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Abstract 

In response to external stimuli, such as heat, light, or magnetic fields, stimuli-responsive soft 

materials (SRSM) can change their current configuration to a new equilibrium state through non-

equilibrium kinetic processes, including reaction, diffusion, and viscoelastic relaxation, which 

generates novel spatiotemporal shape-morphing behavior. Using a photothermal shape memory 

polymer (SMP) cantilever beam as a model system, this work analytically, numerically, and 

experimentally studies its non-equilibrium kinetic processes and spatiotemporal bending under 

light illumination. We establish a thermomechanical model for SMPs capturing the concurrent 

non-equilibrium processes of heat transfer and viscoelastic relaxation, which induces 

inhomogeneous temperature and strain distributions through the thickness of the beam, resulting 

in its bending and unbending. By varying the key dimensionless parameters, we theoretically and 

experimentally observe different types of bending dynamics. Moreover, our theory takes into 

consideration changes in the angles of incidence caused by extensive beam bending, and 

demonstrates that this effect can dramatically delay the bending due to reduction of the effective 

light intensity, which is further validated experimentally. This work demonstrates programmable 

and predictable spatiotemporal morphing of SMPs, and provides design guidelines for SMP 

morphing structures and robots. 
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1 Introduction 

Stimuli-responsive soft materials (SRSMs) can change their shapes in response to external 

stimuli, such as heat, light, magnetic fields, and electric fields [1–3]. For instance, a shape memory 

polymer (SMP), which is typically a polymer pre-deformed in the rubbery state and cools down to 

below its glass transition temperature to fix the pre-deformation, can recover its permanent shape 

when heated above the glass transition temperature [4–7]. A hydrogel, which is a polymer network 

dispersed in water, can drastically change its volume in response to a change in temperature, light, 

or pH values [8–10]. SRSMs have shown promising applications in biomedical devices, energy 

storage, electronic skin, and soft robots [11–15]. 

In response to external stimuli, SRSMs can change their current configurations to a new 

equilibrium state through non-equilibrium kinetic processes, including reaction, diffusion, and 

viscoelastic relaxation. When a SMP is heated above its glass transition temperature, the non-

equilibrium kinetics is governed by heat transfer and viscoelastic relaxation [16-18]. In a hydrogel, 

external stimuli, such as light and pH changes, can induce reactions of the polymer network and 

diffusion of water molecules [19–22]. The non-equilibrium kinetic processes in SRSMs can often 

generate inhomogeneous strain inside a material evolving with time, and therefore, novel 

spatiotemporal shape-morphing behavior [23,24]. A humidity-responsive polymer subjected to a 

humidity gradient can curl up, and then uncurl or undergo continuous locomotion [25–28]. When 

a non-equilibrium oscillatory reaction occurs on the polymer network of a hydrogel, the hydrogel 

can undergo swelling and deswelling oscillation [29,30]. 

Controlling the response kinetics is a key step to designing programmable SRSMs. In recent 

years, researchers have developed self-folding structures based on SRSMs [31–33]. The sequential 

self-folding of an SMP-based composite is achieved by patterning SMPs with different glass 

transition temperatures and raising the temperature from low to high [31]. Similarly, a 

photothermal SMP sheet consisting of hinges in different colors sequentially self-folds to a 3D 

structure attributed to differential light absorption [32]. Structures and robots can also self-actuate 



making use of sequential responses of SMPs of different thicknesses to changes in temperature 

[34,35]. Taking advantage of the fact that deformation of a photo-responsive material can alter its 

relative orientation to or even block incident light, continuous locomotion and autonomous 

oscillation have been accomplished in photo-responsive materials [24,36–38], which are further 

harnessed to achieve bio-mimetic behavior, such as living cilia stir. Moreover, the SRSMs can be 

3D-printed into a complex shape, which can further deform in response to external stimuli, namely 

the 4D printing technique [39–41]. A 3D-printed SMP-based hand and octopus are programmed 

to exhibit sequential and autonomous bending by manipulating the local temperature and the 

heating time [40].  

Researchers have conducted fundamental studies of the kinetic processes of SRSMs, and 

predicted their spatiotemporal behavior [23,42–44]. Modeling the diffusion process of water into 

a paper that contacts with a water bath, researchers are able to predict the curl up of the paper 

attributed to differential swelling and the uncurl after equilibrium swelling is reached [25]. The 

kinetic process and spatiotemporal behavior are also studied in a liquid crystal elastomer (LCE), a 

polymer capable of heating-induced contraction due to a phase transition. The temporal bending 

and unbending behavior of a thermally responsive LCE cantilever beam subjected to a constant 

heat source on the boundary is captured by modeling one-dimensional heat conduction through the 

thickness and the evolution of the heating-induced contraction due to the phase transition [23]. 

Researchers have extended the kinetic model to take into account a photothermal process, where 

light absorption generates heat [42]. Moreover, by changing the light intensity, different bending 

behaviors are observed in the photothermal LCE cantilever [43]. However, the current studies 

mainly focus on single kinetic process, and only limited work has investigated concurrent kinetic 

processes [19,45,46]. It is not clear how the coupling of multiple kinetic processes and competition 

of multiple time scales influence the spatiotemporal behavior of SRSMs. Moreover, the effect of 

geometry, material, and loading on the spatiotemporal shape-morphing of SRSMs is also less 

explored. 



Using a photothermal SMP cantilever beam as a model system, this work analytically, 

numerically, and experimentally studies its spatiotemporal bending governed by multiple non-

equilibrium kinetic processes, including heat generation, conduction, and viscoelastic relaxation. 

Through dimensional analysis, we identify the key dimensionless parameters that govern the 

bending dynamics. By varying the dimensionless parameters that involve multiple kinetic 

constants, geometry and loading conditions, we observe different types of bending dynamics, 

which is further experimentally verified. Moreover, using theoretical and experimental methods, 

we examine the effect of changes in angles of incidence caused by deformation on the 

spatiotemporal behavior and bending dynamics, and demonstrate that the bending process can be 

dramatically delayed attributed to reduction of the effective light intensity when a beam subjected 

to perpendicular illumination bends significantly. This work demonstrates a generic method of 

studying the spatiotemporal behavior of SRSMs governed by multiple concurrent non-equilibrium 

processes and provides design guidelines for programmable and predictable spatiotemporal 

morphing structures and robots.  

The paper is organized as follows. Section 2 describes the finite element analysis of the 

thermomechanical cycle of a SMP cantilever beam, and its bending dynamics under light 

illumination. We discover three different types of bending dynamics. Section 3 presents an 

analytical model of bending dynamics involving the kinetic processes of photothermal heat 

generation, conduction, and viscoelastic relaxation. Section 4 discusses dimensional analysis, and 

the effect of the key dimensionless parameters on the spatiotemporal behavior and bending 

dynamics of the SMP beam. Section 5 demonstrates the effect of changes in angles of incidence 

on the bending dynamics. In Section 6, we experimentally verify the three types of bending 

dynamic behavior and the effect of changes angles of incidence. Section 7 concludes the paper. 

2 Finite element analysis and three types of bending dynamics  

Here we load and actuate a SMP beam through a thermomechanical cycle (figure 1). (i) 



Initially, the beam with a length 𝑙0 is uniaxially deformed to a specific pre-stretch, 𝜀𝑝𝑟𝑒, above its 

glass transition temperature (𝑇𝑔). (ii) Afterwards the beam is cooled to ambient temperature 𝑇0, 

which is below 𝑇𝑔, under the same strain. (iii) Then the strain is unloaded at the same temperature. 

