
but the proof of Theorem 1.1 is completely different and requires a number of new
ingredients.

As mentioned above, we leverage powerful, refined theorems in the study of
elliptic boundary value problems. We are particularly reliant on the theory built
from layer potentials and the operational calculus of first order Dirac operators
associated to divergence form elliptic operators with variable coefficients. The
modern treatment of these objects was shaped by Auscher, Axelsson, Hofmann,
McIntosh and many others [AAAT11, AAHOS, AAM10, AHL*02]. We refer the
reader to [AAAT11] for a relatively comprehensive history, but we remark that
these works grew out of the testing conditions (‘T1/Tb theory’) for singular inte-
grals and Littlewood-Paley type operators [CM86, CJ87, DJ84, DJS85, MMS85],
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and the generalizations of this theory. Perhaps the most notable such generaliza-
tion led to the resolution of the Kato conjecture [AHL"02] and served as the basis
for the results in [AAA*11, AAHO8, AAM10]. These works allow us to treat
the L*-perturbation, while we use the results in [AA11] to handle the Dahlberg-
Fefferman-Kenig-Pipher type perturbation (the key is that we can locally write our
operator as a two-fold perturbation).

Though our results are stated for bounded domains, with suitable modifications
analogous local and global results hold for unbounded domains. For instance, an
analogue of Theorem 1.1 holds for unbounded domains, if we replace VMO with
VMOj,.. One can not conclude log k; with finite pole is in the space VMO space
when the domain has unbounded boundary. Indeed, logk{ is not in VMO, when
Q is the upper half-space, L = —A, and X # co. We only treat bounded domains
here to simplify the exposition, but we refer interested readers to Section 6.1 in
[BTZ23], where the necessary local to global argument was presented.

Acknowledgement: The first named author would like to thank Pascal Auscher,
Moritz Egert and Steve Hofmann for helpful conversations concerning the first-
order method and the perturbative theory for elliptic boundary value problems.

2. PRELIMINARIES

First we introduce notation that will be standard throughout. For notation spe-
cific to chord arc domains and their variants with small constants, see the next
subsections (Sections 2.2 and 2.3). Throughout the paper, by allowable constants
we always mean the dimension n > 2, the ellipticity constant A > 1 and the Holder
constants C4 > 0 and a € (0, 1].

2.1. Notation.

e Given a domain Q c R™*! with boundary 0Q, for x € Q and r € (0, diam 6Q)
we let A(x, r) := B(x, r) N 0Q denote the surface ball of radius r centered
at x. We make clear which surface measure we are using any time there is
possible ambiguity (e.g. when dealing with multiple domains simultane-

ously).
e Given x = (x1,...X,+1) € R™! (or x € R" resp.) we define |x|. = sup;{|x;|}
to be the £ norm of x. Similarly, we let |x| := |x|, be the standard Eu-

clidean (£2) distance.

e When working with the upper half space (R’fl ={x,DeR*"XR:t>0}
we use the following notation. Let y € R” = R" x {0} and r > 0 then we
define:

— The cube Q(y,r) := {x € R" x {0} : |x — ¥l < 7}, with side length 2r
and the (surface) ball A(y,r) :=={x e R" x {0} : [x —y| < 1}.

— Given an n dimensional cube Q = Q(y,r) we let £(Q) := 2r be the
side length of the cube.

— Given an n-dimensional cube Q we let R be the Carleson box relative
to Q, thatis, Rp = Q X (0, £(Q)).

— The Whitney regions W(y,r) = A(y, r/2) X (r/2,3r/2) and

D@y,r) := B(y,10r) N {(x,1) : x e R", ¢t > r/2}.
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e Given a (real) divergence form elliptic operator L = —div AV we define
its transpose (and, in this case, adjoint) LT := —divATV, where AT is the
transpose of A, that is (AT)i,j =(A)j,.

Definition 2.1 (Lipschitz domains). We say a domain (connected open set) Q C
R"™! is a y-Lipschitz domain if for every x € 0Q there exists » > 0 and an
isometric coordinate system with origin x = O such that

(2.2)

(Y eR™ |V =Xl < 1} NQ = {Y e R"™ |V = X0 < F}N{(0,0) 1 y € R", 1> (1)}

for some Lipschitz function ¢ : R” — R with ¢(O) = O and ||[V¢|| < y. We say a
domain is a Lipschitz domain if it is a y-Lipschitz domain for some y > 0. We call
a domain Q c R"! of the form

Q:={(,0):yeR",t> o)}

for some Lipschitz function ¢ : R” — R with |[Vy|l.c < oo a Lipschitz graph
domain (and if ||[V¢||s < 7, a y-Lipschitz graph domain).

Remark 2.3. The number of ‘charts’ needed to cover the boundary in the definition
of Lipschitz domain is often important, but if Q2 is bounded the compactness of the
boundary ensures that only a finite number of charts is required. If Q is a Lipschitz
graph domain only one chart is needed. When we work with Lipschitz domains
the number of charts will always be uniformly bounded.

Definition 2.4 (FKP-Carleson Norm). Given any matrix P = P(x,t) defined on
Rﬁ“ = {(x,1) : x e R",t > 0} we define the Carleson norm of P as

1/2
1 dxdt

IPllc := su ff 1PII3 (x, 1) — ,
QP 0] ko LO(W(x,1)) ;

where the supremum is taken over all cubes QO C R", Ry is the Carleson box
0 x(0,£4(Q)) and we recall W(x, 1) = A(x, t/2) x (¢/2,3t/2).

Definition 2.5 (Nontangential Maximal function). Given any locally L2-integrable
function F : R’fl — R we define the (L?-modified) non-tangential maximal func-

tion N*F :R" - R as

1/2
(2.6) N.F(x) := sup <ij IF(y, s)I* dy ds) .
>0 W(x,1)

For p > 1 we also define the L”-modified non-tangential maximal function NPF

R" - R as
. 1/p
NP(F(x)) := sup (ff IF(y, ) dde> .
>0 W(x,t)

Remark 2.7. We use the notation N,F to distinguish it with the standard non-
tangential maximal function defined using L™ norm.
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2.2. PDE estimates in chord arc domains. In this subsection we define chord
arc domains and state without proof some well-known results about solutions to
elliptic operators as well as elliptic measures on such domains. These two non-
tangential maximal functions are equivalent if Moser’s estimate holds.

Chord arc domains are domains with scale-invariant connectivity (Harnack chains),
interior and exterior openness (corkscrews) and whose boundaries are quantita-
tively “n-dimensional” (Ahlfors regular boundary).

Definition 2.8 (Two-sided Corkscrew condition [JK82a]). We say a domain (an
open and connected set) Q ¢ R"! satisfies the two-sided corkscrew condition if
there exists a uniform constant M > 2 such that for all x € dQ and r € (0, diam 0Q)
there exists X, X» € R™*! such that

B(X;,r/M) c B(x,r)NQ, BX»,r/M)c B(x,r)\ Q.

In the sequel, we write A(x, r) := X1, for the interior corkscrew point for x at scale
r.

Definition 2.9 (Harnack chain condition [JK82a] ). We say a domain Q c R"*!
satisfies the Harnack chain condition if there exists a uniform constant M > 2 such
that if X;, X> € Q with dist(X;, Q) > € > 0 and |X; — X»| < 2% then there exists
a ‘chain’ of open balls By,...,By with N < Mk such that X; € B;, X, € By,
BiNBj, #@forj=1,...,N—1and M~ diam B; < dist(B;,0Q) < M diam B,
forj=1,...,N.

Definition 2.10 (Ahlfors regular). We say a set E C R"*! is Ahlfors regular if E is
closed and there exists a uniform constant C such that

C™ ' < H'(B(x,r)NE) < Cr", Vxe E,Vre (0,diamE).

Definition 2.11 (NTA and chord arc domains [JK82a]). We say a domain Q C
R"*! is and NTA domain if it satisfies the two-sided corkscrew condition and the
Harnack chain condition. We say a domain Q ¢ R™*! is a chord arc domain if it
is an NTA domain and 0L is Ahlfors regular. We refer to the constants M and C in
the definitions of the two-sided corkscrew condition, Harnack chain condition and
the Ahlfors regularity condition as the ‘chord arc constants’.

Remark 2.12. Every bounded (y-)Lipschitz domain is a chord arc domain as are
Lipschitz graph domains. See Remark 2.3.

Now we give several results on the behavior of solutions to real divergence form
elliptic equations in chord arc domains. We note that while the original results
are stated for harmonic functions their proofs carry over for real divergence form
elliptic equations as the primary tools (e.g. the Harnack inequality and Holder
continuity at the boundary [HKM93]) are still available and only introduce de-
pendence on the ellipticity parameter. We also remark that these estimates are
suitably local. For instance, if Q ¢ R"*! is a y-Lipschitz domain and we work
‘well-inside’> a region as in (2.2) then the estimates on the boundary behavior of
solutions depend on dimension, ellipticity and the parameter y. We refer the reader
to [CFMS81, KKPTO00, JK82a]. In the remainder of this section, L = —divAV is a
second order divergence form elliptic operator with real, A-elliptic coeflicients.

3Here this means, {Y : |Y — x|, < r} N Q} in Definition 2.1.



HOLDER COEFFICIENTS IMPLIES logk € VMO 7

Lemma 2.13 (Carleson estimate [JK82a]). Let Q c R™! be a chord arc domain,
x € 0Q and 10r € (0,diam Q). If Lu = 0, u > 0 in Q N B(x, 2r) and u vanishes
continuously on B(x,2r) N 0Q) then

u(Y) < Cu(A(x,r)), VY e B(x,r)nQ.
Here C > 0 depends on n, A and the chord arc constants for C.
Lemma 2.14 (Holder continuity at the boundary [JK82a, HKM93]). Let Q C R

be a chord arc domain, x € 0Q and 10r € (0,diamoQ). If Lu = 0, u > 0 in
Q N B(x, 4r) and u vanishes continuously on B(x,4r) N 0Q then

_ H _
u(¥) < C ('er'> sup{u(Z) : Z € 9B(x,2r) N Q) < C ('Y il

u
) u(A(x, r)),

forall Y € B(x,r) N Q. Here C > 0 and u € (0, 1) depend on n, A and the chord
arc constants for €.

A simple consequence of this lemma is the following, which is sometimes re-
ferred to as Bourgain’s estimate.

Lemma 2.15 (Bourgain’s estimate [Bou87, HKM93]). Let Q c R™! be a chord
arc domain, x € 0Q and 10r € (0, diam 9Q). Then

W™ (B(x, ) 2 1,
where the implicit constants depend on n, A and the chord arc constants for Q.

Here wX is the elliptic measure for the operator L on Q with pole at X. In particu-
lar, by the Harnack inequality, for x € 0Q and 10r < 10R € (0, diam 9Q)

W R(B(x, 1) 2 1,

where the implicit constants depend on n, A and the chord arc constants for Q and
the ratio R/r.

Lemma 2.16 (CFMS estimate [CFMS81]). Let Q c R"*! be a chord arc domain,
x € 0Q and 10r € (0,diam 9Q). If Xy € Q \ B(x,4r) then
W (B(x, 1)
rm1G(Xo, A(x, 1))
where the implicit constants depend on n, A and the chord arc constants for Q.

Here wX is the elliptic measure for the operator L on Q with pole at X and G(X,Y)
is the L-Green function for Q with pole at Y.

Lemma 2.17 (Doubling for elliptic measure). Let Q ¢ R"*! be a chord arc domain,
x € 0Q and 10r € (0, diam 0Q). If Xg € Q \ B(x, 4r)
w™(B(x,2r)) < CwX(B(x, 1)),
where C depends on n, A and the chord arc constants for Q.
Lemma 2.18 (Comparison principle). Let Q ¢ R™! be a chord arc domain, x €

0Q and 10r € (0,diam0Q). If Lu = Lv = 0, u,v > 0in Q N B(x, 2r), u and v are
non-trivial functions which vanish continuously on B(x,2r) N 0Q then
W(X)  u(Ax, 1)
v(X) T V(AR )
where the implicit constants depend on n, A and the chord arc constants for Q.

VX € B(x,r) N Q,
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Lemma 2.19 (Quotients of non-negative solutions). Let Q ¢ R™! be a chord
arc domain, x € 0Q and r € (0,diamodQ/10). If Lu = Lv = 0, u,v > 0 in
QN B(x,2r), and u and v vanish continuously on B(x,2r) N 0%, then u/v is Holder
continuous of order u = u(n, A, chord arc constants) in B(x,r) N Q. In particular,

limy_,(u/v)(Y) exists fory € Q" and, moreover,

uX)  wAxN)| _ . (IX - XI>” u(A(x, r))

(2.20) v(X) v(Alx, )|~ r V(A(x, 1))’

VX € B(x,r)NQ,

where the constant C > 0 and u € (0, 1) depend on n, A and the chord arc constants
for Q.

Next we define the kernel function. It can be more generally defined (for any
Xo, X1 € Q), but we use it only in this specific manner.

Lemma 2.21 (Kernel function). Let Q c R"*! be a chord arc domain, x € 0Q and
107 € (0,diam 9Q). If Xo € Q \ B(x,4r) and X1 € B(x,2r) \ B(x, r) we define for
7€ 0Q

wXo
e (2).

H(z) == HXp, X1,2) := 7

The kernel function has the estimate
\H()/H(y) = 11 < C&, Vz,y:lz—xlly—x <{r,

forall £ € (0,1/2), where C > 0 and u € (0, 1) depend on n, A and the chord arc
constants for Q.

Later, we will ‘localize’ the coeflicients of our operator, the following lemma is
useful in this regard.

Lemma 2.22. Let Q; c R*™ i = 1,2 be chord arc domains such that
Q; N B(x,10r) = Q, N B(x, 10r)

where x € 0Q; and r € (0,diam 0€Q;/20). Suppose further that L; = —divA;V
are two divergence form A-elliptic operators with Ay = Ay on B(x,10r). Let
leO is the Li-elliptic measure for Q; with pole at Xy € ; N B(x, 8r) \ B(x, 4r).5
Then a)fol B(x.r) and a);(ol B(x.r) are mutually absolutely continuous. In particular, if
wf” |B(x.,r) and H"oq, nB(x.r) are mutually absolutely continuous then so are wgo |B(xr)
and H"|p0,nB(x.)-

Moreover,

() =~ 1, w;(‘) —a.e.y € B(x,r/2) N 0L,

where the implicit constants depend on n, A and the chord arc constants for €,
i=1,2

4Here the limit is taken within Q.
5This means the statements on x,r an X, are to hold simultaneously fori = 1,2
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Sketch of the proof. Let y € B(x,r) and s € (0,r). Then the CFMS estimate
(Lemma 2.16) implies that

w°(B(.s) _ Gi(Xo, A, 5))

W) (B(y,s)  G2(Xo, AW, )’

where G;(X, Y) is the L;-Green function for ;. On the other hand, Bourgain’s
estimate (Lemma 2.15) and the CFMS estimate imply that

Gi(Xo, Ax, r/50)" 1 ~ w(B(x,r/50) ~ 1, i=1,2.

