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By encoding logical qubits into specific types
of photonic graph states, one can realize quan-
tum repeaters that enable fast entanglement
distribution rates approaching classical com-
munication. However, the generation of these
photonic graph states requires a formidable re-
source overhead using traditional approaches
based on linear optics. Overcoming this chal-
lenge, a number of new schemes have been
proposed that employ quantum emitters to de-
terministically generate photonic graph states.
Although these schemes have the potential to
significantly reduce the resource cost, a sys-
tematic comparison of the repeater perfor-
mance among different encodings and different
generation schemes is lacking. Here, we quan-
titatively analyze the performance of quantum
repeaters based on two different graph states,
i.e. the tree graph states and the repeater
graph states. For both states, we compare the
performance between two generation schemes,
one based on a single quantum emitter coupled
to ancillary matter qubits, and one based on a
single quantum emitter coupled to a delayed
feedback. We identify the numerically optimal
scheme at different system parameters. Our
analysis provides a clear guideline on the selec-
tion of the generation scheme for graph-state-
based quantum repeaters, and lays out the pa-
rameter requirements for future experimental
realizations of different schemes.

1 Introduction

The central question in quantum networking is how
to faithfully transmit a quantum signal over a noisy
and lossy channel [1-3]. Overcoming this challenge
requires intermediate quantum nodes, referred to as
quantum repeaters, to refresh the entanglement that
is degraded due to channel loss and decoherence [4].
Standard proposals for quantum repeaters rely on her-
alded entanglement generation for remote entangle-
ment [5, 6]; these protocols require two-way classical
signaling over the entire chain of quantum repeaters to
transmit one qubit. Such signaling implies that the

requisite quantum memory coherence time must be
substantially longer than the end-to-end communica-
tion times, a demanding requirement in experimental
realizations. In addition, the two-way signaling sub-
stantially limits the achievable communication rate.

More recently, quantum repeaters based on pho-
tonic graph states were proposed to overcome these
challenges [7-10]. This approach employs quantum
encoding to correct photon losses and mitigate opera-
tion errors, eliminating the need for long-lived quan-
tum memories. In addition, graph-state-based quan-
tum repeaters permit high entanglement rates that
are close to classical communication [8, 11]. Despite
their great promise, the generation of such photonic
graph states requires a formidable resource overhead
using conventional approaches based on linear optics
and measurement-based feedforward [12, 13].

To overcome this challenge, several groups have
proposed schemes for deterministic generation of dif-
ferent types of photonic graph states [14-23], includ-
ing the tree graph and repeater graph states that
are considered as resource states for quantum re-
peaters [17, 18, 22, 23]. These schemes employ a
single spin-tagged quantum emitter to sequentially
emit entangled photons, inspired by the original pro-
posal from Lindner and Rudolph [14]. While single
quantum emitters can only generate photons entan-
gled in one dimension, which can be efficiently rep-
resented by matrix product states [24-26], it is pos-
sible to generate entangled photons in higher dimen-
sions such as tree graph and repeater graph states
by coupling the quantum emitter to either ancillary
matter qubits [17, 22] or a delayed feedback [18].
Quantitative performance analyses have also been
performed for the ancillary-qubit-assisted generation
scheme in the realization of graph-state-based quan-
tum repeaters [8, 11]. However, the performance of
the scheme based on delayed feedback has not been
analyzed yet. More importantly, it remains unclear
which scheme offers better performance in the real-
ization of a graph-state-based quantum repeater.

In this paper, we quantitatively compare the per-
formance of the two generation schemes in the real-
ization of two different graph-state-based quantum re-
peater protocols, and identify the numerically optimal
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Figure 1: (a) An example graph representing a tree graph state with branching parameters {bp = 2,b; = 3}. (b) Schematic
of the quantum repeater protocol based on tree graph states. Alice (yellow block) encodes a logical qubit into a tree graph
state via a Bell state measurement on the quantum memory and the root qubit of the tree, and sends the photons to the first
repeater node. Each repeater node (blue block) decodes the logical qubit from the arriving photons and re-encodes it into a
complete tree graph state. Bob (green block) retrieves the logical qubit into his local quantum memory. (c) An example of the
repeater graph with N = 6 core nodes (orange circles) and N = 6 arm nodes (blue circles). (d) Schematic of the quantum
repeater protocol based on repeater graph states. To establish an entanglement link between Alice and Bob (green blocks),
each source node S; (yellow blocks) generates a repeater graph state and sends half of the photons to the left measurement
node M;_1,; (blue blocks), and the other half to the right one M, ;1. At each measurement node, a Bell state measurement
is performed on each pair of arm photons, and a single-qubit measurement in either the ox or oz basis is performed on each
core qubit for either entanglement swapping or graph detachment, depending on the success or failure of the corresponding
Bell state measurement. An entangled Bell pair between Alice and Bob is then established. BSM, Bell state measurement;
CZ, controlled-Z gate; ox,v,z, Pauli X, Y, or Z matrices.

2 Review of existing graph-state-based
quantum repeater protocols and their
implementation schemes

scheme for different system parameters. Our analy-
sis provides a clear guideline on the selection of the
generation scheme for graph-state-based quantum re-
peaters, and lays out the parameter requirements for
future experimental realizations of different schemes.

2.1 Graph-state-based quantum repeater pro-
tocols

Two pioneering protocols have been proposed for
quantum repeaters based on photonic graph states.
We first review the protocol based on tree graph
states. Figure 1(a) shows a graph used to represent a
specific tree graph state. The tree graph can be de-
scribed by a set of branching parameters {b;}, where

This paper is organized as follows. Section II re-
views the quantum repeater protocols based on pho-
tonic graph states and the schemes for the gener-
ation of the required photonic graph states. Sec-
tion IIT defines the figure of merit of the repeater
performance by considering a specific application of
quantum key distribution. Section IV quantitatively
evaluates and compares the performance and resource
costs of both generation schemes in the realization of
different graph-state-based quantum repeater proto-
cols. Section V discusses the implications of our re-
sults in experimental realizations of graph-state-based
quantum repeaters.

i €{0,1,...,d—1} is the level index in the tree graph
(the root node has an index of ¢ = 0), d is the total
depth of the tree graph, and b; is the number of leaf
nodes connected with each level-i node. Figure 1(b)
illustrates the quantum repeater protocol based on
tree graph states, as proposed in Ref. [8]. The sender,
Alice, encodes a logical qubit into a tree graph state
consisting of many physical photons. The repeater
node may receive only a fraction of the physical pho-
tons due to photon losses. However, as long as a com-
plete subset of photons required for loss correction is
present [27], the repeater node can retrieve the logi-
cal qubit and re-encode it into another complete tree.
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Figure 2: (a)(b) Generation protocols for the tree graph state (a) and the repeater graph state (b) using a single quantum
emitter with the assistance of a few ancillary matter qubits [17, 22]. (c)(d) Generation flows of the tree graph state (c) and
the repeater graph state (d) using a single quantum emitter with the assistance of a delayed feedback. This scheme is slightly
modified from the original proposal [18] to improve the generation speed and the error robustness (see Appendix A). P, the
P gate which emits a photon entangled with the emitter spin; E, the E gate which emits a photon that carries the state of
the emitter spin and detaches the emitter spin from the graph; CZ, the controlled-Z gate either between two matter qubits or

between a matter qubit and a photon.

