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constrained latent variables. The XLMD method relaxes the constraints by introducing a
fictitious mass ¢ for the latent variables and solving a set of singularly perturbed ordinary
differential equations. While favorable numerical performance of XLMD has been demons-
trated in several different contexts in the past decade, mathematical analysis of the method

Iéi{:ﬂgg Lagrangian remains scarce. We propose the first error analysis of the XLMD method in the context of
Molecular dynamics a classical polarizable force field model. While the dynamics with respect to the atomic
Polarizable force field degrees of freedom are general and nonlinear, the key mathematical simplification of the
Singularly perturbed system polarizable force field model is that the constraints on the latent variables are given by

a linear system of equations. We prove that when the initial value of the latent variables
is compatible in a sense that we define, XLMD converges as the fictitious mass & is made
small with O(g) error for the atomic degrees of freedom and with O(4/¢€) error for the
latent variables, when the dimension of the latent variable d’ is 1. Furthermore, when the
initial value of the latent variables is improved to be optimally compatible in a certain sense,
we prove that the convergence rate can be improved to O(¢) for the latent variables as
well. Numerical results verify that both estimates are sharp not only for d’ =1, but also for
arbitrary d’. In the setting of general d’, we do obtain convergence, but with the non-sharp
rate of O(/¢) for both the atomic and latent variables.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

Molecular dynamics simulation of a system with many atoms often requires solving a set of self-consistent equations for
a set of latent variables in order to obtain the potential energy and the atomic force. Examples include ab initio molecular
dynamics (AIMD) [7,18,19], reactive force field (ReaxFF) [30], polarizable force field (PFF) [27,1], etc. If such self-consistent
equations are to be solved fully self-consistently, then the computational cost can be very high. On the other hand, in-
accurate solution of these equations often leads to noticeable energy drifts and inaccurate (or even unstable) results for
long-time simulation. Various attempts have been made to tackle this problem in the past few decades across different
fields. For example, in AIMD, the latent variables are the electronic wavefunctions, and the self-consistent equations are the
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Kohn-Sham equations [16]. The seminal work of the Car-Parrinello molecular dynamics (CPMD) [7] constructs an extended
Lagrangian (XL) that introduces a fictitious mass ¢ for the electronic wavefunctions. Instead of solving the Kohn-Sham equa-
tions self-consistently, CPMD propagates the electronic wavefunctions efficiently following fictitious Newtonian dynamics,
similar to those for the atoms. In the past decade, Niklasson and co-workers [24,20,21] have introduced another type of
extended Lagrangian molecular dynamics (XLMD). XLMD also associates a fictitious mass to electronic degrees of freedom
but in a way that is more flexible than CPMD. The success of XLMD has been demonstrated in a number of settings for
ab initio molecular dynamics simulation, such as applications to the study of liquid acrylonitrile and methane systems [22].
In classical simulation with a PFF model, the latent variable is the induced dipole field. Head-Gordon and co-workers have
generalized the idea of XLMD to accelerate the PFF simulation’ [1-3], and XLMD can significantly improve the efficiency of
the numerical simulation when applied to systems such as water and solvated glycine [3]. It was found that in a number
of cases, the number of self-consistent field iterations can be even set to zero, while the dynamics remains accurate and
stable.

Despite the aforementioned successes of extended Lagrangian-type methods in practice, mathematical analysis on this
topic remains scarce. In the context of AIMD, as the fictitious mass € — 0, the convergence of CPMD has been established
[25,6] for insulating systems with an O(\/¢) convergence rate. In [17], the effectiveness of the XLMD method was studied
in the linear response regime (with respect to both atomic and latent degrees of freedom). It was found that XLMD can be
accurate for both insulating and metallic systems and that the convergence rate can be improved to be O(¢). However, such
analysis was based on explicit diagonalization and perturbation theory, which is difficult to generalize to nonlinear systems.

In this paper, we give the first convergence analysis of the XLMD method in the context of the PFF model. Compared to
the general setup of XLMD, the key mathematical simplification of the PFF model is that the self-consistent equations are
linear with respect to the latent variables. Meanwhile, the dynamics for the atomic degrees of freedom are still general and
nonlinear. The convergence of the XLMD method crucially depends on the initial value of the latent variables. We prove
that when the initial condition of the latent variables is compatible (see Definition 1), the XLMD method converges, and
the convergence rate is O(/€) for both the atomic and the latent variables. When the dimension d’ of the latent variable
is one (though the dimension of the atomic degrees of freedom can be arbitrary), we prove that the error for the atomic
variables can be improved to O(¢g). Numerical results verify that the rates of O(¢) and O(/€), respectively, for the atomic
and latent variables are sharp for arbitrary d’. Meanwhile, the initial condition of the latent variables can be improved to
be optimally compatible in a sense that we define. In such a case, numerical results indicate that the convergence rate of
the atomic degrees of freedom remains O(¢), but the convergence rate of the latent variables improves to O(g). We prove
that when d’ =1, the convergence rate of the latent variables is indeed O(g). Our sharp proofs in the d’' =1 case rely on
certain special commutative properties which allow for detailed analysis of the one-dimensional harmonic oscillator with
time-dependent mass. Hence the generalization of our sharp results to higher-dimensional systems may require nontrivial
modifications.

The proof of our main results has two stages. The first stage views the atomic dynamics as fixed and focuses on the
analysis of the auxiliary dynamics (i.e., the latent dynamics), which are described by a system of highly oscillatory ODEs. This
stage adapts the analysis of [29] and also relates to existing work for more general highly oscillatory systems [8,12,15,9,10].
Compared to these latter works, our analysis differs in two aspects. First, the setup of the model and the target convergence
rate are different. In the PFF model, the auxiliary dynamics are linear with multiple time-dependent frequencies, while, e.g.,
the recent work [8] considers possibly nonlinear oscillatory dynamics with multiple constant frequencies. In the d’ =1 case,
our analysis obtains O(¢) convergence when the dynamics are properly initialized, while the recent work [9] studies a more
general scenario—in the sense that the dynamics can be arbitrarily initialized and the time-dependent frequency might
vanish—but only obtains (O(4/€) convergence. Second, our analysis does not rely on the theory of time averaging [5,26]
and thus does not require an ergodicity assumption. In this sense our analysis provides a complementary approach to
understanding highly oscillatory dynamics.

After a careful understanding of the auxiliary dynamics is established, the second stage of our proof applies this under-
standing to derive the convergence of the atomic dynamics. While our general O(\/¢) convergence result for the atomic
dynamics can be obtained by applying a nonlinear version of variation of parameters formula in a standard way, our sharper
O(e) convergence in the d’ =1 case requires more delicate analysis. The most interesting scenario arises when the initial
condition for the auxiliary dynamics is only compatible but not optimally compatible. In this case, although the convergence
of the auxiliary dynamics is only O(4/€), we can still bootstrap the weaker general convergence for the atomic dynamics to
obtain O(¢g) convergence for the atomic dynamics (see Lemma 8 and Remark 9), by using the specific structure of the PFF
model together with a careful understanding of the asymptotics of the auxiliary dynamics. We believe that this analysis is
a novel contribution to the theoretical understanding of the XLMD method.

