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Abstract— This paper examines a family of designs for mag-
netic cubes and counts how many configurations are possible for
each design as a function of the number of modules. Magnetic
modular cubes are cubes with magnets arranged on their
faces. The magnets are positioned so that each face has either
magnetic south or north pole outward. Moreover, we require
that the net magnetic moment of the cube passes through the
center of opposing faces. These magnetic arrangements enable
coupling when cube faces with opposite polarity are brought in
close proximity and enable moving the cubes by controlling the
orientation of a global magnetic field. This paper investigates
the 2D and 3D shapes that can be constructed by magnetic
modular cubes, and describes all possible magnet arrangements
that obey these rules. We select ten magnetic arrangements
and assign a “color” to each of them for ease of visualization
and reference. We provide a method to enumerate the number
of unique polyominoes and polycubes that can be constructed
from a given set of colored cubes. We use this method to
enumerate all arrangements for up to 20 modules in 2D and 16
modules in 3D. We provide a motion planner for 2D assembly
and through simulations compare which arrangements require
fewer movements to generate and which arrangements are more
common. Hardware demonstrations explore the self-assembly
and disassembly of these modules in 2D and 3D.

I. INTRODUCTION

Large groups of small-scale modular robots are often
designed to be externally manipulated. Magnetic forces are
a popular choice for manipulating these robots because the
robots can be directly controlled simply by incorporating
magnets or ferromagnetic material in the robot body. In
the last few decades, many research projects have been
conducted based on magnetic actuation and coupling systems
to explore reconfigurable modular robotics at different length
scales [1]-[4]. Much related work has focused on the “Tilt
model” where components move in a straight line until
they hit an obstacle, and combine when mating particles
are brought close together. Solutions often design workspace
obstacles that enable arbitrary reconfiguration of components
pushed by a global force [5], [6]. We designed algorithms
that enabled efficient construction of desired shapes [7],
and workspace obstacles that enabled sorting and classify-
ing constructed polyominoes [8]. This previous work did
not consider the stability or robustness of the structures
generated. Recent work in [9], [10] examined the forces
between individual components and evaluated if a structure
of module robots would be stable — if it would topple or
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Fig. 1. Designs of 2D and 3D modular cubes. Underneath each cube the
arrangement is labeled as {left [L], front [F]/back [B], top [T]/under [U],
right [R]}.

collapse under its own weight, especially during the process
of reconfiguration.

Our future goal is to design motion plans for magnetic
modular cubes to enable them to form shapes suitable for
fast motion, yet with designed fracture points so they can
be easily disassembled at a goal and reconfigured into
tools or structures. As first steps toward that goal, this
paper presents the following contributions: (1) Design and
demonstrations of magnetic modular cubes (MMCs) which
are simple in design, scalable, and highly reconfigurable
through controlled assembly-disassembly. (2) Analysis of all
possible magnetization profiles that match the specifications
of our modular cubes. (3) A method to count the number of
unique configurations for a given set of cubes. (4) Enumerate
the unique configurations up to n = 20 in 2D and n =
16 in 3D. (5) Provide a motion planner for 2D assembly.
(6) Monte Carlo simulations to measure the frequency that
certain shapes can be constructed and the required number
of movement steps to generate the shapes. (7) Conduct
hardware experiments that explore the self-assembly and
disassembly of these modules in 2D and 3D. For applications
of these magnetic cubes, see [11]. For a lengthened version
of this paper, see [12].
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II. DESIGN OF MAGNETIC MODULAR CUBES

We design the MMC:s so they can be controlled by a global
magnetic field. The cubes are manufactured so they align
with an applied magnetic field. The global magnetic field
provides a reference frame with a magnetic south to the left
and north to the right. We labeled each face of the cube
as [L, F, B, T, U, R] for left, front, back, top, under, and
right faces. On each face at most one axially magnetized
permanent magnet is embedded. Each cube must have a
net magnetic orientation. The magnets are positioned with
poles facing outwards such that each face is either north or
south and such that the net magnetic moment of the cube
from magnetic south to north passes through the center of
opposing faces (see Fig. 1). This net magnetic moment is
required because it enables “pivot walking” and “rolling”
the cubes. Pivot walking is a movement gait that alternately
lifts the north or south pole of the cube so the cube balances
on the opposing edge, and then applies torque to spin the
cube on the balancing edge, as in [11], [13], [14]. The
rolling motion [15] can be achieved by applying continuous
rotational magnetic torque along an axis perpendicular to the
axis of net magnetization of a cube.

