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Three-loop helicity amplitudes for photon+jet production
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We present three-loop helicity amplitudes for the production of a single photon in association with one
jet in quantum chromodynamics, a final state which provides a standard candle of the Standard Model at the
Large Hadron Collider. We employ a recently proposed variation of the so-called tensor projection method
in the "t Hooft-Veltman scheme (tHV) which avoids the computation of contributions due to unphysical
(—2e¢)-dimensional polarizations of the external states. We obtain compact analytic results expressed in

terms of harmonic polylogarithms.
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I. INTRODUCTION

Scattering amplitudes are one of the central quantities in
quantum field theory. In addition to the intrinsic beauty of
their mathematical structure, they provide a bridge between
theory and experiment. High-precision amplitudes in
quantum chromodynamics (QCD) are essential to compute
accurate theoretical predictions that, together with increas-
ingly precise measurements from colliders, allows for a
scrutiny of the structure of the Standard Model, and for
constraining new physics models.

It is well known that the number of external particles and
of internal loops greatly influences the complexity of
amplitude calculations. Up until a few years ago, the state
of the art for massless four-particle scattering was the three-
loop four-gluon amplitude in N/ = 4 super-Yang-Mills [1],
where calculations are simplified by the high amount of
symmetry in the theory. The same amplitude was also
computed in the planar limit of pure Yang-Mills in Ref. [2].
In QCD similar three-loop calculations proved until
recently to be too computationally prohibitive to be
performed due to the lack of symmetry.

The first analytic results for a QCD three-loop four-point
amplitude were obtained for the color singlet process gg —
yy in Ref. [3]. Building on this, the more computationally
involved color singlet production gg — yy was computed in
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Ref. [4]. Finally, all amplitudes involving four colored
partons, i.e., g9 = 99, 94 — 44, qG — gg and all possible
crossings of external states, were obtained in Refs. [5-7]. In
these processes, starting a three loops, there start appearing
new contributions to the structure of infrared (IR) diver-
gences. These are associated with the exchange of color
charge between all four external legs through the emission
and absorption of soft gluons. This is referred to as
quadrupole radiation and it increases the complexity of
the corresponding amplitudes.

In this work we tackle the last three-loop four-point
massless amplitudes in QCD involving partonic initial
states: gg — gy and qg — gy.

Phenomenologically, this amplitude is relevant for the
pp —y+j process, i.e., direct photon production
with a reconstructed jet. It is one of the standard candles
of the Standard Model at the Large Hadron Collider (LHC).
Theoretical QCD predictions for this process exist
at the next-to-next-to-leading order (NNLO) [8]. Providing
even higher order corrections would lead to a more precise
comparison with the LHC data, which is important for
current and especially future LHC runs [8]. The three-
loop amplitudes in quark-pair and quark-+gluon initiated
channels contribute to the N3LO cross section. The
three-loop gluon-pair initiated amplitude starts contributing
only at N4LO, however it is enhanced by the parton
distribution function (PDF) of the gluon, which may at
least partially compensate for the strong coupling
suppression.

For photon+jet production at hadron colliders, we
consider the two independent partonic channels

9(p1) +9(p2) = g(=p3) +r(=ps),
q(p1) +a(p2) = 9(=p3) +r(=pa)- (1)
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The remaining gg — gy and gg — gy channels can be
obtained via crossing of ¢g — gy. We treat all four-
momenta as incoming and massless

P11+ P2+ p3+ps=0, p} =0. (2)

The kinematic Mandelstam invariants of the process,

s=(pi+p)* t=(pi+p3)t u=(pa+p3)? (3

are related by momentum conservation s+ t+ u = 0.
Since the overall mass dimension of the amplitude is fixed,
the non-trivial kinematic dependence can be expressed in
terms of a single dimensionless ratio

t
=

(4)

X=-

On the physical Riemann sheet, we have'

s>0,t<0,u<0, i = 85+ 16, (5)
where s;; =2p; - p;.