Our analysis applies to XLMD method, which is specified by a set of deterministic ordinary differential equations. We
remark that a variant of the XLMD method applies a thermostat to the latent variables [23], where a stochastic force term
is introduced to balance possible accumulation of the numerical errors. It has been found numerically that the kinetic
energy of the latent variables may accumulate in long-time ReaxFF simulations [28]. Mathematically, the introduction of a
stochastic thermostat effectively enforces ergodicity of the latent variables in the limit &€ — 0 and can simplify the analysis of

1 The name of the method is “inertial extended Lagrangian with zero-self-consistent field iteration” (iEL/0O-SCF).
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the method. For the PFF model, the stochastic extended Lagrangian molecular dynamics (S-XLMD) method [4] can converge
with arbitrary initial condition for the latent variables. However, the convergence rate for the atomic degrees of freedom can
only be O(/€), which is weaker than that of the XLMD method with compatible initial conditions, at least in the context
of short time simulation.

The rest of the paper is organized as follows. In Section 2, we discuss the mathematical setting of the XLMD method
for the PFF model and state the main results. The details of the first part of the main result (error analysis when the
dimension of the latent variables is arbitrary) are given in Section 3, while those of the second part (error analysis when
the latent variable is one-dimensional) are given in Section 4. In fact Section 4 bootstraps from the error bound proved
in the preceding Section 3, hence cannot be read independently. We validate the error analysis with numerical results in
Section 5.

2. Problem setup and main results

In a simplified mathematical setting, the problem can be stated as follows. Let r € R¢ be the collection of atomic posi-
tions, and x € RY be the latent variable (the induced dipole in the polarizable force field model). Let F(r) be an external
force involving only the atomic positions. Of particular interest is the case of a conservative force field, i.e., the case in which
F is determined by an external potential field U(r) via F(r) = —%(r).2 Let Q (r, x) be the interaction energy between the
atoms and the latent variable. In the polarizable force field model, Q (r, x) is a quadratic function in terms of x:

Q(r,x) = %XTA(r)x —b) Tx. (2.1)

Here the mappings b: RY - R? and A :R? — SS’Lr are smooth, where Si’+ denotes the set of real symmetric positive
definite d’ x d’ matrices. For a given r, the latent variable x that minimizes the interaction energy is determined by the
equation (:,—%(r, x) =0, i.e., by the linear system of equations

A(r)x =b(r).

Since A(r) is positive definite and in particular invertible, the solution x(r) is unique for all r.
Then the polarizable force field simulation requires solving the following system of differential-algebraic equations

" a
. (t) = F(r(t)) — 8_?(r*(t)’ x(), (2.2a)
0=b(r.(t)) — A(r.(£))x. (1), (2.2b)

for all 0 <t <ty, subject to certain initial conditions r,(0), f.(0). Here the subscript x is used to indicate the exact solution
of Eq. (2.2). For notational simplicity, we will also use p, to denote r, later. Note that the initial condition for x need not
be specified, since it can be determined from r,(0) through Eq. (2.2b).

In molecular dynamics simulation, we are generally more interested in the accuracy of the atomic trajectory r(t) than that
of the latent variable x(t). Nonetheless, solving the linear system (2.2b) (typically by iterative methods for large systems of
interest) is often the most costly step in a polarizable force field simulation. Following the setup of (2.2), the XLMD method
can be introduced as follows. We first define an extended Lagrangian as

1. 2 £ . 2
L8:5|r8| +§|X&‘| —U(re) — Q(re, Xe), (2.3)

where ¢ > 0 can be interpreted as a fictitious mass for the latent variable x.. The corresponding Euler-Lagrange equations
are

e =F(re) — E(T'es, Xe), (2.4a)
ar
. 9
EXe = —a—(i(rs, Xe) =b(re) — A(re)xe. (2.4b)

Similar to our convention for the exact MD, we will also use p. to denote . later. When the force F(r) is conservative,
Eq. (2.4) is a singularly perturbed Hamiltonian system, and it can be discretized with symplectic or time-reversible inte-
grators to obtain long-time stability [12]. Note that the value of /¢ provides an upper bound for the time step of second
order numerical integrators (up to a multiplicative constant) [20,3,2]. Therefore it is desirable choose ¢ to be not too small
in practice. Although Eq. (2.4) introduces a systematic error in terms of &, when ¢ is chosen properly, the XLMD method

2 In fact our main results do not directly depend on any assumption of a conservative force, though we will use such an assumption to guarantee certain
a priori bounds needed for our analysis.
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often outperforms the original (discretized) dynamics in terms of efficiency and long-time stability while still maintaining
sufficient accuracy for the atomic trajectory.
Note that initial conditions for x, and x. are needed for (2.4). A natural choice for x.(0) is

x¢(0) = x,(0) = A(r,(0)) " 'b(r,(0)), (2.5)

which requires the linear system to be solved very accurately at the beginning. Moreover, a natural choice for X, (0) can also
be derived as

d
. . . JdA
Xe(0) = X,(0) = — A(r,(0)) [Zn.kw)a—m(n(on} A(r(0)"'b(r,(0))

k=1 (2.6)

d ab
+Ar(0) " [Zh,k(mﬁmon} :

k=1 ¢

where the second equality can be obtained by differentiating Eq. (2.2b) and then letting t = 0.

Definition 1 (Optimally compatible and compatible initial condition). We say that we have chosen the optimally compatible initial
condition if x;(0) and x.(0) are specified by Eqs. (2.5) and (2.6). If x.(0) satisfies Eq. (2.5) but . (0) is only given in a way
that is uniformly bounded with respect to &, we say that we have chosen a compatible initial condition.

As we will see later, choosing a compatible initial condition is essential for the convergence of XLMD. In turn optimal
compatibility can ensure even better convergence as ¢ — 0 for the latent variable.

Consider a fixed time interval [0, t¢] with t;y = O(1) as ¢ — 0. Throughout the paper C will denote a sufficiently large
constant that is independent of ¢ (though perhaps dependent on other aspects of the problem specification, e.g., the poten-
tial U). Now we enumerate several technical assumptions that we need for our results.

Assumption 2. We make the following assumptions.

(i) A:R?— 8%, isa C* map, and there exists C > 0 such that A(r) = C~! for all r e RY.

(i) b:R? — R? is a €3 map.
(iii) F:RY— R? is a €2 map.
(iv) All the initial values for (., px) and (r¢, pe, Xe, X¢) are bounded independently of e, with r,(0) =r¢(0), p.(0) = p<(0).
(v) There exist unique solutions for the systems (2.2) and (2.4) on [0, t]. Furthermore, the solutions r,,r¢,x. are c3
k. N kr
raliks

<C for k=0,1,2, and ||, s/€|Xc| < C, where C is a constant

’

functions and satisfy a priori bounds ‘
independent of ¢.