As a result, only a small amount of strain recovers, leaving the length of the SMP 𝐿, and the stored 

strain 𝜀𝑠 fixed in the sample. (iv) Finally, shape recovery is achieved by reheating (by stimuli) 

the beam to above 𝑇𝑔 without any loading constraint. The stored strain is released, and the beam 

can recover its initial state. The schematics of the SMP beam in the thermomechanical cycle is 

illustrated in figure 1(a), while the homogeneous stress-strain history is shown in figure 1(b). 

However, the deformation of the SMP in the recovery step can be highly inhomogeneous, 

governed by kinetic processes, in response to external stimuli, specifically light illumination. 

When light is illuminated from one side of the SMP beam, the light intensity decays due to 

absorption, which generates heat (figure 2(a)). The heat is conducted in the beam and gets lost on 

the boundaries to the ambient at temperature 𝑇0. Since the releasing of the stored pre-stretch is a 

viscoelastic process with the viscosity strongly depending on the temperature, a temperature 

gradient in the sample can generate inhomogeneous strain through the thickness of the beam and 

result in bending (figure 2(b)). If the temperature in the entire sample reaches above 𝑇𝑔 , the 

deformation everywhere fully recovers, and the sample unbends. 

 

Figure 1 (a) Schematic of the thermomechanical cycle of a SMP beam, and (b) the corresponding 

homogeneous stress-strain history. 

 



 

Figure 2 Schematic of (a) light absorption, heat generation, conduction, and convection in a SMP 

beam in the initial undeformed configuration, and (b) its temporal bending behavior governed by 

non-equilibrium processes. 

 

We conduct finite element analysis (FEA) combining thermomechanically coupled elements 

that can capture the above mentioned kinetic processes of heat transfer, in conjunction with a 

viscoelastic material model, where both the modulus and viscosity are strong functions of 

temperature, to predict the spatiotemporal bending of photothermal SMP cantilever beams using 

commercial software ABAQUS/Standard 6.14.  

The Poisson’s ratio 𝜐  of the SMP is assumed to be a constant, while the instantaneous 

Young’s modulus 𝐸0 is modeled as a function of temperature 𝑇 by [47,48] 

𝐸0(𝑇) = 𝐸𝑙 +
𝐸ℎ − 𝐸𝑙

1 + 𝑒0.3∙(𝑇−𝑇𝑔)
, (1.) 

where 𝐸ℎ and 𝐸𝑙 are, respectively, the moduli at high and low temperature, between which the 

modulus undergoes a sharp transition at 𝑇 = 𝑇𝑔 . The rheological model is chosen to be the 

standard linear solid (SLS) (figure 3), which consists of a single spring element with a modulus 

𝐸0(1 − 𝑔) , and a spring-dashpot element in parallel with the modulus of the spring 𝐸0𝑔  and 

viscosity of the dashpot 𝜂𝑎, with 𝑔 the relaxation factor. As a result, the instantaneous modulus 

of the SMP is 𝐸0, while the long-term modulus drops to 𝐸0(1 − 𝑔). The shifting factor 𝑎 as a 

function of temperature 𝑇, 𝑎(𝑇), accounts for the time-temperature superposition modeled by 

William-Landel-Ferry (WLF) function [49], 

𝑎(𝑡) = 10

−𝐶1(𝑇−𝑇𝑔)

𝐶2+(𝑇−𝑇𝑔), (2.)
 



where 𝐶1 = 17.44 and 𝐶2 = 51.6 K are empirical constants. Therefore, the effective modulus of 

the SMP under a constant strain as a function of temperature 𝑇 and time 𝑡 can be written as 

𝐸(𝑇, 𝑡) = 𝐸0(𝑇) (1 − 𝑔 (1 − 𝑒
−

𝑡
𝜏(𝑇))) , 𝜏(𝑇) =

𝜂𝑎(𝑇)

𝑔𝐸0(𝑇)
, (3.) 

with 𝜏 is the relaxation time scale.  

 

Figure 3 SLS model used to describe the viscoelastic behavior of SMPs. 

 

We consider uniform light illumination along the length direction on the top of the beam 

(figure 2(a)). Through the thickness, the light propagation is assumed to satisfy the Beer-Lambert 

law with an absorption decay length 𝛼 [42,43]. Due to the photothermal effect, heat is generated 

inside the beam by absorbing the light. Thus, the volumetric heat generation rate due to light 

absorption is modeled as  

𝑄(𝑦) = −
𝜕𝐼𝜆0

𝜕𝑦
=

𝐼0

𝛼
𝑒−

𝑦
𝛼， (4.) 

where 𝐼0 is the initial light intensity, and y is the coordinate along the thickness direction in the 

initial undeformed state. Meanwhile, the generated heat conducts with a thermal conductivity k 

and volumetric heat capacity 𝐶𝑣, and lost on all the boundaries to the ambient at lower temperature 

𝑇0 with a convection coefficient h (figure 2(a)). The two-dimensional heat equation is solved in 

conjunction with the viscoelastic stress equilibrium equation using the coupled temperature-

displacement step and 8-node plane strain thermally coupled quadrilateral element CPE8T in 

ABAQUS to determine the spatiotemporal behavior of the SMP cantilever. In the next section the 

one-dimensional heat equation and boundary condition are listed as equations (10) and (11), and 



will be solved numerically together with a beam model to analytically determine the bending 

dynamics of SMP cantilevers.  

 In the following simulations in this section, we will set the parameters as: 𝐸ℎ = 10 MPa, 

𝐸𝑙 = 125  MPa, 𝜐 = 0.33 , 𝑔 = 0.8 , 𝑇𝑔  = 333 K, 𝜏(𝑇𝑔)  = 0.1 s, 𝛼  = 60 μm, 𝐶𝑣 = 1.3 ×

106 Jm-3K-1, k= 0.35 Wm−1K−1, ℎ = 25 Wm−2K−1 , and 𝑇0 = 293 K. 

Before studying the bending dynamics of a photothermal SMP beam undergoing the full 

thermomechanical cycle accounting for the kinetics of heat transfer, we first compute the uniform 

stored strain 𝜀𝑠  in the recovery step resulted from the first three steps in the cycle under the 

assumption of homogeneous temperature and deformation. Since we do not consider the heat 

transfer process, we just simply use the 4-node bilinear plane strain quadrilateral element CPE4R 

by assuming uniform distribution of temperature inside the beam. Structure elements with an 

aspect ratio close to 1 are used to mesh the SMP beam, and a minimum of 20 elements are used 

along the thickness. The time increment is selected to be close to the viscoelastic time scale 𝜏(𝑇𝑔) 

and checked against convergence. A SMP beam of length 𝑙0 = 10 mm and thickness 𝑑0 = 1 mm 

is pre-stretched to 𝜀𝑝𝑟𝑒 = 5%, 10%, 15% strain at T = 353 K (figure 1(a)). Then the temperature 

is cooled from 353 K to 293 K with a constant rate - 0.75 Ks-1 prior to removing the load. Finally, 

the temperature increases from 293 K to T with a constant rate of 0.75 Ks-1. The stored strain as a 

function of time t, and therefore temperature T, 𝜀𝑠(𝑇), in the recovery step is computed (figure 4). 

The result shows that at a temperature lower than 𝑇𝑔 most strain is stored with a small spring-

back from 𝜀𝑝𝑟𝑒  after removing the load, while as the temperature increases, the stored strain 

decreases dramatically and completely recovers zero at a temperature slightly higher than 𝑇𝑔.  



