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Using the invariant theory of arc spaces, we find minimal strong generating sets for
certain cosets of affine vertex algebras inside free field algebras that are related to
classical Howe duality. These results have several applications. First, for any vertex
algebra V, we have a surjective homomorphism of differential algebras ClJ  (X),)] —
grf (V); equivalently, the singular support of V is a closed subscheme of the arc space of
the associated scheme X,,. We give many new examples of classically free vertex algebras
(i.e., this map is an isomorphism), including L; (sp,, ) for all positive integers n and k. We
also give new examples where the kernel of this map is nontrivial but is finitely generated
as a differential ideal. Next, we prove a coset realization of the subregular WW-algebra of
s, at a critical level that was previously conjectured by Creutzig, Gao, and the 1st author.

Finally, we give some new level-rank dualities involving affine vertex superalgebras.

1 Introduction
1.1 Invariant theory of arc spaces

In a series of papers [41-43], we have proven the arc space analogues of the 1st and
2nd fundamental theorems of invariant theory for the general linear, special linear, and

symplectic groups over an arbitrary algebraically closed field K. We briefly recall these

Received December 9, 2021; Revised November 21, 2022; Accepted December 21, 2022
Communicated by Prof. Edward Frenkel

© The Author(s) 2023. Published by Oxford University Press. All rights reserved. For permissions, please
e-mail: journals.permission@oup.com.

y20z Aenuer g0 uo Jasn Aselqi esolusd--1eAus( Jo AusisAlun Aq 2S201L0.2/.L1/ L /v202/8191e/ulwil/wod dno olwepeoae//:sdiy Wol) papeojumoc]


https://doi.org/10.1093/imrn/rnac367

48 A.R.Linshaw and B. Song

results. First, given an irreducible scheme X of finite type over K, the arc space J,(X) is

determined by its functor of points. For every K-algebra A, we have a bijection
Hom(Spec A, J (X)) = Hom(Spec Alltl], X).

Ifi : X — Y is a morphism of schemes, we get a morphism of schemes i__ : J(X) —
J (V).

Given an algebraic group G over K, J_ (G) is again an algebraic group. If V is
a finite-dimensional G-module, there is an induced action of J_ (G) on J_ (V), and the
invariant ring K[J. (V)’~(® was studied in our earlier paper [44] with Schwarz. The
quotient morphism V — V/G induces a morphism J_ (V) — J(V/G), so we have a

morphism
J (V) JJ(G) = T (V)G). (1.1)
In particular, we have a ring homomorphism
Kl (V)G)] — Kl (V)T=©, (1.2)

In the case K = C, if V/G is smooth or a complete intersection and K[V] has no
nontrivial one-dimensional G-invariant subspaces, it was shown in [44] that (1.2) is an
isomorphism; although, in general, it is neither injective nor surjective. The following

results were proven in [41-43].

Theorem 1.1.

1. Forn > 1,let G = GL,(K), and let W = K®" be the standard module. Let
V = W% @ (W*)®? be the sum of p copies of W and g copies of the dual
module W*. Then, for all p, g, (1.2) is an isomorphism.

2. For n > 2 an even integer, let G = Sp,,(K), and let W = K®" be the standard
module. Let V = W®P be the sum of p copies of W. Then, for all p, (1.2) is an
isomorphism.

3. Forn > 2,1let G = SL,(K), and let W = K®" be the standard module. Let
V = W% @ (W*)®? be the sum of p copies of W and q copies of the dual
module W*. Then,

(i) ifp,g<n+2,(1.2)is an isomorphism;
(ii) ifmax{p,q} > n+2,(1.2)is surjective but not injective. When char K = 0,
its kernel coincides with the nilradical N' € K[J_ (V /)], and an explicit
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finite generating set for NV as a differential ideal is given by Corollary
4.4 of [43].

These results were proven by constructing a standard monomial basis for the
invariant spaces, which extends the standard monomial basis in the classical setting.
In this paper, we present some applications of these results to vertex algebras, and

throughout the paper, we will assume that K = C.

1.2 Vertex algebra coset problem

Given a vertex algebra A and a subalgebra V < A, the coset C = Com(V, A) is the
subalgebra of A that commutes with V. If V is a homomorphic image of an affine
vertex algebra V¥(g) for some Lie algebra g, C is called an affine coset and it is just
the invariant space A%, Many interesting vertex algebras can be realized as affine
cosets, including the principal W-algebras of types A, B, C, D, as well as principal W-
superalgebras of osp; 5, [11, 21]. There is a large class of vertex superalgebras AF that
depend continuously on the parameter k and admit a homomorphism V*(g) — A¥, such
that the coset C¥ = Com(V*(g), A¥) can be described for generic values of k by passing
to the large k limit, which is isomorphic to a certain orbifold of a free field algebra. This
method was developed by the 1st author and Creutzig in [18, 20, 21] and applies when A%
is any W-algebra W¥(g, f) where g is a simple Lie superalgebra and f is an even nilpotent
element of g.

However, there are many affine cosets that cannot be studied using these
methods. For example, given a finite-dimensional Lie algebra g and finite-dimensional

g-modules V and W, there are induced homomorphisms
v - Ssw), Ve -ew), v - S @Emw).

Here, S(V) and £(W) denote the By-system and bc-system associated with ¥V and W,
respectively, and k, [ are certain positive rational numbers. We denote the images of these
affine vertex algebras by V—*(g), V(g), and V—¥*L(g), respectively. When g is one of the
classical Lie algebras and V, W are sums of copies of the standard module, cosets of the

form

Com(VF(g), S(V) =S, Com(V(g), EW)) = EW)2MH,
(1.3)
Com(V**(g), S(V) ® EW)) = (S(V) ® EW))sd
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are related to classical Howe duality [34] and have been studied by several authors
[3, 30, 45]. One of the difficulties in describing S(V)9!¥ is that when k < h", V"%(g) can be
a quotient of V~¥(g), which is not the simple quotient, and it need not act semisimply on
S(V); the same can hold for the other cosets in (1.3).

A method for studying such cosets using the invariant theory of arc spaces
was introduced in our joint paper with Schwarz [45]. First, S(V) has a good increasing

filtration such that the associated graded algebra
gr(S(v)) =Cl (Ve V)]

and gr(S(v))9¥ = ClJ_(V @ V*)’~(@. Here, G is a connected Lie group whose action is
infinitesimally generated by the action of g. Via the inclusion f : S(V)94 < S(V), the
filtration on S(V) induces a filtration on S(V)9¥, and we denote its associated graded

algebra by gry(S (V)9), There is a homomorphism
gre(S(V)o) — gr(S(v) o, (1.4)

which need not be surjective. However, if both (1.4) and the map ClJ (V& V*)/&®)] —
Cl(V @ V")V~ given by (1.2) are surjective, the generators of C[V & V*]¢ will give
rise to strong generators for S(V)9" as a vertex algebra. Finally, suppose that U is a G-
module such that for all m > 1, (1.2) is surjective for V = (U @ U*)®™. Then, for V = U®™
and W = U®", we can use this approach to find strong generating sets for £(W)9 and
(S(V) @ EW))9H as well.

In [45], we considered the cases where g is one of the classical Lie algebras and
V is a sum of m copies of the standard module. We were able to describe S(V)9 in all
cases when (V@ V*) /G is an affine space, and all cases where it is a complete intersection

and g = sl,, or sp,,,, namely

g =sl, and V= (C")®™ forallm < n,
g=so0,and V= (C")®" forallm < %,
g =5spy, and V = (C?)®™ forallm < n +1,

g =gl, and V = (C")®™ for all m < n.

oW N =

Now that Theorem 1.1 has been established, we improve upon these results by

finding minimal strong generating sets for S(V)9 in the following cases.

1. g=sl, and V= (C")®™ for all m > n.
2. g=sp,, and V = (C*)®™ forallm > n + 1.
3. g=gl, and V = (C")®™ for all m > n.
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In case (3), (1.4) fails to be surjective, so we cannot use Theorem 1.1 directly;
instead, we make use of the structure of S(V)“n[t]. Unfortunately, the case g = so,, and
V= (C"H®" form > 7 cannot be studied using these methods because (1.4) fails to be
surjective [45].

We expect that in case (1), S(V)sl can be identified with vertex algebras
appearing in other contexts, such as WW-algebras. For example, when n = m, so that
V is the space of n x n matrices, S(V) has two commuting actions of V""(sl,). It was
conjectured in [16] that S(V)*=[l®skll is jsomorphic to the Feigin-Semikhatov algebra
W at critical level —n [26] (which is isomorphic to the W-algebra W sk, fsubreg)
associated with s(,, with its subregular nilpotent [31]), and this was proven forn = 2, 3, 4.
We will prove this conjecture for all n. This implies that S(V)*"[ is isomorphic to a
certain quotient of V" (sl,) @ W (sl,, foypreg)-

We will also find minimal strong generating sets for £(W)9¥ in the following

cases.

1. g=sl, W= (C"% forall r> 1.
2. g=5py,, W= (C*® forall r> 1.
3. g=gl, W= (C"H¥ forallr> 1.

Finally, we find minimal strong generating sets for (S(V) ® EW))8 in the

following cases.

1. g=sl, V=(C")® and W = (C")®" forall m,r > 1.
2. g=gl,, V=(C"H®", and W = (C")®" for all m,r > 1.
3. g =sp,y,, V= (C*™® and W = (C*)®" for all m,r > 1.

1.3 Singular support and associated scheme

There are two well-known functors from the category of VOAs to the category of
commutative rings. The 1st, which was introduced by Zhu [51], assigns to a vertex algebra
V a commutative ring Ry,. It is defined as the vector space quotient of V by the span
of all elements of the form a_, b for all a,b € V. The normally ordered product on V
descends to a commutative, associative product on R,,. Strong generators for V give rise
to generators for Ry,; in particular, Ry, is finitely generated if and only if V is strongly
finitely generated. Recall that V is said to be C,-cofinite if R,, is finite-dimensional as
a vector space. This is a key starting assumption in Zhu's [51] work on modularity of
characters of modules for rational vertex algebras, and it implies that V has finitely

many simple Z ,-graded modules.
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The 2nd functor comes from Li's canonical decreasing filtration F*V that is
defined on any VOA V), such that the associated graded algebra grf(V) is a differential
graded commutative ring [38]. If V has finite-dimensional weight spaces (which is the
case in all our examples), V is linearly isomorphic to grf(V), and a strong generating set
for V gives rise to a generating set for grf (V) as a differential algebra. In fact, Ry, can
be identified with the zeroth graded component of grf(V), so R,, generates grf (V) as a
differential algebra. If V is freely generated by a set of fields {«;}, then grf (V) is just the
differential polynomial algebra generated by {«;}. However, if V is not freely generated, it
is a difficult and important problem to find all differential algebraic relations in grf (V).

Following Arakawa [8, 9], we define the associated scheme of V to be
Xy, = Spec Ry,
which is an affine Poisson scheme. The singular support of V is defined to be
SS(V) = Spec grf' (1),

which is a vertex Poisson scheme. Let (Ry,),, denote the affine coordinate ring of the
arc space J_ (Xy). By its universal property, there is a surjective homomorphism of

differential rings
®: (Ry)y — gIF (V). (1.5)

Equivalently, there is a closed embedding SS(V) — J_ (Xy). In the terminology of van
Ekeren and Heluani [24], V is called classically free if (1.5) is an isomorphism. This
property plays an important role in their computations of chiral homology. It is easy to
see that any freely generated vertex algebra is classically free; this includes all free field
algebras, universal affine vertex algebras, and universal W-algebras. If V is not freely
generated, the phenomenon is much more subtle, but examples are known including
the simple affine vertex algebras L, (sl,) for k € N, and the Virasoro minimal models
Vir, , for all odd g > 3 [24]. Further examples also appear in recent work of Li and
Milas [39, 40].

However, not all vertex algebras are classically free. For example, Vir, , is
classically free if and only if p = 2 [24]. The singlet algebras of type W(2,2p — 2) for
p > 2 introduced by Adamovi¢ [1] are not classically free; this was shown in [13] in

the cases p = 2,3 and the general case is similar. We say that V is classically free at
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the level of varieties if (1.5) induces an isomorphism of reduced schemes. This is the
case in all known examples where V is simple and was proven by Arakawa and Moreau
whenever V is simple and quasi-lisse [14]. If (1.5) fails to be injective, its kernel is always
a differential ideal and one can ask whether it is finitely generated as a differential ideal
[13]. There is currently only one example in the literature where this has been proven,
namely Virg ,; it was shown in [6] that ker @ is generated as a differential ideal by one
element.

In this paper, we will describe grf (V) for certain affine cosets of the form S (V)eltl
and £(V)9 and we will compute the kernel of (1.5). As a result, we give many new
examples of classically free vertex algebras that are not freely generated. For example,
we will show that L, (sp,,) is classically free for all r,n € N, generalizing and providing
a conceptual proof of van Ekeren and Heluani's [24] result for L, (sl,). This implies that
Theorem 10.2.1 of [25], namely the vanishing of the 1st chiral homology Hfh(V), holds for
V =L, (sp,,). We also give many new examples where (1.5) is not injective, where we have

an explicit finite generating set for ker ® as a differential ideal.

1.4 Level-rank dualities involving affine vertex superalgebras

It is well known that for positive integers n, m, r, there is an embedding L, (sl,,) ® L, (s[,) ®

H <~ L,,(sl,,,) and the following level-rank duality holds:
Com(L,, . (sl,,), L, (sl,,) ® L,(sl,,)) = Com(L,, (sl,,) ® L, (sl,) ® H, L, (5L, ).

This duality has appeared in [5, 27, 46, 49] and was proven by Jiang and Lin [35], as well
as [11]. It is natural to ask if there is a similar duality where the positive integer r is
replaced with —r and L, (sl,., ,) is replaced with the affine Lie superalgebra L, (sl,,,). A
weaker statement of this kind was proven by Creutzig, Riedler, and the 1st author in [22].
It says that

Com(V~"*(sl,,), A" (sl,,) ® L, (sl,,)) = Com(V ™ (sl,) ® Ly, (s,) @ H,A™ (s1,,)).  (1.6)
In this notation,
AT(sl,) = S(nm)8hell

which is an extension of V""(sl ), and

m)/

A™(sl,,) = (S(mn) ® E(mry)stmlt]

y20z Aenuer g0 uo Jasn Aselqi esolusd--1eAus( Jo AusisAlun Aq 2S201L0.2/.L1/ L /v202/8191e/ulwil/wod dno olwepeoae//:sdiy Wol) papeojumoc]



54 A.R.Linshaw and B. Song

which is an extension of f/m(s[rln). Also, V"™*7(sl,,,) denotes the image of V""" (sl,,)
under the diagonal map V""" (sl,,) > A7 "(sl,,) ® L,(sl,,).

The question was raised in [22] whether this can be improved by replacing
A7"(sly,) and A™(sl.,) with V~"(sl,,) and f/'m(s[rm), respectively. We will see that
A7(sly,) = V7(sl,) for all m < nand m > 2n + 1 and A™(sl,,,) = V™(sl,,) for all
m,r,n > 1, so we can indeed improve this result. In the case m = n, A™"(sl,,,) cannot be
replaced with T7_”(5[m). We are not able to determine this in the range n < m < 2n + 1.

We conclude by giving the analogous level-rank dualities in types B, C, and D.