This paper is organized as follows: in Sec. IT we describe
the color and Lorentz space decomposition of the ampli-
tudes. The definition of the helicity amplitudes is given in
Sec. III where we also fix our notation within the spinor
helicity formalism and describe the workflow used for this
computation. Section IV describes renormalization and IR
subtraction of the helicity amplitudes. Finally, we give
more details on the results in Sec. V and provide concluding
remarks in Sec. VL.

II. COLOR AND TENSOR STRUCTURES

For both processes in Eq. (1) we can collect an overall
color factor C in front of the amplitude:

A=CA, (6)

where

for gg — gy,
as

Tr(THT*T%) — (2 < 3), )
N Tiliz, for gg — gy.

Above i,(a,) refers to a SU(N,) index in the fundamental
(adjoint) representation and 7¢ are the fundamental gen-
erators of SU(N,.), normalized such that Tr(TT") = 5.
The color stripped amplitude A depends on the number of
active quark flavors ny, the electric coupling of the different
quark flavors Q and the fermionic loop factor

"Technically, Eq. (5) is imprecise since the condition s + 7 +
u = 0 has to be always satisfied. This makes analytic continu-
ation for massless 2 — 2 scattering delicate, see e.g. Ref. [6] for a
discussion in the context of three-loop amplitudes.

ng

n =30, (8)
=

After extracting all color structures, A can be further
decomposed onto a basis of n, independent Lorentz tensor
structures

A= Z T,F, 9)

We work in the 't Hooft-Veltman (tHV) regularization
scheme, where internal states are in d dimensions but the
external momenta and polarizations are kept in 4 dimen-
sions. In this scheme, we follow a recent proposal [9,10]
that allows us to remove the irrelevant (—2¢)-dimensional
external helicity states and to work with a set of tensors 7;
whose number coincides with that of the independent
helicity configurations. In the gg — gy channel, n, = 8
and with the cyclic gauge €;- p;;; =0 and ps = p; we
find

Ty =pi-ep1-€3pr-€4p3- €y,

T) =€3-€4py - €2p3 - €1, T3 =€) €4py - €3p3 - €1,
Ty=¢€r-€3p2- €4p3- €1, Ts =€y -€4py-€2p; - €3,
Ts =€) -€3p1-€ps - €y, T7 =€) -€p1-€3p; " €,
T8:€1 ©€)€3 - €4+ €] 1 €46 + €3+ €1 - €3€) - €4. (10)

In the gg — gy channel, n, = 4 and with the gauge choice
€3-py =€4-p1 =0 we get

Ty = u(py)dsu(pi)es - pa,

(p2)
T, = u(py)dsu(pr)es - pr,
T3y = u(p2)p3u(pi)es - prés - pa,
Ty = u(p>)psu(p)es - €. (11)

The form factors F; can be extracted from A with app-
ropriate projectors P, defined such that ) P;T; = §;;,
see e.g. Refs. [9,10] for the full discussion.

II1. HELICITY AMPLITUDES
In order to obtain the helicity amplitudes Aj;, it is enough
to evaluate the tensors 7; for fixed-helicity configurations
J. This is equivalent to a simple change of basis, and the

helicity amplitude for the helicity configuration i =
{41, 42,23, 24} can be written as a linear combination of
form factors F;

A; = Z T,3Fi = S;H;. (12)
i=1

1
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The overall spinor factors S; can be extracted from A;
using the spinor-helicity formalism, see e.g. Ref. [11] for a
pedagogical introduction. In this notation, fixed-helicity
external quarks are defined as

T 1trs

Ip) =1 |:TM(P),

175

pl=(pl=""ulp). (13)

with [p| = ﬁ(p)% and (p| = u(p)% treating particles
and antiparticles on the same footing, while polarization
vectors take the following form

_ {ajlrlp]

ﬁ(%‘l’ﬂ

(pjlr'lq;] ()

1ot (P2) = V2[p;q;l’

