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We show that coinvariants of modules over vertex operator algebras give rise to
quasicoherent sheaves on moduli of stable pointed curves. These generalize Verlinde
bundles or vector bundles of conformal blocks defined using affine Lie algebras
studied first by Tsuchiya, Kanie, Ueno and Yamada, and extend work of others.
The sheaves carry a twisted logarithmic D—module structure, and hence support a
projectively flat connection. We identify the logarithmic Atiyah algebra acting on
them, generalizing work of Tsuchimoto for affine Lie algebras.

14C17, 14H10, 17B69; 16D90, 81R10, 8§1T40

1 Introduction

Vertex algebras have been described as analogues of commutative associative algebras
and complex Lie algebras. They extend constructions in the representation theory of
affine Lie algebras, conformal field theory, finite group theory and combinatorics, inte-
grable systems, and modular functions; see Frenkel, Lepowsky and Meurman [41; 42],
Borcherds [24], Dong, Li and Mason [31], Beilinson and Drinfeld [19], Frenkel and
Ben-Zvi [38], Segal [67], Miyamoto [62], Y-Z Huang [51] and H6hn [49].

We study geometric realizations of representations of a vertex operator algebra V. The
idea, originating in Tsuchiya and Kanie [70] and Tsuchiya, Ueno and Yamada [71],
formulated here from the perspective of [19; 38], is to assign a ¥V —module M’ to
each marked point P; on an algebraic curve C, then quotient §); M ! by the action
of a Lie algebra (Section 5.1) depending on (C, P,) and V, and thus obtain vector
spaces of coinvariants. We carry this out relatively over the moduli space M g.n Of
stable pointed curves (Definition 6.5). This generalizes prior work on smooth curves
[38; 19], coinvariants obtained from affine Lie algebras [70; 71; 69], and special
cases using vertex algebras; see Ueno [72], Nagatomo and Tsuchiya [64] and Abe and
Nagatomo [5]. Our main result is:
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Theorem Given n modules M, ..., M™ over a vertex operator algebra V :

(i) The spaces of coinvariants give rise to a quasicoherent sheaf V(V; M*®) on Mg .

(ii) Assume moreover that all the modules M' are simple. Denote by a; the con-
formal dimension of M and by ¢ be the central charge of V. Then the Atiyah
algebra %C.A A+ ZLI a; Ay,; with logarithmic singularities along the divisor
of singular curves in Mg ,, acts on V(V'; M*®), specifying a twisted logarithmic
D—module structure.

The modules we use are specified in Section 2.3, Atiyah algebras are reviewed in
Section 7.1, and the theorem is proved in Section 8, where a more precise statement is
given. As an application, when V(V; M*) is of finite rank on Mg , and c,a; € Q
(verified in some cases; see Section 9.1 and also Damiolini, Gibney and Tarasca [27]),
the action of the Atiyah algebra from the theorem above gives the Chern character
of V(V;M*®) on Mg :

Corollary When V(V; M?*) is of finite rank on Mg ,, the M I are simple, and
c.a;i €Q,

ch(V(V;M*)) =rank V(V; M*) ~exp(%ck + Zaiwi) € H* (Mg, Q).
i=1

In particular, Chern classes of V(V; M*) lie in the tautological ring.

The analogue of the theorem for sheaves of coinvariants of integrable representations
of an affine Lie algebra was proved in [69]. The formula in the corollary, proved in
Section 9, extends the computation of the Chern classes of vector bundles of coinvariants
on Mg 5, in the affine Lie algebra case from Marian, Oprea and Pandharipande [60].

1.1 Overview

In this work we extend the construction of sheaves of coinvariants V(V; M*) of
modules over vertex operator algebras on the locus of smooth curves Mg , from [38],
to stable pointed curves M g.n (see Section 6.3.2). Such sheaves on M g.n have
been studied before in particular cases, the most well known being the case of affine
Lie algebras, and also in more generality (see Section 6.3.3 for an account). We
note that conformal blocks are defined as dual to coinvariants. For vertex algebras
arising from affine Lie algebras, conformal blocks are known to be vector spaces
canonically isomorphic to generalized theta functions; see Beauville and Laszlo [16],
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Faltings [36], Kumar, Narasimhan and Ramanathan [55], Pauly [65], Beauville, Laszlo
and Sorger [17] and Huang [51].

We work with modules over vertex operator algebras, which admit an action of the
Virasoro algebra. We define these and related objects in Section 2. Vertex alge-
bras and their modules depend on a formal variable z. The geometric realization
from [38] starts by considering z as the formal coordinate at a point on an algebraic
curve. One is thus led to consider the moduli space M g,n parametrizing objects
(C,Po=(P1,...,Pp),te=(t1,...,tn)), where (C, P,) is a stable n—pointed curve
of genus g and #; is a formal coordinate at P; (Section 3).

The strategy is to first define sheaves of coinvariants Y\A/(V; M?*) on M g.n (Definition
6.1). Then one shows that %A’(V; M*) descends to a sheaf V' (V; M*) on J = 7;’;,
the moduli space parametrizing points (C, P., 7.), where t; is a nonzero 1—jet at P;
(Definition 6.4). A second descent allows one to define the quasicoherent sheaf
V(V;M*) on Mg, (Definition 6.5). Fibers of the sheaves are canonically isomorphic
to the vector spaces of coinvariants (23) and (24). Figure 5 depicts the relationships

between these sheaves and spaces.

The action of the Virasoro algebra on V' —modules is responsible for the presence of
the twisted logarithmic D—module structure on sheaves of coinvariants. The twisted
D-module structure of sheaves of coinvariants on families of smooth curves has been
presented in [38] as an integral part of their construction. Twisted logarithmic D—
module structures on sheaves over a smooth scheme S are parametrized by elements
in the C—vector space Ext! (7s(—log A), Og), that is, the space of logarithmic Atiyah
algebras; see Beilinson and Schechtman [22]. Part (ii) of the above theorem has the
merit of identifying the logarithmic Atiyah algebra acting on sheaves of coinvariants in
the case that the modules are simple. For this, we use that, for a simple module M,
one has Lg(v) = (deg(v) + a)v for homogeneous v € M, where a € C defines the
conformal dimension of M (also called conformal weight).

Crucial to the identification of the logarithmic Atiyah algebra is the Virasoro uni-
formization, Theorem 3.1, which gives a Lie-theoretic realization of the logarithmic
tangent bundle on families of stable curves (after Arbarello, De Concini, Kac and
Procesi [13], Beilinson and Schechtman [22], Kontsevich [54] and Tsuchiya, Ueno and
Yamada [71]). This was proved in [71]; we give an alternative proof of this result in
Section 3, extending to families of stable curves with singularities the argument for
families of smooth curves given in [38].
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We work over the smooth DM stack of stable curves M g.n» 1N particular assuming
2g—2+n>0.

1.2 Future directions

The results here serve as a cornerstone for the following developments: for a vertex
operator algebra V' which is rational, C,—cofinite, and with Vg = C, in [27] we prove
that coinvariants at singular curves satisfy the factorization property and that the sheaf
of coinvariants forms a vector bundle. Following work for affine Lie algebras of Marian,
Oprea, Pandharipande, Pixton and Zvonine [61], in [28], under the further assumption
that V' is simple and self-contragredient, we derive the Chern classes for V(V; M*)
on M g,n from the above corollary, the factorization [27] and the recursion solved
in [61] (see Section 9.2).

Classes constructed from affine Lie algebras are known to be semiample in genus zero
(see Fakhruddin [33]), shown to determine full-dimensional subcones of nef cones in all
codimension, and used to produce new birational models of moduli of curves (eg Arap,
Gibney, Stankewiicz and Swinarski [12], Giansiracusa and Gibney [46], Gibney, Jensen,
Moon and Swinarski [47] and Alexeev, Gibney and Swinarski [8]). We note that while
the extension to the boundary of the sheaves we consider here could have been done
with the technology in place when [38] was written, the motivation to do so comes
from these recent results. As the representation theory of vertex operator algebras is
richer than for affine Lie algebras, the sheaves V (V'; M*) are expected to provide new
information about the birational geometry of M g.n > see Damiolini and Gibney [26].

Acknowledgements The authors thank James Lepowsky and Yi-Zhi Huang for gra-
ciously and endlessly answering questions about vertex algebras, and David Ben-Zvi
for a helpful discussion and email correspondence. We thank Bin Gui for pointing out a
mischaracterization of Heisenberg algebras in an earlier version, and André Henriques
for valuable comments. We are indebted to the treatment of coinvariants of vertex
algebras in [38], and of coinvariants of affine Lie algebras of Bakalov and Kirillov [15].
We thank the referee for a careful reading of the paper and for pointing out some
corrections. Gibney was supported by NSF DMS-1201268.

2 Background

Following [38; 42; 40; 57], in Section 2.1 we review the Virasoro algebra, in Section 2.2
we define a vertex operator algebra V' and in Section 2.3 we define the V' —modules we
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will work with. Vertex algebras and their modules depend on a formal variable z; in
Section 4 we will consider geometric realizations of vertex algebras and their modules
independent of the variable z. To show we one can do this, we employ certain Lie
groups and Lie algebras related to automorphisms and derivations of C[[z] and C((z))
reviewed in Section 2.4. The Lie algebras arise as Lie sub- or quotient algebras of
the Virasoro algebra. In Sections 2.6-2.7 we define the Lie group Auty O and Lie
algebra £(V'), emphasizing certain properties of their actions on V' —modules.

Setting We work over the field of complex numbers C in the algebraic category. We
often reduce locally to discs obtained as spectra of completed local rings.

2.1 The Virasoro algebra

Throughout we work with a C—algebra R. For K the functor which assigns to R
the field of Laurent series R((z)), consider the Lie algebra Der K(R) = R((2))0;.
This is the Witt (Lie) algebra with coefficients in R, and is a complete topological
Lie algebra with respect to the topology for which a basis of the open neighborhoods
of 0 is given by the subspaces zV R[[z]] for N € Z. The Witt algebra Der K(R) is
topologically generated over R by the derivations L, := —z? 19, for p € Z, with
relations [L,, Lg] = (p —q)Lp+q. Let gl be the functor which assigns to R the Lie
algebra R with the trivial Lie bracket. The Virasoro (Lie) algebra Vir is the functor of
Lie algebras defined as the central extension

0—gl;- K — Vir—DerK — 0

with bracket

[K.Lp]=0. [Lp.Lgl=(p—q)Lp+q+ 15K(P> = P)Spiqg.0-
Here K is a formal vector generating the center of the Virasoro Lie algebra.
2.2 Vertex operator algebras

A vertex operator algebra is the datum (V,|0), w, Y (-, z)), where
1 V= 69120 Vi is a Z>o—graded C—vector space with dim V; < 0o}
(ii) |0) is an element in Vjy, called the vacuum vector;

(iii) o is an element in V5, called the conformal vector;
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(iv) Y(-,z) is a linear operation

Y(-.2):V —>End(V)[z.z7']. A Y(Az2):=) Agz""!
i€Z
The series Y (A, z) is called the vertex operator assigned to A.

The datum (V,|0), w, Y (-, z)) is required to satisfy the following axioms:

(a) Vertex operators are fields For all A, B € V, one has A;)B =0 for i > 0.

(b) Vertex operators and the vacuum One has Y (|0}, z) = idy, that is,
|0)(—1) = idy and |0)iy =0 fori#—1,
and, for all A € V, one has Y (A4, z2)|0) € A+ zV[z], that is,
A-plo)y =4 and AH|0) =0 for i >0.
(c) Weak commutativity For all A, B € V, there exists N € Zx¢ such that
(z—w)N[Y(4,2),Y(B,w)]=0 in End(V)[zT!, wT!].

(d) Conformal structure The Fourier coefficients of the vertex operator Y (w, z)
satisfy the Virasoro relations

[0(p+1): @g+1)] = (P = DO (ptg+1) + 158p+g,0(p> — p)idy

for some constant ¢ € C, called the central charge of the vertex algebra. We can
then identify each w(,) € End(V') as an action of L,_; € Vir on V. Moreover,
one has

Loly; =i-idy forall i and Y(L-1A,z)=0,Y(A4,2).