(2.23)

By (2.23) and the comparison principle® (Lemma 2.18) then shows
W' (B».) _ Gi(Xo. AY.5) _ Gi(Xo, Alx,r/50) _
W) (B(y,s)) G1(Xo, A, )  Ga(Xo, Alx,r/50))

where the constants depend on n, A and the chord arc constants for Q;, i = 1, 2.
From this estimate one can deduce all of the properties described in the lemma. O

2.3. Chord arc domains with small constants. We study asymptotic flatness in
the form of vanishing chord arc domains. To define these domains, we need to give
a few more preliminary definitions.

Definition 2.24 (Separation property). Let Q ¢ R"*! be a domain. We say that Q
has the separation property if for each compact set K ¢ R"*! there exists R > 0
such that for any xyp € 0Q N K and r € (0, R] there exists a vector 7 € S” such that

{X € B(xp,r) : (X — x0,7) > r/4} CcQ

and
{X € B(xp,r) : (X — x,7) < —r/4} C Q°.

Notice that 77 points ‘inward’.

Remark 2.25. Provided that JQ is 6-Reifenberg flat for ¢ sufficiently small, there
is an equivalent definition of the separation property, see [KT99, Remark 1.1].

In the sequel, D[-; -] will be used to denote the Hausdorft distance between two
sets, that is, for A, B ¢ R"!
D[A; B] := sup{dist(a, B) : a € A} + sup{dist(b,A) : b € B}.

Definition 2.26 (Reifenberg flatness). Given a closed set X € R™! xy € X and
r > 0, we define

O(xo, r) := inf 1D[Z N B(xo, r); P N B(xo, 1)1,

where the infimum is taken over all n-planes P through xy and

O(r) := sup O(xop, ).

XoEX

®Here we need to view G;(Xo, Y) as a LT = — div A7V null solution away from X,. This follows
by the fact that if G(X, Y) is the L-Green function then G7(X, Y) = G(¥, X) is the LT -Green function.
We then apply the comparison principle with LT in place of L.
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For R > 0 and ¢ € (0,6,], where ¢, is sufficiently small depending only on the
dimension (see Remark 2.27) we say X is (0, R)-Reifenberg flat if
sup O(r) < 9.
re(0,R)

Remark 2.277. The 6, above is to ensure both that the definition is not vacuous and
that if a domain has Reifenberg flat boundary and satisfies the separation property
then it is, in fact, an NTA domain. See [KT97, Lemma 3.1] and Appendix A in
[KTO3].

Definition 2.28 ((, R)-chord arc domains). Let Q@ ¢ R™"! be a domain. Given
0 €(0,0,] and R > 0, we say Q is a (6, R)-chord arc domain if

(1) Q has the separation property (with parameter R),
(2) 0Q is (6, R)-Reifenberg flat and
(3) H"(B(x,r) N 0Q) < (1 + 8)w,r", for all x € Q and r € (0, R].

Here w,, is the volume of the n-dimensional unit ball in R”.

Remarks 2.29.

o Since Hausdorff measure is non-increasing under projections, the 6-Riefenberg
flatness of the boundary in the above definition coupled with the upper
bound on the surface measure gives the estimate

(1 = 0w, < H'(B(x,r) N o) < (1 + 0w, ",

for any x € 0Q and r € (0, R]. See [KT97, Remark 2.2].

e There is an equivalent definition of (d, R)-chord arc domain, which is to re-
place the third assumption above by dQ being Ahlfors regular (the Ahlfors
regularity constant is not necessarily close to one) and the unit outer normal
of Q has BMO norm bounded above by ¢. See for example [KTO03, Def-
inition 1.10]. These two definitions are equivalent (modulo constant) by
[KT97, Theorem 2.1] and [KT99, Theorem 4.2] respectively. We choose
the above definition in this paper for convenience.

Definition 2.30 (Vanishing chord arc domains). We say Q is a vanishing chord
arc domain

e Qis a (d, R)-chord arc domain for some ¢ € (0,d,] and R > 0,
e limsup,_,y+ ©(r) = 0 (where X in the definition of @ is 0Q) and
o lim,_q+ SUp, o H-BLN0ID) _

W, 1"
Note that if Q is a vanishing chord arc domain then for every ¢ > 0 there exists
Rs > 0 such that Q is a (6, Rs)-chord arc domain.

To organize our arguments involving these types of domains, we introduce some
notation. Given xo € R""! and #7 € S" we let P(xo, ) be the plane through x,
perpendicular to 7, that is,

P(xo, ) := (X € R"™! (X — xo, 1) = O);
and additionally, for r > 0 and ¢ € R we define the shifted cylinder
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231 ammigp{XeWHﬂ@—m%%Xam@MS Jm’
(X = xo, 1) — €| < \/nrﬁ}

and if £ = 0, we just write C(xo, r, 7). Given § > 0, we also define the following
truncated cylinders

C(xo, 1, 70) = {X € Clxg,r, 1) : (X — xp,7) > 2(5r}

and

Cj(xo,1,7) := {X € C(xg, 1, 1) : (X — x0,7) > —26r}.

Notice that both C} and Cj are ‘upper’ portions of the cylinder C. We also define
the ‘strip’

Ss(xg, 1, 71) := {X € Clxg, r, 1) : KX — xo,7)| < 261‘}.

We may omit the vector 7 in the above notation when there is no confusion.

Now we connect these objects to our definition of (, R)-chord arc domain. Sup-
pose Q C R™*! is a (6, R)-chord arc domain for some & € (0, 8,] and R > 0. Given
r € (0,R] and xp € 0Q we let P, , be an n-plane such that

D[ N B(xg, 1); Py, N B(xg, )] < 67.

By the separation property and choice of ¢, sufficiently small we can ensure that
for a choice of normal vector to the plane Py, ,, which we label 77, ,, we have

C5 (x0,7) 1= Cy (x0, 7, 7ixy,r) C Q
and
C(x0,1) \ C5(x0,7) C QF,
where C(xg, r) := C(xo, 1,7y, ) and Cj(xo,7) := Cj(x0, I, 7y, ). (This means that
fix,,» points inwards.) We also define
(2.32) Q(x0,7,€) = QN C(x0, 7, iy 2 €)

for £ € R and drop ¢ from the notation when & = 0. We then note the following
inclusions

Ci(x0,7) € Q(x0,7) € C5(x0,7)
and
C(xo, 1) N OQ C Ss(xo, 1),
where S;s(xo,r) := Ss(xo, 1, 7iy,,). Note that, while §~2(x0, r) may not be an NTA
or chord arc domain, the estimates established above hold in a smaller dilate of
C(xp, r) intersected with Q(xg, ), when suitably interpreted (for instance, at points

on the boundary of dQ N C(xg, (1 — c,0)r)). See [KT97, Section 4], in particular
the discussion following [KT97, Remark 4.2].

Finally we recalls the definitions of BMO and VMO functions.
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Definition 2.33 (BMO and VMO). Let u be a Radon measure in R”. Then, for all
0 < r < diam(supp i) and all f € L*(u) we define

(2.34) /1l (x,r) = sup (JC
O<s<r B(x,s)
We say f € BMO(u) if

fllBmoq = sup sup |[If1l«(x,7) < +o0.
O<r<diam(supp u) Xesupp u

1

2 2
SO - f(@) du(z) d,u(y)> .

B(x,s)

We denote by VMO the closure of uniformly continuous functions on supp u
in the BMO-norm. There is also a notion of VMO,; f € VMO if for every
compact set K c R”,

(2.35) lim sup J[
r—0 xesupp unNkK B(x,s)

Remark 2.36. In this paper we will work with BMO and VMO functions with
respect to the surface measure H"|sq, where Q is a domain with Ahlfors regular
boundary.

fo) - f(@)du(z)

B(x,s)

2 2
dﬂ()’)) =0.

3. PERTURBATIONS OF CONSTANT COEFFICIENT OPERATORS AND POISSON KERNELS

In this section, we restrict our attention to the upper half space R”*!, and study
the Poisson kernels for elliptic operators that are perturbations of constant-coefficient
operators. Let Ag be a real, constant (n+1)x(n+1) matrix satisfying the A-ellipticity
condition. We say areal (n+1)Xx(n+ 1) matrix satisfying the A-ellipticity condition
is an e-perturbation of Ay, if A(x, t) can be decomposed as

3.1 A(x, 1) = A1(x) + P(x, 1)
with
(3.2) lAo — Atllz~ + IP(x, Dllc < €,

see Definition 2.4 for the definition of the Carleson norm || - ||c.

The goal of this section is to prove the following result:

Theorem 3.3. For any,[? € (0, 1), there exist 5 = 5(,3, n,A) > 0ande = E(B, n,\)
such that the following holds. Suppose A = A(x, t) is a real matrix-valued function
on R™! satisfying the A-ellipticity condition and moreover; A is an e-perturbation
of a constant-coefficient matrix Ag satisfying the A-ellipticity condition. Then the
Poisson kernel for L = — div(AV) in the upper half space, denoted by kX, satisfies

) 1/2
(JCA(y,é’r) (k4] dz)
fA(y’ o KA (@) dz
forallyeR" r>0,06 < dand X € D(y, r). We recall that
D, r) == B(y, 10r) N {(x, HeR™ 11> g}

is the upper cap of the ball B(y, 10r).

(3.4) 1< <1+p
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We will refer to the quotient in (3.4) as the B, constant of kjf on A(y,8’r). For
a constant-coefficient operator A, the Poisson kernel kg)o’l) is smooth, so roughly
speaking
the B, constant of kfo’l) on A(0,0) — lasd — 0.

We expect the same to hold for perturbations of constant-coefficient operators. The
above theorem says that, if a matrix A is a sufficiently small perturbation of a
constant-coefficient matrix, then its B, constant is sufficiently close to 1 on small
enough scale (in proportion to the distance of the pole to the boundary).

We first prove a simple estimate on the Poisson kernel of constant-coefficient
operators.

Lemma 3.5 (Non-degeneracy for constant-coefficient operators). There exists a
constant ¢c; = c1(n,A) > 0 such that the following holds. If Ay is a real, con-
stant matrix satisfying the A-ellipticity condition, then the Poisson kernel for Ly =
—div AoV in the upper half space, denoted by ky,, satisfies

(3.6) kX 2 acromy = €167,
X 0 2
(3.7 k4,205 2 €1 <r> :

forallyeR", r>0,6¢€(0,1]and X € D@y, r).

Proof. The second inequality follows from combining (3.6) and Holder’s inequal-
ity. Since the solutions to constant-coefficient operator are scale invariant, it suf-
fices to show

(38) ||k1)4(0”L1(A(0,5)) > C](Sn, for every X € D(O, 1)
We claim that it suffices to consider the case when Ag is symmetric. If not, let
Ao+ AL
AO,s = 0 ) 0

be the symmetrization of Ag. Since Ag is a constant coefficient matrix, the solution
u € C2, and we have
div(AgVu) = Y dilaydu) = > a;;didju
ij ij
Zijaija,@ju + Zijaji(?iaju

= = = = div(Ao Vu).

Assume the matrix Ay is symmetric. By the decomposition of symmetric matrices

and a change of variable formula, we get an explicit formula for kﬁ,oo’l):

()
()

where ¢, = I'((n + 1)/2)/7"*V/2 is the same constant in the Poisson kernel for
the Laplacian, and VA, ! is defined by the diagonalization decomposition of A

(3.9) KV (@) = ¢y det(Ag) 2

n+l1’
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(the square root matrix and inverse matrix exist, since the eigenvalues of Ag are all
bounded from below by 1/A). Then the lower bound (3.8) is obtained easily by
(3.9) and the Harnack inequality.

O

Next we analyze how the Poisson kernels change under a perturbation of the
coeflicient matrices.

Proposition 3.10. There exists g = €y(n, A) such that the following holds for
every € < €. If A = A(x, 1) is a real matrix valued function on R™*! satisfying the
A-ellipticity condition and moreover, A is an e-perturbation of a real, constant-
coefficient matrix Ao satisfying the A-ellipticity condition, then

”kl(qx,l’) (X I)HLZ(RH Cer]’t—n/Z’

where C = C(n,A) andnf’ = n'(n, A) > 0 and kgx’t) and kgf)’t) (resp.) are the Poisson
kernels for the operators L = —divAV and Ly = —div AoV (resp.) in the upper
half space.

Remark 3.11. The above proposition could be amended, for instance, to include the
case of perturbations of real, t-independent, symmetric coefficients, but the case of
a perturbation of constant coefficients is sufficient for our purposes.

Proof. Without loss of generality assume x = 0. By the explicit formula in (3.9),
it is easy to see that the kernel k(%’l) for the constant coefficient matrix Ay has the

form £ BT and thus k(O - e L*(R™). Fix t > 0. We can similarly
(I+ajzi+ray_ 2o ,) 7

get that k" € L2(R").

Our first goal is to show

0, 0, -
(3.12) K" = kDl 2y < CeT 2,

where A1(x) is the f-independent part in the decomposition (3.1) of A.
To that end we use the L?-duality:

e = Ky llizeny = sup / (K070) - £2°0)) £@) dy’
17l 2gn,=1 | /R
(3.13) = sup [uf(0,0) —uf
”f”LZ(Rn):l
where for each f € L*(R"), we define
G.14) don = [ K0, i=0.1
Rn
They are solutions to the Dirichlet problem for the operators L; = —div A;V with

data f. Note that when we consider (not necessarily symmetric) elliptic operators
in an unbounded domain R”*!, there may be several weak solutions to the Dirich-
let problem, depending on which function spaces we consider (see [Axel0] for
example). Throughout the paper, we will refer to the solution obtained as in (3.14)
(i.e. by integrating the boundary data against the elliptic measure) as the elliptic
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measure solution. In particular when 0 < f € CZ’(R") the elliptic measure always

satisfies 0 < us(z, x) < sup|f].

From the work of Auscher, Axelsson and Hofmann [AAHOS8, Theorem 1.1] on
L™ perturbation result of the boundary value problem, the Dirichlet problem to
—div(A;(x)Vu) = 0 wi'th L2 boundary data is well defined: for every f € L2(R"Y)
there exists solutions ﬁ’f i = 0,1, such that
(3.15) IN. it} 2 1Nl 2y < CllFll 2y
moreover, we have

(3.16) IN.(ty = @Dll2@ny < Cellfll2gen,

provided that € > 0 in the statement of the theorem is small enough depending on
n and A. We remark that this requires the use of (complex) analytic perturbations,
but we restrict to a “real neighborhood”, where the result is (trivially) also true.
When the boundary data 0 < f € CX(R"), these two solutions agree, i.e. u’f = ﬁ}
We defer the proof to Subsection A.5 of Appendix A.