This is based on the loss tolerance property of the
tree graph state [27]. The logical qubit is eventually
transmitted to Bob through all the repeater nodes,
and Bob simply needs to retrieve this logical qubit
into his local quantum memory.

We now review the second protocol based on re-
peater graph states. Figure 1(c) shows an example
graph representing a repeater graph state. A repeater
graph state consists of N core nodes [orange circles in
Fig. 1(c)] and N arm nodes [blue circles in Fig. 1(c)].
The N core nodes comprise a fully connected graph,
and each arm node is connected to a core node. Fig-
ure 1(d) shows the schematic of the quantum repeater
protocol based on repeater graph states, as proposed
in Ref. [7]. The two users of the quantum network, Al-
ice and Bob, are separated by an array of source and
measurement nodes. Each source node S; generates a
repeater graph state and sends half of the photons to
the left measurement node M;_ ;, while the other half
go to the right one M; ;1. Bell state measurements
are performed at each measurement node M; ;y; be-
tween each pair of arm photons from the source nodes
S; and S;11. A successful Bell state measurement on
one of these pairs creates an entanglement link be-
tween two corresponding core photons, one from the
source node S; and the other from S;1;. An entan-
gled Bell pair between Alice and Bob can then be
established by repeating this procedure in each mea-
surement node, followed by certain single-qubit mea-
surements on each core photon. To boost the overall
success probability and entanglement fidelity, one can
replace each core photon with a tree-encoded logical
qubit to make the protocol more robust to photon
losses and logical errors [7, 11].

We note that both quantum repeater protocols dis-
cussed above can enable fast entanglement distribu-
tion rates. The protocol repetition rate is solely de-
termined by the graph state generation time and mea-

surement time at each local node [11]. Therefore, the
characteristic time of these two quantum repeater pro-
tocols accords with the “third-generation quantum re-
peaters” that require only one-way signaling [28], un-
like the conventional two-way repeaters where the en-
tanglement rate is limited by the round trip time of
the two-way classical signaling.

For convenience, in the rest of this article, we use
“tree repeater” and “RGS repeater” to refer to the two
different graph-state-based quantum repeater proto-
cols discussed above.

2.2 Schemes for deterministic generation of
tree graph and repeater graph states

Standard approaches for generating tree graph and re-
peater graph states rely on probabilistic fusion gates
realized by linear optics, which requires a formidable
resource overhead [12, 13]. To overcome this chal-
lenge, several schemes have been proposed to de-
terministically generate the required photonic graph
states [17, 18, 22]. These schemes utilize a single
quantum emitter to sequentially emit photons that
are entangled into a one-dimensional chain, which
can be entangled into the desired tree graph or re-
peater graph state with the assistance of either ad-
ditional ancillary matter qubits [17, 22] or a delayed
feedback [18]. Figures 2(a) and 2(b) show the de-
tailed gate sequences to generate tree graph and re-
peater graph states, respectively, using a single quan-
tum emitter coupled with a few ancillary matter
qubits [17]. Three elementary operational gates are
required for this scheme: the P gate, corresponding
to emission of a photon that is entangled with the
internal spin qubit of the emitter; the E gate, corre-
sponding to emission of a photon that carries the state
of the internal spin qubit of the emitter, by which
the emitter spin is detached from the graph; and the
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CZ gate, which applies a controlled-Z operation be-
tween the internal spin qubit of the emitter and an
ancillary matter qubit. Figures 2(c) and 2(d) show
the detailed gate sequences to generate tree graph
states and repeater graph states, respectively, using a
single quantum emitter coupled with a delayed feed-
back [18]. The elementary gates in this scheme are
similar to the ancillary-qubit-assisted scheme, except
that the C'Z gate here is on the internal spin qubit
of the emitter and a photon, which can be realized
by a scattering process of a single photon from the
emitter [29, 30]. We refer the readers to Refs. [17]
and [18] for detailed physical processes that realize the
aforementioned elementary gates in the two schemes,
respectively.

We note that neither aforementioned generation
scheme generates photons in an ideal order for mea-
surements in either repeater protocols. It has been
shown in Ref. [22] that the ancillary-qubit-assisted
scheme can be slightly modified to generate photons
in the graph state in a desired order at the expense
of using more matter qubits. However, without the
help of additional resources, a delay line is necessary
to correct the photon arrival order for measurements.
This delay line will result in additional photon losses,
which has not been taken into account in previous
performance analyses. Our analysis, as presented be-
low, will be the first to take into account the effect of
such additional delay lines.

3 Figure of merit for repeater perfor-
mance evaluation

To compare the performance of the two generation
schemes in the two different repeater protocols, we
consider the specific application of quantum key dis-
tribution. The results obtained here will also serve
as a qualitative comparison of the performance of the
two generation schemes in other applications of graph-
state-based quantum repeaters. Similar to the anal-
ysis performed in Ref. [§], we use the effective secret
key rate (Reg) as the measure of the repeater per-
formance in quantum key distribution, defined as the
maximally achievable rate of secret keys that can be
shared between Alice and Bob per unit resource over-
head and attenuation length, given by

where 7 is the secret fraction, defined as the ratio be-
tween the number of post-extracted secure keys and
the number of initially shared raw keys in the asymp-
totic limit of infinitely long keys [31], Psycc is the prob-
ability of Bob successfully receiving a logical qubit
sent from Alice in the case of the tree repeater, or
Alice and Bob successfully establishing an entangled
Bell state in the case of the RGS repeater, Tyrapn is
the time it takes for each repeater node to generate
the required photonic graph state, m is the number
of evenly-separated repeater nodes between Alice and
Bob, n is the number of matter qubits needed at each
repeater node, L is the distance between Alice and
Bob, and L, is the attenuation length of an opti-
cal photon in the communication channel, defined as
the length at which the transmission probability of a
photon decays to 1/e.

