
IMPEDIMENTS TO DIFFUSION IN QUANTUM GRAPHS:
GEOMETRY-BASED UPPER BOUNDS ON THE SPECTRAL GAP
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Abstract. We derive several upper bounds on the spectral gap of the Laplacian on compact
metric graphs with standard or Dirichlet vertex conditions. In particular, we obtain estimates
based on the length of a shortest cycle (girth), diameter, total length of the graph, as well as
further metric quantities introduced here for the first time, such as the avoidance diameter.
Using known results about Ramanujan graphs, a class of expander graphs, we also prove
that some of these metric quantities, or combinations thereof, do not to deliver any spectral
bounds with the correct scaling.

1. Introduction and statement of the main results

Quantum graphs, a common term for di↵erential operators in function spaces defined on
metric graphs, often arise as limits or approximations of physical problems on thin structures.
They have been used to study evolution of free electrons in molecules [31], light propagation
in optical waveguides (both analytically and experimentally) [20, 21], heat and water flow in
branched pathways [26, 33], Brownian motions in ramified structures [16], vibration in steel
frames [19, 25, 4], and many other applied questions.

The most well-understood operator is the Laplacian with standard (alternatively known
as Neumann–Kirchho↵) as well as Dirichlet vertex conditions1. On a connected graph and
with no Dirichlet vertices present, relaxation time of a di↵usive process to equilibrium is
controlled by the first non-zero eigenvalue, which we denote by �N2 > �

N
1 = 0. In the presence

of at least one Dirichlet vertex,2 a corresponding role is played by the first eigenvalue �D1 > 0,
which controls dissipation of heat from the graph. These are the eigenvalues that we focus
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1Basic definitions in the theory of Laplacian on metric graphs, as well as some results we use in the proofs
of this paper, are collected in Appendix A, where we also fix our notation.

2Here and in the following, in a slight abuse of notation we will sometimes refer to properties of the
(Dirichlet or standard) Laplacian as properties of G, e.g. speak of Dirichlet vertices of G.
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on in this paper, aiming to give upper bounds in terms of certain metric characteristics of
the graph.

This study is motivated by the following question: what (geo)metric feature can, on its
own, act as an impediment to di↵usion? To illustrate this question, consider the following.

Example 1.1. The simple estimates below only depend on the fact that certain specific
metric graphs are (or are not) embedded in the given ambient metric graph G with vertex
set V and edge lengths `e, e 2 E:

(1) If `max is the length of the longest edge of G, then

(1.1) �
N
2  4⇡2

`2max

.

For a graph with Dirichlet vertices, the analogous estimate reads

(1.2) �
D
1  ⇡

2

`2max

.

(2) Assume G contains neither a complete graph on five vertices (K5), nor a complete
bipartite graph on 3 + 3 vertices (K3,3), as an induced subgraph3. Then

(1.3) �
N
2  16⇡2

L
max
v2V

X

e2Ev

1

`e
,

where L is the total length of G and Ev is the set of edges incident with v.
(3) If a cycle c is included in G as an induced subgraph, and if (the closure of) each

connected component of G \ c meets c at exactly one point, then

(1.4) �
N
2 (G) 

4⇡2

s2

where s denotes the length of S. Actually, the same result holds if c is a so-called
pumpkin graph (see Figure 1 below), and s is the length of the shortest cycle in it.

The first inequality is standard and will be shown in Section 2.2 below; inequality (1.3) has
been proved in [28, Theorem 3.11] and depends on the fact that, by Kuratowski’s Theorem,
a graph is planar if and only if it does not include any subgraph isomorphic to K5 or K3,3

(whereas [28, Theorem 4.8] suggests that metric graphs of higher genus have higher �N2 ); fi-
nally, the proof of inequality (1.4) is based on the principle that attaching pendants to a graph
lowers its eigenvalues (see [5, Theorem 3.10]), together with an estimate on the eigenvalues
of the pumpkin graph. This inequality also has a counterpart for higher eigenvalues.

The above examples suggest that having to cross a long edge, or an “independent” cycle,
retards convergence to equilibrium. We are going to make this observation more systematic.
Not to be overly ambitious, we can try to use the length of the shortest cycle4 in place of
`max in (1.1): in the case of standard vertex conditions, it is to be expected that the presence
of a “minimal” cycle of a given length should, like a long edge, be an obstacle to rapid
convergence.

3That is, a subgraph formed from a subset of the vertices of G and all the edges of G that connect the
vertices in this subset.