The first assumption that A is globally positive definite is physical and satisfied in the PFF model [3]. Furthermore, in
the PFF model, the vector b corresponds to the electric field contribution due to permanent electrostatics in the system,
and F is associated with the potential energy for the current atomic configuration. Both are smooth in the PFF model,
so the second and third assumptions are also satisfied. The fourth assumption can be satisfied by properly initializing the
dynamics, independently of ¢, as is the common convention in practical simulation. The last assumption assumes the global
existence and uniqueness of the solutions of both the exact MD (2.2) and the XLMD (2.4) with a priori estimates that are
important for our analysis. If F is obtained as the gradient of a potential U bounded from below and b is bounded, then the
last assumption follows from the preceding assumptions (i), (ii), (iii), and (iv). We summarize this remark in the following
proposition.

Proposition 3. Consider the conservative force F = —% where U : R? — R is a C2 map bounded from below. Assume moreover
that b is bounded. Then in Assumption 2, statements (i), (ii), (iii), and (iv) imply statement (v).

The proof is given in the Appendix. Now we may state our main result.

Theorem 4. Let (r,, p.) solve the exact MD in Eq. (2.2) and (r¢, pe, X, X¢) Solve the XLMD in Eq. (2.4), and assume that the initial
condition for the latent variable is compatible according to Definition 1. Then under Assumption 2,

(i) for general d’, there exists an e-independent constant C > 0 such that

Ire () = (O, [ps(t) — pa(0)] < Ce'/? (2.7)

forallt € [0, t¢]. Under these conditions, we also have that
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|xe (£) — X4(8)] < Ce'/? (2.8)

forallt [0, t¢].
(ii) ifd’ =1, then we have a sharp estimate

[re () — 12 (O)], [Pe(t) — px(O)| = Ce (2.9)

forallt € [0, tf]. Under these conditions, we have that (2.8) holds in general, but if the initial condition is moreover optimally
compatible, then we have the tighter estimate

[Xs (£) — x.(t)| < Ce. (2.10)
forallt e [0, t¢].

The proof of (i) and (ii) of Theorem 4 will be given in Section 3 and Section 4, respectively. Numerical results in Section 5
confirm that the estimate in Eq. (2.9) is sharp. They also indicate that the estimates in (ii) should in fact hold for general
d’, but a sharp result for general d’ is beyond the framework of our analysis.

3. Error analysis for any d’

We first briefly sketch the main idea for proving Eq. (2.7). It is helpful to take a more abstract perspective to see how
we will proceed from our understanding of the dynamics of the x variable to that of the r variable. By defining

1 +9A abT
G(r,x):=F()— |:§x W(r)x — ?(r)x] s (3.1)

and plugging Eq. (2.2b) into Eq. (2.2a), we can rewrite the exact MD in terms of (r, p) as
Fe = D (3.2a)
e =G, A()~'b(1). (3:2b)
The XLMD reads as

fe = Pe, (3.3a)
Pe =G(re, Xe) (3.3b)
eXe =b(re) — A(re)xe. (3.30)

Since XLMD only introduces a singular perturbation on the latent variable, it is reasonable to expect that x. is close to
A=Y (r¢)b(re) up to a small perturbation. If so, intuitively, (r¢, ps) is governed by a system of ODEs which is only a small
perturbation of Eq. (3.2). Given the same initial value for (r,, p») and (re, pe), this implies that (r¢, ps) is also a small
perturbation of (ry, ps).

To prove that x, is indeed a small perturbation of A~1(r;)b(re), it is useful to think of the trajectory r as being fixed
and then study the behavior of x. according to Eq. (2.4b), which can be viewed as a linear inhomogeneous ODE with
time-dependent coefficients. We may then use variation of parameters to prove Eq. (2.7).

Since we expect that x; ~ A(rs) " 'b(rs), we define the new residual variable

Ye =% — Are) " 'b(re).
From Eq. (3.3c), the evolution of y. is given by

e = —A@re)ye + Ve, (3.4)
where
2
Vei=——s [A(re) b(re)]. (3.5)

By Assumption 2, there exists C such that || < C, uniformly in €. By the definition of y,, the initial conditions for y, and
Ve are given by

¥e(0) =0, y¢(0) = zo, (3.6)

where zg is uniformly bounded in ¢. Note that by construction zo = 0 in the optimally compatible case.

5
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It is natural to approach the inhomogeneous linear system of ODEs (3.4) via Duhamel’s principle, which suggests to
study the corresponding homogeneous linear system for all starting times s € [0, tf]. To wit, now consider the homogeneous
equation

eye =—A(re)Ye. (3.7a)
Ve (5) =10, Ve (s) = &o, (3.7b)

where the starting time s and initial values ng, & are arbitrary. We define the flow map for the homogeneous system (3.7)
by

Velt
3" (10, &) = (;ig) (38)

for t > s, where y, is the solution of (3.7). Define
Ke(6) = Are(£))'/?, (3.9)

where the matrix square root operation is well defined due to Assumption 2(i). Also define U , (t) to be the solution of
the following initial value problem

US () =1e""2K,(OUS ,(0), US_(s)=1Iqg. (3.10)
In ‘physicists’ notation, one writes
—1/2 t N Al
Ug_,'_(t) — Telé‘ 1 ./Is Ke(t")dt , (311)

where 7T is the ‘time ordering operator’. Note that this is merely a notation and can be ignored in favor of the formal
definition.
Similarly define

US _(t)=Te e 2l Ke®hdt’ (3.12)
ie, Ui _(t) solves
U _()=—1e" 2K (OUS (1), US_(s) =g (3.13)

By construction U§ | and U _ are unitary matrices for all t.

Lemma 5. Let d>2’t(n0, &o) be the flow map of the homogeneous system (3.7). Then

(i) <I>§’t(n0, &o) can be written in the form

Ui (Oc (O + U _(D)cg _ (D)
167 12Ke (0) [US L (DcE () —Us (s _] )’

where ¢§ | (t) and ¢} _(t) follow the estimates

% (no, &) = <

IcS (O, Ic5._(©)] < C(Inol + £"/2|&0)). (3.14)

Here C is independent of €, no and &.
(ii) @ follows the estimate

(3.15)

1/2
©§’t(n0,50)=< O(nol +&/“ll) )

O(e™2nol + 160))

Proof. For notational simplicity we will omit the dependence on & from the subscripts and the explicit time dependence
on s, t. Consider the ansatz

3;: U+C+ +U_c_, (316)
where c; and c_ are to be determined. Following the idea of variation of parameters, we assume
Uicy+U_c_=0. (3.17)

Therefore we have
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Yy=Usci+U_c_ =167 V2(KU e, —KU_c_), (3.18)
and

y=—e"1K?Uycy +K*U_c_)+16 V2(KUjcp — KU_c_) +187 V2 (KU ¢4 —KU_¢)

=—e "AV+167V2 (KU cy — KU_c_) +16 " V2(KU ¢4 — KU_¢EL).