. (14)

where ¢; is the massless reference vector corresponding to
the ith external gluon and is chosen consistently with the
gauge conditions used to determine the tensor bases of
Egs. (10) and (11). For the gg — gy channel we have
q; = pi+1, where we identify ps = p; and we choose the
spinor factors to be

S _ (12)(34) [12][14] (24)
T 12][34] “HE T B4]R3]24]
o _lupgaay o [2paes
T 34 13)[14] T a2 Re]
o _meyes) (1204
T 321 23] TR (12)[34)°
_ [13](24) _ [23](14)
Sty = (13)24]” S = (23)[14]” (13)
while for the gg — gy channel we have g5 = p», g4 = p;
and define the spinor factors as
B 2[34] ~2(24)[13]
R T
_2(23)[41] <34)
S Tampy S Tonm 1Y

The spinor-free helicity amplitude H; can be expanded as a
QCD perturbative series
A\ o 0)
=, 17
¥, > Hi (17)

3
= Vdna/4nag,, Z <
=0
where we have factored out an overall electric coupling ¢ =

V4ra as well as a bare strong coupling g, , = \/47mag,.
Hg’ﬂ) corresponds to the bare £-loop amplitude. Note that

since the gg — gy channel is loop-induced, the first term in
its perturbative expansion vanishes. Conversely, the
qq — gy channel contributes nontrivially at all four
orders. The main objective of this paper is to compute

\WXXJ

oo

%Bzr

= P,
FIG.1. Sample three-loop diagrams for (a) the process gg — gy

and (b) the process gg — gy.

the three-loop term H)@. As a by-product of our work, we

have also recomputed all lower-loop amplitudes. We
checked all one-loop helicity amplitudes numerically
against OPENLOOPS [12,13]. At the two-loop level, to the
best of our knowledge, the only available analytic results
are for the process gg — gy and are given in Ref. [14] in the
form of a color- and polarization-summed interference with
the tree-level, with which we found perfect agreement.” We
generate Feynman diagrams corresponding to each channel
with QGRAF [16] (see sample diagrams in Fig. 1). At three
loops, there are 7356 graphs in the gg — gy channel, and
5534 graphs in the gg — gy channel. Then, we perform
color and Dirac algebra using FORM [17]. There are O(10%)
scalar Feynman integrals contributing to the form factors of
each of the scattering process described in Eq. (1). Since the
integrals at hand are not all linearly independent, we can
find relations between them. Preliminarily, we exploited
loop-momentum shift-invariance to reduce the complexity
by a factor of about 20. This is then followed by the most
complicated step, which involves integration-by-parts
(IBP) identities [18] to relate the remaining integrals to a
minimal independent basis set of master integrals (MIs). In
order to perform the IBP reduction, we have used the
Laporta algorithm [19] implemented in REDUZE 2 [20,21],
as well as in FINRED [22], which exploits syzygy-based
techniques [23-28] and finite-field arithmetic [22,29-31].
In this manner, we are left with 486 independent MIs. They
have been computed analytically as a series in the

The results presented in Ref. [14] are computed in the
conventional dimensional regularization (CDR) scheme and with
a IR subtraction scheme which differs from the one adopted in
this paper. While the difference in dimensional regularization
scheme is immaterial at the level of the O(e®) part of the finite
remainder provided by the authors of Ref. [14], the difference in
IR subtraction scheme is not. In order to bridge the gap, we
performed a second subtraction of the IR poles of our two loop
renormalized amplitudes using the definition of the finite part in
Ref. [15], and combined all helicity amplitudes to obtain the same
quantity computed in Ref. [14].
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dimensional regulator € = (4 — d)/2 in terms of harmonic
polylogarithms (HPLs) [32] in Ref. [33] and later in
Ref. [4]. The evaluation of MIs is based on the differential
equation approach applied to a canonical basis of master
integrals [34]. Substituting expressions for Mls leads to the
final formula for the bare three-loop amplitude, expanded
to O(e°) with HPLs up to transcendental weight 6.