4This length is known in combinatorial graph theory as the girth, see also [5, Section 6].
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In a graph with Dirichlet vertices, which act as heat sinks at any point at which they
are placed, the distance to the nearest Dirichlet vertex becomes important, and the shortest
distance between two such vertices plays the same role as the minimal cycle length. For this
reason, for the purpose of defining girth (and only for this purpose, cf. Remark A.1), we
identify all Dirichlet vertices; this leads to the following modified definition:

Definition 1.2. The girth s = s(G) of a compact, connected graph G shall be given by

min{|c| : c ⇢ G is a cycle in G 0},

where G 0 is the metric graph obtained from G by identifying (or “gluing together”) all Dirichlet
vertices of G, if any are present. The girth is defined to be zero if G 0 is a tree. Here |H|
denotes the total length of a given subset H of G.

1.1. Estimates based on girth. If the graph has at least one Dirichlet vertex, girth by
itself is indeed enough to yield an upper bound.

Theorem 1.3. If a compact, connected graph G has at least one Dirichlet vertex, then

(1.5) �
D
1 (G) 

⇡
2

s2
.

Equality is attained if and only if G is an equilateral star graph with n � 2 edges of length

s/2 with Dirichlet conditions at all degree one vertices.

(The case of a Dirichlet interval of length s corresponds to n = 2.)
We believe Theorem 1.3 to be new even in the case where G is a tree equipped with Dirichlet

conditions at all leaves. This may be contrasted with [29, Eq. (1.4)], which shows that for a
tree graph, the diameter alone is enough to control �N2 .

The result of Theorem 1.3 can also be immediately extended to graphs with a particular
reflection symmetry.

Corollary 1.4. Suppose the compact, connected graph G is obtained from two copies of

another connected graph, bG, by pairwise gluing of finitely many pairs of the duplicated vertices.

If G has girth s, then the spectral gap of the Laplacian with standard vertex conditions satisfies

(1.6) �
N
2 (G) 

4⇡2

s2
.

Equality is attained if G is an equilateral pumpkin (watermelon) graph (see Figure 1).

Figure 1. Anm-pumpkin graph (a.k.a.m-watermelon graph) consists of some
number m � 2 of parallel edges stretched between two vertices; here m = 5. It
is equilateral if all edges have the same length.
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(a) (b) (c)

Figure 2. (a) An example of a graph that has the symmetry su�cient for
(1.6) to hold (note that we can place a dummy vertex in the middle of the
lowest edge). (b) A graph with a reflection symmetry that cannot be obtained
by gluing pairs of duplicated vertices. (c) A graph with a symmetry that would
require gluing along entire edges.

Note that G does not have any Dirichlet vertices, and so its girth coincides with the length
of its shortest cycle, which either comes from a cycle in bG or from a cycle created in the
gluing process. Figure 2 presents an example of bG covered by Corollary 1.4, and examples of
symmetric graphs which are not covered.

Even without such symmetry, one could reasonably expect to use bound (1.5) on each
of the nodal domains of the second standard Laplacian eigenfunction (generically, there are
exactly two!) to obtain (1.6) for a general graph. Furthermore, (1.6) can be shown to
hold for many other classes of “highly connected” graphs, including pumpkin chains (finite
sequences of pumpkin graphs glued together at their vertices to form a chain), equilateral
complete graphs on at least three edges (see [14, Section 3]) and also any graphs which
contain an “independent” cycle, see Example 1.1(3).

It is thus all the more surprising that the girth alone is not always enough to bound �N2
from above, as the following examples show.

Example 1.5. We first provide a counterexample to the validity of (1.6) with the symmetry
restriction dropped. We consider Tutte’s 12-cage, a 3-regular graph on 126 vertices with girth
12 (cf., e.g., [12, p. 283]): the second largest eigenvalue ⌫2 of its adjacency matrix is known
to be

p
6. A formula of von Below [2, Theorem, p. 320], which relates the eigenvalues of an

equilateral metric graph to the eigenvalues of the normalized Laplacian, can be adapted to
the eigenvalues of the adjacency matrix in the k-regular case, giving

(1.7) �
N
2 (G) =

�
arccos(⌫2/k)

�2
.

We conclude that the spectral gap of the equilateral quantum graph built upon Tutte’s
12-cage is

�
arccos(

p
6/3)

�2 ⇡ 0.379, whereas the right-hand side of (1.6) is 4⇡2
/144 ⇡ 0.274.