Compare with the homogeneous ODE (3.7),

16 V2(KUpcp —KU_c_) 4167 V2 (KU éy — KU_¢_) =0. (3.19)
Therefore we obtain an ODE system of c; and c_,

User+U_¢_=0 (3.20a)

KUycy —KU_c_ 4+ KU, ¢y —KU_¢_ =0, (3.20b)

or equivalently,
A I | —
te == UL KT KU eq + SULTKT'RU - (3.21a)
. 1 . 1 .
&= EU:]K_11<U+C+ - EU:11<—11<u_c:_. (3.21b)

Here all the matrices in this ODE system are uniformly bounded. Specifically, U, and U_ are unitary matrices, K~! is
bounded due to Assumption 2 (and in particular a priori bounds for r¢), and K is bounded by way of our a priori bounds for
re and r,. Then by Gronwall’s inequality, we have the bounds

lcr (O] = Ce )+ (), [e- (O] = C(lc- ()] + e (). (3.22)

i.e.,, c;+ and c_ can be totally controlled by their initial values up to a multiplicative constant C, independent of ¢ and the
initial values. (Recall that tf = O(1) in &, though our constant would grow exponentially in the final time ty if it were
treated as an independent variable.) To bound initial values, let t =s in Eqgs. (3.16) and (3.18):

cr(s) +c_(s)=no
i (s) — c_(s) = —1'?K(5) &,

and

1 _
c4(s) =010 =16 /2K(9)é0)
(3.23)
1 1/2 -1

(9= 5(770 +18/°K(s)™ &),
which, together with (3.22), indicates the bounds

e+ (O] < Cno + £'2E0),  le—(®)] < Cno + £'/o).
Plugging these back into Egs. (3.16) and (3.18), we get the desired bound for <b§‘t(n0, &). O

We now return to the residual system (3.4). By introducing the auxiliary variable z. := y,, this system can be reformu-
lated as a first-order system

Ve \ _ Zg 0
<%)_<—fmn>+<%m>

Then by Duhamel’s principle,

t
<Jz,j((tt))> = 7" (0.20) +f<l>§’t(0, Ve (s)) ds.
0

Now by Lemma 5, the next lemma follows directly.
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Lemma 6. Let y. be the solution to the residual system (3.4). Then

1/2

lyel <CeV/%, |yel <C

on [0, tf].
Now we are ready to complete the proof of the estimate (2.7).

Proof of Theorem 4(i). Substituting y, = x, — A(r¢)~1b(r¢) into Eq. (3.3), the dynamics for (rg, pe) are given by

e =De (3.24a)
Pe = G(re, Are) 'b(re)) + e, (3.24b)
where
ee =x; (E(r8)> Ve + 1y§ (ﬁ(rg)> Ve — E(rg)yg. (3.25)
or 2 or ar

Note that Eq. (3.24) only differs from Eq. (3.2) by the extra term e.. Then by the Alekseev-Grobner lemma (cf., Theorem
14.5 of [13])

t
rE(t) _ r(t) st O
<pg(t)> - (p(t)> +/m (7 (), s (s)) <e8(s) ) . (326)
0

where

R, &) = [0, (1, 6), 9> (n, 6)],

with WSt(n, £) € R2¢ denoting the solution of Eq. (3.2) with starting time s and initial values r(s) = 1, p(s) = £&. Now the
derivative of the solution of an ODE with respect to its initial condition can be obtained by solving an ODE (cf., Theorem
14.3 of [13]):

9 st = 0 .
.8 = < st £) 0
R, €) = I,

where h(r) represents the right hand side of Eq. (3.2b). By our system of ODEs satisfied by 935 (n, &), together with Assump-
tion 2 (including the a priori bounds for . and p.) and Grénwall’s inequality, we have that 3% (r.(s), pe(s)) is bounded
independently of ¢ and s € [0, t¢]. Therefore, Eq. (3.26) implies

>9%“(n, £)

[re = Tul, |[Pe — P+l < C sup |eg(D)]
te[0,t5]

on [0,tr]. Then the definition of e, (i.e., Eq. (3.25)) and Lemma 6, together with the a priori bounds for r, and p., imply
that

lec ()] < Clys ()] < Ce'/?,

where C has been possibly enlarged in the second inequality, and thus

Ire —1ul. |pe — pul < Ce'/? (327)
on [0, tr].
The error bound for x, can then be obtained as follows. First compute
[Xe (1) — X (D] < [Xe (1) = A(Te(0) " 'b(re (0)] + |A(Te (0) b (re (1)) — AT () 'b(r. (D))
=Y (O] + AT () 'b(re(t) — A(r(0)) b (ru (1))
<Ce2 4| fre®) — fr (),

where we have used Lemma 6 in the last inequality, and we have defined f(r) := A(r)~!b(r). Now since the eigenvalues of
A(r) are uniformly bounded away from zero, f is a C! function. Together with the a priori bounds on r, and r,, we have
|f(re(t)) — f(re(t))| < Clre(t) —r.(t)| for C independent of t, &. Then by (3.27), the bound |x; — x,| < Ce!/2 follows. O

8
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4. Sharp error analysis for d’ =1

We focus on the case when the dimension of the latent variable satisfies d’ = 1. We retain all definitions made
above for general d. Since d’ =1, we denote k, = K(r;) to emphasize that this is a scalar quantity. Moreover, Ui L=
etikeO—Ke()/VE  where K, (t) = forkg(s)ds Note that since kg(t) > C~! for all ¢, k is then strictly increasing with
Ke(t) = ke (t) > C~1. Then the inverse mapping « —1 is well-defined. Moreover, recall our uniform bounds (in &) over

ke (t) = K(re (b)), as well as ks and ks (following from the bounds on rg,f¢,7.), from which we have in particular that
k1, €] < C.

Lemma 7. Let Q)‘Z’t(no, &o) be the flow map of the homogeneous system (3.7). Then

(0, 0) = 1
, ) ] )
ke (£)1/2k, (s)~1/2 cos(Lﬁi‘g(”)go O(!/?)

Proof. The arguments used to prove this lemma are adapted from [29], where similar asymptotics are used to study Hermite
polynomials.
As in the proof of Lemma 5, we omit dependence on & from the subscripts. Then we reproduce (3.21) from our proof of
Lemma 5 above with somewhat modified notation:
. 1 . 1 .
Cy= —EUfk_1kU+c+ + EU;]k_lkU_c_,
. 1 . 1 _ .
¢ =-U-"k"kUycp — Uk kU _c_.
2 2
Since d’ =1, we can now commute operators to obtain
k k
Cr=——Cp+ e 2K/Vee
LT

. k l 2”(/\/’
C_=——cC_ cy
2k * ok 2k
We introduce new variables y, (t) :=k(t)!/2c,.(t) and y_(t) :=k(t)'/?c_(t). Note that

k

— ;12 —2k/E
yr=k'/Ct + —— TAYE Cy = 2k1/2e ! c_,
we have
° , sz/f 21/(/[
y+ - zk V ’ V— k y

Recall our estimates (note that here we only focus on the case 179 =0)

1/2
e, le—| < Ce'?|&|

from Lemma 5. It follows that

|Vl ly=l 174l -] < Ce' 215
The basic idea is that via ODEs for y.,y_, we know that y;(t) — y4(s) can be written as an oscillatory integral of y_.
Meanwhile, our bounds on y_ give us control over the oscillation of y_, which guarantees some cancellation (corresponding
to a factor of /¢) in the oscillatory integral. The same reasoning applies with the roles of ¥, and y_ exchanged.
Now we carry out this argument. Write

t

Y+(O) —v4(s) = / y+(T)dt

N

t .
I RO I YN
= / k()¢ y-(D)dr

N

K(t) .
= M EATYNG 1 _17
B / k(T () Y-t W) [k 7] ) du.

