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Abstract— This paper presents an algorithm for solving the
optimization problem associated with hybrid model predictive
control for a class of discretized hybrid control systems. The
proposed approach consists of reformulating the optimal control
problem as a mixed integer quadratic problem (MIQP), which
can be solved using well-established algorithms in the literature.
Specifically, the given discretized hybrid control system is
transformed into a mixed logical dynamical (MLD) system that,
for the class of discretized hybrid control systems considered,
gives rise to an MIQP. The MLD model is obtained through an
intermediate step that transforms the discretized hybrid control
system into a discrete-time control system.

I. INTRODUCTION

Model predictive control (MPC) is a powerful feedback
control technique as it assures asymptotic stability with opti-
mality and constraint satisfaction [1]. Being an optimization-
based technique, MPC tends to be computationally expensive
and heavily depends on the performance of the optimization
scheme employed. It is well documented that MPC may
require substantial amount of time to compute due to the
time required for the optimization scheme to terminate [2],
[3].

As the optimal control problem (OCP) that is to be solved
at each control recomputation event is, in general, a nonlin-
ear programming problem, there are many approaches and
algorithms available in the literature. For instance, the OCP
associated with MPC can be formulated to predict the state
and perform optimization sequentially or simultaneously. The
OCP itself can be solved using myriad of methods, such as
sequential quadratic programming techniques, penalty meth-
ods, Lagrangian-based approaches, interior point methods,
among others. The survey [4] outlines these approaches
and solution methods. These techniques are applicable to
important classes of MPC problems for continuous-time and
discrete-time systems. On the other hand, techniques for the
solution of MPC problems for hybrid systems are much less
developed. When the hybrid system is modeled as a piece-
wise affine (PWA) system or as a mixed logical dynamical
(MLD) system, and the cost functions are quadratic, the
OCP can be formulated as a mixed-integer quadratic problem
(MIQP) [5], [6]. This approach is quite powerful as it enables
the use of MIQP solvers available in the literature.

Motivated by the success of formulating the OCP as an
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MIQP for hybrid systems modeled as PWA or MLD systems,
we propose an MIQP approach for the solution to the hybrid
MPC problem formulated in [7], [8]. In these articles, hybrid
systems are modeled by hybrid equations, which are given
in terms of constrained differential and difference equations.
A general theory of robust asymptotic stability and hybrid
control design for such class of systems is available in [9]
and [10], respectively, where the versatility and generality of
the framework is displayed in several applications. Although
key theoretical aspects of hybrid MPC are addressed in [7],
[8], the numerical solution of the associated (hybrid) OCP is
not investigated therein.

As a first step towards efficient methods for the solution
to such problems, we consider the discretized version of
hybrid equations considered in [11] (see also [12]) and
the hybrid MPC problem therein, and propose an efficient
method to compute solutions to the associated OCP. To
accommodate the binary variables involved, we employ the
so-called McCormick Relaxation to reformulate the hybrid
MPC problem as an MIQP. For the class of discretized
hybrid equations considered—specifically, those with linear
flow and jump maps, and flow and jump sets given in terms
of inequalities involving a function of the state and input—
and following the ideas in [13], we derive a (discrete-time)
MLD system model of the hybrid equation and formulate the
OCP associated with hybrid MPC as an MIQP. Our approach
consists of transforming the discretized hybrid equation into
a discrete-time system with binary variables, followed by
its reformulation as an MLD system. To mathematically
formalize these transformations, we establish equivalences
between the trajectories (or solutions) to each system. With
such relationships in place, we relate the OCP solution
associated with the equivalent MLD system—which can be
obtained using MIQP solvers— to the solution to the OCP as-
sociated with the discretized hybrid equation. Consequently,
our results provide an MIQP solution to hybrid MPC for
the class of systems considered. In addition, we present an
algorithm that implements our approach and we illustrate it
in a controlled bouncing ball system.