We will often abbreviate (V, |0), w, Y(-, z)) to V. The vertex operator of the conformal
vector gives a representation of the Virasoro algebra on V, with the central element
K € Vir acting on V' as multiplication by the central charge ¢. The action of Lg
coincides with the degree operator on V'; the action of L_; — called translation —is
determined by L_1 A = A(_2)|0), for A€ V.

As a consequence of the axioms, one has A;)Vin € Viyy4-geg 4—i—1 for homogeneous
A €V (see eg [75]). We will then say that the degree of the operator A;) is

1) deg Ay :=degA—i—1 for homogeneous A in V.

Throughout, we assume that 1 =~ C. In the literature, this condition is often referred
to as V being of CFT type. This condition is used in the proof of Theorem 6.2.
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2.3 Modules over vertex operator algebras

Let (V,]0),w,Y(-,z)), or just V, be a vertex operator algebra. We describe here
the V' —modules which will be used throughout. These are admissible V' —modules
satisfying additional properties.

A weak V —module is a pair (M,Y ™M), consisting of a C—vector space M and a
linear map YM(-,z): V — End(M)[z,z~'] assigning to every element 4 € V
an End(M)[[z]—valued vertex operator Y™ (4,z) := Yiez Aé’l)z_"_l. The pair
(M, YM (. z)) is required to satisfy the following axioms:

(a) A?I.’I)v =0 for i > 0, where A€V and v € M.

() YM(|0),2) =idy.

(c) Weak commutativity For all A, B € V there exists N € Zx>¢ such that for all
v € M one has

z—w)N[YM4,z), Y™ (B, w)]v =0.

(d) Weak associativity For all A € V, v € M, there exists N € Z>o (depending
only on A and v) such that for all B € V' one has

(w+ )N (MY (A, w)B,z2) - YM (A, w+2)YM(B,z))v=0.

(e) Conformal structure The Fourier coefficients of Y™ (v, z) = > a)é’l)z_" -1
satisfy the Virasoro relation €z

[“’(A;{H)’ w(l‘;-i-l)] =(p- CI)CU(AIJ,HH) + 5¢8p1q,0(p> — p)idy.
where ¢ € C is the central charge of V.
An admissible V —-module (M,Y ™) is a weak V —module additionally satisfying:

) M= @izo M; is Z>o—graded and, for A € V homogeneous and i € Z, one
has

2 AP M S My geg(a)—i—1-

In this paper, we work with admissible V' —modules M which satisfy the following
conditions:

(g) dimM; <oo forall i.

(h) Ly acts semisimply on M.
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For example, assumptions (g) and (h) are satisfied by finitely generated admissible
modules over a rational vertex operator algebra: indeed, when V is rational, finitely
generated admissible V' —modules decompose as finite sums of simple V' —modules,
and simple V —modules satisfy (h) — since they are ordinary modules — and (g) (see
[31; 30, Remark 2.4]).

We note that it has been shown that weak associativity and weak commutativity are
equivalent to the Jacobi identity (see for instance [29; 40; 57; 58]).

Observe that condition (e) above implies that the Virasoro algebra acts on M by
identifying w%ﬂ) € End(M) with L, and c-id € End(M) with K € Vir.

After [57, Theorem 3.5.4] or [38, Section 3.2.1], V satisfies weak associativity. In
particular, V' is a V' —module.

2.3.1 A V-module M is simple if the only V —submodules of M are itself and the 0
module. The conformal dimension of a simple V' —module M is defined as the value
a € C such that Lov = (a 4+ degv)v for homogeneous v € M.

2.4 Lie groups and Lie algebras

Here we define a number of Lie groups and their associated Lie algebras related
to automorphisms and derivations of R[z]] and R((z)) for a C-algebra R and a
formal variable z. The topology of R((z)) is defined by taking as the basis of open
neighborhoods of 0 the subspaces zV R[[z]] for N € Z. When we restrict to N > 0,
this defines the topology of R[z]].

To begin with, we consider the group functor represented by a group ind-scheme,
denoted by Aut O [38, Section 6.2.3]: this functor assigns to R the group of continuous
automorphisms of R[z]],

R {z p(z) =ao+aiz+arz*>+--- | a; € R, a1 aunit, ag nilpotent}.

The group Aut O(R) parametrizes topological generators of R[z]], that is, elements
t € R[[z] such that R[[z]] = R[].

Similarly, we consider the functor which assigns to R the group of continuous auto-
morphisms of R[[z]] preserving the ideal zR[z],

R {z+ p(z) =ai1z+azz*> +---|a; € R, ay a unit}.
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This functor is represented by a group scheme, denoted by Aut O. The group Aut O(R)
parametrizes topological generators of zR[[z], that is, elements ¢ € R[z] such that
ZR[[z]] = tR[t].

Let Auty O be the group scheme whose Lie group of R—points is
Auty O(R) ={z+> p(z) =z +az>+---|a; € R}.
Finally, consider the functor which assigns to R the group of continuous automorphisms

of R((2)),

R {Z = p(z) = Z aizi | a; € R, ay aunit, a; nilpotent fori <0;.
i>io
This group functor is represented by a group ind-scheme Aut XC [38, Section 17.3.4].
One has the inclusions

Auty O(R) € AutO(R) € Aut O(R) C AutK(R).

We will also consider the associated Lie algebras, obtained as the tangent space at the
identity,
Dert+ O := Lie(Aut O), Derg O := Lie(Aut 0),

Der O := Lie(Aut 0), Der K := Lie(Aut ),

whose R-—points are given by
Dery O(R) = z?R[z]]d;, Derg O(R) = zR[z])9,
Der O(R) = R[[z]|0, Der L(R) = R((2))0;.

The 2—cocycle defining the bracket of the Virasoro algebra c¢(p, q) := % (P3=p)8p+q.0
vanishes for p,q > —1, hence the Lie algebras Der O(R), Derg O(R) and Dery O(R)
are Lie subalgebras of the Virasoro algebra Vir(R).
2.4.1 Observe that although one has the equalities
AutO(C) = Aut O(C) = Aut £(C),
the C —points of the associated Lie algebras have strict inclusions
zC[[z]]0; C C[[z]19; € C((2))9;.

For instance, the tangent vector d, in Der O(C) is the differential of an automorphism
which is not detected over C.
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2.5 The action of Aut; O on V -modules

Let V be a vertex operator algebra and let M be a V—module. The action of Vir
induces actions of its Lie subalgebras Der O, Derg O and Dery O on M.

The Lie algebra Dery O is generated by L, with p > 0. After (1), each operator
Lp with p > 0 has degree —p < 0. Since the gradation on M is bounded from
below —that is, M; = 0 for i < 0 —the action of exp(L) is a finite sum for p >0,
hence the action of Dery O = Lie(Aut; Q) can be exponentiated to a left action of
Auty O on M. Moreover, each M<; := P
submodule of M. The representation of Aut; O on M is the inductive limit of the

M, is a finite-dimensional (Auty O)—

m<i
representations M<; .

2.6 The Lie algebra £(V') associated to a vertex algebra V

Given a vertex algebra V, define £(V) as the quotient
3) £(V):=(V®C(t))/Ima,

where 0 := L_1 ® Idc(q)) + Idy ® d;. Denote by Ayf;) the projection in £(V) of
A®1t € V®C((t)). The quotient £(V) is a Lie algebra, with Lie bracket induced by

i
[Afi1. Brj) == Z(k)(A(k) By j—k1-
k>0
The axiom on the vacuum vector |0) implies that [0)[_;j is central in £(V).
One has a Lie algebra homomorphism £(V) — End(V'): the element A[;) is mapped
to the Fourier coefficient Ay of the vertex operator Y(4,z) =) ; A(l-)z_i ~1 More

generally, £(V) is spanned by series of type Zizio fiAp for A€V, fi € C and
io € Z; the series ) ;;  fi A[j] maps to

Res;—o Y (4, 2) Z ﬁzidz

i>ig
in End(V') [38, Section 4.1]. This defines an action of £(}') on V.

Similarly to Section 2.4, one can extend £(V') to a functor of Lie algebras assigning to
a C—algebra R the Lie algebra (V ® R((t)))/Im a.

The Lie algebra £(1) has a Lie subalgebra isomorphic to the Virasoro algebra, namely
the subalgebra generated by the elements

4) c-0)—ny=K and wp) = Lp—1 for peZ,
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where |0) and w are the vacuum and the conformal vector, respectively, and ¢ is the
central charge of V. Via the above identification and the axiom on the vacuum vector,
the central element K € £(1') acts on V' as multiplication by c. The action of £(V)
on V then extends the action of Vir on V.

In particular, £(V) has Lie subalgebras isomorphic to Der O, Dero O and Der O,
as these are Lie subalgebras of the Virasoro algebra.

Given a V-module M, there is a Lie algebra homomorphism £(V) — End(M): the
element A[;} is mapped to the Fourier coefficient A?l.’l) of the vertex operator Y™ (4, z).
This defines an action of £(}') on M extending the action of Vir on M.

2.7 Compatibility of actions of £(V) and Aut; O on V -modules

1

The left action of Auty O on M gives rise to a right action by v-p:=p " -v for

p € Auty O and v € M. The action of £(}') on M induces an antihomomorphism of

Lie algebras
apy - £(V) — End(M)

(that is, —ops is a homomorphism of Lie algebras). The antihomomorphism oy is
compatible with the right action of Auty O on M in the following sense:

(i) Therestriction of ops to Dery O coincides with the differential of the right action
of Auty O on M (equivalently, the restriction of —aps to Dery O coincides
with the differential of the left action of Auty O on M).

(i) For each p € Auty O, the following diagram commutes:
&(V) 2 End(M)
Adpl l *

&(V) 22 End(M)

Here, Ad is the adjoint representation of Auty O on £(V') induced from
Adp(z A[i]Z_i_l) = 2:(02_1 - A)pz) !
i€Z i€Z

with p,(t) :== p(z +1) — p(z) and A € V. Finally, p«(—) := p~ 1 (—)p.

Property (i) follows from the definition of the action of Auty O on M as integration
of the action of Der4 O on M. Property (ii) is due to Huang [50, Proposition 7.4.1;
38, Section 17.3.13]:

p_lYM(A, )p = YM(/()Z_1 -A,p(z)) forAeV.

Geometry € Topology, Volume 25 (2021)



2246 Chiara Damiolini, Angela Gibney and Nicola Tarasca

3 Virasoro uniformization for stable coordinatized curves

We present here the Virasoro uniformization. The statement is in [71], following
prior work in [13; 22; 54]. For completeness, we prove the result which we use here,
extending to families of stable curves with singularities the argument for families of
smooth curves given in [38].

Let M g,n be the moduli space parametrizing objects
(C,Po=(P1,..., Py, ta=(t1,...,tn)),

where (C, P,) is a stable n—pointed curve of genus g and ¢; is a formal coordinate
at P;. Let (C — S, P,) be a versal family of stable pointed curves over a smooth
base S, together with n sections P;: S — C and formal coordinates ¢; defined in a
formal neighborhood of P;(S) C C. These data give rise to a moduli map S — M g
Assume that each irreducible component of Cg contains at least one marked point
P;(s) for all s € S. This ensures that C \ P,(S) is affine. Let A be the divisor of
singular curves in S. Here and throughout, 7g(—log A) is the sheaf of vector fields
on S preserving A.

Theorem 3.1 (Virasoro uniformization [13; 22; 54; 71]) With notation as above,
there exists an antihomomorphism of Lie algebras
a: (Der K(C)®" &c H(S.0s5) — H(S. Ts(—log A))

(that is, —a is a homomorphism of Lie algebras) extending Og —linearly to a surjective
antihomomorphism of Lie algebroids (see Section 3.1), called the anchor map,

5) a: (Der K(C)®" Q¢ Og — Tg(—log A).

The action of (Der K)" on /ﬁg,n induced from « is compatible with the action
of (AutO)" on the fibers of M gn — Mg.n. The kernel of the anchor map a is
the subsheaf whose fiber at a point (C, P,,t,) in S is the Lie algebra ¢ (C \ P,) of
regular vector fields on C \ P, .

Here and throughout, ® is the completion of the usual tensor product with respect to
the ¢ —adic topology of Der K(C) = C((¢))d;. In particular, one has
(Der K(C)®" &c HO(S, 05) = (Der K(HO(S, 05)))®"

and (Der K(C))®" @c Og = D7_, Os((1:)d;; -
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n N % n
[Ti=1utp, < 0 o, [T, utp,

Spec(C) Spec(C)
Figure 1: The structure of moduli spaces of coordinatized curves.