2 Vertex Algebras

In this paper, we will follow the formalism developed in [36]. A vertex algebra is the data
(A, Y,L_,1), where

1. A= Ay ® Aj is a Z,-graded vector space over C.Fora € A;, la| = ifori=0,1;

2. Y is an even linear map

Y : A— End(Allz, z 1, Y(a) =a(z) = Z a(n)z*””.

nez

Here, z is a formal variable and a(z) is called the field corresponding to a;
3. 1 € Ais adistinguished element called the vacuum vector;

4. L_, is an even endomorphism of A.

They satisfy the following axioms.

e Vacuum axiom: L_;1 = 0; 1(z) = Id; fora € A, n > 0, amyl = 0, and
a_pl =a.

e Translation invariance axiom: fora € A, [L_;,Y(a)]l = da(2).

e Locality axiom: let z,w be formal variables. For homogeneous a,b € A,
(z — w)¥la(z), b(w)] = 0 for some k > 0, where [a(z),b(w)] = a(z)b(w) —
(=D)lelblp(w)a(x).

Fora,b € Aand n € Z., the nth product is denoted by a, b, and the operator
product expansion (OPE) is given by

a@b(w) ~ D (@b (w)(z —w) .

n>0
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Here, ~ means modulo the terms that are regular at z = w. The Wick product (or normally

ordered product) of a(z) and b(z) is
L a(2)b(2) : = (a_b)(2) = a(z)_bz) + (-1)Pb@)a(z),,

where a(z)_ =Y, _oauz " and a(@), = ,.0ay2 "' The other negative products

are given by

(0"a(2)b(2) : =nl(@_, b2, 0= %'

Fora,,...,a; € A, their iterated Wick product 1s defined to be
1 © € A, theiri d Wick prod is defined to b
10,2 a1 (2 = a;(2)b(2) :, b(z) = ay,(2)---ai(2):.

We often omit the formal variable z when no confusion can arise.

A vertex algebra A is said to be generated by a subset S = {a!| i € I} if A is
spanned by words in the letters o, and all products, for i € I and n € Z. We say that
S strongly generates A if A is spanned by words in the letters «f, and all products for

n < 0. Equivalently, A is spanned by
{:okah . gkmaim 4, . i, €1, ky ...k, > 0}

Suppose that S is an ordered strong generating set {a!,«?,...} for A which is
at most countable. We say that S freely generates A, if A has a Poincaré-Birkhoff-Witt
basis consisting of all normally ordered monomials

: ak%ail . ak'l“l o(il ak%aiz . akgzaiz . ak?al" . akr,?no(i"

: 1<i) <--- <1y,

ki>ky>--->kl, k2>k3i>...>k?

ry’ ro! T k?ZkELZ"Zk:«Ln, (2'1)

k. >k£>...>k£t if o' is odd.

A conformal structure with central charge c¢ is a Virasoro vector L(z) =

2 nez L,z "2 € A satisfying
C - - —
L@LW) ~ 2z =w) ™ +2L(w) (@ = w)* + LWz = w) ", (2.2)

such that in addition, L_;o = 9« for all « € A, and L, acts diagonalizably on A. We

say that o has conformal weight d if Ly(e) = da, and we denote the conformal weight
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d subspace by Ald]. In all our examples, the conformal weight grading will be either by
L O 5Zg.

We recall some identities that hold in any vertex algebra .A. For any fields
a,b,ce A,

(0a) b = —nay_1)b vn € Z, (2.3)
agyb = (DAY (1P b a), , )1, VR e, (2.4)
DpEZ
1 n a n .
t(abic: —abc:= Zm(:(a Ma)bpe) : +(=DP@" by (@, 0) ). (2.5)

n>0

n

Ay b ) = (@yb)c: —(=D)WPl ba 0) =D (ril)(a(n_i)b)(i_l)c, vn>0. (2.6)

i=1

Given a,b,c € A and integers m,n > 0, the following identities are known as Jacobi

relations of type (a, b, c).

" r
) (b(s)C) — (_1)|a||b|b(s) (agyo) + Z (l) (a(i)b)(r+s_i)c. (2.7)
i=0

2.1 Affine vertex algebras

Let g be a simple, finite-dimensional Lie (super)algebra. The universal affine vertex

algebra V¥(g) is freely generated by fields X¢ that are linear in & € g and satisfy
X5 @)X (W) ~ k&, m(@z—w) 2 + XEN(w)(z - w) 7! (2.8)

Here, (-,-) denotes the normalized Killing form ﬁ(', ). For all k # —hY, V¥(g) has the

Sugawara Virasoro vector

1 z ,
— E . gi si .
LQ — m . X X . (2 .9)

i=1

of central charge ¢ = %. Here, §; runs over a basis of g and &/ is the dual basis with
respect to (-, -).
As a module over § = glt, t 11 @ C, V¥(g) is isomorphic to the vacuum §-module.

For generic k, V¥(g) is a simple vertex algebra, but for certain rational values of k > —h"
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Cosets of Free Field Algebras via Arc Spaces 57

that were classified by Gorelik and Kac [33], V¥(g) is not simple, and we denote by L (g)
its simple graded quotient.

In the case g = 0sp,y 5, We take the dual Coxeter number to be

_2n+2—m
= > .

hV

Then the bilinear form on osp,,,, is normalized so that it coincides with the usual

bilinear form on sp,,,, and we have the embedding
VE(spy,) ® V2 (50,,) — VE(05p,512,). (2.10)

2.2 By-System

Let V be a finite-dimensional complex vector space. The 8y -system S(V) was introduced

in [29]. It is freely generated by even fields g%, yX/ that are linearin x € V, x’ € V* and

satisfy
BX@y* (w) ~ (&, x)z-w)"!, Y @ W)~ —, x)(z-w) !,
(2.11)
BX@)pY(w)~0,  y*(@yY (w)~0.
Here, (,) denotes the pairing between V* and V. If we fix a basis x;,...,x,, for V and
dual basis X’l, ..., x,, for V*, we often denote the corresponding fields by ,81, ...,B" and
vy, ..., y", so that
B@y (w) ~ 8 z—w)", Y@ (w) ~ =8 ;z—w) ", 212

Bl (2) B (w) ~ 0, Y@y (w) ~o0,

and we denote S(V) by S(n). It has Virasoro element

1 o .
S _ . pla.,i. . i,
L _52(.,38)/ t—oplyt )
i=1
of central charge —n, under which B¢, y! are primary of weight % The symplectic
group Sp,, is the full automorphism group of S(n) preserving LS. In fact, there is a

homomorphism L_, ,(spy,) — S(n) whose zero modes infinitesimally generate the action
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58 A.R.Linshaw and B. Song

of Sp,,,. There is an additional Z-grading on S(n) that we call the charge. Define
n . .
e=> :piyl:. (2.13)
i=1

The zero mode e(0) acts diagonalizably on S(n). The charge grading is just the eigenspace

decomposition of S(n) under e(0), and g, y* have charges —1, 1, respectively.

2.3 bc-System

There is a similar vertex superalgebra £(V) known as a bc-system [29]. It is freely

generated by odd fields b¥, ¢* that are linear in x € V, x’ € V* and satisfy

b*(z)cX (w) ~ (¥, x)z—w)"!, K @b*(w) ~ (X, x)(z—w)7},

) / (2.14)
b*(2)b¥ (w) ~ 0, c* (z)c¥ (w) ~ 0.
If we fix a basis x;,...,x,, for V and dual basis X’l, ..., Xy, for V*, we often denote the
corresponding fields by b!,...,b" and c!,...,c", so that
bi(z)d (W) ~ 8, ;(z—w) ™!, @b (w) ~ 5 (z—w)7!,
(2.15)

bi(z)b (w) ~ 0, cz)dw) ~0,

and we denote £(V) by £(n). It has Virasoro element

n
L5=%Z(—:biaci:+:3bici:)

i=1

of central charge n, under which b, ¢! are primary of weight % The orthogonal group
0,,, is the full automorphism group of £(n) preserving L%, and there is a homomorphism
L,(s0,,) — &£(n) that infinitesimally generates the action of O,,. As above, £(n) has
an additional Z-grading called charge, given by the eigenvalue of the zero mode of the

operator
e:—z:bici:. (2.16)

Then b}, ¢t have charges —1, 1, respectively.
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2.4 Free fermion algebra

If V is a vector space with a symmetric, nondegenerate form (, ), one can also associate
with V the free fermion algebra F (V). It is a vertex superalgebra with odd generators ¢4

that are linear in u € V and satisfy
¢*(2)9" (W) ~ (u,v)(z —w)~ .

If we fix an orthonormal basis v, ..., v,, for V relative to (, ), we denote the corresponding
fields by ¢!, ..., ¢", and they satisfy ¢i(z)¢/ (w) ~ 8; j(z — w)~ L. We often denote F(V) by

F(n). We have the Virasoro element
1 n
F_ . gin gl
1= 21 L pragt
1=

of central charge 7, under which ¢' is primary of weight % The full automorphism group
of F(n) is the orthogonal group O,,, and there is a homomorphism L, (so,)) — F(n) that

infinitesimally generates the O, -action. Also, note that £(n) = F(2n) as vertex algebras.

2.5 Affine vertex algebra actions on free field algebras

In this section, we recall several well-known homomorphisms from an affine vertex
(super)algebra Vk(g) to some free field algebra B. We often use the notation T7k(g) to
denote the image of such a homomorphism, which need not be either the universal
algebra V¥(g) or its simple quotient Li(g).

Let g be a simple finite-dimensional Lie algebra, and let V be a finite-dimensional

g-module via p; : g — gl(V). There is an induced homomorphism

dim V
VR > SW), X = > yFipn@e (2.17)
i=1

Here, k is given as follows: the bilinear form Tr(p;(§)p;(n)) on g is equal to k times
the normalized Killing form. Then {8*} and {yXé} transform under g as V and V*,
respectively.

An important case is g = gl,, and V the standard module C"; this gives the

embedding

L (gl,) =HQL_;(sl,) = S(n). (2.18)
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More generally, for V = (C™")®™, S(V) = S(nm) admits a homomorphism
VM (sl,) @ VMGsl,) @ H — S(nm), (2.19)

whose image f/*m(sln) ® f/*"(s[m) ® H is conformally embedded in S(nm).

Next, sp,,, < gly,, consists of block matrices of the form

A B T T
, ABCegl,, B=BT, c=c".
c -AT

In terms of the basis {ei,j| 1 <i<2n,1<j<2n}Cygly,, astandard basis for sp,, is

€ kin T Ckjin: —€iink — Cktn,jr €k — Cntkn+jr 1<, k=n.
There is a homomorphism V~""2(sp,,) — S(nm) given by
m / /
Xkt s 3" 1y %y ik,
i=1

m
XShaetin s 3 g, 2.20)
i=1

m
! !
XCik—Cntknti E sy fid gk

i=1

Note that foreach i = 1,...,m, U; = span{y®!, ...,y g1, . Bi™} is a copy of the

standard sp,,,-module. In fact, there is a commuting homomorphism
V*Z"(som) — S(nm),

which is a special case of (2.17) with g = so,, and V = (C™)®". Combining these maps

yields a homomorphism
V2 (sp,,) ® V2 (s0,,) — S(nm), (2.21)
whose image V"2 (SPy,) ® f/'*z"(som) is conformally embedded in S(nm).

Remark 2.1. One more case of (2.17) was studied in [45], namely g = sp,, and

V = (C?)®™m In this case, we have a homomorphism V"™(sp,,) ® V-?"(s0,,,) —
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S(2nm) whose image is conformally embedded. However, after a change of basis this
is equivalent to (2.21) with m replaced with 2m, so we need not consider this as a

separate case.

Next, we consider affine algebra actions on bc-systems and free fermion algebras.
Let g be a simple finite-dimensional Lie algebra, and let W be a finite-dimensional g-

module via p, : g — gl(W). There is an induced homomorphism

dim W
Vl(g) — E(W), Xt Z - Vipr2® i) . (2.22)
i=1

Here, ¢ is determined as follows: the bilinear form Tr(p,(§)p, (1)), on g is equal to [
times the normalized Killing form. Then {b¥i} and {c¥ 2} transform under g as V and V*,
respectively.

For example, if g = gl,, and W = C", we have an embedding
Li(gl,) =H QL (sl) > EMm). (2.23)

Similarly, for V = (C*)®™, £(V) = £(nm) admits a homomorphism
L, @l,)®L,(sl,) ®H— Enm), (2.24)

whose image is conformally embedded in £(nm).
Another special case is g = sp,, and V = (C?")®™ In this case, we have a

homomorphism
L, (spy,) ® L, (spy,,) — E(2nm), (2.25)

whose image is conformally embedded. Note that £(2nm) = F(4nm) that is an extension
of L, (s04,,,), and this is equivalent to the well-known conformal embedding L,,(sp,,) ®

L, (5P5,,) = Li(504,,)-

Next, there is a conformal embedding
L, (so,) ® L,(s0,,) = F(nm), (2.26)

which is equivalent to the well-known conformal embedding L,,(s0,)) ® L,(so,,) —
L,(so

nm)'
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Finally, we consider certain actions of affine vertex (super)algebras in tensor
products of By-systems and bc-systems. Let g be a simple Lie algebra, and let p; : g —
gl(V) and p, : g — gl(W) be finite-dimensional g-modules, as above. There is then a

homomorphism

dim vV dim W
V) - S @EW), X — D yNpr O g N ipr©0) L (2.27)
i=1 j=1

We also have the following well-known homomorphisms whose images are

conformally embedded.

VM (gl,) © VT (slyy) — S(nm) @ E(nr), (2.28)
V=24 (5pg) @ V(08P ) — S(mm) @ £(2nr), (2.29)

V—2”+1+’(502m+1) ® V‘m_%(osprﬂlm) - Sm2m+ 1)@ F2m+1) ® F(r(2m + 1)).
(2.30)

In (2.30), we have used the homomorphism V*I/Z(ospmn) — S(n) ® F(1), which yields
the diagonal map V=*/2(0sp, ,,,) — S(nk) ® F(k) for all k.

2.6 Filtrations

We recall the canonical decreasing filtration introduced by Li [38] that exists on any

vertex algebra V and is independent of the conformal weight grading. We have
FFO)2F' V)2,

where FP(V) is spanned by elements of the form
coMglomg?. .. 9vqT

where al,...,a" € V,n; > 0,and n; + --- + n, > p. Note that V = FO(V) and 9F' (V) C
FiH+1()). Set

gr" (V) = PG FPW)/FPH ),

p=0
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and for p > 0, let
op 1 FP(V) — FP(V)/FPT (V) € grf (V)
be the projection. Note that grf (V) is a graded commutative algebra with product
op(@)og(b) = op, q(ai_1yb),

for a € FP(V) and b € FI(V). We say that the subspace FP(V)/FP+1(V) has degree p. Note
that grf (V) has a differential 8 defined by

d(op(@)) = 0,4, (0a),

for a € FP(V). Also, ng(V) has a Poisson vertex algebra structure [38]; for n > 0, we
define

0p(@)(n)0q(D) = 0pq_nAm)D-

Finally, Zhu's commutative algebra Ry, is isomorphic to the subalgebra FO(v)/FL(v) c
grf (V), and grf (V) is generated by R, as a differential algebra [38].