We remark that the automorphism group of Tutte’s 12-cage is known to be a semi-direct
product of PSU(3, 3) with the cyclic group Z2; in particular the 12-cage graph does have a re-
flection symmetry. It is far from obvious that this symmetry does not satisfy the assumptions
of Corollary 1.4.
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Example 1.6. Basic scaling arguments show that if an estimate of the form �
N
2 (G)  Cs

↵

is to exist, the power ↵ must be equal to �2. We now show that such estimate is in fact
impossible for any C. A counterexample is given by the class of equilateral metric graphs built
out of combinatorial k-regular graphs known as Ramanujan graphs, which were introduced
in [22]. The second largest adjacency matrix eigenvalue ⌫2 of a Ramanujan graph is, by
definition, no larger that 2

p
k � 1 (the largest one always being k, since the graph is k-

regular), therefore

(1.8) �
N
2 (G) �

�
arccos(2

p
k � 1/k)

�2
,

again by (1.7). It is established in [22, 8], that for infinitely many values of k, Ramanujan
graphs on arbitrarily many vertices |V| can be constructed and that the asymptotic equality

(1.9) s ⇠ 4

3
log

k�1(|V|) as |V| ! 1

holds for these graphs. Combining (1.8) and (1.9) we see that the estimate �N2 (G) = O(s�2)
cannot hold in general, and thus no upper bound on �N2 in terms of girth alone is possible.

Remark 1.7. A more recent construction of Ramanujan graphs uses the theorem of [23]
which, expressed in terms of metric graphs, states that any equilateral k-regular graph G has
a signing GS such that its lowest eigenvalue satisfies

(1.10) �
S
1(GS) �

�
arccos(2

p
k � 1/k)

�2
.

A signing is, in this context, a choice of edges {ej} on which we impose anti-periodic conditions
(see (A.2) and Remark A.2). Let  be the eigenfunction corresponding to �S1 of a graph GS

satisfying (1.10). It is easy to see that the zeros of the function  are located exactly on the
anti-periodic cycles of the graph GS, i.e. the cycles on which an odd number of anti-periodic
conditions have been imposed. Imposing Dirichlet conditions at the locations of the zeros we
obtain a graph GD with only standard and Dirichlet conditions (by gauge invariance). Then
| | is a non-negative eigenfunction of GD and thus the ground state (cf. Theorem A.3); hence
�
D
1 (GD) = �

S
1(GS). The girth s of GD is equal to the least of the two quantities: the length of

the shortest cycle of G and the shortest distance between two zeros of  . Theorem 1.3 then
implies the estimate

(1.11) s  ⇡

arccos(2
p
k � 1/k)

.

The right-hand side is less than 10 when k = 3 and less than 3 when k � 15. Intuitively,
(1.11) shows that the signing producing (1.10) on a graph with large girth must be fairly
dense (to guarantee a dense set of zeros of  ).

1.2. Estimates based on total length and one further metric quantity. Having seen
that the “single metric quantity estimates” of the type given in Theorem 1.3 are rather subtle,
we will now present some estimates that use a combination of two metric quantities while
having the correct overall scaling (length)�2. For similar estimates involving other quantities,
we refer, e.g., to [1, 5, 10, 15, 28, 30] and the references therein.

Proposition 1.8. If the compact, connected metric graph G has girth s and total length L,

then the spectral gap of the Laplacian with standard vertex conditions satisfies

(1.12) �
N
2 (G) <

48L

s3
.
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We remark that s together with L are also su�cient to bound �
N
2 from below, too [5,

Corollary 6.7]. The idea behind estimate (1.12) (explained in Section 2.2) is to use a homotopy
between two test functions built around a minimal cycle; this idea readily generalizes to
combinations of L with other metric quantities.

Recall that the diameter D of a metric graph G is the maximal distance between any two
points on the graph,

(1.13) D = max
x1,x22G

dist(x1, x2).

Theorem 1.9. If the compact, connected metric graph G has diameter D and total length L,

then the spectral gap of the Laplacian with standard vertex conditions satisfies

(1.14) �
N
2 (G) <

24L

D3
.

Remark 1.10. (1) It has been known since [14] that for a general G one cannot bound
�
N
2 in terms of D alone. The same work [14, Theorem 7.1] established the estimate

(1.15) �
N
2 (G) 

4⇡2

D2

✓
L

D
� 3

4

◆
.

We also mention a generalization of Rohleder’s diameter-based estimate [29], observed
in [13], namely

(1.16) �
N
2 (G) 

4⇡2

D2

✓
1 + �

2

◆2

,

where � is the first Betti number, i.e., � := |E| � |V| + 1. One can easily construct
examples which show that none of the estimates (1.12), (1.14), (1.15) or (1.16) is
implied by a combination of the others.

(2) The Ramanujan graphs encountered in Example 1.6 also show that we cannot in
general improve (1.12) to �N2 (G) . D/s

3. The conclusion is obtained by combining
the girth estimate (1.9) with the estimate D  (2 + ✏) log

k�1(|V|) established in
[22] (see also [32] for more precise diameter asymptotics in subfamilies of the LPS
Ramanujan graphs).