 

Figure 4 Comparison of the results from FEA and analytical model on the relation between the 

stored strain 𝜀𝑠  and temperature under pre-stretch 𝜀𝑝𝑟𝑒 =  5%, 10%, and 15% with a constant 

heating rate of 0.75 Ks-1. 

 

Next, we use the 8-node plane strain thermally coupled quadrilateral element CPE8T to 

capture the bending and unbending phenomenon in the recovery step after a full thermomechanical 

cycle accounting for the kinetics of heat transfer. A structure mesh similar to that described in the 

last paragraph is used. To accurately capture the solution to the heat equation, the time increment 

is selected to be close to the diffusion time scale across an element, 𝐶𝑣𝑚2/𝑘 with m the element 

size, and checked against convergence. The loading in the first three steps are the same as described 

in the last paragraph. In the recovery step, the temperature and strain in the photothermal SMP in 

response to light illumination can be highly inhomogeneous, governed by kinetic processes (figure 

5). A SMP beam with the same dimension as the previous case is first uniaxially pre-stretched to 

5% strain at T = 353 K (figure 5(a) and (b)), and then cooled to 293 K to fix the deformed shape 

(figure 5(c)). When the SMP beam is illuminated by light with intensity 𝐼0 = 3000 Wm-2 from 

the top surface, the top layers absorb light and convert it to heat, which is gradually conducted into 

the bottom layer or lost on the boundaries. Figure 5(e) shows the temporal evolution of the 

temperature at different locations 𝑦 𝑑0⁄  = 0, 0.5, 1, which corresponds to the top, middle and 

bottom surfaces, respectively. The temperature at different locations gradually increases to above 



𝑇𝑔, but the temperature on the top surface is always higher than that on the bottom surface. Once 

the temperature reaches 𝑇𝑔 , the stored pre-stretch 𝜀𝑠  is released. The stored strain on the top 

surface is released earlier than that in other places (figure 5(f)), leading to a significant strain 

gradient through the thickness, which causes bending of the beam (figure 5(d)). When the 

temperature in the entire sample reaches above 𝑇𝑔, the stored strain becomes zero everywhere, 

and the sample unbends. Correspondingly, the bending curvature R normalized by the initial 

thickness of the beam (figure 1(a)), 𝑑0/R, non-monotonically increases and then decreases to zero 

(figure 6(b)). 

 

Figure 5 FEA results showing the (a) initial configuration, (b) pre-deformed shape, (c) cooling and 

unloading processes, (d) and bending of a SMP beam at t = 29.3 s. The color in part (d) represents 

the temperature distribution. Temporal evolution of the (e) temperature and (f) stored strain at 

𝑦 𝑑0⁄  = 0, 0.5, 1 from the FEA. 

 



We next demonstrate three different types of bending dynamics by simply varying the light 

intensity from 𝐼0 = 3000  Wm-2, 2000  Wm-2 to 1750  Wm-2 (figure 6, see Supplementary 

video S1). The three types of bending dynamics are similar to that predicted by Zhou et al. [43]. 

When 𝐼0 = 3000 Wm-2, the temperature on the top and bottom surfaces of the SMP gradually 

increases to above 𝑇𝑔 (figure 6(a)). Correspondingly, the normalized bending curvature, 𝑑0/R, of 

the SMP increases, reaches the maximum value, and gradually decreases to zero (figure 6(b),). 

When the light intensity is lower, 𝐼0 = 2000 Wm-2, the temperature on the top surface of the SMP 

gradually increases to above 𝑇𝑔 but the temperature on the bottom surface reaches a plateau value 

below 𝑇𝑔  due to the heat loss by convection (figure 6(a)). As a result, the curvature non-

monotonically increases and decreases, but eventually reaches a non-zero plateau value (figure 

6(b)). The beam does not completely unbend, but remains in a bent state. When the light intensity 

is very low, 𝐼0 = 1750 Wm-2, the temperature on the top and bottom surfaces of the SMP are 

much lower than 𝑇𝑔  (figure 6(a)), and the bending curvature monotonically increases until a 

plateau value (figure 6(b)). In the following sections, we will further develop an analytic model 

and conduct experiments to better understand how the coupling and competition of multiple kinetic 

processes influences the bending dynamics.  

 

Figure 6 (a) Temporal evolution of the temperature on the top and bottom surfaces of the SMP 

beam under light intensity 𝐼0 = 3000 Wm-2, 2000 Wm-2 and 1750 Wm-2. (b) The temporal 

evolution of the bending curvature shows three different types of bending behavior for the three 



light intensities. 

3 Theoretical model  

In this section, to better understand the bending dynamics we establish an analytical model, 

which also facilitates the dimensional analysis in the later section. To model the bending behavior 

of the SMP beam due to differential recovery of the stored strain through the thickness, we will 

first model uniform shrinkage of the SMP beam to investigate the relation between the stored strain 

and temperature. Then, we will establish a dynamic bending model for the photothermal SMP 

cantilever beam accounting for its multiple kinetic processes, and compare the results with FEA 

simulations. 

 

3.1 Uniform contraction 

In this section, we will first model uniform contraction, where the temperature is assumed 

distributed uniformly in the SMP beam. Same as that in the FEA, the SMP beam is uniaxially pre-

stretched to a specific strain 𝜀𝑝𝑟𝑒 above its 𝑇𝑔. Then the beam is cooled to 𝑇0 < 𝑇𝑔 under the 

same strain. Next, the load is removed, and the stored strain 𝜀𝑠 is fixed in the beam. Finally, when 

the sample is heated again, the stored strain further evolves as a function of time, 𝜀𝑠(𝑡). 

Here we also adopt the SLS model for the SMP (figure 3). It assumes that the total stress 𝜎 

equals the summation of those on the single spring and spring-dashpot elements, while both the 

elements have the same total strain 𝜀, which equals the summation of the strains in the spring and 

dashpot in the spring-dashpot element. Based on the above assumptions, we can obtain the relation 

between the stress 𝜎 and strain 𝜀, 

𝜎 +
𝜂𝑎

𝑔𝐸0
𝜎̇ = 𝐸0(1 − 𝑔)𝜀 +

𝜂𝑎

𝑔
𝜀̇, (5.) 

where 𝜎̇ is the changing rate of the stress, and 𝜀̇ is the changing rate of the strain. Based on the 

thermomechanical cycle, the stored strain in the recovery step is released without any stress. 



Therefore, we have 

𝜎̇ = 0, 𝜎 = 0, 𝜀 = 𝜀𝑠 (6.) 

and equation (5) can be further simplified to 

𝐸0(𝑇)(1 − 𝑔)𝜀𝑠 +
𝜂𝑎(𝑇)

𝑔
𝜀𝑠̇ = 0, (7.) 

The recovery of the stored strain as a function of time, 𝜀𝑠(𝑡), can be obtained by solving equation 

(7) with a prescribed heating rate, 𝑇 = 𝑇(𝑡), inserted into the temperature-dependent 𝐸0(𝑇) and 

𝑎(𝑇). Specifically, in this subsection we consider a constant heating rate, 𝑇(𝑡) = 𝑇0 + 𝑇̇𝑡. The 

initial condition of 𝜀𝑠 at the beginning of the recovery step, 𝑡 = 0, can be obtained by calculating 

the spring-back strain due to removal of the load (figure 1(b)) 

𝜀𝑠(0) = 𝜀𝑝𝑟𝑒 −
𝜎𝑚𝑎𝑥

𝐸𝑙
, (8.) 

where 𝜎𝑚𝑎𝑥 represents the peak stress after cooling, and can be determined by solving equation 

(5) at the end of the cooling step, i.e. setting 𝜎̇ = 0, 𝜀̇ = 0, 𝜀 = 𝜀𝑝𝑟𝑒 and 𝑇 = 𝑇0 

𝜎𝑚𝑎𝑥 = 𝐸0(𝑇0)(1 − 𝑔)𝜀𝑝𝑟𝑒 , (9.) 