The outline of this paper is as follows. Section II presents
the definitions of discretized hybrid control systems, mixed
logical dynamical systems, and their solutions. The MPC
problem for discretized hybrid dynamical system is formu-
lated in Section III. In Section IV, we detail the mixed integer
formulation of discretized hybrid model predictive control,
followed by numerical simulations. Concluding remarks are
provided in Section V.



II. PRELIMINARIES

A. Notation
We denote by R the set of real numbers, R≥0 its non-

negative subset, and by N the set of nonnegative integers.
Boolean “or,” “and,” and “not” are denoted by ∨, ∧, and ∼,
respectively. The standard projection onto Rn is defined by
the function Π : Rn × Rp → Rn, such that Π(x, y) = x.
The n-dimensional identity matrix is denoted by In.

B. Hybrid Control Systems
In this paper, we consider an affine discretized hybrid

control system given by

Hd :

{
x+ = f(x, u) := Afx+Bfu+ cf (x, u) ∈ C
x+ = g(x, u) := Agx+Bgu+ cg (x, u) ∈ D,

(1)
where (x, u) ∈ C ∪ D ∪ g(D) =: X ⊂ Rn × Rm are the
state and the input of the system, respectively. The set C is
called the flow set and D is called the jump set. The affine
functions f : C → Rn and g : D → Rn are the flow and
jump maps, respectively.

Definition 1: A set E ⊂ N × N is called a discrete
hybrid time domain if, for each (K,J) ∈ E, there exists a
nondecreasing sequence {kj}J+1

j=0 such that k0 = 0, kj+1 ∈
N for each j ∈ {1, 2, ..., J}, and

E ∩ ({0, 1, ...,K} × {0, 1, ..., J}) =
J⋃

j=0

Kj+1⋃
k=Kj

(k, j).

•
The state and input are presented by discrete hybrid time

(k, j) ∈ N × N, where k and j index the evolution during
discretized flow and jumps, respectively.

Definition 2 (Solution pair [11]): A pair (x : domx →
Rn, u : domu → Rm) is a solution pair to Hd if the
following conditions hold:

(S1) domx = domu is a discrete hybrid time domain.
(S2) (x(0, 0), u(0, 0)) ∈ X .
(S3) For each (k, j) ∈ domx such that (k + 1, j) ∈ domx,

x(k+1, j) = f(x(k, j), u(k, j)) (x(k, j), u(k, j)) ∈ C.

(S4) For each (k, j) ∈ domx such that (k, j + 1) ∈ domx,

x(k, j+1) = g(x(k, j), u(k, j)) (x(k, j), u(k, j)) ∈ D.

•
Throughout, ŜHd

(x0) denotes the set to solution pairs (x, u)
toHd such that x(0, 0) = x0. The pair (L, J) ∈ dom(x, u) is
called the terminal time of the solution pair (x, u) if k ≤ K
and j ≤ J for all (k, j) ∈ dom(x, u).

C. Mixed Logical Dynamical Systems
A general MLD model is given by [13]

x̂+ = Ax̂+B1û+B2δ̂ +B3z +B4 (2)

subject to E2δ̂ + E3z ≤ E1û+ E4x̂+ E5, (3)

where x̂ ∈ Rn is the state and û ∈ Rm is the input of
the system. The auxiliary continuous and binary variables
are represented by z ∈ Rnd and δ̂ ∈ {0, 1}md , respectively.
All of these variables have binary and continuous values.
The matrices A, {Bi}4i=1, and {Ei}5i=1 have appropriate
dimensions.

The MLD model in (2)-(3) can be expressed as

HMLD :

{
x̂+ = Φ(z, δ̂, x̂, û)

Ψ(z, δ̂, x̂, û) ≤ 0,
(4)

where
Φ(z, δ̂, x̂, û) := Ax̂+B1û+B2δ̂ +B3z +B4,

Ψ(z, δ̂, x̂, û) := E2δ̂ + E3z − E1û− E4x̂− E5.
(5)

A solution to HMLD is defined as follows.
Definition 3: A function

M3 ` 7→
(
z(`), δ̂(`), x̂(`), û(`)