Due to the MMCs’ cubic design, magnetically connected
structures of MMCs are polyominoes in 2D and polycubes in
3D. Polyominoes and polycubes are a classic topic in com-
binatorics. Related work on enumerating polyominoes and
polycubes include [16]-[20] and coloring them [21]. Work
on upper and lower bounds for the number of polyominoes
and polycubes is an active research area [20], [22], and will
be relevant to modular robotic construction.

Similarly, there has been a great deal of recent research
on how to design workspaces that exploit global control
of magnetic particles to design arbitrary shapes [6], [23],
[24], and on the complexity of motion planning under such
constraints. These papers provide important solutions on how
to design workspaces that enable fast rearrangement of cubes,
but they do not provide insight on how to build those cubes.
Moreover, these works tend to assume all cubes will stick
together if brought close enough in proximity. In contrast,
this paper focuses on the configurations made possible by
the magnetic profiles of the cubes.

III. GENERATE ALL POSSIBLE POLYOMINOES IN 2D

Polyominoes are face-connected sets of unit cubes that lie
on the square-grid graph. Each cube is represented by an
integer tuple (z, y). Cubes (x1, y1) and (x2, y2) are adjacent
if |21 — 22|+ |y1 —y2| = 1. Two free polyominoes are consid-
ered distinct if they have different shapes, but they cannot be
rotations of each other. Two fixed polyominoes are considered
distinct if they have different shapes or orientations. Because
the global magnetic field provides an orientation, we consider
fixed polyominoes for our MMCs design. The number of
fixed polyominoes of size n is denoted by A, op. The
number of polyominoes grows exponentially [22]

lim (An2p)™ = A. (1)
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Fig. 2. Enumeration of colored cubes in 2D. The composition of cube types
determines the number of polyominoes that can be made. The white arrow
indicates the direction of south to north magnetic pole.

We implemented a method to enumerate the fixed poly-
ominoes and unique colored polyominoes that can be con-
structed by a set of MMCs [25]. Based on the hardware
experiment environment (see Section V), we developed a
2D motion planner using a bounded 11x11 workspace that
generates the set of valid colored polyominoes reachable by
global moves from an initial configuration. We select four
magnet arrangements that use at least two magnets and, for
ease of visualization, assign them the colors cyan, magenta,
brown, and black (see Fig. 2 top right).

A. Enumeration of fixed polyominoes

To enumerate fixed polyominoes, we implemented the
method used by Redelmeier in [26]. We use a variant of
this algorithm to enumerate colored polyominoes constructed
from MMCs. Because the magnets in these cubes define
a coordinate system, we enumerate all polyominoes with
magnetic moments pointing in the +y direction. The al-
gorithm works by recursively generating all cubes up to a
given size n. We start with the leftmost cube of the bottom
row, placed at the origin (0,0). For a given configuration
with k cubes, the algorithm generates a new configuration
of size k + 1 by adding a cube connected to the polyomino.
We maintain a list of the adjacent cubes, list_adj, and a list
of which adjacent cubes have been selected, poly, for each
recursive call. In the initial call, the list of adjacent cubes,
list_adj, consists of the origin (0,0), the cube above the
origin (0,1), and the cube to the right of the origin (1,0).
We set poly[0] = 0. At each recursive call, if & = n, the
procedure returns. Otherwise, a recursive call is made for
each cube in list_adj greater than the last cube in poly. For
each of these calls, the cube is added to poly, and any cubes
adjacent to the new cube are appended to list_adj if they are
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not already in list_adj. To avoid generating the same cube
more than once, cubes are only added if they are above
the origin, or in the same row to the right of the origin:
{(z,y) | (y>0)or (y=0and z > 0)}.

B. Enumeration of valid colored polyominoes from a set

To count the number of valid colored polyominoes from
a set of colored cubes, we modify the previous algorithm.
We include the coloring information in poly. Before each
recursive call, we check if the new cube can be colored in
the given color. A check is successful if there are sufficient
unused cubes of the color, and if placing the cube does not
violate any of the magnetic-assembly rules. If the check
is successful, a recursive call is performed. Fig. 2 top left
shows that for n = 3 cubes, 6 fixed polyominoes can be
enumerated. Using a supply with one cyan and two magenta
cubes produces more polyominoes than one brown and two
magenta cubes. However, using three colored cubes enables
constructing even more colored polyominoes.

