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Abstract— This paper presents an algorithm for solving the
optimization problem associated with hybrid model predictive
control for a class of discretized hybrid control systems. The
proposed approach consists of reformulating the optimal control
problem as a mixed integer quadratic problem (MIQP), which
can be solved using well-established algorithms in the literature.
Specifically, the given discretized hybrid control system is
transformed into a mixed logical dynamical (MLD) system that,
for the class of discretized hybrid control systems considered,
gives rise to an MIQP. The MLD model is obtained through an
intermediate step that transforms the discretized hybrid control
system into a discrete-time control system.

I. INTRODUCTION

Model predictive control (MPC) is a powerful feedback
control technique as it assures asymptotic stability with opti-
mality and constraint satisfaction [1]. Being an optimization-
based technique, MPC tends to be computationally expensive
and heavily depends on the performance of the optimization
scheme employed. It is well documented that MPC may
require substantial amount of time to compute due to the
time required for the optimization scheme to terminate [2],
[3].

As the optimal control problem (OCP) that is to be solved
at each control recomputation event is, in general, a nonlin-
ear programming problem, there are many approaches and
algorithms available in the literature. For instance, the OCP
associated with MPC can be formulated to predict the state
and perform optimization sequentially or simultaneously. The
OCP itself can be solved using myriad of methods, such as
sequential quadratic programming techniques, penalty meth-
ods, Lagrangian-based approaches, interior point methods,
among others. The survey [4] outlines these approaches
and solution methods. These techniques are applicable to
important classes of MPC problems for continuous-time and
discrete-time systems. On the other hand, techniques for the
solution of MPC problems for hybrid systems are much less
developed. When the hybrid system is modeled as a piece-
wise affine (PWA) system or as a mixed logical dynamical
(MLD) system, and the cost functions are quadratic, the
OCP can be formulated as a mixed-integer quadratic problem
(MIQP) [5], [6]. This approach is quite powerful as it enables
the use of MIQP solvers available in the literature.

Motivated by the success of formulating the OCP as an
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MIQP for hybrid systems modeled as PWA or MLD systems,
we propose an MIQP approach for the solution to the hybrid
MPC problem formulated in [7], [8]. In these articles, hybrid
systems are modeled by hybrid equations, which are given
in terms of constrained differential and difference equations.
A general theory of robust asymptotic stability and hybrid
control design for such class of systems is available in [9]
and [10], respectively, where the versatility and generality of
the framework is displayed in several applications. Although
key theoretical aspects of hybrid MPC are addressed in [7],
[8], the numerical solution of the associated (hybrid) OCP is
not investigated therein.

As a first step towards efficient methods for the solution
to such problems, we consider the discretized version of
hybrid equations considered in [11] (see also [12]) and
the hybrid MPC problem therein, and propose an efficient
method to compute solutions to the associated OCP. To
accommodate the binary variables involved, we employ the
so-called McCormick Relaxation to reformulate the hybrid
MPC problem as an MIQP. For the class of discretized
hybrid equations considered—specifically, those with linear
flow and jump maps, and flow and jump sets given in terms
of inequalities involving a function of the state and input—
and following the ideas in [13], we derive a (discrete-time)
MLD system model of the hybrid equation and formulate the
OCP associated with hybrid MPC as an MIQP. Our approach
consists of transforming the discretized hybrid equation into
a discrete-time system with binary variables, followed by
its reformulation as an MLD system. To mathematically
formalize these transformations, we establish equivalences
between the trajectories (or solutions) to each system. With
such relationships in place, we relate the OCP solution
associated with the equivalent MLD system—which can be
obtained using MIQP solvers— to the solution to the OCP as-
sociated with the discretized hybrid equation. Consequently,
our results provide an MIQP solution to hybrid MPC for
the class of systems considered. In addition, we present an
algorithm that implements our approach and we illustrate it
in a controlled bouncing ball system.

The outline of this paper is as follows. Section II presents
the definitions of discretized hybrid control systems, mixed
logical dynamical systems, and their solutions. The MPC
problem for discretized hybrid dynamical system is formu-
lated in Section III. In Section IV, we detail the mixed integer
formulation of discretized hybrid model predictive control,
followed by numerical simulations. Concluding remarks are
provided in Section V.