We now introduce some generalizations of the diameter, which “interpolate” between D

and s (see (1.21) and Table 1). We have not seen these generalization in the existing literature,
but they arise naturally from the homotopy argument. First, the triameter T of a metric
graph G is

(1.17) T := max
x1,x2,x32G

min
j 6=k

dist(xj, xk),

i.e. the maximal pairwise separation among any three points on G.

Theorem 1.11. If the compact, connected graph G has triameter T and total length L, then

the spectral gap of the Laplacian with standard vertex conditions satisfies

(1.18) �
N
2 (G) <

12L

T 3
.

Second, we introduce the “avoidance diameter”, which, intuitively, measures how far apart
two points can remain while exchanging places. Let S1 be the unit circle in C and let �
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denote the class of injective continuous maps from S1 to G. Then the avoidance diameter is
defined as

(1.19) A := max
�2�

min
t2S1

dist
�
�(�t), �(t)

�
.

In the case of trees, � = ;, and we set A = 0.

Theorem 1.12. If the compact, connected graph G has avoidance diameter A and total length

L, then

(1.20) �
N
2 (G) <

6L

A3
.

Remark 1.13. The metric quantities used in this section satisfy

(1.21)
s

2
 A  D and

s

3
 T  D.

Proposition 1.8 is now an immediate corollary of Theorem 1.12.

Example 1.14. For each inequality in (1.21) one can construct examples of metric graphs
where that inequality is strict (see Table 1).

G s A T D Best estimate
path graph 0 0 L

2 L (1.14): D
equilateral figure-8 graph L

2
L

4
L

4
L

2 (1.14): D

figure-8 graph with lengths `1 > `2 � `1/2 `2
`1
2

`1
2

L

2 (1.20): A
equilateral flower graph on k edges, k � 3 L

k

L

2k
L

k

L

k
(1.18): T

equilateral star graph on k edges, k � 3 0 0 2L
k

2L
k

(1.18): T
equilateral pumpkin graph on k edges, k � 3 2L

k

L

k

L

k

L

k
(1.12) and (1.20): s, A

Table 1. A comparison of the various metric quantities defined in Section 1.2.
We also show which estimate among those presented in Section 1.2 is the
sharpest in each case.

Remark 1.15. Let G be an unweighted combinatorial graph without loops or parallel edges,
and consider the corresponding metric graph G with all edges having length 1. The normalized

Laplacian associated with G is the |V| ⇥ |V|-matrix whose diagonal entries are 1 and whose
o↵-diagonal (v,w)-entry is � (deg(v) deg(w))�1/2, where deg(v) denotes the degree of vertex
v; see [11, Section 1.2]. It now follows from [2, Theorem, page 320], already mentioned in
Example 1.5, that the lowest positive eigenvalue �2 of the standard Laplacian satisfies

(1.22) ↵2 = 1� cos
p
�2 whenever �2 < ⇡

2
,

where ↵2 is the lowest positive eigenvalue of the normalized Laplacian. The quantities s,D, T

all have a natural version sG, DG, TG for combinatorial graphs, which are no larger than their
counterpart on metric graphs. Accordingly, estimates (1.6), (1.12), (1.14), and (1.18) all
imply corresponding estimates on ↵2:

• ↵2  1� cos 2⇡
sG

whenever G is obtained from two copies of another connected graph,

Ĝ, by pairwise gluing of pairs of the duplicated vertices;
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• ↵2 < 1� cos
q

48|E|
s
3
G

whenever 48|E|
s
3
G

< ⇡
2;

• ↵2 < 1� cos
q

24|E|
D

3
G

whenever 24|E|
D

3
G

< ⇡
2;

• ↵2 < 1� cos
q

12|E|
T

3
G

whenever 12|E|
T

3
G

< ⇡
2.

To the best of our knowledge, upper estimates on ↵2 based on the total number of edges, on
girth, diameter (and of course on triameter, which we have introduced in this paper) were
not previously known.

2. Proofs

2.1. Proof of the estimates in Section 1.1. In this section we prove Theorem 1.3 and
Corollary 1.4.

Proof of Theorem 1.3. We want to show that if G has at least one Dirichlet vertex, then the
first non-trivial eigenvalue satisfies the bound (1.5), which we repeat here for convenience,

�
D
1 (G) 

⇡
2

s2
.

Due to our definition of the girth, the statement of the theorem is vacuous if G has no cycles
and only one Dirichlet point. Henceforth we exclude such graphs from consideration. Then
we may assume that vertices of G have degree one if and only if they are equipped with the
Dirichlet condition. Indeed, we may remove any pendant edges with standard conditions
since this operation increases the eigenvalues (see [18, Theorem 2] or [5, Theorem 3.10]); a
Dirichlet condition imposed at a vertex of degree d separates the vertex into d copies.