K(S)
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Define
k(') ¢ gy )
u):= — |k wy—(k " (u)).
f = 5y b @r-«w)
By our previous discussion of uniform bounds, we have | f|, |f’| < Ce!/?|&g|. Then we rewrite our integral and integrate by
parts:
K (t)
yi®) = 74 (5) = / fwe 24/ dy
K(S)
K(t)
= Ve [f(u)e—ZW/«/?]“:K(t) - / f/(uye21u/VE gy
21 u=x(s)
K(S)
so
r+(O) =y4(5) + O(e),
ie.,

k() 2cp(t) = k() 2cy(s) + O(e).

Then by the uniform bound of k(t)~!, we have

co(t) =k®)712k(5) e (s) + O(e) = —%z8]/21<(t)_1/21<(s)_1/2§o +O(8).
A similar result holds for y_ by equivalent reasoning:

c_(t) = %z81/2k(t)’1/2k(s)’1/2$o +0(e).

Therefore by Lemma 5 the flow map is given by

540, £9) = ( el KO—KED/Vee (1) 4 et KO—KO/Vee_ (1) )

zs‘l/zk(t)[e’(’((t)_"(s))/ﬁc_,_ t) — e~ 1 (kO—K())/VEC ®]
~ e12k(t)=1/2k(s)~1/2 sin (—’““)JEK(S)) £o < o) )
= 1/2y )+
k()1/2k(s)~1/2 cos (71((0\;;(5)) £ CIC
Now we turn again to the inhomogeneous residual system (3.4).

Lemma 8. Let y, be the solution to the residual system (3.4) with y.(0) = 0. Then for t € [0, t],

<Yg(t) > B 8]/2k(t)7]/2k(0)71/2 Sil’l(%)zo ( O(f/)z )
Ve (t _ K O ’
Ye(t) k(t)1/2k(0)~1/2 cos (%)Zo &)

Proof. Recall that by introducing the auxiliary variable z. := y,, this system can be reformulated as the first-order system

<;vg(t)>_( Ze(t) >+< 0 )
ze(t) )~ \ —eTA@)Ye (D) Ve(t) )

and Duhamel’s principle yields
t
t
Yel) = 00t (0.20) + [ @31 (0. (o)) ds.
Ze (1)
0

Thus, by Lemma 7, it suffices to show that

10
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t

0

Also by Lemma 7 we have that

e12k(t)=1/2k(s)~ /2 sin ( £L=£S ) v, (s)
@10, Y () = (%) ( i )

k(t)1/2k(s)~1/2 cos (K(t)Jéc(s)) Ve (s) 0E?)

Thus it suffices to show that

t
fsm (K( ) kG )>I<(s)_1/2w(s)ds:(’)(£1/2)
0

and

t
o K(t) — Kk (s) ~1/2 Y,
Je = O/ cos <—«/§ >I<(s) Y(s)ds=0(e /7).

Changing variables by u = k (s) we obtain

K (t)

_ (KO —u 17 —1,,\\—1/2 -1

Ie_/sm< NG )[K | @k @)™V (e () du.
0

Now define

g =[x kW) 2y« @W)).

As in the argument in Lemma 7, we will need that |g|, |g| < C uniformly in &. This could be guaranteed if we knew that
[¥| < C. (We have already seen that || is uniformly bounded.) Recall that

2

VO =-15

[AGre @)~ "b(re )],
so by the C3
tem (3.3) we see that it then suffices to obtain a uniform bound on |x¢|. But then it suffices to obtain a uniform bound
on |ye|, since ye =xe — A~1(re)b(re). Indeed, such a bound has already been obtained (Lemma 6). Then in conclusion,
|gl,1&| < C uniformly in g, as desired.

Now rewrite the integral for I, and integrate by parts:

K (t)

_ . [(Kk(t)—u
Ie = /sm<7\/E )g(u)du
0

K (t)
u=x(t)
\/E u=0 0 «/E

from which it follows that I, = O(g'/2). The result [, = O(¢!/2) is obtained similarly. This finishes the proof of the
lemma. O

Remark 9. Observe that y, is in fact O(¢) in the case of optimally compatible initial condition, i.e., zg = 0. Then in this case,
to establish the O(¢) errors in (r, p), we may follow the idea of coarse estimate in Proof of Theorem 4(i) in Section 3 and
apply the theorem of Alekseev and Grobner. However, we present a more general proof below that encompasses both the
compatible and the optimally compatible initial conditions. We have obtained a very precise understanding of the oscillatory
nature of y.—in fact, an explicit formula up to an error of order O(¢)—and this in fact only yields an error of O(¢), even
in the case of non-optimally-compatible zg.

11
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Completion of the proof for the sharp estimate (2.9). Recall the XLMD system (3.3):
fe =G(re, Xe)
&Xe =b(re) — A(re)xe
and the exact MD (3.2)
o =G (. A 'b(r) .

Now we already know that |y.| < Ce!/2 by Lemma 6, and moreover X, = Y. + A(rs) 'b(r), so it follows that |x; —
A(re)~'b(re)| < Ce'/2. Moreover, we know that |r, —r,| < Ce!/? as well from the coarse estimate, so |x, — A(r,) " 'b(r,)| <
Cel/2, Then by the Taylor expansion of G(rg, X¢) around (r,, A(r,) " 'b(r,)), it follows that

Fe =G(rv, A(ra) " 'b(r) + [aa—f (s, A(rt)‘lb(r*))} [re — 14l

0x

A further Taylor expansion tells that

+ [E (r., A(ro—lb(n))] [Xe — A(r) b1+ O(e).

-1
Xe — A(r)'b(r) = xe — [A(rgrlb(ra) - %rb)(n)[rg —rl+ O(e)}

-1
=Yet M(r*)[rs — 1]+ O0().
or
Then
fe =G(r, Ar) " 'b(ry))
9G _ G 3 3(A~1b)
* [E (r*’ A(r*) 1b(r*)) + a (r*’ A(T*) 1b(r*)) T(r*)] [rs - r*]
oG .
+ [a (re. AGr) b(r*))] Ve +0O().
Define

Fle 3G (A~ b
Y(O) == (e AT T'D) + o (e AT T'D()) %(m,

aG 1
[(t) ;== — (14, A(ry)” ' b(1y)) .
®) o (re. A(r)~'b(r))
Note that Y and I" do not depend on the parameter . Then we can write the dynamics for r, more simply as
fe = G(ry, A(r)~'b(r)) + Ylre — 1]+ Tye + O(e).
Define a new variable 6; :=r; —r,, which measures the error in the r variable. Subtracting the ODEs for r. and r, we obtain

0 = YO; + T'ye + O(€).