Next, we recall the notion of a good increasing filtration G,V on a vertex algebra
V. This is a Z_ -filtration

0=G JACGYVCSGVCSGVC---, V=|JGV (2.31)
k>0

such that G,V = C, and for all a € GV, b € G}V, we have
ayb € GV, forn <0, (2.32)
A € GV forn > 0. (2.33)
Elements a € G4V \ G4_,V are said to have degree d.
The associated graded algebra gro(V) = @,.0GpV/Gp1V is a Z.y-graded
associative, supercommutative algebra with a unit 1 under a product induced by the

Wick product on V. For each p > 1, we have the projection

¢y GV — GV/G, |V C grg(V). (2.34)
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Moreover, gr(V) has a derivation 9 of degree zero that is induced by the operator 9 = %

on V, and for each a ¢ GPV and n > 0, the operator Ay ON VY induces a derivation of
degree p — 1 on gr;(V). These derivations give gr;(V) the structure of a vertex Poisson
algebra.

In fact, if V has a grading by conformal weight V = @, VId] where d € Z_, or
d € Z, there is a standard construction of such filtrations [38]. Suppose that V has a
strong generating set consisting of fields {«’| i € I} of conformal weight d;. In particular,
afn)aj is a linear combination of normally ordered monomials

k k

2 no: noos
r2al2 e akl aln - 8krnaln .

PR L PP IR .
where rd; +---+r,d; <p,then this defines a good increasing filtration on V.

The following useful observation is due to Arakawa [7].

Lemma 2.1. LetV be a conformal vertex algebra, where V, is the subspace of conformal
weight A. Then,

Fp(VA) = GA—pVA’

where FP(V,) = V, N FP(V) and G,(Va) = VA N G,V). Therefore, grf(V) = gro(V)
as Poisson vertex algebras. In particular, gr;(V) does not depend on choice of strong

generating set used to defined the filtration.

Suppose that A and B are vertex algebras with good increasing filtrations G,.A
and G,B, and let

fiA—>B

be an injective homomorphism such that f (Gp.A) € G,B.We then have a homomorphism
of Poisson vertex algebras gr(f) : gr;(A) — gro(B), but this map need not be injective.
For example, consider the embedding f : H%2 < H, where H?? denotes the Z,-orbifold
of the Heisenberg algebra 7. It is well known that %2 is strongly generated by the
Virasoro field L and a weight 4 field W [23]. Then the image ¢,(W) of W in ng(’HZZ)
is nilpotent (equivalently, it is nilpotent in grf(#?2) [13]), but gr;(#) is the polynomial
ring Cla, da, 3%a, .. .1, s0 ¢4 (W) lies in the kernel of gr(f).
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The map f : A — B also induces a good increasing filtration GJ:A on A as follows:
GhA={ac A f(a) € G,B).

We denote by gry(A) the associated graded object. Note that we always have an

injective map
gry(A) < grg(B),

but in general, grp(A) # grg(A). In general, it is difficult to determine when gre(A) =

gri(A), but the following criterion will suffice for all our examples.

Lemma 2.2. Let A and B be vertex algebras with good increasing filtrations G,.4 and
G, B, and let

f:A—>B
be a homomorphism such that f(G,A) € G,B. Suppose that
{@;} € grp(A) € gre(B)

is a generating set for gry(A) as a differential algebra with the following properties.

(i) @; is homogeneous of degree d; > 0 in gr(B), for all i.
(ii) There exist fields w;(2) € G4, A such that ¢4 (f(w;)) = &;, for all i.

Then,

1. Ais strongly generated by {w;};

2. f(AH N GpB = f(GpA). It follows that the map gr(f) : gro(A) — grs(B) is
injective and gry(A) = grg(A);

3. if, in addition, we have wt w; = d;, then gr;(A) = grf (A) as well.

Proof. For (1), let « € G,.A be nonzero. Since f is injective, f(«) # 0, and by assumption
fla) € GpB. Then there exists g < p such that f(x) € GqB \ Gqle, SO qbq(f(a)) can be
expressed as a normally ordered polynomial P(®;) in ®; and their derivatives, of total
degree g. Let o’ € A be the corresponding normally ordered polynomial in the fields o,
and their derivatives. By our assumptions, o’ € GgA S GpA, and o — o’ has the property

that f(a — o) € Gq_lB. Continuing this process, we can find some «” € Gq_lA - GpA that
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is a normally ordered polynomial in w; and their derivatives, such that f(« —o’ —a”) =0,
and hence @ = o’ + «” since f is injective.
Next, we have f(GpA) cf(AHN GpB, so to prove (2), we need to show

F(A) NGB C f(GLA).

Suppose this holds for all degrees less than p. Let 8 € (f(A)NG,B) \ (f(A)NG,_,B). Then
we can write ¢, (B) as a polynomial P(&;) in ; and their derivatives, of total degree p. Let
a € A be the corresponding normally ordered polynomial in w; and their derivatives. By
assumption, o € Gp(.A) and f(x) — B lies in f(A) N Gp_ll’j‘. By induction,

f@) = B ef(G, 1 A),
that is, f(a) — B = f(y) for some y € Gp_lA. Then o — y € GpA and f(a¢ — y) = B, as
claimed.

Finally, (3) is immediate from Lemma 2.1. ]
Remark 2.2. The notion of good increasing Z.,-filtrations can easily be modified to
include %Zzo—ﬁltrations, where G;A C Gi+%A foralli e %Z. Also, the notion works for
vertex superalgebras with no modification, and the statement of Lemma 2.2 continues

to hold.

The examples we need are the following. We give S(V), £(V), and F(V) the

following good increasing filtrations.

1. G%S(V) is spanned by the monomials

rokipx.gksgxsghyni gl Vi x eV, Yyl eV, Kk ;> 0, s+t <T).
2. G%£(V) is spanned by the monomials

kb kspphen . pkett | x, €V, e V5, kil >0, s+t <T).
3. Gg]-'(V) is spanned by the monomials

rokrgx...9ksg*s 1|1 x, €V, k; >0, s <1},
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Similarly, for any affine vertex (super)algebra V¥(g), we define GrVk(g) to be the
span of all monomials in the generators X° and their derivatives of length at most
r. Then all the homomorphisms f : V¥(g) — B in the previous subsection satisfy
f(G.V¥¢g) € G,B.

For V = S(V), £&(V), or F(V), we have gro(V) = grf (V) by Lemma 2.1, so for
simplicity of notation, we will always denote gr;(V) by gr(V).

3 Coset Construction

Definition 3.1. Let.Abe a vertex algebra, and let V be a subalgebra. The commutant of V
in A, denoted by Com(V, A), is the subalgebra of elements a € A such that [v(z), a(w)] =0
for all v € V. Equivalently, v(,ja =0 for allv € V and n > 0.

This was introduced by Frenkel and Zhu [28] and is a standard way to construct
new vertex algebras from old ones. If A and V have Virasoro vectors LA and LY, then
C = Com(V, A) has Virasoro vector IA-LVandV®C— Aisa conformally embedding.
If V is a homomorphic image of V¥(g), we call C an affine coset, and it is just the invariant
space A9,

In this paper, the main examples of affine cosets we study have the following

form.

Com(V*(g), S(V)) = S(v)*4, (3.1)
Com(V*(g), E(W)) = EW)?Y, (3.2)
Com(V %t (g), S(V) @ EW)) = (S(V) ® E(W))9MH. (3.3)

3.1 The method of arc spaces

We now recall the approach to studying these cosets using the invariant theory of arc
spaces that was introduced in [45]. First, with respect to the good increasing filtration
G,S(V) defined above, we have

gEW) =CIPW o V)l Vi={BllxeVl, Vi={FIx eV, (34
k>0
as commutative algebras. Here, f; and y,f/ are the images of rgfikq)l = %Bkﬁx and

y(’ikil)l = %akyx' in gr(S(V)) under the projection G,S(V) — G,S(V)/G,S(V) C gr(S(V)),
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respectively. Note that this notation is slightly different from [45] and is chosen so that
the derivation 9 on gr(S(V)) is given by

0BF = (k+ DBE,, = (k+ Dy (3.5)

Then (2.17) induces an action of g[t] on gr(S(V)) by derivations of degree zero, defined on
generators by

s8N = BEY, e () =y O, (3.6)

1—r

We therefore have an isomorphism of differential algebras
gr(S(V)) = Cl (Ve V)],

which is in fact an isomorphism of g[t]-modules. Here, the differential 3 on C[J (V& V*)]
is normalized as in [41-43].

Next, the inclusion map f : S(V)? < S(V) induces a filtration GLsw)dlt on
S(V)9 where

L) = sV N 6,5 W),
We have an induced injective map
gry (S — gr () = Cly (Ve v = Clu (Ve V=@, (3.7)

where G is a connected Lie group whose action on S(V) is infinitesimally generated by the
action of g. In general, (3.7) can fail to be surjective. If generators for C[J_(V & V*)/~(®
as a differential algebra are known, to check the surjectivity of (3.7), it suffices to check

that the generators lie in the image. Finally, there is always a map
Cl, (V& V*)/G)] - Cl (V& VP>, (3.8)

If (3.8) is surjective, the generators of C[V & V*]¢ will generate ClJ,,(V & V*)[’~(© as a
differential algebra. If both (3.7) and (3.8) are surjective, we therefore obtain a strong
finite generating set for S(V)% as a vertex algebra.

We next recall how certain cosets of the form £(W)9¥ and (S(V) ® £(W))9¥ given

by (3.2) and (3.3) can be studied using similar methods. First, given an algebraic group
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~

G and finite-dimensional G-modules U and U, let fIJ ~ U+ for j > 0, and fix a basis
X1/ 1 X} for fI] Let SU = ClBj-0 ffj]. The map ClJ, (0)] — SU sending Xlg) > X
is an isomorphism of differential algebras, where the differential D on SV is given by
D(x;j) = G+ Dx; 4.

For j > 0, let U; = U*, and let LV = A ®;=0 U;- Fix a basis {y;,...,y,,} for
U; and extend the differential on SU to an even differential D on SU ® LV, defined on
generators by D(y; ;) = (j + 1)y; ;. There is an action of J(G) on SY ® LY, and we may
consider the invariant ring (SY ® LV)’>(©®. Let SY = CIU,] € SY and LY = AU, < L,
and let ((Sg] ® Lg)G) be the differential algebra generated by (Sg ® Lg)G, which lies in
(SY @ LU)7=(©),

Since G acts on the direct sum U & U®* of k copies of U, we have a map
ClI (U ® U®})G)] — Clu (U & UPK)}=©. (3.9)

Theorem 3.1.

1. Suppose that (3.9) is surjective for all kK > 0. Then,
Y oLy~ ©@ = (s§ @ L{)®),

which generalizes Theorem 7.1 of [45]. In particular, if we fix a generating
set {ay, ..., o) for (Sg ® LY)C, then {oy, ..., o} generates (SU @ LU)7~(® a5 a
differential algebra.

2. Suppose that (3.9) is an isomorphism for all kK > 0. Let {f},...,f.} be a
generating set for the ideal of relations among {«;, ..., o;}. Then the ideal of

relations among {«;, ..., ;} and their derivatives is generated as a differential
ideal by {f;,....f}.

Proof. For each integer a > 1, let SU2 be the copy of SU with generators z?j fori =

I,...,n,andj > 0.For A = {a,,..., a4} with a; < a;,,, let
sA=sT@E " @ @SV, St=sY®EIUe-- Sy

54 is 74 -graded if we give each generator szr the multidegree (0,...,1,...,0) with 1 in

the a position. Let T4 be the subspace of S that is linear in Y41, ..., SV, that is, T4
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consists of elements of the form

n — a aq
=2 fuun® @, ® oz (3.10)
111
In this notation, |I| = (i, ..., iz) and |J| = (jy, ..., Jy) are ordered lists, f;, 5 are elements

of Sif and the above sum is finite. We will suppress the index of summation and use the
shorthandp =Y. f® (z*'. ® --- ® z'%. ). Observe that

11,1 iddd

d
st =Cl (U e @ u2, (3.11)
a=1
which is a commutative algebra. If B = {b,,...,b,} C Awithb; < bi+1 ,we have the natural

embedding
pa:SP—>84  fRfMe - @ff fRF R ®FY,
withf*=1ifa ¢ B.If C=A\B,p € S8, and g € S®, then 15 , (D)1 4 (@) € SA.

Observe next that the permutation group &, acts on S4 and preserves T4. For

O’EGd,

c@ = fOE  ®--ez!

Lo (d)Jo(d)
Let T4, C T* denote the subspace
{pe T4| o(p) =sgn(o)p, forall o € G4}

We have a retraction

1
Va:Th = Tog, Ya@) =5 > sgn()o ().

eSSy

For each d > 0, let sU ®LUd C sU ® LY be the subspace of degree d in the variables YVij-

Then we have linear isomorphisms

Pa Sgn —sYe1V, Zf® (leJl Q- @z Zf@’ Wiy o A A Yigja)-

ldJd
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We have ¢,D = D¢,. Let &, = ¢, 0¥, : T4 — SU @ LU4, which has the following

properties.

oW =

®A(¢;1(p)) =D, for any p € Sf] ® LU'd,
®,(Dp) = D® 4 (p), for p € TA.
4 (@(D)) = sgn(o)d, (), for p € T4,

Suppose 0 € &4 with a,;) < -+ < @, and @,y < 0 < @yq)- Let

o(e

B = {a’g(l)l"' 'a‘o'(e)}' Cc = {aa(e+1)"" 'aa(d)}' 1_9 € TB, and q € TC. Then
Q4 (tgaPica(@) =sgn(o)Pp(D)Pc(q).

The following properties of the action of J (G) on S# are apparent.

1. The action of J (G) preserves the grading of Z‘go.

2. T4 is a J(G)-invariant subspace.

3. The actions of &, and J_,(G) commute.

4. iga ba Yy and O, are J (G)-equivariant.

Suppose (3.9) is surjective for all k > 0, so that (S4)7>(® is generated by (S§)¢ as a
differential algebra. We can choose homogeneous generators {8,..., B, Byui1:-- -+ Busv)
for (SS‘)G. In this notation, the 1st u generators {8, ..., 8,} are linear in each copy of SU-4
that appears, and the remaining generators 8, ,,...,8,,, are at least quadratic in one

of these copies. Then thereis B, CA,1 <i<u, Ei € TBi, such that B; = LBi'A(Bi).

For statement (1), if p € sU ®LV4 is a J.(G)-invariant element, then q);l(p) is

J.(G)-invariant. We have

¢2'(p)=> cD"p, .- Dhg,,

with 1 < i; < u since ¢ (p) € T4y, < T4. So

$a'(0) =D D"y 4(B;) -+ Dllup 4(By),

J 7 7

p =5 ) =D £cD 05 (B;)---DMdy, (By).

Since @Bij (ﬁij) are G-invariant element in Sg ® Lg, (sff ® LU)=(6) — ((S(I)f ® Lg)c;%

For statement (2), we may assume that the generators «, of (Sg] ® Lg)G are

homogeneous of degree e, in the variables y; ;. Note that o, is odd (respectively even) if

and only if e, is odd (respectively even). Let P be the differential polynomial superalgebra

y20z Aenuer g0 uo Jasn Aselqi esolusd--1eAus( Jo AusisAlun Aq 2S201L0.2/.L1/ L /v202/8191e/ulwil/wod dno olwepeoae//:sdiy Wol) papeojumoc]



72 A.R.Linshaw and B. Song

on generators X,...,X; and their derivatives, with appropriate parity, so that (Sf] ®

LU)7=(© is the quotient of P by the homomorphism of differential superalgebras
7p:P— (SY@LU)=©@,  Dkx > DFa,.