IV. UV RENORMALIZATION AND IR
REGULARIZATION

The divergences appearing in the amplitudes treated in
this paper are both of ultraviolet (UV) and infrared (IR)
origin. When working in dimensional regularization they
are represented by poles in the dimensional regulator e.
By defining the MS renormalized strong coupling a,(u)
through the equation

g g Se = ag () Zlag ()], (18)

one can obtain UV-finite amplitudes. Above, we have
defined for  convenience @, = ay,/(4x) and
a,(p) = a,(u)/(4r). The quantity u is the renormalization
scale introduced in dimensional regularization and Z[a]
reads

e 2e¢

Zla) =1 —&Sﬂ?o+(_l%<'3—%—&>

37
& (@ _gﬁ%+%> Lo@).  (19)

The explicit form of the f-function coefficients f3; can be
found in Supplemental Material [35]. The perturbative
contributions to the UV-renormalized helicity amplitudes
Hz’ o, are obtained by expanding Eq. (17) in a,(u).

The poles in € appearing in the renormalized amplitudes
are of IR nature and their structure was described at two
loops in [15] and generalized to different processes [36—38]
and to three loops in Refs. [39-44]. They assume a
universal form across all massless gauge theories. Up to
the three loop-order, one can write [39,40]

H

— ZyH (20)

7. ren A, fin?

where H; . are finite remainders and Z7p is in general a

color operator that acts on the color structure of the
amplitudes. It can be written in terms of the so-called soft
anomalous dimension I' as

Zw=Pew| / TWrekan). e

where the path ordering operator P reorganises color
operators in increasing values of x’ from left to right and

is immaterial up to three loops since to this order
[T(x),T(i')] = 0. The soft anomalous dimension can be
written as

F = Fdip + A4. (22)

The dipole term Iy, is due to the pairwise exchange of
color charge between external legs and reads

2 4
apa H i
Fdip = E Ti Tj}/K In (m) + E Y, (23)
1 i=1

1<i<j<4

where s;; =2p; - p;, y® is the cusp anomalous dimension
[45-52] and y*=%9 are the quark and gluon anomalous
dimensions [53-56]. In Eq. (23) we have also introduced
the standard color insertion operators T¢, which only act on
the ith external color index. Their action on the color
factors of our amplitudes is defined as follows:

(T)p,e, = —if%,, foragluon,

(T{);;, = +T¢; fora(initial)final state (anti)quark,
(T¢);,;, = —T¢,; fora(final)initial state (anti)quark,
T¢ =0 foraphoton. (24)

Performing the color algebra with the definitions in
Eq. (24) we find the explicit value of the dipole anomalous
dimensions in the two channels under consideration. Note
that, since the amplitudes considered here feature a single
color structure, I acts by simple scalar multiplication. For
qq — gy it reads

rf{-w :1 iln v ;
P 2 |N, —s —i6

LN, [ln <_,” . ,-5> i <—uﬂi irs)] }yK

427 49, (25)

while for gg — gy we get

- N, s #
| D 1
dip 2 { n<—s—i5> + n(—t—ié
ﬂz K
1 3y9. 26
+n(_u_i5>}y +3y (26)

The quadrupole contribution A4 in Eq. (22) accounts
instead for the exchange of color charge among (up to) four
external legs and it appears for the first time at three loops,
Ay =) af Aft"). Because the amplitudes considered in
this paper feature only three colored external states, Ay
assumes a simpler form compared to the full result given in
Ref. [44]. In addition to this, the perturbative series for
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gg — gy starts at one loop and therefore it receives no
quadrupole correction at three loops.
For ¢qq — gy, the relevant contribution reads
3),9g—¢
APHIT = 4N(Cs +2085). (2T)
We verified that the IR singularities of our three-loop
amplitudes match perfectly those generated by Egs. (20)—

(27), which provides a highly non-trivial check of our
results.

V. RESULTS

The expressions we obtained for the finite remainder
H; ;, are relatively compact, but still too long to be
included in this manuscript. They are provided in com-
puter-readable format in the Supplemental Material [35].