In Eq. 1, the secret fraction r depends on the spe-
cific quantum key distribution protocol. Here, we fo-
cus on a specific protocol, known as the six-state pro-
tocol [32, 33]. For this protocol, the secret fraction
r can be calculated analytically under the assump-
tion of one-way classical post-processing and perfect
classical error correction [31], given by

3F—1

r=F—h(l1-F) Fh( 5 ), (2)
where h(z) = 1 — xlogy(x) — (1 — x)logy(x) is the
binary entropy function, and F' is the quantum state
fidelity of the transmitted qubit in the case of the
tree repeater, or the quantum state fidelity of the
shared entangled Bell state between the sender and
the receiver in the case of the RGS repeater. We note
that r goes to zero when F' < 87.4%, in which case
no unconditionally secure keys can be extracted. In
Appendix B, we derive the fidelity F' under realis-
tic errors including the spin coherence time t.,, and
the depolarization probability of each photon in the
communication channel e4epo1. Other operations such
as the single-qubit gates and measurements on the
emitter spin qubit, the C'Z gate between two matter
qubits, and the Bell state measurements on two mat-

ter or photonic qubits are assumed to be error-free.
In Eq. 1, the success probability Psu.. depends on
the repeater protocol. For the tree repeater based
on a tree graph state with branching parameters {b;}
(defined in Sec. 2), the success probability P is

; 1 & succ
Re = Psuccii , . 7 .
! " Tgraph mn Latt (1) given by [8 27]
|
tree b b b, mal
Fouce = {[(1—ﬂ+uR1> © — (uR1)"] (1 — p+ pRy) } ; (3)

where p is the single-photon loss probability between

neighboring repeater nodes, which can be expressed
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as

p=1=(1— pext)(1 — frcoup) (1 — fint)(1 — pde1),
(4)
where fiext, Mcoup, HMint; and pgel are the probabili-
ties that a single photon is lost in the communication
channel, at the coupling between the source and the
communication channel, inside the source during the
generation process, and in the delay line for photon
arrival order correction, respectively. In Eq. 3, R; is
the probability of obtaining an outcome from an in-
direct oz measurement on any given photon found in

the i-th level of the tree graph state, given by [27]

b;
Ri=1-[1=(1=p) (1= p+pRip)" "] ()

For the RGS repeater, the success probability PRGS
is given by [7, 11]
PRGS _ 1 1 P, N/2 P2 PN—2 m+l (6)
succ _[< _( - BSM) ) oxt oz :| )

where N is the number of branches in the repeater
graph state (defined in Sec. 2), Pggy is the probability

d—1 d—2 1
Tiet ~ T vit + <Bbo +> 11 bi)
=0

=1 1=0
d—2 1

d—2 1

of a successful photonic Bell state measurement, and
P, and P,, are the probabilities of obtaining a result
from the single-qubit ox and oz measurements on a

tree-encoded core qubit, respectively. Pgsm, P, and
P,,, are given by [7, 11]
1— 2
Ppsy = %,
Py, = Ry, 0

PO'Z = (1 _M+ﬂR1)bO7

where p is the single-photon loss probability between
a source node and its nearest measurement node,
which can be given by the same form as Eq. 4. In
Eq. 7, b; is the branching parameter of the encod-
ing tree graph state of each core logical qubit in the
repeater graph state, and R; is the probability of ob-
taining an outcome from an indirect oz measurement
on any photon in the i-th level of the encoding tree
graph state of a core logical qubit, which can be cal-
culated by Eq. 5.

In Eq. 1, the graph state generation time Tgaph is
given by [8, 11]

d—2 1

th+ Y [ [ bités

1=0 i=0

d—1
et [Loth + 2 TTbts + > T bitlns
=0

1=0i=0
d—2 1
Tl%récsllla ~N

d—2 1

d—1
Tieedback o N lH bith + <; +> ]

1=0 =0

=0

where in the expressions for 72ncilla and Tfeedback ' p,
and d are the branching parameters and the depth
of the tree graph state, while in the expressions for
Tandlla and Tieedback b, and d are the branching pa-
rameters and the depth of the encoding tree in the re-
peater graph state. The parameters tp, tg, tcz with
superscripts a or f are the operation times of a P gate,
an F gate, and a CZ gate in the ancillary-qubit- or
feedback-assisted generation scheme, respectively. s
is the time for a single-qubit measurement on a spin.
The application of ancillary-qubit-assisted scheme in
the tree repeater protocol, along with the application
of the feedback-assisted scheme in both repeater pro-
tocols, requires part of the photons in the graph state
to have longer wavepackets than other photons in or-
der to boost the fidelity of the spin-photon CZ gate.
Therefore, we define [ as the ratio of the wavepacket

d—1 d—2 1
<1+Hbi) th+ > J[bits + <2+2Hbi> t&y + 2tn
i=0

1=01=0

1=01=0

+'UM7
=0 i=0
d—2 1
>t§+ <bo+ZHbi> th, |+t (8)
=0 1=0

length between these longer photons and the rest of
the photons. This parameter 8 naturally appears in
the expression of T22i!l2  hecause in the tree repeater
protocol, a spin-photon C'Z gate is required for pho-
tons situated in the first level of the tree graph state in
the re-encoding step at each repeater node [8]. In the

calculations of Tieedback and Tifeedback 'the parameter

[ implicitly appears in the ratio of té and té, since
each photon, except for the arm photons, generated
by an F gate needs to scatter with the emitter for the
spin-photon C'Z gate in the feedback-assisted genera-
tion scheme.
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4 Repeater performance analysis a
comparison

We now quantitatively analyze and compare the
formance of the two generation schemes in the reali
tion of both graph-state-based quantum repeater ¢
tocols. Two important parameters in the generat

of the tree graph and repeater graph states are the
tical linewidth, v, and the spin coherence time, ¢,

of the quantum emitter. The optical linewidth det
mines the minimum time it takes to implement