We will view relations among «;, ..., o and their derivatives, as elements of ker 7p. Note
that P has a compatible grading if we assign X, the degree e;, and we denote by P° the
subspace of degree e.

Fort=1,...,k, let

BY =0, aldg @), Ci=lay,...,a,}, o€6,. (3.12)

Now {B7|t =1,...,k, 0 € S5} U{B},..., By} is a set of generators of (S4)C. We may

assume that
®p(f) =0, 1=<i<u. (3.13)

This is because ¢, is a linear isomorphism, so (g, 4 (¥, (8;)) can be generated by 7 since
g, (Ei) is generated by «,. Therefore, we can replace g; by §; — tg;a(Vp, (Bi)).

Let Q be the differential polynomial algebra on generators Y7, Y;,..., Y, ,, and
their derivatives. Then Q is Z4,-graded such that the multidegree of DXy, is the same

as the multidegree of D¥g,. So (54)’~(® is the quotient of Q by the homomorphism of

differential algebras
Mo :Q— (§4/=©@,  pky? s DEge, DRy, s DFB;.

Then relations among g7 and §; and their derivatives are just elements of the kernel of
7mq. Under the assumption that (3.9) is an isomorphism for all k > 1, ker ) is generated
as a differential ideal by polynomials in ¥} and Y;, that is, elements with no derivatives,
which are homogeneous in the Zgo—grading.

For B C A, let gy € Z‘go with gg(a) = 0if a ¢ B and gz(a) = 1 if a € B. Let
Q% C @ denote the homogeneous subspace of multidegree gp. Clearly, QF is a differential
subspace of Q, that is, it is closed under the action of D. Let e be the number of elements

in B. We have a linear map of differential spaces

W, QF — P,
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defined on monomials as follows: W5(M) = 0 if M is a monomial containing some Y; and
k LRvad k k
Wp(D¥Y;! D lYtll) =sgn(o)D"X, ---DYX,,
where o is a permutation of B such that the sequence

o(oy(ay)), ... ,o(al(aetl)), o ,U(O’l(aetl))

is in increasing order. The map Wy has the following properties.
1. Wy(DM) = DW5(M).
2. mpo Wy = dgom,.
3. Let 0 € 64 with ayq) < -+ < Qg and Ayeq1) < -+ < Gy Let B =
{@Go1yr-- 18yl C = {@ges1yr -1 8o} P € TP, q € T¢, M; = n5'(p), and
M, = 751 (g). Then Wy(M,)W(M,) = sgn(o) W, (M, M,).

Now if R € ker 7rp is a relation okaozt, we can assume R is homogeneous of degree

d. Assume
— k k;
R= > cDMx, ... Dhx,.
Letd; = e + -+ e;; and o; € 6,4 a permutation such that o;(i)) = d;_; + i mod d.
Consider

R=) cDMpl...DMp e T4,

Va(R) = % Z sgn(o)chkl(ﬁ;’lal)...Dkl(ﬁg"l). (3.14)

(rEGd

Replacing 7 by Y7 in the expression (3.14), we get a polynomial

r= % Z Sgn(a)ZCDkla(Ygal)~-~Dkl(Y;Ul)

0eGy

in Q4 with ¥, (r) = R. Since
®,(R) = > c¢DMay - Dhay = 7p(R) =0,

no(r) = Y,4(R) = 0. Thus, r = ijDkfrj and r; is a polynomial in R{ and Y;, which

are homogeneous with respect to the Z4,-grading. Since r € Q4, f; can be chosen to
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be homogeneous as well. There are B; C A, Cj = A\BJ- such thatfj € Q% and r; € Q%. Then
R=W,r = Z:l:\IlBi(}‘}-)Dki\IlCi(rj) and Ve () € ker 7p is an element of level zero (i.e.,

involving no derivatives). This completes the proof. |

In view of Theorem 1.1, Theorem 3.1(2) applies to the case G = GL, and U =
vok, U = v® with V = C" @ (C"*, and the case G = Sp,,, and U = Vo, U = v
with V = C?". Theorem 3.1(1) applies to the case G = SL, and U = V¥, U = v® with
V=C"q (Ch*.

4 The Case g =sl,

Forn > 2,let g = sl,, and let V = (C™)®™ be the sum of m copies of the standard
module C". We regard V as the space of n x m matrices, so that the homomorphism (2.19)
corresponds to the left and right actions of s[,, and s(,, on V, respectively. From now on,
we use the generators ,Bif,yif fori=1,...,nandj = 1,...,m, satisfying ,Bif(z)ykl(w) ~
8;x8;1(z — w)~!. The generator of H is thene =37, > : giy¥ .

Theorem 4.1. For alln > 2 and m > 1, Com(f/*m(s[n),S(nm)) = S(nm)s= is an

extension of f/‘”(g[m). It is strongly generated by

n
X =3 gy e Tty
k=1

together with 2(7") additional fields of conformal weight %, if m > n:

ﬂljl ﬂljn yljl Vljn
_ . . / _ . .
Djl rrrrr Jn : : 4 Djl ,,,,, Jgn : . ’
’3711'1 . Ignjn ynjl . ynjn
for all sets {j;,...,j,} € {1,...,m} of distinct indices.

Proof. The case 1 < m < n is given by Theorem 4.1 of [45]; in this case, f/_”(g[m) =
V~"(gl,,), which is simple. The case n = 2 follows from Theorem 4.3 of [45]. In this case,
S2m)slltl is 5 homomorphic image of V‘Z(ﬁoZm); see also Proposition 8.1 of [3].

In the general case, (3.8) is surjective by Theorem 1.1 (3). Since D; ; depends

pond]
only on the ,Bij , there are no double contractions with the generators of f/'*m(s[n), SO

. . : - ,
Dj, .. j, 18 sly[tl-invariant. Similarly, D},

I . is sl [t]-invariant. Therefore, (3.7) is surjective

ped
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as well, so the generators of the classical invariant ring C[(C" @ (C™)*)®™]5L» give rise
to a generating set for grf(S(nm)ﬁlnm) as a differential algebra. By Lemma 2.2, the

corresponding fields strongly generate S(nm)*"!¥ as a vertex algebra. |

The next statement follows immediately from Theorem 4.1 together with Theo-
rem 3.5 of [45].

Corollary 4.1. The Zhu algebra A(S(nm)s'lty ig isomorphic to the ring of invariant
differential operators D(V)SL» for V = (C")®™,

The proof of the next statement is the same as the proof of Theorem 3.5 of [45].

Corollary 4.2. The Zhu commutative algebra Rg,,, sn1 is isomorphic to the ring of

invariant polynomial functions C[V @ V*]5i»,

Theorem 4.1 allows us to give a complete description of the singular support of

S(nm)“”[t].

Corollary 4.3.

1. Foralln > 2 and m < n + 2, S(nm)sh ig classically free.
2. For m > n + 2, S(nm)*"!Y is not classically free. However, the kernel of the

homomorphism
Cl (V& V*)/SL,)] — grf (S(nm)*=4), 4.1)

coincides with the nilradical of ClJ_((V & V*)/SL,,)]. Therefore, S(nm)shld ig
classically free at the level of varieties, and SS(S(nm)®"!Y) is just the reduced
scheme of J_ ((V & V*)/SL,,).

3. The kernel of (4.1) is finitely generated as a differential ideal.

Proof. In the case m < n, since S(nm)s'nltl = f/*"(g[m) that is a universal affine vertex

algebra, there is nothing to prove since all universal affine vertex algebras are classically

free. For all m > n, it follows from Theorem 4.1 and Lemma 2.2 that

grf(s(nm)sln[t]) o~ gr(s(nm)ﬁln[t]) ~ ng(S(nm)ﬁln[t]) ~ (C[JOO(V ® V*)]JDO(SLH).
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For m < n + 2, it follows from Theorem 1.1 (3) that for V = (C*)®™ the map
(3.8) is an isomorphism, so the above map is an isomorphism as well. Finally, the kernel

is given explicitly and the statement about the nilradical is proven in Corollary 4.4 of [43].
|

There is only one other example in the literature where the kernel of (1.5) is
nontrivial and is known to be differentially finitely generated, namely Virz, [6]. The
examples given by Corollary 4.3 are the 1st examples that are not C,-cofinite.

In the cases m > n, it is an interesting question whether S(nm)$ can be
identified with vertex algebras appearing in other contexts, such as WW-algebras. We now

consider thecases m =nand m=n+1.

4,1 Thecasem=n

In this case, S(n?)%™!! is strongly generated by the generators of V™" (sl,,), the Heisenberg
fielde= >, : BYyY : together with two fields

pll ... pgln yl o yIn
+ —
D'=D, ,= , D =D ,= ,
‘Bnl IBnn ynl J/nn
of conformal weight % For convenience, we replace the Heisenberg field e with J = —%e.

We have the following OPEs:

J(@2)J(w) ~ —(z—w) 2,
J(z) Dt (w) = DT (w)(z — w) L. (4.2)

DY@D (w) ~nl(z—w)™" —nlJw)(z—w) " 4. ...

+
(n—r—1)

of the center of V7"(sl,). Note also that the images of the two commuting copies of

The remaining terms in D D™ forr=2,...,n — 1 depend only on J and elements

V"Gl inS (n?) have the same center, which is the differential polynomial algebra with

generators v,,..., v, of weights 2,...,n.

In [16], for n > 2, the coset

Com(V™"(sl,) ® V"(sl,), S(n?)) = S(n?)*tnl1®=tnll
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was considered, and it was shown to be freely generated by the Heisenberg field J, the
fields D*, and the fields Vy,...,V,_; When n > 3. The reason that the remaining central

element v, is not needed is that there exists a relation of weight n:
:DYD™ : —P(J,vy,...,v,) =0, (4.3)

where P is a normally ordered polynomial in {J,v,, ..., v,} and their derivatives, and the
coefficient of v,, is nonzero. Therefore, v,, can be eliminated from the strong generat-
ing set.

In particular, S(n?)s"n1®shltl has the same strong generating type as the universal
W-algebra W¥(sl,,, foubreg) @ssociated with sl,, with its subregular nilpotent element,
which was shown by Genra [31] to be isomorphic to the Feigin-Semikhatov algebra W,(lz).
Note that in the case n = 2, fpreg = 0 50 Wk(s[z,fsubreg) = vk (sl,). The following result

was conjectured in [16] and was proven for n = 2, 3,4 by direct computation.

Theorem 4.2. Foralln > 2,
S(nZ)S[n[t]EBS[n[t] >~ Wﬁn(s[nlfsubreg)-

The idea of the proof is that S(n2)sn®sklll and W—n(s(

properties such as strong generating type, graded character, and a few features of the

nJsubreg) share some

OPE relations. Then we will show that there is a unique vertex algebra satisfying these
properties, up to isomorphism.

Although the full OPE algebra of W™"(sl,,, foupreg) is given explicitly in [32], we
only need the following more qualitative statement, which follows from Theorem 3.14,
Proposition 4.2, and Theorem 4.4 of [32].

Lemma 4.1. W™ (sl,, fupreg) has the following features.

1. Itis freely generated by a Heisenberg field J, fields G* of weight 2, and central
fields w,,...,w,_; of weights 2,...,n — 1 whenn > 3.
2. These fields satisfy

J(2)J(w) ~ —(z — w) 2,
Gr2)G w)~nl@Zz—w) " —nlJw)(z—w) "+ .., (4.4)

J(2)GT(w) = G (w)(z — w) L.
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3. G* generate W "(sl,, foubreg) @s @ vertex algebra. Equivalently, for all

i=2,...,n—1,
+ —
Gnoi-nG =Hopt--,

where pu; # 0 and the remaining terms are normally ordered monomials in

J,wy,...,w;_; and their derivatives.

Lemma 4.2, S(n?)s"lU®skilll ig generated by D* as a vertex algebra. Equivalently, for all

i=2,...,n—1,

+
D(n—i—l)

D_Z)\'lvl+ ,
where }; # 0 and the remaining terms are normally ordered monomials in J, vy, ..., v;_;

and their derivatives.

Proof. First, the projection ¢,,(: DYD™ :) onto the component of degree n (which has

degree 2n in the variables ﬁ,ij and y,ij ), actually lies in the subalgebra
CIB vy 15Ot = Z(gl,,),

where Z(gl,)) denotes the center of U(gl,). As such, we can write ¢,,(: DD~ :) as a
polynomial in the Casimirs J, v,, ..., v,. Here, by abuse of notation, we do not distinguish
between the fields J, v,, ..., v, € S(n?)"[1®shlll and their images in Z(gl,,). As above, the
coefficient of v,, is nonzero.

Let x¥7 = qbl(Xij) be the image of XY in the degree 1 part of gr(S(n?)), and observe
that v, can be characterized as the only monomial of degreeninJ, v,, ..., v, that contains

12523

the term x x"~Lnxnl with nonzero coefficient.

-+

Now, for all I with 2 < [ < n, the projection ¢Z(D(n7171)

D7) will contain the degree

l element
’ . ’ .
iy, i =4 Dy Dy )

with coefficient +(n —)!. As above, d; | ;d;

generators J', vy, ..., v; of Z(gl;), and the coefficient of v, is nonzero.

i, can be expressed as a polynomial in the
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Next, the embedding i : gl; < g, gives a restriction map i* : gl;; — gl and

induced surjection
i* 1 Z(gl,) = S(gl,) I — S(gl)®H = Z(gl)).

This map is also injective when restricted to the component of degree I. In particular,

given a polynomial p(J,v,,...,v;) of degree I in S(gl,)%L», the coefficient of v, in p

125,23 5 l-1]4l1

nonzero if and only if the coefficient of x in i*(p) is nonzero. Since

x'2x%3 ... x1"11x!1 has nonzero coefficientind; | ;d; , and cannot appear in any other
. o + — . . . —+ —_

terms in i (¢I(D(n_z_1)D )), v; must appear with nonzero coefficient in D(n_l_l)D , as

claimed. =

Proof of Theorem 4.2. It suffices to prove that any two vertex algebras satisfying
the properties of Lemma 4.1 must be isomorphic. So let A be another such vertex algebra
that is freely generated by a Heisenberg field J, fields G* of weight 2, and central fields

iy, ..., &,_; with OPE relations

J(2)J(w) ~ —n?(z — w)~?, GT@)G w)~nlz—w) ™" —nlJw)(z—w) "+ .,

J(2)Gt(w) = £GT(w)(z — w) L.

(4.5)
Suppose furthermore that forall 2 < r < n —1, G(t’l,—r—l)é_ = fi,®, + ---, where the
remaining terms depend only on J, @,,...,®,_; and their derivatives, and /i, # 0.

To show that W™"(sl,,, foupreg) = A, it suffices to show that we can choose new
generators 5)’2 ... ,c?);l_l for the central algebra generated by @, ...,®,_; such that OPEs

agree, that is, the map W™"(sl,,, foypreg) — A defined by
J=J, GEe G, o ), (4.6)

preserves OPEs and is therefore an isomorphism of vertex algebras since both sides are
freely generated by the given fields.