Of course, since we have chosen r,(0) =r,(0) and 7, (0) = f-,(0), we have the initial conditions 6, (0) = 0, 6,(0) = 0.
We view the ODE for 6, as a perturbation of the homogeneous ODE

6. = Y0..

The solution of this homogeneous ODE can be given as
ot 6(s
0 _ g5 (2
o(t) 0(s)

t

©°(t) =T exp /(T?‘L’) é)dr

N

where

12
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Here we have used the time ordering notation introduced earlier. Since t — Y(t) is C!, ®%(t) is C! in both t and s (cf,,
Theorems 14.3, 14.4 of [13]). Then by Duhamel’s principle, we have

t
00\ [ o 0
<é(t)> = f® (”(F(s)yg(s)) ds+0()
0

t

0
() _ e (s ds + O(e)
of (81/2F(s)k6(s) 1/2k,.(0) 1/Zsm( J(E))ZO>

t

0
81/2k8(0)_]/220/F(s)kg(s)_l/z(as(t) (Sm (K_(S)> ) ds+ O(e),
Ve

0

where in the last two steps we have used Lemma 8. So we have reduced our problem to showing that the oscillatory
integral

t

0
[ roko e (Sm (22) ) ds
JE

0

is O(¢1/2), where the product in the integrand is a matrix-vector multiplication. This is a key difference from the estimate
for general d'.

Note that I'(s), kg (s), ®(t) are all C! in s and bounded uniformly in &, we can employ the integration-by-parts argument
used for oscillatory integrals above, i.e., we can rewrite the integral as

t
0 —-1/2s 0
—e2 [ | roke 20! 1) e ) |- / droko " "e'0] o | ds |
o) T
0

which is evidently O(g1/?).

This completes the proof that rg —r,, ps — p« = O(¢). To conclude the proof of Theorem 4(ii), we obtain the error bound
for x. by essentially copying the argument at the end of the proof of Theorem 4(i). To wit, we recall from the said argument
that

IXe () = X ()| < |ye ()] 4 Clre (£) —ra(D)]

for t € [0, tf], where C is independent of t, &. We just showed that the second term on the right-hand side of this inequality
is O(e). Meanwhile, by Lemma 8 we have that y.(t) = O(¢!/?) in the general case of compatible initial condition and
ye(t) = O(e) in the case of optimally compatible initial condition. Hence x; — x, is O(¢!/?) in the former case and O(¢) in
the latter. This explains why the error of the latent variable differs between the compatible and optimally compatible cases,
in spite of the fact that O(¢g) error is achieved by r¢, pe in both cases. O

5. Numerical results

In this section we study the numerical performance of XLMD under different initial conditions for the latent variable x.
We first discuss standard approaches for time discretization and then demonstrate the convergence order in & using a model
system. Interested readers may find numerical simulations of XLMD for real systems in, e.g., [3,22], and especially [22] for
an O(e) convergence in real systems.

5.1. Time discretization

In general, the dynamics Eq. (2.4) can be discretized by any standard numerical schemes for solving ODEs, such as Runge-
Kutta methods and multistep methods. However, in practice, the force F(r) is usually conservative and determined by an
external potential field U(r) via F(r) = —%(r). In this case, Eq. (2.4) becomes a singularly perturbed Hamiltonian system.
Specifically, one can rewrite Eq. (2.4) as a system of first order ODEs

e = Pe, (5.1a)

. U 9
pe = —a—(rs) - —Q(rs,xs), (5.1b)
r ar

13
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. 1

Xg = Ezg, (5.1¢c)

. 0Q

Zg = ———(Te, Xe). (5.1d)
ax

The corresponding Hamiltonian is

1 1
H(r,p,x,2) = Elp|2+%|2|2+U(r)+Q(r,X)- (5.2)

Therefore it can be discretized with symplectic or time-reversible integrators to obtain long-time stability (see e.g. [12]).
The most widely used symplectic scheme is the Verlet scheme. For XLMD, a single step of propagation for Eq. (2.4) is
given as

h Q
Dn+1/2=DPn + 5 (F(Tn) - W(rny Xn)) ) (5.3a)
h aQ
Znt1/2 =2~ o g(rn, Xn), (5.3b)
Tn+1 ="Tn +hpny1/2, (5.3c)
Xn1=Xn +hZni1)2, (5.3d)
h 1Q
Dn+1=DPn41/2 + 3 F(rny1) — W(rn-H s Xn+1) ) (5.3¢)
h 9Q
Zn1 =Znt1/2 = o2 W(rn—o—] s Xn+1)- (5.3f)

Here h is the time step size for discretization, and (ry, pn, Xn, zn) is the numerical approximation® of (r¢, pe, Xe, X¢) at time
t =nh. The Verlet scheme is a symplectic and symmetric second-order scheme. Furthermore, it is an explicit scheme, and
only one evaluation of 9Q /dx is required per step. Thus the computational cost of a single time step is significantly less
than the analogous cost for the exact MD, in which the linear system 9Q /dx = 0 must be solved at each step. On the other
hand, the time step size h of the Verlet scheme is constrained by stability conditions. Specifically, the time step size h should
be smaller than 2/w where w is the largest frequency of the oscillations [12, Section 1.5.1]. In the context of XLMD, the fast
dynamics are the auxiliary dynamics with fictitious mass ¢, leading to the limitation on the time step size h < O(\/€)*. In
practice, it has been found that the choice h = O(\/¢) in fact yields a good balance between accuracy and efficiency and
achieves significant speedup relative to direct MD simulation [20,3,2].

5.2. Convergence order in &
We study the convergence order of XLMD under different initial conditions for the latent variable x, using a toy model

with

3
1 4 T 3
U(r)::llrl + cos Z;rj , r=(r1,1r2,1r3) €R’,

R20x20

Here A(r) a sparse matrix in with non-zero entries

A =2+1r>, 1<k<20,
Akk+1 (1) = A k(M) =—1, 1<k<19,

1
A2 (1) = Ak k(1) = 5 (1 = Ir?), 1<k<18,

and we define b(r) € R20 by

I k
by (r) =sin (%ﬁ + (1 — %) ) +r3> , V1<k<?20.

The exact dynamics are initialized with conditions

3 We have slightly abused notation since z, here differs from z.(t) in Eq. (5.1) by a factor of &. We adopt this notation to follow the convention of the
Verlet scheme and facilitate the initialization of the dynamics.
4 For the PFF model, the limitation on the time step size becomes h < 2./g/||A]l.

14
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-=0(e)
— 0(ve)

10 10 1072 10°
13

Error

Z L L

Fig. 5.1. Numerical error versus ¢ for different initial conditions. In the legend, r, p, x indicate the variable for which the error is measured. Moreover OCI
is short for the optimally compatible initial condition, CI for the compatible initial condition, and NCI for the incompatible initial condition.

Table 5.1
Numerically estimated order of convergence of XLMD for different initial conditions.

Estimated order of convergence

r p X
Optimally compatible 1.0067 1.0076 1.0021
Compatible 1.0066 1.0055 0.5351

r(0)=(0,05,1)", p,0)=(1,05-1)".