II. PRELIMINARIES

A. Notation

We denote by R the set of real numbers, Rx>q its non-
negative subset, and by N the set of nonnegative integers.
Boolean “or,” “and,” and “not” are denoted by V, A, and ~,
respectively. The standard projection onto R™ is defined by
the function IT : R™ x R? — R"™, such that II(z,y) = =.
The n-dimensional identity matrix is denoted by I,,.

B. Hybrid Control Systems
In this paper, we consider an affine discretized hybrid
control system given by

= f(z,u) = Ajx + Bru+cy (z,

e at u) e C
4 at =g(x,u) = Agr + Boute,  (x,

u) € D,

(1)
where (z,u) € CUDUg(D) =: X C R™ x R™ are the
state and the input of the system, respectively. The set C' is
called the flow set and D is called the jump set. The affine
functions f : C — R™ and g : D — R”™ are the flow and
jump maps, respectively.

Definition 1: A set E C N x N is called a discrete
hybrid time domain if, for each (K, J) € E, there exists a
nondecreasing sequence {k; ]j ! such that ky = 0, kjt1 €
N for each j € {1,2,...,J}, and

N({0,1,....,K} x {0,1,....,J

-0 g

The state and input are presented by discrete hybrid time
(k,j) € Nx N, where k& and j index the evolution during
discretized flow and jumps, respectively.

Definition 2 (Solution pair [11]): A pair (z : domz —
R™, w : domwu — R™) is a solution pair to H, if the
following conditions hold:

(S1) domz = domw is a discrete hybrid time domain.
(S2) (2(0,0),u(0,0)) € X
(S3) For each (k,j) € domx such that (k+1,5) € domz,

z(k+1,j) = f(x(k>])>u(kvj)) (;v(k,j)m(k,
(S4) For each (k, j) € domz such that (k,j+ 1) € domz,
w(k,j+1) = g(z(k, j),

Throughout, Sy ,(z0) denotes the set to solution pairs (z, u)
to Hg4 such that (0, 0) = x¢. The pair (L, J) € dom(x,u) is
called the terminal time of the solution pair (z,u) if k < K
and j < J for all (k,j) € dom(z,u).

C. Mixed Logical Dynamical Systems
A general MLD model is given by [13]

it = A% + By + By + B3z + By 2)
subject to Fad + Fsz < Ervii+ Ead + Es,  (3)

7)€ C.

u(k,j)) (x(k,j),u(k,j)) € D.

where £ € R" is the state and & € R™ is the input of
the system. The auxiliary continuous and binary variables
are represented by z € R and § € {0,1}™4, respectively.
All of these variables have binary and continuous values.
The matrices A, {B;}}_,, and {F;}?_, have appropriate
dimensions.

The MLD model in (2)-(3) can be expressed as
it =®(2,6,2,0)

A 4
W(z,8,4,1) <0, @

Hyrp : {

where
®(z,0,#,0) := AZ + By + B2d + Bsz + By,
W(z,6,2,10) := By + Esz — Eyit — E4é — B,
A solution to Hasr,p is defined as follows.
Definition 3: A function
M 3 L (2(0),6(6),8(0), a (L))
is a solution to H s p if it satisfies
F(0+1) = B(2(0),0(0),2(0), (L))

(z(0),6(0),2(0),a(0)) <0

®)

Vel l4+1eM,

Ve M

(6)
where M is of the form {0,1,..., K}, with K finite, or
equal to N. °

III. HYBRID MODEL PREDICTIVE CONTROL FOR
DISCRETIZED HYBRID CONTROL SYSTEMS

This section formulates a Model Predictive Control (MPC)
problem for discretized hybrid dynamical system given by
Hgq in (1). Based on the framework given in [14], we first
introduce some details related to MPC for discretized hybrid
systems.