Hence, by solving 𝜀𝑠(𝑡) using equations (7)-(9) and inserting the temperature-time relation 

𝑇(𝑡) into 𝜀𝑠(𝑡), we can obtain the relation between the stored strain and temperature 𝜀𝑠(𝑇). All 

the parameters, including the heating rate 𝑇̇ , are selected to be the same as the FEA. The 

dependence of the stored strain on temperature from the analytical results agrees well with that 

from FEA (figure 4). When increasing the heating rate from 𝑇̇ = 0.01 Ks-1, 0.75 Ks-1, 22 Ks-

1 to 10000 Ks-1, we can see a higher heating rate delays the releasing of stored strains at the same 

temperature (figure 7). But eventually, at a high enough temperature, the stored strain can fully 

recover. 



 

Figure 7 The results from the analytical model on the relation of stored strain 𝜀𝑠 and temperature 

T for a SMP subjected to pre-stretch 𝜀𝑝𝑟𝑒 = 5% and different heating rate 𝑇̇ = 0.01 Ks-1, 0.75 

Ks-1, 22 Ks-1 and 10000 Ks-1. 

 

3.2 Bending 

In this section, we will consider the recovering step of the SMP beam subjected to light 

illumination, where heat generates and conducts through the thickness of the beam, and the 

generated temperature gradient gives rise to differential strain and bending behavior. Assuming 

that the light is uniformly distributed along the length direction and only propagates through the 

thickness direction of the SMP beam, we can simplify the heat equation to a one-dimensional 

problem along the thickness direction y,  

𝐶𝑣
𝜕𝑇(𝑦,𝑡)

𝜕𝑡
− 𝑘

𝜕2𝑇(𝑦,𝑡)

𝜕𝑦2 = 𝑄(𝑦), (10.)    

where the temperature 𝑇(𝑦, 𝑡) is a function of position y and time t, the thermal conductivity k 

and volumetric heat capacity 𝐶𝑣 are the same as defined in Section 2, and the volumetric heat 

generation rate 𝑄(𝑦)  is defined in equation (4). Thus, the stored strain 𝜀𝑠(𝑇, 𝑡)  and modulus 

𝐸(𝑇, 𝑡) become functions of position and time, 𝜀𝑠(𝑦, 𝑡) and 𝐸(𝑦, 𝑡). The generated heat gets lost 

on the top and bottom boundaries to the ambient at temperature 𝑇0, so the boundary conditions are 



−𝑘
𝜕𝑇

𝜕𝑦
= −ℎ(𝑇 − 𝑇0) at 𝑦 =  0, −𝑘

𝜕𝑇

𝜕𝑦
= ℎ(𝑇 − 𝑇0) at 𝑦 =  𝑑0. (11.)   

Taking the deformed shape at the beginning of the recovery step as the reference state, we 

define the light-induced strain as  

𝜀𝐿(𝑦, 𝑡) =
𝑙(𝑦, 𝑡)

𝐿(𝑦)
− 1, (12.) 

where 𝐿(𝑦) = (1 + 𝜀𝑠(𝑦, 0)) ∙ 𝑙0 is the initial length in the reference state, and the current length 

is 𝑙(𝑦, 𝑡) = (1 + 𝜀𝑠(𝑦, 𝑡)) ∙ 𝑙0. The light-induced strain can be written as  

𝜀𝐿(𝑦,  𝑡) =
𝜀𝑠(𝑦, 𝑡) − 𝜀𝑠(𝑦, 0)

1 + 𝜀𝑠(𝑦, 0)
. (13.) 

The total strain is composed of light-induced strain 𝜀𝐿(𝑦,  𝑡) and elastic strain 𝜀𝑒(𝑦, 𝑡) [50]  

𝜀(𝑦, 𝑡) = 𝜀𝐿(𝑦, 𝑡) + 𝜀𝑒(𝑦, 𝑡). (14.) 

Assuming the strain is small and the simple beam theory is applicable, we obtain the relation 

between the radius of curvature of the neutral plane, R, and the strain difference at y and the neutral 

plane 𝑦𝑛, 𝜀(𝑦, 𝑡) − 𝜀(𝑦𝑛, 𝑡),  

𝜀(𝑦, 𝑡) − 𝜀(𝑦𝑛, 𝑡) =
𝑦 − 𝑦𝑛

𝑅(𝑡)
. (15.) 

Since there is no stress at the neutral axis, we have 𝜀𝑒(𝑦𝑛, 𝑡) = 0, and thus 

𝜀(𝑦𝑛, 𝑡) = 𝜀𝐿(𝑦𝑛, 𝑡). (16.) 

Combining equations (14)-(16), we obtain  

𝜀(𝑦, 𝑡) =
𝑦 − 𝑦𝑛

𝑅(𝑡)
+ 𝜀𝐿(𝑦𝑛, 𝑡), (17.) 

𝜀𝑒(𝑦, 𝑡) =
𝑦−𝑦𝑛

𝑅(𝑡)
+ 𝜀𝐿(𝑦𝑛, 𝑡) − 𝜀𝐿(𝑦, 𝑡), (18.)  

and the stress is 

𝜎(𝑦, 𝑡) = 𝐸𝜀𝑒 = 𝐸(𝑦, 𝑡) [
𝑦 − 𝑦𝑛

𝑅(𝑡)
+ 𝜀𝐿(𝑦𝑛, 𝑡) − 𝜀𝐿(𝑦, 𝑡)] . (19.) 

Since there is no external force or moment, the force and moment balance should be satisfied 

𝑁 = ∫ 𝜎
𝑑0

0

𝑑𝑦 = 0 𝑎𝑛𝑑 𝑀 = ∫ 𝜎𝑦
𝑑0

0

𝑑𝑦 = 0. (20.) 

By plugging equation (19) into equation (20) and eliminating 𝜀𝐿(𝑦𝑛, 𝑡) − 𝑦𝑛/𝑅, we can obtain 



the evolution of the dimensionless curvature 𝑑0/𝑅(𝑡) as  

𝑑0

𝑅(𝑡)
=

𝐸1𝜎𝐿̅̅ ̅ −
𝐸0𝑚𝐿̅̅ ̅̅

𝑑0

𝐸12
− 𝐸0𝐸2

, (21.)
 

where 𝐸0 =
1

𝑑0
∫ 𝐸

𝑑0

0
𝑑𝑦 , 𝐸1 =

1

𝑑0
2 ∫ 𝐸𝑦

𝑑0

0
𝑑𝑦 , 𝐸2 =

1

𝑑0
3 ∫ 𝐸𝑦2𝑑0

0
𝑑𝑦 , 𝜎𝐿̅̅ ̅ =

1

𝑑0
∫ 𝐸𝜀𝐿

𝑑0

0
𝑑𝑦 , 𝑚𝐿̅̅ ̅̅ =

1

𝑑0
∫ 𝐸𝜀𝐿𝑦

𝑑0

0
𝑑𝑦. 