The Verlet scheme [31] is used to propagate both the exact dynamics and the XLMD. The time step size is fixed to be 107>,
and the time interval is fixed to be [0, 5].
For XLMD, we initialize the dynamics with

1e(0) =14(0),  pe(0) = p.(0),

and we consider three types of initial condition for the latent variables.
e Optimally compatible initial condition:

X:(0) =x.(0), X¢(0) =x.(0),

computed via Eqs. (2.5) and (2.6),
e Compatible initial condition:

Xe(0) =x,(0), Xe(0)=(0,---,0)".

e Incompatible initial condition:
_ 1 T _ T
Xs(0) = x,(0) + 5(1,—1,1,—1,--~ ,1,=1) ", %:(0)=(,---,0) .

We perform the time propagation for each choice until the same final time and then measure the errors by computing
maxe[o,5] e (£) — I« (t)], MaXee(o,5] |Pe (t) — Px(t)], and maxce(o,51 [Xe (£) — X (D)].

The errors of the variables r, p, x under different initial conditions and different choices of & are shown in Fig. 5.1, and
numerical estimates of asymptotic error scales are shown in Table 5.1. As & goes to 0, both optimally compatible and com-
patible initial conditions yield greater accuracy, while there is no convergence if the initial condition of x is incompatible.
This shows that XLMD is only effective when the auxiliary system is correctly initialized. The convergence orders of r and
p are 1 for both optimally compatible and compatible initial conditions, while the optimally compatible initial condition
allows for better convergence in x than does the compatible initial condition.

Compared to our main theoretical result Theorem 4, we find that the error bounds that we obtained for the setting of
d’ =1 are sharp in all cases, even when d’ > 1. Our analysis for general d’ is in fact sharp for the error in x when the
initial condition is only compatible. However, it is not sharp for the errors in r and p, nor for the error in x in the case of
optimally compatible initial condition.
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Appendix A. Proof of Proposition 3

Proof. The proposition is proved as follows: first we establish the existence and uniqueness of the solution on a neigh-
borhood of 0 by referring to standard theorems, then we prove the desired a priori bounds for the solution on this
neighborhood. The global existence and uniqueness on the entire time interval, as well as the bounds, can be then es-
tablished by an extension theorem. Throughout the proof ¢ is viewed as a fixed positive parameter.

By introducing z, = /€., we first rewrite the exact MD as a first-order system of differential equations

Tu(t) = pa(0),

T Al
pult) = F(ru(t)) — [1bTA—1 08 g1p - iA—1b] (e (6)), (A1)
2 ar ar
and XLMD as
fe = Pe,
. d
Pe =F(re) — a_Q(rg,Xg),
r
. _L (A.2)
Xe = \/EZE’
. 1
Ze = ﬁ(b(rs) — Are)xe).

By [11, Theorem 1.2 and 1.3], there exists § > 0 (which might depend on ¢ for XLMD) such that there exist unique solutions
r. and (rg, x;) of MD and XLMD, respectively, on the interval (0, §), and moreover r,, re and x, are C> functions.

Now we establish the uniform bounds in ¢ of the solutions on the interval (0, §). For Eq. (2.2), consider the energy which
is defined as

1 1
Ev(O)= 1" + U () = Sb(r) T AT T b(r).
Note that E,(t) = 0 and thus E,(t) = E,(0) for all t € (0, §). In particular, E(¢t) is bounded on this interval. By Assumption 2,
1
b(r) A T'b(r) < CIb() .

Together with the assumptions that b is bounded and U is bounded from below, we deduce that U (r,) — %b(r*)TA(r*)qb(r*)
is bounded from below. Therefore %l p.|? is bounded from above, indicating that p, = O(1). After integration, the bound
for r, = O(1) is immediately obtained. The bound for 7, can be obtained by directly plugging the bound for r, back into
Eq. (2.2).

For Eq. (2.4), there also exists a conserved energy E.(t) = E-(0), defined by

1 1 . 1
Ee(t) = §|ps|2 + 58|xe|2 +U(re) + ExIA(raxe —b(re) "xe.

Again, by the uniformly positive definite property of A and the uniform bound on b, the interaction energy %x;A(rg)xg —
b(r¢) Txe is bounded from below. Together with the assumption that U is bounded from below, this implies that %| Pyl?
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and %8|5(3|2 are bounded from above, indicating /X, = O(1) and p, = O(1), from which it follows by integration that
r, = O(1). To obtain the uniform bound for 7., it is sufficient, based on Eq. (2.4), to obtain a uniform bound for x.. This can
be done via the energy E.(t) again. Notice that the first three terms are all bounded from below, so the sum of last two
terms is bounded from above, which indicates that

1 1
fmw2 = sup{Ib()]} |xe| = zxZAms)xs —b(re) "xe = O(1),

and thus x, = O(1).

Finally, note that our derivation shows that our a priori bounds hold on any interval on which the MD and XLMD solutions
exist. Hence an extension result [14, Corollary 1-3-4] ensures the global existence and uniqueness of the solutions on the
time interval [0,t7]. O