Table I shows the number of fixed polyominoes that can
be enumerated with up to n = 20 cubes. It also lists the
number of valid polyominoes with magenta and cyan cubes
that can be constructed by coloring them with up to 20 cyan
cubes. With zero to two magenta cubes, the number of valid
polyominoes is less than the number of fixed polyominoes
(Cp,i for i« = 0, 1 or 2). This is because two magenta
or two cyan cubes can only be connected in series (with
arrows aligned tip-to-tail). However, a more extensive set of
polyominoes with different shapes and orientations can be
constructed when the fraction of magenta cubes is increased.
The largest variety is possible when i = | 5 ].

C. Self-assembly algorithm

We provide a low-fidelity motion model that can com-
pute reachable polyomino configurations and the shortest
movement sequences for a set of MMCs from an initial
configuration. We assume that all modules move at the same
speed in the same direction, unless they encounter a fixed

obstacle. Without loss of generality, we limit the movement
directions to north, east, south, and west.

Fig. 3 shows an example of all the valid colored poly-
ominoes can be generated with 4 different cube designs.
The initial configuration and the details of the movements
are shown on the right. Underneath each polyomino is
listed the shortest step sequence to construct it. At each
step, we could move one unit length in the four cardinal
directions {n, e, s, w} or rotate {r} counterclockwise (CCW)
or clockwise (CW) a quarter-turn. We prune this search by
only allowing rotations if no translation moves have been
made and by only performing CW rotations. For example, in
this shorthand, ‘“2r, 4w, 6n” means rotate 180° CW followed
by four unit moves west, and then six unit moves north.
We used a breadth-first search (BFS) algorithm to discover
these reachable configurations. The root of the search is the
initial configuration, and we maintain a list of all relative
configurations that have been reached. A relative configura-
tion is represented by rotating the coordinate frame so that
the magnetic north points up and then translating all cubes.
To further prune the tree, we only switch direction if the
relative configuration of the cubes changes, and we terminate
search branches if the present configuration has occurred
before. When the relative configuration changes, we call this
an intermediate configuration. Intermediate configurations
occur when at least one cube (but not all cubes) strikes an
obstacle. When this occurs, the new relative configuration is
compared to the list and is only appended if it is unique. After
the polyomino is assembled, we compare the paths taken to
save the shortest step sequence to construct the structure.

IV. GENERATE ALL POSSIBLE POLYCUBES IN 3D

A polycube is a three-dimensional polyomino constructed
by cubes attaching face to face. Each cube is represented by
an integer tuple (z,y, z). Cubes 1 and 2 are adjacent if |z; —
Za| 4 |y1 — y2| + |21 — 22| = 1. Polycubes can be enumerated
in two ways, depending on whether different orientations
are counted as one polycube or two. Two free polycubes
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TABLE II. NUMBER OF FIXED POLYCUBES A;, 3p, WHERE n IS THE NUMBER OF CUBES. ROW MAXIMUM IN ORANGE.
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are considered distinct if they have different shapes, but are
not 3D rotations of each other. Two fixed polycubes are
considered equivalent if one can be transformed into the
other by a translation. The number of fixed three-dimensional
polycubes of size n is denoted by A,, sp.

A. Enumeration of valid colored polycubes from a set

We select six magnet arrangements that use at least four
magnets and assign them the colors in Fig. 5 top right. As
with the enumeration of valid colored polyominoes in 2D,
to count the number of valid colored polycubes generated
from a set of MMCs, we color the cubes while enumerating
fixed polycubes during the recursive step. Fig. 5 top left
shows that for n 3 cubes, 15 fixed polycubes can
be enumerated. Middle left and bottom left figures show
examples of coloring with two colors. Using a supply with
red and blue cubes can produce more polycubes than red and
green. With a supply of three colors, a wider variety of valid
colored polycubes can be constructed.

Table II shows the number of fixed polycubes that can be
enumerated with up to n = 16 cubes and the number of valid
polycubes that can be constructed by coloring them with
red and blue cubes. The top right corner of the table shows
examples of valid colored polycubes. Fig. 4 left shows the

maximum number of valid polycubes that can be constructed
with five different sets of cubes in 3D, where n is the total
number of cubes. For each cube set, the left column shows
the maximum number of valid colored polycubes that can
be generated for a given total number of cubes. The right
column in each set (gray font) shows configurations in a
shorthand, e.g. “Ir4b” means 1 red and 4 blue cubes.