 We use the following algorithm to determine the temporal evolution of the radius of curvature, 

𝑅(𝑡), solved in MATLAB. The partial differential equation (10) is first solved by the function 

Pdepe to determine the spatiotemporal distribution of temperature 𝑇(𝑦, 𝑡). Then the stored strain 

𝜀𝑠(𝑦, 𝑡) at a given position y as a function of time t is solved from the ordinary differential equation 

(7) via the function Ode45 with the heating history 𝑇(𝑦, 𝑡) obtained in the previous step. Next, 

𝜀𝐿(𝑦,  𝑡) is obtained from equation (13). Finally, 𝑅(𝑡) is determined by equation (21).  

The same parameters in the FEA shown in figure 5 are used in the theoretical model to 

compare the results. Figure 8(a) shows that the temporal evolution of the temperature at different 

locations from the analytical model is almost the same as the FEA results shown in figure 5(e). 

Figure 8(b) shows the temporal evolution of the light-induced strain 𝜀𝐿, which undergoes a sharp 

transition from zero to a negative value at different time for points at different locations 𝑦 𝑑0⁄ , 

leading to differential strain through the thickness, and therefore, bending of the beam. The 

bending curvature calculated using equation (21) increases, reaches the maximum value, and then 

decreases with time, showing a similar trend as that in FEA (figure 8(c)). However, the value 

slightly deviates from that in the FEA, potentially because the stored strain 𝜀𝑠(𝑦, 𝑡) obtained as 

described in Section 3.1 is at zero stress, which is violated in the two-dimensional FEA. 



 

Figure 8 Analytical solution of the temporal evolution of (a) temperature T and (b) light-induced 

strain 𝜀𝐿 at 𝑦 𝑑0⁄  = 0, 0.5, 1. (c) Comparison of the temporal evolution of the curvature from the 

analytical model and FEA. 

 

4 Dimensional analysis 

The non-equilibrium processes, including heat transfer and viscoelastic relaxation, determine 

the spatiotemporal temperature and strain distributions, and therefore the bending dynamics, of the 

SMP beam. To investigate the influence of geometry and material properties, including the kinetic 

constants of the multiple kinetic processes, on the bending dynamics, dimensional analysis will be 

conducted in this section.  

We normalize all the equations. In particular, the heat equation and its boundary conditions, 

equations (10) and (11) in Section 3 are normalized as 



𝜕𝑇̂

𝜕𝑡̂
−

𝜕2𝑇̂

𝜕𝑦̂2
= 𝐼𝑒

−
𝑦̂
𝛼̂ , (22.) 

𝜕𝑇̂

𝜕𝑦̂
= ℎ̂(𝑇̂ − 1) at 𝑦̂ = 0, −

𝜕𝑇̂

𝜕𝑦̂
= ℎ̂(𝑇̂ − 1) at 𝑦̂ = 1, (23)  

where  

𝑇̂ =
𝑇

𝑇0
, 𝑡̂ =

𝑡𝑘

𝐶𝑣𝑑0
2 , 𝑦̂ =

𝑦

𝑑0
. (24) 

There are totally ten dimensionless numbers in this coupled thermomechanical problem defined as 

𝐼 =
𝐼0𝑑0

2

𝑘𝑇0𝛼
, 𝛼̂ =

𝛼

𝑑0
, ℎ̂ =

ℎ𝑑0

𝑘
, 𝑔, 𝜀𝑝𝑟𝑒 , (25) 

𝜋1 =
𝐸𝑙

𝑇0𝐶𝑣
, 𝜋2 =

𝜂𝑘

𝐸𝑙𝐶𝑣𝑑0
2 , 𝜋3 =

𝑇0

𝑇𝑔
, 𝜋4 =

𝐸ℎ

𝐸𝑙
, 𝜋5 =

𝑙0

𝑑0

(26) 

where 𝐼 represents the competition between the heat generation and conduction, such that higher 

𝐼 indicates heat generation is faster than conduction. The dimensionless number 𝛼̂ is the ratio of 

the absorption decay length to the thickness, and larger 𝑎̂ indicates a larger light absorption region. 

The dimensionless number ℎ̂  represents the competition between convection and conduction; 

higher ℎ̂ indicates more heat loss than conduction. The dimensionless number 𝑔 represents the 

amount of viscous relaxation of the SMP, while 𝜀𝑝𝑟𝑒  represents the pre-stretch applied to the 

cantilever beam. The dimensionless number 𝜋1 represents the relation between the elastic energy 

and the thermal energy, 𝜋2  represents the competition between the relaxation time scale and 

conduction time scale, 𝜋3 is the ratio of the ambient to the glass transition temperatures, 𝜋4 is 

the ratio of the modulus under high temperature to low temperature, and 𝜋5 is the ratio of length 

to thickness. Note that the parameters 𝐶1  and 𝐶2  are not considered in the dimensionless 

numbers, since their values are fixed. Moreover, the length-to-width ratio 𝜋5 only influences the 

results of the two-dimensional FEA, but not the one-dimensional analytical model. The first five 

dimensionless numbers defined in equation (25) play more significant roles in governing the 

bending dynamics, and will be studied more carefully in the following. We set the same values for 

the parameters as in Section 2, so that the other dimensionless parameters are fixed as 𝜋1 =



0.33, 𝜋2 = 0.0145, 𝜋3 = 0.88, 𝜋4 = 0.08 and 𝜋5 = 10  without mentioning. For the studies 

about 𝐼, 𝛼̂, and ℎ̂ in Section 4.1-4.3, we set 𝑔 = 0.8 and 𝜀𝑝𝑟𝑒 = 5%. For the studies about 𝑔 

and 𝜀𝑝𝑟𝑒 in Section 4.4 we set 𝐼 = 0.488, 𝛼̂ = 0.06, and ℎ̂ = 0.071. 

Meanwhile, we also obtain four time scales from dimensional analysis, which are: 

𝑡1 =
𝐶𝑣𝑑0

2

𝑘
, 𝑡2 =

𝐶𝑣𝛼𝑇0

𝐼0
, 𝑡3 =

𝐶𝑣𝑑0

ℎ
, 𝑡4 =

𝜂

𝐸𝑙
, (27)  

where 𝑡1 is the time scale for conduction, 𝑡2 is the time scale for heat generation, 𝑡3 is the time 

scale for convection, and 𝑡4 is the time scale of viscous relaxation. 𝑡1 is used as the time scale to 

normalize the time in the following sections. 

 Next, we will study the effect of the five dimensionless numbers in equation (25) on the 

spatiotemporal behavior and bending dynamics of SMP beams. Since the results from the FEA and 

analytical model agree well with each other, we will only show the FEA results in this section. 

 

4.1 Effect of 𝑰̂  

The spatiotemporal temperature of the SMP beam is affected significantly by the 

dimensionless parameter 𝐼; higher 𝐼 represents more heat generation compared to conduction. 