Our first application of Theorem 3.1 is to show that sheaves of V' —modules over a curve
carry a natural flat logarithmic connection (Propositions 4.1 and 4.2). The connection
for the sheaf #¢ will be used in the definition of the Lie algebra Zc\ p, (V') in (19).
These results were known for smooth curves.

The structure of M g,n 1s summarized in Figure 1 (see Section 3.2). The proof of
Theorem 3.1 is contained in the remaining part of the section: the map « is described in
Section 3.2.1, compatibility in Section 3.2.2. The space M ¢,n 1s a principal (Aut 0)"—
bundle over M g.n- We will also need the intermediate principal bundle J ;,’,),i, which
is the moduli space of elements of type (C, P,, 7, = (71,...,7s)) such that 7; is a
nonzero 1—jet of a formal coordinate at P; (see Section 3.3). In Section 3.5, we
describe the restriction of the anchor map to a curve C and discuss the uniformization
of autc , the fiber of Mg | — M, over C.

Theorem 3.1 is extended by Theorem 7.2, which provides an action of the Virasoro
algebra on the Hodge line bundle on M g.n- This will be a key ingredient in the proof
of the main theorem.

3.1 Lie algebroids

Following [18], we briefly review the definition of a Lie algebroid, referred to here.
A logarithmic version is used in Sections 7 and 8. Let S be a scheme over C. A
Lie algebroid A over S is a quasicoherent Og—module together with a C-linear
bracket [-,-]: A®c A — A and an Og-module homomorphism a: A — Js, called
the anchor map, for which

(i) a is a Lie algebra homomorphism, and
(1) [x1, fx2] = flx1,x2] + (a(x1)- f)xz for x; and x5 in A and f € Og.
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The tangent sheaf with the identity anchor map is the simplest example of a Lie
algebroid.

3.2 Description of ./\A/lg,,,

The space M g.n is a principal (AutO)"-bundle over Mg ,. Indeed, consider the
forgetful map /ﬁg,n — Mg . When n = 1, the fiber over a C—point (C, P) of Mg 1
is the set of formal coordinates at P, ie

stutp :=1{t € Op | t(P) =0, (dt)p # O}.

Here Op is the completed local ring at the point P ; after choosing a formal coordinate ¢
at P, one has 0p =~ C []]. The set «7utp admits a simply transitive right action of the
group Aut O(C) by change of coordinates,

utp X Aut O(C) — utp, (t,p)—>t-p:=p(t).

Elements of AutO(C) are power series a1z + azz? + --- such that a; # 0, and
the group law is the composition of series, p1 - po = p2 o p1. Thus, Futp is an
(Aut O)—torsor over a point. More generally, M g.n is an (Aut 0)" —torsor over Mg .

3.2.1 Description of « The map o can be constructed as the differential of the
right action of the group ind-scheme (AutX)” on M ¢,n preserving the divisor A
(as in [38, Section 17.3.4]). As the differential of a right action, the map « is an
antihomomorphism of Lie algebras, that is, «([/, m]) = —[a(]), a(m)].

The action is constructed as follows. The group ind-scheme (Aut )" acts naturally on
the punctured formal discs of the n marked points on stable n—pointed curves. Given
a stable n—pointed curve (C, P,) and an element p € (AutK)", one glues C \ P, and
the formal discs of the » marked points by twisting with the automorphism p of the n
punctured formal discs to obtain a stable pointed curve. The resulting curve has the same
topological type of the starting curve; in particular, the action preserves the divisor A.
This description of the action can be carried out in families, as in [38, Section 17.3.4].
As each irreducible component of a pointed curve (C, P,) is assumed to have at least
one marked point, the open curve C \ P, is affine, as are the formal discs at the marked
points. Since smooth affine varieties have no nontrivial infinitesimal deformations, all
infinitesimal deformations are obtained by the differential of the action of (Aut )",
hence the surjectivity of the anchor map a.
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The map « also follows from a canonical map from (Der )" to the space of tangent
directions preserving A at any point (C, P,,1,) in M ¢.n- The Lie subalgebra (Der O)"
is canonically isomorphic to the space of tangent directions preserving the nodes of C
along the fiber of the forgetful map M g.n — Mg, as in Section 3.5.1. Finally, the
vector fields tip ds; with p < 0 on the punctured disk around the point P; having a
pole at P; correspond to infinitesimal changes of the complex structure on the curve C
preserving the topological type of C (hence preserving A).

3.2.2 The action of (Der K)" on M g.n Via a is compatible with the right action of
(Aut ©)" along the fibers of /ﬁg,n — Mg, that is:

(i) The restriction of « to the Lie subalgebra (Derg O)" = Lie((Aut0)") of
(Der K)" coincides with the differential of the right action of (Aut ©)" along
the fibers of the principal (Aut ©)"-bundle Mg ,, — Mg 5.

(ii) For each p € (Aut0)", the following diagram commutes:

(Der K(C)®" &c HO(S, 05) —*= H(Mg,n, Ty, , (~log A))

(Der K(C)®" &c HO(S, 05) —*— H(Mgn, Tgy, , (~log A))

That is, a(Ady(-)) = p«(x(-)). Here, Ad is the adjoint representation of
(Aut ©)" on (Der K)". Moreover, ps(c(+)) := p~la(-)p.

3.3 The moduli space 7,

A 1—jet at a smooth point P on a stable curve is a cotangent vector at P. This can be
seen as an equivalence class of functions for the relation 7 ~ o if and only if t—0 € m%,
for  and o € Op, where mp is the maximal ideal of Op. We say that t is the 1—jet
of t € Op if 7 is the equivalence class represented by . Let

utp = {t € Sutp | T is the 1-jet of t}.

This is an (Auty O)—torsor over a point, with Aut4 O acting on the right by change
of coordinates. Recall that Auty O is the subgroup of AutO of elements p(z) =
z+azz?+---. One can show that Aut©® = G,, x Aut; O.

Let J i,ﬁ be the moduli space of objects of type (C, P., 7.), where (C, P,) is an
n—pointed, genus g stable curve and t, = (71, ..., Ty) with each 7; a nonzero 1—jet of
a formal coordinate at P;. The space J g is a principal (G,,)" —bundle over Mg .
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Let W; be the cotangent line bundle on M g,n corresponding to the i " marked point.
We identify J é’;; with the product of the principal C*—bundles W; \ {zero section}
overj\_/lgnforizl .

There is a natural map 7 : M gn = Th on »» obtained by mapping each local coordlnate to
its 1—jet. This realizes M ¢,n as a principal (Auty O)"-bundle over Ty P 7. The action
of (Der )" on M ¢,n from (5) is compatible with the action of (Auty O)" along the
fibers of 7, as in Section 3.2.2.

3.4 Coordinatized curves

Consider the composition of the projection M ¢.1 = Mg 1 with the forgetful morphism
Mg.1 — M. We define utc as the fiber of the map M ¢.1 = Mg over the point
in M ¢ corresponding to C (Figure 2). The bundle «/utc is a principal (Aut O)—bundle
on C whose fiber at a smooth P € C is «utp. The description of the fiber over a
nodal point P goes as follows: We replace the pair (C, P) with its stable reduction
(C’, P') and let the fiber of «/utc over P be the space «/utp:. Equivalently, if P is
a node, we replace C with its partial normalization C" at P and consider the two
points Py and P_ lying above P. The fibers over Py and P_ are the spaces utp
and «utp_ . If locally near the node P the curve C is given by the equation s4+s— =0,
with 51 a formal coordinate at Py, we glue <utp, and «/utp_ via the isomorphism

(6) Autp, = AutO => AutO = utp_, p(s4) > poy(s-),
where y € AutO is

y(2) = Z—lz—z+22—z3+'~
\Auu_o \
AutO .7;),’3( ¢ cJ
Mg’l ( C

\ Spec ((C)

Figure 2: The definition of «Zutc and CJ. The curve C is identified with the
fiber of Mg ;1 — M, over the moduli point [C] € M,.

g <

Geometry € Topology, Volume 25 (2021)



Conformal blocks from vertex algebras and their connections on M a.n 2251

utp ¢ XO 70(6 dutp
3
v
cJ Cm e
(P,7) > P

Figure 3: The structure of <utc.

The identification of <urp, and «/utp_ via this isomorphism defines the fiber of urc
at the node P. The geometry motivating the choice of the gluing isomorphism is
explained in [27, Section 2.2.2]. The bundle «/utc is locally trivial in the Zariski
topology.

Similarly, let CJ be the fiber of the forgetful map J ;T — Mg over the point in M,
corresponding to the curve C. The space CJ is a principal G, -bundle on C, whose
points are pairs (P, ), where P is a point in the fiber of M g1~ M ¢ over the moduli
point [C] € M ¢ and 7 is a nonzero 1—jet of a formal coordinate at P. Mapping a
formal coordinate to its 1—jet realizes «/utc as a principal (Aut4 O)-bundle on CJ,
whose fiber at (P, t) is <utp r, as pictured in Figure 3.

3.5 Uniformization of <ut¢

As described in [38, Section 17.1], the Lie algebra Der O has a simply transitive action
on the space «/utc over a smooth curve C. Here we discuss the action, and generalize it
to the case of stable curves. Given a stable curve C, let D be the divisor in «7utc lying
over the singular locus of C. Let 7,4, (—log D) be the sheaf of C-linear derivations
of «utc which preserve the ideal defining D. There is an antthomomorphism of Lie
algebras

(7 ac:DerO(C) ®C HO(,Q%utc, O cputc) = HO(JZ/WC’ Teure (—log D)),

described below in Section 3.5.1, which extends &, —linearly to an anti-isomorphism
of Lie algebroids

(8) ac:DerO(C) ®¢c O == Topue- (—log D).

The restrictions of the maps o and a from Theorem 3.1 to the fiber of the forgetful map
Mg,1 — Mg over apoint C in Mg coincide with the maps a¢ and ac , respectively.
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3.5.1 Description of ¢¢c A heuristic description of the map «¢ as a bijection of
vector spaces can be given by showing how each element of Der O corresponds to a
vector field on «utc preserving the divisor D. Since a vector field is the choice of a
tangent vector at each point, it is enough to assign to each element of Der O a tangent
vector preserving D at each point in «Zutc .

Consider the diagrams

dutc —L— Auty O cJ <l G,
lp l [ l
CJ <—— Spec(C) C <—— Spec(C)

Since «/utc (resp. CJ) is a principal (Auty O)—bundle (resp. G,,—bundle), locally
the two diagrams are cartesian. This implies that we can decompose the tangent sheaf
of wutc and CJ as the direct sums

yﬂutc (—log D) = P*yCJ(—IOg D)® f*<yAutJr 0>
Tcj(=log D) =q* Jc(—log D) ® h+ Tg,,, -

Observe that the elements of J¢ are derivations of &¢ which preserve the ideal
defining the singular points, so we can rewrite the above equality as

Icj(—log D) = q*fc S5 h*y((;m.
Combining the two decompositions, we obtain
y&/utc (_log D) = P*q*yc ® P*h*me (&) f*yAut_A,_ O-

From this characterization, it follows that the tangent space of .7, at a point (P, 1),
where P is a smooth point of C, can be described as the sum

Tc,p ®1g,, ® Tau, 0>
which is isomorphic to

©)] Co; ®Ctdy ®Dery O(C) =Der O(C).

The space Ctd; corresponds to infinitesimal changes of the 1—jet v of ¢ fixing the
point P. In the same spirit, the space Cd; is identified with the tangent direction
at (P, 1) corresponding to infinitesimal changes of the point P on the curve.

Note that when P is not smooth, we can replace (C, P) with its stable reduction
(C’, P"), where P’ lies in a rational component of C’. Also in this case we obtain
that the space is isomorphic to (9). In this case, however, infinitesimal changes of the
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point P’ on the rational component are identified by the automorphisms of the rational
component, hence the tangent space Cd; is zero at P’. It follows that all tangent
directions described above preserve the singular locus D in utc .

From this identification of Der O with the space of tangent directions preserving D at
any point in /utc, an element of Der O gives rise to a tangent vector at each point
of «utc , whence a vector field on <utc preserving D.