P and E gates in both generation schemes, and
spin-photon C'Z gate in the feedback-assisted sche:
The spin coherence time, roughly speaking, limits
maximum time one can take to generate the requi
graph state. Ideally, we would like to implement b
generation schemes with a quantum emitter that p
sesses a large optical linewidth (which can be Pur
enhanced) and a long spin coherence time, but th
two properties may not be achieved simultaneou
by the same atomic system. Figure 3 compares
maximally achievable effective secret key rate Reg

a function of v and t.on for both the ancillary-qul
and feedback-assisted generation schemes in the re
ization of both tree and RGS repeater protocols.
these calculations, we fix the rest of the paramet
using realistically achievable or reasonably apprc
mated values listed in Table 1. The maximally achi
able effective secret key rate at each set of v and 1

is calculated by optimizing over all possible photo
graph states and the number of repeater nodes. If it is
impossible to extract any unconditionally secure keys
using any photonic graph states, the effective secret
key rate for the specific parameters v and t.oy is de-
picted as a black block in the figure. This corresponds
to the regime where the emitter spin coherence time
is short, resulting in a low fidelity F' and hence a neg-
ative secret fraction r. In Appendix F, we list the
numerically optimized graph state shape, the number
of repeater nodes, and the length of the feedback or
delay line for several parameters v and t..p, of interest.

We first compare the two generation schemes in the
application of the tree repeater protocol [Figs. 3(a)
and 3(b)]. In both figures, we observe that the max-
imally achievable effective key rate R.g increases as
we increase the optical linewidth v and the spin co-
herence time t.,,. However, for the ancillary-qubit-
assisted scheme, R.g saturates when v/27 > 1 GHz.
This is because at a large enough optical linewidth,
the generation time of the tree graph state will be
limited by the C'Z gate time between the spin of the
quantum emitter and the ancillary matter qubit, and
thus further increasing v does not help to achieve
a higher R.g. In contrast, for the feedback-assisted
scheme, R.g shows no saturation as we increase 7.
This is because both the single-photon emission time
and the spin-photon C'Z gate time are reduced when
we have a larger operation bandwidth . For the
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Figure 3: (a)-(d) The maximally achievable effective secret
key rate Ref as a function of the optical linewidth ~ and
the spin coherence time t.n of the quantum emitter for
a (a) tree repeater network realized by the ancillary-qubit-
assisted generation scheme, (b) tree repeater network real-
ized by the feedback-assisted-generation scheme, (c) RGS
repeater network realized by the ancillary-qubit-assisted gen-
eration scheme, and (d) RGS repeater network realized by
the feedback-assisted-generation scheme. The black blocks
indicate that it is impossible to extract any unconditionally
secure keys using any photonic graph states for the specific
values of v and tcon. (€)(f) Normalized difference of Resr be-
tween the two generation schemes for tree repeater (e) and
RGS repeater (f) protocols. The white blocks indicate a very
close performance between the two schemes, which typically
happens when both schemes have a very poor performance
(i.e. Ref is close to zero), thus giving a close-to-zero differ-
ence of Ref.

same reason, Reg shows extremely poor values for the
feedback-assisted scheme when /27 < 2 GHz, re-
gardless of the spin coherence time. For both schemes,
Reg shows a saturation when we increase the spin co-
herence time t.,,. This is because when the spin co-
herence time t., is long enough, the single-photon
logical error caused by the spin decoherence during
the photonic graph state generation will become neg-
ligible compared with the photon depolarization error
in the communication channel.

To highlight the difference between the two gener-
ation schemes in the implementation of the tree re-
peater protocol, we calculate the normalized differ-
ence of the maximally achievable effective key rate,

Regt—R
defined as C = % where Reg¢ and Refiq

are the maximally achievable effective key rates for
the feedback- and ancillary-qubit-assisted schemes,
respectively. A positive value in the normalized dif-
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Table 1: Values of fixed parameters in the calculation of the effective secret key rate R in Fig. 3.

Parameter Value Parameter Value

Hexct,tree 1 —exp —WJ t% t% + b +tar
Hext,RGS © 1—exp —WLI)LM ty 100 ps'!

ficoup 0.05 ¢ tae 10t4// ™

[hint feedback 1 —exp <——m€edb“f£*dba°k) ¢ th; Bth +tu +ta ™
[hint,ancilla 08 t¢y 100 ns °

Hdel 1 —exp (*%) " tfy t P

Edepol 9 X .1075 tcoh,ancilla oo *

I} 500! L 1000 km

b, th 1/} Last 20 km

@ uext for the tree repeater protocol.

b Jiext for the RGS repeater protocol, where a measurement node is situated in between two source nodes.

¢ Both cavity and waveguide quantum electrodynamics devices have shown > 99% efficiency from a single quantum emitter
to a single photonic mode [34-37]. Coupling from a waveguide or a cavity mode to a single-mode fiber can achieve an
efficiency > 97% as well [38]. We therefore estimate a total internal coupling loss of 5%.

d wint for the feedback-assisted scheme.

In the feedback-assisted scheme, some photons need to travel in the feedback line before they can be sent to the commu-

nication channel. Therefore there is a loss due to the absorption in the feedback line depending on how many round trips

the photon needs to travel in the entire feedback line, nfeedback, Wwhich can be 0, 1, or 2. Here, Lfeeqback is the length

of the feedback line for generating a specific graph state (see Appendix C for its explicit expression). We assume the

quantum efficiency of the emitter to be 1.

f pint for the ancillary-qubit-assisted scheme.

In the ancillary-qubit-assisted scheme, photons emitted by the emitter are directly sent to the communication channel.

Assuming the quantum efficiency of the emitter to be 1, the internal loss in the generation process would be zero.

h Lgelay is the length of the delay line for reordering generated photons in the graph state for measurements. It depends

on both the generation scheme and the repeater protocol (see Appendix D for its explicit expression).

See Appendix E for justification of this value.

]

o3

j t% and t{a can be taken as the pulse width of a single-photon wavepacket generated by a P gate in both generation
schemes, which is approximately the inverse of the optical linewidth of the emitter.

In the ancillary-qubit-assisted scheme, an E gate can be realized by a P gate followed by a Hadamard gate applied on
the emitter spin qubit, a Hadamard gate on the newly emitted photon, plus a single-qubit oz measurement of the spin
qubit of the quantum emitter [17]. Since the time of a photonic Hadamard gate is generally much shorter than a spin

Hadamard gate, we can express t§, as tf, = t% + 1ty + tar, where ty is the operation time of a spin Hadamard gate.

A spin Hadamard gate can be implemented via a two-photon Raman process within ~ 100 ps, as has been demonstrated
experimentally in self-assembled quantum dots [39, 40], nitrogen-vacancy (NV) centers [41] and silicon-vacancy (SiV)
centers [42] in diamond.