With (x, 1) = (0, 1) fixed, we define W := W(0,¢) = A0, ¢/2) x(t/2,3t/2) and for
v € (0, 1] we define yW = A(0,yt/2) x (¢t — ’g,t + 77’). We make the observation
that fory < 1/2, yW c W(y, 1)’ for all vy € A(x, t/4). It follows that for y € (0, 1/2]
and y € A(x, t/4)

A 1/2 ) 1/2
( ]Cf Ul (V)P dY) < Cy b2 (jg: (V) dY)
W W(y.0)

< Cy ™ VRN ()

fori = 0, 1. Averaging over y € A(x,t/4) and using (3.15) we see

1/2
3.17) (jfme;-(Y)FdY) < Oy VRPN o
Y

< C?’_(n+l)/2f_”/2||f||L2(R")

for i = 0, 1. Similarly by (3.16), we obtain that for y € (0, 1/2]

(3.18) ‘Jff (up(Y) = up(Y)) dy
wo

Now we recall that solutions to divergence-form (real-valued) elliptic operators
satisfy interior Holder regularity, by DeGiorgi-Nash-Moser theory [DG57, Nas58,
Mos61]. Thus for ¥, Z € (1/4)W andi =0, 1

; ; ¥ -2 (ff iz)”z
3.19 Y-u(Z)|<C
(3.19) [Wlx(Y) - u(2)| < ( ; ) g

Y —2z1\" _
=¢C (t 21 fll 2y

< Cey DR f]| gy

7See Definition 2.4.
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where we used (3.17) with y = 1/2 in the second inequality, and the constants C
and n > 0 depend only on n and A. In particular, if we let Y = (0, #) and average
over Z € yW c (1/4)W we obtain

(0, 1) - J[f W (2)dZ
yWw
fori=0,1.

Setting y = 62'7+2ﬂ+' and then using the triangle inequality, (3.18) and (3.20) we
obtain

B.21) [uf(0, 1) = u}(0, 0] < CO/" + ey ") fllany < CET 1P fll 2,

(3.20) <Y fll 2y

where ’ = 2n +n —- Then the claim (3.12) follows from combining (3.21) and the

L? duality (3.13).
Next, we show

(3.22) K — Kl 2y < CETE2,

This will follow exactly as the proof of (3.12), provided we have the analogous
estimates to (3.15) and (3.16). These are afforded by the work of Auscher and Ax-
elsson [AA11] on the boundary value problems for perturbations of r-independent
operatorsg. Let f € L*(R™) and let u + be the (unique) solution to the L*-Dirichlet
problem for the operator L = —divAV. With u} as before, we may use [AA11,
Sections 9 and 10]

(3.23) Nl gy < CIFllz2geny
and
(3.24) IN? (s = upllgany < Cell fll 2y,

provided that € is small depending on n and A. We discuss the derivation of these
two estimates in detail in Appendix A.

Above we have LP-averages with p = 3/2 in the definition of ]Vf/ 2, but we obtain
‘comparability’ of L? and L*/? averages using Moser’s local boundedness estimate
for solutions since we work with real-valued elliptic operators. To be more precise,
by denoting W(x, 1) = A(x,t) X (t/4,1) D W(x, ), Moser type estimate gives

12
sup |up(Y)| < (f Ju sl dyds) < Ni(up)(x),
W(x,21)

YeW(x,1)
where IV (ur) is the non- tangential maximal function defined as N, (uf) in (2.6),
but with a fatter Whitney region W(x, 1) in place of W(x,t). On the other hand, it

is a classical result that ||N (l/lf)”LZ(Rn =~ ||N (wp)ll2@ny (€. the L*-norm of non-
tangential maximal function is independent of the opening angle). The same holds

8n particular, we must use the representation in [AA11, Equation (42)] and the bounds estab-
lished in [AA11, Theorem 9.2, Lemma 10.2]. Here it should be noted that the functions /* used in
the expression [AA11, Equation (42)] are also in a perturbative regime with linear dependence on
the FKP-Carleson norm, see the proof of [AA11, Corollary 9.5]. See Appendix A.
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for u} Hence we get
3/4

¥y — Dl < | (Nowp) - (W20 —
At = Upllzen S ) VAR « My Uy
Lz(R”)
,\ 1/4 - 3/4
(Rwh) ™ - (N2 - up)
LZ(R”)

~ 4 ~ 4 ~ 3/4
< (NPl + NGNS ) N2ty = IS

+

LR LR LR
3
(3.25) < CEMIfll 2

where the last estimate follows by combining (3.23) and (3.24). The inequalities
(3.23) and (3.25) are the direct analogue of (3.15) and (3.16). Proceeding exactly
as before we obtain (3.22), and combining this with (3.12) we have

s s ' —n/2
1K = KDl 2y < CET 12,

as desired. m]

Proposition 3.10 has one unfortunate drawback the estimate depends on the
placement of the pole. This stops us from working with the small scales with-
out doing some extra work. In order to do work with the small scales, we take
three steps:

(1) Use Proposition 3.10 to immediately give us a good ‘single-scale B; type
estimate’ for perturbations of constant coefficient operators (Corollary 3.26).

(2) Observe how the change of pole argument interacts with single-scale B,
estimates to allow us to move down to small scales (Lemma 3.28) by pay-
ing a (controllable) penalty.

(3) Combining (1) and (2) we obtain a good estimate for perturbations of con-
stant coefficient operators down to small scales (Corollary 3.30).

Corollary 3.26. For every € (0,1) and 6 € (0, 1) there exists €| = €,(5,8,n,\) €
(0, €) such that the following holds. Suppose A = A(x,t) is a real matrix-valued
function on R satisfying the A-ellipticity condition and A is an € -perturbation
of a real, constant-coefficient matrix A satisfying the A-ellipticity condition. Then

2 \12 , N1
(JCA()’»&) ki) dz) (JCA@,&) [kifo(z)] dz)
X X
JCA(y,tSr) ky (2) dz fA(y,(Sr) ki (@) dz
forally e R", r>0,yeR"and X € D(y,r).

(3.27)

<(1+p)

Proof. Let 51 € (0,1) be fixed, whose value will be chosen later. By Proposition
3.10 and Lemma 3.5, if ¢ is chosen so that Cei7 < ,81016”/2 we have

ey = Ky lr2agesry < Bllka,ll2cac6m)
and

X = kgl acramy < BUlkK, Lz acyom)-
Thus, for this choice of €; we have

X X
kA llz2(Acy.5r) < 1+ B1 kg llz2cacysm)

WX agory — 1 =Bkl asn)



18 S. BORTZ, T. TORO, AND Z. ZHAO

which yields (3.27) upon normalization and appropriate choice of 81 (so that }Jﬁ; <

1+5). |

The above corollary says that for any 5 € (0, 1), if A is a small perturbation of
a constant-coefficient matrix Ao, then the B, constant of kif is bounded by (1 + )
times that of kX ,- As mentioned above, the caveat is that the smallness also depends
on §, which is the ratio between the radius of the surface ball in consideration and
the distance from the pole to the boundary. This prevents us from getting B, type
estimates for all sufficiently small scales (with fixed pole). We will overcome this
by a ‘good change of pole’.

Lemma 3.28 (Change of pole comparison). Let L = —divAV be a real diver-
gence form operator on R"™*', with A satisfying the A-ellipticity condition. We also
assume the corresponding Poisson kernel ky exists and is in LIUC(R”). There are
constants 6y = 0o(n, A) € (0,1) and C = C(n,A) > 1 such that for any 6 € (0, )
fixed,

1/2

f < (y,%,r) )2
m | @) 1/2
Aporr) | A )
(329) (1 - Cé‘#) } < (Jg(y,é’r) (ki‘((z)) )
(y 5 r) a JCA(y,(S’r) kX(Z)
fponka @
N 172
JCAQ §'r) < (Z)>
<({1+C&
JEA(y (5’r) (Z)

foranyy e R", r> 0,6 €(0,6/10] and X € D(y, r).

Proof. We apply Lemma 2.21, which allows us to change poles of the elliptic
measure, to the upper half space R"*!. To be precise, we consider the radius
s = 2%r, ¢ = 36 € (0,1/2) and poles Xo = X € D(y,r) and X; = (3,6'r/5).
The fact that Xy ¢ B(y,4s) follows from the assumption ¢’ < §/10, and clearly
X1 € B(y,2s) \ B(y,s). Then there are constants C,u > 0 such that the kernel
function

WX
H(z) = 7, @
dw®s
satisfies
H
H@) 1| < C¢, foreveryze Ay, {s) = Ay,d'r).
H(y)

Hence when ¢ is sufficiently small, we have for every z,z" € A(y, 8'r),

H(z) H(y)(l + C(S“)

L
H(Z') — H(y)(l - C(Sﬁ‘) <1+
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On the other hand,
0257 ¢
L5 T)
k() = —(z) H() (@) = Hky 7 ().
Therefore
; N 172
»,57)
) JCA(}’,(S’r) (kA ' (Z)>
(JCA(y,&r) (k@) ) H(z)
Frpm KA @ = eerton H@)
A6 A 2T EAQS'T
0o JEA(y o K (Z)
N 172
L5
fA(y 5'r) ( (z )>
<(1+C'8 =
(62

fA(y,é’r) ky ° @)

This is the second inequality of (3.29). The first inequality is obtained similarly.
O

Corollary 3.30. For every B € (0,1) and 6 € (0,8p), where &y is from Lemma
3.28, there exists €| = €1(6,,n,A) € (0, &) such that the following holds for every
€ < €|. (Here € is as in Proposition 3.10.)

IfA = A(x, t) is a real matrix valued function on R'*! satisfying the A-ellipticity
condition and moreover, A is an e-perturbation of a real, constant-coefficient ma-
trix Ao satisfying the A-ellipticity condition, then

1/2
(RCERD

KX (2) dz

2 1/2
( fuow [K0@)] dz)

fos) kP (@) dz

(3.31) < +CH)N+p)

Jg(y,é'r)
foreveryyeR", r> 0,06 €(0,6/10] and X € D(y, r).

Proof. The proof is by combining Corollary 3.26 and the change of pole compari-
son in Lemma 3.28. Set s = %/r, the estimates (3.29) and (3.27) yield

1/2
(JCA@,a'r) (kKi®) 2)

X ,s)
\fA(y,é’I') kA (Z) JCA(y,és) kA (Z)

12
(f%w (K@) )

(¥,9)
JCA(y,(Ss) ki, (@

PEORD d i
JCA(O 5)[ (Z)] <

fros) KV (@) dz

< (1+C3(1 +p)

<A+ CH)NA+P)
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where we use the translation and dilation invariance for k4, i.e. Poisson kernel for
constant-coefficient operator, in the last estimate. |

We now apply Corollary 3.30 twice. The first application is to get uniform
control on the scale at which the B, constant becomes ‘near optimal’ for constant
coeflicient operators. Surely (3.9) allows us to show the following Lemma, but we
we prove this via a compactness argument here only using the smoothness of the
Poisson kernel for constant coefficient operators and the previous corollary.

Lemma 3.32. For every 8’ € (0, 1) there exists 61 = 61(8',n,A) € (0,00) such
that for any real, constant-coefficient elliptic matrix Ag satisfying the A ellipticity

condition, we have
on, 12 1/2
(fAm) CRE] dz)

<1+p
(0 1)
fA«) 5 (2)dz

forall 6 € (0,01).

Proof. Let’ € (0,1) and set A’ = 2A. Let 8 € (0, 1) and 65 € (0, o) be such that
(1+CHA+P* <1 +p,

where 6y = do(n, A’) is as in Lemma 3.28 for A’. By (3.9), for every real, constant
Ap satisfying the A-ellipticity condition we have that k (O )(z) is a smooth function
in z. Smoothness, combined with the non-degeneracy (3 6), yields that there exists
6 = 8(Ap), which we may assume is less than 65, such that

) 1/2
< fos [F2 @] dz>
Fros Ky (@) dz

Thus, the estimate (3.31) in Corollary 3.30 implies that there exists’ & = & (0, B,n,A\) <
(5A)7! such that if A is a real, constant coefficient matrix the A’-ellipticity condi-

tion and [|Ag — Agllz~ < &
o, 12 1/2 on, 12 12
(fA(O 5 [k (z)} dz) (JCA(O,S) [kAO’ (Z)} dz)
0.1
fros Ky @ dz

k<° D) dz

<1+p.

< (1+C3")Y(1+p)
fA(Oﬁ)
<1+p,

for all § € (0,5/10]. On the other hand, the collection of balls of the form

Boo(Ap, €1(Ap)) :={A] : [|Ao — Ayl Loo < €1(Ap)}, as Ag ranges over all real, constant-
coeflicient matrices, forms an open O cover of the set of all real, constant-coefficient
matrices satisfying the A-ellipticity condition (in the L*-metric), which is a com-
pact set. We may then extract a finite sub-cover {B;} = {B(Af), El (A ))} from which
the conclusion of the theorem follows by letting §; := min; 6(A )/10. m]

INote that, in particular, & = & (A) since § (momentarily) depends on A,.
10This is why we employed the use of A’ and made the restriction & < (5A)7".
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Now we are ready to conclude our treatment of perturbations of constant-coefficient

operators. We are (finally) able to say, quantitatively, that sufficient proximity to a
constant-coefficient operator in the sense of (3.2) controls the B, constant at small
scales.

Proof of Theorem 3.3. Let #’ € (0, 1) be such that (1 + 8/)> = 1 +E/2. Next, we
choose 6 € (0,81), where 61 = 61(8’,n,A) is from Lemma 3.32, small enough so
that N

(1+CA+)Y? <1+8B.
We apply Corollary 3.30 with 8 = B’ and ¢ as above. It follows that if € =
€1(6,8,n,A) > 0 is as in Corollary 3.30 (with 8 = B8’) we have for all A satis-
fying the hypothesis of the theorem

1/2
(JCA@,(S'r) K]’ dz)
X () dz

on 12\
]CA(y,(S) ky, (2| dz

0,1)
JCA(O,(S) ky, ' (2) dz

<A+CHHA+p)
Jg(y,é’r)

<1 +E,
forally e R", r > 0, 6" € (0,6/10] and X € D(x, r), where we use that § € (0, ;)

and Lemma 3.32 in the second line. Setting & = §/10 we obtain the conclusion of
the theorem.

4. OPERATORS WITH HOLDER COEFFICIENTS IN LIPSCHITZ DOMAINS

In this section, we modify Holder-continuous coefficient matrices (in Lipschitz
domains) so that they are small perturbations of constant coefficient matrices, and
this will allow us to use the results of Section 3. We will rely on the “flat” trans-
formation between Lipschitz domains and the upper half space. The relevant com-
putations are standard, so we include them in Appendix C. But we suggest reader
to first read the notation and statements in Appendix C, since we rely heavily on
them in this section. For instance, we often employ the ‘flattening map’ ® defined
in Appendix C.

In what follows, if 7 > 0 we let Q; be the open n-dimensional cube centered at
zero with side length 27, thatis, Q; = {x e R" : |x| < T}.