References

[1] A. Albaugh, O. Demerdash, T. Head-Gordon, An efficient and stable hybrid extended Lagrangian/self-consistent field scheme for solving classical mutual
induction, ]. Chem. Phys. 143 (2015) 174104.
[2] A. Albaugh, T. Head-Gordon, A new method for treating Drude polarization in classical molecular simulation, J. Chem. Theory Comput. 13 (2017)
5207-5216.
[3] A. Albaugh, A.M.N. Niklasson, T. Head-Gordon, Accurate classical polarization solution with no self-consistent field iterations, J. Phys. Chem. Lett. 8
(2017) 1714-1723.
[4] D. An, S.Y. Cheng, T. Head-Gordon, L. Lin, J. Lu, Convergence of stochastic-extended Lagrangian molecular dynamics method for polarizable force field
simulation, arXiv preprint, arXiv:1904.12082, 2019.
[5] EA. Bornemann, C. Schiitte, Homogenization of Hamiltonian systems with a strong constraining potential, Physica D 102 (1997) 57-77.
[6] FA. Bornemann, C. Schiitte, A mathematical investigation of the Car-Parrinello method, Numer. Math. 78 (1998) 359-376.
[7] R. Car, M. Parrinello, Unified approach for molecular dynamics and density-functional theory, Phys. Rev. Lett. 55 (1985) 2471-2474.
[8] P. Chartier, M. Lemou, F. Méhats, Highly-oscillatory evolution equations with multiple frequencies: averaging and numerics, Numer. Math. 136 (2017)
907-939.
[9] P. Chartier, M. Lemou, F. Méhats, G. Vilmart, Highly oscillatory problems with time-dependent vanishing frequency, SIAM ]. Numer. Anal. 57 (2019)
925-944.
[10] P. Chartier, M. Lemou, F. Méhats, X. Zhao, Derivative-free high-order uniformly accurate schemes for highly oscillatory systems, IMA ]. Numer. Anal.
(2021), drab014.
[11] C. Chicone, Ordinary Differential Equations with Applications, second ed., Springer-Verlag New York, New York, 2006.
[12] E. Hairer, C. Lubich, G. Wanner, Geometric Numerical Integration: Structure-Preserving Algorithms for Ordinary Differential Equations, vol. 31, Springer,
2006.
[13] E. Hairer, S.P. Nersett, G. Wanner, Solving Ordinary Differential Equation I: Nonstiff Problems, vol. 8, Springer, 1987.
[14] P. Hsieh, Y. Sibuya, Basic Theory of Ordinary Differential Equations, first ed., Springer-Verlag New York, New York, 1999.
[15] T. Jahnke, C. Lubich, Numerical integrators for quantum dynamics close to the adiabatic limit, Numer. Math. 94 (2003) 289-314.
[16] W. Kohn, L. Sham, Self-consistent equations including exchange and correlation effects, Phys. Rev. 140 (1965) A1133-A1138.
[17] L. Lin, J. Ly, S. Shao, Analysis of the time reversible Born-Oppenheimer molecular dynamics, in: Special Issue on Molecular Dynamics Simulation,
Entropy 16 (2014) 110-137.
[18] R. Martin, Electronic Structure: Basic Theory and Practical Methods, Cambridge Univ. Pr., 2008.
[19] D. Marx, J. Hutter, Ab Initio Molecular Dynamics: Basic Theory and Advanced Methods, Cambridge Univ. Pr., 2009.
[20] A.M.N. Niklasson, Extended Born-Oppenheimer molecular dynamics, Phys. Rev. Lett. 100 (2008) 123004.
[21] A.M.N. Niklasson, M.J. Cawkwell, Fast method for quantum mechanical molecular dynamics, Phys. Rev. B 86 (2012) 174308.
[22] A.M.N. Niklasson, M.J. Cawkwell, Generalized extended Lagrangian Born-Oppenheimer molecular dynamics, J. Chem. Phys. 141 (2014) 164123.
[23] AM.N. Niklasson, P. Steneteg, A. Odell, N. Bock, M. Challacombe, C]J. Tymczak, E. Holmstrém, G. Zheng, V. Weber, Extended Lagrangian Born-
Oppenheimer molecular dynamics with dissipation, J. Chem. Phys. 130 (2009) 214109.
[24] A.M.N. Niklasson, CJ. Tymczak, M. Challacombe, Time-reversible Born-Oppenheimer molecular dynamics, Phys. Rev. Lett. 97 (2006) 123001.
[25] G. Pastore, E. Smargiassi, F. Buda, Theory of ab initio molecular dynamics calculations, Phys. Rev. A 44 (1991) 6334-6347.
[26] G.A. Pavliotis, A.M. Stuart, Multiscale Methods, Springer-Verlag, New York, 2008.
[27] J.W. Ponder, C. Wu, P. Ren, V.S. Pande, ].D. Chodera, M.]. Schnieders, I. Haque, D.L. Mobley, D.S. Lambrecht, R.A. DiStasio Jr, et al., Current status of the
AMOEBA polarizable force field, J. Phys. Chem. B 114 (2010) 2549-2564.
[28] S. Tan, L. Leven, D. An, L. Lin, T. Head-Gordon, Stochastic constrained extended system dynamics for solving charge equilibration models, arXiv:2005.
10736, 2020.
[29] T. Tao, Topics in Random Matrix Theory, Graduate Studies in Mathematics, vol. 132, American Mathematical Society, Providence, 2012.
[30] A.C.T. van Duin, S. Dasgupta, F. Lorant, W.A. Goddard, Reaxff: a reactive force field for hydrocarbons, J. Phys. Chem. A 105 (2001) 9396-9409.
[31] L. Verlet, Computer “experiments” on classical fluids. I. Thermodynamical properties of Lennard-Jones molecules, Phys. Rev. 159 (1967) 98-103.

17


http://refhub.elsevier.com/S0021-9991(22)00465-X/bib1904E65F50688C19A7F41EBF4D0764F6s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib1904E65F50688C19A7F41EBF4D0764F6s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib3E2277EECF7FDE8C622122FC20EFA93Bs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib3E2277EECF7FDE8C622122FC20EFA93Bs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibF45E3285DE936522FAF750E394BEA5D1s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibF45E3285DE936522FAF750E394BEA5D1s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib3498C2CFC39DD5526D2D6A47F0072CA9s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib3498C2CFC39DD5526D2D6A47F0072CA9s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibCA980060A6B634A6F5F44CB50312EA7Cs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib5AB4C7575025608D15036862046DC58Fs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibFDD9731BCF6F145307D90CA72A607538s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib0F46608C248CCA5DBFF714E662C681C0s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib0F46608C248CCA5DBFF714E662C681C0s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibAA6C293C43733F582159F6E0074DBE0Bs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibAA6C293C43733F582159F6E0074DBE0Bs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib23A67A444A711081CE4722989D464089s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib23A67A444A711081CE4722989D464089s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibEA0C92245CBF15C639443F25987853ADs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibA34D141EE33A34DFBFFEC1A330D20E9Cs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibA34D141EE33A34DFBFFEC1A330D20E9Cs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib0BE592035B4744612F7874A7AEB4C898s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib5C5544C04E1E667FBFFCE71968F2DEA1s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibDD42AA3BCA37D4B7BFC6816DB4E3FC38s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibF49E2CD32808FC4EA6D89583E6FD838Bs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibBAECA7F7E163509D92BB0CBBA5A963C1s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibBAECA7F7E163509D92BB0CBBA5A963C1s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib5F5CE2D05C40162F53E40482E571AC16s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib3288F008B801DDC5C11387B54391C5DBs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib998E59FAB0A18E5867449B60F2B1F935s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibA4AB6D74058EF95DA2B1FC3263CDD5EAs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib3ED8E5EC0F1EFDC6AFFAA8997E163BD9s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib9D6D96D1D3BDAC5116AF7D709A767F15s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib9D6D96D1D3BDAC5116AF7D709A767F15s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibA5314DFF4385DE3B1E0199609076300Fs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib1AD0FAEAA54D33E8B03260C3A7550965s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibEC0907D4A9D74B9CD83C0718580C4753s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibB01819B0E937B813E847623CBD12BBC0s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibB01819B0E937B813E847623CBD12BBC0s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibF353E8286CD4C54E7F46D0DF094581BDs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibF353E8286CD4C54E7F46D0DF094581BDs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibED44FC0C9CBF3996BB82A338B98FE8E5s1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bib982421AE8E674566F4210C866A03F56Bs1
http://refhub.elsevier.com/S0021-9991(22)00465-X/bibD9FFF50D2EEB19B64A100DABD35037A8s1

	Towards sharp error analysis of extended Lagrangian molecular dynamics
	1 Introduction
	2 Problem setup and main results
	3 Error analysis for any d′
	4 Sharp error analysis for d′=1
	5 Numerical results
	5.1 Time discretization
	5.2 Convergence order in ε

	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	Appendix A Proof of Proposition 3
	References