A. Prediction Horizon
A fixed end-time optimal control problem can be appro-
priately used in continuous/discrete-time MPC that optimal
controls are updated periodically, and each computed control
input has the same terminal time. Due to the nature of (dis-
crete) hybrid time domains, using a fixed end-time optimal
control problem is restrictive [14]. For (discretized) hybrid
dynamical systems, the solutions might flow or jump, so
the prediction horizon must accommodate solutions having
different discrete hybrid time domains. To address these
issues, as in [14], we define the prediction horizon 77 C NxN
as
T :={(k,j) € Nx N:max{k,j} =7,} (7

where 7, is a given positive integer. Thus, for some 7, €
{1,2,...}, the terminal time (7', J) of every feasible solution
pair satisfies max{T, J} = 7,.

B. Cost Functional

Given a solution pair (z,u) to Hg with compact domain
and terminal time (L, J), let {K; }J *4 be a nondecreasing
sequence such that

J Kj41

U U ®.J)

dom(z,u) =



and K11 = L, and X C II(X) be the terminal constraint
set. If (K, J) € X, then the cost of the pair (z,u) is given
by

J Kj+1-1
Tau):=(> Y Loalk,i).ulk.j)
j=0 k=K;
J—-1
+ (3 Lok, ), ulk, ) + V(L J)),
7=0

®)

In (8), L¢ is called the flow cost and is defined on the

flow set C, Lp is called the jump cost and is defined on the

jump set D, and V' is called the terminal cost and is defined
on the terminal constraint set X.

C. Hybrid Optimal Control Problem

Given the terminal constraint set X and the prediction
horizon 7, the minimization of the cost functional [J is
performed over solution pairs of H,; with initial condition
Q-

Problem 1: Given an initial condition xy € R",

minimize J(z,u)

subject to (2, u) € Sy, (x0) ©)
x(L,J) e X
(L, J)eT,

where the constraints z(L,J) € X and (L,J) € T dictate
that solutions pairs have terminal conditions in X and
terminal times in 7, respectively. °

If a solution pair (x, u) satisfies the constraints in (9) with
2(0,0) = xq, then we call it a feasible solution. A feasible
solution is called the optimal solution if it minimizes J.

In the next section, we show that the model H,; and
Problem 1 can be reformulated as a mixed integer quadratic
problem (MIQP) and solve it with an MIQP solver.

IV. A MIXED INTEGER FORMULATION OF
DISCRETIZED HYBRID MODEL PREDICTIVE CONTROL

We formulate a version of Problem 1 that can be solved
using mixed integer tools. To this end, we proceed as follows:

Step 1) The discretized hybrid control system #, is con-
v~erted into a discrete-time control system, denoted
Has

Step 2) The new discrete-time control system H, is con-
verted into an MLD system, denoted H 1. p;

Step 3) Problem 1 is formulated for Hp;rp and solved
using mixed integer tools.

The conversion in Step 1 is an intermediate step leading
to a model that can be recast as an MLD system. This
conversion is technical and will be published elsewhere. For
this reformulation to be possible, we impose the following
structure on the flow set and the jump set of H,.

Assumption 1: The flow set C' is given as

C=CrUC, (10)

and the jump set D is given as

D =D{N Dy (11

where, for each i € {1, 2},
C; ={(z,u) € X : hi(xz,u) —o; <0}, (12)
D; ={(z,u) € X : hi(z,u) + 0; > 0}, (13)

h; : X — R is defined as

hi(x,u) = h;';x + h;u
with h;; and h;o vectors of appropriate dimension and o; > 0
is a constant. °

We exploit the MLD system structure enabled by Assump-
tion 1 to formulate an MIQP version of Problem 1. For this
purpose, we impose the following assumption on the flow
cost, jump cost, and terminal cost in the cost functional J
in (8).

Assumption 2: The flow cost L¢, the jump cost Lp, and
the terminal cost V' are given by

Lo(z,u) = ' Qex +u' Rou,
Lp(z,u) =2 Quz +u' Rgu, V(zr)=2'Px

for each (z,u) € X, where P = 0,Q. = 0, R, > 0,Q4 > 0,
and Ry > 0. °

(14)

A. Recasting Hq as an MLD system

Using McCormick Relaxation (also known as binary de-
composition) from [15] and [16], we formulate the following
lemma that allows for the discrete-time system 4 in (1) to
be transformed into an MLD system H;rp as in (4).