Due to photothermal heat generation, the surface temperature in a SMP beam monotonically 

increases with time (figure 9(a)). When 𝐼~1, the time for the surface temperature to reach 𝑇𝑔 is 

comparable to 𝑡1. As 𝐼 decreases, the temperature rises more slowly, and reaches 𝑇𝑔 in a longer 

time. Figure 9(b) shows the temperature distributions through the thickness at 𝑡 𝑡1⁄ = 2.5. A 

higher temperature gradient under higher 𝐼 (figure 9(b)) generates a higher strain gradient through 

the thickness of the beam, which induces a more significant bending (figure 9(c)). Higher 𝐼 also 

reduces the time to reach the maximum bending curvature, 𝑡𝑚𝑎𝑥, since the temperature in the 

entire sample reaches 𝑇𝑔 faster. Figure 9(d) shows that as 𝐼 increases, the normalized maximum 

bending curvature of the beam, 𝑑0 𝑅⁄
𝑚𝑎𝑥

, increases monotonically, and the normalized time to 



reach the maximum bending curvature, 𝑡𝑚𝑎𝑥 𝑡1⁄ , decreases monotonically. When 𝐼 is low, for 

example, 𝐼 = 0.325 corresponding to 𝐼0 = 2000 Wm-2 in figure 6, the bending curvature non-

monotonically increases and decreases to a non-zero plateau value with time (see Supplementary 

video S1). When 𝐼 is even lower, for example, 𝐼 = 0.284 corresponding to 𝐼0 = 1750 Wm-2 

in figure 6, the bending curvature monotonically increases (see Supplementary video S1). These 

curves are not further shown here, since they have been shown in figure 6. 

 

Figure 9 (a) Temporal evolution of the surface temperature of the cantilever beam for different 

𝐼 = 1, 0.650, 0.488, 0.406, 0.284 . (b) Temperature distributions through the thickness at time 

𝑡 𝑡1⁄ = 2.5 , and (c) temporal evolution of the bending curvature for different 𝐼 =

1, 0.650, 0.488, 0.406 . (d) Dependence of the maximum bending curvature 𝑑0 𝑅⁄
𝑚𝑎𝑥

 and the 

time to reach the maximum bending curvature 𝑡𝑚𝑎𝑥 𝑡1⁄  on 𝐼. Other dimensionless numbers are 

set as 𝑔 = 0.8, 𝜀𝑝𝑟𝑒 = 5%, 𝛼̂ = 0.06, and ℎ̂ = 0.071. 

 



4.2 Effect of 𝜶̂  

The dimensionless parameters 𝛼̂  describes the ratio of the absorption decay length to the 

thickness. As 𝛼̂ increases, heat is generated in a larger region. When the absorption decay length 

is much greater than the beam thickness, heat is generated throughout the beam without much 

decay, so the temperature in the entire beam is distributed almost uniformly and reaches 𝑇𝑔 

rapidly, and the beam only bends slightly. At the other extreme, when the absorption decay length 

is much smaller than the beam thickness, heat is only generated in a thin surface layer of the SMP, 

which is not enough to trigger a significant bending of the beam even after a long time. Thus, the 

maximum bending curvature non-monotonically increases and then decreases with 𝛼̂, reaching an 

optimal value at around 𝛼̂ = 0.33 (figure 10(a) and (b)). However, figure 10(b) shows that the 

time to reach the maximum bending curvature still decreases monotonically as 𝛼̂ increases, since 

heat generation in a larger region takes shorter time of conduction for the entire beam to reach 𝑇𝑔. 

 

Figure 10 (a) Temporal evolution of the bending curvature for different 𝛼̂ =

3, 1, 0.5, 0.33, 0.25, 0.166, 0.143. (b) Dependence of the maximum bending curvature 𝑑0 𝑅⁄
𝑚𝑎𝑥

 

and the time to reach the maximum bending curvature 𝑡𝑚𝑎𝑥 𝑡1⁄  on 𝛼̂ . Other dimensionless 

numbers are set as 𝑔 = 0.8, 𝜀𝑝𝑟𝑒 = 5%, 𝐼 = 0.488, and ℎ̂ = 0.071. 

 



4.3 Effect of 𝒉̂  

Similar to 𝐼 and 𝛼̂, the dimensionless parameter ℎ̂, the competition between the heat loss 

and conduction, also influences the spatiotemporal temperature variation. Higher ℎ̂ represents 

more heat loss on the boundary due to convection, resulting in a lower surface temperature. 

According to figure 6 and figure 9 (a), when 𝐼 = 0.284, corresponding to 𝐼0 = 1750 Wm-2, the 

temperature of the beam cannot reach 𝑇𝑔 and the curvature increases monotonically. However, 

by decreasing the value of ℎ̂ from 0.142, 0.071 to 0.035, the temperature of the beam can be 

controlled from below 𝑇𝑔 , close to 𝑇𝑔 , to above 𝑇𝑔 , respectively (figure 11(a)). A lower ℎ̂ 

generates a higher strain gradient and earlier bending with a higher curvature (figure 11(b)). 

Different types of bending behavior can also be achieved by tuning ℎ̂ (figure 11(b)). 

 

Figure 11 (a) Temporal evolution of the surface temperature, and (b) temporal evolution of the 

bending curvature for different ℎ̂ = 0.035, 0.071, 0.142. Other dimensionless numbers are set as 

𝑔 = 0.8, 𝜀𝑝𝑟𝑒 = 5%, 𝐼 = 0.284, and 𝛼̂ = 0.06. 

 

4.4 Effect 𝒈 and 𝜺𝒑𝒓𝒆  

 The dimensionless parameters 𝑔 and 𝜀𝑝𝑟𝑒, which represent the amount of relaxation of the 



material and the amount of pre-strain applied to the SMP, respectively, are two critical 

dimensionless parameters related to mechanical properties and loadings. Studies of 𝑔 and 𝜀𝑝𝑟𝑒 

are conducted with fixed values of other dimensionless numbers, 𝐼 = 0.488, 𝛼̂ = 0.06, and ℎ̂ =

0.071 . We observe that both higher 𝑔  and 𝜀𝑝𝑟𝑒  lead to higher stored strain during recovery 

(figure 12(a) and (b)). Under the assumption of zero stress, the stored strain for a uniform 

contraction shown in figure 4 monotonically decreases when temperature and time increases. 

However, interestingly, for a SMP undergoing photothermally induced bending, we observe the 

stored strain 𝜀𝑠 at 𝑦 𝑑0⁄  = 0 non-monotonically decreases, increases and then decreases again 

with time for high 𝜀𝑝𝑟𝑒 = 15% (figure 12(b)). This is because the modulus and stored strain of the 

surface layer decrease dramatically when its temperature goes above 𝑇𝑔, while the temperature in 

the next layer can still be below 𝑇𝑔, leading to a large mismatch modulus and strain. This large 

mismatch modulus and strain can stretch the more compliant surface layer during bending, in 

conjunction with the heat transfer process, and cause non-monotonic changes of the stored strain.  

Moreover, we observe that both higher 𝑔 and 𝜀𝑝𝑟𝑒 lead to longer time to fully release the stored 

strain (figure 12(a) and (b)). As a result, the time to reach the maximum bending curvature, 

𝑡𝑚𝑎𝑥 𝑡1⁄ , increases (figure 12(c)). However, compare to 𝜀𝑝𝑟𝑒 , 𝑔  influences 𝑡𝑚𝑎𝑥 𝑡1⁄   more 

significantly (figure 12(c)). Similarly, as 𝑔  increases, the maximum bending curvature 

𝑑0 𝑅⁄
𝑚𝑎𝑥

 increases under the same pre-strain 𝜀𝑝𝑟𝑒 because the material stores more pre-stretch 

(figure12(a) and (d)). On the other hand, if the viscoelastic relaxation 𝑔 is fixed, the material 

stores more deformation with a higher pre-strain 𝜀𝑝𝑟𝑒  (figure 12(b)), and therefore a higher 

maximum bending curvature 𝑑0 𝑅⁄
𝑚𝑎𝑥

 can also be achieved (figure 12(e)).  