We also provide the explicit results for the channel gg —
gy which can be generated by crossing the ¢g — gy
amplitude. The only other relevant channel for pp — jy
is gg — gy and it can be obtained by charge conjugation of
qg9 — qy, which leaves the helicity-stripped amplitudes
unchanged. When crossing the amplitudes, one has to
permute Mandelstam invariants. In doing so, it is important
not to cross more then one branch cut per transformation.
This can be guaranteed by an appropriate composition of
multiple transformations. All needed manipulations of
HPLs can be performed with poLYyLOGTOOLS [57], and
the procedure is described in more detail in Ref. [6]. It is
also worth pointing out that when applying a crossing or a
charge/parity transformation to the amplitudes associated to
the processes in Eq. (1), one has to take care of applying the
corresponding transformations to the spinor weights in
Egs. (15) and (16).

Finally, we point out that our amplitudes can be
evaluated numerically in an efficient way since they consist

0.12

@ ,V‘(JNLO)

—2 a4 ANNLO) 3 N3LO)
g9y aﬁ’Vg _ ag(vq

g9y G->9y

0.10 f
0.08 f
0.06

0.04

0.02 k_/_\j

0.00 X
_002 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

(a)

of only rational, and well-studied HPL functions. In Fig. 2
we provide sample plots for the gg — gy and gg — gy
channels, where we numerically evaluated the squared
amplitudes normalized to the leading order. To define
the quantities plotted in the figure more precisely, we first
introduce the notation

N\ — ] (£)" 4 (¢")
(ADLAD) = cicls;PH ) 1 (28)

4 1fin" " fi
f.Acol

for the interference between two amplitudes summed over
all internal quark flavors, all helicity configurations
and all colors of the external states. With this, we can
write

(NLO) _ 2R€<A(0) |A(1) >

Vll?l-wy - <A(0)|A(0)> )
PNNLO) _ (AM]AMY  2Re(A®]A?)
q9—=>9r <A(0)|A(0)> (A(0)|A(0)> s
YAELO) _ 2Re(AM|AP))  2Re(A©|AB)) (29
qaq—=gr <A(0)|A(0)> (A(0)|A(0)> s
and
o _ RelACA)
99—=9r T <A(1)|A(1)> 5
PINALO) _ (AP AP 2Re(AM|AR) (30)
99—gr =

(ADADY T ADADy
where the process dependence has been left implicit. We
point out that the quantities plotted in Fig. 2 nicely show
convergence of the loop corrections, however it should be
kept in mind that they depend on the choice of IR
subtraction scheme and only represent the virtual

121

N3LO
— T (Vz(;g-»gv)

o (N4LO)
% Vigsay

1.0

081

06

0471

0.2}

0.0 X

-0.2 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

(b)

FIG. 2. Perturbative expansions of the color, helicity and flavor summed finite remainder of the amplitude squared for the process
(a) gg — gy and (b) gg — gy as a function of x = —¢/s normalized to the corresponding leading order. For simplicity we set oy, = 0.118,

u>=s, N, =3, ng =35 and n}w = 1/3. The (NnLO) labels are assigned in terms of the contribution to the process pp — gy.
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contributions to the partonic cross section. In addition, for
the qg — gy channel we observe the same alternating
behavior of the different perturbative orders when
approaching the limits x — 0 and x — 1 that is also present
in the gg — gg and gg — gg channels [7].

VI. CONCLUSIONS

In this paper we have completed the computation of the
last three-loop four-point massless QCD scattering ampli-
tudes with partons in the initial state. To do so, we
employed a refined version of the tensor projection method
which considerably reduces the amount of calculations
required. At one and two loops, we have checked the
consistency of our result against the available literature and
found perfect agreement. At three loops, our amplitudes
have the correct UV and IR structure, including the
quadrupole contribution that appears at this perturbative
order for the first time. The corrections provided in this

paper start contributing to the differential cross section at
N3LO and in the future they will hopefully allow to achieve
better precision on the prediction of photon+-jet observ-
ables at hadron colliders.
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