Lemma 4.1. Let ¢ : R" — R, ¢(0) = 0 be a Lipschitz function with Lipschitz
constant y < ﬁ. Suppose A is a A-elliptic matrix satisfying the Hélder condition
(1.2). Then for T > 0 the matrix-valued function''

A(0) ifx¢ Q;
Aryp(x, 1) :=  A(x, 1) if (x,1) €Rg, o
A(x, o(x)) otherwise

has the decomposition

Arp(x,1) = A1 (x) + P(x, 1),
with
(4.2) A1 — AO)llz=>@n) + IPllc, < C17%,

1We remind the reader that Ry, , is the p-adapted Carleson box, defined in (C.3).



22 S. BORTZ, T. TORO, AND Z. ZHAO

where C| depends on Ca,n and . Here

A1(x) = A(x, o)1, (x) + A)(1 = 1, (x)), and BP(x,1) := Ary(x, 1) — A (%),

In particular, A= Jg(Aw od~! )Jo is a real, 4\-elliptic matrix with the decom-
position
A(x, 1) = A1(x) + P(x, 1),
satsifying
A1 — Al + [IPllc < 2C17% + 4 VnyA,
where Ay = JE(A; o @ NJg = JE(ADJe, P = JE(B o @)y and A} =
JE)A0)J0(0).

Proof. Fix T > 0. The second statement concerning A, its decomposition and the
corresponding bounds follows immediately from Proposition C.6 and (4.2).

To prove the estimate (4.2), we begin with the L™ estimate for A;(x) — Ag. For
x€Q;
|A1(x) = AO)] = JA(x, p(x)) — A(0)] < Cal(x, p(X))|* < 77,

where the implicit constant depends on C4, n and a. Since A;(x) = A(0) for x ¢ O,
we have obtained the estimate ||A; — A(0)||zo®rn) < CT®.

We are left with estimating the ¢-adapted Carleson norm of P := A;, — A;. For
any X € Rop, ,, we write X = (x, ¢(x) + 1) € Q, and X =(x, ©(x)). Hence
IP(X)| = 1A p(X) = A1 (X)] = |AX) — AX)| < Car™.
Since P(X) = 0in (R, ,)¢ it follows that for any cube Q C R"

1/2
1 dyds
IPlic, = sup | — f f IPIZe w5y ————
“ gcre \ 19 Roy L (W"O’S))s—<p(y)

1/2
1 /“Q) / Lo dx dt
= sup | — [|Po® 7w —_—
QCR? <|Q| 0 0 EWeen)

1/2

min(£(Q),47)
< C sup </ el dt> <C7t°,
QcR” 0

where we used the flattening change of variables in the second line. Combining
our estimates for [|A; — A(0)||z~®) and ||P||C¢ we obtain (4.2). m]

The next Proposition says that the modified coefficient matrix enjoys an almost
optimal reverse-Holder estimate.

Proposition 4.3. Let B > 0. There exist 6g,yp, 73 > 0 depending on 8 and allow-
able constants such that the following holds.

Assume A is a real, A-elliptic matrix-valued function satisfying the Holder con-
dition (1.2), and ¢ : R" — R, ¢(0) = 0, is Lipschitz with ||V¢lle < yg. Then for
all € (0,7p), the Poisson kernel (denoted by h¥ ) for Lr, = —div A V'? and the

126ee Lemma 4.1.
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domain Q, with pole X € Q, satisfies

X 1/2
(fA NCH do-)

hX do

4.4) <148,

f o(0.67)

forally € R",r > 0,6 € (0,0) and X € ®~Y(D(y,r)). Here o is the surface
measure to Graph(p) = {(x, (x)) : x € R"}, Ay(y, 0r) := B((y, ¢(y)), 6r) N Graph(y)
is the surface ball, and ® is the flattening map for .

Proof. Let ,E = min{1,5/2} and let k% be the “pulled back” Poisson kernel, that
is, k% is the Poisson kernel in the upper half space for L = —divAV, where A =
JE(Ar, o @ 1)Jg. Using Lemma 4.1, there exists Aj, a real, constant 4A-elliptic
matrix such that A has the decomposition

A(x, 1) = A (x) + P(x, 1)

and
A = Aplle + IIPllc < 2Cy75 +4 VnygA.

In particular we may initially choose 73 and y small depending on B and allowable

constants, to guarantee that A is an €(B)-perturbation of the constant-coefficient
matrix Aj (as in (3.1), (3.2)), so that by Theorem 3.3 we have

5 1/2
Z( ’
(fA(yﬁ,r) [kg(x )} dx>
fAW,) A(x')dx

for any y € R",r > 0,6 € (0, 8) and Z € D(y,r). The constant 6 = 6(B,n, A)
was determined in Theorem 3.3. We now fix 73 and set dg = d, but we will fur-
ther restrict yg in order to control the errors coming from the flattening change of
variables.

Fixr > 0,6 € (0,08),ye R"and X € O~ (D(y, r)) and set Z = ®(X) € D(y, r).
Let P : R"™! — R” be the projection operator, that is, P(x,f) := x for all (x,7) €
R"*!. By Proposition C.1 and (4.5)

2 ’ 2 ’ 12
(5P ) _ H'(By(y.61) (ﬁ’wwr» &) dx)
T,(p)z do - ‘P(Ago(y? 61"))| kZ(X )dx

(4.5) <1+B8<2

(4.6)

JCAW(y,ér) J5’(A (.6r))

where the error term comes from changing the averages. Let us now make the
simple observation that for xyp € R” and r¢y > 0

4.7 Axo, ro(1 + [IVel[2)™12) € P(Ay(x0, 70)) S A(x0, 70)),

where the second inclusion is obvious and the first, similarly, is a consequence of
the Pythagorean theorem. Indeed, if x € A(xo, ro(1 + ||V¢|/%)~!/?) then

|(x, p(x)) = (x0, e(x0))* < |x = x0l* + [[Vell% |x — xol* < 7.
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The inclusions in (4.7) give the estimate

Ay, 67) i} or - > 2
<@ | ————— = +IVelR) ™
HAPAor) ~ <\/71+||V¢||go> (vl

The above estimate and (4.7) yield
4.8)

) 1/2 5 12
( £ [éw) dx’) < (1+ [Vl ( f [ dx’) .
P(A,(y,01)) A(y,or)

Again using (4.7) we have

JC k%(x') dx’ >
P(Ay(y.67))

WE(A(y, 6r(1 + [IVel2)™72))

P(A(y,0r)|

WE(A(y, 6r(1 + [IVelZ) ™))
w%(A@, or)) AG,5r)

where w% = k% dx’ is the elliptic measure for LonR!,
Combining (4.6), (4.8) and (4.9) with the estimate

H"(Ay(y,60)) < 1/ 1+ V@I, | P(Ay(y, 67))]

4.9)

ki) dx',

we have
(4.10)
(. gon 27 )1/2 Z(A(y, 67))
, o ~ WA, or
Ao(,6r) N T nel >
0 M rae S AU+ IVA) S e s T,
:ﬁw(y,ér)( rg)” do w Ay, or oli%

where we used (4.5) to control the ratio of the averages of k% by (1 + ,E). Clearly

we can make (1 + ||V<p||§o)n4il sufficiently close to one by choice of yg, so we need
to handle the ratios of the elliptic measure. This can be done in a variety of ways,
but we choose to do it directly with the following.

Claim 4.11. Let s > 0 and suppose u = fdx for f > 0, f € L'(A(y, s)) satisfies

1/2
(4.12) < f 12 dx> <2 f f dx.
A(y,s) A(y,s)

Then for s” € ([1 — (1/4)]'/"s, s),
H(Ay) < 1 .
HAD) T, (22) !

s

where Ay := A(y, ') and A := A(y, ).

Proof of Claim 4.11. The proof is a direct consequence of (4.12) and Holder’s in-
equality. Indeed,
1/2
12 dx>

/“l(AS \ As’) = /

ANAy

Fdx < H'(A, \ A)2 ( /
A

S\Ay
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1/2
<A\ Ag|'? < /A fzdx>

1A\ Ag\ '
<2 (m u(Ay)

n o 172
32<ss,§”> uAy)

where we used (4.12) in the second to last line. With this inequality in hand, we
easily prove the claim by writing

p(Ay) (A \ Ay) s = (Y \ P Ay
=]1+—"2<1+4+2 .
N TS ( 5" ) 1(y)

O

The estimate (4.5) allows us to apply Claim 4.11 to the measure y = a)i~, s =0r

and s = 6r(1 + ||Vg|2)~"/2, where s” will satisfy the hypothesis of the claim by
the smallness of yg. This yields the estimate

wg(A(y, 5r)) 3 1
WEAY,Sr(1+IVel2)712) = (1 s yé)_n/z) 12

This estimate in concert with (4.10) and choice of yg sufficiently small gives

X \2 1/2 n+l
<J£A¢(y,6r)(h7"90) da-> (1+yp)+

<(1+p)
2 172
»]CA¢(y,6r)(h7X,<p) do 1-2 (1 _ (1 + ,yé)—n/Z)
<(1+p),
where we recall that 1 + E <1+p/2. 0

5. Proor oF THEOREM 1.1

In this section we present the proof of Theorem 1.1. To begin, we require an
‘almost optimal’ version of Lemma 2.22 (which is a comparison between elliptic
measures of two operators who agree locally), after we impose sufficient flatness
on the boundary and Holder regularity on the coefficients. This almost-optimal
comparison will allow us to transfer the almost-optimal reverse Holder estimate in
Proposition 4.3 of the modified coefficient matrix to that of the original matrix, in
local regions of sufficiently flat Lipschitz domains. We will also use this almost-
optimal comparison to relate the Poisson kernel for a (6, R)-chord arc domain Q and
its localized domain Q(xg,r), which can be approximated by Lipschitz domains
from inside and outside. The notation used here can be found at the end of Section
2.3.

Until we get to the proof of Theorem 1.1 we largely follow [MT10], tightening
the presentation along the way. We begin with a lemma which ressembles [MT10,
Lemma 3.7].
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Lemma 5.1. Let Q be a (8, R)-chord arc domain with § < 6,. There exists a
constant M’ depending on the dimension so that the following holds. Let M > M’,

0<s<R/M, xy € 0Q and & € (—s/100, s/100) and set
C = C(XO, MS, ﬁxo,MS’ f),
defined in (2.31), and Q1 := C N Q. Suppose that
e O is a chord arc domain satisfying Qr N C = Q.
e A and A, are coefficient matrices defined on Q| and Q,, respectively, such
that A1 = Ay on Q.

Fori= 1,2, let w; be the elliptic measure for the operator in L; :== —div A;V in Q;
and Gi(X,Y) be the Green function for L; in Q. If X € B(xp, 1078(n + 1)"1/2Mys),
it holds

da)1 o . GI(X Y)

dw X Y—>y G2(X.Y)

for w%( a.e. y € B(X, 100 dist(X, 0Q2)) N 00,3, where the limit is taken within Q.

5.2)

.. . _ N 1
Additionally, if Xo = xo + tMsiiyx, pms for some t € [4\/; 4\07} then

dw’® i G1Xo, ¥)

0) =

5.3 —_—
3 deO Y—>> G2(Xo,Y)’

for w¥ a.e. y € B(xo, 105) N dQy. Moreover, for every € > 0 there exists M"" > M’
depending on €, n and the chord arc constants of Qy such that if M > M"' it holds
that

Xo Xo
(5.4) (1+e) ' < dw;{g(y)/dw;(o @<(+e
dw, dw,

for wgo-a.e. v,z € B(xp, 10s) N 0Qs.

Proof. Recall that the estimates in Section 2.3 can be applied for the truncated
domain € as if it were a chord arc domain itself, provided we work away from
0C. (See the paragraph before Definition 2.33.) The constant M’ is simply to
overcome the shift of the cylinder by £. First we prove (5.2); the proof for (5.3) is
nearly identical and we omit it.

Fix X as in the lemma and set dx := dist(X, 0Q2). We recall the following Riesz
formula (see [HMT17, Lemma 2.25])

(5.5) / yof (X)=—I£2 (AT(NVyGi(X, Y), Vyy(Y)) dY,

forevery ¢ € C;”(R”“) and X € Q;, i =1,2. Applying Lemma 2.19 to the Green’s
functions G (X, -) and G»(X, -), we have that the limit

Gi(X,Y)

50 0= G )

13We remark that by the choice of X, the ball B(X, 100 dist(X, Q) is well contained in the cylin-
der C and thus B(X, 100 dist(X, 8Q)) N dQ, = B(X, 100 dist(X, dQ)) N 8Q = B(X, 100 dist(X, 8Q)) N
8Q,.
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exists for w%‘—a.e. vy € B(X, 100dx) N 9€Q;. On the other hand, similar to Lemma
2.22 (and using the Lebesgue differentiation theorem for Radon measures),

dwl ol - 3 W} (B(. 1)
—>0+ wj (B(y r))
exists for a)é(—a.e. y € B(X, lOOdX) N 0QY,.

For y € B(X,100dx) N 0€; and r < dx we let ¢, (X) := ¢(|X — yl/r), where
VS C°°((—2, 2)) is radially decreasing with ¢y = 1 on [~1, 1], so that |Vy, .| < C/r.
Let uy ~ I = 1,2, be the variational solution to the Dirichlet problem for L; in €;
with boundary data iy, /|sq,;. A modification of the standard (‘harmonic analysis’)
argument used to prove the Lebesgue differentiation theorem (for doubling mea-

sures) also shows for wé‘ -a.e. y € B(X, 100dx) N 0,

fan y.r(2) d‘uf(z) i 1AX)
HO Joq, ¥yr(2) dwy (2) 0t u2 (X))

Indeed, to make such an observation one should appeal to the techniques in [Ste93,
Chapter 1] and [Ste70, Chapter 1] by building weighted maximal function out of
the radial function ¥(]X]) using the the fact that w¥ is doubling. More specifically,
one can introduce the operator

(5.7 (y)

1
f;)gz W (2) dw%((z) 00,

and dominate it by an associated (local) maximal operator. Then note that, for
sufficiently small r the quotient inside the limit in the middle term of (5.7) is exactly

Ay rh(x) = Yo (Dh(2) dw (2),

X
Ay rh(y) with h = % |B(x.200dy)n80,» Which is an w%( -integrable function by Lemma

2.22. Finally, use [Ste93, Chapter 1: Theorem 11" to provide the (local) weak-type
bounds for the maximal operator and follow the ideas in [Ste70, Chapter 1]. We
leave the details to interested readers.

Now fix y € B(X, 100dx) N dQ; such that (5.6) and (5.7) hold. Denote u ) .
and ¥ (X) = ¢, (X) = (X — yl/r). The fact that r < dx implies that X ¢
B(y,2r) = supp ¢, and Q| = Q) on supp ¥,. Hence by the Riesz formula (5.5), we
have

wX)= [ yrof=- f (AI(Y)VyGi(X, Y), Vy,(Y)) dY
(5.8) oy Q;

__ f AT(VyGi(X, V), Vyun (Y)Y, i=1,2,
Q)

where we used that A} = A, on Q and Q) = Q; on supp ¢,.