More precisely, the map «¢ is given by taking the differential of the right action of the
exponential of Der O. Recall that the exponential of Der O is the group ind-scheme
Aut O (see Section 2.4). Consider the principal (Aut ©O)-bundle

aut ¢ ;= Aut O Xay 0 Sutc

on C. For a C—algebra R, an R—point of «utc is a pair (P,t), where P is an R—
point of C and ¢ is an element of R ® ﬁp such that there is a continuous isomorphism
of algebras R ® Op =~ R[t]]. The group ind-scheme Aut O has a right action on utc,
and the differential of this action gives the map a¢ . The argument is presented in [38,
Section 17.1.3] for smooth curves and generalizes to nodal curves.

4 V —-module sheaves on curves and their connections

Here, given a V' —-module M, we define sheaves .#Zc over a curve C, and .Zcy
over CJ (defined in Section 3.4). Considering V' as a module over itself, this gives
rise to the vertex algebra sheaf ¥¢ on a curve C. We show that .#Zc; and ¥¢ have
flat logarithmic connections (Propositions 4.1 and 4.2). These results have been proved
for smooth curves, and here we extend the results to stable curves with singularities
using an instance of the Virasoro uniformization (Theorem 3.1).

Proposition 4.2 is used to define vector spaces of coinvariants and their sheaves (see
Sections 5 and 6). While one does not obtain a projectively flat connection on V —
module sheaves in families, one does obtain a twisted logarithmic D-module structure

M, M
/> cjg ——————— C\

MP " l J/ MP

l/»CJ%C\l

(P.7) > P

Figure 4: The structure of a VV—module bundle.
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on certain quotients, giving rise to projectively flat connections on the sheaves of
coinvariants (Theorems 7.1 and 8.1).

The structure of a V' —module bundle is summarized in Figure 4.

4.1 The sheaf .Zcy

In Section 4.1.1 we describe the sheaves .#Z¢c, and in Section 4.1.2 we define their
flat logarithmic connection.

4.1.1 Description Let V' be a vertex operator algebra, and M = ;.o M; a V-
module. Let C be a stable curve. Consider the trivial vector bundle (of infinite rank
when M is infinite-dimensional)
M i = Sutc x ﬁ_r)nMS,- = li_r)ntfzfutc x M<;

1 1
on «utc . Here we still denote by M<; the finite-dimensional affine complex space
associated with the C—vector space M<;. A C—point of M, is a triple (P,t,m),
where (P, t) is a C—point of the fiber of M ¢.1 — M over the moduli point [C] € M,
and m is an element of the module M. Observe that for an infinite-dimensional vector
space M, the vector bundle M, is not an affine scheme over </utc, but an ind-
scheme. By abuse of notation, we will simply write

M{/YMZ‘C = JZ{MIC x M.
Its quasicoherent sheaf of sections .#,~ is locally free.

As discussed in Section 3.4, @utc is a principal (Aut4 @)-bundle over CJ, hence
has a right action of Auty O. The left action of Auty O on the modules M<;, as in
Section 2.5, induces a right action of Auty O on M<;, as in Section 2.7. It follows
that @utc x M<; has an equivariant right action of Auty O. This action is compatible
with the inductive limit, so it induces an equivariant right action of Auty O on M g .
On the C—points of M . , the action of Auty O is
(10) Mo (C) x Auty O(C) = My (C).  (P.t.m)x pr> (Pot-p.p~ " -m).
The quotient of M~ by this action descends to a vector bundle

Mcy = dutc Xauy 0 M

on CJ = “utc /Auty O. Recall that p: <utc — CJ is the natural projection. The

sheaf of sections
Mcy =M @ piO o)™+ °

of Mc is then a locally free quasicoherent &'c y —module.
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The fibers of Mcy on CJ are described as follows. The fiber of M ;- over a point
(P,t) € CJ(C) is the trivial bundle «/utp  x M on <utp . The group Auty O acts
equivariantly on <utp ; x M, as in (10). The fiber of Mc; over (P,7) € CJ(C) is
the space
(1n Mp . = utpz Xaus 0 M
defined as the quotient of .wutp  x M modulo the relations

(t-p.m)=(t,p " -m) for peAuty O(C) and (t,m) € autp . X M.
One can identify Mp . with {(z,m) | m € M} = M. Thus we regard Mp . as a

realization of the module M assigned at the pair (P, 7). It is independent of the
curve C.

4.1.2 The flat logarithmic connection on .#¢cy The strategy to produce a flat log-
arithmic connection on .Zc is to first construct a flat logarithmic connection on the
trivial bundle .«7utc x M on </utc induced by the action of the Lie algebra Der O. Since
the action of Der O is shown to be (Aut4 O)—equivariant in the sense of Section 3.2.2,
the connection then descends to .Z¢ . For a smooth curve, this has been treated in
[38, Section 17.1].

As discussed in Section 2.7, the action of £(}') on M gives rise to an antthomomor-

phism of Lie algebras
ap:Der O(C) — End(M).

The map «ps extends to an antthomomorphism of sheaves of Lie algebras,
(12) Bc : Der O(C) ®c Cuiue — End(M) ®¢ Ouc
defined by
I f—ay()® f +idy @ (ac(l)- f) for [ €eDerO(C) and f € Oy

From (7), ac maps an element of Der O to a vector field on «utc, hence the action
on regular functions above is by derivations. Composing with (8), the map (12) gives
rise to a homomorphism of sheaves of Lie algebras,

(13) j@futc (_log D) - End(M) Qc ﬁ,@futc s

where the target is the sheaf of endomorphisms of «utcxM and D is the divisor
in «utc lying over the singular locus in C.

The properties of the maps ¢ and aps described respectively in Sections 3.2.2 and 2.7
imply that the map (13) is (Auty O)—equivariant. This is one of the main ingredients
to deduce the following statement:
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Proposition 4.1 The sheaf .#c is naturally equipped with a flat logarithmic connec-
tion, ie a homomorphism of Lie algebras

(14) Jcj(—log D) — End(Zcy).

Proof Consider the exact sequence involving the tangent sheaves of «utc and CJ,

(15) 0—> T5 — T (—log D) — p* Ty (—log D) — 0.

autc

From the isomorphism 7., (—log D) = Der O(C) ®c O and the fact that the
elements t'9; ® f map to zero in p* J¢cj(—log D) for i > 2, we deduce that

. ;thc =~ Dery O(C) ®(C ﬁﬁutc .

In particular, this implies that pushing forward the exact sequence (15) and taking
(Auty O)—invariants, we can describe J¢y(—log D) as the quotient

(Der O(C) ®¢ pxOupurc: )™/ (Dery O(C) ¢ p Opure )™+ ©.

In order to induce a connection on .Zcy from the one on .Z, it is sufficient to prove
that (Dery O(C) ®c Ot )M+ © acts trivially on .#c . By definition, the action
of ﬂp}gfc on M ® O 1is obtained by differentiating the natural action of Auty O.
Since .#Zc is given by the elements of .# 4~ on which Auty O acts as the identity,

the associated Lie algebra action will be trivial, concluding the argument. a

For the reader familiar with the localization of modules of Harish-Chandra pairs [18] —
see also [20, Section 3] — the construction in this section is the result of the localiza-
tion with respect to the Harish-Chandra pair (Der O, Auty O): the (Der O, Auty O)—
module M is transformed into the logarithmic D-module .#cy on CJ.

4.2 The sheaf .7Z¢

In Section 4.2.1 we describe the sheaf .#¢ , and in Section 4.2.4, using the flat loga-
rithmic connection on ¥¢ j, we show that there is a flat logarithmic connection on ¥ .

4.2.1 CX*-equivariance In general, the action of L¢ cannot be integrated to an
action of C*, unless the action of Lo has only integral eigenvalues.

We obtain an action of C* in a different way. Our assumption is that a ¥ —module M
is Z—graded, with gradation bounded from below. The Z —gradation induces an action
of C* on M,

(16) z-v:=2z"%Y% for z € C* and homogeneous v € M.
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Assume for simplicity that M is simple, and let a be the conformal dimension of M.
We claim that the given action of C* integrates the action of Ly on M after tensoring
with a)? ~¢ . This allows one to define a C*—equivariant action on M¢ s ®a)§ 4 5CJ.
As g: CJ — C is a principal G,,—bundle on the curve C, the bundle M¢cj ® (u? 4

descends to a bundle on C, and we define
Mc = (q«Mcy ® 08" @ 0&*.

We denote by .#Z¢ the sheaf of sections of M¢, and Mp the fiber of .#Z¢ over a point
P eC.

To verify the claim, we note that locally on CJ, the sheaf .Z¢ j is free, hence isomorphic
to M ® Ocy. Fix a point P on a curve C and let R be the local ring of C at P.
Locally, CJ is given by Spec(R[w,w™!]), and .#cy is given by M ® R[w, w™!].
After trivializing @™ locally as w?, one has a local isomorphism .Z¢cj = #cj @ w?.
In particular, over a point, one has the isomorphism M = M ® w?. The action of
C* on M given by (16) may be thought of as an action of C* on M ® w? via this
isomorphism.

It remains then to verify that this action of C* integrates the action of Lo on M ® w?.
That is, we need to check that L acts on an element v®w? in M @w* as multiplication
by deg(v). For this, we note that L¢ acts on v as multiplication by deg(v) + a, and
Lo =—wdy acts on w? as multiplication by —a. In summary, one has a multiplication
by deg(v), as desired.

Note that when Lo(v) = (degv)v for homogeneous v € M (eg M = V'), the Lo—
action on M integrates to the C*—action in (16) on M. In general, the eigenvalues
of Lo are complex numbers, and thus Lo(v) ¢ Zv.

4.2.2 Local description of the action of G, on the sheaf of sections As above,
locally on CJ, the sheaf .#cy is M ® R[w, w™!]. The action of an element z € C*

on . Zcy ®a)§_“

is then
M ®R[w, w '] > M@R[w,w™l], vQu' s z7devtn, gy yrtae

This description implies that the invariants in .Zcj ® a)? ~¢ under this action are linear
combinations of elements of type v ® w9V *4¢ for v € M, hence sections of .Zc are
spanned by v ® wde? for v € M. We will use this description in Section 8.
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4.2.3 Thecase M =V When M =V, the action of Ly = —z0, defines the integral
gradation of V, thatis, v € V; if and only if Lo(v) =iv. It follows that the action of L
gives rise to a C*—action on V' which coincides with the one described in (16). Hence
the action of Derg O = Lie(Aut©Q) on V from Section 2.6 can be integrated to an
action of Aut O = G, x Auty O on V. Replacing Aut4 O with Aut O in Sections 4.1
and 4.1.2, one produces the vertex algebra bundle

Ve .= dutc XaunoV
on C, whose sheaf of sections

Ve = (V &® Q*P*@Wutc)Amo

is a quasicoherent locally free &¢c -module. Here p: «utc — CJ and q: CJ — C
are the natural projections.

4.2.4 The connection on ¥¢ With an argument analogous to the proof of Proposition
4.1, one can show that ¥¢ has a flat logarithmic connection:

Proposition 4.2 The sheaf ¥¢ is naturally equipped with a flat logarithmic connec-
tion, ie there is a morphism

(17 V:ivc — Ve @ wc

arising from an action of the Lie algebra J¢ on V¢ .

Proof Being (Aut O)—equivariant, the connection from (13) with M = V gives rise
to a flat logarithmic connection

(18) Icj(—log D) R ¥c — Y.

Equivalently, the action of the tangent sheaf J¢y(—log D) on ¥¢y is C*—equivariant,
so we obtain that J¢ J(—log(D))<CX acts on ¥¢ . The action of Lo on V induces the
grading on V, and thus induces the C* from Section 4.2.1. Using an argument similar
to the one given for the proof of Proposition 4.1, it follows that J¢ (—log D), which
coincides with 9, acts on ¥¢ . For what follows it is more convenient to describe
this action on #¢ in terms of differentials: we can rewrite the natural action of J¢
on ¥c as a morphism
QL ® e — Ve

that, via the canonical map Q¢ — wc, induces a map a)g ® Yc — V¢, equivalent
to Vin (17). O

Geometry € Topology, Volume 25 (2021)



Conformal blocks from vertex algebras and their connections on M a.n 2259

5 Spaces of coinvariants

For a stable n—pointed curve (C, P,) and V—-modules M* = (M, ..., M™), we
describe vector spaces of coinvariants V7 (V; M *)(C,Ps.7e) at (C, P,,7,) (dependent
on a choice of nonzero 1-jets 7, at the marked points; see (23)), and V(V; M*®)(c, p,)
at (C, P,) (independent of jets; see (24)) given by the action of the Lie algebra
Zc\p, (V) associated to (C, P,) and the vertex operator algebra V' (see (19)). Recall
that for a representation M of Zc\p,(V), the space of coinvariants of M is the
quotient M/ Z¢c\ p, (V) - MI; this is the largest quotient of M on which .Z¢\ p, (V)
acts trivially.