For2 <i<n-—1,let M} C W‘"(ﬁ[n,fsubreg) denote the set of all normally
ordered monomials of weight i in the variables w,,...,w,_; and their derivatives but
not including the term w; itself. Let J° be the set of normally ordered monomials in J

and its derivatives of weight i.
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Similarly, let M’ and J* be the corresponding sets in A consisting of normally
ordered monomials in @,,...,®,_; and their derivatives not including &; itself and
normally ordered monomials in J and its derivatives, respectively.

For 1 < r < i,let M"7"" denote the monomials of weight i that are a product of
some M € M" and N € 7' " and similarly define M".7?~". Then,

where the remaining terms are linear combinations of elements of M?, 7%, and M"7!"
in the 1st line and of elements of M!, J¢, and M”77 in the 2nd line, respectively.

It is easy to check that the Jacobi identities of type (J, G, G™) together with (4.5)
uniquely determine all coefficients of all monomials in J i foralli=2,...,n— 1. Also,

for all monomials of the form MN € M" 7" with M € M" and N € M!7, the coefficient

+
(n—i—1)

G~. Note, however, that the Jacobi identities do not provide any restrictions on

of MN appearing in G G~ is uniquely determined in terms of the coefficient of M in

PoRE
G(n—r—l)
the coefficients of monomials in M®.

Recall that in W™"(sl,,, fiupreg) and A, we have, respectively,

+ —
Gin-3G =hawp+ -,

+ — ~ ~
Gn3G = oyt

Here, the remaining terms lie in J 2 and J2, respectively, and hence are completely
determined. Therefore, they must agree under (4.6).
We define

By =124 c A
K2

Then,

p ~_  ~ Mo ~
Gina)G = o Gyt = ppy -,
2

which now agrees with G, 5 G~ under (4.6).

Inductively, we assume that for all i < r, we have defined new variables

-+

@},..., &, € Athat commute with J, such that all structure constants in G’(nfifl) G~ agree
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with those in G G~ . In particular, for i < r + 1, the set M has been replaced with

(n—i-1)
the set (/\/l/)‘ of normally ordered monomials of weight i in the new variables &)’1 e D

Now consider G G~ , which has weight r + 1, and write

(n—r-2)

G+ C =& 41
Gl G = Bp1@ppy + D BT 4

where a;, bJ are constants and the remaining terms that either lie in J"*! or M2 J7+1-¢@
(respectively, 77! or (M")277+t1-9) are completely determined by previous data.

We now define

~ Fri1 bj +1 & el
it =21 (& Lt -3 i)
J

Hri1 A1 Hri1

Then,

+ - ~ Myl -, J r+1 J r+1 rr+1
R ZMMM + D)+ Ty +
J

_ ~/ yr+1
= Urp1@pp1 + Zaij +o
J

(4.9)
Therefore, with this change of variables, the structure constants in G(n . 2)G_ now
agree with those of G(n . 2)G‘ with respect to monomials in {J,wz,..., r+1} and
{J,wy,..., 0.1}, Tespectively. Inductively, we can choose new variables N
where this holds, and then by the above discussion, the full OPE algebras agree. O

Combining Theorem 4.2 with Theorem 8.1 of [16], we immediately obtain the

following corollary.

Corollary 4.4. The Zhu algebra AOV™"(sl,, fypreg)) is isomorphic to the ring of
invariant differential operators D(n?)Sl»*SIn where D(n?) denotes the Weyl algebra of

rank n?.

This allows the irreducible positive energy modules for W™"(sl,, foypreg) tO

2)SLn xSLn

be studied via the representation theory of D(n . Even though D(m) has no

nontrivial finite-dimensional modules for all m > 1, it turns out that D(1n2)Sln*SLa
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admits a class of finite-dimensional irreducible modules that were described in [16]
for n = 2,3,4. The corresponding irreducible W™"(sl,,, fgupreg)-modules will have finite-
dimensional graded components, and it is an interesting problem to classify them.

We have one more consequence of Theorem 4.2.

Corollary 4.5. Foralln > 2,
Sm?)*M = (V" (sl,) @ W (sl fuubreg))/ T
where 7 is the ideal generated by

{op— vl k=2,...,n—1JU{: G*G™ : —P(J,vy,...,v)}, n>2
{{GTG™: —P(J,vy)} n=2.

Here, P is the same normally ordered polynomial appearing in (4.3).

Proof. Since Com(V‘"(s[n),S(nz)“"[t]) = W‘"(s[n,fsubreg), we have a surjective homo-

morphism
¢ : V" (sly) @ W (sly, frubreg) — S,
and ker ¢ clearly contains Z. The fact that Z = ker ¢ is apparent from the isomorphism
gry(S(n?)*nl) = gr(Sn?)sf = Cly, (v @ v = Cly (Vv & V*)/SL,)],

for V = (C”Z, since (V & V*)/SL,, is a hypersurface with defining relation corresponding
to (4.3). [ |

42 Thecasem=n-+1

Forn > 2,it follows from Theorem 4.1 that S(n(n+1))*"!¥ is an extension of V""(gl, ;) =
H® V"(sl, 1) by 2(n + 1) fields of weight % of the form

D™ .= D.

U1 e dr—1obr drdr e ing 1

, D ":=D ) r=1,...,n+1.

, , ~ ., ,
Vlpeeerlr=1bribrrealntl

Note that V~"(sl,, 1) = V"(sl,,) since this algebra is simple by Theorem 0.2.1 of [33];
this follows from the fact that for k = —n the shifted level k + hY = 1. Also, the fields
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{D*"} and {D~"} transform under gl,, 41 as the standard module C"*! and the dual module
(C™*t1y*, respectively.
We recall the family of W-algebras studied by the 1st author and Creutzig in

[20], which were called hook-type. For positive integers n, m, recall that sl has the

n+m

decomposition
Slyym = 5, ® gl ® (C" @ (C™) @ (C)* @ C™).

Recall next that conjugacy classes of nilpotents f € sl correspond to partitions of N.

ForN=n+m,letf, , € sl be the nilpotent that is principal in sl,, and trivial in gl,,.

n+m
It corresponds to the hook-type partition N = n+ 1 + --- + 1, and the corresponding
W-algebra W¥(sl,, ., Ju,m) 1s a common generalization of the affine vertex algebra
Vk(sl,,, ), the principal W-algebra W¥(sl,), the subregular W-algebra Wk(slnH,fsubreg),
and the minimal W-algebra W¥(sl,,, 5, finin)-

It is convenient to replace k by the shifted level ¥+ = k+n+ m, and following [20],

we use the notation WY (n, m) = W¥k(sl Snim)- It has the following features.

n+m’

1. Virasoro element L' and affine subalgebra V‘”*mfl(g[m).

2. For n > 3, additional even fields wg,...,», of conformal weights 3,...,n
which commute with V¥ =""1(g[, ).

3. Fields {(G*"|r=1,...,m} of weight ”T“ such that {G™"} and {G~"} transform
in the standard and dual gl,,-modules and are primary with respect to the
action of V¥~=""1(gl, ).

4. Freely generated by the generators of V¥~™~1(gl ) together with L, ws, ...,

Wy, G*.
The coset C¥(n,m) = Com(V¥ "™ 1(gl,,), WY (n,m)) has Virasoro element LC =

LY — L8 of central charge

_ myp-—m-—n-Dmy -y -—m-—n+Hny +y —m-n)
B Y - Dy '

Note that when ¢ = 'ﬁﬂ‘, the central charge of L€ is zero. If m + n and n + 1 are

relatively prime, this is a boundary admissible level for sl These algebras have

n+m:
been studied by Creutzig in the setting of Argyres—-Douglas theories in [15], as well as
in [2]. It is known that L€ is a singular vector in WY (n, m), and we have a conformal
embedding L,,_,,,_;(gl,,,) = W, (n, m), where W, (n, m) denotes the simple quotient [12].

It is expected that {G*"} survive in Wv,(n, m), which is then a nontrivial extension of
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Lv,_m_l(g[m). Since wjg, ..., w, commute with L8, they must vanish in Wv; (n,m), so that
W,,(n, m) would then be strongly generated by the generators of L,,_,,_;(gl,,) together
with {G*7).

We now specialize to the case W2(n — 1,n + 1) = W* 2"(sl,,, f,_; ,,1). Then L€

is a singular vector, and V™" (gl ) is conformally embedded in W,_,, (sly,, f;,_1 n11)-

Conjecture 4.1. Foralln > 2, S(m(n+ 1)*" =W, , (sly,, fr1 1)

4.3 The structure of Com(L,(sly), £(nr))

As above, let W = (C™)®", which we regard as the space of n x r matrices. Then £(W) =
&(nr) and the homomorphism L.(sl,,) ®L,,(sl,) ® H — E(nr) given by (2.24) corresponds to
the left and right actions of sl,, and sl. on . We use the generators bV, cifori=1,...,n
and j = 1,...,r, satisfying b (z)ck(w) ~ Si,ij,l(z — w)~!. The generator of H is then
e=—>1, 2" :bich .

Theorem 4.3. For all n > 2 and r > 1, the coset
Com(L,.(sl,),E(nr))

is an extension of L, (gl,) = H ® L, (sl,) and is strongly generated by the fields
n
YStzz:bksckt:eLn(g[r), s,t=1,...,r, (4.10)
k=1

together with following additional strong generators of weight 7:

/
Dy i Dy - (4.11)
Here, i;,...,1,, are elements from the set {1,...,n} that need not be distinct, and
D; . in,Dg1 ..i, are given by the same formula as the determinants in Theorem 4.1, but

without the signs.

Proof. We have gr(&(nr)) =LV = A\ @jo V; where V; = (C" @ ((C”)*)@r = Vv for all j. By
Theorems 1.1 and 3.1 (1), gr(€ (nr))shld ig generated as a differential algebra by elements

in the subalgebra

SLy

(@) = (\ (Vo)
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By classical invariant theory, this is generated by the quadratics corresponding to a
pairing of a copy of C"™ with a copy of (C™)*, together with determinants (without signs)
that depend on n copies of C" that need not be distinct, or on n copies of (C")* that
need not be distinct. It is easy to see that the corresponding fields in £(nr) actually are
s, [t]l-invariant and that the quadratic fields generate the affine vertex algebra L, (gl,).

Therefore, the map
grf(g(nr))ﬁ[n[t]) s gr(g(nr))sln[t]
is an isomorphism, which completes the proof. -

4.4 The structure of Com(V"""*"(sl,,), S(nm) ® E(nr))

Recall the homomorphism

VM (sl,) @ VHglyy) — S(nm) ® E(nr),
whose image is conformally embedded.
Theorem 4.4. For all n > 2 and m,r > 1, the coset

Com(V ™% (sl,,), S(nm) ® E(nr))

is an extension of f/”(g[rlm). It is strongly generated by the generators of f/'”(g[rlm),
namely
.o n . . n . n . . n .
XV — Z . IBkLyk] : yst — Z . pkskt : Eis — Z : ﬂklcks : F — Z . bksyk] :,
k=1 k=1 k=1 k=1
(4.12)
together with the fields
/
U1 yeearlsifst1 i’ Dil:--»risijs+lr---rjn' (413)
Here, s = 0,1,...,n, i;,...,i; are distinct elements from the set {1,...,m}, and
Usy1:---.Jn) are elements from the set {1,...,r}, not necessarily distinct. The fields

and D!

D U yedsifst1redn
certain sign changes when the variables are odd. In the extreme case s = n, they are

i1 orisis it are supersymmetric analogous of determinants with
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ordinary determinants in the even variables, and in the extreme case s = 0, all signs are

positive.

Proof. We have gr(S(nm) ® £(nr)) = SV ® LW, where

s'=Ci@viovy,  v=CHT Y,
j=0
= NPwjewy,  w=CHT=w.
j=0

By Theorems 1.1 and 3.1 (1), gr(S(nm) ® E(nr))shltl ig generated as a differential algebra
by elements in the subalgebra

(SY @ LYY = (CIv @ V1 © A\ (W e W)™,

By classical invariant theory, this is generated by the quadratics corresponding to a
pairing of either an even or odd copy of C", and an even or odd copy of (C™)*, together
with determinants (with appropriate signs) that depend on n copies of C” that can be
either even or odd, with the even ones distinct, or on n copies of (C™)* that can be either
even or odd, with the even ones distinct. It is easy to see that the corresponding fields
in S(nm) ® £(nr) actually are sl [t]-invariant and that the quadratic fields generate the

affine vertex superalgebra V" (gl ,,). Therefore, the map

rin
gry((S(nm) ® Emr)*) & gr(S(nm) ® &(nr))*l

is an isomorphism, which completes the proof. |

5 The Case g =gl,

In this section, we consider the structure of S(nm)®nll gmnronll and (Snm) ®
E(nr)9=Ml We first study S(nm)®™!¥, and to motivate our results, we begin by recalling
the casen = 1.In this case, V"""(gl,,) is replaced with the Heisenberg algebra # generated

by e, which satisfies e(z)e(w) ~ —m(z — w)~2, and we write S(m)®1lll = Com(H, S(m)).

Theorem 5.1.

1. In the case m = 1, Com(#,S(1)) is isomorphic to the simple Zamolodchikov

W, algebra with central charge c = —2.
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2. In the case m = 2, Com(H,S(2)) is isomorphic to the simple rectangular
W-algebra of sl, at level —2, which is an extension of L_, (sl,) and has central
charge ¢ = —3.

3. In the case m > 3, Com(#H,S(m)) is isomorphic to the simple affine vertex
algebra L_,(sl,,).

Note that (1) is due to Wang [50], (2) was proven by Creutzig, Kanade, Ridout, and

the 1st author in [17], and (3) is due to Adamovi¢ and Perse [4].

If n > 2, the cases 1 < m < n are already understood by Theorem 4.4 of [45]. We

have

Snm)ehld = m=t
Vv sl,) 2<m<n.

Note that V~"(sl,,,) = V"(sl,,) since the latter is simple when n > m.

For n > 2 and m > n, there is a similar pattern to the case n = 1. In the cases
n<m<2n+1,S(nm)?"" is a nontrivial extension of f/"”(s[m), and form > 2n+1, it is
just f/*"(s[m). From now on, we assume n > 2 and we will consider the cases m > 2n+1,

n <m < 2n + 1, and m = n separately.

5.1 Thecasem >2n+1

The following result generalizes Theorem 5.1 (3).

Theorem 5.2. Foralln > 2 and m > 2n + 1, S(nm) ¢l = f/‘”(s[m).

Proof. This cannot be proven directly using Theorem 1.1 (1) because the map
gry(S(nm)?lty s gr(Smm)) et

given by (3.7) fails to be surjective. Instead, we will study S(nm)9[ using the structure
of S(nm)*'[! given by Theorem 4.1. Since f/'—m(g[n) =EHR I7""(5[n), we have

S(nm)?" — Com(H, S(nm)s"Hy.

Since H is generated by the field e given by (2.13), Com(H, S(nm)) is just the subalgebra

S(nm)° € S(nm) of charge zero, and S(nm)%" ¢ S(nm)°.
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Recall that the subalgebra f/‘”(g[m) =H® f/‘"(s[m) C (S(nm)?)s has strong

generators

n
XU=S ek ij=1,.,m.
k=1

The additional generators Dil,...,in'DJ/'l ,, of S(nm)® =[t have charges —n, n, respectively.

poend]
Therefore, as a module over f/*"(g[m), (S(nm)0)stlll ig generated by normally ordered

monomials in D; ~; and DJ’.1 .jn @nd their derivatives, with the same number of D,D'.
By induction on length, any such monomial can be generated over f/‘"(g[m) by the
. 9k lry . . ok lry .
products : 8*D;, ; 9'D; . . In fact, each : "Dy ; 9'D; . : can be generated by
: Dil'_“'inatD}1 e for t > 0 under repeated action of 9.
We will show that each product : Dil,...,inatDJ/’l jn - lies in V"(gl,,). It fol-

lows that (S(nm)®)*"l4 c v="(gl ). Since S(nm)?=ll c (S(nm)?)sll and S(nm)st-ld
commutes with #, we obtain S(nm)8ld T7_”(5[m). This completes the proof that
S(nm)snld = 7—n(sl ).