The proof will be based on the notion (see [5]) of cutting through vertices along the eigen-

function  associated with �D1 , that is, finding a simple subgraph eG within G, which, when
cut out of G and equipped with non-positive �-potentials determined by  , will have its first
eigenvalue equal to �

D
1 (G) (and its eigenfunction will be  |eG). The graph eG can then be

compared directly with an interval or a tadpole (lasso) without �-potentials, yielding the
inequality.

We recall that  � 0 has no local minima and that the maxima are isolated because
 (x) > 0 implies

(2.1)  
00(x) = ��D1 (G) (x) < 0.

For the purpose of this proof all internal (to an edge) local maxima are to be considered
vertices. Moreover, without loss of generality we assume there are no other vertices of degree
two, see Remark A.1. The process of finding the subgraph eG uses the following notion of
serious points with respect to the eigenfunction  .

Definition 2.1. Given a metric graph G and a function 0  f 2 D(�), a vertex v 2 V of
degree d � 2 shall be called a serious point (of the function f) if f(v) 6= 0 and there exist at
least two edges e1, e2 ⇠ v such that

(2.2) @⌫f |ei(v) � 0, i = 1, 2.

Here the normal derivatives are taken pointing into the vertex.
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We remark that by the Kirchho↵ condition, see (A.1), every vertex is incident with at least

one edge satisfying condition (2.2).
Any local maximum of f (as defined in the obvious way) is serious, therefore the set of

serious points of  is a non-empty finite subset of the compact graph G. Let v0 2 V(G) denote
a lowest serious point, that is, v0 is serious and 0 <  (v0)   (v) for every serious point
v 2 V(G) of  . Denote by e1, e�1 any two edges incident with v0 such that @⌫ |e±1(v0) � 0.

Now denote by v1 the other vertex incident with e1. If it is a Dirichlet vertex, we stop.
Otherwise, by concavity (2.1) we have  (v1) <  (v0); hence, v1 is not serious. We denote by
e2 the unique edge e2 adjacent to v1 such that @⌫ |e2(v1) � 0. Repeating the process with e2
and so on, we obtain a path e1, v1, e2, . . . , em terminating at a Dirichlet vertex. We perform
the same for e�1, constructing another path e�1, v�1, e�2, . . . , e�n through G, also terminating
at a Dirichlet vertex. We define the graph eG to be the union of these two paths. It is either
a path in G joining two Dirichlet vertices, or at some point the two paths leading from e1
and e�1 meet and eG is a tadpole ending at a single Dirichlet point, see Figures 3 and 4.

v0

e�1 e1

e�2 e2

v0e�1 e1
e�2 e2

e3

Figure 3. Examples of metric graphs with Dirichlet vertices (marked as small
empty disks) and with a schematic depiction of the first eigenfunction as a
gradient flow (blue arrows). The serious points are now the vertices with at
least two outward-pointing arrows; they are circled in blue. The paths that are
constructed in the course of the proof of Theorem 1.3 are shown as thicker
edges.

In the first case, the path is at least of length s; in the second, the cycle of the tadpole is
of length at least s.

Figure 4. A tadpole (or lasso) consists of a cycle attached to a pendant edge.
In the proof the degree one vertex will be equipped with a Dirichlet condition.

Now we wish to cut eG out of G “along” the eigenfunction  : at each non-Dirichlet vertex
vi of eG (i = 0,±1,±2, . . .), we add a �-condition of the form

X

e⇠vi
e2eG

@⌫u|e(vi) + �viu(vi) = 0,
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where

(2.3) �vi :=
1

 (vi)

X

e⇠vi
e2G\eG

@⌫ |e(vi) = � 1

 (vi)

X

e⇠vi
e2eG

@⌫ |e(vi),

where the second equality follows from the Kirchho↵ condition. The �-conditions are chosen
precisely so that  |eG is still an eigenfunction of eG. Therefore, �D1 (G) is still an eigenvalue,

and, since  is non-negative, �D1 (G) = �1(eG) (cf. Theorem A.3).
We claim that �v0  0 and �vi < 0 for i 6= 0 (recall that ⌫ points into vi). For v0 this

follows from the choice of e1 and e�1. For i 6= 0 this follows since vi is not serious: ei+1 2 eG is
the only edge incident with vi in G for which @⌫ |e(vi) � 0; hence all derivatives in the first
sum in (2.3) are strictly negative. Note that the degree of vi is at least 3 for all i 6= 0 since
all degree 2 vertices have been suppressed; thus the sum contains at least one summand.