Lemma 1: Consider a compact set A C R™ and a contin-
uous function p : A — R. Define

M :=maxp(z), m:=minp(z). (15)
Given functions 6 : A — {0,1} and z: A = R,
z(z) = §(x)p(x) Vo e A (16)

holds, if and only if, for each = € A, the following hold:

z(z) < Mé(x), (17a)
z(x) > mé(x), (17b)
z(z) < p(z) = m(l —d(x)), (17¢)
z(x) = p(z) — M(1 —6(x)) (17d)

]

Now, we are ready to formulate an MLD system associated
with the discretized hybrid system H.

For each i € {1,2}, we define set-valued maps

uiICiUD,’:?{O,l}

as follows:
1 if  (xz,u)eC;\D;
{0,1} if (z,u) e C;ND,.



Theorem 1: Suppose the discretized hybrid dynamical
system Hq in (1) with data (C, Af, By, cy, D, Ay, By, cq)
satisfies Assumption 1 and X is a compact set. Let A, B;, E;
forall i € {1,2,...4} and j € {1,2,...,5} in (5) take the
following values:

A=Ay, By :=DB;, By:= [cf —cq Cf fcg] ,

= [Af—Ag Bf—Bg Cf—Cg]7 B4 = Cgq,
0 T I 0 0 i
0 -1 0
0 0 -1
0 1 1
0 —M; —M;
0 — M, — M,
0 ma mq
0 mao mao
By = hiz |’ Bz = may + 01 0 ’
—hi Mz — o1 0
hao 0 ms3a + o2
—hag 0 M3y — o9
0 —mq —mq
I, —ma —ma
0 My My
—I, | M My ]
[0 0 -1, [0 [0
0 0 1, 0 0
0 0 1, 0 0
0 0 -1, 0 1
I, 0 — M, 0 0
0 I, —Ms 0 0
-1, 0 mq 0 0
0 -1, mso 0 0
E3 = 0 O 0 ,E4 = h11 ,E5 = ol
0 0 0 —h11 M3y
0 0 0 h21 g9
0 0 0 —hoy M3o
In 0 —mq In —my
0 In —mo 0 —Mmo
-1, M, -1, My
0 L, My 0 My
(19)
where

My :=max{z : (z,u) € X}, my:=min{x: (z,u) € X'},

My = max{u : (z,u) € X}, mg:=min{u: (x,u) € X},
M3y = max{hy(z,u) : (z,u) € X},
mg1 = min{hy (z,u) : (z,u) € X},
Mss := max{ho(z,u) : (z,u) € X},
maz := min{ha(z,u) : (z,u) € X},
(20)

where 01,02, hlla h127 h21a h’227 h17 h2 are giVen parame-
ters and functions that come from (10) and (11). Let

Hq be defined as in (1). Then, for each solution
(k,j) = (x(k,j),u(k,j)) to Ha, the function ¢
(2(0),01(€),02(£),2(¢), 0(£)) is defined as
51(0) € Upy (z(k, §), u(k, §)), (21a)
02(0) € Ups((k, 5), u(k, 5)), (21b)
a(l) = u(k, j), (21c)
2(0) := x(k, j), (21d)
[21(€)
z(0) = | 22(0)
_23(5)
_(él(@ + 52(5) - (§1(€)§2(€))$(k7j)
(61(0) + (52(2) - 6} (0)oo(O))u(k,5)|, (le)
L 01(£)d2(¢)

for each ¢ = k + j with (k,j) € dom(x,u) is a solution to

Hyrpp in (4) with

\11(2751’8271‘7’&) =

and

(I)(Zv 81; 827'%’,&) =

—23
z3 7(51
23 — 02

—z3+ 01 + 05 — 1
Ml(Sl + 32 + 2’3)
Z9 — Mg((Sl + 52 + 2’3)
m1(51 + 52 +23) — 21
m2(51 -‘1:(52 =+ 23) — 29
(ma1 + Ul)ﬁl — hi(2,4) — oy
(M31 — 0'1)5} + hl(iﬁ,’fb) - M31
(ms2 + 02)A52 — ho(&,4) — o
(M32 — 0'2)52 + hg(i,ﬁ) — Ms3o
Z1 7‘f+m1(17((§1+(§2+23))

ZQ—U+TTL2( (51+52+Z3))
T —2z — M1 (51 +52+Z3))
U — 29 — Ms(1 (51—|—52—|—z3))

(22)

(Af - Ag)zl + (Bf - 39)22

+(cs — Cg)(gl + 02 + z3) + Ay + Byl + ¢

(23)

defined for each z = (21, 29, 23) € R"™™ x {0,1} and each

6 = (61,05) € {0,1}2.