As explained in Section 5.2, for each marked point P; the Lie algebra .Zp, (V') (see (20))
gives a coordinate-free realization of £(V') (see (3)) based at P; by Corollary 19.4.14
of [38]. Following Lemma 5.1, the Lie algebra .Zp, (V') acts on the coordinate-free
realization of the ¥V —module M’ based at P;. In Section 5.3 we will see that this
induces an action of Z¢\ p, (V) on the coordinate-free realization of Q); M ! based at
the marked points P,.

Finally, in Section 5.4, we gather a few statements concerning the Virasoro vertex
algebra Vir, and the action of J¢(C \ P,) —the Lie algebra of regular vector fields
on C \ P, —on spaces of coinvariants that will be used in Sections 7 and 8. The
residue theorem plays a role in the proof of Lemma 5.2.

5.1 The Lie algebra Zc\p, (V)

Given a stable n—pointed curve (C, P,) and a vertex operator algebra V, the vector
space

(19) Zevp (V)= H*(C\ P.. 7c ® oc /ImV)

is a Lie algebra (as in the case C smooth proved in [38, Corollary 19.4.14]). Here
Yc is the vertex algebra sheaf on C from Section 4.2.3, and V its flat connection
from (17).

5.2 The Lie algebra “p (V)

For a stable pointed curve (C, P), let Dy be the punctured disk about P on C. That
is, DI>§ = Spec #p , where #p is the field of fractions of ﬁAp, the completed local
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ring at P. Given a vertex operator algebra V, let ¥ be the vertex algebra sheaf on C
from Section 4.2.3, and V its flat connection from (17). Define

(20) Zp(V):= H(D}, ¥c ® oc /ImV).

The vector space £p (V') forms a Lie algebra isomorphic to £(V') [38, Corollary
19.4.14], and can be thought of as a coordinate-independent realization of £(1)
based at P. Moreover, the action of £(}) on a VV—module M extends to an action
of the Lie algebra Zp(V) on Mp . (see (11)), for any nonzero 1—jet t at P [38,
Theorem 7.3.10]. Similarly, the following lemma shows that the action of £(V)
on M induces a coordinate-independent action of Zp (V) on Mp (Mp is defined in
Section 4.2.1).

Lemma 5.1 There exists an antihomomorphism of Lie algebras

apy : Lp(V)— End(Mp).

When the action of G, is induced by L¢, Lemma 5.1 is the content of Section 7.3.7
of [38]. In the general case where the action of G, is given by the integral gradation
of M, the proof proceeds as in [38, Section 6.5.4]. We present it here for completeness.

Proof One first shows that it is possible to define a coordinate-free version of the
map Y™ (—, z). This is a map y}? which assigns to every section in H%(D%, #¢) an
element of End(///D}x)). Let us fix elements s € HO(D%,¥¢), ve Mp,and ¢ € My.
To define y};l , it is enough to assign an element

(¢, V3! (s)v) € Oc (D)

to every s, v and ¢ as above. Once we choose a local coordinate z at P, we can
identify s with an element A, of V[z], the element v with an element v, of M and
¢ with an element ¢, of M. Since the map y}ll must be 0p ,, —linear, we can further
assume that A, € V, and that it is homogeneous. We then define

(@, VM (s)v) := - (Y M (A, 2)vy).

We have to show that this is independent of the choice of the coordinate z. It has
already been shown in [38, Section 7.3.10] that this map is (Aut4+ O)—invariant, so we
only show that it is invariant under the change of coordinate z — w :=az for a € C*,
ie we are left to prove the equality

(2D ¢Z(YM(AZ’ 2)vz) = duw (YM(Aw, W)Uy ).
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We need to compare A, v;, and ¢, with Ay, vy and ¢y, . Unraveling the action
of C* on V and M coming from the change of coordinate as described in (16), we

see that

Ap=a VA, =a%e42 4,y =a"' v, = a8y,

where we assume that v, is homogeneous for simplicity. Finally, the element ¢y,
is just the composition of ¢, with the action of @ on M. We can then rewrite the
right-hand side of (21) as

(¢ 0a)(Y M (a4 A, az)a%eVy,),
so it is enough to show that
YM(A;, 2 v, =a-(YM(a%4 A,, az)a%v,) in M[z,z7'].
One has
a- ((adegAzAZ)(i)adegvv(aZ)—i—l) — adegAz-l-degvz—i—la . ((AZ)(i)vZ)Z_i_l
— adegAz+degvz—i—l—deg(AZ)(,')(v)(AZ)(i)vZZ—i—l
= (Az)(i)vzz_i_1

The last equality follows from (2). We conclude that y}? is well defined. In fact this
is a particular case of a more general result proved in [50]. Using residues and an
argument similar to [38, Section 6.5.8], we induce from y{‘! the dual map

V)Y HY(D}, 7 ® wc) — End(Mp).
It remains to show that this factors through a map
ay: H(D}, ¥ ® wc /ImV) — End(Mp).

This can be checked by choosing a local coordinate at P as in [38, Section 7.3.7]. O

5.3 Coinvariants

Fix a stable n—pointed curve (C, P,) with marked points P, = (Pq,..., Py). One has
a Lie algebra homomorphism by restricting sections

(22) Zove, (V) > @ 2p, (V). > (up,.....1p,).
i=1

This is as in the case C smooth proved in [38, Corollary 19.4.14].
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We assume below that each irreducible component of C contains a marked point; in
particular, C \ P, is affine.

Fix t, = (t1,..., 1), where each 7; is a nonzero 1—jet at P;. Given an n—tuple of
V-modules M*:= (M?!,..., M™), the space of coinvariants of M* at (C, P,, t,) is

defined as the quotient
n

n
@3 VI VMOC Py = Q M, o, [ Zovr (V) (®M£f,ri)-

i=1 i=1

Here, M ;,i - is the coordinate-independent realization of M’ assigned at (P;, 7;) as
in (11). The action of Z¢\p, (V) is the restriction of the action of @j_, Zp, (V)
via (22):

n
M(A1®"'®An):ZAI‘X’"'@aMi(MPf)'Ai®"'®A”
i=1
for A; € M}{,i . and p € Zovp, (V).

Similarly, the space of coinvariants of M* at (C, P,) is defined as the quotient

(24) V(V:M*)c,py =) Mp, /-i”C\P.(V)' (®M1i9i)-

i=1 i=1

Here, M Ii>,~ is the coordinate-independent realization of M’ assigned at P; as in
Section 4.2.1.

5.4 Triviality of the action of 7¢(C \ P.) on coinvariants

For ¢ € C, let U(Vir) be the universal enveloping algebra of the Virasoro algebra Vir,
and define
Vir, = Indg‘;@@((;K Ce = U(Vir) ®U(DerO®(CK) Ce,

where Der O acts by zero and K acts as multiplication by ¢ on the 1-dimensional
module C, =~ C. The space Vir, has the structure of a vertex operator algebra of
central charge ¢ (see [38, Section 2.5.6] for this and more details about Vir,).

Let J¢(C \ P,) be the Lie algebra of regular vector fields on C \ P,. For V —modules
M*=(M",...,M"), we will see that the action of Zc\p, (Vire) extends an action
of Z¢(C \ P,) on coordinate-free realizations of ); M !, hence:

Lemma 5.2 If C\ P, is affine, Ic(C \ P,) acts trivially on V7 (Vir; M*®)(c,pP.,ze)
and on V (Vire; M*)c, p,) -
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Proof When n = 1, one has an inclusion J¢(C \ P) — .£p (Vir.) by [38, Section
19.6.5]. Indeed, ¢\ p(Virc) contains as a Lie subalgebra an extension of .7¢ (C \ P)
by H(C \ P,w/d 0), and, by the residue theorem, the image of H°(C \ P,w/d 0)
via the restriction Zc\ p (Vire) — Zp (Vire) is zero. It follows that

Jc(C\ P) — Im(Zc\ p(Vire) — ZLp (Vire)).

For more marked points, as in [38, Section 19.6.5], one has that

Im(ZLc\ p, (Vire) — €D Zp; (Vire))

i=1

contains an extension of 7¢ (C \ P,) by the image of the map ¢

HO(C\ Pu,oc/dOc) —— @} H' (D}, . oc/doc) — @By Lp,(Vir)

! 1R

.,fc\p. (Vil‘c) cn

inside the central space (isomorphic to) C”" of B7_; Zp, (Virc). The map ¢ is obtained
by restricting sections. The space of sections of wc /d ¢ on D;;i is isomorphic to C
for each i, as such sections are identified by their residue at P;. The inclusions
above are induced from wc < ¥ir. ® wc, which gives an inclusion wc /d O¢c —
Yire ® wc /ImV. Here, Vir. is the sheaf ¥¢ for V = Vir,.

As C\ P, is affine, one has H°(C \ P,, wc)— H®(C \ P,, wc /d Oc). By the residue
theorem, the image of ¢ consists of the hyperplane of points (r1,...,r,) in C" such
that 7y + -+ -+ r, = 0. Following the identification of the Virasoro algebra in (4), each
central space C C Zp, (Vire) is identified with C|0)[_]. Thus, since |0)[_] acts as
the identity, the image of ¢ acts trivially. a

For any vertex operator algebra V' of central charge c, there is a vertex algebra homo-
morphism Vire — V' [38, Section 3.4.5]. This gives a surjection V (Vire; M *)(c,p,) —>
V(V:M?®),p,) and similarly for the coinvariants V(= M*)(c,p.,z.) [38, Section
10.2.2].

The following statement will be used in the proof of Theorem 7.1:
Lemma 5.3 J¢(C \ P.) acts trivially on V/ (V; M®)(c,ps,ze) and V(V:M?®)c,p,)-
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Proof Equivalent to the surjection on coinvariants referred to above, one has inclusions

n n
Zep. (Vire) - (®M1’>i) — Zevp, (V) - (®M}>l.),
i=1 i=1
n ) n .
Zc\p, (Vire) - (® Mll"i,ri) — gC\P-(V) ’ (® Mll’i,ri)'
i=1 i=1
Therefore, Lemma 5.3 follows from Lemma 5.2. O

6 Sheaves of coinvariants

In this section we define the sheaves of c01nvar1ants Vg(V M?*), VJ (V;M*), and
Ve (V; M*) on the moduli spaces M g Ty g » and Mg ,, respectlvely We will
sometimes drop the g or the V' in the notation (or both), when the context makes it
clear.

Working in families, one defines a sheaf of Lie subalgebras Le\p, (V) with fibers
equal to the Lie algebra ,ZC\ p,(V) from (19). This is used to define the sheaf of
coinvariants Vg(V M*) on M g.n (Section 6.2). In Section 6.3.1 we will see that
Vg(V, M?*) is an (Auty O)" —equivariant O, ,—module, hence descends along the
principal (Auty O)"-bundle 7: M en —J ;,’f,;, allowing one to describe the sheaf
ng (ViM*) on J &1,;,( (Definition 6.4). A second descent in Section 6.3.2 gives the
sheaf Vg (V; M*®) on Mg , (Definition 6.5). The structure and relationships between
the three sheaves of coinvariants are summarized in Figure 5.

6.1 Sheaves of Lie algebras on M, , and on M gn

We will first define a sheaf of Lie algebras Le\p, (V) on Mg, which we can regard
as a sheaf on My , by choosing formal coordinates at the marked points (that is, by
pulling L\ p, (V) back to ﬁg,n along the projection Mg , — Mg ).

Identify 7y41: Mg nt1 — Mg, with the universal curve 7,41:Cg.n — Mg . Let
Eg.n be the moduli space of stable (n+1)—pointed genus g curves, together with a
formal coordinate at the last marked point. The natural projection £g , — Mg nt1
realizes €4, as a principal (Aut O)-bundle on Cg .