™ A projective spin measurement is typically achieved via resonance fluorescence through a spin-dependent cycling transition.
Assuming the spontaneous emission time of the cycling transition is identical to the P gate time (since both involve the
time it takes to emit a photon), and that it takes 10 cycles to obtain a high-fidelity spin measurement result, we can

estimate that ty; = IOt?,/f, where t}]’__,/f is the P gate time in either generation scheme.

" In the feedback-assisted scheme, a fraction of the photons emitted by the emitter needs to have a longer wavepacket in
order to boost the fidelity of the spin-photon C'Z gate. These photons are generated via E gates instead of P gates.
Therefore, the photon emission process in the E gate takes a much longer time than tﬁ. Similar to t%,, a Hadamard gate
and a spin measurement following the photon emission are typically required to implement the E gate. We thus define
tf,; = ,Bt{D + tg + tar, and we will take the value of 8 from the left column of this table.

© Entanglement of two spin qubits can be realized through their local dipolar interactions, which are typically weak, ranging
from hundreds of kHz to a few hundreds MHz. For example, the hyperfine interaction strength between an electron spin
of a nitrogen-vacancy (NV) center in diamond and a nearby 2C or *N nuclear spin is around 10 MHz [43, 44], and the
hyperfine interaction strength in a silicon-vacancy (SiV) center in diamond is a few MHz between an electron spin and a
carbon-13 nuclear spin [45] and a few hundreds MHz between an electron spin and a 2°Si nuclear spin [46]. Composite
microwave pulses can be employed to realize high-fidelity entangling gates, resulting in a gate time of at least hundreds of
nanoseconds [47]. In neutral atom systems, such local interactions can be realized by Rydberg blockade, whose strength
can be tens of MHz with two atoms a few micrometers away from each other [48]. Two-photon processes can be used to
generate entanglement in hundreds of nanoseconds [49]. Therefore, we assume the C'Z gate time to be 100 ns.

In the feedback-assisted scheme, the C'Z gate time is determined by the wavepacket length of a physical photon emitted

by an E gate, which is approximately the operation time of an E gate.

The coherence time of the ancillary qubits in the ancillary-qubit-assisted scheme.

Since our main focus is on the properties of the quantum emitter itself, we set the coherence time of the ancillary matter

qubit to be infinity so that the ancillary matter qubit does not limit the quantum repeater performance in any way. This

assumption may lead to an overestimate of the performance of the quantum repeaters realized by the ancillary-qubit-
assisted generation scheme.
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assisted scheme when L > 2400 km. This result
can be understood from the following two observa-
tions. First, the ancillary-qubit-assisted scheme tends
to outperform the feedback-assisted one when used to
generate a large-size graph state. A large-size graph
state is generally required for a longer distance be-
tween neighboring repeater nodes, which is preferred
for a longer end-to-end distance to achieve a better
scaling with the end-to-end distance. This perfor-
mance difference in generating a large graph state
is due to the additional internal photon loss arising
in the feedback-assisted scheme when we extend the
length of the feedback line in order to generate a large-
size photonic graph state. Second, the tree repeater
protocol generally requires a graph state of a much
smaller size than the RGS repeater protocol, which
explains why the relative performance of the two gen-
eration schemes does not show much difference in the
distance dependence for the tree repeater protocol.

Finally, we compare the performance of the two re-
peater protocols when implemented by the same gen-
eration scheme. Figure 5(a) shows the performance
of the tree (red dots) and RGS (blue squares) re-
peater protocols as a function of distance L, when the
protocols are implemented by the feedback-assisted
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Figure 5: The maximally achievable effective secret key

rate Resr as a function of total distance between Alice
and Bob, L, for the tree repeater (red dots) and RGS re-
peater (blue squares) protocols, when implemented by the
feedback-assisted (a) and ancillary-qubit-assisted (b) genera-
tion schemes. Here, we assume /27w = 10 GHz and teon = 1
ms.

scheme. In this calculation, we again fix /27 = 10
GHz and teonp = 1 ms. In this case, the tree repeater
protocol clearly outperforms the RGS repeater pro-
tocol and shows a slower decay with the end-to-end
distance. This is because the tree repeater requires a
graph state that contains an order of magnitude less
photons than the RGS repeater protocol, to which
the feedback-assisted scheme is sensitive. In contrast,
when implemented using the ancillary-qubit-assisted
scheme, as shown in Fig. 5(b), the tree repeater pro-
tocol is again better than the RGS repeater protocol
for all distances, but they show a similar trend as a
function of distance. This is because the performance
of the ancillary-qubit-assisted scheme is less sensitive
to the size of the graph state.

5 Conclusions and Discussions

In conclusion, we quantitatively compared the per-
formance of two recently proposed photonic graph
state generation schemes in the realization of two
quantum repeater protocols based on photonic graph
states. While both generation schemes rely on quan-
tum emitters to sequentially emit photons of the
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graph state, the different ancillary resources required
in these schemes make them advantageous in differ-
ent parameter regimes. The ancillary-qubit-assisted
generation scheme is better suited when the optical
linewidth of the emitter is small but the spin coher-
ence time is long. In contrast, the feedback-assisted
scheme works better when the optical linewidth of the
emitter is large. In addition, our results suggest that
when the optical linewidth is reasonably large, the
feedback-assisted scheme and tree repeater protocol
generally performs better than their counterparts at
all distances in the range L < 3000 km.

Our results provide clear guidance on the selection
of the numerically optimal generation scheme and pro-
tocol for graph-state-based quantum repeaters, and
lay out the parameter requirements for future exper-
imental realizations of different schemes. For exam-
ple, the feedback-assisted generation scheme should
be preferred for systems possessing a large oscilla-
tor strength that can exhibit a large radiative emis-
sion rate to a specific waveguide or cavity mode,
such as self-assembled quantum dots [34, 50, 51],
silicon-vacancy (SiV) centers in diamond [35], or
atomic ensembles where superradiance can be em-
ployed [52]. Other atomic systems, such as trapped
neutral atoms [26, 53|, rare-earth ion impurities [36,
37], or many quantum defect centers [54], in general
possess weaker radiative decay rates and therefore
may be more suited for the ancillary-qubit-assisted
scheme, especially if they can be easily coupled to
nearby nuclear spins, which can serve as the ancillary
matter qubits [43, 46, 55, 56].