)
is a solution to HMLD if it satisfies

x̂(`+ 1) = Φ(z(`), δ̂(`), x̂(`), û(`)) ∀` : `, `+ 1 ∈M,

Ψ(z(`), δ̂(`), x̂(`), û(`)) ≤ 0 ∀` ∈M
(6)

where M is of the form {0, 1, . . . ,K}, with K finite, or
equal to N. •

III. HYBRID MODEL PREDICTIVE CONTROL FOR
DISCRETIZED HYBRID CONTROL SYSTEMS

This section formulates a Model Predictive Control (MPC)
problem for discretized hybrid dynamical system given by
Hd in (1). Based on the framework given in [14], we first
introduce some details related to MPC for discretized hybrid
systems.

A. Prediction Horizon
A fixed end-time optimal control problem can be appro-

priately used in continuous/discrete-time MPC that optimal
controls are updated periodically, and each computed control
input has the same terminal time. Due to the nature of (dis-
crete) hybrid time domains, using a fixed end-time optimal
control problem is restrictive [14]. For (discretized) hybrid
dynamical systems, the solutions might flow or jump, so
the prediction horizon must accommodate solutions having
different discrete hybrid time domains. To address these
issues, as in [14], we define the prediction horizon T ⊂ N×N
as

T := {(k, j) ∈ N× N : max{k, j} = τp} (7)

where τp is a given positive integer. Thus, for some τp ∈
{1, 2, . . .}, the terminal time (T, J) of every feasible solution
pair satisfies max{T, J} = τp.

B. Cost Functional
Given a solution pair (x, u) to Hd with compact domain

and terminal time (L, J), let {Kj}J+1
j=0 be a nondecreasing

sequence such that

dom(x, u) =
J⋃

j=0

Kj+1⋃
k=Kj

(k, j)



and KJ+1 = L, and X ⊂ Π(X ) be the terminal constraint
set. If x(K,J) ∈ X , then the cost of the pair (x, u) is given
by

J (x, u) :=
( J∑

j=0

Kj+1−1∑
k=Kj

LC(x(k, j), u(k, j))
)

+
( J−1∑

j=0

LD(x(k, j), u(k, j)
)

+ V (x(L, J)).

(8)
In (8), LC is called the flow cost and is defined on the

flow set C, LD is called the jump cost and is defined on the
jump set D, and V is called the terminal cost and is defined
on the terminal constraint set X .

C. Hybrid Optimal Control Problem
Given the terminal constraint set X and the prediction

horizon T , the minimization of the cost functional J is
performed over solution pairs of Hd with initial condition
x0.

Problem 1: Given an initial condition x0 ∈ Rn,

minimize J (x, u)

subject to (x, u) ∈ ŜHd
(x0)

x(L, J) ∈ X
(L, J) ∈ T ,

(9)

where the constraints x(L, J) ∈ X and (L, J) ∈ T dictate
that solutions pairs have terminal conditions in X and
terminal times in T , respectively. •

If a solution pair (x, u) satisfies the constraints in (9) with
x(0, 0) = x0, then we call it a feasible solution. A feasible
solution is called the optimal solution if it minimizes J .

In the next section, we show that the model Hd and
Problem 1 can be reformulated as a mixed integer quadratic
problem (MIQP) and solve it with an MIQP solver.

IV. A MIXED INTEGER FORMULATION OF
DISCRETIZED HYBRID MODEL PREDICTIVE CONTROL

We formulate a version of Problem 1 that can be solved
using mixed integer tools. To this end, we proceed as follows:

Step 1) The discretized hybrid control system Hd is con-
verted into a discrete-time control system, denoted
H̃d;

Step 2) The new discrete-time control system H̃d is con-
verted into an MLD system, denoted HMLD;

Step 3) Problem 1 is formulated for HMLD and solved
using mixed integer tools.

The conversion in Step 1 is an intermediate step leading
to a model that can be recast as an MLD system. This
conversion is technical and will be published elsewhere. For
this reformulation to be possible, we impose the following
structure on the flow set and the jump set of Hd.