By Theorem A.3, replacing all �vi with 0 can only increase the eigenvalues. Therefore,
�
D
1 (G) is bounded from above by the first eigenvalue of either the Dirichlet interval of length

s or a Dirichlet tadpole with cycle length s. In both cases the eigenvalue is at most (⇡/s)2

by estimate (1.2).
Finally, we discuss the case of equality. The eigenvalue of an equilateral Dirichlet star is

well known to be (⇡/2`)2, where ` = s/2 is the edge length. To prove necessity, we first
observe that  |eG is a simple eigenfunction which does not vanish at any point of eG except for
the Dirichlet vertices. In particular, in the case of a tadpole the inequality must be strict if
the outgrowth is non-trivial. In the case of a path, eG cannot contain any edges other than e1
or e�1, since �vi < 0 when i 6= 0, and strictly increasing � strictly increases �1 (Theorem A.3).
The same reasoning yields @⌫ |e±1(v0) = 0.

If the degree of v0 is larger than 2, the Kirchho↵ condition now implies

(2.4)
X

e⇠v0,e 6=e±1

@⌫ |e(v0) = 0,

and therefore there is another edge ee1 with @⌫ |ee1(v0) � 0. Repeating the proof with ee1
instead of e1 we can similarly conclude that ee1 leads to a Dirichlet vertex and @⌫ |ee1(v0) = 0.
Proceeding by induction (and applying (2.4) to the sums over fewer and fewer edges), we
conclude that every edge incident with e0 leads to a Dirichlet vertex with no vertices of
degree � 3 along the way. Thus G is a star graph, whose ground state eigenfunction reaches
its maximum at the central vertex v0. Moreover, @⌫ e(v0) = 0 for every incident edge e,
therefore — since the eigenvalue is ⇡2

/s
2 — the edge length must be s/2. ⇤

Proof of Corollary 1.4. Let R be the reflection operator on L
2(G) induced by the correspond-

ing reflection operator ⇢ : G ! G acting on the metric space G. Now, R is a bounded linear
operator on L

2(G) that commutes with the standard Laplacian; in particular, the standard
Laplacian is reduced by the closed orthogonal subspaces

S :=

⇢
f +Rf

2
: f 2 L

2(G)
�

and A :=

⇢
f �Rf

2
: f 2 L

2(G)
�

of symmetric and anti-symmetric functions in L
2(G), respectively.

Since the ground state of G clearly belongs to S,
(2.5) �2(�G)  �1

�
�G

��
A

�
.
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It is easy to see that A is isomorphic to L
2(bG), whereas Dom

�
�G

��
A

�
is the domain of the

standard Laplacian on bG with the exception of Dirichlet conditions at @ bG = {v 2 G : ⇢(v) =
v}, identified as a subset of bG. The Dirichlet conditions may decompose bG into several
connected components joined together at @ bG. In any case, each connected component of bG
necessarily has girth at least s/2, while the estimate (1.5) also applies on each connected
component. Estimate (1.6) follows immediately. ⇤

2.2. Proof of the estimates in Section 1.2. Throughout this section we assume the graph
G is finite, compact, and connected, and has standard (Neumann–Kirchho↵) conditions at
every vertex. All upper bounds in this section are based on the variational characterization
of the second eigenvalue,

(2.6) �
N
2 (G) = min

(R
G |f

0(x)|2dx
R
G |f(x)|2dx

: f 2 H
1(G),

Z

G
f(x)dx = 0

)
,

where the Sobolev space H
1 of the graph is defined as

(2.7) H
1(G) :=

(
u 2 C(G) \

M

e2E

H
1(0, `e) : ku0kL2(G) < 1

)
.

Upper bounds can now be obtained by choosing a suitable test function f 2 H
1(G) having

mean value 0 (i.e. being orthogonal to the constants, which span the eigenspace of the first
eigenvalue). For example, using the test function f(x) = sin (2⇡x/`max) on the longest edge,
extended by zero to the rest of the graph, we immediately obtain estimate (1.1) from the
introduction.

The main di�culty in choosing the test function arises from the requirement that f have
mean zero. Our principal tool for satisfying this requirement will be to build a homotopy
between a function and its negative in the punctured form domain.

Lemma 2.2. Let a be a positive, closed quadratic form whose domain D(a) is compactly

embedded in a Hilbert space H. Assume the associated positive semi-definite self-adjoint

operator A on H to have one-dimensional null space spanned by some function u. If, for a

family of functions  · : [0, 1] ! D(a) \ {0},
(1) the mapping [0, 1] 3 t 7! h t, uiH 2 R is continuous, and

(2)  0 = � 1,

then there exists t0 such that the second lowest eigenvalue of A satisfies

(2.8) �2(A) 
a( t0)

k t0k
2
H

.