The case t = 0. We denote by d;, ;. d;

/
L SS1C
relation of degree n (i.e., degree 2n in the variables ﬁg, yéj):

., and x¥ the images of the fields D; ; ,
peddin il

, and XY in grf(S(nm)sln), respectively. By classical invariant theory, there is a

X1 ... xin
!
iy, in @y~

Xinjl - Xinjn
In the vertex algebra setting, the corresponding normally ordered expression

Xt ... X
— 3 . /, Lo —
w=:Dy i.Dj g

need not vanish but it has degree d < n and is invariant under sl [t]. Therefore, the same
holds for the image ¢;(w) in the degree d part of grf(S(nm)“"[t]). It follows that ¢ (w)
can be expressed as a normally ordered polynomial in the generators of C[J, ((C" &
(€C*)®™], namely x7, d; _; , d.

¢4(w) must depend only on the quadratics x¥ and their derivatives, so we can subtract the

, and their derivatives. By degree considerations,

corresponding normally ordered polynomial in X¥ and their derivatives, and proceed by

induction on d. Note that the same argument shows that for all {i;, ..., i,} and {j;,...,j,}
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and all ¢,s > 0,
(D Ln)(s)atD;th € f/7n(g[m) (51)
The case t > 1. We assume inductively that when {i,,...,i,} and {j;,...,j,} are disjoint,

:D. . 3D, NS vV "(gl,,) fors < t.

11,00ln J1reeed]

. t+171y e TN
show that : D; _; 0"7°D . :€ V7"(gly,).
We need to consider normally ordered relations that are built from the classical

relations
n
kou, _
z(_l) Xu de;/o ,,,,, Vi—1/VEkt1rr Vn — 0 (52)
k=0

Let j, € {1,...,m} be an element that appears on neither list {i;,...,i,} or

{ji,--..Jn} (which always exists because m > 2n + 1). Then we have

n

_nk . xdoikp, .. =D, .
Z( DY X D]O:---r]k—lr]k+1 ..... Jn © aDJln--rJn'
k=0

Taking normally ordered product with 8tDi1 ;. on the right yields

..... i

n
. / tn. . _1Vk . (- ¥oikpy, ) . )
' (aDJIr:Jn)a Dll ----- n " Z( DF X * kDJO:---Jk—ler+1r~--Jn
k=0
Using (2.4)—(2.5) and (5.1), and the fact that {i;,...,1,}, {j;,-...J,} and {j,} are disjoint, it

follows that

n
—_1Yk . (- xIoikp/
YEUNELEA

k=0

v dk=1 k410 dn

k=0

By inductive hypothesis,

. r7—n _
..... vkt dkstrdn - EV (gl,,), fork=0,...,n.
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By (2.4), : (3D}1,.._,jn)8tDi1 ..... i = (0'D; in)aD}ln--ljn :, so we obtain : (3'D; in)aD}1 lllll i€
V~"(gl,,). Next, since
t / t+1 / . (qt /
a( d Dll ..... LnDjl,...,] ) (a Dll ..... in)Djl,...,J + (a Di1 ..... L )aDJ1,,_]n 4
andd(:9'Dy ;D 1) V"(gl,,,) by inductive hypotheses, we get: (31D, D

it € f/*”(g[m), as well. This completes the case where

{i;,...,i,}and {j;,...,j,} are disjoint.
Finally, by (2.6), we have
X305 Dyy  9™D) ) =@+1):D; ;3D

[C5 1 S PR peerbs—1isrdn 2 T N0 S g, yeeerbs—1 s Js1reedn

(5.4)
t+1 1y
= iy, iy gssisirein) @ Dy, i o
Since (Dy, i\ dsisiin in)(O)3t+1D;1,.4.,i3,1,j5,...,jn € V"(gl,,) by (5.1), it follows by induction
onsthat:D; ;3D . .. . 1€V "(gly) foralls <n. [ |

5.2 Thecasen+1<m<2n+1

Recall the generators (x| i,j=1,...,m}for f/_"(g[m), as well as the Heisenberg field e =
>t Zj"il : BUyY : that commutes with both V=™ (sl,,) and V""(sl,,). Note that the zero
mode of einduces an action of U(1) on S(nm)*"¥ and that (S(nm)*"=HUVD = Smm)slin
S(nm)°.

Theorem 5.3. Fixn>2andn+1<m < 2n + 1. Then,

1. (S(nm)s=MUMD is generated by {X¥} together with one additional field :
ny1 o of weight n 4 1;

..........

2. (S(nm)s"UD has a minimal strong generating set consisting of {X¥},
together with (';Z)z additional fields on weight n + 1,

for all subsets {i;,...,i,} and {j;,...,j,} of {1,..., m}.
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Proof. First, forall {i;,...,i,}and {j;,...,j,}, we have: Dél,...,inDJ'ly Jn ‘€ f/_”(g[m). Next,
via the action of gl,, generated by the zero modes X(O), all fields : BDQ iin D1 : lie in

the subalgebra generated by {X¥} and : 3Dy  wi1Da ny1 b
Let W(nm) denote the span of all normally ordered monomials in XV,

8D;1 lnD]1 dn and their derivatives, where {i;,...,i,} and {j;,...,j,} range over

all subsets of {1,...,m}. As in the proof of Theorem 5.2, (S(nm)*=UM is strongly

generated by XU together with : alell i alelen : for all k,1 > 0, and all {i;,...,i,},

{ji,---.Jp}. So to prove both statements, it suffices to show that all elements :
kp I s s
O°D; ; 9'D; . :liein W(nm).

For ﬁxed k,1> 0,: okD.

l . . ok l
5,..n+10 D2, ny1 @ can generate any : 9°D; ;. 9'D;

) Jeedn
under the action of X(%). To show that : akD/zl___lnHalDZ,_”,nH i e Wnm), it sufﬁces to
show that : D’ 8'7D2 nt1 - € W(nm) for all t > 1. We will proceed by induction on ¢,
2,..m419°Da, n41: € W(nm). Then, for all k +1 < t and
all {iy,...,i,} and {j;,...,J,}, we have : 8kD;1,._.,inalelen e W(nm).

Note that for distinct j,,...,j,, we have

.+l
SO we assume that foralls <t,:D.

Z( ¥ : X/ D) .= —aD|

Jorodk—1dk41redn J1redn”

Taking normally ordered product with 3!D.

v, OD the right yields

. / t i k. JJk tp. E
(aDjl )a D ) Z( 1) ( X0 JOr dk—1Jk41r-dn )a D]l:--»r]n t (5'5)
k=0
It follows that
n
_1\k. (o ydoikp. .. Caatp. L.
Z( DARNCRS DJO:---:Jk—le+1r~~rJn )9 Dh,...,]n '
k=0
_ k . siojk ty. .-
Z( 1) X ( .]Or dk—1Jk+1r r]n8 D]lr---r]n ) :
k 0
_1)k s+1 yrjojk
+z( ) Z(s 1)| 8 X (( ]0! Jk 1!]k+ll r]n)(s)a ]1: /]n)
s>0
_1)k . as+lyy JOJk t o -
+ Z( ) Z (S-‘r 1)| X DJ'Owa'k—lerkJrlr-an( (s) d D ~:Jn) :
s>0
= t+1
S +1 1/ t—s .
t—l— L1 ZZ (s+ 1) D].Ow-rjk—lrjk-*—l!---r]'na DJ'o,--‘IJ'k71/J'k+1,~-qJ'n :
k=1 s=0
n

oo / 41

i1 2~ Piovierivirdn® Do vdierdn
k=1
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Here, ~ means modulo W(nm). Note that by our inductive hypothesis, the left side of

: - t+1py.
(5.5) is equal to : Djl,...,jna D;,

in the last two lines. We then obtain

j, - modulo W(nm), and we use this hypothesis again

,,,,,

n
Y t+1__.z./‘“ Cat+lpy e~
t+D: Dfl ----- J n8 D]l yyyyy Jn ° + ' DJO:<--:]k—1:Jk+1:~-:Jn8 DJO'""kaleH""'J" ’ 0.
k=1

We have n + 1 equations if we exchange j, and j;, so we can solve

/ t+1 ~
Diy 20 iy n 0
Specializing to {j;,...,j,} ={2,...,n+ 1}, completes the proof. |
Since ey,(: 9D; . D; . ) € V~"(gl,,) for all k > 1, there exists a field
Vit roinijtyodn € V7 1(@ly) such that: 0D, D; ooo—vy oo commutes with e and

hence lies in S(nm)%"!¥, We obtain the following corollary.

Corollary 5.1. Foralln>2andn+1<m<2n+1,

1. S(nm)9= is generated by {X¥} together with the field : E)D/zl___nJrlD2 llll nal -

nt1:2,..nt1 0 weight n + 1;

.....

2. S(nm)%"l has a minimal strong generating set consisting of {X¥} together
with (',7)2 fields in weight n + 1,
rin 1 sedn T ViLeinig1 edin !

for all subsets {i;,...,i,} and {j;,...,j,} of {1,..., m}.

5.3 Thecasem=n

Recall that S(n?)" = (7"(sl,) ® W™ (sly, fsubreg))/Z, by Corollary 4.5. The Heisenberg

algebra # is contained in W™" (s, fqupreg) and commutes with V=" (sl,,), so
Sn*)9 = (v"(s1,) ® C™)/Z, where €7 = Com(H, W (sl,,, faybreg))-

It is known that for generic level k, C* = Com(?—l,Wk(ﬁln,fsubreg)) is of type
W(2,3,...,2n+1). This is the case C¥ (n — 1, 1) of Lemma 6.1 of [20] and in this notation
¥ = k 4+ n. What is not immediately clear is that the critical level k = —n is generic in

this sense.
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The zero mode of the generator of # integrates to an action of U(1), and the
orbifold W¥(sl,,, fyupreg) V" is isomorphic to H ® C¥. Then C¥ is of type W(2,3,...,2n+1)
if and only if W¥(sl,,, fuypreg) " is of type W(1,2,3,...,2n + 1).

As in [20], we denote the generators of W¥(sl,,, Fsubreg) bY J, w2, .., wrl, GE,
where J is the Heisenberg field, w?,... W™ ! commute with J, and G* satisfy
J@)GE(w) ~ =£G*(@z — w)l. Then Wk(sl
J,L,W3,...,W" 1, together with the fields

nrfsubreg) V" is strongly generated by

U, =:(0'GH@ G, i,j>0,
which have weight n+i+j. These are not all necessary. First of all, we only need {UglJ =

0} because U, ; = Uy, ;+ U i1, - Second, there is a normally ordered relation of the form
2Uo0U11 0 = 2 Up1Uro i = An1 (0 Ug nya + Py

Here, P, is a normally ordered polynomial in J, L, ws,... w1t Uoo:Up1r---1Up it and
their derivatives, and 1,, ; (k) is a nonzero rational function of k. The precise formula of
Ap,1(k) is given for n = 3 and n = 4 in [10, 19] but is not known in general. In particular,
whenever 1, ,(k) # 0, Uy, is not needed in the strong generating set since it can
expressed as a normally ordered polynomial in J,L, W3, ..., W™, Uy o, Uy 1,-.., Uy pis

and their derivatives. Similarly, for all m > 1, there are relations
: UO,OUl,m P UO,mUl,O L= )‘n,m(k)UO,n-i-Z + Py,

where P,, is a normally ordered polynomial in J,L, ws, ..., w1, Uoo Uoir---+Upni1s
and their derivatives, and A, ,,(k) is a rational function of k. The precise formula of
Ap,m(k) is given for n = 3 and n = 4 and all m > 1 in [10, 19]. Although is not known
in general, we claim that it is a nonzero rational function for all n, m. To see this, recall
that in the notation of [20], the large level limit of Wk(sln,fsubreg) =CY(n—1,1) is the
following free field algebra:

(R Ogy(1,20)) ® Opy(2,m), 7 even,
(R 0gy(1,20)) ® Sey(1,m), n odd.
It is easy to verify that the corresponding coefficient (which coincides with limy_, . A,, ,, (k)

after suitably rescaling the generators) is nonzero, which proves the claim. Therefore,

when k is generic, U, ; can be eliminated from our strong generating set for allj > n+2, so
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94 A.R.Linshaw and B. Song

that W¥(sl,, fuupreg) V") is strongly generated by J,L, W2, ..., W™, Uy o, Uy 1., Up ny-
This is equivalent to the fact that Com(%, Wk(sln,fsubreg)) is of type W(2,3,...,2n + 1),
since W¥(sl,, foupreg) ) = H ® Com(H, WH(shy, fuupreg))-

At the critical level k = —n, recall that W™"(sl,,, fsypreg) Contains central fields
W2,...,W""! that can be identified with the generators of the center of V~"(sl,). By
Theorem 4.2, we may identify W= (s, fyypreg) With S(n?)*l1®slnlll and we use the same
notation Uj; to denote the fields : (3:D1) (/D7) :.

Theorem 5.4. In W"(sl,, fiupreg), We have the following relations for all n > 3 and

m>1:

Uy Uy = Uy Uy o = u(n, m)U +P (n,my=—_ment1+m

: 0,0¥1,m - * om*¥~1,0 - — W ! on+m+1 nm’' 128 ! - (n+ 1)(n+m)(n+1+m)’
(5.6)

where P, ,, is a normally ordered polynomial in J, w?,... w1, Uoo:Uoir--- Up o

and their derivatives.

The proof is quite long and technical so it appears in Appendix A. By induc-

can be replaced with a

tion starting with the case m = 1, this implies that P, ,,

normally ordered polynomial in J, W?,..., W™ 1, Uoo Uo1r---1Upnsts and their deriva-
tives. Therefore, Theorem 5.4 implies that W™ (sl fiupreg) " has a minimal strong

generating set
J,W?, W Uy, Ug i)

and henceis of type W(1,2,3,...,2n+1). Finally,itis easy to see that U; ; € S(n?2)shlteshlt

can be corrected by adding an element v; ; € H ® V™" (sl,,) so that
f]i,j = Ui,j =+ Ui,j S Com(H, S(nZ)ﬁ[n[tleaﬁ[n[t])'

We obtain the following corollary.

Corollary 5.2. S(n?)9= is of type war-ln+1,n+2,...,2n+1).In particular, it is
an extension of V~"(sl,) and has additional strong generators {f]o,i| i=1,2,...,n+1},
which have weightsn+1,n+2,...,2n+ 1.
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Cosets of Free Field Algebras via Arc Spaces 95
5.4 The structure of £(nr)9'n!

Recall the homomorphism
L.(sl)®L,(sl,) ®H — E(nr)

given by (2.24), whose image is conformally embedded. The following result is well known

(see Theorem 4.1 of [47]), but we give an alternative proof.

Theorem 5.5. Foralln>2andr>1,
Com(L,(sl,) ® H,Emr)) = Emrel = 1 (sl).