Assumption 1: The flow set C is given as

C = C1 ∪ C2 (10)

and the jump set D is given as

D = D1 ∩D2 (11)

where, for each i ∈ {1, 2},

Ci = {(x, u) ∈ X : hi(x, u)− σi ≤ 0}, (12)
Di = {(x, u) ∈ X : hi(x, u) + σi ≥ 0}, (13)

hi : X → R is defined as

hi(x, u) = h>i1x+ h>i2u

with hi1 and hi2 vectors of appropriate dimension and σi ≥ 0
is a constant. •
We exploit the MLD system structure enabled by Assump-
tion 1 to formulate an MIQP version of Problem 1. For this
purpose, we impose the following assumption on the flow
cost, jump cost, and terminal cost in the cost functional J
in (8).

Assumption 2: The flow cost LC , the jump cost LD, and
the terminal cost V are given by

LC(x, u) = x>Qcx+ u>Rcu,

LD(x, u) = x>Qdx+ u>Rdu, V (x) = x>Px
(14)

for each (x, u) ∈ X , where P � 0, Qc � 0, Rc � 0, Qd � 0,
and Rd � 0. •

A. Recasting Hd as an MLD system
Using McCormick Relaxation (also known as binary de-

composition) from [15] and [16], we formulate the following
lemma that allows for the discrete-time system Hd in (1) to
be transformed into an MLD system HMLD as in (4).

Lemma 1: Consider a compact set Λ ⊂ Rn and a contin-
uous function p : Λ→ R. Define

M := max
x∈Λ

p(x), m := min
x∈Λ

p(x). (15)

Given functions δ : Λ→ {0, 1} and z : Λ→ R,

z(x) = δ(x)p(x) ∀x ∈ Λ (16)

holds, if and only if, for each x ∈ Λ, the following hold:

z(x) ≤Mδ(x), (17a)
z(x) ≥ mδ(x), (17b)
z(x) ≤ p(x)−m(1− δ(x)), (17c)
z(x) ≥ p(x)−M(1− δ(x)). (17d)

�

Now, we are ready to formulate an MLD system associated
with the discretized hybrid system Hd.

For each i ∈ {1, 2}, we define set-valued maps

Ui : Ci ∪Di ⇒ {0, 1}

as follows:

Ui(x, u) :=

 1 if (x, u) ∈ Ci \Di

0 if (x, u) ∈ Di \ Ci

{0, 1} if (x, u) ∈ Ci ∩Di.
(18)



Theorem 1: Suppose the discretized hybrid dynamical
system Hd in (1) with data (C,Af , Bf , cf , D,Ag, Bg, cg)
satisfies Assumption 1 and X is a compact set. Let A,Bi, Ej

for all i ∈ {1, 2, . . . 4} and j ∈ {1, 2, . . . , 5} in (5) take the
following values:

A := Ag, B1 := Bg, B2 :=
[
cf − cg cf − cg

]
,

B3 :=
[
Af −Ag Bf −Bg cf − cg

]
, B4 := cg,

E1 :=



0
0
0
0
0
0
0
0
h12

−h12

h22

−h22

0
Im
0
−Im



, E2 :=



0 0
−1 0
0 −1
1 1
−M1 −M1

−M2 −M2

m1 m1

m2 m2

m31 + σ1 0
M31 − σ1 0

0 m32 + σ2

0 M32 − σ2

−m1 −m1

−m2 −m2

M1 M1

M2 M2



,

E3 :=



0 0 −In
0 0 In
0 0 In
0 0 −In
In 0 −M1

0 In −M2

−In 0 m1

0 −In m2

0 0 0
0 0 0
0 0 0
0 0 0
In 0 −m1

0 In −m2

−In M1

0 In M2



, E4 :=



0
0
0
0
0
0
0
0
h11

−h11

h21

−h21

In
0
−In

0



, E5 :=



0
0
0
1
0
0
0
0
σ1

M31

σ2

M32

−m1

−m2

M1

M2



,

(19)
where

M1 := max{x : (x, u) ∈ X}, m1 := min{x : (x, u) ∈ X},
M2 := max{ũ : (x, u) ∈ X}, m2 := min{u : (x, u) ∈ X},
M31 := max{h1(x, u) : (x, u) ∈ X},
m31 := min{h1(x, u) : (x, u) ∈ X},
M32 := max{h2(x, u) : (x, u) ∈ X},
m32 := min{h2(x, u) : (x, u) ∈ X},