Notice that by the CFMS estimates and Lemma 2.22, we have g(y) ~ 1. We are
going to show that

(5.9) |y (X) = gup(X)| <C( X) sMuZ(X),

14Note that condition (iv) therein is explicitly stated in the proof as not necessary and an analog
of the required covering lemma holds in our setting.
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where u is the Holder exponent as in Lemma 2.19. Using that g(y) = 1 we may
divide by the positive constant #2(X) on both sides to obtain

uy (X) Y
0= (7))

ul(x
. u(X)
A 2o~ 8O
Then recalling (5.6) and (5.7), the desired equality (5.2) follows. Therefore it suf-
fices to show (5.9) and we do this now.

and letting r — 0 shows

Using (5.8) and carefully noting that g(y) is a fixed scalar since y is fixed, we
may use the boundedness of A; and the properties of ¢, to conclude

|up(X) = U2 (X))

) Uf (ATY2[G1(X.2) - g0)G2(X. 2)] . Vo, (2)) dZ’
QNB(,2r)

1/2
< < f f V2 [G1(X, 2) - g()G(X, Z)] !2d2>
Qi NB(y,2r)

1/2
X ( f f |vzwr|2d2>
QNB(y,2r)

] 1/2
(5.10) <rT <ff Vz [G1(X.2) - 8(»)Ga2(X, Z)] ]zdz> .
QNB(y,2r)

Again noting that g(y) is a fixed scalar, we may use that U(Z) = G{(X,Z) —
2(0)GL(X,Z) is a solution to LlTU = 0in Q; N B(y, 10r) which vanish on dQ; N
B(y, 10r) so that we may apply the boundary Caccioppoli inequality to the function
U. It follows that

(5.11)
1/2
() — g2X0)| < 7! Gf 1G1(X.2) — g(1)Ga(X. Z)|2d2>
QINB(y,4r)

1/2
G(X,Z) 2
ff G2 _ ol 16.0x.2Paz
QinBu4r | G2(X, Z)
X,
<! G5 _e| s G,
QinBo4r | G2(X, *) QiNB(y.4r)

Next, we use Lemma 2.19, the Carleson estimate (Lemma 2.13) to obtain

M
|up(X) - gz (X)| < (d’X> g 1GAX, Ay, 1))

< <d> gws (B(y,r))
X

where we used the CFMS estimate (Lemma 2.16) in the second line. Finally, using
the local doubling of a)%( we see that u%(X) ~ w%( (B(y, r)), which along with the
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estimate above yields the estimate (5.9). As we had reduced matters to proving
(5.9), this shows (5.2).

As remarked above, (5.3) has the same proof as (5.2). To obtain (5.4) we use
Lemma 2.19 to deduce that the function
_ i GiXo.Y)
g(y) = lim ————
Y—>y G2(Xo, Y)
satisfies for y, z € B(xp, 10s) N 0Q

80) - 8@ 5 ('y‘z'> g0 5 (5-) 862,

dx,
where we denote dy, := dist(Xp, 0€2). Thus, (5.4) readily follows from (5.3) pro-
vided we choose M” sufficiently large. O

Remark 5.12. Notice that Lemma 5.1, in fact, shows that 4 Xo( ) is locally Holder

contlnuous with quantitative estimates. This is simply a consequence of the fact

that X (y) = g(y), where g(y) is as in the proof of Lemma 5.1, and g has these

estlmates by Lemma 2.19.

Combining the Lemma 5.1 with Proposition 4.3 we obtain the following.

Proposition 5.13. Let € € (0, 1). There exist positive constants y, T and M>M
(M" is from Lemma 5.1) depending on € and allowable constants such that the
following holds.

Assume L = —div AV is a divergence form elliptic operator with A-elliptic coef-
ficients A satisfying the Holder condition (1.2), and ¢ : R" — R, ¢(0) = 0, is Lips-
chitz with ||V¢lle < y. Then for all M > M, s € (0,7/M) and & € [—s/200, s/200],
the Poisson kernel, h, for the operator L in the domain

Qs = Quatse = (6,0 1 x €R™, 1> @(x)} N CO, Ms, eps1,£)

satisfies

X2 1/2
(ng)(h ) dU(Z))
wa) WX do(z)

for all y € B(0,5s) N Graph(¢) and r € (0,55). Here o0 := H"|,5 and X =

{)QMs{
1 3
({O}n’ M[S)fOI" somet € {m, m]

(5.14) <(+e?,

Proof. We first fix all the constants, the reason for which will become clear shortly
Let 6¢, ve, Te be constants from Proposition 4.3 (usmg B = €), and let M’ be the
constant from Lemma 5.1. We set T = 7. and M = 20Vn + 1 max{1/6, M , 1}
Finally, we set y = min{ye, 6,, ¥,}, where y,, is chosen so that

CO, 5", e,41,6)NQy C Ry,

forall s > 0 and & < §//100. In particular, the inclusion holds for & < s’ /(M 100).
For any Lipschitz function ¢ whose Lipschitz constant is bounded by vy, the domain

Q:=Q,:={(x,0): xeR", 1> ¢(x)}
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clear is a (6,, ©)-chord arc domain. Let M > M and s € (0,7/M) be arbitrary.
Then ﬁMs,f may play the role of Q; in Lemma 5.1 (note xo = O here). Indeed,
while R” X {0} may not be the plane that minimizes the bilateral distance, the graph
of p is ¢,-flat at scale M's with respect to this plane.

Lety € B(0,5s)NGraph(p) and r € (0, 5s) be arbitrary. If we write y = (', ¢(y"))
with yY € R”, then |y’| < 5s. Notice that @, the ‘flattening map’ for ¢, fixes
X = (0, Mts) and that

X =y < VY|P + (Mts)? < 2Mts
by the choice of M, so X € ®~(D(y’, Mts)). Moreover, by our choice of M >

20vVn + 1/6. we have
Oc - Mts > 5s > r.

Thus by Proposition 4.3,

1/2
(fu 07 2
Fotpry 1¥ dor(2)

where h; is the Poisson kernel for the operator L, in Q = Q. On the other hand,
the elliptic matrices A; = A, and A, = A agree on the cylinder C(0, Ms, €,41,&)
by the inclusion

<1+e,

C(O, MS, é)n+1>§) c RQMSa‘ﬂ - RQ‘ra‘p'
Therefore applying (5.4) from Lemma 5.1 we obtain (5.14). |

The following corollary follows immediately by the theory of weights:

Corollary 5.15. Let € € (0, 1). There exist constants'™> M* > M” > 1/€ and y., T’
depending on € and allowable constants such that the following holds.

Assume L = — div AV with A-elliptic coefficients satisfying the Holder condition
(1.2), and ¢ : R" = R, ¢(0) = 0, is Lipschitz with ||[V¢|lw < y.. Then for all
M > M*, s € (0,7./M) and ¢ € [-5/200, s/200] the elliptic measure, w, for the
operator L in the domain

ﬁMs,f = ﬁgo,Ms,f = {(xa H:xeR,t> ‘P(x)} NCO0, Ms, ent1,6)

satisfies
(5.16) | 1
L (BT NE) o(E)\ °
(1+e) <(T(A)> s@X(A)s(He)(U(A)) , VEcCAcB0,2s),

where o = Wnlﬁﬁmg and X = ({0}, Mts) for any t € L\/im, 4\/%} and A is an

arbitrary surface ball.

Proof. Proposition 5.13 says that @X = hXdo € By(0), and the B, constant can be
made as close to 1 as possible. For any € € (0, 1), we choose constants appropri-
ately in the Proposition, so that the B, constant (i.e. the right hand side of (5.14))

15Here M” is from Lemma 5.1.
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is bounded above by exp((e¢/K)?), where K is a dimensional constant as in [Kor98,
Corollary 8]. Then by [Kor98, Corollary 8]

(5.17) @ € Aj,(0) with constant 1 + €, @ € Bi(o) with constant 1 + €.

(See [Kor98, Section 3.1] for the definition of A,(c") weight.) Both estimates in
(5.16) then follow easily from (5.17) and Holder’s inequality. a

We are now ready to give the Proof of Theorem 1.1. Here we diverge a bit from
the techniques in [MT10, KT97], opting for an approach that largely avoids the use
of the Poisson kernel and instead works with the elliptic measure more directly.
This avoids some of the issues that arise in [MT10].

Proof of Theorem 1.1. Let Q be a vanishing chord arc domain. Recall that this
means for all 6 € (0,6,], Q is a (6, Rs) chord arc domain for some Rs > 0 (see
Remarks 2.29). We set w := w*° to be the elliptic measure associated to L for the
domain Q with fixed pole X, € Q.

We first make the following claim which gives a much rougher estimate than
what we will produce in the end.

Claim 5.18. The elliptic measure w is locally an A, weight, that is, there exist 7
and constants Cp, 8 depending on allowable constants such that

w(E) o(E)
() =0 <a<A>

where A is any surface ball with radius less than or equal to 7, thatis, A = B(x, r)N
0Q with x € 9Q and r € (0, 7¢].

%]
(5.19) ) VE C A,

To state a more precise estimate, we first fix some constants. For every 8 € (0, 1),
we fix a constant € € (0,5/2) so that

1-€
(5.20) (1+e <; + 6> < %(1 +0),

with the intention of using the estimate obtained in Corollary 5.15. Let M~ > 0
be the constant found in Lemma 5.1, and M*,y,,7. > 0 be constants found in
Corollary 5.15, and set M = max{M*,1/B}. Let ¢ € (0, 9,] be sufficiently small,
depending on 3, €,y., M* and allowable constants, and recall Q is a (J, Rs)-chord
arc domain.

Claim 5.21. For any x¢ € 0Q and s sufficiently small satisfying
sM < min{r., 7o, Rs/10, dist(Xo, Q) /5)},
if E C B(xg, s) N 0Q =: A satisfies

ao(Ag) 2

o(E) 1
oAy 2
then
(5.22) oE) 1, g
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where C is a constant depending on the dimension. Here o is the surface measure
for the domain Q(xo, M), which agrees with that of Q on B(xg, s); and @ is the
elliptic measure for Q(xo, M) with pole at X; := xp + 5 FM S Ty M-

Let us take this claim for granted momentarily and see how to conclude the
theorem. Assuming (5.22), we want to change to domain from Q(xg, Ms) to Q, and
change the pole from X; to Xj, in the hope to get a similar estimate for w = w*?.
By Lemma 5.1 and the choice of parameters,

W (E) Ww(E)

2
Ky S+ <A><(1+ﬁ)< +Cﬂ>

Here we remind the reader that the pole of w is at X;. To change the pole of w
from X to Xy, we use Lemma 2.21 in a similar manner to Lemma 3.28. Note that
the pole X; is roughly at distance Ms > s/f from the center of Ag a surface ball of
radius s, and dist(X7,0Q) < Ms < dist(Xp, dQ)/5. This allows us to use Lemma
2.21 to say

w(E) WM (E)
5.23 — < (1+Cp" —+C'B
(5.23) sy S0+ B s <3+ P
To sum up, this combined with Claim 5.21 says that for any xo € dQ and s suffi-
ciently small (depending on f3),

o(E) 1 a)(E)
o) 2 foraBorelset E C Ay = oy © 2

Among other things [Kor98, Theorem 10] establishes the equivalence between
the above statement (5.24) (that is, condition (e) in [Kor98, Theorem 10]) and the
fact that the B, constant of w is close to 1 (that is, condition (c) in [Kor98, Theorem
10]). We in fact need a quantitative local estimate proved in [Kor98, Theorems 8
and 9], to see that (5.24) implies

2
(5.25) <JC kda) <(1+C'p% (f k'2 d0'> :
A(xg,5) A(xo,5)

where k = dw/do is the Poisson kernel. For the sake of self-containment we
include proof of (5.25) in Appendix B, see Lemma B.2. Since 8 can be chosen
arbitrarily small, again by [Kor98, Theorem 8] we conclude that logk € VMO.

(5.24) L ope,

It remains to prove Claims 5.18 and 5.21. We start with Claim 5.21, taking
Claim 5.18 for granted.

Proof of Claim 5.21. Without loss of generality we may assume xo = 0 and 77y, p5 =
&,+1. For notational convenience we set Q:= £~2(0, Ms).

We make use of the Semmes decomposition to approximate Q by Lipschitz
domains, see [Sem91, KT97]. To be precise by [KT97, Lemma 5.1] (replacing
6* by 6), when § is chosen sufficiently small, there exist two Lipschitz functions

+

¢* : R" — R whose graphs approximate 02 from inside(+) and the outside(-). Set
I': := Graph(¢*) and

QOF = {(x,) e R"™ : x e R", t > (x)}
then the following properties hold:
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(1) IVt < C6'*

(2) D[T* N B(0, Ms);0Q N B(0, Ms)] < C16"/*Ms

(3) H" (B0, Ms) N IQ\T.) < ¢y exp(—c26~ Y Hw,(Ms)"
4) Q* N CO,Ms) CQNCO, Ms) C Q™ NCO0, Ms),

where C1, c1, ¢ are all positive constants depending on only on dimension. Now
we let w. be the elliptic measure (for L) in the domains Q* := Q* N C(0, M s) with

. 1 O+
pole at X; := 5 \/nT]M se, and o, be the surface measure for Q*. We choose ¢

sufficiently small, to ensure that C16'/#*Ms < 5/200 and C16'/* < y.. Thus by (2)
l=(0)] = |p*(0) — 0] < s/200. (This was the reason for the using parameter & to
shift the cylinder appearing in Corollary 5.15 above.) Applying Corollary 5.15 to
Lipschitz domains Q*, we have

(5.26)

(s (P @u(F) os(F)\'™€ N
(1+e) (o-i(A)> < RN, < (l+¢) (o-i(A)> , YF cAcB((0,¢(0)),2s),

where A is a surface ball of the form B(x, r) N 0Q*. (We will not use Q" for the
proof of this claim, but it is used in proving Claim 5.18.)

Now let E C Ay = B(0, s) N Q be such that o(E) = (1/2)0(Ap). Set A_ :=
B((0,¢7(0)),s) N T'_. Then

oc(ENT.) o(ENT-) < o(E) o(Ay) < 1 (1+9d0)w,s" < 1 N

o_(AD)  o_(A) T o(Ay) o—(AD) T 2(1 + Cfdm)‘”/zwnsn T2

by choice of ¢ sufficiently small, where we used property (1) of the Semmes decom-
position, (4.7) for the lower bound on o_(A_) and for the upper bound on o (Ag)
we used the definition of (0, R)-chord arc domain (Definition 2.28). It follows from
(5.26) and the choice (5.20) of € that
w_(ENT.) < 1

w_(AD) T2

€

(5.27) (1+p).

We now estimate

w(E)  w(ENT.) N W(E\T.)