Proof. Recall from Theorem 4.3 that £(nr)s"[! is strongly generated by the fields

n
v = bNc e L (al) =H®L,GsL),  st=1,...,T,
k=1

.......... j foralll <) <.~ <1, =

As above, E(nr)8'! lies in the subspace of charge zero; hence, it suffices to prove that

.......... i lie in the subalgebra L, (gl,) generated by X¥. The proof is

similar to the proof of Theorem 5.2, and the details are omitted. | |

5.5 The structure of (S(nm) ® &(nr))8nlt

Finally, recall the homomorphism
VT (gl,) @ VT (slyyy) — S(nm) @ E(nr)
given by (2.28), whose image is conformally embedded.
Theorem 5.6. Foralln>2andm,r>1,
Com(V~"™¥(gl,), S(nm) ® E(nr)) = (S(nm) ® E(nr))o = T (sl,,).

Proof. By Theorem 4.4, (S(nm) ® £(nr))*"[ is strongly generated by the generators of
f/’”(g[rlm), together with the fields D;, and D; . . As in the proof of

~~~~~ IsiJs+1/---Jn [ ST 25 PR I )
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96 A.R.Linshaw and B. Song

Theorem 5.2, it suffices to show that all the fields

atD! : t>0,

T e lsi s+ 1] i’l,.--,iitij;,,Jrl,---:j;z Y

lie in V™ (gl

First, for t = 0, the same argument as the case t = 0 of Theorem 5.2 shows that

rlm)'

. . . g )
for all {11,...,15,]S+1,...,]n}and{11,...,L’u,1u+1,...,1’n},

. / . n
iy isiiortedn P2 ity dn S €V @lrm)s
(5.7)
tr/ Tn .
(Dill---,is;js+l,mljn)(]')a Di’l,...,iﬁt:j;Jrl,...,jh eV (g[rlm)' forallj, t > 0.

For t > 0, we begin with the case where {i;,...,i;} and {i},...,i,} are disjoint, and

Uss1r---Jn)and {j, , ..., J,) are disjoint. Assume inductively that

¥D,

. . T .
YDy st edn AR08 RN AR V= (glym), forj <t

In the notation of Theorem 3.1, let V = (C* & (C")*)®™ and W = (C" & (C")*)®", and let
XY, yot e, 9, d d eS"®LY = gr(S(nm) ® E(nr)),

11 enrlsifst1oeeedn’ 200 dsifs 1 dn

denote the elements that correspond to the fields (4.12) and (4.13). Consider the classical

relation
u
.
— D fnted! . L L,
g( )'f Yoy Vg oo duily g vodndingy
" (5.8)
n —-Uu
o 4
—1utl z n+Jutid’ L. . . o
+=D 2- v ity Dt s
Here, {j;url, .. ,j/n,j/nH} need not be distinct.
The corresponding normally ordered relation is
u
o !
—1)k . Fhakp, . o L.
];( ) B el Ay e Bl e dmdin 1
n+l—-u
s/ !
—1)utt E Ynitbuupl, ; ; L, L H(=DY: 9D, . , 1=0.
+ (=1 R LA 9% (O P AT o (O +(=D AR 0F) (AR 5
=u+

(5.9)
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Taking the normally ordered product on the right by 8tDi1,...,is;js+1,...,jn' and applying the
same argument as the proof of Theorem 5.2, we see that

. try . 740

Diyisiierteedn® Pt it sodn P €V @)

for all t when {iy, ..., i} and {i},...,i,} are disjoint and {j;,...,j,} and {j;H, ...y} are
disjoint.

Suppose first that s < u. By (2.6), we have

i;zrill . t+1 1/ .
XD CDiyigifortidn® Diyoigmt dyiiypyodi
— .. L. Catpy/
= C+D Dy iiindn® Doy odiisr i (5.10)
— . . ., . . . . t+1 !
(Dllymrla—lrl;zyla+1y~~rlsFJS+1r--~Jn)(0)8 Di1,...,ia,l,iﬁz,...,i/u,'j;H,.-uj/n'
i B . . t+1py AL
Since (Diy, iy 1 dyiastdsisitdn) @0 Dy i it €V @lrm) by (5.7),
: : i . tp e pn
it follows by induction on a that: D; ;.. .9 Di1,.--,ia71,ia,i;H,.--,ib;j;ﬂ,.--,jél 1€ Vglym)

forall a <s.

By (2.6) again, we have

, .
utb+1dstb (| oattl
le) (: @ D‘l:--~rls?1;+1r-»-r];+b,1r]s+br-»-Jn

)D;

L, o Lot
l’ll"'llarla+ll"'llulju+ll"'Jn

)

(5.11)
=(t+1): (3D, YD,

- . P . . . v P
Upeedsify 1 dyy b1 Jyspdstb+1r-dn 11,...,la,L:HI,...,l;;];Hrl,...,];1

)D;

SO PR AN (0% LA PO [
e V(gl for all b < n — s. Finally, the case u < s can be proven in the same way b

Again, it follows by induction on b that: (3*D;,

pn,isFJ';Hlw~rj;+br]'s+b+1rmr]'n
reversing the roles of D and D'. [ |

6 The Case g = sp,,
6.1 The structure of S(nm)sP2nltl

Recall the homomorphism vz (5pop) ® V‘Z"(ﬁom) — S(nm) given by (2.21), whose image
V=% (spy,) ® V2" (s0,,) is conformally embedded.

Theorem 6.1. For all n,m > 1, S(nm)*Panltl = 7=2n(s50 ).

Proof. The case m < 2n+2 is given by Theorem 5.1 of [45]. In the general case, it follows

from Theorem 1.1 (2) that the generators of gr(S(nm))5p2n[t] as a differential algebra
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98 A.R.Linshaw and B. Song

correspond to the generators of C[(C?")®™]|5P2n and are the generators of V2" (so,,). If

follows that the map

gry(S(nm)*Paltly < gr(S(nm))renlt

is surjective. So the generators of the classical invariant ring C[(C?")®™]5P2» give rise
to a generating set for grf(S(nm)5p2n[ﬂ) as a differential algebra. By Lemma 2.2, the

corresponding fields strongly generate S(nm)%P2:l!l as a vertex algebra. |

Corollary 6.1. Foralln,m>1,
1. the Zhu algebra A(S (nm)*®P2nltl) is isomorphic to the ring of invariant differ-
ential operators D(nm)%Pzn;
2. the Zhu commutative algebra R, sws10 is isomorphic to C[(C*")®™]P2n;
3. f/_zn(ﬁom) is classically free.

6.2 Actions on £(2nr)

Next, taking V = (C?*)®7, recall the conformal embedding L,(spy,) ® L, (spy,) — £(2nm)
given by (2.25). The following result is well known (see Proposition 2 of [37], as well as

the appendix of [48]), and we give an alternative proof.
Theorem 6.2. For all n,r > 1, we have
Com(L,(spyy,), E(2n1)) = L, (5p,,).

Proof. The argument is the same as the proof of Theorem 4.3 and follows from

Theorem 1.1 and Lemma 2.2. [ |

This following corollary generalizes Theorem 15.21 of [24], which is the case

r=1.

Corollary 6.2. For all integers r,n > 1, L, (sp,,) is classically free.

Proof. Let f : L.(spy,) — £(2nr) be the above map. It follows from Theorem 6.2 and
Lemma 2.2 that

grf(g(znr)EPZn[t]) o~ gr(g(znr)BPZn[t]) o~ ng(g(znr)EPZn[t]) ~ /\ (@(T/] ® V;))Joo(SPZn).
j=0
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Cosets of Free Field Algebras via Arc Spaces 99

By Theorem 3.1 (2), all relations among the generators of A (@;.o(V; ® V;‘))J"‘”(Sp 2n)
are consequences of the relations in A[(V, & V()")]SPZ" and their derivatives, so the
same statement holds in grf(£@2nr)*P=ld) = grf(L (sp,,)). Equivalently, L,(sp,,) is

classically free. |

Remark 6.1. Corollary 6.2 implies that Theorem 10.2.1 of [25], namely the vanishing of
the first chiral homology Hfh(V), holds for V = L, (sp,,). This generalizes Corollary 12.2
(b) of [25].

6.3 Actions on S(nm) ® £(2nr)
Finally, recall the homomorphism

V7 (spy,) © V™ (05Py 2r) — S(nm) ® E(2nr)

given by (2.29), whose image V=2 7 (sp,,,) ® f/”(ospmm) is conformally embedded.
Theorem 6.3. Com(V ™2 " (sp,,), S(nm) ® £(2nr)) = V™ (05p 15,
Proof. The argument is the same as the proof of Theorem 4.4. |

7 Level-Rank Dualities Involving Affine Vertex Superalgebras
7.1 Type A case

Recall the embeddings
VMgl @ V(sly,) > Sm), VM (gl,) ® V(sl,,) > S(mn) ® E(mp).

As in [22], we use the notation

AT(sl,,) = S(yzm)g[n[tll
(7.1)
A™(sl,,) = (S(mn) ® E(mr))8tmlt]

since they are extensions of V""(sl,,) and V™ (slyn), respectively. We denote by VT (s1,)

the image of V~"""(sl,,) under the diagonal map V "*"(sl,,)) — A "(sl,,) ® L.(sl,,).
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100 A.R.Linshaw and B. Song

In [22], it was proven that
Com(V~"(sl,,), A" (sl,,) ® L, (sl,,)) = Com(V ™ (sl,,) ® Ly, (s1,) ® H, A™ (sL,)).

Since A7 "*(sl,,,) = f/*"(s[m) forall m < n and m > 2n + 1 and that Am(slrln) = Vsl

for all m,r > 1, we have the following improvement of this result.

r|n)

Theorem 7.1. For all positive integers r, n, m, we have

Com(V™"7(sl,,), A" (sl,,) ® L,(sl,,)) = Com(V ™ (sl,) ® Ly, (s1,) ® H, V" (sl,)).
Moreover, if m < n orif m > 2n + 1, then we have

Com(V "7 (s1,,,), V""(sl,,) ® Ly (51,)) = Com(V ™ (sl,)) ® Ly, (s1,) @ H, V" (sl,)).

If n = m, A7"%(sl,) cannot be replaced with f/‘”(ﬁ[n). Although : D™D~ : can
be expressed as a normally ordered polynomial in the generators of V~"(gl,,) and their
derivatives, it is straightforward to check that : DY9D~ : does not have this property.
However, since : DD~ : is invariant under sl,[¢], it will lie in Com(V "% (s[,,), A™"(sl,,) ®
L,(sl,)) but not in Com(f/_””(sln), V"(sl,) ® L.(sl,)). Intherangen <m < 2n +1,itis
possible that the left-hand side is unchanged by replacing A™"(sl,,) with V‘”(s[m), but

we are unable to answer this question at present.

7.2 Type C case

Recall the homomorphism,
V™3 (spyy,) ® V2™ (s0,) — S(mn),
whose image T~/‘%(5p2m) ® f/'*zm(son) is conformally embedded. Therefore, the coset
A3 (sp,,) = Com(V 2" (s0,,), S(mn))
is an extension of V% (sp5,,,)- Similarly, recall the homomorphisms

Ly (sP2y) ® Lp(8Pgm) — £@2mr), V724 (spy) @ V(08P 0,) — S(mn) @ £(2mr)
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and that by Theorems 6.2 and 6.3, we have

Com(L,(spy,), E2Mr) = Ly (spy),  Com(V™ 24 (spy,,), S(mn) @ E(2mr)) = V™ (05pyy5,).

Theorem 7.2. Letr,n, m be positive integers. Then,

Com(V ™24 (85py,), A7 2 (53) ® Ly (8P2)) = COm(V 2" (50,,) ® Ly, (505,), V™ (059,51,)).
Moreover, if m < %, then we have

Com(V ™24 (sp5,), V2 (5P2) ® Ly (5P2p)) = COm(V 2™ (50,,) ® Ly (595,), V(05,5 0))-

Proof. The proof of the 1st statement is similar to the argument of [11, Thm. 13.1].
We have
Com (V™27 (spg,), A7 2 (85,) ® Ly (8P3y,) =
= Com(7~ 2+ (spy,,), Com(V 2™ (s0,,), S(mn)) ® L, (sPy,,))
=~ Com(V~ 2+ (spy,,), Com(7 2™ (s0,) ® L, (sp,,), S(mn) ® £(2mr)))
= Com(7~ 2+ (spyy) ® V2™ (50,,) @ Ly, (spyy), S(mn) @ E(2mr))
= Com(V~™(s0,,) @ L, (sp,,), Com(V =277 (sp,,), S(mn) @ £(2mr)))
= Com(V"2™(50,,) ® Ly, (5p3,), V™ (089 ,5/,).

For the 2nd statement, we claim that A‘%(spZm) = V_%(ﬁpZm) form < % This is

clear because gr(S(nm)) = (C[Joo((C”)@zm)] where C" is the standard SO,,-module. Since
m< 3, (C™®2m 50, is an affine space, so the map (1.2) is surjective. In this case, the
invariants are quadratic and correspond to the generators of vz (sPy,,), SO the map (3.8)

is surjective as well. This completes the proof. |

Unfortunately, since we are unable to describe A_%(spZm) when m > %, this

statement cannot be improved at present.

7.3 Type D case

Recall the homomorphism

V" (sp,,) ® V2" (505,,) — S(2mn),
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102 A.R.Linshaw and B. Song

whose image V ™(sp,,) ® V 2"(s0,,) is conformally embedded. Recall that by
Theorem 6.1, Com(f/_m(spZn),S(Zmn)) = f/‘zn(soz,n). Similarly, we have a conformal

embedding
L,.(s04,,) ® Ly, (50,) — F(2mr),
so the coset
A, (s0,,,) = Com(Ly,,(s0,), F(2mr))