The group AutO acts equivariantly on the trivial vector bundle €z, x V over Eg .
The quotient of £¢ » x V modulo the action of Aut© descends to a vector bundle

Veen =Egn XauwoV
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Ve (vViM®)
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VIV M*) (. P V(ViM*)c,p.
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Spec(C) + > Spec(C)

Figure 5: The structure of sheaves of coinvariants.

on Cgp. Let Ve, denote the sheaf of sections of V5 . As in Section 4.2.3,
the trivial bundle £z, x V has a flat logarithmic connection along the fibers of
Tp41: C gn = Mg,n. The connection is (Aut O)—equivariant, hence descends to
a flat logarithmic connection on Véen along the fibers of 7,41,

V: Vég.n — V@g.n ® W5y -
Define

(25) Lovp, (V) = (mtnt1)x coker(Viz, \p,)-

Here P, denotes the union of the images of the n sections Mg, — Cg.n given by
the marked points. From [38, Corollary 19.4.14], Lc\p, (V) is a sheaf of Lie algebras
on M g.n- Pulling back to /\7 g.n» after a choice of coordinates, gives a sheaf, which
we still call Lovp, (V) on Mg .

Next, we consider the sheaf of Lie algebras

(26) LV :=2N)®" Q0 i,

n

on Mg ,. By restricting sections, one can define a homomorphism of sheaves of Lie

algebras,
@: Lovp, (V) — LIV)".

6.2 The sheaf V,(V; M*) on M, ,

Let (C — S, P,,t,) be a family of coordinatized stable pointed curves over a smooth
base S, with n sections P;: S — C and formal coordinates #; . Assume that C \ P,(S)
is affine over S (eg S = M g.n)- Let V' be a vertex operator algebra and let M*® =
(M?',...,M") be V—-modules. With notation as above, we set:
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Definition 6.1 The sheaf of coinvariants @(V; M*®)(c—s,P.,1s) ON S is the quasico-
herent sheaf

n n
VM) eos,pory =R M & os/cc\p,(V)- (@ M'® os).

i=1 i=1

We can remove the condition that C \ P,(S) be affine over S as in the construction of
coinvariants obtained from representations of affine Lie algebras; see eg [33; 59]. First
we review the property known as propagation of vacua.

6.2.1 Let (C— S, P,,t,) be a family of coordinatized stable pointed curves as above.
Let Q:S — C be a section such that Q(S) is inside the smooth locus in C and is
disjoint from P;(S), for each i, and let r be a formal coordinate at Q(S). Given
V-modules M! fori =1,...,n,set M*=@7_, M".

Theorem 6.2 (propagation of vacua [25, Theorem 3.6]) Let V = @izo Vi be a
vertex operator algebra such that Vo = C. Assume C \ P.(S) is affine over S. The

linear map
M®*>M*'QV, uru®|o0),

induces a canonical ¢'s —module isomorphism
@:V(ViM®*) (8, Porte) = VVIM* ® V) (S, PliQ teLir)-

Varying (Q, r), the induced isomorphisms are compatible. Moreover, as |0) is fixed
by the action of AutQ, the isomorphism is equivariant with respect to change of
coordinates.

This result is proven in [25, Theorem 3.6] in the generality we need. We sketch the
proof below for completeness. The proof uses that V' admits a basis of PBW type [43]
(see also [4, Section 3]); and for this, V' is not required to be C,—cofinite. Prior
to [25], propagation vacua has been shown in the case the vertex operator algebra V
is quasiprimary generated with Vy = C both for fixed smooth curves [74; 5] and for
rational stable pointed curves [64]. Although in these papers a different Lie algebra
is used in the construction, the resulting vector space of coinvariants is isomorphic to
the vector space of coinvariants that we consider, in cases where both Lie algebras are
defined [27, Proposition A.2.1]. For a fixed smooth curve, the analogous statement for
spaces of conformal blocks has been proved in [38, Section 10.3.1], generalizing the
similar result from [71] for sheaves of coinvariants obtained from representations of
affine Lie algebras.
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Sketch of proof of Theorem 6.2 We start by showing that the induced map is well
defined. Assume 0 € Zc\p,(V), u € M* and f € Os. Since o is regular at Q, its
Laurent series expansion o at Q is a linear combination of ) ;.4 A ® ri for AeV.
From the axiom on the vacuum vector, one has ) ;-4 A(;)|0) = OT hence 0 (|0)) =0.
It follows that -

plo® ) =¢lc)® ) =0c)®|0)® f +u®o(|0)® f =0u®[0)® f).

Since Zc\p, (V) C Zc\(poug) (V). this shows that ¢ maps zero to zero, hence it is
well defined.

To show that ¢ is surjective, assume u @ BQ f € M*® V ® Os . From the axiom on
the vacuum, one has B = B(_1)|0). By an application of the Riemann—Roch theorem,
there exists a section u of the relative dualizing sheaf w¢/g that has at most a simple
pole at Q and is regular on C \ (P, Ll Q) —such a section can be found by requiring
poles of high order at the points P,. To simplify the notation, rescale p so that it has
residue 1 at Q. Find a section B of Ve — C such that its restriction to Q is Bp = B.
By the axiom on the vacuum, the Laurent series expansion B ® tg of B® u at Q
satisfies (B ® wg)|0) = B(~1)|0) = B. Hence one has

URBR [ =u®(B®up)(0)® f

n
=Y u1® - ®(Bp, @ up,) ) @ up ®|0)® f mod Lo\ (poug)(V)

i=1
n

= —QD(ZM@'“@(BH Qup;) (i) @ Quy ®f),
i=1

where u = u; ® --- ® u, € M*. This completes the proof of surjectivity.
To show the injectivity of ¢, one shows the surjectivity of the dual map
¢" :Hom(V(Vi M* ® V) (s, Poig telir). €s) = Hom(V (Vi M*®) o5, P, 1) O5).-

Given a conformal block ¥ in Hom(XA’(V; M®)(c—S,Pete) ﬁg), one defines a confor-
mal block ¥ in Hom(\Af(V; M*QRV)(c—S,PeliQ,telir): ﬁs) so that ¥ (U) = W. Start
by defining U(u® [0)) = W(u) for u e M*. In general, assume u @ Be M*® V.
Since Vy = C, the vertex operator algebra V' admits a spanning set of PBW type [43].
Choose a basis of V' of PBW type, and write B = Bg‘ik) e B(li,»)|0>’ for some B! € V
determined by such basis. Define B := A’(Ci;il) e A%il-) |0), thatis, B = A{‘ik)l_?. Choose
an integer m such that Bg)E =0 for all i > m. One may find a section u of w¢/s
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such that o € rikdr +r™0g[r]ldr and is regular on C \ (P, LU Q), and a section B
of Ve — C such that its restriction to Q is Bg = B¥ . Define ¥ so that

\i(u®3)=—@(zu1®---®(3Pi ®MPi)(ui)®---®un®§),

i=1
where u =u; ®---Q@u, € M*. By recursion on k, this defines the linear functional 7
of M*®V.

One verifies that U vanishes on Zev(poug)(V)(M* ® V), so that U is indeed in
the source of ¢V . Finally, by definition of ¢V, one has ¢ (¥)(u) = ¥(x ® |0)) for
u € M*. This shows that (pv(fl}) = W and completes the proof of the statement. O

6.2.2 Consider a family of stable pointed curves (C — S, P,) as above, but with-
out assuming that C \ P.(S) is affine over S. After an étale base change, we can
assume that the family (C — S, P,) has m additional sections Q;: S — C such that
C\ (P (S)U Q.(3)) is affine over S and (C — S, P, U Q,) is stable. Let ¢, and r,
be the formal coordinates at P,(S) and Q.(S). By Definition 6.1, we can define

VIV M UV, ..., V))(C—>S,PeliQe,telire)

and, thanks to Theorem 6.2, this is independent of the choice of (Q,,r,). We then
define

VIV M®) (S8, Pate)
as the sheaf associated to the presheaf which assigns to each U C S the module
li_r)n VV.:M*uU(V,..., V))(C—>U,P.I_IQ.,t.I_Ir.)’
(Qesre)

where (Q., r,) runs over all sections of Ciy — U such that Cyy \ (P.(U) U Q.(U)) is
affine over U and (C — U, P, LU Q,) is stable.

As the construction of the sheaf of coinvariants commutes with base change, one obtains
a sheaf of coinvariants on Mg 5, denoted by Vg (V; M*).

6.3 Two descents along torsors

6.3.1 The first descent to define V/ (V; M*)on J:=7F ;’,; The group (Auty O)"
acts by conjugation on £(V)®". Together with the action of (Auty @) on M g
this gives rise to an equivariant action of (Auty O)" on the sheaf £(V)". We will
need the following statement:

Geometry € Topology, Volume 25 (2021)



Conformal blocks from vertex algebras and their connections on M a.n 2269

Lemma 6.3 The subsheaf ¢(Lc\p,(V)) of L(V)" is preserved by the action of
(Autg 0)".

More precisely, let .. C\P. (V) be the fiber of p(Le\p, (V) at (C, P,,1,). One has

fc\P. V)= P_lfc\p. )p
for all p € (Aut4 O)". This is a special case of (31).

Let (C — S, P,, t,) be a family of stable pointed curves over a smooth base S with n
sections P;: S — C and nonzero l—jets t;. Assume that C \ P,(S) is affine over S
(eg S = jg . the locus of smooth curves in T Z n) Define the principal (Auty (’))”—
bundle S — S as the pullback of 7 : M gn = Ty ¢ via the moduli map S — Ty an-

Let V be a vertex operator algebra and let M* = (M, ..., M™) be V -modules. The
action of Dery O = Lie(Auty ©) on each M’ can be exponentiated to an action of
Auty O on M.

The action of £(V) on each module M’ via oy L(V)—>M ! compatible with the
action of Auty O (see Section 2.7), induces an antihomomorphism of Lie algebras

n
agr  pi: L(V)® - End(® Mf),
27) =

n
(U1,....up) > ZIdMl ® - Qapi(Uj) @+ @Idpyn,
i=1

compatible with the action of (Aut4. O)". This extends Og-linearly to an (Auty O)"
equivariant action of £(V)" = £(V)" & Og on R M ® Og. Thatis, L(V)"
and (Auty O)" act compatibly on Q;_, M '® Og. The sheaf L(V)" is (Auty O)"~
equivariant. By Lemma 6.3, the image of Le\p, (V) in L(V)" is preserved by the
action of (Auty O)". Tt follows that the quasicoherent sheaf VA/g(V' M*®)|z is an
(Auty O)" —equlvarlant Og-module, hence descends along the principal (Auty 0)"—
bundle 7: § — S. Namely

Definition 6.4 The sheaf of coinvariants V’ (V; M *)(c—S,Pe,ze) ON S is the quasi-
coherent sheaf

VI (Vs M) 05, Para) 1= (T Vg (Vi M) | o) Aut+ O

whose sections are the (Auty O)" —invariant sections of \\7g (Vi;M*)|g. Similarly to
Section 6.2, one can remove the hypothesis that C \ P,(S) is affine over S, and the
construction can be extended to obtain a sheaf on 7 ;,’f,; , denoted by Vé’ (ViM*).

Geometry € Topology, Volume 25 (2021)



2270 Chiara Damiolini, Angela Gibney and Nicola Tarasca

The fiber of VgJ (V; M*) over a point (C, P,,7,) in J é;( is canonically isomorphic to
the space of coinvariants (23). The sheaf V7 (V; M*) comes with a twisted logarithmic
D-module structure, detailed in Section 7. This construction is the result of the local-
ization functor transforming modules for the Harish-Chandra pair (£(V)", (Auty O)")
into twisted logarithmic D—modules.

6.3.2 The second descent to define Vg (V;M*®) on ./\71g,,, The action of (C*)"
on Q; M ! obtained from its Z" —gradation as in (16) induces an action of (C*)" on
ng (V; M*). Indeed, since C* is realized as the quotient Aut O/Aut4 O, it is enough
to check that the action of the Lie algebra .Zc\ p (V') on Q); M" is independent of the
choice of coordinates at the fixed points. This follows from (31).

Let (C — S, P,) be a family of stable pointed curves over a smooth base S with n
sections P;: S — C, and assume that C \ P,(S) is affine over S (eg S = Mg ).
Define the principal (C*)”-bundle SY — S as the pullback of j: j;n — Mg n via
the moduli map § — Mg 5.