(5.28) o - oty o) I+11.
Notice that
(B \I-) _ o(MAp\T-)
o(Ao) (Ao
- c1exp(=c26” Mw, (Ms)"
- (1 = 0w, s"
(5.29) _a eXP<—16255‘1/4)Mn,

by property (3) and the definition of (6, R)-chord arc domain (Definition 2.28).
Therefore by a simple pole change argument (or the shaper version, Lemma 2.21),
Lemma 2.22 and the fact that w is A« (Claim 5.18) we obtain

1< @B0\T) _w(@\To) (U(Ao\r—)>6<ﬁ
w(Ao) w(Ag) o(Ao)
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by choice of ¢ small. It remains to treat term /, which is a matter of ‘removing the
minus sign’ in (5.27). Since Q c Q7, by the maximal principle

wENl-) o ENT)e(A) 1, pe(8)
w(Ao) w-(A-)  w(Ay) 2 w(Ao)
Thus, we may reduce proving Claim 5.21 to the estimate
w-(A) 2
5.30 — <1+
(5.30) o(ho) (1+p)

and we do this now.
Notice |X; — 0] = Ms = |X; — (¢7(0),0)| so that Bourgain’s estimate (Lemma
2.15) and the Harnack inequality yield the estimate
(5.31) c<w-(A),w(Ay) <1,
where ¢ is a constant depending on €, by way of M. Additionally, by (5.26) we
have that
O_(A_\ (1 =6Y1OA)

o_(AD)
o (A \(1-6"1%A )\ "
<({1+e < (A >
1= (1 + C2612)1/2(] — §1/16yn 1-€
<(l+e) ( a -lq-C%(')‘l/Z)—n/Z >
L B
1+

by choice of ¢, where we used the property (1) and the inclusion (4.7). Therefore
O-(A) < (1 +Bw-((1-6"19)A)
and to prove (5.30), it is enough to show
(5.32) a_((1 = 86"1A) < (1 + Ba(Ao).
NLet us NOw assume that ¢ is small enough so that Ci16*Ms < 6135, Let x €
0Q\ Ag = 0Q\ B(0, 5), then either x € 0Q N B(0, M) \ B(0, s) or x € dC(0, M s).

In the first case, the choice of ¢ and the property (2) guarantee that there exists
£ €' N B(0, Ms) such that |x — £| < 6'/3s, and thus

£ = (¢7(0),0)] = |x| = |x = &| = [(¢7(0),0)| = (1 —26'7)s.

In particular,
51/16

B <x 5 ) N1 -6"19A_ = @.

This means we may use the Holder continuity of solutions vanishing at the bound-
ary (Lemma 2.14) to yield the estimate

1/8

_ o'/8 \*
o' (1-6""A)<C (51/16> <ca'',
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where u is from Lemma g 14. In the second case, that is, when x € dC(0, M s)ﬂ(')fl,
then x € AC(0, Ms) N 0Q~ since Q N C(0, Ms) c Q™ N C(0, Ms). Hence w*((1 —
5Y10)A_) = 0. In either case, we have that

@F (1 -8"1%A_) < cs/'6

whenever x € 4Q \ Ag. Therefore by the maximum principle (and that o*((1 —
SY1A_) < 1 for x € Ag) we have

o_((1 = 8"A) < &(Ag) + C5H1°
< (1 +(C/e)*a(Ag)
< (1 +pB)aw(Ag)

by choice of § sufficiently small, where we used (5.31) in the second line. This
shows (5.32) and the claim follows. m]

We are left with proving Claim 5.18, which will be a consequence of the maxi-
mum principle, the Semmes decomposition above and the theory of weights. The
proof is essentially contained [DJ90], but we include a proof that tracks the con-
stants carefully.

Proof of Claim 5.18. By the work of Coifman and Ferfferman [CF74], or rather
its (local) generalization to spaces of homogeneous type, to prove the claim it is
enough to show the following. For any n € (0, 1), there exists y = y(n) € (0,1)
such that for every surface ball Ay = B(x, s) N 0Q with x € 0Q and s € (0, 7¢], if
E c Ag is a Borel set satisfying o(E) > yo(Ap), then w(E) > nw(Ay). Here 79 > 0
is a fixed constant whose value is to be specified later. Without loss of generality
we assume x = 0.

Similar to the proof of Claim 5.21, the idea here is also to use the elliptic measure
of Lipschitz domain (this time we use Q7 instead of Q7) to estimate w. For that
purpose we just need a crude version of Corollary 5.15. Let € = 1/2 be fixed,
thus we fix the constants M*,y., 7. accordingly. Set M = M*. We fix § € (0,0,]
satisfying C o4 < v.. then there exists Rs > 0 such that Q is a (6, Rs)-chord arc
domain. Let 79 = min{Rs, 7_.}/M and s € (0, 7o] be arbitrary. Then Q has Semmes
decomposition in B(0, Ms); moreover by the choice of 6 we may apply Corollary
5.15 to Q*. Hence in particular, " € Ax(0y) on Ay := B((0, ¢ (0)), s) N T;. For
771 > 0 to be determined later, there exists y = y(77) > 0 such that

o+(F) Y w(F) ~
———— > =~ foraBorelset FC A, — — >7.
oA =2 MRV Bl

We then use properties (1) and (3) of Semmes decomposition along with the
definition of (6, R)-chord arc domain to ensure that

oAy N Ag) = (1 = S)wps”™ — ¢1 exp(—c26~ (M s)* > (1 - g) a(Ao).

(5.33)

We may need to choose vy slightly bigger (depending on the value of ¢), to make
sure the last inequality holds. Suppose that E C A is a Borel set with o(E) >
yo(Ap). Then

2
CHENA) = o(ENAL > Syo(Ag) > %m(m),
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where we used the estimates of o(Ag), 0+(A;) and that ¢ is chosen sufficiently
small. It follows from (5.33) that
w(ENAY)
— 21
wi(Ay)

By the maximum principle and Bourgain’s estimate
w+(ENA,)
w+(Ay)
By Lemma 2.22 and a simple change of pole argument (or the shaper version,

Lemma 2.21) we have

W(E)>w(ENAY) ~ >7.

Ww(E) X, -
——— 2w (E) = w(E).
w(Ao)
Hence E)
w ~
——2>Cn=
wibg) =1
as desired. Here we chose 7 to account for the constant C. O

As we had reduced the proof of the theorem to Claims 5.18 and 5.21, we have
proved the theorem. m|

APPENDIX A. A BRIEF EXPLANATION OF THE FIRST ORDER APPROACH

The goal of this appendix is twofold. Firstly, we justify that the solution to
the L2-Dirichlet problem obtained in [AA11] satisfies the estimates (3.23) and
(3.24). Whereas, modulo verification of the assumptions, (3.23) is explicitly stated
in [AA11, Theorem 2.4(ii)], the estimate (3.24) requires a deeper understanding
of [AA11] and is obtained by combining several lemmas and theorems in various
sections. We recommend to the interested reader to read Section 3, Road map to
the proofs in [AA11] for the general idea of their first order approach. We give a
brief overview here. After the general approach and all relevant notation are laid
out, we give a rigorous proof of (3.24) in Subsection A.4. Then, we show that
when the boundary data satisfies 0 < f € C.°(R"), the solution above (namely, the
solution to the L2-Dirichlet problem obtained in [AA11]) agrees with the classical
elliptic measure solution (see (3.14)). This is carried out in Subsection A.5.

In what follows we will adopt the notation of [AA11] and writel(’(t, x) instead
of (x,1) and for a vector ¥ € C"*! write v = (v, v) with v, being a scalar'’. This
change of basis is also reflected in the definition of the coefficient matrix A in any
divergence form elliptic operator. Note also that some of the conditions here are
often easier to state in the scalar case, but we maintain the notation in [AA11] for
the ease of identifying estimates therein.

The first-order approach takes its name from the following: Suppose that u is a
solution to

e : —N: n+l
(A.1) Lau := —divAVu = 0in RY
16This is done through a change of basis, so we keep the notion that R"*! = {(z, x) : t > 0}.

"The authors work with elliptic systems in [AA11], but our overview will be for equations for
simplicity, i.e. m = 1.
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with Vu € LZZUC(RJr; L*(R",C™1Y), then its conormal gradient
Oy, u .
(A.2) f=Vau:= with 0y, u = (AV, xu),
V.u ’
solves the first-order equation
(A.3) o:.f + DBf =0,
where D = [ % dgﬂ and B is a matrix defined by A as follows. We first write
—Vx
A=A A Ghere Ay, lar. The st llipticity of the matrix A
= AL Ayl where A, | is a scalar. The strong ellipticity of the matrix
implies A ; is strictly positive. We thus define
(A4)
-1
~ —__ 1 0 AJ_J_ AJ_“ 1 0 A_l _A_l AJ_”
B:A::A(A)I:[ H = Lt 1L .
Aie Agj | 0 1 A Apj [ 0 1

In fact, if we make the restriction that solutions f to (A.3) belongs to the space
LZZUC(RJr; H) where

H:={ge L2R",C™YY s curl, g = 0},

we have that the solutions u to divergence form elliptic operator (A.1) (with the
‘gradient bound on slices’ as above) are in one-to-one correspondence with so-
lutions f to the first-order equation (A.3). See [AAI11, Proposition 4.1], where
this is worked out in detail and note that this does not require the operator to be
t-independent. Therefore to find solutions to boundary value problems (Neumann
BVPs, regularity BVPs, or Dirichlet BVPs) of (A.1) using first order approach, we
need to

(1) study the well-posedness of the first-order equation (A.3) in an appropriate
functional space;

(2) relate and determine the trace of f at ¢+ = O from the boundary value to
(A.1).

Notice that the first task depends on the operator DB and it has nothing to do with
what type of BVPs we consider.

A.1. Well-posedness of the first order equation. When the operator A(t, x) =
Ap(x) is t-independent and is a small L*-perturbation of a constant matrix (or a real
symmetric matrix), the well-posedness of the corresponding first order equation

(A.5) d.f + DByf =0, with By = Ay

has been established in [AAM10]. (This result has been obtained before, in [FJK84,
AAAT11, AAHOS8], but we appeal to [AAM10] since the notion of well-posedness
there is compatible with [AA11].) The authors remark that the operator DBy is not
a sectorial operator, but instead bisectorial, that is, its spectrum is contained in a
double sector around the real axis. This means that the natural operator ¢"P5o
associated with the free evolution equation (A.5) is not well-defined on all of
H c L*(R";C'*") for any t # 0. Thus we need to split / into the spectral subspace
E§H for the sector in the right half plane and the spectral subspace E;H for the
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sector in the left half planelg. Moreover, the authors in [AAM10] show that any
solution f to (A.5) in the appropriate functional space (such that f € L2 Ry H)

loc

and N, f € L?) is given by the generalized Cauchy reproducing formula
(A.6) f=Cifo=ePBELS, for some fy € ESH.
Additionally, using the notation f; = f(z, -) it satisfies

lin(}f,:fo and tlimft:O

11— —00
in the L? sense.

Since every solution to (A.5) is given by an explicit formula, to study the well-
posedness when the matrix A(¢, x) is a (Carleson measure) perturbation of a -
independent operator Ag(x), we rewrite its first order equation (A.3) as

(A7) o:f + DBy f = D&Y,

where &(t, x) = Bo(x) — B(t, x) denotes the perturbation. We remind the reader that
B = A and By = Ay are defined as in (A.4). We also remark that if |JA — Agllc < o
then using the notation in [AA11, Lemma 5.5] (see [AA11, Definition 5.4] for the
definition of the operator norm || - ||.)

181l < IElle = 1B = Bolle < llA = Aolle,

with implicit constants depending on the dimension and ellipticity constants. This
is because

B-By=A@A)" - Ao(Ay) " = [(A-ApD@A) T+ [Ay((AD) " = (A ™)

and A S ReA, ,Re(Ap). . < max{||Alc, ||Aplleo}, Which allows us to control both
bracketed terms using the Carleson norm of A — Ay. Hence under the assumption
[JA—Apllc < 1, the right hand side of (A.7) can be thought of as a small error to the
free evolution of d,f + DBy f. The above discussion formally justifies [AA11, The-
orem 8.2], which says solutions to (A.3), or equivalently (A.7), in the appropriate
functional space is of the form

(A8)  fi=Cih* +Saf = PRESRT + 54, for some h* € EJH;

and formally speaking as t — O we have f; — fo = h* + h™, where h™ € E;H
and is determined explicitly. (Notice that when h* € ESH, we have e PROESh* =
e~ IPBolp*  see for example the discussion in page 62 of [AA11]. So the above
formula is the same as that in [AA11, Theorem 8.2].) The operator S 4 is given
formally by

t 00
(A.9) Saf:= / e TIPBESDE, fods — / SIPBEC DE, fuds,
0 t

see [AA11, Equation (1)]; for a rigorous treatment see [AA11, Proposition 7.1].
Moreover they also show

INAS A )2y S NEININ. Al 2@y S 1A = AollcINe 1l 2,

18ps .= X *(DBy) provided by the bounded holomorphic calculus, where y* is the indicator of
the right-half of the complex plane and y~ is the indicator of the left-half of the complex plane. See
[AAT11, Section 4], between Proposition 4.1 and Proposition 4.3.
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whereby one concludes the boundedness of (1 — )~ on the space
X:={f R > N, fel?
for ||A — Agl|c sufficiently small. Therefore one seeks solutions of the form

(A.10) f=Q0-=8)"'ctnt, for some h* € EjH.

We summarize the above discussion. Our goal is to find solutions to divergence
form elliptic equations (A.1) with prescribed boundary values (they could be Neu-
mann, regularity, or Dirichlet boundary values). By the one-to-one correspondence
between solutions to (A.1) and solutions to the first-order equation (A.3), it suf-
fices to determine it using the prescribed boundary value and then use the ansatz
(A.10) to compute f. In other words, we need to determine the trace of f; using the
boundary value of u.

A.2. Determining the trace of f by Neumann or regularity boundary values of
u. By looking at (A.2), how f is defined using u, it should be intuitively clear that
Neumann BVPs and regularity BVPs are more natural in the first order approach,
since the trace of f; is related naturally to the Neumann or regularity boundary
value. To be more precise, when A = Ay is t-independent, a solution f = Cjh*
satisfies the Neumann boundary value (fy), = d, Al =@ if and only if its trace A*
solves the equation 'y 4" = ¢, where

L4, :E§H — L*(R",C)
R (BT
is the identification map from the trace of f to the Neumann boundary value of
the solution u to the divergence form elliptic operator (A.1). In other words the
well-posedness of the Neumann BVP is equivalent to I'y, being an isomorphism.

Similarly the well-posedness of the regularity BVP is equivalent to the identifica-
tion map (with regularity boundary value)

Ta, :E§H — {g € LAR",C") : curl, g = 0)
h+ g (/’l+)||
being an isomorphism. We remark that even for t-independent operators, these

maps are not always invertible; however I'y is invertible if we assume a-priori the
well-posedness of BVPs for Ly, (for example see [AA11, Corollary 8.6]).