is an extension of L,.(so0,,,).

Finally, we have a homomorphism
V2T (50,5,,) ® V™ (08p,0,) — S(2nm) ® F(2mr)
whose image is conformally embedded. Therefore,
AT(08P,5,) = Com(V 2" (s0,,), S(2nm) ® F(2mr))
is an extension of the image f/_m(osprlz”).
Theorem 7.3. Let r,n, m be positive integers. Then,
Com(V 2" (505,,), V2" (504,,) ® A,(502,,)) = Com(V ™ (5pyy,) ® Ly, (50,), A7 (08P, 1,))-

Proof. Again, this is similar to the argument of [11, Thm. 13.1]. We have

Com (V2" (s0,,.), V2" (50,,,) ® A,(50,,,)) =
= Com(V 2" (s0,,,), Com(V "™ (sp,,), S(2Mmn)) @ A, (509,,))
= Com(V 2" (s0,,,), Com(V "™ (sp,,) ® Ly, (50,), S(2mn) ® F(2mr)))
= Com(V™2"(s50,,,) ® V"™ (spsy,) ® Lo (50,), S(2mn) @ F(2mr))
= Com(V ™ (sp,,,) ® Ly, (50,), Com(V 2" (50,,.), S(2mn) ® F(2mr)))

= Com(V"™(5pgy) ® Loy (50,), A~ (05P,12,,)).
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Unfortunately, since we are unable to describe A~ (osp,y,), this statement

cannot be improved at present.

7.4 'Type B case

Recall the homomorphism
V2 (50,,,11) ® V2 (08P 15) — S(M(2M+ 1) ® F(2m + 1),

whose image V2" (s0,,,,,) ® v (08P} |25,) is conformally embedded. Therefore, the

coset
AT (50, 1) = Com(V 2 (08py ), S((2m + 1)) ® F(2m + 1)),

is an extension of V2" (s0,,,. ;).

Similarly, we have a conformal embedding
L.(505,11) ® Loy 1(50,) — F(r(2m + 1)),
so the coset
A, (509,,,1) = Com(Ly,,,(s0,), F(r(2m + 1))),

is an extension of L,(s05,, ).

Finally, we have a homomorphism
VR (g0, ) @ VT2 (08P, 1 100) — S(MU2M A+ 1)) © F(2m +1) @ F(r(2m + 1))
whose image is conformally embedded. Therefore,
A3 (08P, 1 2) = Com(V 21 (50, ), S(n(2m + 1)) ® F2m + 1) ® F(r2m + 1))
is an extension of the image 7mz (05P,.41)25)- Note finally that 7mz (08P,41)2,) admits
an action of V‘m‘%(ospmn) ® Loy, 1(50,).

For notational convenience below, we will write S(n(2m + 1)) ® F2m + 1) ®
F(r(2m + 1)) in the form S(m(2m + 1)) @ F((r + 1)(2m + 1)).
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Theorem 7.4. Let r,n, m be positive integers. Then,

Com(V™ 2" 147 (504, 1), A" (505,,11) ® Ap(50211)) (7.2)

_1 ol
= Com (V™™ 2(05P1)2n) ® Loy 41 (s0,), A7 2(05Pr+1\2n))-

Proof. This is again similar to the proof of [11, Thm. 13.1]. We have

Com(V 2" 7 (50, . 1), A™2" (505, 1) ® A, (505,,11))
= Com (V2" (s0,,,,, ), Com (V""" (05p112,,), SM2M +1)) ® F2m +1)) @ A,(502,11))
~ Com(f/‘2”+1+r(502m+1), Com(f/'_m_% (05p112,) ® Loy 1 (50,), S(n(2m + 1))
® F((r+1)(2m +1))))
= Com (72" 147 (50,,,11) ® 772 (05py 12) ® Ly 1 (50,), S(n(2m + 1)
® F((r+ 1)2m + 1))
~ Com(f/—m_% (08P 112n) ® Loy 11 (50,), Com(T7_2”+1+r(502m+1), Sm2m + 1))
® F((r+1)(2m + 1))

- mol m_1
= Com (V72 (08P 25) ® Loy 11(50,), A" 2(08p, 4 112))-

(7.3)

Itis an interesting question whether Theorem 7.4 remains true if A=2"*+1(s0,,, 1)
1 . ~ ~
A,(505,,,1), and A2 (0P, 5,) are replaced with V=2 (5000 01), Vi(502m,41), and

7m-3 (08p,.11)2,), but we are not able to answer this question using the methods in this

paper.
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Appendix A

In this Appendix we prove Theorem 5.4. Recall that W™"(sl,,, foypreg) is isomorphic to

S(n?)sf1®sklfl which has strong generators

gl ... pgln yiooyin .
ij=1
,3”1 IBnn J/nl 7/nn J
together with central elements w,,...,w,_; of conformal weights 2,...,n — 1. Let I C
S(n?)sll®shlll he the ideal generated by w,, ..., w,_;.For elements A, B € S(n?)snltosklil

we say
A~B, ifA—-Bel

We have the following relations
D

+ -~
(nfl)D ~nll

J,
+ -~ =D
Dy gD~ =nl——=1,
(A.1)

1 J Ji
+ D~ Dy2 J=2)
Dfy gD =l (5 ()2 + =1,

-nJi-2 +J(—3))1
n 2n 3n '

+
Dn-a

1 J_ J
D™ nl (o (FEE)3 4
31" n

Similarly, we have

D(_n_l)D+ ~(-1)"n!1,

J
— e D)
(A.2)
1 J_ J_
_ F+ o~ 1Vl (o (=1)\2 (=2)
D)D" 2 (-1t (o (CED)2 4 2B,

J_1yJ_ J_
(1)(2)+(3)

_ 1 J
D(n74)D+:(—l)”n!(§( D)3 4 )1.

-n -n —-2n —-3n

Next, let P, be the polynomial in x;,...,x; given by

k _si
Pk(Xl""'Xk)= Z H%

>isj=ki=1 v
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106 A.R.Linshaw and B. Song

If Q = exp(3_x;t)), then Q = 3 P, t*. Let x; = % One can verify that

1 _ Jn Ik
mD?;'L—l—k)D :pk' Wherepk :Pk( n ,...,k—n)l,
(1" 7 7 (A.3)
- - - _— (-1) (k)
TD(n—l—k)D+ > D, Where p; = Pi( — ,...,_—kn)l.
Next, observe that if J_; is replaced by n,
Q(n) = exp(—log(1 — 1)) = > .
We obtain
Lemma A.l.
1. Forall k> 0, pi(n) = 1.
2. If J_; is replaced by —n, we have
pPo(—n) =1, p;(—n)=-1, pi(—n)=0, fork>1.
3. Similarly,
pr(—n) =1, pon)=1, p;(n)=-1, pg(n)=0, fork>1.
We also need the following computations. For s > —1,
(pk)(s)D+ = (pk—s—l)ps+1(n)(_1)s+lD+/
(A.4)

P D = @k_s_1)Pss1 (—1)(-1)*T'D".

Recall the fields

U;;=:(@DH@D) ¢, i,j>0,

which have weight n + i + j. For fields A, B of weight 2n + m + 1, we say that A ~ B
if A — B is a normally ordered polynomial in J, W?,..., W™, Uoo Uorr--+ 1 Upnim: and

their derivatives; equivalently, the coefficient of Uy, ,,,; in A — B is zero. We have

Lemma A.2. Fork —s;—s; =n+ m+ 3, we have

-t o - DT +
DisoyDispPr ~ DisyDis; k) = Piso-1)Pis; kg 11

(A.5)
+ = 5 ~nt p— . _nt -
D(SO)D(sl)pk D(SO)D(Sl—k) D(SO*I)D(Sl—k1+1)'
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Proof.
J, J 1
+ Y(=k) (=k) H+ + +
Diy——— =Dy ==~ oD st = Dis—py
J, J 1
~den (k)—__ - -
x0)" & (xt)" 1 1\"™"
D+ ( k ) — Z k B = =t ,
®  mi n! LA— (m—s)! \k
s=0
1 m
t Xkt — Xkt Z
D(S)eX = e ZD(S mk) m 1 (kt) !
—1\™
Kkt — Xkl
D(S)eX = ZD(S me) 1 ( k t) !
Dya=a0 Z D5 mPm(E™ = Q Z D5yt
bya=a ZD(s mPm(ME™ = 0 (D, D).
Thus
m
D(So)D(81)O Q(D(SO) tD (50—1)) ZD(SI m)t :
m e _
DD, @ =0 ZD(SO mt (D<s1> D(m—l))'
In the above equations, the coefficients of t* give the equations in the lemma. |

We now consider

:UpmUo = UgmUi g~ (™D D" ):DTD™ ) : —: (:9™D D" )(: 9D*D™ 1) :

~ mp— + + p— _ mp— + + -

D "Dy g D{1)0DG D™ = D™Dy 19D DD

k>0 k>0
m — m —
+> 0D}, 0™Dy D D™ = > D, 0™D, D} D"
k>0 k>0

We write

+ - + -
A= "D, yD{1)DjyD” = > "D 5 D) DiyD"
k>0 k>0

— + m - + m -
B= 9D, ;,d" Dy, DL \D” — > D, ;,d"Dy,dD{ ;D
k>0 k>0
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In the remainder of this Appendix, we shall compute the contributions of A and B to the

coefficient of : DT9"*t™+1 D~ .. First, we have

-1
—k(m +k+1)! (m+k+1)! N
4 ~n Z (k+ 1! C2-k-mD Pric 'I;) Gt DezkemBPeaProik
—k(m+k+1)! + n +
nl Z k+ 1) (D( 2 k-mP1-ntk) — A =8ID 5 m)D(—n+k))
— (m+k+1)! - + n—1 +
_nlkz—(’”l)! (Do kmDE 1 min — U= 8D gy DE i) BY (A5)
=0
> k
~ 7l Z R ak+n+1D—8n—kD+ .

“k+Din—kt’

n—1

—k 1 .

_n| : 8 +m+2D—3n—k—1D+ .
]; k+D!n—-k-D!2+k+m

n—1

1
i k+n+1 n— kD+
n'z(k—i-l)!(n—k)'a K
= 1 1 .
3 +m+2D 8?1, k+1D+
T Z(k+1)|(n— k—DI2+k+m

n—1 |

n! (-1 k 1 n! (—1rnk-1 1 N _
_ . ptgmtntip—.
(Z k! (n—k)! n—l—l +]§)k! (n—k-1)! 2+k+m n+m+1 9

n-1 k-1
_ 1 1 Ly n! (=n" . ptantmilip— .
n+l n+m+1 = kkin—-k-D!24+k+m
The contribution from B is more difficult to compute, and we need the following

preliminary calculations. For k > m,

~
5

k—m

— + —
Di—my@ D7) = s

) n! @n—l—s)(k—m— 1 —s)D_

[
Il
o

) n! pn+m—k—1 (_1)k7mst7

I
pm

(A.6)

T
3

Il

~

I \
© 3

— A~~~

Wd

v

3

k—m

\./
Il

Dy (DD s

) (pn— 1 —s) (k—m—Z—S)D_

?‘T‘vx
Il
3 o
|

1
k—-m \._ ] e _ _
( N )pn+m—k(_1)k m=s-lp + 9D im-1-kD
s=0

(pn+m k+apn+m 1— k)D .
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We also need

£ -
- _ l P
ka ZZ I 0 (D k—l)
=0
S D™,
ap D —D dp, =— » ——32 (D p )
D Dy ; (t+2)! ( pk—t—l)
k (2+k) _ k! _
~ _ m m
B kZ:( R -~ D3 1 Dge—mP kZ( A~ D, D
>m >m
~ (—1)'"+”m!n!(2+m)D(+_3_m)pn_1D— (— 1)m+"m|n'D( 2-my0Pp 1D~
n+m
~- 3y Ml o op + D~
(k )(Zk)pn+m1k pn+mk
k=m+1
= (—D™"minl 2+ m)Dj_s_m)pn_lzr
n+m
z (= 1)m+n )D( 2-toPntm—kD~
k=m+1
n+m-—2
Z ( l)m-i-n )D?—Z k)apn+m 1— kD

(k—m)

D

109

(A.7)

D"

Note that we have used both (A.6) and (A.7) in this calculation. The first term of B yields

(—D™"minl 2+ m)D{ 5 Dy lD_
(— D!,

= (=D)™"m!in! (2+m)D} ,_ m)z D P,y

n-2 ( 1)l+1

~ —(=1)"*n! +amintlp— .
( )”m+1l§l!(n—l—2)'(m+l+3) 9

For the second term of B, we compute
n+m

Z ( l)TYH-TL
k=m+1
n+m ( 1)m+nn| m+n—k

= 2 (k—m)'(k—l-.l) 2

+
)D( 2-kyPnm—kD"~

—1)! _
00 (0 5 )

k=m+1 ’ 1=0

n+m m+n—k

(=)™ "nl Z APy TS PR

> o > i MDD By ey
o1 (k—m)!(k+1) s I

n+m m+n—k

= Z k(—l)":Jan!l z T 1 P :(3k+l+1D+)am+n—k—lD_:

k:m+l( -m)l(k+1) Py Im+n—k-1D!

m+n—k—1

>

=0

1 k142 iy amtn—k—I—1 -
1 (0 D™)o D™
lm+n—-k-I1-DI(k+1+2) ( )
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rg‘:l (—1)m+”n! m+zn:_k (_1)k+l+1
k=m+1 k—mlk+1) | = Uim+n—k-D

m+n—k—1 (_1)k+l

2 lm+n—k—I-D(k+1+2)

+ : D+am+n+1D— .

n n—s—1

. 1)n | (_1)n+1 _Z 1 Z (_1)l+s
M\ imtn+ 1) Sslmts+1) & Hn—s—I-Dim+s+1+2)

. prgmintip— .
For the third term of B, we compute

M (—1ymtntkl _ -
> WD(_z_k) OPpym—1-kD

k=m
n+m—2 m+n—k—2
(—1)m+”n1k!( . L (D2 ¢ 2( -
=> ——"( D Pyymak— DO, 5D 3D Prym—k—t—
— (-2-k) n+m-1-k (—2—-k) n+m—k—t—2
= (k—m)! = @+2)!
n+m-—2
(_1)m+nn| o o
= 2 Fomidr O DOD Bt = (DD By e
k=m )

n+m-—2 (_1)m+nn! m+n—k—2 1

-2 GomiGrD X (t+2)!

k=m t=0

: (ak+t+3D+)D_pn+m7k7t72 :

ntm-2 . s\m+4n, n4+m—1-kp— n+m—k—2p—
> DTl (— : (aF+2pt) DL s D
= (k—m)! (k+1) n+m—-k-1)! k+3 n+m—-k—2)!
gntm—kp- 1 gntm—k-1p—
_ . (9k+1p+ : . (9k+2pt :
( )(n+m—k)! +k+2 ( )(n+m—k—1)!
m+n—k—2

1 8n+m—k—t—2D—

_ . ak+tt+3 .
2 (t+2>!('(8 Ry ——T T

1 gntm—k—t-3p—
S — (ak+t+4D+) :
k+t+4 n+m-k—t—3)!
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n—2 (_l)s (_1)S+1
mey nlg(_s!(ererl)(n—s—l)! +S!(m+S+1)(m+s+3)(n—s—2)!

~ (_1)S+1 N (—l)s
slm+s+1)(n—s)! slm+s+1)(n—s—1)I(m+s+2)

) :D+3m+n+lD— .

n < (=D =D? + am+4n+1
-1 ! :D70 D™
+ (=D g(s!(m—i-s—i-l)(n—s)! +s!(m+s+ 1)(n—s—1)!)
n—2 1 n—s—3 (_1)s+t
-1 n 1 :D+am+n+1D7 .
+( )nzs!(m+s~l—1) Z(; t+2)(m+s+t+4Hn—-—s—t—3)!
n—2 1 n—s—1 (_1)S+t
~ 1 n | :D+8m+n+1D— -
(=1"nt Zsl(m+s+1) Z Hmtsttt2)(m—s—t—1)
Combining these contributions, we get
n N (=DH! p+gmntl
B~— (-1 ! 0 D™
(=1)'n m+1§l!(n—l— )'(m+l+3)
—_1)nH+! n 1 n—s-1 —1ls
_ (=1)"nl (=1 _Z Z (=D
nlim+n+1) Szls!(m+s+1) P ln—s—-1-D!Im+s+1+2)
. prgmin+lp—.
n - "o (GR +am4n+1
1 ! :D7 9 D™ :
— =Dl Zsl(m+s+1 Z Hmtsttt2)(m—s—t—1)
-1 _
:nz =D" n! + m ptamtntlip—.
Im—l-)im+i+2  (m+mm+ntl)
Finally, this yields
1 1
A+B~( — + m )y : Dtomtntlip .
n+l n+m+1 @®+mm+m+1)
m(m+2n+1) pramintlp— .

(n+ Dn+m(n+m+ 1)

which completes the proof of Theorem 5.4.
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