Proof. Since h 0, uiH = �h 1, uiH , by the Intermediate Value Theorem there is at least one
t0 2 [0, 1] such that h t0 , uiH = 0. Then we use  t0 as a test function in the abstract version
of (2.6). ⇤

Taking H = L
2(G), u = 1 2 L

2(G) and a the quadratic form associated with the metric
graph Laplacian with standard vertex conditions, we immediately obtain the following.
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Corollary 2.3. Let  · : [0, 1] ! H
1(G) \ {0} be such that  0 = � 1 and the mapping

t 7! h t, 1iL2(G) is a continuous function [0, 1] ! R. Then there exists t0 such that

(2.9) �
N
2 (G) 

�� 0
t0

��2

L2(G)

k t0k
2
L2(G)

.

The proofs of the theorems in Section 1.2 are now reduced to constructing a suitable family
of test functions.

Proof of Theorem 1.9. Introduce the “tent” function

(2.10) ⌧y,d(x) =

(
d� dist(x, y), if dist(x, y)  d,

0, otherwise,

let d = D/2, and take

(2.11)  t := cos(⇡t)⌧x1,d + sin(⇡t)⌧x2,d,

where x1 and x2 are a pair of points on the graph realizing the diameter. Note that ⌧x1,d

and ⌧x2,d have disjoint supports. Then  t satisfies the conditions of Corollary 2.3 and we can
estimate

��⌧ 0
x1,d

(x)
��2

L2(G) 
Z

x : dist(x,x1)d

1dx  L,

and

(2.12) k⌧x1,d(x)k
2
L2(G) �

Z
d

0

(d� x)2dx =
d
3

3
,

where we estimate the L
2-norm by only integrating along the path realizing the diameter.

Combining, we obtain the desired estimate

�
N
2  cos2(⇡t)L+ sin2(⇡t)L

cos2(⇡t)D
3

24 + sin2(⇡t)D
3

24

 24L

D3
.

Since our test function cannot possibly be an eigenfunction, being piecewise linear, the in-
equality is strict. ⇤
Proof of Theorem 1.12. We use Corollary 2.3 with

(2.13)  t := ⌧�(ei⇡t),d � ⌧�(�ei⇡t),d,

where � is the curve realizing the avoidance diameter and d = A/2. The supports are disjoint
and the gradient is 1 or 0, therefore k 0

t
k2  L. For the norm, we amend estimate (2.12) to

use injectivity of � and obtain

(2.14) k tk2 � 2

Z
d

�d

�
d� |x|

�2
dx =

4d3

3
=

A
3

6
.

It is clear that the test function is not an eigenfunction, therefore the inequality is strict. ⇤
Proof of Theorem 1.11. We use Corollary 2.3 with

(2.15)  t := h1(t)⌧x1,d + h2(t)⌧x2,d + h3(t)⌧x3,d,
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where x1, x2, x3 2 G are any three points realizing the triameter, d = T/2, and the functions
hj satisfy hj(0) = 1 and hj(1) = �1. Using the disjoint supports, we can estimate

�
N
2  max

t2[0,1]

3Lmax {h1(t)2, h2(t)2, h3(t)2}
d3
�
h1(t)2 + h2(t)2 + h3(t)2

� .

Choosing hj so that |hj(t)|  1 and only one of them can be di↵erent from ±1 at any given
time (in other words, they take turns to go from 1 to �1), yields

�
N
2 <

3L

2d3
=

12L

T 3
.

This concludes the proof. ⇤

Appendix A. Laplacian on metric graphs: definitions and useful results

In this appendix we review the basic definitions and terminology used in this paper. For
further information, the reader is invited to consult various surveys and books on the subject
[3, 7, 27]. We also formulate a result based on [5, 17] that we use repeatedly in Section 2.1.

Let G = (V,E) be a graph with vertex set V and edge set E. The graph is a metric graph
if each edge e 2 E is identified with an interval (0, `e), where `e > 0 is regarded as the length
of the edge. We shall write e ⇠ v to mean that the edge e is incident with the vertex v; and
denote by Ev the set of such edges. A graph is compact, if it has a finite number of edges,
each edge of finite length. We denote by L or |G| the total length of the graph, i.e. the sum
of the lengths of the edges of the graph. G is allowed to contain loops as well as multiple
edges between given pairs of vertices. A cycle in G is, formally, a map � : [0, 1] ! G such
that �(0) = �(1) and � is injective on [0, 1). However, we do not usually distinguish between
� and its image, a closed subset of G.

In this paper we study the spectrum of the Laplacian �� on G. More precisely, the
operator acts as � d

2

dx2 on the functions which are in the Sobolev space H2(0, `e) on each edge
e 2 E. The domain D(�) of the operator is further restricted to functions that satisfy at any
vertex v 2 V one of the following conditions:

• Standard
5 conditions: at v, we demand continuity of the functions and that the sum

of the normal derivatives at each vertex is zero (“Kirchho↵” or “current conservation”
condition):

(A.1)
X

e⇠v

@⌫f |e(v) = 0,

where @⌫f |e(v) is the normal derivative of f on e at v, with ⌫ = ⌫e(v) pointing outward

(away from the edge e, towards the vertex);
• Dirichlet conditions: at v, any functions in the domain of � should take on the value
zero. We denote the set of vertices equipped with Dirichlet conditions by VD.