 

Figure 12 Temporal evolution of the stored strain (a) for different viscoelastic relaxation 𝑔 = 0.1, 

0.3, 0.5, 0.7, 0.9 and (b) pre-strain 𝜀𝑝𝑟𝑒 = 5%, 10%, 15% at 𝑦 𝑑0⁄  = 0. (c) Time to reach the 

maximum bending curvature, 𝑡𝑚𝑎𝑥 𝑡1⁄ , as functions of 𝑔 and 𝜀𝑝𝑟𝑒. Maximum bending curvature 

as functions of (d) 𝑔 and (e) 𝜀𝑝𝑟𝑒. Other dimensionless numbers are set as 𝐼 = 0.488, 𝛼̂ = 0.06, 

and ℎ̂ = 0.071. 

 

5 Changes in angles of incidence caused by deformation  

When a SMP beam subjected to perpendicular illumination bends significantly, most parts are 

away from being perpendicular to the light incident, leading to reduced effective light intensity 

(figure 13). In this section, we include this effect of changes in angles of incidence caused by 

deformation into our analytical and finite element models, and investigate its influence on bending. 

In the previous FEA and analytical model in Section 2 and 3, the temperature field informs the 

distribution of the modulus and viscosity of the material to determine the deformation based on 

the prior loading history, whereas the deformation field does not affect the temperature field. Here 



by accounting for changes in angles of incidence due to deformation, the deformation field can 

reversely alter the heat generation, making this a fully coupled problem. 

We assume when the incident angle 𝜃 is non-zero, the effective intensity of the incident light 

is 𝐼0 cos 𝜃  [51], which describes the normal component of the light intensity 𝐼0 . We limit 

ourselves to an incident angle between 0° to 90°, since when the incident angle is more than 90°, 

the more complex self-shaded effect, i.e. the light source is blocked by the beam itself, has to be 

taken into consideration. We assume the angle of the incident light only influences the effective 

light intensity; the other kinetic processes, material properties, and geometry are the same as we 

discussed in the previous sections. In FEA, we define the incident angle 𝜃 as the angle between 

the light and the normal direction of the top surface, which is a function of the x coordinate and 

time 𝑡, 𝜃 = 𝜃(𝑥, 𝑡) due to the spatiotemporal shape-morphing of the beam. The heat equation 

(10) can be rewritten as:  

𝐶𝑣

𝜕𝑇

𝜕𝑡
− 𝑘

𝜕2𝑇

𝜕𝑦2
=

𝐼∗

𝛼
𝑒−

𝑦
𝛼 , (28) 

where 𝐼∗ = 𝐼0 cos(𝜃(𝑥, 𝑡)). To solve equation (28) by FEA, we develop a Python code to call 

ABAQUS CAE iteratively. In every iteration, we solve the displacement and the angle of incidence 

of every node, and update the heat generation by adding a new step into the CAE file and running 

the computation again to obtain the new angle of incidence (see Supplementary materials 2). To 

investigate the effect of changes in angles of incidence caused by deformation on the bending 

dynamics, we will next exam two cases: (1) perpendicular illumination (𝜃0 = 0°, figure 14), and 

(2) tilted illumination (figure 15). For the studies in this section, we take 𝐼 = 0.488, 𝛼̂ = 0.06, 

ℎ̂ = 0.071, and 𝑔 = 0.8 as the default values without mentioning. 

 

Figure 13 Schemetic of angle of incidence in the (a) initial configuration, and (b) bent 

configuration. 



 

Here we take into consideration the effect of deformation on angle of incidence and model the 

bending dynamics of a SMP beam that is first uniaxially pre-stretched to 30%, fixed at a low 

temperature, and then subjected to perpendicular illumination (figure 14, see Supplementary video 

S2). When exposed to light, the beam bends significantly (figure 14(a)). As a result, most parts are 

far away from being perpendicular to the incident light, which reduces the effective light intensity 

in these regions and delays bending and unbending. Inhomogeneous curvature evolution from 

point A to point D is noticeable (figure 14(a)). At point A, which is close to the clamp end, the 

deflection, and therefore the incident angle, is small (figure 14(b)). As a result, the curvature of 

point A non-monotonically increases and then decreases to zero as time increases (figure 14(c)). 

As a comparison, the bending curvature of the case without changes in the angle of incidence, i.e. 

with a constant zero angle of incidence, is also plotted, and called the reference (the blue curve in 

figure 14(c)). Since the bending curvature of the reference case is uniform, the result is the same 

no matter what point is considered. The evolution of the bending curvature of point A is similar to 

the reference case, but shows a slightly lower maximum bending curvature at a later time since the 

angle of incident light slightly reduces the light intensity. The beam at point B has a larger bending 

angle (figure 14(b)), so the curvature of point B initially increases in the same manner as that of 

point A, then remains at a non-zero plateau value for certain time, and finally decreases to zero 

(figure 14(c)). As compared with that of the previous points, the bending angles at points C and D 

are much higher (figure 14(b)). Correspondingly, the curvatures of points C and D first increase, 

remain at a non-zero plateau, then increase again to the maximum curvature, and finally decrease 

to zero (figure 14(c)). This means that the beam first partially bends at the two points, then 

continues the bending after a delay time, and finally unbends. The plateau curvature of point D is 

lower but lasts longer than that of point C due to the greater bending angle of point D. In summary, 

complex and inhomogeneous curvature evolution is observed at different points. As a result, the 

dimensionless deflection at the tip x = 𝑙0, 𝑉(𝑙0)/𝑙0, reaches a maximum value at a later time than 

that of the reference case with a constant zero angle of incidence due to reduced effective light 

intensity (figure 14(d)). However, the maximum deflection of the reference is slightly lower, 



because the bending is slightly over 90°, which is supposed to be corrected for the self-shaded 

effect. 

 

Figure 14 Effect of changes in angles of incidence caused by deformation on bending dynamics 

for a SMP beam subjected to perpendicular illumination. (a) FEA result of the shape evolution of 

a SMP beam which is first pre-stretched to 30%, and then subjected to perpendicular light 

illumination. The three contour plots show the shape and temperature distribution at 𝑡 𝑡1⁄ = 0, 

8.1, 13.5, respectively. Temporal evolution of (b) cos𝜃  and (c) bending curvature 𝑑0 𝑅⁄   at 

different points 𝑥/𝑙0 = 0.32, 0.64, 0.76, 0.92 defined in part a, with the reference curve showing 

the behavior of a constant zero angle of incidence of the homogeneous bending of a SMP beam. 

(d) Temporal evolution of the dimensionless tip deflection, 𝑉(𝑙0)/𝑙0. 

 

Next, we model the bending dynamics of a SMP beam that is first pre-stretched to 30%, and 

then subjected to tilted illumination at an initial incident angle of 30° (figure 15, see Supplementary 



video S2). In some regions, the bending causes the incident angle to non-monotonically decrease 

to zero, and then increase again (figure 15(b)). Due to the non-monotonic changes of the angle of 

incidence, it is expected that the effect of changes in angles of incidence plays a less significant 

role on the average bending dynamics in this case of the tilted illumination than that in the 

perpendicular illumination. Even though, different types of temporal evolution of curvature are 

still observed at different locations (figure 15(c)). Point A is close to the clamp end, so the angle 

of incidence becomes larger than the initial angle 𝜃0 at all time. Therefore, the curvature of point 

A non-monotonically increases and decreases to zero, where the maximum curvature is reached 

earlier than that in the reference case with a constant incident angle 𝜃0, although later than that in 

the reference case with a constant zero incident angle (figure 15(c)); the bending curvatures of 

both reference cases are uniform. The bending angle of point B is larger, so the angle of incidence 

non-monotonically decreases to zero, and then increases to above 𝜃0 (figure 15(b)). Although the 

curvature at point B still non-monotonically increases and decreases to zero, there is a slight delay 

compared to the reference case with a constant incident angle 𝜃0 (figure 15(c)). Further away 

from the clamp end, point C reaches a higher angle of incidence due to bending after the non-

monotonic change (figure 15(b)), and has more obvious delay in bending (figure 15(c)). 