Assume that for each i, there exists a; such that Ly(v) =deg(v)+a; for homogeneous
ve M.

Definition 6.5 The sheaf of coinvariants V(V; M*)—s,p,) on S is the quasicoher-
ent sheaf

n Gm)t n
V(ViM*)cs,p,) = (j*vg’ V:M*)|ss ® Q) w?};“') QoS-
i=1 i=1
This can be extended as in Section 6.2 to obtain a sheaf on My ,, denoted by
Ve (Vi M*).
The sheaf of conformal blocks on Mg, is the dual of the sheaf of coinvariants

Ve (V:M*).

The fiber of Vg (V; M*) over a C—point (C, P,) in Mg , is canonically isomorphic
to the space of coinvariants (24).

Remark By Theorem 6.2, one has that propagation of vacua holds for Vg (V; M*).

6.3.3 Prior work on extensions to stable curves Sheaves of coinvariants were orig-
inally constructed from integrable modules at a fixed level £ over affine Lie algebras g
associated to semisimple Lie algebras g on /\//\lo,n = Mo,» \ A in [70]. These were
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generalized in [71] to M g.n» and shown to be locally free of finite rank, with a number
of other good properties including a projectively flat logarithmic connection. In [69]
they were shown to be coordinate-free, defined on M g.n» and, as is done here, an
action of an Atiyah algebra on the bundles was explicitly computed.

Prior to our work, and aside from aspects of [19; 38], considered here for stable curves
with singularities, there has been some interest in sheaves of conformal blocks using
vertex algebras. In [72] sheaves defined by representations at level £ over the Heisenberg
vertex algebra were shown to be isomorphic to the space of theta functions of order £
on the curve, identified under pullback along the Abel-Jacobi map, and shown to be of
finite rank. Sheaves defined using regular vertex algebras defined on ﬁo,n (regular
vertex algebras are conformal and satisfy additional properties including, but not limited
to, Cp—cofiniteness, which guarantees that they have finitely many simple modules),
were shown to be of finite rank, and carry a projectively flat logarithmic connection,
as well as satisfy other good properties in parallel to the classical case [64]. The
authors [64] remark that their definition of conformal blocks agrees with that described
in [19, Sections 0.9, 0.10 and 4.7.2], although their construction appears very different
than what we consider here. Conformal blocks defined over a single smooth pointed
curve with coordinates using modules over C,—cofinite vertex algebras were shown to
be finite-dimensional in [64]. Recently, sheaves of coinvariants defined by holomorphic
vertex algebras (admitting only one V —module: V itself) on M ¢,1 have been applied
to the study of the Schottky problem and the slope of the effective cone of moduli of
curves in [25].

Connections between conformal blocks defined by lattice vertex algebras and theta
functions are discussed in [38, Section 5].

7 The twisted logarithmic D—module structure on
VI(V; M*)

In this section we specify the twisted logarithmic D—module structure of the quasico-
herent sheaf of coinvariants VgJ (V; M*) (Definition 6.4). In particular, ng (V;M*)
supports a projectively flat logarithmic connection. To do this, we determine the
(logarithmic) Atiyah algebra acting on sheaves of coinvariants.

Let A :=det Rm4 W2y n/ Men be the determinant of cohomology of the Hodge bundle
(see Section 7.2), A the divisor in Mg, of singular curves, and Ap the corresponding
logarithmic Atiyah algebra. One has:
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Theorem 7.1 The logarithmic Atiyah algebra %CA A acts on ng (Vi M?*).

Here c is the central charge of the vertex algebra V. For ¢ = 0, this gives a logarithmic
D-module structure on Vé’ (V; M*) (Section 7.4). We review the definition of a
logarithmic Atiyah algebra in Section 7.1. For coinvariants of affine Lie algebras, the
above statement is in [71]; see also [15, Section 7.10].

7.1 Logarithmic Atiyah algebras

Let S be a smooth scheme over C, and A C S a normal crossing divisor. Following
[22; 69], an Atiyah algebra with logarithmic singularities along A (abbreviated loga-
rithmic Atiyah algebra, when A is clear from the context) is a Lie algebroid A (see
Section 3.1) together with its fundamental extension sequence:

0— Og5 2> A 24 To(—log A) — 0.
One defines sums via the Baer sum

A+ B = AX7g(-og 8) B/1(a(f). —t5(f)) for f € Os},

with fundamental sequence given by ¢ 445 = (t4,0) = (0,15), and ps+5 = pa = pB.,
and scalar multiplications « A = (Os & A)/(c, 1)Og, with ig 4 = (id,0) and py4 =
(0, py) for « € C. When m € Z~q, one has mA = A+ ---+ A (with m summands).
When A = &, the above recovers the classical case of Atiyah algebras. kestrictions of
Atiyah algebras over the subsheaf 7g(—log A) < Tg are logarithmic Atiyah algebras.

We will focus on logarithmic Atiyah algebras arising from line bundles: for a line
bundle £ over a smooth scheme S equipped with a normal crossing divisor A, we
denote by A, the logarithmic Atiyah algebra of first order differential operators acting
on £ which preserve A. Choosing a local trivialization £ = Og on an open subset U
of §, the elements of A;(U) are D + f, where D € Tg(—log A)(U) and f € Os(U).
For o € C, while the line bundle £¥ may not be well defined, the logarithmic Atiyah
algebra Ay« is defined as Ape :=aA..

The action of a logarithmic Atiyah algebra A on a quasicoherent sheaf V over S is an
action of sections u € A as first-order differential operators (i) on V such that

(i) the principal symbol of ®(u) is p4(u) @idy;
(i) P(a(l)) =1,

In particular, for @ € C and a line bundle £ on S, an action of A« is an action of A,
with the difference that ¢ 4, (1) acts as multiplication by «.
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A flat connection with logarithmic singularities on a quasicoherent sheaf V over S is
defined as a map of sheaves of Lie algebras 7g(—log A) — End(V). Following [21],
we call projectively flat connection with logarithmic singularities a map 7g(—log A) —
End(V)/(Og Idy). This means that the action of 7g(—log A) on V is well defined
only up to constant multiplication. From the fundamental sequence defining an Atiyah
algebra A, it follows that the action of A on a quasicoherent sheaf V induces a
projectively flat connection with logarithmic singularities on V.

7.2 The Hodge line bundle

®n

For n > 0, let nVir be the quotient of the direct sum Vir*" of n copies of the

Dn

Virasoro algebra modulo the identification of the n central elements in Vir¥" of type

©,...,0,K,0,...,0). We denote by K the equivalence class of these elements. Then
nVir is a central extension
0— gl; - K — nVir - (DerK)®" — 0
with Lie bracket given by
n
[(Lp)i<izn: (Lg)1<i=al = (Pt =41 Lpi+q ) 1<izn + 15K Y (P} = Pi)Spi+4;.0-
i=1
Let (C — S, P,,t,) be a family of stable pointed curves of genus g over a smooth
base S with n sections P;:S — C and formal coordinates #;. These data give a
moduli map S — M, ,. Assume that C \ P,(S) is affine over S. There is a Lie
algebra embedding Kera < n'Vir ® Og [38, Section 19.6.5], where « is the anchor
map from (5). The quotient
nVir(C) ®c Og/Kera
is anti-isomorphic to an extension

0—>05 >A— Ts(—logA)—0

and carries the structure of a logarithmic Lie algebroid (see Section 3.1). The following
statement is known as the Virasoro uniformization for the line bundle A (see Figure 6):

Theorem 7.2 [13; 22; 54; 71] The logarithmic Atiyah algebra A is isomorphic
to %AA.

Sketch of the proof The Lie algebra nVir acts on A extending the action of (Der K)®”
on M g,n from Theorem 3.1 so that the element K € nVir acts as multiplication by 2
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Os > Os

[ [

nVir(C) @c O ———» Ap

| !

(Der K(C)®" ®c 05 —4» Ts(—log A)

Figure 6: The Virasoro uniformization for the line bundle A.

(the case n =1 is in [54]). This action extends to an antihomomorphism of logarithmic
Lie algebroids
nVir(C) ®c Os — Ap

such that 1 € Og — A is mapped to % € Og < AA. The subsheaf Kera «—

nVir(C) ®c Os — whose fiber at (C, P,,t,) consists of the Lie algebra .Z¢ (C \ P,)
of regular vector fields on C \ P, —acts trivially on A (eg [15, (7.10.11)] shows that
Kera acts trivially on A~1). This gives a map of Atiyah algebras ¢: A — %A A - Since
Atiyah algebras are in Ext!(7g(—log A), Og), the five lemma implies that ¢ is an
isomorphism. |

7.3 The action on the sheaf of coinvariants

Before the proof of Theorem 7.1, we discuss some auxiliary results.

The Lie algebra £(V)" contains Vir"* as a Lie subalgebra. The adjoint representation
of Vir"* on £(V)" given by v > [-,v] for v € Vir"* factors through an action of nVir
on £(V)". The Lie algebroid nVir(C) ®c Oﬁg , acts on L(V)" as

(28) W f)*xw®h):=[uv]® fh+u®@ve® f)-h)
for v € nVir, u € £(V)" and local sections f and h of O; . (The action is given
by an antihomomorphism of sheaves of Lie algebras from nVlr ® O~ to the sheaf

of endomorphisms of £(V)".) Indeed, the map v+ [, v] for v € nVlr and the anchor
map a are both antihomomorphisms. Here, the anchor map a applies to the image of

v® f in (Der K(C))" ®c OMg .

Lemma 7.3 The image of Lo\p, (V) inside L(V)" is preserved by the action of
nVir(C) ®c O/ﬁg . from (28).
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Proof The case n =1 and zero central charge ¢ = 0 is [38, Theorem 17.3.11]. The
general case is similar; we sketch here a proof.

Let m be the group ind-scheme satisfying Lie m’ = nVir. The action
of (AutK)” on ./\7g,n induces an action of (A/ut_lC\)” on /ﬁg,n. Moreover, by ex-
ponentiating the action of nVir, one also has an action of (A/ut_lC\)” on V", (The
exponential of the action of nVir on V" is well defined: this follows from the fact that
the action of L, with p >0 on V has negative degree —p, and can be integrated since
V' has gradation bounded from below; the action of Lo on V' has integral eigenvalues,
and thus integrates to a multiplication by a unit; finally, the action of L, with p <0
integrates to an action of a nilpotent element; see [38, Section 7.2.1]). This gives rise
to an action of (/A/uth\)” on £(V)" by conjugation. Thus, m’ acts on L(V)"
via

(29) W®h)-p:= (o~ up) ® (h-p)

foru ® h in L(V)" and p in (A/ut—lC\)"

The differential of this action is an action of nVir ®c H O(ﬁ gns O T, ) on LV
given by '

(30) RN *xwh):=uv]® fh+tu®@v®f)-h)
foru®h e L(V)" and v® f € nVir@c H*(Mgn, O, ).

The action of nVir(C) ®c O o OD L(V)" from (28) is the O -linear extension
of the action (30) of nVir on E(V)” (Recall from Theorem 3.1 that the anchor map a
is the O —hnear extension of the map «.) Hence, to prove the statement, it is
enough to show that the action (29) of (A/ut_lC\)” on L(V)" preserves the image of
Levp, (V) in L(V)".

Using the action of (A/M-K\Y’ on M ¢,n» denote by (C”, P, tP) the image of a coor-
dinatized n—pointed curve (C, P,,1,) via the action of p in (AutK)". Let .Z/ c\p V)
and &/ P » (V) be the fibers of the subsheaf

Cr\
Im(Levp, (V) — L(V)") C LV)"
on (C, P,,t,) and (C”, PP, tP), respectively. It is enough to show that
(31) Leopp (V)= 0" L0\ p(V)p

for p € Aut K. As in [38, Section 17.3.12], this follows from a generalization of a
result of Huang [50, Proposition 7.4.1; 38, Section 17.3.13]. O
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Let n
AQr_, Mi L(V)®n End( ® M’)
i=1

be the antihomomorphism of Lie algebras induced by the action of £(V) on each
module M! asin (27). This map restricts to an action of Vir", and since the central ele-
ments (0,...,0, K,0,...,0) all act as multiplication by the central charge c, this action
factors through an action of nVir on ®7_; M I, The Lie algebroid nVir(C) ®&c O g
acts on ®7_; M’ ®c Ogi,, as

(32) W flowh) :=(agr  pi(0) W) fh+w®@v® f)-h)

for v € nVir, w € Q/_; M ! and local sections f and h of O Mgn® Recall that
the action of £(V)" on @®7_, M’ extends O g —linearly to an action of £(V)" on
Q' M ®c O3, ,» and this induces an action of Leyp, (V) on @), M'®c Ofiy

Lemma 7.4 The subsheaf

(33) Levp, (V) (® M’ &c (9/\7&”)

i=1

of ®l'~'=1 M Q¢ Oﬁg.n is preserved by the action of nVir(C) ®c O/Qg,n from (32).