5Also known as Neumann–Kirchho↵, among other names; observe that on a degree-one vertex standard
conditions agree with common Neumann ones.
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• Anti-periodic
6 conditions: at v of degree 2,

(A.2) fe1(v) = �fe2(v), @⌫fe1(v) = @⌫fe2(v).

These conditions are used in Remarks 1.7 of the present paper (see also Remark A.2
below.

• � (or Kirchho↵–Robin) conditions: associated with v there is a � = �(v) 2 R, � 6= 0
such that the functions f 2 D(�) are continuous at v and the derivatives at v satisfy

(A.3)
X

e⇠v

@⌫f |e(v) + �f(v) = 0,

where, again, ⌫ is the outer unit normal to the edge. We sometimes refer to � as the
strength of the �-condition, or as the �-potential at v.

We see immediately that the �-condition with �(v) = 0 corresponds to the standard condition.
Furthermore, Dirichlet conditions correspond formally to �-conditions of strength � = 1 (this
correspondence may be made rigorous [6], and we will use it below).

Remark A.1. Any point in the interior of an edge may be declared to be a vertex of degree
two with standard conditions without a↵ecting the spectral properties of the operator. We
will refer to this as introducing a “dummy” vertex. Conversely, any vertex v of degree two
with standard conditions may be suppressed. Likewise, the operator is not modified if a
subset of the elements of VD are identified to form one single Dirichlet vertex.

Remark A.2. Declaring an arbitrary point x 2 e to be a vertex v = vx of degree two, we
can also impose anti-periodic conditions (A.2) there. Due to “gauge invariance”, di↵erent
choices for the location x within the same edge result in unitarily equivalent operators [7,
Section 2.6]; we thus refer to this as imposing anti-periodic conditions on the edge e 2 E.

As is well known, under the above set of assumptions the Laplacian is self-adjoint, semi-
bounded, and has trace class resolvent; in particular, its spectrum consists of a sequence of
real eigenvalues of finite multiplicity, which we denote by

(A.4) �1  �2  �3  . . . ,

where each is repeated according to its multiplicity. The corresponding eigenfunctions may
be chosen to form an orthonormal basis of L

2(G), and may additionally without loss of
generality all be chosen real.

The following theorem summarizes properties of the first eigenvalue used extensively in
Section 2.1, including a an interlacing inequality for the eigenvalues, which in its sharpest
form (with a characterization of equality) appeared in [5].

Theorem A.3. Let G be a compact graph equipped with a �-condition of strength �i 2
(�1,1] at each vertex vi 2 V. Denote by VD the set of all Dirichlet vertices,

VD = {vi 2 V : �i = 1},
and suppose that G \ VD is connected. Then �1 = �1(G) is simple and its eigenfunction  

may be chosen strictly positive in G \ VD.

6The name “anti-periodic” goes back to the theory of Hill’s operator, see, e.g., [24]. Some authors use
the name “signing conditions” to highlight connections to the construction of combinatorial Ramanujan
graphs [9, 23]. For vertices of general degree, the corresponding conditions are often called “anti-Kirchho↵”
conditions, as in, e.g., [30, Classification 2.3.II].
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Moreover, if G 0
is formed by replacing the potential �i 2 R at vi with �0i 2 (�i,1], then

(A.5) �1(G 0) > �1(G).

Proof. For simplicity of �1 and strict positivity of  , see [17]. For (A.5), since  does not
satisfy the �-condition at vi in the graph G 0, it cannot be an eigenfunction; hence �1(G 0)
and �1(G) have no eigenfunctions in common. The (strict) inequality (A.5) now follows
immediately from [5, Theorem 3.4]. ⇤
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[28] M. Plümer. Upper eigenvalues bounds for the Kirchho↵ Laplacian on embedded metric graphs. J. Spectral

Theory, 11:1857–1894, 2021.
[29] J. Rohleder. Eigenvalue estimates for the Laplacian on a metric tree. Proc. Amer. Math. Soc., 145:2119–

2129, 2017.
[30] J. Rohleder and C. Seifert. Spectral monotonicity for Schrödinger operators on metric graphs. In F.M.

Atay, P.B. Kurasov, and D. Mugnolo, editors, Discrete and Continuous Models in the Theory of Networks
(Proc. Bielefeld 2017), volume 281 of Oper. Theory Adv. Appl., pages 291–310. Birkhäuser, Basel, 2020.
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