Now we begin to consider operators with 7-dependent coefficients. Recall in the

above discussion on the well-posedness of equation (A.3), or equivalently (A.7), a
solution f of the form (A.8) (for some h* € EjH) has trace

fo=h"+h andh™ = / Ae‘mga&fs dse EyH,
0

where A = |DBy| and Ea is defined as [AA11, Equation (22)]. See [AA11, The-

orem 8.2] for the precise statement. Therefore f satisfies the Neumann boundary

condition (fp), = 9y, = ¢ if and only if 4" solves the equation I'4h* = ¢, where

Iy is the map

T4 :EJH — L*(R",C)
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e (fo), = (hJr + / Ae“"AE58sfsds> .
0 1
It follows that the well-posedness'® of Neumann BVPs in appropriate function
space X is equivalent to ['4 being an isomorphism. On the other hand, one can
show?’
ICA = Tapllzoz2 S €L < NIA = Aolle

so that one may deduce the invertibility of I'y from that of I'4,, provided the Car-
leson norm here is small. Thus, the Neumann BVP is well-posed for L, provided
the smallness of the Carleson norm and the well-posedness of the Neumann BVP
for Ly,. The method for the regularity problem is similar (where we instead wish
to invert the tangential trace).

A.3. Dirchlet boundary value problems. Solving Dirichlet BVPs using the above
first order approach is more complicated compared to Neumann BVPs or regularity
BVPs; and we will give more details in this section since it is directly related to
our proof of (3.24). It is not obvious how the first order approach applies, due to
the lack of identification between the trace of f and the Dirichlet boundary value
of u. Instead of the equation (A.3) for the conormal gradient f, we consider vector-
valued solutions to first order equation

(A.11) 0v+ BDv = 0.

Heuristically, applying D to the equation (A.11) gives (d; + DB)(Dv) = 0. On
the other hand, u solves the divergence form elliptic equation if and only if (9, +
DB)(Vau) = 0. By comparing f = Vu with f = Dv we find that u = —v,.
More precisely, for coefficients A(¢, x) which are (Carleson measure) perturbations
of t-independent coefficient Ag(x), we have that solutions to the divergence form
elliptic equation (A.1) obeying a certain square function estimate (that is, Vu € Y
defined below in (A.16)) are of the form

u=c-v,
where v solves the first order equation (A.11) and ¢ € C. Moreover, we have

limu, =c—(vg), and limu, =c¢
t—0 t—o0

in the L? sense. In particular, if we impose that u has Dirichlet boundary value in
Lz(R”, C), the constant c is zero. See [AA1l, Theorem 9.3]. We will follow the
first order approach as before to study solutions to equation (A.11) and then find
an ansatz for solutions to Dirichlet BVPs.

For t-independent operators we note that By D is another bisectorial operator, just
like DBj. So we define the spectral projections Ej = y*(BoD) as before, which
splits the space H. We make an important remark with regards to DBy and ByD:
(A.12) By b(DBy) = b(ByD) By

where b(-) denotes the functional calculus to an operator on L?. (See the discussion
in [AA11, Section 7].) This observation allows us to switch between DB and ByD.

“Here one is seeking solutions in the space X and the boundedness of (1 —S 4)~1C{ as an operator
from Ej into X are provided in [AA11].
20See the proof of [AA11, Corollary 8.6].
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Similar to the argument for DBy, we have that solutions to (A.11) obeying a square
function estimate are of the form

(A.13) v=Civo+c=eBPE v+ ¢

for a unique vy € E{; L? and some ¢ € C!'*". Therefore, for t-independent operators
we have the representation formula

(A.14) u=c- (58v0> , vo € EjL?, ceC
1
for solutions u to Dirichlet BVPs obeying a square function estimate. See [AA11,
Corollary 9.4].
Now we consider perturbations of #-independent operators. Recall that solutions
f to (A.3) are of the form
(A15)  fi=ePPh" + 841, or equivalently f;, = (I — S 4)~'e™PBop™,

for some i* € EjH. We remark that to adapt to Dirichlet BVPs, we work with the
functional space
(A.16)

Y= {f TRy - €y / iz eyt < oo} = LR, tdt; P(R",C'*).
0
instead of X. Moreover [AA11, Proposition 7.1] shows that

IS ally—y S 1A = Aolle.
Provided that ||[A—Ayl|¢ is sufficiently small, (1-S 4)~! exists as a bounded operator
on the space Y.

We want to find v satisfying f = Dv, so we basically need to factor out D
in (A.15) (even though D is not injective). Indeed by (A.12), imposing the free
evolution term g := e "PBop* (the first term in (A.15)) in Y allows us to rewrite
(A.17) g = DeBPES Rt = DCEh*

for some ht € Ear L? determined by h* = Dh*. And formally for S 4, we obtain
starting from (A.9) that S 4 = DS 4 where

t [eS]
(A.18) Safi = / e TIBDPEEDE, fids — / SIBDPESDE, fods.
0 t

See [AA11, Proposition 7.2] for the rigorous treatment of S 4. Putting them to-
gether we get
fi=e™PPopt 4+ S, f, = DCh* + DS 4 f;,
and thus we can set
v=Ciht +Saf,=Ciht +Sa(I—S4) 'DCEh*.
In the second equality we substitute the expression for f; in (A.15) and we also
use (A.17). Notice that the first term is exactly the same as (A.13), the solution

to ;v + BoDv = 0 (the constant c¢ there is always zero for L?-Dirichlet BVPs).
Therefore, to solve the Dirichlet problem to (A.1), we make the ansatz

(A.19) u= (53%* +SaU - SA)—1D63E+>
L
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for some h* € Ej L%. Moreover,

limv,=vg and limv,=0
11—

0 t—o00

in the L? sense. The trace vy can be written explicitly as
(A.20) vo=ht+h andh” = — / e NEGE,f, ds € EjL%,
0

with A = |BoD|. See [AA11, Theorems 9.2, 9.3] and the proof of [AA11, Corollary
9.5].

It then f(illows that the solution u has Dirichlet boundary value ¢ € L*(RY) if
and only if h* € EJL? satisfies

¢ =limu, = —(vo)L = (—E+ + / e_sxf(? Esfs dS> ,
t—0 0 n

where f = (I - S A)‘ID(?)r ht by the formula (A.15). In other words, if we define
the map

T4 :EfL* - L*(R",C)
e (-Z* + / e NEGE, f, ds) :
0

1
then 4™ is determined by the equation Tah* = ©. The well-posedness of Dirichlet
BVPs is equivalent to I'4 being an isomorphism. In particular, when A = Ag is
t-independent, this map is just

T, :EGL? - LX(R",C)

A (ﬁ) .
1
Assuming the Dirichlet problem for L,4, is well-posed, the map fAO is invertible.
Since (see the proof of [AA11, Corollary 9.5])

(A.21) ICa, — Tallzozz < 1€l < 11A = Agllc,

it follows that fA is also invertible provided ||A —Agllc < 1. Therefore the Dirichlet
problem for L4 is also well-posed.

A.4. Proof of estimates for non-tangential maximal function. We are now ready
to use the results in [AA11] to prove the desired estimates (3.23) and (3.24) for the
non-tangential maximal function. Recall that the elliptic matrix we consider can
be written of the form
A(t, x) = Ao(x) + B(t, x)

where Ag(x) is a small (¢-independent) perturbation of a constant real elliptic ma-
trix and B(¢, x) has small Carleson norm, see (3.1) and (3.2). (Here we denote the
t-independent matrix by Ag(x) instead of A;(x) in (3.1), in order to be consistent
with the notation in the rest of the Appendix.) The well-posedness for Dirichlet
problems is established in [AAHO8] for elliptic operators whose #-independent co-
efficient matrices are small perturbations of the constant matrix. Thus the Dirichlet
problem for Ly, is well-posed if € in (3.2) is sufficiently small. We claim that this
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solution agrees with the elliptic measure solution (as in (3.14)) for smooth, com-
pactly supported data and we postpone the proof of this fact to Subsection A.5.

The estimate (3.23) just follows directly from [AA11, Theorem 2.4(ii)]. Now
we set out to prove (3.24). We write corresponding solutions to L4 and Ly, as ug 4
and u, 4, respectively. By the discussion in the above section, we can write

UpAy = <5(J)r fz; ‘P)

yp = (égfglgo + S, - SA)—IDGgf;hp)L .

>
1L

Hence
on = tipay = (C0R =Tade) + (Sal =S50 DCGTe)
=I+1I.
Notice that I is just 5{; h* with
W= -Tae e EGLA
Recall (A.21) and the invertibility of IN“AO, we have

IE3 = Falliznse = T30 (Fay — Ta) T

[2]2
S ITa = Tayllizo 2
< 1A = Aolle,
provided ||A — Agl|c is sufficiently small. It follows then
177112 < 1A = Aollcligll2

As in the proof of [AA11, Theorem 10.1], we may write 2" as h* = Byh* with
h* € EjH so that

IN.(Dllz2 = INACG BohHllzz = IIN«(BoCoh Iz ~ ICoh*llx < ¥ ll2 ~ 1A 2.
where we use (A.12), [AA11, Theorem 5.2] and the accretivity of By. Thus
INMll2 < IN.DIlz> 5 1A = Aollcligll;z,
as desired. To handle II we use [AA11, Lemma 10.2] which says that
IN2(Sa Nl < 18NNy < 1A = Aollcliflly-

(This is why we have non-tangential maximal function with power 3/2 in (3.24).)
Thus, to obtain a desirable bound for II it is enough to show

(A.22) I = SA)'DCER* ||y < 1712, for any h* € EJL?,

where we used that IN“EI is an isomorphism to exchange f;%o for h*. Recall (see
[AAT11, Proposition 7.1]) that (I — S4) ' Y - Y is bounded; moreover by the
accretivity of By and the square function estimate for the operator BoD we have

IDCS R ||y ~ |BoDe™ BoPh* ||y ~ ||h*||;2,  VR* € ESL2.
This finishes the proof of (A.22) and therefore
IN2(D)2 < 1A = Aol = S 0) ' DCET R ¢lly
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< 1A = AollcIT ¢l 2
< 1A = Aolicllellz.

This concludes the proof of (3.24) modulo showing that the solution here agrees
with the elliptic measure solution, when the boundary data is smooth.

A.5. For smooth data the solution in [AA11] agrees with the elliptic measure
solution. It remains to show that given 0 < f € C2°(R") the unique L*-solution u
in the sense of [AA11] agrees with the elliptic measure solution u as in (3. 14).%!
(It suffices to consider functions 0 < f € CZ(R"), since this is enough to char-
acterize the elliptic measure, or equivalently the Poisson kernel. Assuming that

u € CR™, by the maximum principle it suffices to show u — us(X) — 0 as
|X| — oo. Since we know that u¢(X) — 0 as |X| — 00”2, to prove u = uy it suffices
to show u is continuous all the way to the boundary and u(X) — 0 as |X| — oo.

In fact, we will show in the following lemma that u € CPR1), where CP is the
homogeneous Holder space:

v(x) — v
Vlesgy = sup ————=—.
B x,yeE |X - )’|ﬁ
XFYy

for a functionv : E — R.
Lemma A.23 ((HMMI15b, HMM15a]). Let
A(t, x) = Ao(x) + B(1, x)

be a real matrix such that Ay(x) = A, + E(x), A, is a real constant elliptic matrix,
||E||o<, < g and ||B(t, x)|lc < €. If € is small depending on the ellipticity of A. and
dimension then there exists 8 € [0, 1) depending on ellipticity, the dimension and
€ such that the following holds. If f € C°(R") and u is the (unique) solution to
the L*-Dirichlet problem for L = —div AV on R™*! produced above, then

(A24) e 1 e

where the implicit constant depends on dimension and ellipticity of A,

Proof. Here we appeal to the ‘second order methods’ noting that the L? solution
to the Dirichlet problem above is unique so that we are working with the same
solution. The lemma is, in fact, a ‘direct’ result of [HMMI15b, Theorem 1.4] and
[HMMI15a, Theorem 1.35]. First note that A, is constant so that we may assume

21 This is not without cause, since in general (for example, when the coefficient matrix is non-
symmetric), even with smooth boundary data different notions of solutions may not agree, see the
example in [Axel0]. Even for the Laplacian in the upper half space, it is well known that solutions
to the Dirichlet problem are not unique.

22This can be proven by comparing it with the elliptic measure of a compact set. Let K = supp f
and assume K C By for some R > 0. Since 0 < f € CX(R"), we have us(X) < w*(Ag) - sup f. On
the other hand, let Ar denote the interior corkscrew point for the ball Bz. By Lemma 2.16 and the
estimate of the Green’s function, when X € R"*!\ B, we have w¥(Ag) ~ G(X,Ag)-R"! < lei:;‘ln,l .
The right hand side converges to zero as |X| — oo. Therefore w*(Ag) — 0, and thus up(X) — 0 as
1X| — co.
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A, is symmetric as demonstrated in Lemma 3.5 above. Thus, [HMM]15b, Theo-
rem 1.4] gives the solvability of the C#* Dirichlet problem for coefficients Ao with
B’ € (0,5;) depending on dimension, ellipticity of A, and €, provided € is small
enough. Similarly, (at the cost of a smaller 8) [HMM15a, Theorem 1.35] can be
applied to perturb from the coefficients Ag to A, giving the solvability of the C8
Dirichlet problem with 8 € (0,4/2) for L = —div AV provided ¢ is small enough.
Here is where one should be careful: We need to check that the C# and L? solutions
agree when the data is in CA(R") N L*(R™), we will call this ‘compatibility’. Note
that the C# and L? solutions agree for the operator with coefficients L. = —div A.V
because they are both given by convolution with a elliptic-Poisson kernel (see The-
orems 1.4 and 3.3 in [MMM19]). The interested reader can carefully check? that
the perturbations [HMM15b, Theorem 1.4] and [HMM15a, Theorem 1.35] pre-
serve this compatibility.

O

With the lemma in hand, we are going to prove u(X) — 0 as |[X| — oco. By
definition it holds that

IN«llz2mmy S 11Nz Ry

which (by interior estimates) implies that

sup [lu(t, lz2gey S 1fll2@n)-
>0

Next, we see for s € Ry, by breaking up R" into cubes of side length roughly s
and using Caccioppoli’s inequality, that

2s 5s/2 I£112, ")
/ /|Vu|2dxdt< P dxdt < “R,
n RV!

where we used sup,..q [[u(?, 2@y < “f”LZ(Rn). Thus,

2k+|

[V 2P|
Vul? dx dt Vul? dxdt < L®) 7 TRY
[ [masa=y [ [ wmpacare Y-S < T

112
\/>

, where R" = {(#,x) : t > 5,x € R"}.
It is a fact®® that there exists a constant ¢ such that u — ¢ € Y'2(R"*!) = {v €
LT (R™1Y)  Vy € L2R™1)}, but since sup,. [lu(, Miz2gny < +oo it must be the
case that ¢ = 0 and hence u € YI’Z(R’;“). Moreover, by the Poincaré Sobolev
inequality

(A.25) luell, 2 ](Rn+1)~||VM||L2(R”+1) 12/ Vs,

written compactly |[Vu|| 2@y S

where we used our estimate established above.