Our analysis can be easily extended to study other
generation schemes and other types of all-photonic
quantum repeater protocols [9, 10, 57, 58], such as
the recently proposed protocol based on logical Bell
state measurements using tree graph states, which is
much more resistant to logical errors besides the pho-
ton loss correction [9]. It can also be used to study
how some of the other realistic imperfections impact
the overall performance of a graph-state-based quan-
tum repeater, such as the imperfect fidelity of each
gate operation, which was assumed to be perfect in
our analysis. It is interesting to note that non-ideal
gate operations will lead to single-photon logical er-
rors. It remains an open question how these logi-
cal errors will propagate under different generation
schemes, and whether one scheme is superior to the
other in correcting such errors [21]. Overall, our re-
sults represent an important step forward towards the
development of graph-state-based quantum repeaters
and the quantum internet.
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A Feedback-assisted generation scheme: a modified version from Ref. [18]

The feedback-assisted generation scheme discussed in the main text is based on a modified version of Ref. [18].
The modification is made in order to improve the generation speed and the error robustness. For the generation
of tree graph states, in the original scheme shown in Ref. [18], all the photons will interact with the emitter
through a scattering process upon being routed back from the feedback line. We can simplify the generation
process by generating the bottom layer photons using the P gate. In this way, the bottom layer photons will be
entangled with the spin qubit of the quantum emitter upon emission, and therefore do not need to go through
the feedback line. This modification allows us to shrink the length of the required feedback line, thereby reducing
internal photon losses in the generation process.

For the generation of repeater graph states with tree encoding, the original proposal starts with the generation
of a complex tree state, followed by single-photon ox measurements on certain photons in the tree state.
However, this generation process is only successful upon the survival of these photons, and the fidelity of
the generated state using this method is extremely sensitive to errors in each single-photon ox measurement.
Therefore, we have adapted a new generation scheme for repeater graph states as shown in Fig. 2(d) of the
main text. The new generation scheme does not require any single-photon measurements, but requires all the
level-1 photons in the encoding tree graph of each core node to scatter twice from the emitter.

Figures 6 and 7 illustrate the processes of generating the tree and repeater graph states, respectively, based
on the modified feedback-assisted generation scheme.

B Calculation of the quantum state fidelity

The quantum state fidelity of interest, denoted as F', has different definitions in different repeater protocols. In
the tree repeater, F' is defined as the quantum state fidelity of the transmitted logical qubit from Alice to Bob.
In the RGS repeater, F' is defined as the quantum state fidelity of the shared Bell state between Alice and Bob.
To explicitly derive F' for both repeater protocols, we consider a similar error model as in Ref. [7, 8, 11], and
assume an independent depolarization channel for each photon parameterized by e,

€
Ap)=(1—-¢e)p+ 3 (oxpox +oypoy +ozp0z), (9)

where A, is the depolarization operator, p is the density matrix of a single photon, and ox,y,z are Pauli

matrices. Therefore, the probability that we get an incorrect single-photon measurement outcome under any

measurement basis is given by e, = %5. A detailed analysis of the dependence of F' on &, for the RGS repeater

has been performed in the Supplementary Information of Ref. [7], but the analytical derivation of F for the tree

repeater is missing. Here, for the first time, we derive the relationship between F' and ey, for the tree repeater.
In the tree repeater protocol, F' can be expressed as

= (]- - édccoding)erla (10)

where m is the number of repeater nodes between Alice and Bob, and €gecoding is the conditional error probability

of the decoded logical qubit at each repeater node given that a result is successfully achieved, which is given by
é.

incorrect (11)

€decoding = Ptree
succ

where P is given by Eq. 3 in the main text, and €incorrect 1S the average probability of decoding an incorrect
result at each repeater node. In order to successfully decode a result (either correct or incorrect) at each
repeater node, we need to measure all the surviving photons in the tree graph state in either the ox or oz
basis. Specifically, one photon in the first level of the tree, which is entangled with the matter qubit, needs to
be measured under the ox basis, whereas all its leaf photons in the second level, together with all other photons
in the first level, need to be measured under the oz basis, either directly or indirectly. A correct decoded result
requires the following three conditions to be satisfied simultaneously: (i) the first-level photon measured under
the ox basis needs to be errorless; (ii) the parity of all the oz measurement outcomes from all other first-level
photons, either direct or indirect, needs to be errorless; (iii) the parity of all the oz measurement outcomes
from all the second-level photons that are entangled with the ox-measured first-level photon, either direct or
indirect, needs to be errorless. Therefore, €incorrect Can be estimated as

=SS () (5 (%)

=0 n=0 m=0
x (pR)'[(1 = p)(1 = R)"[(1 = ) Ra)" ™" [(1 = p)(1 = Ra)]™ Ry ™" &nm,
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Figure 7: Graph representation of the procedure for generating an example repeater graph state with 6 core nodes and 6 arm
nodes. Each core node is encoded by a tree graph with branching parameters {by = 2,b: = 3}. (a) The spin of the quantum
emitter is initially prepared in state |+), = % (|0)s + |1)S). (b) Sequentially applying the P gate for 3 times generates
photons 1-3, which are entangled with the spin of the quantum emitter. (c) Applying an E gate generates photon 4, which
inherits the entanglement of the emitter spin and detaches the emitter spin from the graph. (d) Repeating the same procedure
shown in (b) and (c) for 11 times generates 11 more small trees. (e) Applying two C'Z gates entangles the emitter spin with
photons 4 and 8. (f) Applying an E gate generates photon 49 which inherits the entanglement of the emitter spin with photons
4 and 8, and detaches the emitter spin from the graph. (g) Repeating the same procedure shown in (e) and (f) for 5 more
times generates 5 more larger trees. (h) Applying 6 C'Z gates between the emitter spin and all level-1 photons of the larger
trees again entangles the emitter spin with them. (i) Applying a single-qubit measurement in the oy basis on the emitter spin
performs a local complementation operation which fully connects all level-1 photons and completes the generation process.
The indices of photons indicate the generation order.