(20)
where σ1, σ2, h11, h12, h21, h22, h1, h2 are given parame-
ters and functions that come from (10) and (11). Let

Hd be defined as in (1). Then, for each solution
(k, j) 7→ (x(k, j), u(k, j)) to Hd, the function ` 7→(
z(`), δ̂1(`), δ̂2(`), x̂(`), û(`)

)
is defined as

δ̂1(`) ∈ Uf1(x(k, j), u(k, j)),

δ̂2(`) ∈ Uf2(x(k, j), u(k, j)),

û(`) := u(k, j),

x̂(`) := x(k, j),

z(`) =

z1(`)
z2(`)
z3(`)

 :=

(δ̂1(`) + δ̂2(`)− δ̂1(`)δ̂2(`))x(k, j)

(δ̂1(`) + δ̂2(`)− δ̂1(`)δ̂2(`))u(k, j)

δ̂1(`)δ̂2(`)

 ,

(21a)

(21b)
(21c)
(21d)

(21e)

for each ` = k + j with (k, j) ∈ dom(x, u) is a solution to
HMLD in (4) with

Ψ(z, δ̂1, δ̂2, x̂, û) =



−z3

z3 − δ̂1
z3 − δ̂2

−z3 + δ̂1 + δ̂2 − 1

z1 −M1(δ̂1 + δ̂2 + z3)

z2 −M2(δ̂1 + δ̂2 + z3)

m1(δ̂1 + δ̂2 + z3)− z1

m2(δ̂1 + δ̂2 + z3)− z2

(m31 + σ1)δ̂1 − h1(x̂, û)− σ1

(M31 − σ1)δ̂1 + h1(x̂, û)−M31

(m32 + σ2)δ̂2 − h2(x̂, û)− σ2

(M32 − σ2)δ̂2 + h2(x̂, û)−M32

z1 − x̂+m1(1− (δ̂1 + δ̂2 + z3))

z2 − û+m2(1− (δ̂1 + δ̂2 + z3))

x̂− z1 −M1(1− (δ̂1 + δ̂2 + z3))

û− z2 −M2(1− (δ̂1 + δ̂2 + z3))



.

(22)
and

Φ(z, δ̂1, δ̂2,x̂, û) = (Af −Ag)z1 + (Bf −Bg)z2

+(cf − cg)(δ̂1 + δ̂2 + z3) +Agx̂+Bgû+ cg
(23)

defined for each z = (z1, z2, z3) ∈ Rn+m × {0, 1} and each
δ̂ = (δ̂1, δ̂2) ∈ {0, 1}2. Furthermore, for each solution

` 7→
(
z(`), δ̂1(`), δ̂2(`), x̂(`), û(`)

)
to HMLD, the function (k, j) 7→ (x(k, j), u(k, j)) defined
as {

x(k, j) := x̂(`),

u(k, j) := û(`),

(24a)
(24b)

for each k =
∑̀
i=1

(δ̂1(i) + δ̂2(i) − δ̂1(i)δ̂2(i)) and j = ` − k

with ` ∈ dom(z, δ̂1, δ̂2, x̂, û), is a solution to Hd. �



B. MIQP version of the Hybrid Optimal Control Problem
Now, we use Theorem 1, to convert the hybrid optimal

control problem in Problem 1 to an MIQP problem. To en-
force the prediction horizon constraint, we add two auxiliary
variables r̂c and r̂d to the proposed HMLD system in (4).
By including r̂c and r̂d we can keep track of flows and the
number of jumps elapsed. To this end, we rewrite the MLD
system with new variables as follows:

HMLD :


ζ̂+ =

x̂+

r̂+
c

r̂+
d

 =

 Φ(z, δ̂1, δ̂2, x̂, û)

ρ(δ̂1, δ̂2) + rc
1− ρ(δ̂1, δ̂2) + rd


Ψ(z, δ̂1, δ̂2, x̂, û) � 0,

(25)

where ζ̂ := (x̂, r̂c, r̂d),

ρ(δ̂1, δ̂2) = δ̂1 + δ̂2 − δ̂1δ̂2

and δ̂1, δ̂2, z, and x̂ are given in (21), Ψ(z, δ̂1, δ̂2, x̂, û) and
Φ(z, δ̂1, δ̂2, x̂, û) are given in (22) and (23), respectively.

Now, considering (21e), z1(`) = ρ(δ̂1(`), δ̂2(`))x̂(`) and
z2(`) = ρ(δ̂1(`), δ̂2(`))û(`), J in (8) is written as

Ĵ (z, ζ̂, û) =
N−1∑
`=0

((
z1(`)>Qcx̂(`) + z2(`)>Rcû(`)

)
+
(
x̂(`)>Qdx̂(`) + û(`)>Rdû(`)

)
−
(
z1(`)>Qdx̂(`) + z2(`)>Rdû(`)

))
+ x̂(N)>Px̂(N)

(26)
with HMLD defined in (25). The corresponding MIQP
problem to Problem 1 to be solved is as follows.

Problem 2: Given an initial condition z0 = (z0, ζ̂0) ∈
Rn × Rm × Rn × {0} × {0}

minimize Ĵ (z, ζ̂, û)

subject to (z, δ̂1, δ̂2, ζ̂, û) ∈ ŜHMLD (z0)

x̂(N) ∈ X
(rc(N), rd(N)) ∈ T ,

(27)

where1 N ∈ {τp, τp + 1, . . . , 2τp} is the terminal time of
(z, δ̂1, δ̂2, ζ̂, û), and ŜHMLD (z0) is the set of solution pairs
of HMLD from z0. •

Using (23) and (2), a solution to HMLD is given by

x̂(`) =
`−1∑
i=0

Ai
(
B1û(`− 1− i)

+B2ρ(δ̂1(`− 1− i), δ̂2(`− 1− i))
+B3z(`− 1− i) +B4

)
+A`x̂0,

(28)

for each ` = k + j with (k, j) ∈ dom(x, u), where A and
{Bi}4i=1 are given in (19). Substituting (28) into (26) and

1We allow N to take up to the value 2τp to account for the maximum
number of discrete steps, which could happen due to solutions exhibiting
both flow and jumps.

(22), and defining the vectors

Z(`) =
[
z(`), r̂c(`), r̂d(`), û(`), ρ(δ̂1(`), δ̂2(`))

]>
(29)

V =


Z(0)
Z(1)

...
Z(N − 1)

 , (30)

Problem 2 is rewritten as follows.
Problem 3: Given x̂0 and an initial condition Z(0) =
Z0 ∈ Rn × Rm × Rn × {0} × {0} × Rm × {0, 1} and V
defined in (30)

minimize V>S1V + 2(S2 + x̂>0 S3)V
subject to F1V � F2 + F3x̂0,

(31)

with {Si, Fi}3i=1 appropriately defined (see footnote 2). •
Theorem 2: Suppose a solution to Problem 3 is given by

V and Z(`) for all ` ∈ {0, 1, . . . , N − 1} is given in (29).
Then,

((x(0, 0), u(0, 0)) , . . . , (x(L, J), u(L, J)))

is a solution to Problem 1, where L+ J = N − 1 and
x(k, j) :=

`−1∑
i=0

Ai
(
B1û(`− 1− i)

+B2ρ(δ̂1(`− 1− i), δ̂2(`− 1− i))
+B3z(`− 1− i) +B4

)
+A`x̂0,

u(k, j) := û(`),
(32)

for each k =
∑̀
i=1

(δ̂1(i) + δ̂2(i) − δ̂1(i)δ̂2(i)) and j = ` − k

with ` ∈ dom
(
z, δ̂1, δ̂2, ζ̂, û

)
. �

C. Implementation of Hybrid MPC using MIQP solvers

Using Problem 3, an algorithm for solving a hybrid MPC
problem with an MIQP solver is given as follows.