23This will be a result of the boundary trace of the layer potentials being perturbative in the
norms C? and L?: In the case of [HMM15b] this is done in [HMM15b, Section 4] and in the case of
[HMM15a] in [HMM15a, Proposition 7.21].

24See [MZ97, Theorem 1.78]. One can adapt the proof there using nested cubes (this time not
concentric dilates though) which exhaust R+
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Now fix y > 0 and let C; := IIuIICp(@) < co. QOur goal is to show that there
exists M, so that if |X| > M, then |u(X)| < y. Note that if there exists X = (, x)
such that [u(X)| > y then we have that |u(Y)| > y/2 forall Y € R’fl such that
|X — Y| < (y/2Cy)VP. In particular, if s € R, and there exists X = (¢, x) such that
|u(X)| > y with ¢ > s then

n2,1
n B
el 22 o) 27
where we used that [u(Y)| > y/2 in B(X, (y/2C)'P) n R’j“. Thus, choosing sg
large enough so that
122 ey < y%ﬂ
VS0

we have from (A.25) that ||u||Lm(R?51) <v.

Having established the bound for ¢ > sp, it suffices to show that there exists
A so that if |[x| > A and t € [0, so] then |u(z, x)] < y. To do this, we use that

sup llu(, Il 2@ny < IIflz2®e) and hence

lleell 210,50 1xRm) S VSOl Nl 2 m)-

Arguing as above, it would be impossible to have X; = (x, #x) with |x¢| — oo and
tx € [0, s0] such that |u(Xy)| > y. Indeed, for this would give that ||u|;2 0 s jxrn) =
co. This concludes the proof that u(X) — 0 as |X| — oo.

AppenpIX B. From (5.24) To (5.25)

The goal of this section is to prove Lemma B.2, which will immediately show
5.24 implies 5.25. We first make an observation that allows us to use the work of
Korey [Kor98] with impunity in the setting of this work. Specifically, we would
like to use the consequences of [Kor98, Theorem 6] and the portion of [Kor98,
Theorem 10] unique to the work there.

Lemma B.1. Let T ¢ R™! be a closed set with locally finite H" measure, that is
H"(T' N B(0,r)) < oo for every r > 0. Set o = H"|r. Then for every Borel set of
E CT and t € [0, 1] there exists a Borel F with o(F) = to(E).

Proof. Fix E as above. Clearly, we only need to show result for 7 = 1/2. We see
by monotonicity of measure o (B(0, R) N E) > (1/2)o(E) for some R large enough.
Let ro := sup{r : o(B(0,r) N E) < (1/2)0(E)}. By monotonicity of measure
a(E N adB(0,ry)) + a(BO,rg) N E) > (1/2)0(E) and o(B(0,rg) N E) < (1/2)0(E).
Thus, /0 (E N dB(0, ry)) + o(B(0, ro) N E) = (1/2)c(E) for some 7’ € [0, 1]. Next
we note that o := H"|sp(0,s,) already has the diffusivity property, that is, for every
E’ c dB(0,rp) and 7 € [0, 1] there exists F’ C E’ with o(F’) = 7/¢(E’) so
that we may take £’ = E N dB(0, ) and find F/ € E N dB(0, ry) so that o(F N
0B(0,ry)) = T'o(E N 0B(0, rp)). Setting F = F” U (B(0,rg) N E) we have that
o(F) = (1/2)d(E). O

Lemma B.2. Let ' ¢ R™! be a closed set with locally finite H" measure and
set o = H"|r. Suppose xg € T and ry > 0 are such that o(Ag) > 0, where
Ay = B(xg, ro) NT. Suppose k € Llloc(dO') with k > 0 and setw = kdo. There exists



HOLDER COEFFICIENTS IMPLIES logk € VMO 47

€ and c ,absolute constants, so that the following holds. If there exists € > 0 such
that for every F C Ay with o(F)/o(Ag) = 1/2 it holds that w(F)/w(Ag) < 1/2+ €
for some € € (0, ) then

2
(JC kd(r) < +ce) <JE k1/2d0'>.
A(xo,s) A(xo,5)

Proof. We start the proof exactly as in the proof (d) to (c¢) in [Kor98, Theorem 10].
Set f := Vkan lenc(d(r) function. Set my a, to be the median of the function k on
Ao, that is

o({x € Ay 1 k> mp,)),c({x € Ag : k < myp,)) < (1/2)0(Ag)

Set E/ = {x € Ay : k > myp,} and F’ = {x € Ag : kK < my,}. Then by Lemma
B.1 there exists G C Ag \ (E’ U F’) such that o(E’ U G) = (1/2)0(Ag). Setting
E:=F UGandF := Ay \ E we have that o(E) = o(F) = (1/2)0(Ay),

k(x) <mygp,, o—aexeF

and
k(x) > mgp,, o —aexecE.
By hypothesis
wE) | wE) 1
w(Ao) w(Ao) 2
Then
1 A
chzd(rz kdor = VA0
Ag (A0) Ja, o(Ap)

w(F) o 1

<(1-2e)'—= =(1-2¢ /kdo-

o(F) o(F) Jr
1 1
=(1-20'— [ ffdo<(1-2 -1/ d
(=27 [ Par =207 [ faoryima,

where we used f < 4/mya, o-a.e. on F. On the other hand,

w(E) _ 5+ € w(Ag)

mgay < T kdo = < =(1+2e) kdo,
fdo Ji oE) - 1 oA Ao

where we used o (E)/0(Ag) = 1/2 and the hypothesis of the lemma. Combining
these two inequalities we have

fPdo < (1-2e)7" (f fa’o-> N
A() F

1/2
<(1+20)"21 -2e)7" <JC fa’o-> <JC kdo->
Ao Ao
1/2
=(1+20)"2(1 -2e)7! <JC fd0'>< f2d0'> ,
AO AO

where we used that the average over F of k is less than the average over Ag of k,
by the definition of F and E = Ag \ F. Thus, we have

1/2
(B.3) <f f2d0> <(+ce) T fdo,
Ao

Ao
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provided that € is sufficiently small. O

To show 5.24 implies 5.25, we apply the previous lemma with € = C’(8')*. We
also remark here that in order to conclude that log k in VMO from 5.25 one can use
the methods in [Kor98] (armed with Lemma B.1).

APPENDIX C. PULLBACKS AND PUSHFORWARDS FOR LIPSCHITZ DOMAINS

In this appendix, we recall the well-known applications of arguments concerning
the “flat” transformation of solutions to (second order divergence form) elliptic
equations on Lipschitz domains to solutions of a transformed elliptic operator on
the upper half space. This transformation is well adapted to the perturbations under
consideration in this work as many have noted. We continue to work in R"*!,
identified as R""! = {(x,7) € R* xR}. For a Lipschitz function ¢ : R" — R, with
©(0) = 0% we set

Q, = {(x,1) e R™ £ > p(x)).
We will often just write Q except when the dependence on ¢ is important. We also
define
Graph(p) := {(x,1) e R™! 1 1 = (x)).

The following proposition follows by a simple change of variables.

Proposition C.1. Let ¢ : R" — R, ¢(0) = 0 be a Lipschitz function and Q = Q,
be as above. Let L = —div AV be an elliptic operator with real coefficient matrix
A. Let O(x, 1) be the flattening map for ¢, O(x, 1) := (x, 1 — ¢(x)), so that (L) =
R’}r” and ®(Graph(p)) = R" x {0}. Then u : Q — R solves the the differential

equation
Lu=0€eQ
(D)La
u=feC.(09Q)

gy

ifand only if it : R™! — R solves the differential equation
it =0¢eRH!

(D)Z,R'}rﬂ{ :f

where f(x) = f(x,@(x)) € Cc(R"), #U(X) = (uo & )(X) and L = — div AV with
A = JE(A o @Y Jg. Here Jg is the Jacobian matrix of ®, given by

To(X) = Jo(x, 1) = [ fra } V) } ,

NS

so that, in fact, Jo is a function of x. In particular, if A is t-independent so is A.

Moreover; if b = % is the Poisson kernel for L in Q with pole at X exists then
1
{0, 90) = — ===k (),

V1+ Vel A

where kf;(x)(y) is the Poisson kernel for Lin R with pole at ®(X).

25We can always arrange for this by shifting all of the objects under consideration.
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To see the last fact, note that for X € Q and f € C.(0Q)

uX) = /ﬁ 5 Wy (2)f(Z)do(Z) = /R ) X0 N F O, 00 V 1+ IVe()Pdy;

and on the other hand,

u(X) = #(D(X)) = /

[ BOmf = [ KOs

From the above we can see that when [[Vgl||o, < 1 the Poisson kernels /4 and k3
are very similar. We would like to say that perturbed operators (in the analogous
sense of that in Proposition 3.10) remain so under pullback. This amounts to look
at how Jg acts on vectors and matrices. The following lemma can be directly
verified via computation. We provide some brief details.

Lemma C.2. Let ¢ : R" — R, ¢(0) = 0 be a Lipschitz function with Lipschitz
constant y := ||Vo||r~. For almost every x € R", Jo = Jo(x) has the following
properties.

(a) Forany & € R™1,
[Joé — €l < Vnyléh, [Joé —Elw < Yiél,
[J5& — &b < YIéD, lJHE = Eleo < VYl
(b) Forany (n+ 1) X (n+ 1) matrix A,
Ao — Al < (Vry +ny?)|Ale.
(c) Forany & € R"™,

. 1 _1
|Jo&l, > min {2, (1 +4ny?) ™2 } L.

Here | - |, and | - | are the €2 and £ norms, respectively.

Proof. Foré: € R’H—]’ é‘: = (gla LY a§n7§n+1) we Write g” = (é‘:l’ LN 76") andgl = §n+1-
To prove the assertions of (a) concerning Jg, we write Jo& = (&) — EL.Ve(x),&1),

so that Jp& — & = (—£.Ve(x),0). Similarly, to treat the estimates involving Jg) we
write Jgf = (&, —Vo(x) - & + &1), so that chf - & =1(0,-Vo(x) - &)). Property (b)
follows from property (a) after writing
JEATp — A = (JEATp — TEA) + (JEA - A)
so that
lJEATp — Al < [JEATe — JEA| + [JEA — Al

< VnylAJo — Al + VnylAls

< (Vny + ny*) Al
Finally, to see (c), we again write Joé = (&) — é.Ve(x),&1) so that [Jopély >
max(|& — &LVl I€L). If €, V|2 < %|§|||2 then the estimate in (c) follows readily.
If not, then |£, V|, > %|§|||2 and hence by the Lipschitz condition |, |, > ﬁfllb
so that

[Joélr > €1 >

1
I | 2
V1 + 4ny? e
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from which the estimate in (c) again follows readily. m|

Next, we define Whitney and Carleson-type regions, which are well-suited for
our purposes. For ¢ and €, as above, and X = (x,¢(x) + 1) € Q, we define the
p-adapted Whitney region

Wo(X) :={(y,s) s [y —xl <t, p(y) +1/2 < s < @(y) + 3t/2}.

Note that ®(W,) = W(x, 1), the Whitney region in R’}r“. Next, for a cube Q ¢ R”
we define the p-adapted Carleson box

(C.3) Roy ={(n,8) 1y € 0, ¢(y) <s <y + (0}

Finally, for a measurable (n + 1) X (n + 1) matrix-valued function P, we define the
(FKP) p-adapted Carleson norm of P as

1/2
1 dyds
IPlic, == sup | — f f P sy ————
7 e U101 Mgy, R0 $ )

12
| ff - dxd ,
= sup | — P Ilz — = 1P ll,
QcR? <|Q| R WDy

where P’ = P o ®~! and we used the flattening change of variables in the second
line.

(C.4)

The following lemma is a direct consequence of the definitions above and Lemma
C.2.

Lemma C.5. Let ¢ : R" — R be a Lipschitz function with Lipschitz constant y and
¢(0) = 0 and suppose that P is a (n + 1) X (n + 1) matrix-valued function on €,

with ||Pllc, < oo. Then the matrix P = J5(P o ®~1)Jy satisfies
IPllc < (1 + vy + ny))IPllc,

Proof. Recall that Jg(x, 1) = Jo(x) so that (C.4) with P’ = P (which means JgPJ(p
is in place of P)

IPllc < IJgPJolic, < (1 + Vay +ny)IPlc, .

where we used Lemma C.2(b) in the second inequality. |

Combining the previous Lemma with Lemma C.2, one easily obtains the fol-
lowing.

Proposition C.6. Let A > 1. Let ¢ : R" — R be a Lipschitz function with Lipschitz
constant y < ﬁ and ¢(0) = 0, and Ag a real, constant A-elliptic(n + 1) X (n+ 1)
matrix. Suppose A(X) is a real, A-elliptic, matrix-valued function on R™*' with the

decomposition
A(x,t) = A1(x) + P(x, 1)
satisfying
lA1 = Aolle®n + [I1Pllc, < &
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for some k > 0. Then A = J(TD(A o ®Y)Jg is a real, 8A-elliptic matrix with the
decomposition

A(x, 1) = A1 (x) + P(x, 1),
satsifying
AT = Apllen + IPllc < 2« + 4 VnyA,
where Ay = JL(A 0 @ Vg = JE(ANJe, P := JL(P o & )Jg and™® A} =
J5(0)A0J5(0).

Proof. The form of the decomposition g(x, 1= A (x) + ﬁ(x, t) is immediate from
the form of A. In particular, notice that A o @ ! = A since A = A;(x). The 8A-
ellipticity of Aisa consequence of Lemma C.2(b) and (c). Indeed, the boundedness
of A follows from Lemma C.2(b), here one recalls that y < 1/(50n), so that \/ny +
ny* < 1 (we will use this several times). To see the lower ellipticity bound, we use
the A-ellipticity of A and Lemma C.2(c) to obtain

- 1
(A£.£) 2 N Voh 2 AR,

for almost every x and all & € R"*!.

To obtain the desired estimate for IIK 1 = AQllz=rry, we write
(C7) AL = Aj = (A1 = Ag) + (Ag - AY),

where Avo is the (variable) matrix-valued function Jg(X)A()qu(X). Using Lemma
C.2(b), and the triangle inequality

(C8) A1 = Aglls < (1+ Vay + myP)lIA1 = Agliz= < 2IIA; = Aol
To handle the second term, we again use Lemma C.2(b) to obtain
Ao = Agll < lAo = Aollzs + [1Ag — AgllL

< 2(Vny + ny)lAolis < 4~vnyA.
Combining (C.7), (C.8) and (C.9) yields the desirable estimate

(C.9)

A1 = Apllz= < 2l1A1 — Aollzs + 4 VyA.
Since Lemma C.5 gives

IPllc < (1 + Vuy +ny)IIPlic, < 2IIPlic,
we obtain

A1 = Apllz=ny + IPllc < 2k + 4 vnyA,

as desired. m]

26Note that Aj is a constant matrix and one can show that A~0 is 8A elliptic in the same manner as

A.
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