B. Rejecting non-magnetically connected components

Our enumeration of valid polyominoes (or polycubes)
allows placing a cube face without magnets next to a cube
of any color, but there is no magnetic connection. Our goal
for the polyominoes (or polycubes) is to create aggregates
that can be manipulated in unison by a magnetic field. For
the purpose of this study, we require that every cube be
magnetically connected to form a single component. This re-
quires connected-component analysis. Connected-component
labelling is normally used for distinguishing different objects
in a binary image [27]. A magnetically-connected component
is a set of cubes, C, such that for any two cubes in C,
there is a valid connected path between them and this
path is contained in C. A valid connection between two
MMCs means the two cubes share a face and on this face
one cube has a south pole outward and the other has a
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Fig. 5. Enumeration of colored cubes in 3D. The composition of cube types
determines the number of polycubes that can be made. The white arrow
indicates the direction of south to north magnetic pole.

north pole outward. Before adding a polycube of size n
to our enumeration, we first check that the polycube is a
single magnetically-connected component. We start with the
(0,0,0) cube, and perform a breadth-first search on all valid-
connected neighboring cubes. The polycube is only counted
if the number of connected cubes is n.

C. Time complexity

As with the enumeration scheme by Redelmeier, our enu-
meration counts each possible polyomino and polycube only
one time, the enumeration complexity is exponential, O(c3p)
and O(c%p). Our implementation is slightly less efficient if
we allow cubes that do not have magnets on each side, since
we generate intermediate configurations that might not form
a magnetically-connected component. After constructions,
the final step is to check if the polycube is magnetically-
connected, and reject those that are not. The connected check
requires O(n) time. 3D construction is more complex than

2D, so the constant c3p > cpp. Fig. 4 right shows the results
of enumeration of valid colored polyominoes and polycubes.

V. EXPERIMENTAL SETUP AND RESULTS

A large-scale nested triaxial Helmbholtz coil system was
used to conduct experiments. The 3D magnetic field vector
produced from the system is represented by

B, A cos(a) cos(6)
B= |B,| = | Acos(a)sin(8) | , (2)
B, Asin(a)

where B is the applied magnetic flux density, B,, B,, and
B, are the three-dimensional components along x, y and z-
axes respectively, A is the amplitude, « is the pitch angle,
and 0 is the yaw angle. Each cube has a volume of 1cm?.

A magnetic flux of 10mT was enough to actuate the mod-
ular cubes and achieve successful assembly. Pivot walking
motion was used to actuate individual modular cubes with
precise motion, following predetermined paths to create a
target assembly. When the arrows on top faces of the modular
cubes are aligned side-by-side, this is defined as a parallel
assembly. When the arrows are aligned tip-to-tail, this is
defined as a serial assembly. The self-assembly is caused
by the magnetic attraction force generated from embedded
permanent magnets in the modular cubes when they are
moved close to each other.

Fig. 6 shows a representative 3D construction sequence
using global magnetic control. A 3D self-assembly was
performed following a 2D self-assembly to create a pair
of sub-assemblies. The process formed an I-shape and a
square-shape with different cube orderings at 36s. The sub-
assemblies were rotated CW (at 30s) and CCW (at 47s)
for movement in different directions. Once 2D structures
were formed with pivot walking motion followed by 2D
self-assembly, the sub-units can be further joined in 3D
by using rolling motions. The rolling motion was achieved
by applying continuous rotational magnetic torque on the
modular structures about a fixed axis until the target location
was reached (from 57s to 66s). While the sub-assemblies
were rolled to bring them in close proximity, a blue modular
cube in the J-shaped structure was disassembled (at 65s).
The blue cube reattached to the square-shaped structure (at
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Fig. 6. 3D self-assembly and disassembly behavior with eight cubes.

66s) which resulted in an unplanned reconfiguration. This
spontaneous disassembly and reconfiguration could have
benefits, but could also be avoided with improved control.
Once the reconfigured sub-units move into close proximity,
they self-assembled to create a two layered 3D structure (at
79s). This 3D structure was also actuated in the workspace
with the pivot walking motion (from 79s to 90s).

VI. FUTURE WORK

Future work will focus on 3D planning, in particular mak-
ing a high-fidelity simulator for motion planning. It would
be interesting to calculate the number of valid colorings of a
given polycube as a function of the supply of colored cubes.
During the enumeration process one could also catalog useful
configurations, ranking them on their mechanical stability,
fracture modes, or magnetic profile in addition to their shape.
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