Algorithm 1: Implementation of Hybrid MPC by
using MIQP Problem 3

Set i = 0, `0 = 0, x̂(0) = x̂0, and Z(0) = Z0;
while true do

Solve Problem 3 to obtain the optimal solution
V∗;

while max{r̂c(`− `i), r̂d(`− `i)} ≤ τc do
generate trajectory x̂ using (32);

end
set i = i+ 1, `i = `, ζ̂0 = (x̂(`i), 0, 0)

end

where τc ≤ τp is a positive integer number and used
to parametrize the control horizon. The control horizon
regulates the optimization times and it has the same structure
as the prediction horizon T defined in (7).



Example 1: (Discretized Controlled Bouncing Ball) Con-
sider a ball bouncing vertically on a horizontal surface. In
[17, p. 27] the bouncing ball is modeled as a point mass with
height x1 and vertical velocity x2. The motion of the ball
evolves according to the following discretized hybrid control
system:

x+
1 = x1 + Tsx2 − T 2

s δ, x+
2 = x2 − Tsδ when x1 ≥ 0

(33)
x+

1 = x1−Tsx2, x+
2 = −λx2+u when x1 = 0 x2 ≤ 0,

(34)
where δ = 9.8, λ ∈ [0, 1], and Ts are the gravita-
tional constant, the coefficient of restitution, and the sam-
ple time, respectively. The data of the discretized hy-
brid dynamical system in (1) for the state and input in

a compact set is as follows: Af =

[
1 Ts
0 1

]
, Ag =[

1 −Ts
0 −λ

]
, cf =

[
−T 2

s δ
−Tsδ

]
, cg =

[
0
0

]
, Bf =

[
0
0

]
, Bg =[

0
1

]
, X = {(x, u)|x ∈ [x1min

, x1max
] × [x2min

, x2max
], u ∈

[umin, umax]} ∩ LV (c), C = {(x, u) ∈ X : x1 ≥ 0}, and
D = {(x, u) ∈ X : x1 = 0, x2 ≤ 0}, where LV (c) is the
sublevel set of function V (x1, x2) = 1

2x
2
2+δx1 for a constant

c. We need to restrict C and D to a compact set that is
forward invariant. To this end, the set X is defined to be the
sublevel set of the function V (x1, x2) which is a Lyapunov
function for the system [18]. To represent the flow and jump
sets, in (1) and (1), in the form given in Assumption 1, we
choose the functions h1(x1, x2) = −x1, h2(x1, x2) = −x2

and σi = 0 for each i ∈ {1, 2} and x1min = 0, x1max = 10,
x2min = −10, x2max = 10, umin = −0.01, and umax = 0.01.
The control objective is to minimize the cost functional (8)
with Qc = 0.2I2, Rc = 0.01, Qd = 0.2I2, Rd = 0.01,
and P = 0.1I2. Also, the prediction and control horizon are
given with τp = 2 and τc = 1, respectively. As shown in
Fig 1 , when (x, u) ∈ C \ D, then ρ(δ̂1, δ̂2) = 1 and the
solution flows according to f(x, u) = Afx + Bfu. When
(x, u) ∈ D \ C, then ρ(δ̂1, δ̂2) = 0 and the solution jumps
according to g(x, u) = Agx+Bgu. Finally, if (x, u) ∈ C∩D,
then ρ(δ̂1, δ̂2) ∈ {0, 1} and the solution will either jump or
flow, and also the control input has adhered to the intended
restriction as given in X . 2 �

V. CONCLUSION

In this paper, a new mixed-integer model predictive control
approach for discretized hybrid systems is presented. To
solve the formulated MPC problem for the discretized hybrid
dynamical system, boolean algebra is employed to formulate
a mixed integer quadratic program for the transformed MLD
system. The proposed approach consists of converting the
discretized hybrid system into a nonlinear discrete-time sys-
tem, and transforming the converted nonlinear discrete-time
system into an MLD system using McCormick Relaxation.