where 4 is the single-photon loss probability between neighboring repeater nodes, R; is the probability of
obtaining an indirect oz measurement outcome on any given photon found in the i-th level of the tree graph
state. In Eq. 12, [ is the number of photons situated in the first level of the tree that are physically lost but
the indirect oz measurements on them can succeed, n is the number of photons situated in the first level of the
tree that survive but the indirect oz measurements on them will fail, and (by — I — n) is the number of photons
situated in the first level of the tree that survive and the indirect oz measurements on them can succeed. Note
that we adopt a strategy that if both direct and indirect oz measurements can be performed on a photon, we
choose the indirect result for decoding since the error correction capability of the tree encoding should give a
smaller error probability. Therefore, one photon out of the (by —{) surviving first-level photons will be used for
entangling with the matter qubit and the ox measurement for decoding, n first-level photons will provide the
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direct oz measurement outcomes, and (bg —n — 1) first-level photons will provide the indirect oz measurement
outcomes. In Eq. 12, similarly, for the b; second-level photons that are entangled with the ox-measured first-
level photon, m is the number of photons that survive but the indirect oz measurements on them fail, and
(by —m) is the number of photons on which the indirect oz measurements succeed (they can be physically lost
or not lost). In Eq. 12, &, ,, is the average error probability of the decoded logical qubit in the case in which n
measurement outcomes under the oz basis from the first level and m measurement outcomes under the oz basis
in the second level of the tree are from the direct measurements, while all other oz measurement outcomes are
obtained from the indirect measurements. €, ,, can be estimated as

n bop—1—n
_ n i n—i b —1-—n _q _ —1—m—1
e LR D[ (A ENCEEWE Sl (L NS
i=0 =0,
i+j=1[2
+j=1[2] J (13)
m m by—m by —m )
A= (1 )t X (M e g
i=0 §=0,
i+5=1[2]

where ey, is the average error probability of guessing the indirect oz measurement outcome on a level-k photon
from measuring one of its branches, which can be estimated using a majority vote strategy, as explicitly calcu-
lated in the Supplementary Information in Ref. [7]. We refer the readers to Ref. 7] for its detailed derivation.

We now relate €5, to concrete experimental parameters we consider in the main text: the spin coherence time
of the quantum emitter ¢.,;, and the depolarization probability of each photon in the communication channel
Edepol- We model the spin decoherence process as a depolarization channel parameterized by €gecon 0on each
photon of the tree graph state, which can be described by

€decoh

A"'5(1ecoh (p) = (1 - EdeCOh)p + 3 (OXpUX + Oy poy + OZpUZ) ) (14)
where €4econ can be expressed as
3 Taraph
ecoh — 1-— L 5 15
Fdecoh 4 |: P <tc0thh>] ( )

where Tgrapn is the time it takes for each repeater node to generate the required photonic graph state, tcon is
the spin coherence time of the quantum emitter, and Npy is the total number of photons in the graph state.
We model the photon depolarization process in the communication channel as

Edepol

3

These two error processes can be combined into one effective depolarization channel described by Eq. 9,
therefore mapping €decon and €depol into egp as

Acyepor (P) = (1 = €depol)p + (oxpox +oypoy +0ozpoz). (16)

2

4
Esp = g <5decoh + Edepol — 35decoh5depol> . (17)

C Calculation of the length of the feedback line in the feedback-assisted generation
scheme

To generate a tree graph state with branching parameters {b;} and depth d, the minimum required length of
the feedback line in the feedback-assisted generation scheme is given by

LEhack = [(na—1 4+ na—a — 1)752 +bg—1(ng—1 — nd72)t{3]vfccdbacka (18)

where n; = Zi;(l) b; is the total number of nodes in the I-th level of the tree graph, té and t{; are the operation
times of an E gate and a P gate in the feedback-assisted scheme, respectively, and vseeqnack i the velocity of
light in the feedback line.

To generate a repeater graph state with N core nodes and N arm nodes, where each core node is encoded by
a tree graph with branching parameters {b;} and depth d, the minimum required feedback line length is given
by

LGS i = N[(na—1 4+ ng_o — 1)% +bg—1(ng-1 — nd—2)t£]vfccdbacka (19)

where n; is the total number of photons in the [-th level of the encoding tree graph state.
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D Calculation of the length of the delay line to correct photon arrival order

The photons in either a tree or a repeater graph state generated by either the ancillary-qubit- or feedback-
assisted scheme are not in the desired order for measurements. Therefore a delay line is required before they are
measured, whose length depends on both the repeater protocol and the generation scheme. In the tree repeater,
each first level photon should be measured before all other photons that are situated in the same branch [§],
as shown in Fig. 8(a). However, in the realization with the ancillary-qubit-assisted scheme, photons are sent
out to the communication channel from bottom to top in each branch of the tree [Fig. 8(b)], whereas in the
realization with the feedback-assisted scheme, photons are sent out to the communication channel from bottom
to top in the whole tree [Fig. 8(c)]. We thus estimate the delay line lengths for the two generations schemes in
the tree repeater to be

d—1 d—2 1 d—2 1
Lgeelzyamua ~ [H bitp + (ﬁ + Z H bi) th + Z H bitacz] Vdelay s
=1 =1 i=1 1=1 i=0 (20)

tree,feedback _ 1 tree
Ldelay ~ <d -1+ bO> Lfeedback7

where b; and d are the branching parameters and the depth of the tree graph state, ¢} p -, and (3 have the
same definitions as in the main text, vgelay is the velocity of light in the delay line, and LS, . is the length
of the required feedback line during the generation process, which is given by Eq. 18 in Appendix C.

In the RGS repeater, each arm photon should be measured before all other photons that are situated in the
same branch [7], as shown in Fig. 8(d). However, in the realization with the ancillary-qubit-assisted scheme,
photons are sent out to the communication channel from bottom to top in each branch of the RGS [Fig. 8(e)]. In
the realization with the feedback-assisted scheme, photons in levels larger than 1 in the encoding tree graph state
are sent to the communication channel first, then the arm photons, and last the first level photons [Fig. 8(f)].
We thus estimate the delay line lengths for the two generations schemes in the RGS repeater to be

d—1 d—2 1
(1 + H bl) t% + Z H b; (t%‘ + taCZ) Udelay s
=0

LRGS7an01lla ~

delay
1=0 i=0 (21)
RGS, feedback _ 1\  ras
Ldelay ~ (d -1+ N) Lfeedback’

where b; and d are the branching parameters and the depth of the encoding tree graph state, and LEGS | is
the length of the required feedback line during the generation process, which is given by Eq. 19 in Appendix C.