Proof We need to show that
(34) VR flolu®h) (wt)]

is in (33) for all local sections v ® f € nVir(C) ®c O/ﬁg.n ,u®h e Lep, (V) and
Wt € ®?=1 M Q¢ Oﬂg,n . In (34) the first action is as in (32), and the second one
is

uMRh) - (w®t):= (oe®;_z=l pmi(u)-w) ht.

Expanding, one verifies that (34) is equal to
(v f)*x @M (W) +wdh)- ((agr_ pi(V) w)® f1).

To show that this is in (33), it is enough to show that (v® f) * (1 ®h) is in the image of
Levp, (V) in L(V)", where the action is as in (28). This follows from Lemma 7.3. O

Proof of Theorem 7.1 Let (C — S, P,,?,) be a family of stable pointed curves of
genus g over a smooth base S with n sections P; and formal coordinates ¢; . These
data give a moduli map S — M g.n- From the construction of the sheaf of coinvariants,
we can reduce to the case when C\ P,(S) is affine over S (eg S = /Qg,n = /\7&” \A).
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The Lie algebroid 7 Vir(C)®c Og acts on ®?=1 M!®c Og asin (32). By Lemma 7.4,

the subsheaf .
Lovp, (V) - (® M ®c Os)
i=1
is preserved by this action. Since the map AQr_ | Mi and the anchor map a are
compatible with the action of (Aut4 @)" (as in Sections 2.7 and 3.2.2), the action of
nVir(C) ®c Og on R M ' ®c Og from (32) is (Auty O)"—equivariant.

By Lemma 5.3, the action of Le\p, (V) extends an action of Kera C nVir(C) ®c Os.
It follows that (32) induces an (Aut4+ Q)" —equivariant action of the Lie algebroid

nVir(C) ®c Og /Kera,

and hence an action of A on the sheaf @(M *)(c—S,P.,ts)- Equivalently, for some
a € C, there exists an (Aut4 O)"—equivariant action of the logarithmic Atiyah al-
gebra aA on YA/(M *)(c—S, P ,te)» Which descends to an action of a.A on the sheaf
VJ(Zu.)((i—>S,P.,r.) .

To determine a, note that the central element K € nVir is the image of (K,0,...,0) €
Vir* — £(V)", which acts via (27) as ¢ -id, by definition of the central charge c. It
follows that K acts as ¢ -id, hence a = ¢. That is, the logarithmic Atiyah algebra c¢.A
acts on V/ (M *)(c—S,P.,ze) - The statement follows from Theorem 7.2. |

7.4 Thecasec =0

In the case of zero central charge ¢ = 0, the action in (32) induces an (Auty O)"—
equivariant action of

(Der K(C))"* ®&c Os/Kera = Tg(—log A)

on \A7(M *)(c—S,P.,to)- This gives a logarithmic D—module structure on VI (M)
when ¢ = 0.

8 The twisted logarithmic D-module structure on V(V; M*)

In Theorem 8.1 we specify the twisted logarithmic D—module structure on the quasi-
coherent sheaf of coinvariants on My , under the assumption that the modules M’
are simple. In particular, Vg (V'; M*®) carries a projectively flat logarithmic connection.
The twisted D—module structure on the sheaf of coinvariants on the moduli space of
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smooth pointed curves was first introduced in [38, Section 17.3.20]. Here we extend the
description over families of stable pointed curves, and identify the twisted logarithmic
D-module by determining the precise logarithmic Atiyah algebra acting on sheaves of
coinvariants. For sheaves of coinvariants of integrable representations of an affine Lie
algebra, this statement was proved by Tsuchimoto [69].

To state the result we need some notation. Let A := detRmwg, /54, , be the
determinant of cohomology of the Hodge bundle on Mg ,, and ¥; = P (a)ég’n / /\71g.n,)
the cotangent line bundle on M, ,, corresponding to the i™ marked point. Let A, and
Ay, be the corresponding logarithmic Atiyah algebras with respect to the divisor A
in M g.n Of singular curves (see Section 7.1). We show:

Theorem 8.1 Let M’ be simple V —-modules of conformal dimension a; . Then the
logarithmic Atiyah algebra

n
(35) LeAn+ aiAy,
i=1
acts on the sheaf of coinvariants Vg (V; M*®). In particular, Vg (V; M*®) carries a
projectively flat logarithmic connection.

Here V is a vertex operator algebra with central charge ¢ (see Section 2.2). Recall
that a simple V' —module M has conformal dimension a € C if Lov = (a + degv)v
for homogeneous v € M.

Proof From Theorem 7.1 we know that %C.A A acts on V7 (M*). This means that, for
any family of stable pointed curves (C — S, P,, 7,) over a smooth base S with
n sections P;: S — C and n nonzero 1-jets t;, the logarithmic Atiyah algebra
%C.A A actson VY (M *)(c—S,Pe,ze) - We show that this naturally induces an action of
%CAA + Y7 aiAg, on V(M®)(-s,p,)- Assume for simplicity n = 1.

Since the sheaf V7 (M )(c—S,P,7) has an action of %CAA, the sheaf
VI (M) s 5,p,0) ® A2

has an action of 77 x ( log A). We refer to [69, Section 2.4] for the definition of the
formal line bundle A ¢/2 for arbitrary ¢ € C. This implies that V(M) s,p) @A™ c/2
is equipped with an action of the sheaf of C*—invariant tangent vectors of J % 2.1
preserving the divisor of singular curves A. Following [14, Theorem 5], this sheaf
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coincides with Ay—1 = —Ay. It follows that V(M )c—s,p) ® A~¢/2 has an action
of the Lie algebroid — Ay .

In order to conclude, it is enough to prove that the image of 1 under the canonical map
Os — —Ay actson V(M) c—s,p) ® A~¢/2 as multiplication by —a, where a is the
conformal dimension of the simple V' —module M. This can be verified locally on S.
Fix a point (C, P,0) on the divisor Z := W\ J ;(,1 and consider the local restriction
of j;,l near this point as Spec(R[w,w™!]), where R is the local ring of C at P and
the divisor Z is locally given by w = 0. Since C* acts on w by multiplication, the
C* —equivariant vector fields are given by Jr @ wR3,,. Locally, the exact sequence
defining — Ay is then given by

0— R— wRIy ® Ir —> Ir — 0,

where 1 € R is mapped to wdy, = —Lg. Following the description of .#c in
Section 4.2.2, we similarly identify the elements of V(M) s, p) as being represented
by linear combinations of elements of the form v ® w9? where v is a homogeneous
element of M. Observe that since the action of —Ay, is compatible with the action
of Leyp(V) on M ® Og, we can carry the computation on C* —invariant sections of
M ®Og . The action of wow on V(M) s, p) is described in (32). The computation

wow(v @ wIeY) = —Lo(v) @ weY 4+ v @ Wy, wIe?
= —(a + degv)v @ WY + v ® (deg v)wIe?
= —a(v @ wie?)

concludes the argument. |

8.1 Remark

While in this work we study the projectively flat connection V for sheaves on Mg ,
defined using vertex operator algebras along the lines of [71; 69; 21; 15], there are other
approaches and further questions studied in the classical case, where conformal blocks
are known to be isomorphic to generalized theta functions (see eg [48; 35; 37; 56]).
For instance, the geometric unitary conjecture [44; 34; 45] was an explicit proposal
of a unitary metric on the Verlinde bundles that would be (projectively) preserved by
the connection V on Mg ,. The geometric unitary conjecture was proved for sl by
Ramadas [66], and for arbitrary Lie algebras in genus zero by Belkale [23]. It would
be interesting to know if this picture could be extended to bundles defined by modules
over vertex operator algebras.
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9 Chern classes of vector bundles V,(V; M*) on M, ,

An expression for Chern classes of vector bundles on Mg ,, of coinvariants of affine
Lie algebras was given in [60]. One of the key ingredients used in [60] is the explicit
description of the projectively flat logarithmic connection from [69]. In a similar
fashion, the projectively flat logarithmic connection from Theorem 8.1 allows us to
compute Chern classes of vector bundles of coinvariants of vertex algebras on Mg
to arrive at Corollary 9.1 below.

Let V be a vertex operator algebra of central charge ¢, and M, ..., M" be simple
V —modules. Let a; be the conformal dimension of M for each i, that is, Lo(v) =
(a; + degv)v, for homogeneous v € M. In this section, we assume that the sheaf
of coinvariants Vg (V'; M*) is the sheaf of sections of a vector bundle of finite rank
on Mg ,. This assumption is known to be true in special cases, as described in
Section 9.1.

We also assume that the central charge ¢ and the conformal dimensions a; are rational.
For instance, after [32], this is satisfied for a rational and C,—cofinite vertex operator
algebra V.

Let A :=c1(A) and ¥; := ¢1(¥;). From Theorem 8.1 with § = Mg ,, the action of
the Atiyah algebra (35) gives a projectively flat connection on the sheaf of coinvari-
ants Vg (V; M*) on Mg . This determines the Chern character of the restriction of
Ve(V;M*®) on Mg .

Corollary 9.1 When Vg (V'; M*®) has finite rank on Mg , and c,a; € Q, one has

n
ch(Vg (V; M*®)) =rank Vg (V; M*®) -exp(%cz\ + Zaﬂ//i) € H* (Mg, Q).
i=1
Equivalently, the total Chern class is

rank Vg (V;M°®)
) € H* (Mg, Q).

c(Vg(V: M?)) = (1 + %ck—i-Za,-wi

i=1

Proof The statement follows from the general fact that a .A; g« —module E of finite
rank, with L a line bundle and a € Q, satisfies ¢1(E) = (rank E) - aci(L) (eg
[60, Lemma 5]); moreover, the projectively flat connection implies that ch(E) =
(rank F) -exp(c1(E)/rank E) (eg [53, (2.3.3)]). O
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9.1 Remark

From Theorem 8.1, the sheaf Vg (V; M*®) on My , is equipped with a projectively
flat connection. It follows that when Vg (V'; M*®) is a sheaf of finite rank on Mg 5,
Ve (V; M*) is also locally free [68, Section 2.7].

It is natural to expect finite-dimensionality of spaces of coinvariants constructed from
vertex algebras with finitely many simple modules, when there is an expectation that
the factorization property will hold [38]. This has been checked in special cases:
for integrable highest weight representations at level £ of affine Lie algebras [71];
and highest weight representations of the so-called minimal series for the Virasoro
algebra [20]. In the cases mentioned above, the vertex algebras are both rational
and C,—cofinite. Moreover, spaces of coinvariants associated to modules over C—
cofinite vertex algebras have also been shown to be finite-dimensional in other more
general contexts [5; 64]. While Cy—cofiniteness was conjectured to be equivalent
to rationality [4], this was disproved in [6]. While slightly technical to define, C—
cofiniteness is natural [9], and satisfied by many types of vertex algebras including
a large class of simple JW—algebras containing all exceptional JW—algebras, and in
particular the minimal series of principal WW-algebras discovered by Frenkel, Kac
and Wakimoto [39], proved to be C,—cofinite by Arakawa [10] (see also [11]), vertex
algebras associated to positive-definite even lattices [73; 1; 52] and a number of vertex
algebras formed using the orbifold construction [2; 3; 63; 7].

9.2 Addendum

In [27] we introduce a modification of the Lie algebra Z¢\ p, (V) for which the results
of the current paper still hold. The modified Lie algebra allows us to show that for
a vertex operator algebra V' which is rational, C—cofinite and such that Vp =~ C,
coinvariants from finitely generated admissible V' —modules satisfy the factorization
and sewing properties, thus giving rise to vector bundles of coinvariants on Mg .
Consequently, we show in [28] that if V' is also simple and self-contragredient, their
Chern characters give rise to cohomological field theories. In particular, Chern classes
over Mg p lie in the tautological ring.
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