2Files for this simulation can be found at the following hyperlink:
https://github.com/HybridSystemsLab/HybridMPCMLDBouncingBall.git.
Definitions of the matrices {Si, Fi}3i=1 in Theorem 2 are given in
costfunction.m, F1.m, and b.m at this hyperlink.

Fig. 1: Simulation result for the controlled bouncing ball in
Example 1.

REFERENCES

[1] J. B. Rawlings and D. Q. Mayne. Model predictive control: Theory
and design. Nob Hill Pub., 2009.

[2] C. E. Garcia, D. M. Prett, and M. Morari. Model predictive control:
Theory and practice—a survey. Automatica, 25(3):335–348, 1989.

[3] K. Zhang, J. Sprinkle, and R. G. Sanfelice. Computationally-aware
switching criteria for hybrid model predictive control of cyber-physical
systems. IEEE Transactions on Automation Science and Engineering,
13:479–490, 2016.

[4] M. Diehl, H. J. Ferreau, and N. Haverbeke. Efficient numerical
methods for nonlinear MPC and moving horizon estimation. In
Nonlinear model predictive control, pages 391–417. Springer, 2009.

[5] A. Bemporad and D. Mignone. MIQP.m: a Matlab function for solving
mixed integer quadratic programs version 1.02-user guide. 2000.

[6] F. Borrelli, A. Bemporad, and M. Morari. Predictive control for linear
and hybrid systems. Cambridge University Press, 2017.

[7] B. Altin and R. G. Sanfelice. Asymptotically stabilizing model
predictive control for hybrid dynamical systems. In Proceedings of
the American Control Conference, July 2019.

[8] B. Altın and R. G. Sanfelice. Model predictive control for hybrid
dynamical systems: Sufficient conditions for asymptotic stability with
persistent flows or jumps. In 2020 American Control Conference
(ACC), pages 1791–1796. IEEE, 2020.

[9] R. Goebel, R. G. Sanfelice, and A. R. Teel. Hybrid Dynamical
Systems: Modeling, Stability, and Robustness. Princeton University
Press, New Jersey, 2012.

[10] R. G. Sanfelice. Hybrid Feedback Control. Princeton University Press,
January 2021.

[11] P. Ojaghi, B. Altın, and R. G. Sanfelice. A model predictive control
framework for asymptotic stabilization of discretized hybrid dynamical
systems. In 2019 IEEE 58th Conference on Decision and Control
(CDC), pages 2356–2361. IEEE, 2019.

[12] R. G. Sanfelice and A. R. Teel. Dynamical properties of hybrid
systems simulators. Automatica, 46(2):239–248, 2010.

[13] A. Bemporad and M. Morari. Control of systems integrating logic,
dynamics, and constraints. Automatica, 35(3):407–427, 1999.

[14] B. Altın, P. Ojaghi, and R. G. Sanfelice. A model predictive
control framework for hybrid dynamical systems. IFAC-PapersOnLine,
51(20):128–133, 2018.

[15] A. S. Freire, E. Moreno, and J. P. Vielma. An integer linear
programming approach for bilinear integer programming. Operations
Research Letters, 40(2):74–77, 2012.

[16] A. Gupte, S. Ahmed, M. S. Cheon, and S. Dey. Solving mixed
integer bilinear problems using MILP formulations. SIAM Journal
on Optimization, 23(2):721–744, 2013.

[17] A. Bemporad. Model predictive control of hybrid systems. University
of Siena, 2007.

[18] J. Chai and R. G. Sanfelice. On notions and sufficient conditions for
forward invariance of sets for hybrid dynamical systems. In 2015 54th
IEEE Conference on Decision and Control (CDC), pages 2869–2874.
IEEE, 2015.