Furthermore, for each solution

£ (2(0),51(0), 52(0), 2(6), a(0))

to Harrp, the function (k,j) —

as

(x(k,j),u(k,j)) defined
a(k, j) = (0), (24a)
ulk, j) = (), (24b)

for each k = f; (81(i) + 62(i) — 61 (1)d2(i)) and j = £ — k

=1

with ¢ € dom(z,él, Sg,i:,ﬂ), is a solution to Hg4. |



B. MIQP version of the Hybrid Optimal Control Problem

Now, we use Theorem 1, to convert the hybrid optimal
control problem in Problem 1 to an MIQP problem. To en-
force the prediction horizon constraint, we add two auxiliary
variables 7. and 74 to the proposed Hp;rp system in (4).
By including 7. and 7; we can keep track of flows and the
number of jumps elapsed. To this end, we rewrite the MLD
system with new variables as follows:

A @t ®(2,61, 09, &, 1)
<+= fj_ = p(51,52)—|—7‘c

Hamep : iy 1—p(b1,02) +ral (25

W(z,01, 00,4, 1) <0,
where ( := (2, o, ),
p(01,02) = 01 + b2 — 0102
and 41, 0a, 2, and & are given in (21), \11(2,31,32,;%,11) and

D(z, 51, 5s, Z,u) are given in (22) and (23), respectively.

Now, considering (21e), 21(£) = p(61(0),02(0))2(¢) and
29(0) = p(01(£), 62(£))0(€), J in (8) is written as

—-@maT@ﬁw»+@wﬂ¥@mw)>+@uwTPﬂNJ

(26)
with Haep defined in (25). The corresponding MIQP
problem to Problem 1 to be solved is as follows.

Problem 2: Given an initial condition zy = (ZO,CA()) €
R™ x R™ x R™ x {0} x {0}
minimize j(z, &ﬁ)
subject to (2,01, 0,C, 1) € Sy, pp (20)
Z(N)e X
(re(N),ra(N)) € T,

27

where! N € {7, 7, +1,...,27,} is the terminal time of
(2,01,02,¢, @), and Sy, .5 (20) is the set of solution pairs
of Haep from zp. °
Using (23) and (2), a solution to Hcp is given by
-1
2(0) =Y A" (Bya(t -1 —1i)
=0 ) . (28)
T Bap(B1(€— 1~ ),82(0— 1~ 1))
+ Baz(f — 1 — i) + By) + Ao,
for each ¢ = k + 5 with (k,7) € dom(x,u), where A and
{B,}}_, are given in (19). Substituting (28) into (26) and

I'We allow N to take up to the value 27, to account for the maximum
number of discrete steps, which could happen due to solutions exhibiting
both flow and jumps.

(22), and defining the vectors

2(0) = [2(0),7e(0), 7a(0), (), p(31(0).52(0)] T (29
2(0)

V= Zfl) , (30)
Z(N—1)

Problem 2 is rewritten as follows.

Problem 3: Given %, and an initial condition Z(0) =
Zp € R" x R™ x R™ x {0} x {0} x R™ x {0,1} and V
defined in (30)

minimize V'SV +2(Sy + iy S3)V

_ . (3D
subject to 1V =< Fy + Fiiy,

with {S;, F;}2_, appropriately defined (see footnote 2). e

Theorem 2: Suppose a solution to Problem 3 is given by
V and Z(¢) for all £ € {0,1,..., N — 1} is given in (29).
Then,

((2(0,0),u(0,0)),..., (z(L, J),u(L, J)))

is a solution to Problem 1, where L +.J = N — 1 and

-1
2(k,j) = A (Byi(l —1— 1)
=0

+ Bap(b1( =1 =), 62(¢ — 1 — i)
+ B3z({ — 1 — i) + By) + Ady,

u(k, j) == a(f),
, (32)
for each k = S (81(i) + 02(i) — 01(i)d2(i)) and j = £ — k
i=1
with £ € dom (z 51,60, gu) O

C. Implementation of Hybrid MPC using MIQP solvers

Using Problem 3, an algorithm for solving a hybrid MPC
problem with an MIQP solver is given as follows.