E Ratio of wavepacket length between long photons and the rest

In the application of the ancillary-qubit-assisted scheme in the tree repeater protocol, along with the application
of the feedback-assisted scheme in both repeater protocols, some photons in the graph states are required to
have longer wavepackets than other photons in order to boost the fidelity of the spin-photon C'Z gate. The
ratio of the wavepacket length between these longer photons and the rest of the photons is defined as 5. We
choose 5 = 500 in the main text so that the infidelity of the spin-photon C'Z gate, denoted as ey, is negligible
compared with other error sources. Specifically, as calculated in the Supplementary Material of Ref. [18], under
the assumption of a Gaussian wavepacket for the longer photons, ecy can be given by

oz = % +0 (614) . (22)

For 3 = 500, this gives ecz = 8 x 1076, This is one order of magnitude smaller than the depolarization
probability of each photon in the communication channel, qepol, which we assume to be 5 x 1075.

F Numerically optimized quantum repeater setup for specific quantum emitter
parameters

Figure 3 in the main text shows the maximally achievable effective key rate R.g for both repeater protocols
realized by both generation schemes as a function of the optical linewidth + and the spin coherence time tcopn
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Figure 8: (a)-(c) Ideal order for single-photon measurements at each repeater node (a), the output photon order in the
ancillary-qubit-assisted scheme (b), and the output photon order in the feedback-assisted scheme (c) in the tree repeater
protocol, presented with a tree graph state with branching parameters {by = b1 = b, = 2}. (d)-(f) Ideal order for single-
photon measurements at each measurement node (d), the output photon order in the ancillary-qubit-assisted scheme (e), and
the output photon order in the feedback-assisted scheme (f) in the RGS repeater protocol, presented with a repeater graph
state with N = 4 branches where each core qubit is encoded by a tree graph state {bo = by = 2}. The indices indicate
the corresponding orders. The orange shadows in (a) and (d) mean that the measurement order of photons inside the same
shadow does not matter. Note that the photon output order in the feedback-assisted scheme [(c) and (f)] is not the same
as their emission order presented in Fig. 6 and Fig. 7. This is because different photons in the graph state generated by the
feedback-assisted scheme may need to travel through different numbers of rounds trips in the feedback line before they are
output to the communication channel.

of the quantum emitter. Here we present the numerically optimized quantum repeater setup (including the
numerically optimized photonic graph state shape, the distance between neighboring repeater nodes, and the
length of the feedback or delay line) for several specific parameters v and t.on, as shown in Table 2. These chosen
parameters correspond to typical physical systems including a single silicon-vacancy (SiV) color center coupled
with a photonic crystal cavity (v ~ 27 x 2 GHz [35] and tcon ~ 13 ms [59]), a single semiconductor quantum
dot coupled with a nano-cavity (y ~ 27 x 100 GHz [51] and t¢on ~ 4 us [60]), and a single neutral atom coupled
with a fiber Fabry-Perot cavity (7 ~ 27 x 170 MHz [61] and tcon ~ 1 s [53]). Nitrogen-vacancy (NV) centers
in diamond, which have been demonstrated to have a long electron spin coherence time of ~ 1 s [62], are also
possible platforms if significant enhancement of both the zero phonon line fraction and the emission rate can be
achieved when coupled to a micro- [63] or nano-cavity [64]. These systems are all promising candidates for the
experimental realizations of the ultrafast quantum repeaters based on photonic graph states upon reasonable
improvements. We also present the numerically optimized repeater setup for an ideal quantum emitter with
parameters v = 27 x 100 GHz and t.,, = 1 s, which combines the best values from the physical systems
mentioned above.
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Table 2: Numerically optimized quantum repeater setup for specific v and tcn for both repeater protocols and generation
schemes at L = 1000 km.

y teon Tree repeater with  Tree repeater with RGS repeater with RGS repeater with
ancillary-qubit- feedback-assisted ancillary-qubit- feedback-assisted
assisted scheme scheme assisted scheme scheme

=7
Reg: 8174 Hy Reg: 321.5 H Re: 2.1 > 1077 Hz
Reff 1.4 kHz 2.2 km
17 km : 1.1 km m+1 : 3.2 km }(}‘*‘114
27 x 2 GHz 13 ms {b } {4,16,5} N: 32
{b} {4,16,5} {b;}: {13,5}
Ld | 398 m Lfeedback 540.3 m {bl} {24, 7} Lf dback: 1.5 km
elay+ . A eedback- 1-
Ldelay- 1.2 km Ldelay- 483.5 m Ldelay5 1.6 km
ir qg, Rort W48 KHz Rt 7.3 x 1070 Hy Rer: 33.3 ki
Reff 2.5 x 10 Hz +1 3.9 km
. 30.3 km : 2.2 km m+1 500 km ]mV 39
27 x100 GHz 4 us {b } {4,22,6} N: 4
{b} {1,1,19} {b;}: {25,7}
Licedback: 16.5 m {bi}: {1,1}
Ldelay 80.4 m L - 371m L - 920.0 m Lfeedback: 145.1 m
delay - . delay - . Ldelay: 149.6 m
—68
Ro: 74 % 1018 Hy Ro: 293.9 Ha Fer: 1.8 > 10775 Hz
Rcﬁ‘ 988.0 Hz 9.3 km
.18 km mgs 27.0 km m+1 : 3.1 km ]77\}+14
2rx17T0 MHz 1 {b} {1,1,18} N: 32
{b} {4,18,5} {b:}: {4,2}
L 627.9 m Liceavacc: 93.6 m— {bi}: {24,7} L : 1.5 km
delay* . . feedback- 1-
Ldelay- 378.0 m Ldelay- 516.6 m Ldelayl 1.9 km
Ro: 151.1 kHo Rogr: 326.1 Ha Rer: 48.7 kHz
Reff 1.5 kHz +1 3.8 km
1.7 km m+1 1.9 km m+1 : 3.2 km ]7{1732
2nx100 GHz 1s {b } {4,16,5} {b:}: {4,15,5} N: 32 (bi}: {24,7)
Lfeedback: 11.3 m {bl} {24, 7} v ’

Ldelay: 380.7 m

Ldelay5 25.6 m

Ldelay5 480.5 m

Lfeedback: 139.3 m
Ldelay: 143.7 m

Reg: The maximally achievable effective secret key rate;

m+1

in the RGS repeater, where L = 1000 km;
N: The number of branches in the numerically optimized repeater graph state in the RGS repeater;
b;: The branching parameters of the numerically optimized tree graph state in the tree repeater, or the numerically optimized
encoding tree graph state in the RGS repeater;
Lfcedback: The length of the feedback line in the feedback-assisted generation scheme, calculated in Appendix C;
Lgelay: The length of the delay line for photon arrival order correction, calculated in Appendix D.

L _. The distance between neighboring repeater nodes in the tree repeater, or the distance between neighboring source nodes
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