Nevertheless, in comparison to the perpendicular illumination, this case of tilted illumination is 

less influenced by changes in the angles of incidence, and does not show complex temporal 

bending behavior in some regions, like partial bending and continued bending after a delay time. 

As a result of the non-monotonic decrease and increase of the angle of incidence, the dimensionless 

tip deflection, 𝑉(𝑙0)/𝑙0, reaches a lower maximum value but at an earlier time, compared to the 

reference case with a constant angle of incidence 𝜃0 (figure 15(d)).   



 

Figure 15 Effect of changes in angles of incidence caused by deformation on bending dynamics 

for a SMP beam subjected to tilted illumination. (a) FEA results of the shape evolution of a SMP 

beam which is first pre-stretched to 30%, and then subjected to 30° light illumination. The three 

contour plots show the shape and temperature distribution at 𝑡 𝑡1⁄ = 0, 10.2, 12.4, respectively. 

Temporal evolution of (b) cos𝜃 and (c) bending curvature at different points 𝑥/𝑙0 = 0.44, 0.85, 

0.93 defined in part a, with the reference curve showing the behavior of constant zero and constant 

30° angles of incidence of the homogeneous bending of a SMP beam. (d) Temporal evolution of 

the dimensionless tip deflection, 𝑉(𝑙0)/𝑙0. 

 

6 Experiments 

To experimentally validate our theoretical predictions of the spatiotemporal shape-morphing 



of SMPs, epoxy-based SMPs are prepared by mixing the epoxy monomer D.E.R. 362 (Olin, 

molecular weight ∼398 𝑔 𝑚𝑜𝑙−1  and epoxy equivalent weight 199 𝑔 𝑚𝑜𝑙−1 ) and the curing 

agent Jeffamine D230 (Sigma Aldrich) with a ratio of 1.25 : 1, which gives rise to a relatively low 

glass transition temperature at 50 ℃ (figure 16(a)) and a high elongation up to 70% [52]. 

Subsequently, 0.1 wt % reduced graphene oxide (RGO) (Xfnano) is dispersed into the precursor, 

which enables the photothermal ability of the polymer. Then the precursor is vacuumed to remove 

air bubbles and cast into a flat petri-dish for thermal curing at 80 °C for five hours. After curing, a 

40 mm × 10 mm × 1.5 mm sample is cut from the original sample (figure 16(b)).  

 

Figure 16 (a) Differential scanning calorimetry (DSC) results for the epoxy SMP. (b) A typical 

rectangular sample. 

 

The sample is first heated and subjected to a pre-strain of 20% using a stretcher. Then the 

sample is cooled to the room temperature prior to removing the load to store the pre-stretch. Next, 

the sample is clamped at one end, illuminated perpendicularly by an infrared heat light 

(Westinghouse Lighting R40) to trigger spatiotemporal recovery. To achieve different bending 

dynamics, we change the distance between the light source and beam surface to vary the light 

intensity, i.e. the dimensionless number 𝐼 (figure 17(a)-(d), see Supplementary video S3). When 

𝐼 is extremely low, the beam never bends (figure 17(a)). When 𝐼 is slightly higher, the bending 

curvature slowly but monotonically increases (figure 17(b)). When 𝐼 becomes even higher, the 



beam first bends, reaching the maximum bending curvature, and then unbends to a non-zero 

plateau curvature (figure 17(c)). When 𝐼  is high enough, the bending curvature non-

monotonically increases and then decreases to zero, completely recovering the initial shape (figure 

17(d)). 

 

Figure 17 Snapshots in temporal sequences showing different types of bending dynamics of a SMP 

cantilever beam with 20% pre-strain as 𝐼 increases: (a) no bending, (b) bending to a constant 

curvature, (c) bending and unbending to a non-zero curvature, and (d) bending and unbending to 

a zero curvature. 

 

Next, we applied a large pre-strain of 30% to a SMP to obtain significant bending under 

perpendicular illumination, and demonstrate the effect of changes in angles of incidence caused 

by deformation on the bending dynamics (figure 18, see Supplementary video S4). At t = 30 s, 

most parts of the beam are away from being perpendicular to the incident light, which minimizes 

the effective light intensity in this region. As a result, the bending-unbending process has a 

significant delay. Changing in the bent shape from t = 30 s to t = 50 s is slow until most parts of 

the beam are back to being perpendicular to the incident light. Eventually, at around t = 80 s, the 



beam recovers its initial state, much slower than the ones with a lower pre-stretch under the same 

light intensity (figure 17(d)). 

 

 

Figure 18 Snapshots in a temporal sequence showing a delay of the bending dynamics of a SMP 

beam with 30% pre-strain attributed to the effect of changes in angles of incidence caused by large 

bending. 

 

7 Conclusion  

In conclusion, this paper investigates the spatiotemporal responses of photothermal SMPs 

through multiple non-equilibrium kinetic processes by combining FEA, analytical modeling, and 

experiments. We consider a full thermomechanical cycle of a photothermal SMP beam, where it is 

first pre-stretched at a high temperature, cooled down to a low temperature prior to removing the 

load, and subsequently illuminated by a light for shape recovery. In the recovery step, we model 

the multiple non-equilibrium processes in the SMP, including heat generation, conduction and 

viscoelastic relaxation, to predict its spatiotemporal responses. The non-equilibrium processes can 

induce highly inhomogeneous temperature and strain distributions through the thickness, and 

therefore trigger bending, and even unbending of the beam. Our dimensional analysis shows that 

the key dimensionless numbers, mainly involving the multiple kinetic constants, geometric 



parameters, and thermomechanical loading conditions, govern the spatiotemporal responses. By 

systematically varying the key dimensional parameters, we observe three different types of 

bending behaviors: (1) the beam can monotonically bend to a constant curvature, (2) bend and 

unbend to a non-zero curvature, or (3) bend and unbend to a zero curvature. Experimentally, we 

characterize the spatiotemporal recovery of SMP beams after a similar thermomechanical loading 

cycle, and observe different types of bending dynamics, which agree well with those predicted by 

the theory. Furthermore, the effect of changes in angles of incidence caused by extensive bending 

is carefully investigated by FEA and validated by experiments. This work identifies that the 

concurrent heat transfer and viscoelastic relaxation processes govern the spatiotemporal responses 

of photothermal SMPs, and demonstrates a generic method of studying the spatiotemporal 

behavior of SRSMs governed by multiple non-equilibrium processes, which provides design 

guidelines for spatiotemporal morphing structures and robots. 

In the future, our theoretical and experimental work can be improved in a few aspects. First, 

the current material model of SMPs is simple, and a more sophisticated and thermodynamically 

consistent model could be considered [53,54]. Second, we only qualitatively validate the 

spatiotemporal responses of photothermal SMPs in the experiments in this paper. Quantitative 

comparison between experiments and theory will be conducted in the future, which however, will 

require careful measurements of the photothermal and mechanical properties of SMPs. 
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