Algorithm 1: Implementation of Hybrid MPC by
using MIQP Problem 3
Set i =0, ¢y =0, £(0) = &, and Z(0) = Zp;
while true do
Solve Problem 3 to obtain the optimal solution
V*,
while max{7.(¢{ — ¢;),7q(¢ — ¢;)} < 7. do
‘ generate trajectory & using (32);
end
seti =i+ 1, 0; =, (o = (£(4;),0,0)
end

where 7. < 7, is a positive integer number and used
to parametrize the control horizon. The control horizon
regulates the optimization times and it has the same structure
as the prediction horizon 7 defined in (7).



Example 1: (Discretized Controlled Bouncing Ball) Con-
sider a ball bouncing vertically on a horizontal surface. In
[17, p. 27] the bouncing ball is modeled as a point mass with
height x; and vertical velocity x2. The motion of the ball
evolves according to the following discretized hybrid control
system:

xT:x1+T9x2—T35, xé":mg—Tsé when x7 >0

(33)
xf =x1—Tsxo, x; = —Ars+u when z1 =0 z9 <0,
(34)
where § = 9.8, A € [0,1], and T, are the gravita-

tional constant, the coefficient of restitution, and the sam-
ple time, respectively. The data of the discretized hy-
brid dynamical system in (1) for the state and input in

1 T
0 I’Ag

1 -T, ~T25 0 0
o | = [T = o] B = o] -

O ¥ = {@ )z € [

1 min
Umin, Umax) } N Ly (c),C = {(z,u) € X : £; > 0}, and
D = {(z,u) € X : 1 = 0,29 < 0}, where Ly (c) is the
sublevel set of function V (21, x2) = $a3+dx; for a constant
c. We need to restrict C' and D to a compact set that is
forward invariant. To this end, the set X’ is defined to be the
sublevel set of the function V(z1, z2) which is a Lyapunov
function for the system [18]. To represent the flow and jump
sets, in (1) and (1), in the form given in Assumption 1, we
choose the functions h(x1,z2) = —x1, ho(x1,T2) = —xo
and o; = 0 for each ¢ € {1,2} and z1,,, =0, 1, = 10,
Za,,, = —10, z2_, = 10, umin = —0.01, and umax = 0.01.
The control objective is to minimize the cost functional (8)
with Q. = 0.2l5, R. = 0.01, Q4 = 0.2I,, Ry = 0.01,
and P = 0.1/5. Also, the prediction and control horizon are
given with 7, = 2 and 7, = 1, respectively. As shown in
Fig 1 , when (z,u) € C \ D, then p(6;,d5) = 1 and the
solution flows according to f(x,u) = Az + Byu. When
(z,u) € D\ C, then p(d;,d5) = 0 and the solution jumps
according to g(z,u) = Agz+Bgu. Finally, if (z,u) € CND,
then p(8,085) € {0,1} and the solution will either jump or
flow, and also the control input has adhered to the intended
restriction as given in X. 2 O

a compact set is as follows: Ay =

, U €

X (T2 5 T2max)

max]

Z1

min 7

max

V. CONCLUSION

In this paper, a new mixed-integer model predictive control
approach for discretized hybrid systems is presented. To
solve the formulated MPC problem for the discretized hybrid
dynamical system, boolean algebra is employed to formulate
a mixed integer quadratic program for the transformed MLD
system. The proposed approach consists of converting the
discretized hybrid system into a nonlinear discrete-time sys-
tem, and transforming the converted nonlinear discrete-time
system into an MLD system using McCormick Relaxation.

2Files for this simulation can be found at the following hyperlink:
https://github.com/HybridSystemsLab/HybridMPCMLDBouncingBall.git.
Definitions of the matrices {Si,Fi}f:l in Theorem 2 are given in
costfunction.m, F1.m, and b.m at this hyperlink.

0 50 100 150 200 250 300 350

Fig. 1: Simulation result for the controlled bouncing ball in
Example 1.
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